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Abstract

Autoregressive language models (ARMs) suffer
from the reversal curse: after learning “A is B,”
they often fail on the reverse query “B is A.”
Masked diffusion language models (MDMs) ex-
hibit this failure in a much weaker form, but the
underlying reason has remained unclear. A com-
mon explanation attributes this mitigation to their
any-order masked training objective. However,
observing “[M] is B during training teaches re-
covery of A from B in one positional configu-
ration, and does not by itself explain why the
learned evidence should transfer to the reverse
prompt “B is [M].” We provide a theoretical
analysis showing that this transfer arises from a
parameter-level coupling between forward and re-
verse positional conditionals: shared Transformer
parameters store token-pair evidence, while rela-
tive positional encodings route attention through
queries and keys without changing the value-side
evidence being retrieved. In a one-layer MDM,
we prove that forward masked training strength-
ens evidence that is reusable in reverse queries, in-
duces correlated forward-reverse attention routes,
and yields a positively aligned shared-storage gra-
dient component that decreases the reverse loss
to first order. Controlled one-layer experiments
and large-scale LLaDA/Dream experiments verify
these signatures and show that they translate into
improved reverse prediction.

1. Introduction

Autoregressive language models (ARMs) are the dominant
paradigm for large-scale language modeling (Vaswani et al.,
2017; Radford et al., 2018; 2019; Brown et al., 2020). De-
spite their empirical success, they exhibit the reversal curse:
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Figure 1. Masked training teaches one conditional, but the objec-
tive alone does not explain its link to the reverse conditional.

after learning a relational fact in one order, a model may fail
to answer the corresponding order-reversed query (Berglund
et al., 2024). For example, a model trained on “The capi-
tal of France is Paris” may answer “What is the capital of
France?” but fail to answer “Which country has Paris as
its capital?” This failure exposes a gap between storing a
fact in the learned weights and making it accessible under
order reversal: when the fact is explicitly provided in con-
text, strong models can often infer the reverse relation, but
the same relation need not be retrievable from the weights
alone (Berglund et al., 2024).

The failure is natural under left-to-right training. An ARM
trained on “A is B” reinforces predicting B from a context
containing A, whereas the reverse query asks for A from
a context containing B, corresponding to a different condi-
tional. Zhu et al. (2024) formalize this asymmetry through
training dynamics, showing that training on one direction
does not strengthen the reverse direction.

Masked diffusion language models (MDMs) use a random
masking objective that reconstructs arbitrary masked sub-
sets, supporting flexible any-order generation rather than
fixed left-to-right generation (Hoogeboom et al., 2021;
Austin et al., 2021; Campbell et al., 2022; Lou et al., 2024;
Sahoo et al., 2024; Shi et al., 2024; Ou et al., 2025; Nie et al.,
2025b). Recent work reports that MDMs exhibit a substan-
tially weaker reversal curse than comparable ARMs (He
et al., 2026), often attributed to this any-order training ob-
jective (Kitouni et al., 2024; Nie et al., 2025a;b).

However, we argue that this objective-only explanation is
incomplete, as illustrated in Fig. 1. As a representative
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forward example, suppose “A is B” is observed during
training, with A to the left of B. Random masking can create
the forward masked example “[M] is B,” where the masked
position i has target A, the evidence token B appears at
position j, and ¢ < j, providing supervision for the forward
conditional py(x* = A|z? = B). The reverse query “B is
[M]” again asks for A from B, but in a different positional
configuration, schematically corresponding to the reverse
conditional py(z’ = Alzi" = B), where j/ < . Thus,
random masking supervises recovering A from B in the
forward conditional, but does not explain why the learned
evidence should carry over to the reverse conditional.

Our central claim is that MDMs link these positional con-
ditionals through position-invariant storage of input-target
evidence and attention-based routing. With relative posi-
tional encodings such as RoPE (Su et al., 2024), position
affects query-key attention but not the value vector of an in-
put token. Thus, forward masked training can store B-to-A
evidence independently of where B appears, while attention
determines whether the reverse query routes the mask to B
strongly enough to retrieve it.

We formalize this mechanism in a simplified one-layer
MDM, where the contribution of input token B to the A-
logit decomposes as «; ;Y4 p. Here Y4 p is the shared
storage term for B-to-A evidence, and «; ; is the attention
weight routing that evidence to the mask. We prove that
forward masked training increases Y4 g, relative positional
encodings preserve positively correlated attention routes
between forward and reverse queries, and the forward and
reverse losses have positively aligned gradients so that a
forward update decreases the reverse loss to first order.

Controlled one-layer experiments show that the ingredi-
ents identified by our theory are present in trained models:
forward—reverse attention correlation, gradient alignment,
and reverse-probability improvement under forward-only
training. Positional encoding interventions further validate
the analysis by changing the storage-routing components
and producing the predicted changes in reverse transfer.
Large-scale LLaDA (Nie et al., 2025b) and Dream (Ye et al.,
2025) experiments show the same qualitative signatures in
practical multi-layer diffusion LLMs.

2. Background and Related Work
2.1. Autoregressive Models and the Reversal Curse

Autoregressive models (ARMs) (Radford et al., 2018; 2019)
generate a sequence x = z'x2...x" from left to right,
factorizing pp(x) = []i_, pe(2?|x<?). They are trained
with a cross-entropy loss for next-token prediction, where
each position is optimized to predict 2° from its left context
x <%, In Transformer ARMs, this objective is implemented

with causal self-attention, so the prediction at position ¢

can use only x<%. Thus, the training signal is intrinsically
directional.

This directional signal helps explain the reversal
curse (Berglund et al., 2024). If the forward direction “A is
B” is observed, then training directly reinforces predicting
B from a context containing A. The reverse direction in-
stead asks the model to predict A from a context containing
B, a distinct conditional that is not directly reinforced by
the forward example. Here and throughout, “A is B” is only
a schematic convention for paired relations whose observed
and queried orders differ, not a restriction to the literal verb

“is.” (See App. E.3 for a more detailed formulation.)

Several recent works seek to mitigate the reversal curse
through reverse training, dataset design, relation-aware aug-
mentation, and broader analyses of order-sensitive general-
ization (Golovneva et al., 2024; Lin et al., 2024; Lu et al.,
2024; Wang & Sun, 2026). These efforts highlight the
reversal curse as an important failure mode, but leave its
mechanism largely unexplained. Closest to this goal, Zhu
et al. (2024) analyze simplified one-layer ARMs through
training dynamics and use effective-weight asymmetry to
explain why forward training does not improve the reverse
direction.

2.2. Masked Diffusion Models and Reversal Curse
Mitigation

Masked diffusion models (MDMs) generate text by starting
from masked sequences and iteratively recovering masked
positions (Sahoo et al., 2024; Shi et al., 2024; Ou et al.,
2025). During training, a clean sequence x = x'z? ... 2% is
partially masked into x; by independently replacing tokens
with [M] with probability ¢ € (0, 1]. The model is trained
with a masked-token cross-entropy objective for any-order
generation: at each masked position i, it predicts 2 from x;,
i.e., pg(z%|x;). Unlike ARMs, MDMs use full attention, so
a masked position can attend to unmasked tokens on either
side.

A useful point of comparison is BERT-style masked lan-
guage modeling (Devlin et al., 2019). Current text MDMs
can be viewed operationally as generative masked language
models: they use full-attention masked reconstruction dur-
ing training and iteratively replace mask tokens during gen-
eration, without requiring explicit time embeddings in the
Transformer backbone (Sahoo et al., 2024; Ou et al., 2025;
Nie et al., 2025b; Ye et al., 2025). (See App. E.1 for details.)

Recent work reports that MDMs exhibit a weaker reversal
curse than ARMs. Kitouni et al. (2024) show that uniform-
rate masked language models, which are closely related to
MDMs, mitigate reversal failures in controlled settings. Nie
et al. (2025a) and Nie et al. (2025b) further report reversal
advantages in masked diffusion LLMs. These results moti-
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vate a natural explanation based on the any-order objective:
random masking can provide supervision in multiple direc-
tions, including directions unavailable to left-to-right ARM
training.

However, this explanation is incomplete as illustrated in
Fig. 1. Concretely, a forward statement “A is B” can yield
a masked training example that provides supervision for
the schematic conditional py(x= A|z7 = B). The reverse
query asks for the same target A from the same evidence
token B, but in a different positional configuration, corre-
sponding to pg(z* = A|z7" = B). It is therefore not imme-
diate why improving the first conditional should improve
the second unless the model parameters couple the two. The
remainder of the paper shows that MDMs provide exactly
such a parameter-level coupling through position-invariant
storage and attention routing.

3. One-Layer Setup: The Storage-Routing
Decomposition

This section sets up the one-layer MDM used in our analysis
and isolates the central storage-routing decomposition. It
separates what evidence is stored in the parameters from
how that evidence is routed by attention: the former will be
represented by a position-invariant storage term Y4 g, and
the latter by a position-dependent attention weight «; ;. This
decomposition will be the basis for the theoretical results in
Sec. 4. See App. A.1 for explicit dimensions and discussion.

The one-layer setting is intentionally simple and follows a
standard strategy in theoretical work on Transformer train-
ing dynamics (Tian et al., 2023; Li et al., 2023; Zhu et al.,
2024; Huang et al., 2025b). It is not meant to fully describe
deep MDMs, but to isolate a mechanism whose signatures
can be tested in trained one-layer MDMs and large-scale
diffusion LLMs in Secs. 5 and 6.

One-layer MDM with relative positional encoding.
Consider a one-layer MDM applied to a partially masked
sequence x = z'2? ... 2% Leti be a masked position with
2" = [M], and let A be the target token to be recovered at
this position. Let 7 be a position containing the unmasked
input token 27 = B. For a token z, let e,, denote its one-hot
vector and h, = Wge, its token embedding. The query,
key, and value vectors are q, = Wgh,, k, = Wxh,,
Vo = WVhw~

We consider relative positional encodings such as RoPE (Su
et al., 2024) and ALiBi (Press et al., 2022), where position
affects attention scores but not value vectors. To cover these
encodings, write the attention score and attention weight
from masked position ¢ to position k as

Si,k: = S(qx17kmk7 k — 2)7

_ exp(Sik/VD)
T Yr_ exp(Siw/VD)

Thus o 1, > 0 and Zizl a; ;, = 1. The logit vector at the
masked position and the model probability are

Qg

L
z;, = WU E QG kVk,
k=1

pi = po(x’ = - |x) = softmax(z;),

where Wy is the unembedding matrix mapping hidden
states to vocabulary logits.

Effective reparameterization. Following prior analyses
of Transformer training dynamics (Tian et al., 2023; Zhu
et al., 2024), we analyze the effective weight

Y =WyWyWkg.

This reparameterization provides a useful coordinate sys-
tem for isolating the storage component. In particular, the
masked-position logit vector and its A-coordinate become

L L
z; = E ai,kY:)Ik-,, (Zi)A = E ai,kYAwk.
k=1 k=1

Thus, if the unmasked input token B appears at position j,
i.e., 7 = B, its contribution to the A-logit at the masked
position 7 is

ai,jYA,B-

This is the central decomposition. To interpret Y4 g in
the original parameterization, let u} be the row of Wy
corresponding to target token A. Then Y4 p = ulv B, SO
Y4, p measures how strongly the value vector contributed
by input token B matches the unembedding direction for
target token A. We interpret this scalar as the stored B-
to-A evidence. Under relative positional encodings, v p
contains no positional component, and u,4 is also shared
across positions; hence the same Y4 p is used regardless of
where B appears.

In contrast, «; ; > 0 is the attention weight that the masked
position ¢ assigns to the token at position j. It specifies how
strongly the model attends to B when filling the mask at
position ¢. Unlike Y4 g, this routing weight depends on
the positional configuration through the query-key atten-
tion score, including the relative offset between [M] and B.
Thus, Y4 g stores the position-invariant input- B-to-target-
A evidence, while «; ; is the position-dependent attention
weight that determines how much of this evidence is used at
the masked position.

Positional encoding determines whether this decomposition
yields reusable evidence. For the relative encodings we
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Figure 2. Mechanism overview of the storage-routing decomposition. From a forward statement “Power is Knowledge,” random
masking can produce the forward masked example “[M] is Knowledge,” where Knowledge contributes to the Power logit through

fwd

rev

a1 Yp k. The reverse query “Knowledge is [M]” uses the same stored evidence term through a51Yp k. Thus Yp k is shared across

rev

the two configurations, while the attention weights a‘;‘gd and a5’y

route this evidence with different strengths. Under relative positional

encodings, the attention scores producing these weights remain positively correlated, enabling reverse reuse of the stored Knowledge-to-

Power evidence Yp k.

study, moving B can change «; ;, but not the value vector
vp: position changes how much B’s evidence is routed,
not what evidence is stored. By contrast, under standard
additive absolute embeddings Wrep + p;, the value vector
Wy (Wgeg + p;) depends on j, breaking a single position-
invariant B-to- A evidence term shared across configurations.
We focus on relative encodings because they are standard in
modern LLMs, especially through RoPE (Su et al., 2024);
absolute encodings are used for comparison in Sec. 5. (See
App. E.2 for additional discussion.)

4. Theoretical Results: Storage, Routing, and
Gradient Alignment

Sec. 3 decomposed the contribution of input token B to
target logit A as o; ;Y 4, . We use this decomposition to
analyze storage, routing, and prediction transfer. Sec. 4.1
shows that learning target A from token B increases the
shared evidence term Y4 p, independent of where B ap-
pears. Sec. 4.2 shows that relative positional encodings
preserve positively correlated attention scores to B across
forward and reverse configurations, making the reverse route
non-arbitrary. Sec. 4.3 then connects these ingredients to
training dynamics: on shared storage parameters, forward

and reverse losses have positively aligned gradients, so a for-
ward update decreases the reverse loss to first order. Apps. A,
B, and C provide details, proofs, and additional analyses.

4.1. Storage: Forward Training Reinforces a
Reverse-Usable Relation

In this subsection, we ask how a forward masked example
changes the shared evidence term Y4 g. Consider a masked
training instance from a forward fact, such as “[M] is B,”
where the masked position is %, the target token to be re-
covered is A, and the unmasked input token at position j
is 27 = B. The corresponding reverse query may place
the same evidence token B at a new position j’ and ask
the model to recover the same target A at a new masked
position ¢’, as in “B is [M].” Although these prompts have
different, order-reversed positional configurations, both can
rely on the same storage Y4 g. We therefore ask how the
forward masked update modifies this shared entry.

For the cross-entropy loss of recovering A at masked posi-
tion ¢ from the partially unmasked input x,

L; = —logpi(A) = —logpy(z’ = Alx),

we have the following direct gradient calculation.
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Proposition 4.1 (Forward Masked Training Strengthens the
Shared B-to-A Relation). Consider the one-layer MDM
above and treat Y as the effective storage parameter. If
x' = [M] has target token A and ¥7 = B is an unmasked
input token with attention weight c; ; > 0, then

oL,
< —ay (1 —pi(A
aYA,B — 0&17]( pl( )) < 07
oL;
> oy ipi A).
Srey 2 Qapi(C) >0 (C#A)

Thus, one gradient step increases Y o p and decreases Yc. g

forall C # A.

The proposition gives the storage-side mechanism. Training
the model to recover A in the presence of B increases the
position-invariant entry Y4 g, which contributes to predict-
ing A whenever B appears again as an input token. The
attention weight «; ; controls the magnitude of this update,
but since a; ; > 0, it does not change its sign. Thus, the
forward masked example stores B-to-A evidence in a way
that is not tied to the particular positions.

This pinpoints why the any-order training objective alone is
incomplete as an explanation. Random masking supplies a
training instance in which A is recovered from B, but the
resulting evidence becomes reverse-usable only because it
is stored in the shared, position-invariant entry Y4 . The
remaining question is whether the reverse prompt can still
attend to B and use this stored evidence.

4.2. Routing: Attention Correlation under Relative
Positional Encodings

We now study the routing term ; ;. Even if forward training
increases the shared evidence term Y4 g, a reverse configu-
ration can use this evidence only if the masked position still
attends to the same input token B. Since attention weights
depend on all tokens in the sequence, we analyze the more
local quantity that directly controls B’s contribution: the
attention score from the masked position to B. Our goal is
to show that this score remains positively correlated across
forward and reverse positional configurations.

The sequence may have arbitrary length L, and the masked
position may attend to all positions. We therefore isolate the
attention score assigned to a shared input token B appearing
in paired forward and reverse prompts. When B is the
relevant evidence token, this score controls how strongly
the masked position can use the stored B-to-A evidence.

RoPE. We first analyze RoPE (Su et al., 2024), the domi-
nant relative positional encoding in modern LL.Ms and the
encoding used by the large MDMs (Nie et al., 2025b; Ye
et al., 2025) studied in this paper. RoPE injects relative
position into attention scores through block-wise rotations

in two-dimensional frequency planes. Consider a forward
prompt where B is A; positions to the right of [M], and a
reverse prompt where B is Ay positions to the left of [M].
We study the attention score assigned to B, which controls
how strongly the masked position can use B’s stored evi-
dence. Writing quy for the masked-token query and k p for
the key of token B, these scores are

wad = q[—;/[]R(Al)kBu Srev = Q&]R(—A2)k37

where R(A) is the RoPE rotation matrix. Reversal changes
the relative rotation, so the two scores are not identical; we
ask whether they remain positively correlated.

Assumption 4.2 (RoPE-Compatible Block Covariance). Let
D be even, with D /2 two-dimensional RoPE planes. As-
sume qqm) ~ N(0,02Ip). Within each plane, write the
two-dimensional blocks as qflf,[)],kg) € R2. Conditioned
on qqmy, the key blocks are independent across planes and
have the same total conditional variance. Moreover, within
each plane, the key block has at least as much conditional
variance along the query direction as along the orthogonal
direction.

This assumption mirrors the geometry of RoPE: rotations
act independently within two-dimensional frequency planes.
It rules out an adversarial case where, within each plane,
the key of B varies mainly in directions orthogonal to the
masked-token query. (See App. A.3 for the formal assump-
tion.) Under this non-adversarial covariance condition, re-
versal changes the RoPE rotation but preserves positive
correlation between the forward and reverse scores.

Theorem 4.3 (RoPE Attention-Score Correlation). If As-
sumption 4.2 holds and A1 = As = A, then

1

IECI[M] [Corr (Sde’ Srev | Q[M])] > D

Tr(R(2A)).

The right-hand side is positive for standard RoPE frequen-
cies in the range A < 50 and D = 64, 128, 256: its mini-
mum over this range is 0.337; see App. B.1. Thus, Thm. 4.3
supports positive expected forward—-reverse attention score
correlation in the relevant distance range.

Remark 4.4. The equal-distance assumption is not essen-
tial. The condition A; = A, is used only to obtain the
closed form above. For A; # A,, the same analysis gives
a numerically computable bound; for all A1, Ay < 30, the
worst-case bound over admissible within-plane covariance
strengths remains positive, with minima 0.363 for D = 128
and 0.395 for D = 256, respectively; see App. B.3.

RoPE does not make the forward and reverse attention routes
identical, but it does preserve positive correlation between
them. Thus, when the mask strongly attends to B in the
forward configuration, the reverse configuration tends to
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retain a nontrivial attention route to B. This explains how
the stored B-to-A evidence can remain accessible under
order reversal.

ALiBi. To show that the routing analysis is not specific
to RoPE, we also consider ALiBi (Press et al., 2022). With
ALIBI, position enters as an additive distance bias, so the
attention scores assigned to B take the form

Stwa = CI[TV[]kB +0A1,  Siev = q[TM] kp — bAs.

Thus, the two scores share the same content term q[Tw] kp
and differ only by constants.

Proposition 4.5 (ALiBi Attention-Score Correlation). For
ALiBi, suppose the shared content score qEI';,[]kB has
nonzero variance. Then, for any joint distribution of
(amy, kB),

Corr (Stwd, Srev) = 1.

The result is immediate but useful: ALiBi preserves the for-
ward and reverse attention scores perfectly at the correlation
level because both scores contain the same varying content
term. Together with Thm. 4.3, this shows that relative posi-
tional encodings can preserve a reverse attention route, with
the strength of the correlation depending on how position
enters the attention score.

4.3. Dynamics: Forward-to-Reverse Gradient
Alignment

The previous subsections developed the storage-routing pic-
ture. We now ask whether it leads to an actual per-step
training effect: does a gradient step on a forward masked
loss increase the corresponding reverse probability? Follow-
ing the training-dynamics perspective of Zhu et al. (2024),
we answer this question to first order through gradient align-
ment.

Let xfwq and X;., denote paired masked prompts derived
from the same underlying fact. For the schematic fact “A
is B,” these correspond to prompts such as “[M] is B” and
“B is [M],” respectively. Note that the prompts may contain
arbitrary additional context tokens. Both prompts ask the
model to recover the same target token A at their masked
positions, and both contain an informative unmasked token
B. Let psyq and pie denote the prediction distributions at
the masked positions, and define

Erev = - Ingrev(A)'

For a forward update 87 = 6 — nVyLeywa, a first-order
expansion yields

Erev(0+) - »Crev(g) =-n <v0£reva vO‘wad> + 0(772)

Thus, if the gradient inner product (VgL,eyv, VoLiwd) is
positive, then the forward step decreases the reverse loss,

Liwa = —log prwa(A),

equivalently increasing the reverse probability of target A,
to first order.

We focus on the shared storage column Y: g associated with
the common input token B. Let o!¥4 and a’$¥ denote the
total attention mass assigned to all occurrences of B in the

forward and reverse prompts X¢yq and X, respectively.

Theorem 4.6 (Shared-Column Gradient Alignment). Con-
sider the one-layer MDM setup of Sec. 3. Suppose the
unmasked token B appears in both the forward and reverse
prompts, and both losses use the same target token A. Then
the gradients of the forward and reverse losses with respect
to the shared storage column Y. p satisfy

<VY;YB£dea vY;y}3£rev>

fwd  rev <

= ap“ay’ (Pfwd — €4, Prev —€4) > 0.

Consequently, the Y, g component of a forward gradient
step decreases the reverse loss to first order.

The theorem gives a training-dynamics view of the shared
Y -column update. A forward update that strengthens the B-
to-A evidence in Y: p also moves the reverse query toward
higher probability on A. A column Y, ¢ receives a direct
update only when token C' appears in the input prompt, so
tokens absent from the prompt have no direct Y-column
contribution.

This theorem isolates the guaranteed Y -column component
of forward-to-reverse transfer. A complete full-gradient
statement must also account for query-key terms. We there-
fore check full-gradient behavior empirically in Secs. 5 and
6, where the measured full-parameter gradient cosine re-
mains positive, showing that the remaining terms do not
cancel the positive Y -column contribution in trained mod-
els. We complement this check theoretically: App. C.1
analyzes query-key routing within the effective reparameter-
ization and explains why it does not systematically cancel
the Y'-column effect, App. C.2 analyzes the same tendency
in the original parameter space, and App. C.3 proves, in a
two-token setting, a probability-level convergence result in
the spirit of Zhu et al. (2024).

5. One-Layer Validation

We test the storage-routing account in a one-layer MDM
and use positional encoding interventions to validate the pre-
dictions specific to each positional encoding. See App. D.1
for details.

Setup. We instantiate a one-layer MDM using RADD (Ou
et al., 2025), with RoPE as the default positional encoding.
We construct length L sequences containing one lowercase—
uppercase pair and fill the remaining L — 2 positions with
a placeholder 0. The lowercase token is the target, and the
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Table 1. In the one-layer setting, the MDM retains substantial
reverse accuracy, whereas the ARM collapses.

MDM ARM
L Fwd. Rev. Fwd. Rev.
10 99.31 43.10 99.83 0.00
20 9736 5570 99.80 0.00
30 9691 33.89 9993 0.00
40 97.27 3837 9993 0.00

uppercase token is the unmasked evidence token. Train-
ing uses only the forward order, where the lowercase token
precedes its paired uppercase token; all reversed-order se-
quences are excluded. For example, with L = 3 and pair
(d,D), the training set contains dD0, d0D, and 0dD, but
never DA0, DOd, or 0Dd. The placeholders introduce posi-
tional variation without adding semantic cues.

At each checkpoint, we evaluate paired forward and reverse
masked queries from the same lowercase—uppercase pair.
Both recover the lowercase target from the unmasked up-
percase evidence token, but differ in order and position.
We track attention-score correlation, full-parameter gradient
cosine, and reverse-target probability.

Results. For paired forward and reverse queries, we first
compute the attention score from the masked position to
the uppercase evidence token. Fig. 3 (left) shows that these
scores remain strongly positively correlated across posi-
tional configurations, consistent with Thm. 4.3. Thus, even
when the mask and evidence token appear in reversed rel-
ative positions, the model preserves a correlated attention
route from the mask to the evidence token.

We next compute the forward-reverse gradient cosine over
all trainable parameters in the trained model, including
query, key, and MLP. Fig. 3 (middle) shows consistently
positive cosine similarity across sequence lengths. Thus,
the shared-column alignment identified in Sec. 4.3 persists
in the original parameterization, even after including query-
key, MLP, and other parameters.

Finally, we ask whether these signals translate into improved
reverse prediction. Fig. 3 (right) shows that, under forward-
only training, the correct target probability also increases
on reverse queries. Thus, the predicted attention correlation
and gradient alignment are reflected in the model’s output
distribution. A one-layer GPT-2-style ARM baseline (Rad-
ford et al., 2019) learns the forward direction but fails to
transfer, as shown in Tab. 1.

Positional encoding intervention. We next change only
the positional encoding to test both sides of the theory. Rela-
tive encodings preserve position-invariant storage, while
learned absolute embeddings (Gehring et al., 2017; De-

Table 2. Relative encodings preserve position-invariant storage and
therefore transfer better than learned absolute embeddings, while
ALiBi gives the strongest transfer by preserving content-based
attention routing.

L  Dir Absolute RoPE ALiBi

10  Fwd. 98.3 99.3 99.7
Rev. 11.5 43.1 99.8

20 Fwd. 97.8 96.8 99.5
Rev. 27.8 55.7 99.5

vlin et al., 2019) make value vectors position-dependent
and weaken the single shared B-to-A evidence term from
Sec. 4.1. Among relative encodings, RoPE and ALiBi differ
in routing: RoPE yields partial but positive attention-score
correlation, whereas ALiBi preserves the shared content
score up to additive distance biases as analyzed in Sec. 4.2.
Tab. 2 matches this pattern: learned absolute embeddings
fit the forward direction but transfer poorly, RoPE trans-
fers nontrivially but imperfectly, and ALiBi transfers almost
perfectly.

Together, the one-layer experiments provide a controlled
test of storage-routing. Rather than checking the effective
reparameterization alone, we measure the relevant signa-
tures in the trained model’s original parameters, including
query, key, and MLP components. The results show that
reverse transfer is accompanied by the predicted routing
correlation and gradient alignment. Positional encoding in-
terventions further change reverse transfer in the predicted
direction. Thus, the experiments support the mechanism
itself, not merely that MDMs outperform ARMs on reverse
queries.

6. Large-Scale Validation

We now test whether the same signatures persist in diffusion
LLMs, using LLaDA (Nie et al., 2025b). See App. D.2 for
experimental details and additional Dream (Ye et al., 2025)
results.

Setup. We perform forward-only fine-tuning on the
Parent—Child dataset (Berglund et al., 2024). Tab. 7 re-
ports the full reversal-evaluation task and accuracy, and we
use the same task here to probe the analyzed mechanism.
For each relation, we construct paired forward and reverse
masked-prediction queries. In a P2C (Parent-to-Child) case,
the forward query is “[M]’s child is Tom Holland”, where
the masked entity is the parent, and the paired reverse query
is “Tom Holland’s parent is [M]”. Both queries ask for the
same target entity from the same unmasked evidence entity,
but place the target and evidence at different positions.
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Figure 3. Left: Attention-score correlation in a one-layer RADD across A1 + As. The correlations remain positive. Middle: Forward—
reverse gradient cosine during training. It stays above 0.6, indicating aligned optimization directions. Right: Target-token probability
under forward and reverse queries. The curves show that the analyzed effects translate into probability-level transfer.
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Figure 4. Left: LLaDA attention correlation. Forward and reverse attention scores assigned to the evidence entity remain positively
correlated across relative-distance placements. Middle: LLaDA gradient alignment. Forward—-reverse gradient cosine similarity remains
positive. Right: LLaDA probability transfer. The correct reverse-entity probability increases during forward-only fine-tuning.

Results. Fig. 4 (left) shows that forward and reverse atten-
tion scores assigned to the evidence entity remain positively
correlated in LLaDA across relative-distance placements.
Thus, even in multi-layer diffusion LLMs, reverse prompts
retain a nontrivial attention route to the unmasked evidence
entity.

Fig. 4 (middle) further shows that the forward/reverse full-
parameter gradient cosine remains positive. This indicates
that the shared-storage alignment identified in the one-layer
theory is not washed out by query-key parameters, MLP
blocks, or multi-layer interactions.

Finally, Fig. 4 (right) shows that the correct reverse-entity
probability steadily increases during forward-only fine-
tuning. Reverse probabilities nevertheless remain below
forward probabilities, as expected: attention routing is cor-
related but not identical across forward and reverse prompts,
and the gradients are positively but not perfectly aligned.
This gap is therefore consistent with the one-layer results in
Sec. 5. Nevertheless, the observed probability trend shows
that attention-score correlation and gradient alignment im-
prove reverse prediction.

Together, the large-scale experiments show that the ingredi-
ents identified by the theory persist in practical multi-layer
diffusion LLMs: the predicted attention route and gradient
alignment are observed, and they translate into improved
reverse probability under forward-only training.

7. Conclusion

We studied why MDMs mitigate the reversal curse, where
ARMs typically collapse. Our analysis shows that the key is-
sue is not only whether the objective exposes useful masked
examples, but whether the resulting parameter updates cre-
ate evidence that can be reused across positional configu-
rations. Our one-layer theory identifies the mechanism en-
abling this reuse: position-invariant storage of input-target
evidence, positively correlated attention routing under rel-
ative positional encodings, and transfer through forward-
to-reverse gradient alignment. Controlled one-layer exper-
iments and large-scale diffusion LLM experiments verify
these signatures, showing that the same storage-routing ac-
count persists beyond the simplified setting.
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Impact Statement

This paper studies the reversal curse in masked diffusion
language models and provides a theoretical explanation for
why masked training can improve reverse-direction gen-
eralization. Our results are intended to clarify model be-
havior rather than introduce a new deployment capability.
In practice, better understanding of reverse retrieval may
help develop language models that are more reliable in
knowledge-intensive settings such as question answering,
editing, and scientific assistance. At the same time, any
improvement in model recall and generalization can also
amplify downstream misuse, including more persuasive gen-
eration or automated content production at larger scale. As
with other language-model research, the societal impact will
depend on how the resulting methods are trained, evaluated,
and deployed, and careful attention should be paid to safety,
privacy, bias, and human oversight.
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A. Proofs for the Main Theoretical Results

A.1. One-Layer MDM Setup and Effective Reparameterization

We restate the one-layer setup from Sec. 3, making the dimensions explicit. Let V be the vocabulary of clean tokens, and let
1,.2

x = o122 ... 2% be a partially masked sequence of length L, where each token satisfies ¥* € V U {[M]}. Let i be a masked
position with 2* = [M], and let A € V be the target token to be recovered at this position.
For any token = € V U {{M]}, let e, € RIVI+1 be its one-hot vector, including the mask token. Let
WE c RDX(|V|+1)
be the token embedding matrix, and define the token embedding

h, = Wge, € RP.

Given query, key, and value matrices
WQa WK7 Wy € RDXD)
we define
qQz = Wthv kz = WKhzv Vg = W\/hz

For relative positional encodings such as RoPE or ALiBi, position affects the query-key attention score but not the value
vector. We write the attention score from masked position 7 to position k as

Si,k = S(qaﬂvkﬁka k — Z)
The corresponding attention weight is
exp(S; 1/VD)
S k—y exp(Sip /VD)

o |k =

. L
For finite scores, c; ; > 0 and Zk:l o;r = 1.

Let
WU c R\V|><D

be the unembedding matrix mapping hidden states to logits over clean vocabulary tokens. The logit vector and prediction
distribution at the masked position are

L
z;, = Wy Zai’kvwk7 pi = pg(xi = :|x) = softmax(z;).
k=1

Thus z;, p; € RV,
Effective reparameterization. Following prior analyses of Transformer training dynamics (Tian et al., 2023; Zhu et al.,
2024), we introduce the effective weights

Y = WyWyWg € RVXWVIHD 0 = woWwg e RPXWVIHD D K = Wi Wy € RPXIVIFD,

Then
q: = Qe;, k; = Key,

and the masked-position logits can be written as

L L
Z; = E ()éi’kYemk, (Zi)A = E Cki_’kYszk.
k=1 k=1

Although the main text uses only Y, we also introduce () and K here to make the query-key gradient analysis in App. C.1
explicit. Therefore, if 27 = B, the contribution of the unmasked input token B to the A-logit at masked position i is

Oéi’jYAJg.

This is the storage-routing decomposition from Sec. 3.

11
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Role of the effective reparameterization. The effective reparameterization is an analytic coordinate system rather than
the original training parameterization. Following Tian et al. (2023); Zhu et al. (2024), we collect the input-to-value-to-logit
path into Y = Wy Wy W, so that the stored contribution of input token B to target logit A appears directly as Y4 5. We
also collect the input-to-query and input-to-key maps into Q = WoWpg and K = WxWg, which determine attention
routing. Thus, the effective coordinates make the storage-routing decomposition explicit: Y represents shared storage, while
(Q, K) determine how attention routes the stored evidence.

We do not claim that gradient descent in these effective parameters exactly preserves the training dynamics of the factorized
original parameters. Rather, the effective coordinates expose the mechanism in its cleanest form. A parallel analysis
in the original parameterization gives a similar qualitative picture, but the resulting full-parameter alignment is less
sign-deterministic and is naturally stated as a tendency rather than an exact identity; see App. C.2.

A.2. Proof of Proposition 4.1
Recall that

L
z; = E Oéi,kYewk,
k=1

where Y € RIVIX(IVI+1) is the effective storage parameter, and p; = softmax(z;). For the loss

Li=—logpi(A) = —(z:)a +1log Y exp((z:)c),

cey
we have ar
— =p;(C) —bc,a.
8(Zi)C ( )
Moreover,
- 0(z:)
i)c
(zi)o = Y i kYo, = > i
k=1 aYC’B k:xk=B
Let
5i,B = Z QG fe-
k:xk=B

If 2/ = B, then 3; p > «; ;. This is the step that turns the exact derivative into the inequalities stated in the proposition.

Combining the two derivatives gives

oL;
= (p;(C) -6 i B
aYC,B (p ( ) C,A) B ,B
Hence
oL,
= —Bi5(1 =pi(A4)) < —a; (1 —pi(A)) <0,
0Ya B
and for C' # A,
OLi _g4 (C) > a; jpi(C) >0
8YC,B = Pi,BDPi = QG jPq .
Therefore, a gradient step increases Y4 g and decreases Y g for every C' # A. O

A.3. Proof of Theorem 4.3

Formal covariance assumption. We use the following formal version of Assumption 4.2. Let D be even, and decompose
the RoPE representation into D /2 two-dimensional planes:

D T D
qm] = ((q%/[)])—r7 ey (qu]/Q))T) , kp= ((k(Bl))T7 ey (ksg /2))T)

Assume qpyy ~ N(0,0%Ip). Conditioned on qpvy, the blocks kg) are independent across RoPE planes, and

T

Cov(kp|qm) = diag(¥1,...,Xp/2).

12



A Theoretical Analysis of Why Masked Diffusion Models Mitigate the Reversal Curse

For each plane s, assume that there exist 72 > 0 and ps = ps(ap) € [0, 1] such that

(s) ( (s) )T

w2 |12, 4, S
2 lafyy1?

with the convention that the last term is defined arbitrarily on the measure-zero event qf;l)] =0.

This assumption matches the two-dimensional plane structure of RoPE. The block-diagonal condition removes cross-plane
covariance terms, and the equal-trace condition Tr(X,) = 72 prevents the bound from being dominated by a few frequency
planes. Within each plane, p; allows the covariance to range from isotropic (ps = 0) to query-aligned (ps = 1). Thus the
assumption does not require identical covariance blocks or a fixed alignment strength across planes; it only excludes the
adversarial case where the key varies more in the direction orthogonal to the masked-token query than along the query
direction.

Proof. Letq = qpv) and k = k. For RoPE (Su et al., 2024), define

o= () ) =t 180 )

where the standard RoPE frequencies are
95 = el;js(eSil)/D7 ebase = 10000.

In the equal-distance case A; = Ay = A, the attention scores assigned to evidence token B are

D/2 D/2
Stwa = D_(@) T Ry(AKE), Sy = > (@) TR (—A)K.
s=1 s=1

Condition on q. By the block independence assumption, cross-plane covariance terms vanish. Therefore,

D/2
Cov(Swd, Srevlad) = >_ (@) T Ro(A) S Ro(—A) Tq™).
s=1
Since Ry(—A)T = R,(A), the covariance becomes
5 D/2

-
Cov(Stwa, Srevla) = > llg®|? [cos(20,4) + ps] -
s=1

The calculation uses

2
s s s (q(S))TR‘?(A)q(S) S
(@) " R.(28)q™ = [|[q*)||* cos(26,A), ( PRIE )=Hq()||20082(95A)-
Similarly,
D/2
Var(Sewala) = Y (q)) T Re(A)ER(A) T q",
s=1
SO
5 D/2

-
Var(Stala) = = 3 [la]2 [L + ps cos(20,4)].
2 s=1
The same expression holds for Var(S;ey|q), since cosine is even.

13
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Define
a2

TR

vs = cos(20A).
Then b

Zsz/l wS (75 + ps) )
14+ S22 w007,

The denominator is positive whenever the conditional variances are nonzero.

Corr(Stwd, Srev |q) =

We lower bound this expression. Since

D/2 D/2 D/2

w1, D wepsrs| <D weps,
s=1 s=1 s=1

we have
D/2 D/2 D/2
D_wsts | | 2wy | £ weps.
s=1 s=1 s=1
Hence
D/2 D/2
Corr(Stwd, Srev|d) > Zwsfys = Z wg cos(20,A).
s=1 s=1

Finally, since q ~ N(0,0%Ip), the quantities ||q(*)||? are i.i.d. across RoPE planes. Thus the weights w, are exchangeable

and satisfy
2

Eqglws] = D

Taking expectations gives
D/2

2
Eq [Corr(Stwd, Srev|d)] > D ; cos(205A).

Since each two-dimensional block satisfies
Tr(Rs(24A)) = 2 cos(2605A),

the right-hand side equals

1
= Tr(R(24)).

This proves the theorem. ]
A.4. Proof of Proposition 4.5
For ALIiBi, the informative-token scores can be written as

Stwa = dpkB +bA1,  Srev = appks — bAs,

where b, A1, A, are fixed. Thus the two scores differ from the same random content score q[TM] k g only by additive constants.
Hence
Var(Stwa) = Var(Syev) = Var(q[{ﬂ kg), Cov(Siwd,Srev) = Var(q[{ﬂ kg).

When Var(q[}”k B) > 0, these identities immediately give

Corr(Stwd, Srev) = 1.

14
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Table 3. Minimum of Tr(R(2A))/D over integer 0 < A < 50.

D 64 128 256
Minimum bound 0.337 0384 0.410

A.5. Proof of Theorem 4.6

Let Xfwq and X,e, be paired masked prompts with the same target token A and the same unmasked evidence token B. Let
Ptwd and prey be the prediction distributions at the corresponding masked positions, and define

['fwd = - logpfwd(A)7 ‘Crev = - logpreV(A)'

For any prompt with prediction distribution p, target A, and total attention mass «p assigned to all occurrences of token B,
the B-column gradient is
Vy, s £ = ap(p —ea).

Therefore,
VY:,B Liwd = Oégvd (pfwd - eA)a VY:.B‘CTGV = OKIEV (prev - eA)~

Taking the inner product gives
(Vy. 5 Liwd, Vy. 5 Lrev) = a5 (Prwd — €4, Prev — €4) -

It remains to check that the last inner product is positive. Expanding over the vocabulary,

<pfwd — €A, Prev — eA> = (1 - wad(A))(l - prev(A)) + Z pfwd(c)prev(c) > 0.
C#£A

Since B appears in both prompts and the attention scores are finite, a%”d, oY > 0. Hence

<VY:,B£dea vY;‘Bﬁrev> > 0.

Consequently, a forward gradient step restricted to the shared column Y. g decreases the reverse loss to first order:
£rev (K,B - nVK,B‘Cde) - ‘Crev(K,B) = -0 <VY;,B EI‘EV7 vY;’Bﬁfwd> + O(UQ) <0

for sufficiently small > 0.

B. Details on Attention Correlation Bounds
B.1. Numerical Positivity of the RoPE Trace Bound
Thm. 4.3 lower bounds the expected forward-reverse attention score correlation by

1
= Tr(R(24)).

Thus, to show that the theorem gives a nontrivial positive correlation in the distance range used in our experiments, it
remains to check that this trace term is positive for standard RoPE frequencies.

For RoPE with base frequency 6,5 = 10000, the normalized trace is
D/2

1 _ 2 ~2(s—1)/D
= Tr(R(24)) = — ; cos (QA 10000 ) .

This quantity is exact and can be evaluated directly for any finite D. Tab. 3 reports the minimum over integer 0 < A < 50
for D = 64, 128, 256. The bound is positive throughout this range for all tested dimensions.
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The large-D behavior is also consistent with this numerical pattern. The normalized trace is a Riemann sum:

D/2

2 asmnyp) _ [ 24 1
D;cos (ZA 10000 )— | cos 100007 de + O D/

Using the cosine integral

this limiting integral can be written as

/1 2A Ci(2A) — Ci(2A/10000)
cos dx = .
0 10000® log 10000

Numerically, this limiting approximation is positive over the same range; at A = 50, it is approximately 0.437. Consequently,
Thm. 4.3 gives a positive lower bound in the distance regime considered here.

B.2. A High-Probability Bound for RoPE Correlation

Thm. 4.3 gives a positive lower bound on the expected forward—reverse attention-score correlation in the distance range of
interest. Here we show that this positivity is not only an average-case statement: the conditional correlation is also bounded
away from zero with high probability.

Using the notation from the proof of Thm. 4.3, the conditional correlation satisfies

i D
Corr(Stwd, Srev|q) = Zws cos(2A6;), m = 5

s=1

where
la™|?
lall?
Since q ~ N(0,02%Ip), the weights (wy, . .., w,,) follow Dirichlet(1, ..., 1). Thus

s =

1 1+ 1,
Elws] = —, Elw; =
[s] m [wswi] m(m + 1)
Define
1 m
Exr=— 2A0,),

A= ; cos( )

and
1 1 & 1 & ’
_ 2
VA = m E ;COS (2A95) - (m ;COS(2A95)>
Then
E Z Wy cos(2A03)] = En,

s=1

and
Var Zws cos(2A0,) | = Va.

s=1

For any threshold 0 < ¢ < Ea, Cantelli’s inequality gives
- (Ba —¢)®
Pr wg cos(2A05) > ¢| > ——FF— .
[; ( )2 ~ Va+ (BEa—0)?

16



A Theoretical Analysis of Why Masked Diffusion Models Mitigate the Reversal Curse

Table 4. Cantelli lower bounds for Pr[Corr(Stwd, Srev|q) > ¢] under standard RoPE frequencies.

D/2 =64 D/2 =128
A ¢=010 ¢=020 ¢=030 ¢=010 ¢=020 c=0.30

10 0.978 0.966 0.941 0.989 0.983 0.970
20 0.959 0.930 0.859 0.982 0.969 0.938
30 0.947 0.905 0.791 0.977 0.958 0.906
40 0.942 0.893 0.753 0.974 0.952 0.885
50 0.956 0.922 0.828 0.973 0.949 0.874

Since the conditional correlation is lower bounded by this weighted sum,

(Ea —¢)?
P >cl > .
T [COI‘Y(Sde, Srevlq) - C] jl VA + (EA _ 6)2

Tab. 4 shows that the lower bound remains high for the distances used in our experiments. For example, when A = 20,
¢ = 0.3, and m = 128, we obtain
Pr [Corr(Stwa, Srev|a) > 0.3] > 0.938.

B.3. Numerical Check for Asymmetric RoPE Distances

This subsection provides the numerical check referenced in Remark 4.4. Thm. 4.3 gives a closed-form lower bound in the
equal-distance case A; = As. We now check that the same positive-correlation behavior persists when the forward and
reverse relative distances are asymmetric, i.e., A1 # As.

Let m = D/2 be the number of RoPE planes. For each plane s, define
as = cos((A1 + A2)0s), bs = cos((A1 — Az)by),
and
cs = cos(2A10;), ds = cos(2A50;).

Using the same conditional covariance structure as in Assumption 4.2, the same two-dimensional calculation as in App. A.3
gives

Z;nzl Ws (as + psbs)
\/(1 + Z:nzl wspsCS) (1 + Z;n:1 wspsds)’

_ e
s )
llall®

Here p; is the within-plane query-alignment strength from Assumption 4.2.

Corr(Stwd, Srevld) =

where

ps €[0,1].

To obtain a conservative numerical check, we apply the arithmetic-geometric mean inequality to the denominator. Since
cs + ds = 2asb57
we define the surrogate

:‘Q(W p) _ 2 ZT:l ws(as + psbs) _ ZT:l ws(as + psbs)
K(W, 2+ ZZL:I WsPsCs + Z:LZI wspsds E;n:l ws(l + psasbs) )

Whenever this surrogate is positive, it is a lower bound on the exact conditional correlation, because the exact denominator
is no larger than the arithmetic-geometric mean denominator.

For a candidate threshold ¢ € (0, 1), the condition

K(w,p) > ¢
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Table 5. Minimum Monte Carlo estimate of the asymmetric surrogate bound over the grid 0 < A1, Az < 30.

D 64 128 256
Minimum bound 0.275 0.363 0.395

is equivalent to

Zws [as + psbs — £(1 + psashs)] > 0.
s=1
For fixed ¢, the inner term is linear in py:
as — L+ psbs(1 — Lag).

Since 1 — fas > 0 for £ € (0,1) and a5 € [—1, 1], the worst-case choice of py is

.1 b<o,
P+~ Y0, b.>0

Thus, for each sampled w, the certified threshold ¢ can be checked after minimizing over the admissible p;’s.

We estimate the expected worst-case surrogate lower bound

Ew [ inf n(w,p)] , W ~ Dirichlet(1,...,1),
pE[0,1]™

over the grid 0 < A, As < 30. For each grid point, we solve the inner infimum over p using a Dinkelbach fractional

programming iteration (Dinkelbach, 1967). Tab. 5 reports the minimum Monte Carlo estimate over this grid for D =

64,128, 256, using 50,000 samples of w at each grid point. The resulting estimates remain positive, indicating that the

positive correlation behavior is not specific to the equal-distance case.

C. Additional Theoretical Analyses on Training Dynamics

This section collects additional analyses that complement the main training-dynamics results. App. C.1 analyzes gradient
alignment for the query-key terms under the effective reparameterization, with the goal of understanding whether the
routing-side components cancel the positive Y -column effect. App. C.2 then analyzes the same gradient-alignment question
in the original parameter space, where the decomposition is less sign-determined but exhibits the same positive-transfer
tendency. Finally, App. C.3 proves a probability-level convergence result analogous in goal to Zhu et al. (2024) in a single
evidence token setting.

C.1. Full-Gradient Alignment Analysis

Thm. 4.6 proves a sign-determined alignment for the shared storage column Y. p: a forward masked update through the
common evidence token B decreases the reverse loss to first order. To understand why the full-gradient cosine measured in
Secs. 5 and 6 remains positive, we revisit the storage-side Y gradient and then analyze the attention-routing parameters

Q=WoWg, K=WgWg.
This is the first point where the effective query-key coordinates () and K are used in the gradient analysis.

We use cosine similarity because it separates direction from scale and yields more interpretable decompositions. The
Y -gradient cosine factors into a probability-error cosine and an attention-mass cosine. For the query-key terms, the
corresponding cosine decomposes into a loss-sensitivity sign and a geometric score-gradient cosine. The analysis does not
prove pointwise positivity for every full-gradient component; instead, it explains why the attention-routing terms do not
systematically cancel the positive storage-side transfer.

Storage-side cosine decomposition. For a prompt with target token A, prediction distribution p, and attention weights

oy, define the token-type attention vector
L

a= g apeyr € RVIFL,
k=1
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The x-coordinate of a is the total attention mass assigned to all occurrences of token x. Since

zZ = Z arYeyr =Ya,
k=1
the effective storage gradient is the outer product

VyL=(p—esa.

Therefore,
<vY£de7 VY£TEV>F = <wad — €4, Prev — eA> <afwd7 arev> .

Since the Frobenius norm of an outer product factorizes,
IVyLlr = [lp —eall l[all,
we obtain the exact cosine decomposition
cosp (Vy Liwd, Vy Lrev) = €08 (Prwd — €4, Prev — €4) €08 (fwd; Arey ) -

The probability-error cosine is positive because

<pfwd — €A, Prev — eA> = (1 - pfwd(A))(]' - prev(A)) + Z pfwd(c)prev(c) > 0.
C#A

The attention-mass cosine is nonnegative because as,q and a,e, have nonnegative entries, and it is strictly positive whenever
the two prompts share at least one token receiving positive attention in both prompts. In particular, the shared evidence
token B makes this cosine positive. Thus the full Y'-gradient cosine is positive, strengthening the B-column inner-product

result of Thm. 4.6.

Query-key cosine decomposition. We next isolate the component of the @) and K gradients that flows through the

attention score assigned to the evidence token B. For a single masked position, write
z = Z aYe,, p=softmax(z), L= —logp(A).
Define the token-wise storage error

pe=(p—ea) Ve
Since L /0oy = py and ay = softmax(Sy/v/D), the loss sensitivity of score Sy, is

8£ Oék

To isolate the clean transfer term, we restrict the query-key calculation to the backpropagation path through the attention
score assigned to the evidence token B. Thus the derivation below keeps the B-associated score-gradient contribution and

leaves the other token contributions to the final interpretation paragraph.

For the evidence token B, define
oL « =
B
= = = — E «a .
B BXS D (MB 2 mz)

The sign of g is determined by
L
KB — Z Qpfhe-
=1
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This contrast measures whether attending more to B would reduce the loss compared with the current attention mixture.
For relative positional encodings, the value carried by token B does not depend on its position, so the forward and reverse
prompts retrieve the same B-side evidence even though they route attention through different attention scores. Starting from
a mean-zero initialization, forward training on recovering A from B makes this B-side evidence increasingly helpful for
predicting A, so the contrast moves downward and becomes negative. Hence, once B is useful in both prompts, the forward
and reverse score sensitivities have the same sign:

sgn(§de rev) -1,

For a score Sp = S(qm); kp, A), the B-route gradient components are

VQﬁ(B) = gB(VQ[M] SB)e[—;’[]a VKE(B) = EB(VkB SB)GE

Hence, whenever the relevant norms are nonzero,
COSE (vQ‘wad7 VQ‘crev) = sgn (gfwdfrev) COS (v S wd Av, Srev) ’

and
cosp (VKEde, VK£§£,> = sgn (EdeSrCV) cos (VkaWd ViSEY) .

Thus, once the sensitivity signs agree, the B-route query-key cosine is controlled by the geometry of the attention-score
gradients.

RoPE. For RoPE,

Syl = apyR(A kg, SEY = appR(—A2)ks.
Therefore,

VaShd = R(A))kp, VgSk¥ = R(—Ay)ksg,
and

ViSyd = R(—A1)apmy,  ViSEY = R(As)qp.
Thus the geometric cosines are

-
cos (VqSH4, VaSEY) = kpR(81 & AQ)kBa
e

and -
Ay R(A1L + Az)qpy

lamy 12
These quantities are not pointwise positive for every vector, because RoPE rotates different frequency planes by different
angles. However, under isotropic or RoPE-compatible covariance conditions, their expectations are controlled by normalized
trace terms. For example, if kg ~ A(0, 021 D), then
kTR(Al + Ag)kB 1
E|-E = — Tr(R(A1 + Ag)).
HkB ||2 D ( ( 1 2 ))

Thus RoPE gives partial, trace-controlled query-key alignment rather than exact alignment. It may weaken the B-route
query-key cosine relative to the storage-side Y '-cosine, but it does not introduce a systematic negative alignment in the
distance regime where the corresponding trace terms remain positive.

cos (VkSB VkSreV) =

ALiBi. For ALiBi,
Sp = appks + bA,
The bias bA affects the attention score and hence the routing weight, but it vanishes when differentiating with respect to
qm or kp:
VqSe =kp, ViSp=qm-
Consequently,
cos (Vq Stvd v aS5") = cos (Vksng, ViSEY) = 1.

Thus, when the sensitivity signs agree, ALiBi gives exact B-route query-key cosine alignment. This sharply contrasts with
RoPE: ALiBi changes the scalar attention scores by an additive distance bias, but leaves the query-key gradient directions
identical across forward and reverse configurations.
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Full-gradient interpretation. The Y -gradient cosine gives the clean storage-side signal, while the B-route (), K analysis
shows that the attention-routing terms do not inherently oppose it. The remaining @), K terms involve other context tokens
and cross-token interactions through the attention softmax, so their signs are not determined by the B-route calculation.
These terms depend on token-specific embeddings and positional score gradients that are not consistently tied to the
forward-reverse evidence pair. Under a non-adversarial high-dimensional geometry, such residual directions are expected to
be weakly correlated on average, rather than systematically anti-aligned with the B-route signal.

Thus, this analysis should be read as a robustness check on Thm. 4.6: the guaranteed storage-side alignment is the main
positive transfer signal, and the B-route query-key terms do not structurally cancel it. Under ALiBi they align exactly; under
ROPE they retain partial, trace-controlled alignment. This is consistent with the positive full-parameter gradient cosine
observed in Secs. 5 and 6.

C.2. Gradient Alignment in the Original Parameter Space

The main text analyzes the transfer mechanism through the shared storage parameter Y, and the preceding appendix section
uses the effective query-key parameters () and K to analyze routing. We now relate this effective-parameter picture to
the original parameterization, where Wg, Wq, Wy, Wy, and Wy are updated jointly. The goal is to show that the same
positive transfer tendency observed in the effective coordinates also appears naturally when the gradient is decomposed over
the original matrices.

Setup. To isolate the dynamics, we consider a single evidence token setting with arbitrary relative distances. Even though
there is only one informative token, we keep the relative distances explicit so that the effect of positional encoding remains
visible in the attention score. The forward prompt contains a masked target position and the evidence token B, with B lying
A1 positions to the right of the mask. The reverse prompt contains the same evidence token B, with B lying A positions to
the left of the mask. Both prompts ask the model to recover the same target token A.

Let
hpyy = Weeny, hp = Wgesp,
and
am = Wohpy, kg =Wkhp, vp=Wyhp.
Let

Sp = S(am), kg, A)

denote the attention score assigned to the evidence token B. In this simplified two-route attention setting, we write the
attention weight on B as

ap = O'(SB/\/B),

where o is the sigmoid function. This notation can be understood as absorbing the competing mask-route score into the
score difference defining Sp.

We focus on the contribution of the evidence-token value to the output logits. Equivalently, we approximate the masked-
position logit vector by the part routed through B:
z=Wy(apvg), p=softmax(z), u= W, (p—ea).

Proposition C.1 (Original-Parameter Gradient Decomposition). Under the single-evidence-token setup above, define

IW = <VW£fwd7 VWﬁrev>F

for each original parameter matrix W € {Wy, Wy ,Wo, Wi, Wg}. Then the unembedding, value, query, and key
projection contributions satisfy

IWU = OéfBXVdOKIEV <pfwd — €4, Prev — eA> ||VB||27

Iy, = O‘fBXVdO‘rBSV (Ufwd; Urey) ”hB”Q’

afwd 1— afwd AtV (1 — atev
= S OB OB (7 )l v B (VS5 VaSE).
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and
afy (1 — afy (1 - ")

(ug,ave) (UL, ve)|hs|? (ViSEY, ViSE") .

Iw, = )

For the embedding matrix, the inner product decomposes as

where ; a0 - v d) a )
oty Wi arev — atev . .
9=k 5 B2l qvp) (U, vi) (W VaSEd, W Vasi®),
afwd 1— afwd atsy — ot
I(K) B ( B g B ( B )(ufdeVB)(ul.VvB) <WKkafwd v Srev>,
I(V) _ fwd rcv W W
Wg ap < v Ufwd, Vurev>

and I ‘(;{E V) collects the cross-terms between the key and value paths inside the B-embedding column.

Proof of Proposition C.1. For £ = —logp(A),

% p-e
8z_p A-

Since z = Wy (apvpg), the unembedding and value projection gradients are
Vi, L =ag(p—es)vy,
and
Vi, L =apW, (p—es)h} = apuhj.
Taking Frobenius inner products of the corresponding forward and reverse gradients gives the stated formulas for Iy, and
Iy, .

For the query and key projections,
8aB ap (1 — aB)

oSp VD
Also, o
L
E = (p — eA)TWUVB = uTvB.
Hence
oL - OéB(l — aB)uTV
9Ss /D B
By the chain rule,
1—
V£ {asﬂﬁ)awu VB} (Vg S5) B3
and )
« -«
Vwg L = {wu VB:| (kaSB)

Their Frobenius inner products yield the stated formulas for Iy, and Iy, .

It remains to track the embedding matrix. The masked-token embedding receives the query-path signal

OéB(l — aB)

VD

The evidence-token embedding receives both key-path and value-path signals:

Vi £ = { uTvB} W4 Vau S-

aB(l — aB)

V“BEZ{ VD

uTvB} W;VkBSB + OzBW‘—/ru.
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Thus
VwsLl = (Vg L)epy + (Vs L)ep.

The masked-token column and the B-token column are orthogonal because eTVI ep = 0, so the query-path contribution
separates from the B-column contribution. Inside the B-column, the key and Va{ue paths contribute the K -path and V-path

terms above, along with their cross-terms 1 ‘(,;; V) This gives the stated decomposition. [

Storage-side interpretation. The decomposition above shows how the effective storage-side alignment appears inside the
original parameterization. The Wy, term is sign-determined:

<pfwd — €A, Prev — eA> = (1 _pfwd(A))(]' - prev(A)) + Z pfwd(c)prev(c) > 0.
C#A

Thus Iy, > 0 whenever B receives positive attention in both prompts.

The Wy, and W]EJV) terms depend on the backpropagated error signals

<ufwd7 urev> = <I/V[—]r (pfwd - eA)a WJ (prev - eA)> .

Under non-adversarial geometry, such as an approximately isotropic unembedding map, this inner product preserves the
positive probability-error alignment. These terms are the original-parameter counterparts of the positive storage-side
alignment captured by Y.

Query-key routing interpretation. The Wq, Wk, and query/key paths of W share the scalar coefficient
(UfvaVE) (W VE).

The scalar u' v g measures whether increasing attention to 13 lowers the loss. When B is useful for predicting A, this scalar
has the same sign in the forward and reverse prompts, so the product above is positive. The remaining factor is geometric
and depends on the positional encoding.

For RoPE,
Sng = Q[—;,I]R(Al)kg, S%ev = q?l;/[]R(_Az)kB‘
Therefore,
(VS5 VaSE") = kpR(A1L + Ag)kp,
and

(VieSEY, VieSBY) = apg R(A1 + Az)qpmy.-

These quadratic forms are not pointwise positive for every vector, but their expectations are controlled by the same RoPE
trace terms analyzed in Apps. B.1 and B.3. Thus RoPE may weaken routing alignment, but it does not create a systematic
negative alignment in the distance regimes considered here.
For ALiBi,

SB = qu/[]kB + bpos(A)7

so the additive positional bias vanishes under differentiation:
VaSe =k, ViSp=aqm.

The geometric factors are therefore ||k 5 |* and ||quy||?, both positive. This explains why ALiBi preserves query-key routing

alignment more strongly than RoPE.

Summary. Overall, the original-parameter decomposition supports the same conclusion as the effective-parameter analysis.
The storage-side terms provide the main positive transfer signal, while the query-key routing terms do not structurally cancel
it. The remaining embedding cross-terms I &Z V) are not sign-determined, but they arise from interactions between distinct

key and value paths and are best interpreted as residual terms rather than as a systematic negative force.
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C.3. Probability-level Transfer in a Single Evidence Token Setting

The gradient-alignment results above show that a forward masked update moves the shared storage column Y. g in a direction
that decreases the reverse loss to first order. Here we give a minimal probability-level training-dynamics counterpart to the
analysis of Zhu et al. (2024), adapted to the MDM setting. The result is intentionally idealized: it isolates a single-evidence-
token mechanism and should not be read as a claim that reverse probabilities generally saturate in practical multi-token
or multi-layer MDMs. The distinction is that, in an MDM, storing the B-to-A evidence is not by itself enough. Forward
training can make the shared column Y, g strongly favor A, but the reverse prompt benefits from this storage only if its
masked position actually attends to B. This routing issue is absent or effectively trivial in the autoregressive setting analyzed
by Zhu et al. (2024), where the relevant attention route is fixed. Our result therefore makes the two steps explicit: forward
training separates Y4 p from Y¢ p for C # A, and reverse transfer follows when the reverse route to B remains active.

Setup. We work with the effective parameters Y, @), K. Both the forward and reverse prompts contain one masked position
and one informative evidence token B. Although this is a single evidence token setting, we keep explicit relative distances
in order to track the effect of positional encoding on the attention score. In the forward prompt, B lies A; positions to the
right of the mask. In the reverse prompt, B lies Ao positions to the left of the mask. Both prompts ask the model to recover
the same target token A.

We isolate the evidence-token contribution to the masked-position logits:
2twa(t) = aF ()Y, 5(1),  Zwev(t) = o (1) Y. B(D).

Here
ap(t) = o(Sp(t)/VD),
where o is the sigmoid function. Equivalently, this is the single evidence token reduction of the two-route attention between

the mask token and the evidence token B. The prediction distributions are

Prwd (t) = softmax(zewd(t)), Prev(t) = softmax(zey(t)).

We use gradient flow on the forward loss
[ffwd (t) = IOg pfwd(A; t)

with respect to the shared storage column Y. g and the routing variables specified below. For a clean statement, we initialize
the shared column uniformly and write this as
Y. 5(0) = 0.

©

ROPE setup. For RoPE, the query and key play symmetric roles in the bilinear attention score. To isolate the routing
geometry in the simplest form, we fix the masked-token query qqv; and update only the evidence-token key kz(t) by
gradient flow on the forward loss. The forward and reverse scores are

wad(t) = qa;/[]R(Al)kB (t), Srev(t) = Q&]R(—A2)k3 (t)
We assume the RoPE geometric alignment condition
q[TM]R(Al + Ag)q[M] > 0.

This is the same trace-controlled geometry that appears in the RoPE attention-correlation analysis. For example, if
ap) ~ N(0,0%Ip), then

E [Q&]R(Al + Ag)apy | = 0 Tr(R(A1 + A)).

Thus, the corresponding quadratic form has positive expectation whenever the RoPE trace is positive. This is the same trace
quantity with argument » = Ay + Ag; App. B.1 verifies positivity over the relevant range.

Proposition C.2 (RoPE Probability Transfer with a Fixed Query). Assume the RoPE setup above. Then
Jim prva(4;t) =1, lm prey(Ast) = 1.
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ALiBi setup. For ALiBi, write the forward and reverse scores as
Stwa(t) = ap (t) "kp(t) + A1, Srev(t) = ap(t) "k () — bA,.
Here b is the fixed ALiBi bias slope, and A1, A5 are the forward and reverse distances defined above. We allow the routing

variables qpv () and kp(t) to be either fixed or updated by gradient flow on the forward loss.
Proposition C.3 (ALiBi Probability Transfer). Assume the ALiBi setup above. Then

Jm prea(A;t) =1, lim prey(A;t) = 1.

Proof of Propositions C.2 and C.3. We first prove the shared storage part, which is common to both propositions. For the
forward prompt,

(zrwa(t))c = a5 ()Y, B (1),
and therefore (afyd (1) )
exp(ag“(t)Ye,B(t
Wi C;t = :
S R L ORED)

The gradient of the forward loss with respect to Y g is

Vye,sLiwd = a4t (prwa(C3t) — 6c,a) -

Thus, under gradient flow with rate > 0,

d
ZYa.5(8) = ol (1) (1~ proa(4:1))
and, for C # A,
d
%YC,B(U = a4 (t)prwa(C; t).
Hence p
T (Ya,p(t) — Ye,5(t) = nay () (1 — pwa(A;t) + prwa(Cst)) > 0.

Since Y: 5(0) = 0, we have
Yan(t)=Yopt) >0 (C#A)
for all ¢.

We next show that the forward route to B does not collapse. First,

aAcfwd
W = (Ptwa(t) — eA)TK,B(t)~
Using
1= prva(Ast) = > prwal(Cst),
C#A
we obtain
(Prwa(t) —€a) Y. p(t) = > prwa(Cit)YoB(t) — (1 — prwa(Ait)) Ya5(t)
C#A
=Y prwa(Cit) (YoB(t) — Ya (1))
C#A
== prea(Cit) (Yas(t) - Yo5(t) <0.
C#A
Therefore,

a‘afwd afévd (t) (1 - aféVd (t)) 8‘wad
= <0.
0Stwd \/5 304%”‘1 -
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For RoPE, gradient flow on kg (¢) gives

d aﬁfwd
Zkp(t) = —
dt B() nasfwd

R(=A1)qpm-

Hence

d . d
%wad(t) = Q[M]R(Al)akB (t)

Thus
wad(t) > wad(o)7

and

a4 (t) = 0(Stwa(t)/VD) > (Stwa(0)/V'D) > 0.
For ALiBi, if the routing variables are fixed, then
apy (1) "k (t) = ap(0) k5 (0).

If they are updated by gradient flow on the forward loss, then
d  OLtwa

Sam(t) = 5 e (1)
and d ar
_ fwd
%kB (t)= 7 e M (t).
Therefore,
d - d T (d
4 a0 Tn(0) = (Gam(®) e +am(®” (ko)
O0Ltwa 2 2
= —ngg (s @I + am()])

> 0.

Thus, in either ALiBi case, Styq(t) is bounded below, and hence
o (t) = o(Stwa(t)/VD)
is bounded away from zero.
We now prove that all storage margins diverge. Fix C' # A. Suppose for contradiction that
YaB(t) — Yo p(t)
is bounded above. Since it is nondecreasing, there exists M < oo such that
0<Yap(t)—-Yopt) <M
for all ¢t. Also, for every C’ # A,
Ya,B(t) = Yo p(t) 2 0.
Therefore,
exp (ang(t)Yc,B(t))

exp (aF(t)Ya,5(t)) + >ciza XD (afyd(t)Yer 5(1))
B exp (—aly(t) (Ya,p(t) - Ye,5(t)))

143 crspaexp (—alyd(t) (Ya,(t) — Yor5(1)))

Prwd (C5t) =
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Since 0 < o¥yd(t) < 1,
exp (—aF(t) (Ya,(t) = Yo8(t) > e M.

Moreover,
exp (—aly(t) (Yas(t) — Yo p(t) <1 (C" # A).
Hence
Ci)> s
W it) 22— .
Prwd ( ) V] >

Using the positive lower bound on afyd(t), we get

L (1) — Yop(t) = naB(8) (1 — pralA: ) + prea(C:1))

dt

> nalyd(t)pawa(Cit)
. fwd e M
=1 (;gg og' (5)> v > 0.

This contradicts the boundedness of
Yap(t) — Yo (1)

Therefore,
Yap(t)—Yeoslt) = +oo (C#A).
It follows that
a8 = — PO 0)
o Dorey exp (aF4(t)Yer (1))
1
L+ Y caexp (—alyd(t) (Yas(t) — YoB(1)
fwd

Since o/}y'“(t) is bounded away from zero and
Yap(t)—Yop(t) = 400 (C#A),

each exponential term vanishes. Thus
Prwd(A;t) — 1.

It remains to check the reverse route to B. For RoPE,

d awad
—kpg(t) = — R(—A
dt B(t) nanwd ( 1)C1[M],
with oc
fwd
— > 0.
nanwd -

Therefore, for some nondecreasing A(¢) > 0,
kB(t) =kp (O) + /\(t)R(—Al)Q[M]

Then T
Srev (t) = q[M]R(_A2>kB (t>

= qpy R(—A2)kp(0) + A(t)apyg R(—A2) R(—Ar)quy
= q[TW]R(—M)kB(O) + /\(t)q[&]R(—(Al + Az))dpmy-
For any RoPE rotation R(r),

.
afgR(-—r)apy = (ahgR(-T)ann) = afgR(—r) am = ajyR(r)an.
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Thus
apg R(—(A1 + Ag))apy = apg R(AL + Ag)qpy-

By the RoPE geometric alignment condition,
qE;/I]R(Al + Ag)q[M] > 0.

Since A(t) > 0, this gives
Srev(t) 2 qEIKq]R(_AQ)kB (0)

Therefore
Q¥ (t) = (Sees (1)/VD) = o (i R(—22)k(0)/VD) > 0.
For ALiBi,
Stwa(t) = ap () "kp(t) + bA,
and
Srev(t) = apy(t) "k (t) — bAs.
Hence

Srev(t) = wad(t) — b(Al + Ag).
Since Stwa(t) is bounded below and b(A; + Ay) is finite, Syey (t) is bounded below. Thus
gt (t) = U(SreV(t>/\/5>
is bounded away from zero.

Finally,

. B exp (Oélgv (t)YA,B(t))
prev(Aa t) - ZC’GV exp (ag’v (t)YC’,B (t))
1

T I caexp (—als () (Vas(t) — You(?)

Since o5V (t) is bounded away from zero and

YA,B(t) — YC’B(t) — 400 (C 7é A),

each exponential term vanishes. Therefore,
Prev(A;t) — 1.

This proves both propositions. O

Interpretation. These propositions isolate probability-level transfer in a single evidence token setting. Forward training is
not guaranteed to raise the forward and reverse probabilities at the same rate. However, the result is still useful: once training
makes Y: p increasingly favor A, the reverse probability also converges as long as the reverse attention to B stays active.
Thus the result identifies the minimal storage and attention conditions under which forward learning becomes reusable in the
reverse prompt.

ALiBi and RoPE differ in how naturally they keep this reverse attention active. For ALiBi, the forward and reverse scores
differ only by a finite additive bias, so active forward attention implies active reverse attention. For RoPE, this depends on
the geometric factor q[};ﬂR(A1 + Az)qpmy, which is positive in the trace-positive regimes studied in App. B.1 but not for
every possible query vector. Thus the RoPE statement is weaker: it captures the favorable routing geometry that typically
supports transfer, rather than an unconditional guarantee.

Role of additional context tokens. The clean convergence result relies on the single evidence token setting. If additional
context tokens are present, they can also receive attention, contribute to the logits, and interact with the routing dynamics.
These terms may dilute the direct transfer path through Y. g, so the reverse probability need not saturate as cleanly as in
the minimal proof. The value of the proposition is therefore mechanistic: it identifies a concrete probability-level route
from forward learning to reverse prediction, while showing that the strength of this route depends on positional attention
geometry.
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Table 6. Hyperparameters for the one-layer experiments.

Hyperparameter Value
Batch size 256
Learning rate 3x 1074
Training steps 3,000
Gradient clipping 1.0
Weight decay 0.0
Dropout 0.02
Warmup steps 1,000
Hidden dimension 256

Attention heads 1
EMA decay for RADD  0.9999

D. Experimental Details and Additional Results

Compute resources. All experiments were conducted on a single NVIDIA L40S GPU with 48GB of GPU memory. The
one-layer RADD experiments, GPT-2-style causal Transformer baselines, and positional-encoding interventions each used
a single L40S GPU and took less than one hour per run. All large-scale LoRA fine-tuning experiments, including both
MDMs and ARM baselines, also used a single L40S 48GB GPU per run. Each MDM fine-tuning run took approximately
7-8 hours, with Dream runs taking about 7.5 hours, while ARM fine-tuning runs were of comparable or shorter duration.
Across all reported experiments, including repeated random seeds, the total compute was approximately 500 GPU-hours.
Additional pilot and debugging runs used the same hardware and did not require substantially more compute than the
reported experiments.

D.1. Details for One-Layer Validation

Data construction. For each sequence length L, we construct synthetic sequences containing one lowercase—uppercase
pair and L — 2 placeholder tokens. The lowercase token is the target token, and the uppercase token is the evidence token.
Training includes only forward-order sequences, where the lowercase target precedes the uppercase evidence token. All
reverse-order sequences are excluded from training. At evaluation time, we query both forward and reverse configurations
from the same pair. This construction isolates whether evidence learned from the forward order can be reused when the
input and target roles are positionally reversed.

Models and hyperparameters. We train a one-layer RADD model as the MDM and a one-layer GPT-2-style causal
Transformer as the ARM baseline. Unless otherwise stated, both models use hidden dimension 256, one attention head,
batch size 256, learning rate 3 x 10~%, dropout 0.02, gradient clipping 1.0, and 3,000 training steps. The RADD model
additionally uses EMA with decay 0.9999.

Measurements. We measure three quantities corresponding to the theory. First, we compute the correlation between
forward and reverse attention scores assigned to the shared evidence token. Second, we compute the full-parameter gradient
cosine similarity between paired forward and reverse losses. Third, we track the probability assigned to the correct target
token under forward and reverse queries. For the positional encoding intervention, we keep the data, model size, and training
protocol fixed while changing only the positional encoding among learned absolute embeddings, RoPE, and ALiBi.
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Table 7. Large-scale reversal evaluation on Parent—Child, Person—Description, and T-REx. Results are exact-match accuracy (%) averaged
across three random seeds. Fwd. denotes the trained forward direction, and Rev. denotes the held-out reverse direction. MDMs retain

substantially stronger reverse accuracy, whereas ARMs, including the reasoning-oriented Qwen-3.5 model, largely fail under order
reversal.

MDM ARM
LLaDA 8B Dream 7B LLaMA-3.1 8B Qwen-2.57B Qwen-3.54B
Train Dataset Fwd. Rev. Fwd. Rev. Fwd. Rev. Fwd. Rev. Fwd. Rew.
Parent — Child (P2C) 767 483 620 500 899 15.9 89.9 0.5 99.0 3.0
Child — Parent (C2P) 87.7 437 83.0 540 959 6.9 89.0 1.4 100.0 1.0

Person — Description (P2D) 727 995 543 998 72.7 35 70.7 22 81.3 0.0
Description — Person (D2P) 99.7 41.3 100.0 27.2 83.0 1.8 80.0 1.5 100.0 0.0

T-REx 923 815 830 350 873 2.8 89.8 23 100.0 0.0

D.2. Details for Large-Scale Validation

Datasets and evaluation protocol. We evaluate on three relation-reversal benchmarks: Parent—Child, Person—Description,
and T-REx. Parent—Child contains child—parent pairs annotated with parent type, Person—-Description contains entity—
description pairs, and T-REx contains entity—relation—description triples. For each dataset, models are fine-tuned only on
the forward direction and evaluated on both the trained forward direction and the held-out reverse direction. For example,
a Parent-to-Child training instance uses a parent entity as input and a child entity as target, while the reverse evaluation
asks for the parent entity from the child entity. We report exact-match accuracy after minimal normalization, including

lowercasing and whitespace stripping. For Parent—Child, either parent is accepted as correct when both father and mother
are valid.

Models. We compare two masked diffusion language models and three autoregressive language models. For MDMs, we
use LLaDA-8B and Dream-7B. For ARMs, we use LLaMA-3.1-8B, Qwen-2.5-7B, and Qwen-3.5-4B. The exact model
identifiers are:

LLaDA-8B: GSATI-ML/LLaDA-8B-Instruct,

Dream-7B: Dream-org/Dream-v0-Instruct-7B,
LLaMA-3.1-8B: meta-1lama/Meta-Llama—-3.1-8B-Instruct,
Qwen-2.5-7B: Qwen/Qwen2.5-7B-Instruct,

Qwen-3.5-4B: Qwen/Qwen3.5-4B.

Dream-7B is added to test whether the MDM reversal advantage persists beyond LLaDA. Qwen-3.5-4B is added to test
whether a reasoning-oriented ARM overcomes the same reversal failure.

Fine-tuning details. All models are fine-tuned with LoRA adapters. Unless otherwise stated, we use rank » = 32, LoRA
scaling o = 64, AdamW optimizer, weight decay 0.1, batch size 8, and train for 150 epochs. Each experiment is repeated
with three random seeds, {1, 42, 1234}. Evaluation uses greedy decoding with temperature 7" = 0 and maximum generation
length 32. Learning rates are selected per model and dataset:

LLaDA-8B: 5 x 10~ for Parent—Child and Person—Description, 2 x 10~ for T-REXx,

Dream-7B: 5 x 10~° for Parent—Child and Person—Description, 2 x 107° for T-REx,

LLaMA-3.1-8B: 5 x 10~ for Parent—Child and Person-Description, 9 x 10~ for T-REXx,

Qwen-2.5-7B: 1 x 10~* for Parent—Child and Person—Description, 5 x 107° for T-REx,

Qwen-3.5-4B: 5 x 107 for Parent—Child and Person-Description, 5 x 10~° for T-REx.

Forward and reverse accuracy. Tab. 7 reports large-scale exact-match accuracy averaged over three random seeds.
Across all datasets, ARMs achieve high forward accuracy but almost collapse in the reverse direction. This pattern holds not
only for LLaMA-3.1 and Qwen-2.5, but also for Qwen-3.5, suggesting that reasoning-oriented autoregressive models do not
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automatically escape the directional limitation induced by left-to-right training. In contrast, LLaDA retains substantially
stronger reverse accuracy across all datasets. Dream also shows clear reverse-transfer behavior compared with ARMs,
although its performance is less uniform than LLaDA. One plausible reason is that Dream is initialized from an autoregressive
model, so part of the left-to-right inductive bias may remain after conversion and fine-tuning. Overall, the results support the
main empirical claim: under the same forward-only training protocol, MDMs show substantially stronger reverse inference
than ARMs.

Mechanistic probes in large models. For LLaDA and Dream, we additionally measure the three signatures predicted by
the theory. First, we compute the correlation between forward and reverse attention scores assigned to the shared evidence
entity. Second, we compute the cosine similarity between forward and reverse gradients over trainable parameters. Third,
we track the probability assigned to the correct reverse entity during forward-only fine-tuning. These probes test whether the
storage-routing signatures observed in the one-layer model persist in practical multi-layer MDMs.

In LLaDA, the main text shows that forward and reverse attention scores remain positively correlated, forward and reverse
gradients remain positively aligned, and the reverse-entity probability increases during forward-only fine-tuning. Fig. 6
reports the corresponding measurements for Dream. Dream shows the same qualitative pattern: forward/reverse attention
scores are positively correlated, gradient alignment remains positive, and the reverse probability increases during training.
The signatures are somewhat weaker and less uniform than in LLaDA, which is consistent with Dream’s autoregressive
initialization: although Dream is trained and used as a masked diffusion model, its initialization may retain a residual left-to-
right bias. Nevertheless, the Dream results support the same conclusion as the LLaDA experiments: the storage-routing
signatures are not artifacts of the one-layer model and persist in large masked diffusion LLMs.
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Figure 5. Additional one-layer validation across sequence lengths L = 10, 20, 30, 40. Left column: correlation of forward and reverse
attention scores as a function of total relative distance A; + As. Right column: gradient alignment and probability transfer during
training. Across sequence lengths, forward and reverse attention scores remain positively correlated, forward and reverse gradients remain
aligned, and the reverse target probability increases during forward-only training.
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Figure 6. Large-scale mechanistic signatures in Dream. Forward and reverse attention scores remain positively correlated across
relative-distance placements. Forward and reverse full-parameter gradients remain positively aligned. The reverse target probability rises
during forward-only fine-tuning. The signatures are weaker than in LLaDA, which may reflect residual left-to-right bias inherited from
autoregressive initialization, but they remain consistent with the storage-routing account.
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E. Discussion and Limitations
E.1. The MDM Framing of Our Analysis

We clarify why the paper is framed around masked diffusion models, even though our analysis identifies a more specific
set of ingredients behind reversal curse mitigation. Our claim is not that the word “diffusion” itself explains the effect.
Rather, the relevant mechanism is the interaction of three ingredients: any-order masked supervision, full attention, and
position-invariant value vectors.

This framing is natural because modern masked diffusion language models instantiate these ingredients in a scalable
generative setting. Early discrete diffusion models for text were formulated through a forward noising process and a learned
reverse denoising process (Austin et al., 2021; Lou et al., 2024). Recent masked diffusion language models, however, are
implemented in a simpler time-free form (Sahoo et al., 2024; Ou et al., 2025; Nie et al., 2025b; Ye et al., 2025). They take
partially or fully masked sequences as input, predict distributions over the original tokens at masked positions, and are
trained with a weighted masked-token cross-entropy loss. In this operational sense, they are generative masked language
models: they retain the masked-token prediction structure of BERT-style models (Devlin et al., 2019), but use it generatively
by iteratively filling masked positions. While BERT-style MLMs may share this mechanism, they are not standalone
generative LLMs; modern MDMs are the practical setting where masked reconstruction, full attention, and position-invariant
value vectors are jointly realized.

Thus, the MDM framing is not an appeal to diffusion terminology. It identifies the practical model class in which the relevant
ingredients appear together, while our analysis isolates which of those ingredients drive reversal transfer.

E.2. Clarification on Absolute and Relative Positional Encodings

We clarify that the absolute/relative distinction is formally about how position is represented, not about whether positional
information enters the value vector. Absolute encodings use position-specific signals, whereas relative encodings represent
pairwise offsets or distances. For our storage-routing mechanism, however, the relevant issue is whether the value-output
path remains position-free. Widely used absolute encodings (Vaswani et al., 2017; Gehring et al., 2017) are added before the
query, key, and value projections, making the value vector position-dependent. Modern relative encodings (Dai et al., 2019;
Raffel et al., 2020; He et al., 2021) such as RoPE (Su et al., 2024) and ALiBi (Press et al., 2022) instead inject position
through the query-key attention score or attention bias, leaving the value vector position-free. Thus, although “relative” does
not mean “position-invariant value vectors” by definition, the two distinctions largely coincide for the modern positional
encodings.

E.3. The Reversal Curse Formulation

The reversal curse tests whether a model that has learned a relation in one order can use the same learned evidence under an
order-reversed query. Following Berglund et al. (2024), we use “A is B” and “B is A” only as schematic notation, not as
a restriction to the literal word “is” or to symmetric equality relations. More generally, training may present a fact of the
form A R B, while evaluation asks for the corresponding inverse query B R~ A. Thus, the issue is not whether the surface
relation is symmetric, but whether evidence acquired from the forward statement is stored in a form usable by the reverse

query.

E.4. Parametric Memory versus In-Context Evidence

The reversal curse should be distinguished from in-context learning. If the relevant premise or inverse examples are supplied
at test time, a model may answer the reverse query by using information newly provided in the prompt. This is useful, but it
is a different problem from the one studied here. We ask whether a relation learned during training, without being restated in
the prompt, becomes accessible through the model’s parameters under an order-reversed query. This parametric-memory
setting is important because a model cannot always rely on having the relevant fact or inverse examples in context. The
same distinction applies to chain-of-thought prompting and reasoning-oriented inference: such methods can help manipulate
evidence that is already available, but they do not by themselves guarantee that forward-learned evidence is retrievable from
parameters under a reverse query.
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E.5. Scope of the Claims

What the theory guarantees. We clarify the level of guarantee provided by our theory. Secs. 4.1 and 4.2 identify the
storage-routing mechanism by which forward and reverse configurations share evidence and maintain a correlated route
to that evidence. These results explain why reverse transfer can occur, but they do not predict the final reverse accuracy.
Sec. 4.3 gives a local first-order alignment result: along the shared storage column, a forward gradient step decreases the
corresponding reverse loss to first order. This identifies the sign of the transfer effect in the isolated component, but does not
characterize the full training trajectory, the exact magnitude of the effect, or the final probability assigned to the reverse
answer.

In particular, our theory should not be read as claiming that the reverse probability must approach one. The routing analysis
in Sec. 4.2 shows that forward and reverse attention routes are positively correlated, not identical. Thus, the reverse query
can retrieve some of the same stored evidence, but generally through a different and weaker route. From this perspective,
imperfect reversal is not a failure of the theorys; it is the natural outcome of shared storage being accessed through non-
identical routing. This is also consistent with our positional encoding intervention: different positional encodings preserve
the same value-side storage mechanism but induce different routing strengths, leading to different degrees of reverse transfer
(Tab. 2). The perfect-transfer result in App. C.3 should therefore be interpreted as an idealized single-informative-token
case, where no competing context tokens interfere with retrieval.

What reversal transfer does not imply. A related clarification is that stronger reversal transfer should not be interpreted as
stronger abstract logical inversion. Our analysis concerns how a model learns to predict a target token from visible evidence
tokens, and whether the resulting evidence is stored and routed in a form that remains usable under an order-reversed
query. In this sense, MDMs have an advantage over ARMs because masked reconstruction with full attention can create
input-target supervision without the left-to-right directional restriction imposed by autoregressive training. This is different
from claiming that MDMs learn logical inverse relations better in general. Establishing such a claim would require a separate
analysis of reasoning behavior beyond the storage-routing mechanism studied here.

The same caution applies to positional encodings. Our ALiBi results show that stronger preservation of the content score
can yield stronger reverse transfer in our reversal task. They do not imply that ALiBi is universally preferable to RoPE or
other positional encodings. A positional encoding that produces high reverse transfer may also induce different tradeoffs on
tasks requiring fine positional discrimination, long-context extrapolation, or order-sensitive reasoning. Thus, the positional
encoding intervention should be read as evidence that routing geometry affects parametric reversibility, not as a general
ranking of positional encodings.

E.6. The One-Layer Theory versus Deep Models

Our theory follows the standard practice of isolating Transformer training dynamics in a one-layer setting (Tian et al., 2023;
Zhu et al., 2024; Huang et al., 2025b; Li et al., 2023; 2024; Huang et al., 2025a). The goal is not to model every component
of a deep MDM, but to expose the minimal storage-routing mechanism. Thus, the analysis should be read as a mechanistic
explanation rather than a complete multilayer proof. Deep MDMs contain residual paths, MLP blocks, layer composition,
and head specialization, whose net effect may modulate, amplify, or dilute the isolated signal. We therefore use large-scale
LLaDA and Dream experiments to test whether the predicted signatures, including attention correlation, gradient alignment,
and coupled probability transfer, persist in practical models (Sec. 6). A precise theory of how these mechanisms compose
across layers is left for future work.
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