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Abstract

Actor Critic methods have found immense appli-
cations on a wide range of Reinforcement Learn-
ing tasks especially when the state-action space is
large. In this paper, we consider actor critic and
natural actor critic algorithms with function ap-
proximation for constrained Markov decision pro-
cesses (C-MDP) involving inequality constraints
and carry out a non-asymptotic analysis for both of
these algorithms in a non-i.i.d (Markovian) setting.
We consider the long-run average cost criterion
where both the objective and the constraint func-
tions are suitable policy-dependent long-run aver-
ages of certain prescribed cost functions. We han-
dle the inequality constraints using the Lagrange
multiplier method. We prove that these algorithms
are guaranteed to find a first-order stationary point
(i.e., [[VL(8,7)||3 < €) of the performance (La-
grange) function L(6, ), with a sample complex-
ity of O(¢=2) in the case of both Constrained
Actor Critic (C-AC) and Constrained Natural Ac-
tor Critic (C-NAC) algorithms. We also show the
results of experiments on three different Safety-
Gym environments.

1 INTRODUCTION

In recent times, there has been significant research activ-
ity on constrained reinforcement learning algorithms, moti-
vated largely from applications in safe reinforcement learn-
ing (Safe-RL). Each state transition here not just receives
a single-stage cost indicating the desirability of the action
and the resulting next state but also receives additional con-
straint (single-stage) costs that may account for safety of
the chosen action and the resulting next state. The goal then
is to minimize a ‘long-term cost’ criterion while ensuring
at the same time that the ‘long-term constraint costs’ stay

within certain prescribed thresholds. The problem setting
could generally involve more than one constraint cost. Prob-
lems of Safe-RL can in general be formulated in the setting
of constrained Markov decision processes (C-MDP), see
HasanzadeZonuzy et al. | [2021]], Jayant and Bhatnagar
[2022], 'Wachi and Sui |[2020]. |Altman | [2021]] provides
a textbook treatment on C-MDP. As an example, one may
consider the problem of navigation of an autonomous vehi-
cle such as a drone or a self-driving car where the goal is
to reach the destination in as short a time as possible while
ensuring there are no collisions with obstacles or accidents
on the way. Such problems can be well formulated in the
setting of C-MDPs. Constrained MDPs find several applica-
tions in various diverse domains. Some of these applications
include finding optimal bandwidth allocation in resource
constrained communication networks, determining strate-
gic building and maintenance policies, safe navigation for
self-driving cars, drones and robots, optimal energy sharing
strategies in energy harvesting networks etc.

In situations where the system model is unavailable, but
one has access to data in the form of tuples of states, ac-
tions, rewards, penalties, as well as next states, one may
formulate and present constrained reinforcement learning
(C-RL) algorithms for finding the optimal policies. An im-
portant algorithm in this category is the constrained actor
critic (C-AC) algorithm originally presented by Borkar
[2003]] for the long-run average cost setting but for look-
up table representations. In Bhatnagar| [2010], [Bhatnagar
and Lakshmanan| [2012], C-AC algorithms with function
approximation have been presented and analysed for the
infinite horizon discounted cost and the long-run average
cost objectives respectively. In Bhatnagar and Lakshmanan
[2012]], an application of the presented algorithm is also
studied empirically on a constrained multi-stage routing
problem.

The key idea in the aforementioned algorithms has been
to relax the constraints into the objective by forming a La-
grangian and then perform a gradient ascent step in the pol-
icy parameter while simultaneously performing a descent in
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the Lagrange parameter. Note that usual actor-critic (Konda
and Tsitsiklis | [2003]]) or natural actor critic algorithms
(Bhatnagar et al.,| [2009])) ordinarily require two timescale
recursions. This is because these algorithms try and mimic
the policy iteration procedure whereby the actor or policy
parameter update proceeds on the slower timescale while
the critic or value function parameter is updated on the faster
timescale. In constrained actor critic and constrained natural
actor critic algorithms, one needs to introduce an additional
(the slowest) timescale over which the Lagrange multiplier
is updated.

In this paper, we carry out a finite-time (non-asymptotic)
convergence analysis of three-timescale constrained actor-
critic and constrained natural actor-critic algorithms to find
the sample complexity of these algorithms (in the con-
strained setting). We assume that the system model via
the transition probabilities is not known and linear func-
tion approximation is used for the critic recursion. A non-
asymptotic analysis helps provide an estimate of the number
of samples needed for the algorithm to converge as well as
helps provide appropriate learning rates for the algorithm.
In the case of the C-NAC algorithm, the natural gradient is
estimated by linearly transforming the regular gradient by
making use of the inverse Fisher information matrix of the
policy which is clearly positive definite, see Kakade |[2001].
It is generally observed that using natural gradients speeds
up the performance of these algorithms. To the best of our
knowledge, a non-asymptotic convergence analysis of three-
timescale constrained actor-critic and constrained natural
actor-critic algorithms using linear function approximation
has not been carried out in the past.

We summarise our principal contributions below:

(a) We carry out the first finite-time analyses for the Con-
strained Actor-Critic and the Constrained Natural Actor-
Critic algorithms with linear function approximation in the
long-run average cost setting.

(b) We conduct the aforementioned analyses under the gen-
eral assumption of Markovian sampling using TD(0) for the
critic recursion and obtain a sample complexity of O(e=2%)
for both algorithms to find an e-optimal stationary point of
the performance function.

(c) It is important to note here that the sample complex-
ity of both our constrained algorithms matches exactly the
one obtained by Wu et al., [2020] which is also O(e~2?)
even though the latter has been obtained for the case of two-
timescale (unconstrained) regular actor-critic algorithms.
Further, our setting is more general as we consider random
single-stage costs and also constraint costs having distri-
butions that are dependent on the current state, action and
next state. This is unlike [Wu et al.,|[2020]] where the single-
stage reward is assumed fixed for the given current state
and action. Our result thus shows that under a random cost
structure, with inequality constraints in the formulation,
and having three-timescale algorithms as a result (instead

of two-timescale algorithms) has no impact on the sample
complexity which we believe is a significant outcome of our
study.

(d) We show the results of experiments on three different
Safety-Gym environments, namely SafetyPointGoall-v0,
SafetyCarGoal1-v0 and SafetyPointPush1-v0, respectively,
where we compare the performance of C-AC and C-NAC
with Constrained DQN (C-DQN). For the latter, we incor-
porate the Lagrange based procedure and update the La-
grange multipliers in the same way as the C-AC and C-NAC
procedures for a fair comparison. We observe that C-NAC
shows the best results on all three settings while C-AC is the
second-best performer on two of the three settings. Further,
all algorithms satisfy the specified average cost constraint.

Notation: For two sequences {c,, } and {d,, }, we can write
¢n = O(dy,) if there exists a constant P > 0 such that
|ccln|| < P, Vn. To further hide logarithm factors,we use the
n
notation O(-). Without any other specification, || - || denotes
the ¢s-norm of Euclidean vectors. Further, dry (M, N)
denotes the total variation norm between two probabil-
ity measures M and N, and is defined as drv (M, N) =

1/2 [, M (dz) — N(dx)|.

2 RELATED WORK

The Actor-Critic Algorithm was first analyzed theoretically
for its asymptotic convergence by Konda and Borkar |[1999].
This was however for the case of lookup table representa-
tions. In the case when function approximation is used,
Konda and Tsitsiklis | [2003]] analyzed the actor critic al-
gorithm for its asymptotic convergence. Kakade | [2001]]
proposed the natural gradient based algorithm. Under var-
ious settings, the asymptotic convergence of actor critic
algorithms has also been studied in (Kakade |[2001], (Castro
and Meir| [2010], Zhang et al.,|[2020]]). In|Bhatnagar et al.,
[2009], natural actor critic algorithms that bootstrap in both
the actor and the critic have been proposed and analyzed for
their asymptotic convergence.

In recent times, there have been many works focusing pri-
marily on performing finite time analyses of reinforcement
learning algorithms. Such analyses are important as they
provide sample complexity estimates and non-asymptotic
convergence bounds for these algorithms. More recently,
such analyses for actor critic algorithms have also been car-
ried out though in the unconstrained (regular MDP) setting.
Ding et al. | [2020] obtain finite time bounds for a natural
policy gradient algorithm for discounted cost MDP with con-
straints. [Wu et al.,| [2020]] show a non-asymptotic analysis
of a two time-scale actor-critic algorithm assuming non-i.i.d
samples and obtain a sample complexity of @(6’2'5) for
convergence to an e-approximate stationary point of the
performance function. [Hairi et al., [2021]] consider a fully
decentralized multi-agent reinforcement learning (MARL)



Table 1: Comparison of Finite-Time Analysis of Various Actor-Critic Algorithms.

Reference Algorithm Sample Com- | Function | Timescales Critic estima-
plexity Approxi- tion
mation

Wu et al.,|[2020] Actor-Critic O(e=2?) v two-timescale TD(0)
| |Chen and Zhao [2022] Actor-Critic O(e?) v single timescale TD(0)
| Zeng et al.[[2022] Constrained NAC O(e7%) X two time-scale TD(0)
| 'Suttle et al, | [2023] Actor-Critic O(t2,..€2) | v two-timescale Monte-Carlo
| Ourwork Constrained AC O(e25) v three-timescale TD(0)

Our work Constrained NAC O(e=25) v three-timescale TD(0)

setting and show a finite-time convergence analysis for the
actor-critic algorithm in the average reward MDP scenario.
Chen and Zhao |[2022] carried out finite time analysis of sin-
gle time-scale actor critic algorithm and obtained a sample
complexity of @(6_2) for convergence to an e-approximate
stationary point of the performance function. [Suttle et al,.
[2023] studied the non-asymptotic convergence properties
of Multi-level Monte Carlo Actor-Critic (MAC) algorithm.
Mondal and Aggarwal| [2024] proposed and studied the con-
vergence properties of Accelerated Natural Policy Gradient
(ANPG) algorithm. There have also been other recent works
that have analysed Natural Actor-Critic Algorithms for their
non-asymptotic convergence, see for instance, (Cayci et al.,
[2022]], Xu et al.,|[2020], Khodadadian et al.,| [2023]], Kho{
dadadian et al., [2021]], [Chen et al.) [2022]. Table [I] sum-
marises a comparison of our work with a few related works
in terms of sample complexity.

In early work, Borkar| [2005] proposed the first actor-critic
algorithm for constrained Markov decision processes in
the long-run average cost setting and proved its asymptotic
convergence in the lookup table setting. Bhatnagar| [2010]
presented the first actor-critic algorithm with function ap-
proximation for the infinite horizon discounted cost problem
under multiple inequality constraints and proved its asymp-
totic convergence. [Bhatnagar and Lakshmanan|[2012]] pre-
sented an actor-critic algorithm in the constrained long-run
average cost MDP setting with function approximation un-
der policy gradient actor and temporal difference critic and
also analysed its asymptotic convergence.

Zeng et al.,|[2022] recently showed a finite-time analysis for
the non-asymptotic convergence of the natural actor-critic
algorithm to the global optimum of a CMDP problem in the
case of lookup table representations and the infinite hori-
zon discounted cost setting. In this paper, we consider the
long-run average cost problem with function approximation
that has been analysed for its asymptotic convergence in
(Bhatnagar and Lakshmanan| [2012]]). We use TD(0) for the
critic recursion and use projection for the critic. Further, we
present the C-NAC algorithm, where we use natural gra-
dients in the actor recursion along with a TD(0) critic. As
mentioned earlier, there are no prior finite time analyses for

average cost/reward constrained actor critic algorithms with
function approximation, so our work plugs in an important
gap that previously existed in this direction.

3 PRELIMINARIES

In this section, we present the C-MDP framework and algo-
rithms that we analyze.

3.1 CONSTRAINED MARKOV DECISION
PROCESSES

We consider a discrete-time Markov Decision Process with
finite state and action spaces. We first explain below the
notations used.

e S represents the state space and A the action space. Fur-
ther, we let A(j) C A denote the set of feasible actions in
state j € S.

e Let p(s, s’,a) denote the probability of transition from
state s to s’ under action a.

e We shall consider only randomized policies 7 in this
work. Further, policies are assumed parameterized via a
parameter § € R%. Thus, given 6, 7g(a|s) is the probability
of selecting an action a € A(s) in state s.

e The stationary distribution (over states) induced by the
policy 7y is denoted fir, or simply pp (by an abuse of
notation) and is assumed unique for any 6.

Let ¢(n), h1(n), ..., An(n),n > 0, denote a set of costs
obtained upon transitioning from state s,, to state s, un-
der action a,, € A(sy). At any time instant n, the single-
stage costs g(n), hi(n),k = 1,..., N, do not depend on
prior states and actions S, am,,m < n given the cur-
rent state-action pair (s,,, a,). For any i € S, a € A(7),
let d(i,a), hi(i,a) be defined as d(i,a) = E[q(n)|s, =
i,an, = al|,hi(i,a) = Elhg(n)|s, = i,a, = al,k =
1, ..., N, respectively. Note the abuse of notation here. We
assume that the single-stage costs are real-valued, non-
negative and mutually independent. Further, we assume




that all the single-stage costs g(n), h1(n),. ..,
absolutely bounded by a constant U, > 0.

hn(n) are

3.2 THE OBJECTIVE AND LAGRANGE
RELAXATION

Our aim here is to minimize J(7) where

seS a€A(s)

subject to the constraints

Gi(m) = lim %]E[ S hi(m)la]
m=0
=D wn(s) Y w(s,a)hi(s,a) < ap,  (2)

ses a€A(s)

k =1,...,N, where a,...,ay are certain prescribed
(positive) constant thresholds. We consider here that the
Markov process {s,} under any given policy is ergodic.
Hence, the limits in (I)-(Z) are well-defined.

Consider a vector v = (71,...,vyn)T representing a set
of Lagrange multipliers with y1,...,vy € RT U {0}. We
define the Lagrangian L(7, ) according to

L(m,7)
N
™)+ > (Grlm) — o)
k=1
N
= Z pr (8) Z m(s,a)(d(s,a) + Z Vi (i (s, a) — ).
sES a€A(s) k=1

We now have the unconstrained MDP problem with single-
stage cost being ¢(t) + Z vi(hi(t) — ag) at instant ¢.

The differential action value functlon in the relaxed control
setting is defined as follows:

As mentioned by Bhatnagar and Lakshmanan|[2012], in the
constraint scenario, the policy gradient of the Lagrangian
would correspond to

ZM” Z Vr(als)A™ 7 (s,a), (3)

ses a€A(s)

VeL(0

where A™7 (s, a) = M™7(s,a) — V™7(s) is the advantage
function for the relaxed setting. Here V™7 (s) is the dif-
ferential cost for a given policy 7 and a set of Lagrange
parameters . We use linear function approximation for
M7™7(s,a). Thus, the same is approximated as follows:

M (s,0) ~ w™ g,

where w™" € R¢ are suitable parameters and ¥, € R?
are compatible features for the tuples (s, a). Thus, ¥, =
Viogm(als), Vs € S,a € A(s).

We also use linear function approximation for the differen-
tial value function V™7 (s) as follows: We let

Vi (s) m o™ s,

where f; is a di-dimensional feature vector f, =
(fs(1), £5(2),eers fs(d1))T associated with state s and
™Y = (V™Y (1),v™7(2), ....,v™7(dy))T is the correspond-
ing weight vector.

3.3 THE CONSTRAINED ACTOR-CRITIC (C-AC)
AND CONSTRAINED NATURAL
ACTOR-CRITIC (C-NAC) ALGORITHMS

Algorithm 1 The Three-Timescale Actor-Critic Algorithm
for Constrained MDP
1: Input 6y, v, Lo, Ug(0) for 1 < k < N, ~,(0) for
1 <k < N, step-size a(n) for critic and average cost
estimate, b(n) for actor and ¢(n) for Lagrange parame-
ter.

2: Draw sg from some initial distribution
3: forn >0and k=1,2,...,N do
4:  Sample a,, ~ 7y, (-|Sn), Snt+1 ~ P(Sn, s an)
5 Observe the costs g(n), hi(n), ha(n), ..., hy(n)
6 Lnt1 = Ly +a(n)(q(n) + X4y w(n)(he(n) —
Ozk) — Ln)
7 6y = qn) + Sy k() (hi(n) — ax) — Ly +
vrj;(f5n+1 - fsn)
8: Un+1 = P(Un + a(n)dnfsn)
9: 9n+1 = 9n + b(n)(an/s”an
10:  Ug(n+1) = Uk(n) + a(n)(hx(n) — Uk(n))
1: y(n+1) = T(yw(n) + c(n)(Uk(n) — o))
12: end for

We present here the two algorithms that we analyze in our
work for their non-asymptotic convergence — the constrained



actor-critic algorithm (Algorithm 1) and the constrained nat-
ural actor-critic algorithm (Algorithm 2), respectively. At
time instant ¢, we have 0, as the actor parameter, v; as the
critic parameter, L; as the average cost estimate, Uy (¢) as
the average constraint cost estimate for k = 1,2,... N,
Y(t) = (n(t),y2(t),...,yn ()T as the vector of La-
grange multiplier estimates and G(t) as the estimate of
the Fisher information matrix respectively.

LetI' : R% — C project any point in R% to the closest
point within the set C' which is assumed compact and convex.
For any point / contained in the set C, ||h|| < U, where
U, > 0 is a constant. Further, I' : R — [0, M] indicates
the operation I'(y) = max(0, min(y, M)) for any y € R
where M < oo represents a large positive constant. This
projection operator guarantees the Lagrange multiplier to
stay both non-negative and bounded.

For the natural actor-critic algorithm, we take G(0) = pl,
where [ is a d X d-identity matrix and p > 0 is a constant.
It can be concluded that G(n),n > 1 are positive definite
and symmetric matrices as from the update rule, we can
see that these result from addition of (1 — a(n))G(n — 1)
and a(n)¥, o, UL . Hence, G(n)~',n > 1are positive
definite and symmetric matrices as well. Let the smallest
eigenvalue of G(7)~! be \; > 0, where i > 1. Let \ be the
minimum of all such eigenvalues, i.e., A = min A; > 0.
3

Algorithm 2 The Three-Timescale Natural Actor-Critic
Algorithm for Constrained MDP

1: Input 6y, vg, Lo, Ug(0) for 1 < k < N, ~,(0) for
1 <k < N, G(0), step-size a(n) for critic and average
cost estimate, b(n) for actor and c¢(n) for Lagrange
parameter.
Draw s from some initial distribution
forn >0andk=1,2,...,N do
Sample a,, ~ 79, (lsn)’ Sn41 ~~ p(s’ﬂ? * an)
Observe the costs g(n), h1(n), ha(n),..., hx(n)
Lus1 = L+ a(n)(g(n) + S0y () (s (n)
Ozk) — Ln)
7 6, = a(n) + Spl, w()(hi(n) — ak) — Ly +
’Urif(fswﬂ - fs'n.)
8 Uny1 =T'(vn +an)onfs,)
9 Opi1 =0, +b(n)6,G(n)" 1, ,.
10:  Ug(n+1) = Ugx(n) + a(n)(hr(n) — Ux(n))
1 we(n+1) =T((n) + c(n)(Uk(n) — ax))
122 G(n+1)=(1-a(n)G(n)+an)¥,q, ¥7I .
13: end for

A o

4 FINITE-TIME CONVERGENCE
RESULTS

We provide in this section the main theoretical results for
non-asymptotic convergence as well as provide the conver-
gence rate and sample complexity for the two algorithms.

Due to lack of space, we provide the detailed proofs of these
results in the appendix. We emphasize here that asymptotic
convergence analysis of these algorithms has not been anal-
ysed here since for the case of Constrained Actor-Critic, it
has been analysed in |Bhatnagar and Lakshmanan| [2012]].
Further, the same for Constrained Natural Actor-Critic, it
will carry through in a similar manner using the results of
Bhatnagar et al.,| [2009].

4.1 ASSUMPTIONS AND BASIC RESULTS

We consider TD(0) with function approximation for the
critic recursion that estimates the state-value function. Let
v*(0,~) be the convergence point of the critic under the
behavior policy mg (for given actor and Lagrange parameters
0 and ~y respectively), and define A and b as follows:

-
A= Esmamsnﬂ [fsn (fsnﬂ - fsn> ]a
b:= Esnyan)5n+l[(c(sn’ ana’Y) - L(e,’)/))fsn],
where s, ~ pg (), an ~ m(:|$), Sny1 ~ p(sn, -, an) and
N
C(8nsan,7) = d(sp,an) + > Ye(hi(sn, an) — ay) cor-
k=1

responds to the single-stage cost for the relaxed problem.
Analogous to the unconstrained setting, it can be seen that
(see Bhatnagar and Lakshmanan|[2012])

Av*(0,7)+b=0.

Assumption 1 The norm of each state feature is bounded
byl ie., |fil] <1

The following assumption is required for the existence and
uniqueness of v*(6, ) .

Assumption 2 The matrix A (defined above) is negative
definite with maximum eigenvalue as —\. < 0 for all values

of 6.

The approximation error for the feature mapping can vary
depending on its complexity. We define the approximation
error that arises due to linear function approximation as
follows.

2
pp(0,7) 1=\ Baropg (£ 0% (0,7) — V7o7(s))°.
Assumption 3

VO,V")/, Eapp(oa’)/) < €app

where €4, > 0 is some constant.

Assumption [3]is useful in finding upper bounds of some of
the error terms.



Assumption 4 (Uniform ergodicity) For a given 6, we
consider the policy g (:|s) and the transition probability
measure p(s, -, a) that induce a stationary distribution g -).
There exists b > 0 and k € (0,1) for the Markov chain
where a; ~ mo(-|St), St41 ~ D(St, -, at) such that

dTV (p7($,y, ),Ne(y)) < ka;VT > O,Vx,y €S.

Assumption [d]is needed to tackle the issue of Markov sam-
pling in TD learning. It has been used in analyses of TD
learning, for instance, in Bhandari et al., [2018]]. Refer to
Meyn and Tweedie | [2009] for various results related to
uniform ergodicity as well as other notions of ergodicity of
Markov chains.

Assumption 5 There exist constants L, D, M,, such that
V01, 05,0 € R% we have
(a) HVIogWg(a|i)H < D, Vi, Va,
(b) ||V logme, (ali) — Vlogme,(ali)|| < My||61 — 62,
Vi, Va,
(c) There exist scalars K, K > 0 such that for any x # 0
and all s, ay,

Kllz|? < "0y, 0, V7 4,2 < Kzl

an
Remark 1 As a consequence of Assumption[S[a), it follows
that |mg, (ali) — me, (ali)| < L||61 — 62|, Vi, Ya. In other
words, the policy for any given (i, a) tuple is Lipschitz con-
tinuous in 0.

Assumption [5] provides smoothness of the parameterized
policies and can be seen to be verified by many policies.
This assumption is useful for finding upper bounds for some
of the error terms while proving the convergence of actor
and critic recursions.

Proposition 1 The updates G(t) satisfy sup |G(t)]| < oo
¢

and sup |G(t) Y| < oo, respectively.
¢

Proof: Since a(n) — 0 as n — oo, 3Ny > 1 such that for
all n > Ny, G(n + 1) is a convex combination of G(n)
and ¥, o Wl . with Go = pI, p > 0, see step 12 of

Algorithm 2] Without loss of generality, assume that a(n) <
1, Vn. Thus, observe that for n = 0,

(1 = a(O)pllz]* + a(0)K]|z|* < 2" G(1)2"
< (1= a(0))plllf? + a(0)K |l||*.

Letting M = min(p, K) and M = max(p, K), it can be
verified from induction that

M|z|* < 2" G(n)z < M|z|?,

uniformly over n > 0. The claim now follows from argu-
ments on page 35 of Bertsekas |[[1999]].

Proposition 2 There exists a constant L1 > 0 such that
Vy € RN withy = (v1,...,y8)T and 0 < ~v; < M for
ji=12,...,N,

Hv*(@l,'y) — ’U*(eg,")’)H < L1||01 — 92||,V01,02 S Rd.

Proof Sketch
Let

AG = Esn,an,an,l [fsn, (fsn+1 - fSn,)T] )
be,"/ = Esman,SnJrl [(C(Sn, Qn, ’7) - L(aa 7))‘](’87:.}7

where s, ~ HG(')a Qp ~ 7Te(~|8), Sn41 ™ p(sn, ) an) .

We have,

Agv*(H,'y) + bg},Y =0.

Thus,

| U*(Qlav) - U*(927’7)H
:|‘A;11b91,7 - A(;;bezﬁ ‘
SHAe_llb@lﬁ - A0_21b0177 ‘ + ||A9_21b91,v - A0_21b92ﬁ||
<|[Ag" = A bo, ]l + 1A [Poy = ba, - -

It can be shown that

Hbel,’Y” < 2U7'7
A <At
Ayl — A=A (Ag, — Ap)A,

We have from section B.2 of [Wu et al.,| [2020] the following:

1
40, ~ Aal < AAIL(1+ o011 + 12 ) 162 - 6l

1
b6, 7 = bosy | < 6]AJU-L{ 1+ [logy b1 + — |61 — 62].
1-k

After combining all the terms, we have

|[v*(81,7) — v*(02,7)|| < L1161 — 62|, ¥6:,6, € RY,

where L; = (8\;2 + 6)\61)UT|A|L(1 + [log, b1 +

Proposition 3 Let v' = (vi,...,v)T and 4% =
(v3, ..., 7v3)T be any two vectors in RN with 0 < 'y; <M
forv=1,2and j = 1,2,..., N. There exists a constant

Lo > 0 such that
[0*(8.41) —v*(8.4%)|| < Lalv, — ;1,0 € RY,
where |'y; — 7?,\ =

1_ N2
i:f“,z?’.‘.,Nhl i l-



Proof Sketch
We have,
[v*(0,4") = v*(0,7°)|| = Ay 'boy1 — Ay by 12|
< A5 [Ibo 4 — by 2]
I

Now for the term [7, note that

[bo.~1 — by 2|

= HE{snwte(J,anNﬂe('\S)7Sn+1~p(sm-,an)}[(C(S”’a”’ﬁyl)
= C(sn,an,7*) + L(6,7%) — L(0,7v")) fs, ]

<2N(Ue+ Uy — 72,

h e 2|, H

where, |y, —p| = _max |y} —~7| Hence,
|'U*(0,’71)—’U H <L2|7p 7;%‘7v’717’72€RNa
where, Lo = (2N (U, + Uy))/ Ae.

Let 7, denote the mixing time of our ergodic Markov chain.
So we have

7 == min {m > 0[bk™ " < min{a(t),

ct)}}, @

where b, k are defined as in Assumption 4]

We now present the result of non-asymptotic analysis of
constrained actor-critic methods. We consider a(t) = ¢, (1+
)79, b(t) = cp(1 + 1)~ and c(t) = c.(1 + t)~?, where
0 <w<o<p <1, with ¢, ¢ and ¢, being positive
constants.

4.2 FINITE-TIME CONVERGENCE RESULTS FOR
ALGORITHM

We provide here the non-asymptotic convergence results for
both the actor and the critic recursions in Algorithm |1} We

also present the convergence rate and sample complexity of
the algorithm.

4.2.1 Convergence of the actor recursion for
Algorithm

We have the following result after carrying out the non-
asymptotic analysis of the actor.

Theorem 1 At the t-th iteration we have,

min E||V9L (O, Y(m))||” = Olewnp) + O(t77P)

0<m
log? ¢ t B|AL?
+o< 08 >+0<an [ k”)
to 1+t—7’t

+O<zz_n E|Bk||2>

1 +1t— Tt
where
A =Ly — L(0y,v(k)), )
By = v — v* (0, (k). (6)

4.2.2 Convergence of the critic recursion for
Algorithm

For the critic recursion, we obtain the following result for
the average estimation error.

Theorem 2 We have

T ker, Ellok — 0% (0, v ()12

_ 0< > +O(l°gt> +O(t2(g w)> (7)

= Yher E(L — L(Ok, v (R)))

—o( )+O<l°gt> +0<W w>> ®)

4.2.3 Convergence rate and sample complexity for
Algorithm

We finally provide the convergence rate of the algorithm and
characterize the sample complexity of the same in Corollary

M

Corollary 1 We have,

. 2 _ 1
i, EIVoL(61,7(0) [ = Oleny) + O 15

log?® t 1
wo(%) (=)

If we setw = 04,0 = 0.6,3 = 1, Algorithm [I] needs
T= O( 2:5) steps to obtain the following:

ogigTE||VeL<ek,v<k)>!|2 < O(capp) + €.

Remark 2 In Corollary|[l] the results of Theorems[I|and
] are combined which results in the convergence rate of
Algorlthmlas O t=04). The sample complexity of the con-
strained actor-critic algorithm is O(e=2%)
actly one sample per iteration.

as we have ex-

4.3 FINITE-TIME CONVERGENCE RESULTS FOR
ALGORITHM

As with Algorithm [T} we provide here the non-asymptotic
convergence results for both the actor and the critic recur-
sions in Algorithm[2] Further, we present the convergence
rate and sample complexity of the algorithm.
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Figure 1: Comparison of C-AC , C-NAC and C-DQN: Plots in the top row are for the average reward performance while
those in the bottom row are for the constraint costs for the three environments. These are plotted as functions of the number
of iterations.

4.3.1 Convergence of the Actor for Algorithm Theorem 4 We have the following:
We have the following result after carrying out non- Z Elvy, — v* (81, v (k))||?
asymptotic analysis of the actor. 14+t—m7 s

B 1 logt 1

Theorem 3 At the tth iteration, we have,

t
1 2
T—Tt Z E(Lk - L(@k,’)/(k)))
0mm EHV(;L m, Y (m || . k:Ttl .
_ logt\ (1
- Ot -0 o) +o () rola) 02
N O(log t> n O(ZZ—Q E||Ak|2>
(2 1+t—7 4.3.3 Convergence rate and sample complexity for
O<Z§€— t E||Bk|2) Algorithm
+ k= TR
L+i-mn We finally provide the convergence rate of the algorithm and
characterize the sample complexity of the same in Corollary
where
Ay = Ly, — L(0y,v(k)), )  Corollary 2 We have
By, = v, — v (0, (k). (10)

. - 1
i, EIVoL(00, /()] = Olegy) + 0 1555

log?t 1
o) o)

If we setw = 04,0 = 0.6,8 = 1, Algorithm [2] needs
T = O(e~2P) steps to obtain the following,

4.3.2 Convergence of the Critic for Algorithm

We now provide a result analysing the average estimation

error for the critic. 2
()gllclgTEHVGL 0, (k))H < Olegpp) + €



Table 2: Comparision of C-AC , C-NAC and C-DQN in terms of average reward + standard error upon convergence.

Algorithm | SafetyPointGoall-v0 | SafetyCarGoall-v0O | SafetyPointPushl-v0
C-AC —0.0015 £ 0.0035 —0.01 £0.0117 —0.0012 £ 0.0011
C-NAC —0.00012 £ 0.0006 —0.009 £ 0.0127 —0.0008 £ 0.0005
C-DQN —0.0003 £ 0.0007 —0.014 £ 0.005 —0.0008 £ 0.0007

Remark 3 Analogous to Remark[2] in Corollary|2} the re-
sults of Theorems 3| and {) are combined which gives the
convergence rate of (natural actor critic) Algorithm [2] as
O(t=°*) and a sample complexity of O(e=2*) as we have
one per-iteration sample in this algorithm as well. It is
important to also mention that for the results of both al-
gorithms, O(-) hides the terms that do not depend on the
iteration number.

4.4 PROOF SKETCH FOR THEOREMS (1] AND

We provide here an overview of the manner in which the
proofs of Theorems|I|and[3|proceed. This also helps us to de-
scribe the connection between the various results mentioned
above. The detailed arguments are nonetheless provided in
the appendix. The proofs of Theorems [T]and [3]rely crucially
on Lemma [ below.

Lemmal Forall v € RN with 0 < i < M where 1 €
{1,2,..., N}, there exists a constant My, greater than 0
such that for all 01,05 € R4,

IVoL(01,v) = VoL(02,7)[| < ML|0y — 0a]|.

As a result of this lemma, we have the following inequality
(see|Wu et al.,[[2020], Lemma C.1) V¢t > 0, that we use in
the proof of Theorem T}

L(Ot41,7(t)) > L(0,~(t))

+o(1){VoL(0:, (1)), 6:V log mp, (ar|st))

M
— 5 b(0)? [0,V log m, (ar]st) > (13)

The key idea in the proof (see Appendix for details) is to
split the middle term in the RHS of @ into a few terms,
one of which is b(t)||VL(8;,~(t))||*. We obtain an upper
bound for ||V L(8;,~(t))||*. After summing the expectation
of terms on both sides, we analyse each term in the bound
to get the desired result for Theorem[I] Note also that the
result for Theorem [I] depends on the convergence of the
critic parameter and the average cost estimator. So we find
a bound on the averaged estimation errors by the critic and
average cost estimator in Theorem 2| We then obtain an
inequality similar to (13 for Theorem 3] (see Appendix) and
carry out an analysis along similar lines for Theorems [3and

2|

4.5 PROOF SKETCH FOR THEOREMS @ AND @

We provide here an overview of the manner in which the
proofs of Theorems [2]and [] proceed.

Proof Sketch for Average Reward estimate Error

For proving the convergence of average reward estimate
in theorems [2and 4] we start off with expanding y7,; =
(Li41 — L, 1)? which gives us the following inequality.

yt2+1 < (1= 2a(t))y7 + 2a(t)y(Cy — L)

+2yu(Ly = Liya) + 2(Ly = Li;)? + 2a(t)*(Ce — Ly)?,

where C; = q(t) + Yn_, v (t)(hi(t) — ai,). After rear-
ranging and summing the expectation of both sides from 7;
to ¢ we have,

S B < Y g FOR — 1)
k=1

k=T

I
t

—+ Z E[E(Lk, 9k7 ’Y(k)v Q(k)v h(k))]

k=T¢
Iz
L1
+ /Z; mE[yk(Li*c = Liy1)]
I3
+ Y LBl - 1)
= CL(/{?) k k+1
Iy

+ ) a(k)E[(Cr — Li)?] .

k=T¢

Is

Upon bounding I; — I5 and simplifying, we get the desired
result. For the definition of the notations involved, please
refer Section

Proof Sketch for Critic Convergence

For proving the convergence of critic in Theorems [2] and
Ml we start off with the equation [m;i1]*> = [T(v; +
a(t)difs,) — v*(t + 1)||* and after expanding the RHS, we



get the following inequality:

[meall? < [lmell® + 2a(t) (me, Gloe, 0, 7(1)))
+ 2a(t)A(Oy, ve, 0, 7(t), q(t), h(t))
+ 2a(t)(ms, Ag(Os, Ly, 05, 7()))
+ 2(my, v*(t) —v*(t + 1))
+ 8a(t)2(U, + U,)? + 2||v* (t) — v*(t + 1)||%

After rearranging and summing the expectation on both
sides from 7; to ¢t we obtain (see Appendix),

t
220 3 Ellmy?

k=1,

t
1
< Z @(EnmkHQ — Ellmg41|?)

k=1

I

+ 2 Z EA(Ok, Vg, Ok, 'Y(k)’ q(k)7 h(k))

k=T
Iz
t
+2>  VE[ml?\/Ely)
k=
I3
t b(k) . t
+By Y. @)\/Eﬂmk\\ +Cy > alk).
k=1¢ k=1
I4 15

After analysing terms [; — I, we get the desired result. For
definition of the notations involved, please refer section @

Remark 4 As mentioned previously, the asymptotic stabil-
ity and almost sure convergence of the three-timescale C-AC
algorithm has been shown in|Bhatnagar and Lakshmanan
[2012]]. A similar analysis combining the results of \Bhat-
nagar et al.,| [2009|] would also provide similar stability
and asymptotic convergence results for the three-timescale
C-NAC algorithm. Note that while the non-asymptotic con-
vergence results that we have shown are to the stationary
points of the Lagrangian, it is shown in |Bhatnagar and
Lakshmanan| [2012)] that for C-AC, stationary-point conver-
gence indeed results in a locally optimal policy, that gives
the set of local minima of the objective in the constraint
set, see Proposition 4.3 and Remarks 4.3-4.5 there. This
is because stationary points that are not local minima are
unstable attractors of the underlying ODE. The same is also
true of the C-NAC algorithm. Some works such as Zeng et
al.,| [12022] provide bounds on the optimality gap but they
primarily consider the look-up table setting and not function
approximation. Defining optimality gap precisely in our set-
ting is hard due to the presence of multiple local minima in

the constraint set and so obtaining such bounds is not easy
unless one has a setting of convex objectives and constraints
(unlike us). From results in stochastic approximation theory
(Kushner and Clark| [[1978]]), if the stochastic recursion en-
ters a compact neighbourhood of a local minimum infinitely
often, it will converge to it w.p.1. The compact neighbour-
hood of which of the minima the recursion enters in will
depend on the initial condition and noise.

S EXPERIMENTAL RESULTS

In this section, we present the results of our experi-
ments on three different OpenAl Safety-Gym environments:
(a) SafetyPointGoall-vO0, (b) SafetyCarGoall-v0 and (c)
SafetyPointPush1-vO0, respectively. The performance com-
parisons on these environments can be seen in Figure[[]and
Tables [2]and [3] respectively. The two tables summarize the
performance obtained upon convergence of the algorithms.
Note that Table 3] has been placed in the appendix for lack
of space. We also explain, in the appendix, the Constrained
DQN algorithm that we implemented in addition.

All the plots of our experiments are obtained after averaging
over 10 different initial seeds. The performance of the al-
gorithms is compared by plotting the average reward along
with standard errors. The dotted flat red-line in each of the
plots in the lower row of plots in Figure[|corresponds to the
constraint cost threshold. All algorithms are seen to asymp-
totically satisfy the constraint threshold while optimizing
on the average reward performance.

It can be observed that our C-NAC algorithm performs
better than the other two algorithms on all three settings
and C-AC shows the second best results on two of the three
environments. Moreover, the cost threshold is met by all the
three algorithmﬂ

6 CONCLUSIONS

We presented the first (non-asymptotic) finite time conver-
gence analysis of three-timescale constrained actor-critic
and constrained natural actor-critic algorithms using linear
function approximation and obtained a sample complexity
of O(e=25) for both algorithms. Our sample complexity
result is significant as for both our algorithms it matches the
sample complexity of regular (unconstrained) actor-critic
(two-timescale) algorithms analysed in [Wu et al.,| [[2020].
We also showed the results of experiments on three different
Safety-Gym environments, where we observed that the C-
NAC algorithm is better than both the C-AC and the C-DQN
algorithms in the average reward performance and the C-AC
algorithm is the second best performer on two of these three
settings. Further, the average cost constraint is met by all
the three algorithms on each of the settings.

'The code for all of our experiments is available at
https://github.com/prashul306/Constrained-Actor-Critic
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Appendix

Prashansa Panda/ Shalabh Bhatnagar/

' Department of Computer Science and Automation, Indian Institute of Science, Bangalore, India

A  PRELIMINARIES

For our problem, we have considered random single-stage costs and also constraint costs having distributions that are
dependent on the current state, action and next state. For a given tuple O; = (s¢, a, St+1), we consider

q(t) ~ p(.st, ae, 8¢41), hi(t) ~ pi(.lst, at, se11),
fori = 1,2,3,..,N. For a given v = (71,72, ...,7n)% with 0 < ~; < M and for i = 1,2,.., N, we define c(t) =

q(t) + ]:Xj: i (hy(t) — ay) such that

1
c(t) ~ p(.|se, at, Se1)-

Since the single stage costs are mutually independent for any state-action-next state tuple, we have

N
Ple(t)]se, ar, se41) = P(a(t)|se, ar, sep1) [ [ pi(hi(t) 50, ar, se41).
i=1
Let |[VL(0,7)|| < Ur,V6,~ where Uz, > 0 is a positive constant. Also, sup ||G(#)~!|| < Ug where Ug is a positive
t

constant.Recall that the single stage costs g(n), hi(n), ..., hx(n) are non-negative and absolutely bounded by a constant
U. > 0.We define U, = U, + NM(U, + U,) where U, = m]?x\ak|. We assume 0 < Ly < U,. This implies
|Li| < Uy, Vt > 0. We also assume 0 < U (0) < U.,Vk € 1,2, .., N, which implies |U(t)| < U,,Vt > 0. Moreover, we
assume that the projection set C' to which the recursion v, is projected is a compact and convex set.

Given time indices ¢ and 7 such that ¢ > 7 > 0, we consider the following auxiliary Markov chain starting from s;_, to
deal with Markov noise in the iterates.

[ P Ot ~ P~ O+ ~ P ~ O r ~ P
St—r — 7 Qp—7 —7 St—r41 — 2 Qt—741 —7 Sg—742 — 2 Qt—742 " —> St — > At —7 St41. (14)
The original Markov chain has the following transitions:

[ P 0r— 741 P Ot 742 P 0 P
St—r —> Qt—7 =7 St—741 ——> Qt—741 —7 St—742 ——— Qg—742 " —> St —> At —> St41- (15)

In (14), for any time instant & > ¢ — 7, a;, denotes the action taken in the auxiliary Markov chain. Similarly, for any time
instant [ > ¢t — 7 4 1, 5; denotes the state in the auxiliary Markov chain. In the following, without any other specification,
E[.] will denote the expectation w.r.t the joint distribution of all the random variables involved. Finally, we mention that for
our analysis we interchangeably use 7(a|s) and 7 (s, a) to mean the action chosen in state s according to the policy 7. Thus,
both these notations are one and the same.


mailto:<prashansap@iisc.ac.in>
mailto:<shalabh@iisc.ac.in>

B PROOF OF THEOREMS

B.1 PROOF OF THEOREM 1

We first define several notations to clarify the dependence in the various quantities involved. Let

O : = <3t7at73t+1)a
N
L*: = L(0.7) = Eappamy d(s,0) + > (k) (h(s,0) — )],

o(k)* : = v (60 Y <>>, i
H(O.L1n0.3): = (105) = L+ (1" = 10 "0,V gl (16)

H(0,0,7,4,h) : = (¢ — L(6,) +Zv )(hi — ax) + (fy 7 = f1)v*(0,7))V log mg(als),

AH'(0,0,7) : = (f. Tv*(0,7) — vgﬂ(s ) — (fsT0*(0,7) — V7 (s)))Vlog mg(als),
f‘(Oa 9) Y4, h) L= <v (97 7)7 (Ov 9777 q, h) - EO',q,h[H(O/v 97 Y4, h)D

In the above, O = (s,a,s/), h = (hy, ha, hs, ...,hN).O, = (s,a,sl) denotes the independent sample s ~ g, a ~ g,
s ~ p(s,.,a) Hence Ey  ;[] denotes expectation w.r.t. the joint distribution of s ~ tip, a ~ mp, s ~ p(s,.,a),

q~ p(.s,a, s/), h; ~ pi(.|s,a, s/), 1=1,..., N. We now have,

Eor nl(H(O',0,7,9,h) — AH (O',6,7)]
N

= Eor gula+ > v(k)(h — ) = L(0,7) + V77 (s') = V*7(5))V log ma(als)]
k=1

= VL(0,7),
Next, observe that
By |AH (0,0, = Egr I(£,, 70" (8,7) = VO(s) — (fsTv"(8,7) — V*7(5)))V Iog me(al s) ||
< Eg [D*(f, "o (0,7) = VO (s') — (£, 0" (0.7) — VP7(s)))?]
< Egr[2D?((f, To*(0,7) = VOI(s))? + (£, "0 (0,7) — VO7(s))?)]
< 4D?%*

GPP

Before we proceed further, we first state and prove Lemmas 1-4 below that will be used in the proof of Theorem 1. Moreover,
the proof of Lemma 4 shall rely on Lemmas 4.1 [4.4] that we also state and prove in the following. Finally, collecting all
these results together, we shall obtain the claim for Theorem 1.

Lemma 1 Forally € RN, with0 < ~; < M, where i € {1,2,..., N'}, there exists a constant My, greater than 0 such that
forall 61,05 € R4,

[VL(61,7) = VL(b2, )| < Mp|[61 — 62|,

which implies

M
L(02,7) > L(01,7) + (VL(01,7), 02 — 01) = =61 = 0a.

Proof Note that



From Lemma C.1 of [Wu et al., [2020], we have V6, 0, € R, there exist positive constants L, Lg,, Lg,, ..., La, such
that

Vo J(601) — Vo J(02)]| < Ls||01 — 02,
||VQGIL(91) — Vng(og)H < LGZ,||91 — 92||,VZ S 1,2, ..,N.

Hence,
N
IVoL(61,7) = VoL(02, )| = Vo T (61) — Vo T (62) + > 1 (VeGr(61) — VoGi(62))]
k=1
N
< Vo (61) = VoJ (62)l| + > 1l VoGr(61) — VoG (62)]
k=1
N
< Ly)l6y = 02 + > wLa, 61 — 02|
k=1
N
= (Ls+ Y wLa,)|1 — 02|
k=1
< Mp[|61 — 62|
So we have,
IV6L(61,7) — VoL(2,7)|| < M6y — 62]|,V61,6; € R?,
N
where My, = Ly + M > Lg,. The claim follows. |
k=1

Lemma 2 For all v',~? € RN with 0 < 'yf < M, wherei € {1,2,...,N}, j = 1,2, there exists a constant C greater
than 0 such that for all @ € RY,

where |y, — | = _max |y =7,

Proof We have,

IVLO.7") = VLOA) = | Y no(s) Y. molals)(M™7 (s,a) — M™7(s,a))V log ma(als)

s€ES a€A(s)
<3 wo(s) S wolals)| (M7 (5,0) — M7 (5,0))V log me als)|
seS a€A(s)
SDZMO(S) Z 7rg(a|s)|M”"""1(s,a)—M”"""Q(s,aﬂ,
ses a€A(s)

where the last inequality follows from Assumption 4. Now,

o] N
|M7ra,71(s,a) — M’”’"fz(s,am = ‘ZE[Z(%I - 712)(h1(t) —Gi(0))|s0 = s,a0 = a,m;] |

S-S E [(m(ﬂ —GL(6)))50 = 5,00 = a,m}

i=1 t

=1
iE {(hi(t) —Gi(09))|so = s,a0 = a,m)}

t=1




where,

Q= sup |Q7(s,a)l,

1,0,s,a
[ = Yol = x|yt =7,

and where Q9 (s, a) is the expected differential cost for the state action pair (s, a) with single-stage cost as h;(t) at time
instant ¢ when actions are picked according to policy mg. Hence,

IVL(8.~4") = VL(8,7*)|| < NDQl,, —

ml-

The claim follows by letting C' = N DQ. [ |

Lemma 3 Foranyt > 0,

IAH(Or, Le, ve, 00, v (D) I* < D*(2(Le = L(01,5(t)))* + 8llve — v(t)"?).

Proof Applying the definition of AH (-) immediately yields the result. |

Lemmad4 Foranyt > 0,

t

E[L(Os, 01, 7(1), a(), h(t)] = =(Da(r +1) Y El6h = bptl| + Dabk™ ' + T Y~ Ely(d) — (i — 1)),
k=t—71+1 i=t—7+1

where D1, Dy and T are positive constants andt > T > 0.

Proof We have

B[P (O, 0,.7(t), q(t), h(t))]

= By piarmro, sranrp EUV L0 4 (1), H(Or, 00, 5(t), a(8), (1)) — Egy o y[H(O',0,,79(), ¢, )]0, v, 5141]]
= E[(VL(0:.v(£)), H(O1, 01,7 (1) — Egy 4 y[H(O',01,7(1), ¢, h)))]

= E[(VL(0:,7(t)), H (O, 61,7(t) = Eor [Egn[H(O', 0,,7(t), ¢, B[ 5,0, s ]])]

= BI(VL(6:,7(1)), H(O1,0,,7(1)) — By [H(O', 0, 7(1))))]

= E[Q(Oy,6:,7(1))],

where,

H(0,0,7) = (c(s,a,s ,7) — L(6, 7) - (faT — T (0,7)) V log mo(als)

e(s,a05,7) = 3 (a- Blals,a,s) +Z%Zh pr(hls.a,s) — a).
h

q

The second equality is satisfied because 6; and (t) do not depend on ¢(t) and h(t). The remaining proof of Lemma[4]in
turn requires Lemmas [.T]—[.4] below that we now state and prove.

lemma 4.1 Foranyt > 0,

QO 01,7(t)) = QO 01, 7(t — 7)) < Tilym () = ym (t = 7)],

where T > 0 is a constant.



Proof Denoting O = (s, a, s ), we have for any 0, 1, 7, that
Q(O 0 ,Yl) - (Oa9a72)

= (VL(0.9"), H(0.0,7") = Eey[H(O',0,4")]) = (VL(0,7%), H(0,0.7") = Ey [H(O',0,7%)])
=(VL(0,7"), H(0,0,7") - [ 1(0',0,9")]) = (VL(0,4"), H(0,0,7°) — By [H(O',0,7)))
+(VL(0.4"), H(0,0.7°) = Eg/[H(O',0.9*)]) = (VL(0.7*), H(0,0,7*) — Eey [H(O",0,7%)])
= (VL(0,7"), H(0.0,7") = H(0,0,7") = Ey [H(O',0,7")] + Eoy [H(O',0.7°)))

Iy
+(VL(0,7") — VL(0,7%), H(0,0,9%) — Eoy[H(O',0,7%))) .

Iy

Now,
|H(0,0,4Y) — H(0,0,7?)]|
= |l(e(s,a, 8", 41) — e(s,a,8",7%) — L(0,7%) + L(0,7%) + (fo 7 — fT) (0 (8,74") — v*(6,72)))V log mg(als)
< D(le(s, a8 ,7Y) = e(s,a, 8,7 +|L(O,7") — L(O,7)] + 2jv* (0,7") — v*(8,7%)]))
< DN (U, + Ua)Inh, = 721+ 2La7L, — 72D),

where |y}, — 72| = . max |7} — ~Z|. In the above, U, and U, are as before, see Section Further, from Assumption

1, |fs| < 1andhence |fs — fs| < 2. Thus, for term I7, note that
I SAD(N(Ue + Ua) + L) VL, 7" [[ [y — Vo l-
Further, for term I5, we have

L < |VL(0,7") = VLO)IIH(O,0,7%) — Eey [H(O,0,7)]|
§4D(UT+UU)HVL( )Y )7 ( )Y )H
<ADC(Uy +Uy) gy = Vil
The last inequality above is because of Lemma[2] After collecting the two parts, we now have,
|Q(Oa 9771) - Q(07 9772)| < Tlh/;z - ’77271‘7

where Ty = 4D(N (U, + U,) + L2)Uy, +4DC (U, + U,).

lemma 4.2 Foranyt > 0,01,05 € R,y = (1,72, ..., Yn) T with 0 < ; < M wherei € {1,2,..,N}

|Q(Oa0177) - Q(0762ar)/)| < T2||01 - 02”7

Sfor some Ty > 0.

Proof Recall that O = (s, at, St41), hence for any 61, 02,7,

Q(Oa 917’7) - Q(07 92a ’Y)

= (VL(01,7), H(O, 0w>— o' [H(O',01,7)]) = (VL(62,7), H(O, 02,7) — Ey [H(O',03,7)))
= (VL(61,7), H(O,01,7) — E/[H(O',01,7)]) — (VL(61,7), H(O,02,7) — Ey [H(O', 02,7)])
+(VL(01,7), H(O,02,7) — By [H <0 02,7))) — (VL(02,7), H(O,02,7) — Ecy [H(O', 02,7)])
= (VL(01,7), H(O,01,7) — H(O,02,7) — Eey[H(O',01,7)] + Ey [H(O',62,7)])

I
+ (VL(61,7) — VL(02,7), H(O,02,7) — Eo [H(O',05,7)]) .

I




Now,
[H(O,61,7) — H(O, 62,7
=l(c(s,a,5",7) = L(61,7) + (fo " — fs Jo*(01,7))V log m, (als)
—(c(s,a,5,7) = L(2,7) + (fo " = f7)0" (02,7))V log 7, (als)]|
<|le(s, a8, 7) = L(01,7) + (fo " = £7)07(01,7))(V log 7, (als) — Vlog m, (a]s)) |

+ [(L(02,7) = L(61,7) + (fo T = f1) (0 (61,7) — v (61,7)))V log ma, (als)
2(Ur + Uy) My |01 — 02| + D(|L(62,7) — L(61,7)] + 2L1 (|61 — 62])
Clearly,

\L(el,’v) —L(9277)\
N N
=1 o, (5) Y mo,(s,0)(d(s,a) + Y (k) (hi(s,0) — o)) = > pan(s) Y ma,(s,a)(d(s,a) + D y(k)(hr(s, a) — )]

ses a€A(s) k=1 seS a€A(s) k=1
< 2Updrv (po, ® To, , fo, @ T,)

< 2UT|A|L(1 + log b~ '+ 1/(1 — k)> 161 — 62
== CL||01 - 02“
The second inequality is from lemma B.1 of [Wu et al.,| [2020]. Hence,

1H(O,01,7) = H(O,02,7)|| < 2(Uy + Up)Mpp |01 — 02|l + DCL||01 — 02| + 2L1 D61 — b
= A1|61 — 62|

Now,
||EO [ (O 91) )] O/ [H(O/7927’Y)]H
= || Eg, [H(O',01,7)] — Eo,[H(O', 02,7)]l|
< || Eo,[H(O',01,7)] = Eo, [H(O', 03,7)]|| + || Eo, [H(O', 05,7)] — Eg,[H(O', 02, 7)]]
< E01 || (Ola 917 ’7) - ‘H(O/7 927’7)” + 4D(UT + Uv)dTV(Mﬁ & TGy 5 MO, (29 71—92)
1
2(U, + Uy)My, + DCr, + 201D + 4D(U, + UU)|A|UTL<1 + [log, b~ ] + 1)] 161 — 62]|
= Ag|6h — 02|
Thus, we have,

I SUL(A1 + A2) |6, — 62|
For term I5, we have,

I < | VL(61,7) = VL2, V)| H (O, 02,7) — Ey [H(O', 02,7)]|
< AD(U, + Uy)My||61 — 65].

The last inequality follows from Lemmal[I] Thus,

Q(Oaalv’}/) - Q(Ove%f)/) < T2||01 - 92”3
where

Ty = (A1 + AQ)UL + 4D(Ur + UU)ML
Ay =2(U, +U,)M,, + DCr, + 2L, D

1
Ay = 2(U, + Uy) My, + DCy + 2L, D + 4D(U, + U,)|A|U, L (1 + log, b~ + H)

Here Ey denotes that O = (s, a, s ) has been sampled as s ~ f1g,a ~ 7,5 ~ p(s, ., a)



lemma 4.3 For any t > 0,we have

t
‘E[(Q(Oh 615777 V(t - T)) - Q(Ota 9t77'7 V(t - T)))let*T7 ’7<t - T)7 St*TJrl” < 2D(U”‘ + UU)UL|A|L Z EHHZ - et*‘l'”'

1=t—T1

Proof From the definition of Q(O, §,~), we have that

§

O, 07, y(t = 7)) = Q(Or, 07, Y(t = T))|Or—r, y(t = 7), 51— 741]

(VL(Or—r,y(t — 7)), H(O4, 017, y(t — 7) — H(Op, 017, 4(t = T))|0s—r, Y(t — T), St—r41]

(VL0 —r,y(t = 7)), H(O4, 01—,y (t = 7)) = (VL(Br— 7, ¥(t = 7)), H(Ot, 07, Y(t = 7)) Ot —ry y(t = T), 8141
<AD(U, + U )Urdry (P(O; = .|8t—r11,0;—+), (P(Of = .|8t—711,0t—1)).

Now,

t

~ 1
dTV(P(Ot = ~|5t—‘r+179t—7)7p(0t = ~|8t—7-+1,9t—7-)) < §|A|L Z EHHz - 0t—7'||~

1=t—T
The inequality above is similar to the one shown in the proof of Lemma D.2 of [Wu et al.,| [2020]. Hence,
t

E[Q(Oy, 017, v(t — 7)) = Q(O¢, 017, y(t — 7))] < 2D(U, + U, )UL|AIL Y E|6; — 01|

i=t—T

lemma 4.4 For anyt > 0, we have

|E[Q(O~tv 0t—7’7 V(t - T)) - Q(O;a 0t—7’77(t - T))|0t—7'7 V(t - T)a 3t—7’+1]| < 4D(UT + UU)ULka71~

Proof Note that

E[Q(ONN 91577-’ ’Y(t - T)) - Q(O;7 etfra ’Y(t - T))|9t77a ’7(t - T)’ St*T*Fﬂ

E[<VL(075—T7 fY(t - T))’ B(Otv et—T’ V(t - T)) - H(O;’ 0:‘.—7’; 7(t - 7—))>|9t—7" 7(t - T)’ St—‘r-‘rl]

E[(<VL(6t—T7 7(t - T))v H(Ota ot—‘ra 7(t - T))> - <VL(9t—Ta 7(t - T))a H(O;a et—'ra 7(t - T))>)|0t—‘r7 V(t - T)a St—‘r-‘rl]
4D

4D

(Ur + U,)Urdry (P (Ot = |St—r41,0t—1), o, . @ Tp,_. R P)

<
< (Ur + U,)ULbk™ !
The last inequality comes from the proof of Lemma D.3 of Wu et al.,|[2020].

We now continue with the remaining proof of Lemma 4]

Proof of Lemmad|(Contd.)
We decompose E[Q(O¢, 0:,7(t))] as follows:

E[Q(O4,0:,7(t))] = E[Q(Or, 01, 7(t)) — Q(Or, 04, y(t — 7))] + E[Q(Or, 04, v(t — 7)) — Q(Or, 047, v(t — 7))]
E[Q(O4, 0—r,7(t — 7)) = QO 017, 4(t — 7)) + E[Q(Oy, 01—, (t — 7)) — Q(Oy, 47,7 (t — 7))]
E[Q(Oy, 01—, 4(t — 7))]

where O; = (8¢, at, Sp41) is from the auxiliary Markov chain and O; = (8¢, a¢, St+1) is from the stationary distribution
with s; ~ pg, _,ar ~ m,__,St4+1 ~ p(St, ., ar) which actually satisfies E[Q(O;,0:—-,v(t — 7))] = 0. By collecting the



corresponding bounds from Lemmas {.TH4.4] we have

t
E[Q(Oy,0:,7(1)] = =Ty Elym(t) = Y (t = 7)| = ToE |0, — ;| = 2D(Uy + Uy )UL|A[L > El[6; — 6, ||
i=t—T1
—4D(U, + U, ) ULbk™ !
t t

>-T1 Y Ehm@) —ymi-1[-T Y El6i—0 |

i=t—7+1 i=t—7+1

t 7
—2D(U, +U)ULIAIL Y Y El6; = 0;1[| — 4AD(Uy + Uy ULbk™
i=t—7+1 j=t—7+1
t t

>-Ty Y Ehm@) == =To Y Ell6; — 0]
i=t—7+1 i=t—7+1
t
—2D(U, + U)UL|AILT > E|0; — 01| — 4D(U, + U, )ULbk™ "
Jj=t—7+1

t t
—(Di(r+1) > Elfk— 01|+ DobkT T Y Elym (i) — ym(i — 1)),
k=t—7+1 i=t—7+1

where D := max{T5,2D (U, + U,)UL|A|L} and Dy := 4D(U, + U, )Uy. This completes the proof.

Proof of Theorem 1
Under the update rule of Algorithm 1 for the actor recursion, we have:
Ory1 =0 +b(t)0: Vs,q,.
So, using lemmal[I] we have
L(Brs1,7() 2 L0, 7)) + () (VL (Br, 7(1)), 6,V log o, (azse)) — Myb(t)6:V log ma, (ar]s,)|1
Now

9:V log g, (a|st)

= (q(t) + > ) (hi(t) — o) — Ly + 0] (f(s141) — f(s))V log 7, (as]sy)

k=N
t)+ > () (i) = ar) = L(6e, (8)) + L(6:,7(8)) = L + (F(s001)" = F(s0)") (0r —7)
k=1

+ (f(se4)" = fs0) vy )V 1og 7, (ar]s:)
= AH(O¢, Ly, vr, 0¢,7(¢)) + H(Or, 0, 7(t), (t), h(2)),

where h(t) = (h1(t), ha(t), hs(t),....., hn(t)). Hence,
L(Or41,7(t)) = L(Or,v(t)) + b(t)(VL(Or, v(t)), AH (O, Ly, v, 01, 7(t)) + H(Or, 0, 7(t), 4(t), h(2)))
— Mpb(t)?||6:V log g, (as|s¢)||*
> L(0, () + b(t)(VL(Or,7(1)), AH (O, Ly, ve, 01, 7(1)))

+ b() (VL0 ¥ (1)), H(Ox, 05, 7(), 4(6), (8)) = By gy ) [H (O, 82, (1), a(£), h(1)])

+ (VL0 Y1), Eor g niny [H(O',00,7(8), q(t), bt ))]> — Mpb(t)?(6,V log mg, (ar|s )|
> L(0:,~(t)) + b(t <VL(9t7 (1))s AH(Oy, Li, ve, 04, 7(1)))
+ b1 (Oy, 05, 7(8), q(t), h(1)) + bV LB, v(0)I[* + b (VL0 1(t)), Eor [AH (O, 0, 7(t))])

2.

)
— Mpb(t ) 16:V log 7o, (at|st)



In the first inequality, we discard the 1/2 in front of the square norm term. After rearranging the terms, we obtain

IV L6, ~(1)]I* < %( (Or11,7(t) = L(Or, ¥ (1)) = (VL(Or, (1)), AH (O, Le, v, 01, 7(1)))
— (04, 0, 7(1), 4(), Alt) = (VL0 7(1)), Eor [AH (O, 05, 7(1)])

+ Mpb()[10:V log o, (a|s¢)|*.

After taking expectations we have,

E[IVL(O:, )] < % [(L(Or41,7(2)) = L(0r,7(1)))] = ELVL(0:,7(1)), AH (O, L, v, 01,7(1)))]

— BIE(O1, 01, 7(), q(t), ()] — E{VL(6,, 1(1)), et [AH (O, 63, 7(1)))]
+ Myb(t)E[]|6,V log 7, (ae],)] ]

a7
Now, observe that
E[(VL(0:, (1), AH(Oy, Liy v, 04,7 (1)))] = =DV E[VL(6:, (1) 2V 2E | At || + 8E| B 1%,

where

At (9157 (t))7

By = vy — v (0:,7(1)),
and the inequality follows from the Cauchy inequality and Lemma 3]
Next, we have that

t t
E[[(O, 0,7(1), q(8), h(£)] = = (Di(m+1) > Ellfx — Ol + D2bk™ " +T0 D~ By (i) = vm(i — 1))
k=t—7+1 i=t—7+1

—(2D,D(1 + 1)(U, + U,) Z b(k) + Dobk™

k=t—74+1
t—1
UL+ U) Y k)
k=t—71+1

Also, note that

(VL(0:,7(1)), Eor [AH (O, 01, 7(1))]) = *UL\/HEO' [AH'(O", 0, ~(1))]]I?

~Up\/Eo |AH'(O'6,,4(1))|?
—2DUL6app

Now we return to the inequality in (T7) and plug the above terms back in it to obtain

E[IVLOs, yO)?] < 5725 EI(L(Or41, (1) = L0 7(8)] + DVE[VL(0:, (1)) 2/ 2E[ Ae |2 + 8E| By |2

1
b(t)
t—1
+2D,D(t+1)(Up + Uy) Y b(k) + Dobk™!
k=t—T1
t—1
+ Ty (Ua +Ue) > (k) +2DULeqp
k=t—T1
+ Mpb(t)E[[|6:V log 7, (ac|se)||*]-



By setting 7 = 7;, we have,

< lpg

E[[VL(Oev0)IP] < 7 E[(L(8er1,7(1) — L0, 7(1)))] + DV E[VL(6:, 7 (1)) 2E[ Ac||? + 8E|| By

b(t)
+2D1 D (7, + 1)*(Uy + Uy )b(t — 71) + D3b(t) + 4My D*(U, + U,)b(t)
+T1(Us + Ue) (1 + 1)e(t — 1) + 2DULeqpp

< 1
~ ()
+ My (7 + 1)?b(t — 7¢) + Mab(t) + M3(7 + 1)e(t — 1) + 2DU L €qpp-

E[(L(0e41,7(t)) = L0, 7 (1)))] + DV E[VL(0:, v (1) 2V 2E | Adl|* + 8E] B 1

Summing the expectation from 7y to ¢ we have,

IR CIEDS @E[(me,wk)) L0 (k)]
k=1

k=T¢

I

t
+ Y DVEIVL(6r,v(k))[2v/2E[ Ax]? + 8E] B2

k=T

+ ) (M (7 +1)%b(k — 74) + Mab(k) + M3 (7, + 1)e(k — 7))
k=T

I
+ 2DUp€upp(t — T + 1)

For the term I; above,

E[(L(9k+1,7(k)) - L(0k77(k)))]
-y @E[(kaw(k))  L@sr (k4 1)+ (L0, 1k + 1)) — DO (k)

t
1
<
= Z b(k) U +U Z |'7m 77n k+ )H

3 G - %M)E[L(Gk,’y(k))] ~ gy B )] + s B 50+ D)

, t 1 1 1 1
< N(U.+U.) k; 70! +k;t G~ 5@ iU g
)

t

1 1 1 1
o) UL G @) T e

k=T k=T

= N(U.+Ua)?2 3 (14 k)77 4 20,b(1)

k=T

N(U. + Uy)?c. 1—Bto U,
——cb(1+6—a)( -7 +1) +2b(1+)

= By(t — 7+ 1) £ By(1 +1)°.



The first inequality above holds because

N
L(Ok+1, W(k)) L(Okt1,7(k + 1 Zuek+1 Z TOx+1 (als) Z = Ym(k +1))(h(s, a) — ax))
ses a€A(s) m=1

N
< (Uc + Ua) Z "Ym(k) - ’Ym(k + 1)|
m=1
Now, for the term I,

> (My(ri + 1)%b(k — 70) + Mab(k) + Ms(ry + 1)e(k — 7))

k=7’t
t—7¢ t—T¢
< (My(e+1)% + Ma) Y b(k) + Ms(r +1) Y (k)
k=0 k=0
t—T7¢ t—7¢
= (My (7 +1)* + M)y » (1 + k)" + Ma(r + 1ee »_(1+ k)~
k=0 k=0
M 1)%2 + M. M. e,
< (My(m +1)° + 2)Cb(t—rt+1)1“’+ 3(m + 1) (t— 7 +1)1F
1-—0 1-p
M 1)%2 + M. M. 1)2%¢,
S(( 1(Tt437)0+ 2)c 3(?+[3) Nt =+ 1)1

= Bg(Tt + 1)2(t — Tt + 1)1_0

The second inequality holds because

t—7¢ t—7¢+1 o l—0o
S a+k)< / Rl T Gl 0 il
0 (1-o0)

k=0

After combining all the terms, we have

t
> E[VLOk,v(k)I?] € Byt — 7+ 1)' 17 4 By(1 + )7 + Ba(r + 1)*(t — 7 +1)'~
k=1

t t t
+D, | > EIVLOey (k)22 D EIAl? +8 ) El|By|?

k=T¢ k=T k=
+ 2DU et — 71+ 1).

Dividing (1 + ¢ — 7¢) on both sides and assuming ¢ > 27y — 1, we can express the result as

/(1 +t—m) Y ENVLEO:,v(k)I?] < Bi(t — 7 +1)7 7 + 2By(1+ )"} + Ba(rm + 1)?(t — 7 + 1) ™7
k=7¢

+D 1+t ZEvak, (DI2VZ(E) + 2DUpeapy,

where,

t t
=2 BlA?+8 ) ElBl*)/(1+t — ).
k:Tf, k:Tf,



t

1/(L+t—m7) Y E[|VL(0x, v(k))|?]

k=1

Let
F(t)=

(t) <Ot P) + O((logt)*t~7) + Oleapp) + 2D\ F(t)\/Z(t),

So, we have
)+ O((logt)*t~7) + Oleapp) + D*Z(t).

because 7, = O(logt), which gives
(\VF(t)—D\/Z(t)* <Ot P
Ot" ") + O((log t)*t ™) + O(€app)

Let
At) =

(VF(t) — D\/Z(1))? < A(t) + D*Z(t)

= \/F — D\/Z <A@+ DVZ(1)
= VF({t) < A®) +2D\/Z(t)
= F(t) <2A(t) +8D*Z(t).

t) < Q(t) + R(t

Thus, we have

(t)(with each positive), we have

The first and third implications hold because for a function M (¢)
VM(t) < V/Q(1) + VR(
(t)* <2Q(t)* + 2R(1)*

So finally we have the following
Join BIVLOs (k)T <1/ +1t—7) > BlIVL(Ok,v(k)]]

k=T
O(t7%)) + O(log t)*t™7) + Oleapp) + O(Z(t)).

B.2 PROOF OF THEOREM 2: ESTIMATING THE AVERAGE REWARD FOR CONSTRAINED ACTOR

CRITIC
We define several notations to clarify the probabilistic dependency below
Ot = (sta Gy, StJrl)v

0= (s,a,sl),
L;ﬁk = L(gtvv(t))a
— L,

a(t) + Y () (he(t) — ) — L

k=1

Yy = Ly

E(Lt, 0,7 (1), (1), h(t)) = yo < 2‘) :
Before we proceed further, we first state and prove Lemmas 5 and 6 below that will be used in the proof of Theorem 2
Moreover, the proof of Lemma 6 shall rely on Lemmas [6.TH6.5] that we also state and prove in the following. Finally,

collecting all these results together, we shall obtain the claim for Theorem 2



Lemma 5 For any 01,00,7' = (71,73, ... 7)1, 72 = (02,73, .., %) T with 0 < 7;- < M, we have

[L(01,71) — L(02,72)| < C1]|01 — 02| + C2|] — 31,

where Cy = N (U, + U,), Cy = 2U, |A|L(1 + [log;, b~ "] + 12) and |y} — 72| = ,_fax Ivd — 2.

14 7

Proof Note that
|L(61,7") — L(02,7%)] < |L(61,7") — L(61,7%)| + |L(61,7%) — L(62,7)]

N
<D na(s) Y mals,a) > (k) )?[(gr (s, a) — )]
k=1

seS a€A(s)

N
F1D wo,(s) D mo,(s,a)(d(s,a) + Y y(k)(ha(s,a) — ax))

sesS a€A(s) k=1
N
= noy(s) Y ma,(s,a)(d(s,a) + > (k) (h(s,a) — ax))]
seS a€A(s) k=1

< N(Ue + Ul = 7| + 20| A|L(1 + [logy b™1] + m)llel — 0o

< Cily, =75l + Callfh — 62,

where Cy = N(U, + Uq), C2 = 2U,|A|L(1 + [log, b~ + 127) and |5 — 72| = _max IvE — 2.

The third inequality is because of Lemma B.1 of [Wu et al.,| [2020].

Lemma 6 Given the definition ofé(Lt, O, y(t), q(t), h(t)), for any t > 0, we have
FIE(Le 01,7(0), (0 D)) < 6UN (U, + Ua) Ehplt) =3t = )] + SUCE|0s = || + 20, Bl — Lo

t

+2U2AIL S Ell6; — 0, || + AU,

i=t—T7
where
[ (t) =t =7)[ = _max |yi(t) =%t —7)l,
_ 1
t>7172>0.
Proof We have
X k=N
B[=(L, 04, 7(t), q(t), h(1))] = Esﬁ~p’at~7ret,St+1~p[E[yt(Q(t) + V() (hie(t) — ) — Li)[st, az, S41]]
k=1
= Elyi(c(st, at, se41,7(t)) — L})]
- E[E(Othaetv ( ))]
where
k=N
C(Sa a, s 77) = Z(q ﬁ((”sv a, s )) + 'Yk(Z(h pk(h‘sv a,s )) - ak)'
q k=1 h

The proof will be built on supporting lemmas [6.TH6.5| that we first state and prove below.



lemma 6.1 Forany 0, L, = (v{,73, .....78) 7. 72 = (43,73, .. 7%)T,0 = (s,a,5 ) with 0 < v} < M fori € {1,2}
and j € {1,2,..., N}, we have

12(0, L,6,4") — E(0, L,6,7%)| < 6UN(U. + Ud)lv, — 72l
where

1 2] 1 2
Iy =l =, _max vy =il

Proof We have,

‘E(O,L,e,’yl) - E(OvL79772)‘ = ‘(L - L(Qﬁl))(c s>a78lﬂ’yl) - L(e’,yl)) - (L - L(6‘772))(C(S7a7 8,7’72) - L(9ﬂ72))|
6,~*

(
< (L= L(0,4")(c(s,a, 8 ,7") — e(s,a, 8", 9%) + L(0,7%) — L(6,+"))]
+[(L(0,79%) — L(0,7"))(c(s,a, 5 ,7%) — L(6,77))]
<2U,(le(s,a,8 ,7") — c(s,a,8 .7 + 2|L(0,7%) — L(8,7")])
< 6UN(U. + Ua) vy — 72l

where

12| = L2
e =l = _max |y =l

lemma 6.2 For any L,0,,05,0 = (s,a,s'),’y = (v1,%2, o, YN) T With0 < v; < M fori € 1,2,.., N, we have
|E‘(O7L791a7) - E(O7L792a7)| < 8UT6H01 - 02”7
where

_ 1

Proof By definition of Z(O, L, 8, v), we have

‘E(Oﬂlﬁelvl}/) - E<OﬂL792?’7)| = |<L - L(9177))(C(57aa 8/77) - L(@h’y)) - (L - L(9277))(C<87aﬂ 8/»’7) - L(627V))|
< (L = L(1,9)(C(s, 0, ,7) = L(01,7)) = (L = L(61,7))(C(s, 0, ,7) = L(02,7))]

(L = L(B1,1)(C (5,05, 7) = LB2,7)) — (L~ L(02,7)(C(s,a,5', ) — L(62,7))]
< AU, |L(01,7) — L(62,7)|
S 8Ur6||91 - 02”)

where C = U, |A|L(1 + [log, b~ '] + 14).

lemma 6.3 Forany L1, L5,0,0 = (s,a,s,),'y = (71,Y2y ooy YN) T With 0 < vy < M fori € 1,2, .., N, we have

|E(OaL17977) - E(O7L2,9,’Y)| S 2Uvr|Ll - L2|

Proof By definition,

‘E(O’Lhev’)/) - E(OaL279,7)| = |(L1 - L(&V))(C(Svaasl”}/) - L(Ha’}/)) - (L2 - L(077))(C(Saa7slvry) - L(G’V)”
< 2U,|Ly — L.

The claim follows.



lemma 6.4 Consider the tuples O; = (s¢, at, S¢+1) and O, = (S, at, S141) of the original and auxiliary Markov chains
respectively. Then the following holds:

|E[(E’(Ota Lt*'rv 07&*7’3 ’Y(t - T)) - E(Ota Ltha atf'ra ’Y(t - T)))|Lt*7‘7 975*7’7 7(t - T)v St*T+1]|

t
<202AIL Y El6; 6,

i=t—T

Proof By the Cauchy-Schwartz inequality and the definition of the total variation norm, we have

E[(E(On Li_r,0;_;, V(t - T)) - E(Ot7 Li_7,0i_-, V(t - 7')))|Lt—r, 9t—r,’7(t - 7')7 5t—7‘+1]
= (Li—r — L;_)E[(C(s¢, a1, 50417(t = 7)) — C(St, @, 8p41,Y(t = 7)) | Lp—ry O 7, Y(t — T), Sp—rp1]-

Now,

E[(C(s¢,at, 5417t — 7)) = C(S¢, @, Sp41, Yt — 7)) Lp—ry O 7, Y(t — T), S¢—741]
< 2U,dry (P(Op = +|St—r41,01—7), (P(Ot =|$4—ry1,0i—7)).

The following bound on the total variation norm has been shown in the proof of lemma D.2 of Wu et al.,|[2020]:
t
~ 1
dTV(P(Ot = "St—T+1)9t—T)7 (P(Ot = "St—‘r-‘rlvat—T)) < §|A|L Z EHG'L - 9t—r||-
i=t—T7
Plugging this bound above we have,

t
|E[(E(04, Li—r, 012, 7(t = 7)) = E(Ot, Lt—r, O, ¥ (t = T))| Lty 1y y(E = 7), 51 ya]| < 2U7|A|L Z B0 — 0r—|.

1=t—T

The claim follows.

lemma 6.5 Conditioned on sy 41,017, Li_,v(t — 7), we have

E[E(Ot’ Lt*T’ et*"" ’Y(t - T))lLtha 915777 A/(t - T)v Stf'rJrl] < 4Ur2bk7—_1

Proof The proof follows in a similar manner as Lemma D.7 of Wu et al.,|[2020]].

After collecting the corresponding results from lemmas[6.1H6.3] we have
BIE(Le 1,7(6), (8, B0)] < 6U,N (U, + Ua) Bhyplt) = (¢ = )] + 8U,CE|6s || + 20, BlLe — Lo

t
+2U2|AIL Y B8 — b, | + UK

1=t—T1

Proof of Theorem 2: Estimating the Average Reward for Constrained Actor critic

We have the following update rule in the algorithm that we now analyze:

N
Loy = Lo+ a(t)(g(t) + Y () (h(t) — ) = Le).-
k=1



Unrolling the above, we obtain

yt2+1 = (LtJrl - L:+1)2

k=N 2
= <Lt + a(t) <Q(t) + > () (hi(t) — ou) — Lt) - Lfﬂ)

k=1

2
:(yt—‘,—L:—LH_l—i-a ( —i—Z’yk —Oék)—Lt>>

= yi +2a(t)yr(Ce — Le) + 2y (L7 — L?H) (Li = Liyy +a(t)(Cr = Ly))?

< yi + 2a(t)ye(Ce — Le) + 2y (L — Liy) + 2(Ly — Li;1)* + 2a(1)*(Cy — Ly)?

= yi — 2a(t)y; + 2a(t)y; +2a(t)ye(Cr — Le) + 2ye(Ly — Lipy) + 2(L — Liy)* + 2a(t)*(Cy — Ly)?
= yi — 2a(t)y; + 2a(t)ye(Cr — Le + ye) + 2e(Ly — Liyy) +2(Lf = Li11)* + 2a(t)*(Cy — Le)?

= (1= 2a()yi +2a(t)ye(Cr — L7) + 2ye(Li — Lyyy) + 2(Li — Liy1)* + 2a(t)*(Ce — Le)?,

where C; = q(t) + Yn_, Y (t) (7 (t) — a.). The first inequality is due to (z +y)? < 222 4 2y2. Rearranging and summing
from 74 to £, we have

t

S B < Y o R — k) + S BIE(Las 61,7 (), a08) )

k=1¢ k=1¢ k=T¢
11 12
‘L1 L1

* * * * 2

+ k_ZT @E[?Jk@k — L)l ‘*‘]C_ZT @E[(Lk — L)

13 I4
+ Z Ck - Lk) ] .
k=1
Is
We now consider /1, ..., I5 term by term. For I;, we have

For I, from Lemmal[6] we have

E[é(Lh Ot ’y(t)7 Q(t), h(t))] < 6UTN(UC + Ua)E|7p(t) - 'Vp(t - T)l + 8Ur€E||9t - etf‘rH + 2UTE|Lt - Lt*‘r|
t

+2U2AIL S Bl — 0, || +AUbET!

1=t—T1
< 16U, CD(U, + U,)7b(t — 7) + 6UN (U, + Un)T(Ue + Uy )c(t — 1) + AU ra(t — 7)
+4DU2(U, + U)|A|L7T(T + 1)b(t — 7) + 4Ubk™
< Bim?b(t — 7) + Bora(t — 7) + Bsbk™ ! + Byre(t — 7).



By the choice of 7, we then have

L= B[E(Ly, 0, 7(t), q(t), h(1)]

k=T1¢

t t

t
< (Bth2 + Bs) Z b(k — 1¢) + Baty Z a(t — 1¢) + Byt Z c(t — 7).
k=7¢

k=1¢
For I3, we have

k=1

t 1/2 t . "
I < (z E[ya) (z p|tit
k=1

S5 (€1l = el Coly b~ 1P1?

1/2
( o )
( ‘ {(QClD(UT + U,)b(k) +

&

IN
7
B

&
<
Rl
N~
=
[\v]

IN

1/2
Co(Ue + Ua>c<k>>2D
a(k)?
p 1/2
(Z E[znf])
k=1

where K = ((2C1D(U, + U,) + (Ue + Uy)).
For 14, we have

For I5, we have

Iy =" a(k)E[(Cr — Ly)’]

k=7’t

< Z 4U2%a(k)

k=1
=0 (Z a(k)) .
k=1

Next, after combining I, .. ., I5, using the uniform ergodicity requirement (Assumption 3), the definition of 7, and the
relation between step-size and mixing time in Equation (4) of the main paper, we obtain the following:



U2 t t
Y B < =(1+0°+ (Birf + Bs)ey Y (1+k—7)77 + Bacay » (1 4+k—7)""

Ca

k=1 k=T¢
t t
_ 1/2 —2(c—w)\1/2
+B4TthZ(1+k Tt +Kca ZE Z(1+k) )
k=T¢ k=1¢ k=1¢
t

2 t
—C
K—bE 1+ k)2 4U2a§ 1+k)~v
+ p (1+k) +4U/ ¢ (1+k)

¢ k=, k=T
207 2 72 2 : —w
< S (L0 + (Burf + Bs)ey + Bacari + K¢ + 4U2cq + Bamice) > (l+k—m)
a k=T¢
e t t
R BR)YACS (14 )R
@ k=1 k=1
2U2 o t—T7¢
<S40+ + ((B17} + Bs)cy + Bacar + K + AU cq + Bamice) Y (14 k)™
a k=0
t t
- Ch (o
F R BRI (1 4+ k)22
@ k=1, k=1,
2U2 _ t— + 1 1-w
< ; (146)Y 4+ ((BthZ + Bs)cy + Bacymt + Kc% + 4Ufca + B4thc)%
_ (o—w)
cb 1/2 (14+t—7)t2 1/2
K= Ely
R kZ [o—w)
Tt

Note also that we have used above the precise form of the step-sizes as mentioned towards the end of Section 4.1 (main
paper). After applying the squaring technique (as in proof of Theorem B.I)), we have:

¢
4U2 _ t—1 +1 1-w
Z E[y?] < - " (14 t)“ +2((B17% + B3)cy + Bacari + Kcp +4U%c, + B4thc)%

Ad(l+t—m y=-2o—w)
2 1-20—-w)

a

= O(t*) + O(log? t - t17%) + Ot ~2e=)),

1 8KD

Dividing by (1 + ¢ — 7¢) and assuming ¢ > 27; — 1, we have

Y B/ +t-m)=00") + Ologt- %) + O(~> ).
k=T



B.3 PROOF OF THEOREM 2: ESTIMATING THE CONVERGENCE POINT OF CRITIC FOR
CONSTRAINED ACTOR CRITIC

We first describe the notations used here.

O = (5t7at75t+1)7
0 :=(s,a,s),

v*(t) == 0" (0, v(t)),
L} = L(6:, 7(1)),
my = vy — ¥ (1),
Yt = Ly — L:,

Q(Ovvaoa’}/a% Q+ Z hk*ak L(0a7)+vT<f;7fs))fsa (18)

T
z

o(s,a,8,7) ==Y (q-plals,;a,8)) + Y y(k)D_(h-pr(hls,a,5)) — ax),
q k=1 h
G(0,0,7) = By g pl(c(sia.5.7) = L(0.7) + (fo — f2)T0) fil,
A(O,v,0,7,q,h) := (v —v"(6,7),9(0,v,0,7,q,h) — G(v,0,7)),
Ag(O,L,0,v) :== (L(0,7) — L) fs.
In the above, h = (hy, ha, hs, ..., An).

Before we proceed further, we first state and prove Lemma 7 below that will be used in the proof of Theorem 2(estimating
the convergence point of critic) .

Lemma 7 From the definition of A(Oy, v, 0, 7(t), q(t), h(t)), for any 0 < 7 < t, we have
E[A(Ot, V¢, 9t,7(t), q(t), h,(t))] S C](T + 1)EH9t - 9t77-|| + CQka_l + CgEH’Ut - ’U(t - T)”
+ CaElym(t) — ym(t — 1),

where C1, Cy, Cs, Cy are positive constants and |, (t) — ym(t — 7)| = ,_max |vi(t) — vi(t — 7))

325,

Proof We have,

E[A(Or, vi, 01, 7(t), q(t), ()] = El(vr — 0" (0, (1)), 9(Or, vi, 01, ¥(t), q(2), h(t)) — G(vr, 0, 7(1)))]-

Note now that v, 0, y(t) do not depend on ¢(¢) and h(t). Hence we can write,

E[(ve = v (02,7(t)), 9(Or, vt 01, 7(1), q(t), h(t)) — G(ve, 0, (1))
= Es,rp,aimmo, se01~p E[(0 = 0" (04,7(t)), 9(Or, w1, 01, 7(t), q(t), h(t)) — G(vr, 00, Y(2))) |58, @ty Se41]]
= E[<Ut - v*(et’ ’Y(t))vg(Otv Ut 9t>'7(t)) - ?(Ufw 9t7’7(t))>]’

where,

g<0t7vt70ta7(t)) = (C(St7at75t+157(t)) - L(eﬁ) + vT(f; - fs))fsv

k=N

c(styar,5001,7(8) = (g Plalse asyse01)) + D WO (k- prlhlsi, ar, 5041)) — ).

q k=1 h

Let <Ut - U*(9t7’7(t))7g(0t;vt70t77(t)) - ?(Ut79t77(t))> = A(Otvvt79t77(t))' Note that we can decompose



E[A(Oy, v, 0;,7(t))] as follows:

E[]\(Ot,vt, Gf,’y(t))] = E[A(Ot,’l)t, 9f7’}/(t)) — A(Ot, ’Ut,et,")/(t — T))] +E[A(Ot,’0t, Gf,'y(t — ’T)) — A(Ot71}t, ot_-,—,")/(t — T))]

I, I
E[A(Os,vt,0;—7,v(t — 7)) — AOp, 047, 07, y(t — 7))]
I3
+ E[AO, v, 01— 7,7t — 7)) = MOyp, 047,04 v, y(t — 7))
Iy
E[A(Os, 47,0y 7, y(t —7))].

Is

For term I,

A(Oy, vt 01, 7(t)) — MO, vg, 04, 7(t — 7))

= (vr — v (0s,7(1)), 9(O¢, ve, 0, 7(t)) — Gve, 05, (1))
— (vr = v (O, y(t — 7)), 9(O, vt Op, y(t — 7)) — G(vt, Op, y(t — 7))

= (vt = v (01, 7(t)), §(Or, vt, 01, 7(t)) — G(Or, ¢, 04, v(t — 7)) + G(ve, O, y(t — 7)) — Gvr, Or, (1))
+ (W (0, y(t — 7)) — v (0, 7(t)), G(O¢, ve, 0, y(t — 7)) — G(ve, O, y(t — 7))

< 8U,N (Ue 4+ Ua)|Ym (t) — ¥ (t — 7)| + 4L2(Uy + Uy) |[Ym () — Y (t — 7)),

where |y, (t) — ym (t — 7)| = ,_max |vi(t) — vi(t — 7).
For the remaining terms Is — —I5, exactly similar analysis as Lemmas D.8—-D.11 of/Wu et al.,|[2020] can be carried out

to obtain similar claims. For terms I, and I5 we bound the expectation conditioned on 0;_,,y(t — 7),v;—, and s;_r11.
Hence, after combining all the terms we get

E[A(Or, 01,05, 7(1), q(t), h(1)] < C1(1 + D) E|0; — 0;—[| + C2bk™ ' + C3E v — v(t —7)]|
+ C4E|’Ym(t) - ’Ym(t - T)|,

where C, Cs, C3, Cy are positive constants. |

Proof of Theorem 2: Estimating the convergence point of Critic for Constrained Actor Critic

We use here the update rule of v; with projection. We shall assume here that the projection set C' is large enough so that
v*(t + 1) lies within the set C. If this is not the case, then the algorithm will practically converge to a point that is closest in
C to v*(t + 1). We avoid such a case by assuming that v* (¢ + 1) lies within C itself. Recall also that the set C' is compact
and convex which ensures that the point in C' to which the update with increment is projected to is the closest to it and is



also unique. Thus, we obtain using the definition of m, described at the beginning of this section that

Mgl = |0 (ve + a(t)defs,) — v*(t + 1)||
< lve + a(t)defo, — v* (¢ +1)|2
= |lme + a(t)d: f, +v*( ) —v*(t+ 1)

Hmt+a +Zlyk 7ak)7Lt+vtT(fSt+17fSt))fSt+v*(t)7v*(t+1)”2

= [|m¢ +a(t)(g (ot,ut,et, (1), q(t), h(t)) + Ag(Oy, Le, 04, ~(1))) + v* (t) — v* (t + 1) |2
= [|mel® + 2a(t)(my, (9(Or, ve, 04, 7(t), q(t), h(t))) + 2a(t)(me, Ag(Oy, Ly, 01, 7(t)))
+2(my, v () — v (t + 1))
+ [la(t)(g(O¢, ve, 0, (1), q(t), () + Ag(Oy, Ly, 0, 7(t))) + v*(t) — v*(t + 1)
< [Jmel|* + 2a(t)(my, (9(Or, ve, 0, (1), q(t), h(£))) + 2a(t) (my, Ag(Oy, Ly, 0;,7(t)))
+ 2(my, v*(t) — v (t + 1))
+2a(t)*[[(9(O¢, ve, 0, (1), q(t), h(t)) + Ag(Oy, Ly, b1, (1)
= [[mel® + 2a(t) (me, Glve, 02,7 (1)) + 2a(t)A(Of, vy, b1, ¥(t), g

) NIZ +2[o* (1) — vt + 1)1
(

+ 2a(t)<mt’Ag(Otth’9t7 ( ))> 2<mt’ ( ) ( )
(
(

t),h(t))

)
+2a(t)*[[(9(Or, vi, 00,7 (2), q(8), h(£)) + Ag(Oy, Le, 0, v ()1 + 2[[0* (t) — v* (t + 1)|1?
< lmel? + 2a(t) (ma, gve, 0,7 (1)) + 2a(t)A(Or, v, 04, ~(t), (), h(t))
+ 2a(t)(me, Ag(Or, Lt, 01, 7(1))) + 2(me, v* (t) — v*(t + 1))
+8a(t)*(Uy + Uy)? + 2[0* (1) — v* (t + 1)|%,

where the second inequality is due to ||z +y||? < 2||z]|? + 2||y||? and the third one is due to ||(g(O¢, v¢, O, ¥(t), q(t), h(t)) +
Ag(Oy, Ly, 0, v(1)))]| < 2(U,- + U,). Now, as a consequence of Assumption 2, we have

<mt7§(vta 9t7 V(t)» = <mtﬂ§(vt7 9t77(t)) - g(’U* t), 9757 V(t)»
= (my, B[(fy = f5)" (ve = 0*()) fs])
= mZE[fs(fg/ - fs)T]mt
=ml Am,
< _)‘6||mt||2v



where the first equation is because of the equation in Section 4.1 of the main paper. Taking expectations up to s;41, we have

Elmis1|” < Ellmel|® + 2a(t)E(me, G(vr, 0, 7(1),)) + 2a(t) EA(Oy, v, 01, 7(t), (1), h(t))
+ 2a(t)E(my, Ag(Oy, Ly, 04, 7(t))) 4+ 2E (my, v*(t) — v*(t + 1))
+ 8a(t)* (U, + Uy,)* 4+ 2E|v* (t) — v*(t 4+ 1)||?
< (1= 2Xca(t) El|mq?
+ 2a(t) EA(O¢, ve, O, v(1), q(t), h(t)) + 2a(t) E(my, Ag(Oy, Ly, 04, 7(t)))
+ 2E{(my,v*(t) —v*(t + 1))
+ 8a(t)2(U, + U,)? + 2E|v* (t) — v*(t 4+ 1)||?
< (1 —2Xca(t))Ellm?
+ 2a(t) EA(Oy, vt, 05, 7(t), q(t), h(t)) + 2a(t) El|my|||y:|
+ 2E[[mu[|[([[v* (62, v(#)) — 0" (0, v(E + D) + (|07 (0, v (E + 1)) — 0" (Opg1, v (¢ + 1))
+ 8a(t)*(U, + U,)?
+AE[[|[v* (0, 7(t) = v* (0, (¢ + 1)1 + [[0* (05, (¢ + 1)) = v* (Brp1,v(t + 1))]|]
< (1= 2Xca(t) El|mq?
+ 2a(t) EA(Oy, vi, 01, 7(t), q(t), h(t)) + 2a(t) El|m || |y:|
+ 2B mu||(L2l|vim (1) — v (t + D + L1[|0: — Or411))
+8a(t)*(Uy 4 Uy)? + 4E[L3|ym (t) — ym (t + D)1 + L3[16: — 0111 [|°]
< (1 —2Xca(t))Ellme?
+ 2a(t) EA(Oy, ve, 0, v(1), (1), h(t)) + 2a(t) E||me ||y
+ 2E||my||(La(Ue 4+ Ug)e(t) + 2D L1 (U, + U,)b(t))
+8a(t)* (U, + U,)? + 4E[L3(U. + Uy)?c(t)? + 4LTD?* (U, + U,)?b(t)?]
< (1= 2Xca(t) El|mq?
+ 2a(t) E[A(Oy, v, 04, v(), q(t), h(2))] + 2a(t) Elmel| |y
+ 2((La(U. + Uy) + 2DL1 (U, + U,))b(t)) E||my]|
+ 8a(t)? (U, 4+ Uy)? + 4L3(U, + U,)? + 16 L2 D?* (U, + U,)?)).

Rearranging now the terms in the inequality results in the following:

‘ .

2AE[me|* < —< (Ellme]|* = Ellmes1]|?) + 2EA(Oy, vr, 01, 7(t), (t), h(2))

IS

(t

\_/

2B myllys] + By ”E ’)>E||mt|| + Cyalt)

(Bllm|® = Ellmy1[|?) +2BA(Oy, vi, 05, 7(t), 4(t), h(t))

b(t)
+2v/E|m¢|?\/ Ey? + B, "0 \/EH ¢||? + Chalt

‘ .

<
a(t

—~
\_/

where

B, = 2((La(U, 4+ Uy) + 2D Ly (U, + U,)),
C, =8((U, +U,)? +4L3(U. + Uy)? + 16 L2D*(U, + U,)?)).



Now,

t t
1
2\ Y Ellml* < Y @(Ellmkllz = Blmiia]?)

k=T1¢ k=7¢

I
t

+2 Z EA(Ok,Uk, 91677(]{:)7

a(k), (k) +2 ) VEmi|?\/Ely7]

k=1 P
I b
 b(k) :
B, 2\ E 2 . |
! q,; a(ry) V Ellml *quz:a(@ (19)
‘_Tf/ /:Tt
Iy A
Consider now the term I;. We have the following:
‘o1
I := —(F 2 E 2
1 kZ a(k)( ([ [mps1)?)
—7
t
1 1 1
= — — ——)F 112+ — g 2_ _~ p 9
]; <a(/€) a(k — 1)) [[m]|* + am—1) [l |l o) I |
t
1 1 1
= —— ——)F A i 2
< k; (a(k) ak — 1)) [mell® + E s, ||
t
1 1 1
< 4U? _
= U’U(k; (a(k) a(/ﬁ—l))+a(rt_1))
1 U?
AU — 4V (1 L)Y = O,
U, (@) Ca( +1)¥ = 0O(t)

For the term I5, note that

t
Iy =2 E[A(Ok, vk, 0k, (k), q(k), h(k))]
k=T
t t
<ADCY(U, + Uy) (7 +1)* Y b(k — 74) + 2Co
k=1¢

t—T¢

> ()

k=1

t—T¢

+AC (U + Uy)7e Y a(k) +2C4(Ue + Ua)y Y _ c(k)

k=0

t—7y

k=0

<ADCY(U, + Uy) (1 + 1) Y b(k) + 2Co(t — 7 + 1)b(t)

k=0

t—T¢

+ (AC3 (U + Ui + 2C4(Ue + Ua)m) S alk)

k=0
1 _ 1—0o
< 4DCH (U, + V) + 10, L =TT
— 0
+ (4C5(U, + Uy) 1t + 2C4(Ue + Uy ) Te)Cq

4DCy (U, + U, 1)?
1(Ur + Uy) (1t + )Cb+2026b+

IN

+205(t — 1+ Dep(1+8)7°

(1 + t— Tt)liw
1—w
(403((]7- + UIU)Tt + 204(Uc + UO()Tt)Ca

[ 1-0
= O((log t)*t*~*).

Ja+ o



Now, we get the following inequalities for the terms I3, 14 and I5, respectively:

t
I :QZ\/EHmk Byz <2( Y By2)*( ZEH )12,

k=1 k=7¢ k=1¢
t t—T¢
b(k) b(k)? 1/2 1/2
I, =B — W FE 2 < F
: qu_Tj 2 VETm _<k:0ak k}; Im

15_02 ) < Cuea(l4+1)9/(1 —w).

k=14

Combining all the terms, we obtain

2\ Z Bllmy||* < (1 1)

k=1
4DC (U, + U, 1)2 4C3(U, + U, 2C4(U. + U, Cy)ca
L (DO Ut VP |y (AT, + U+ 2C(Ue + Ui+ Codeay i
1—0 1—w
t—T1¢

1/2 1/2 b(k)? 1/2 1/2

ZE ZEH O L ZEH

k=1 k=T k=0 k=1

We assume ¢ > 27, — 1. After substituting the value of y;, and applying the squaring technique as in the proof of Theorem 1,

we obtain
1 logt 1
(Z Bl —v* ||2)/<1 tt-m)= O(tw) +0( = ) +0(t2<w>>~

Remark 5 It is important to mention here that the requirement that v{, | lies within the projection region C has also been
made by Wu et al.,| [2020|] except however that they assume that the set C' is a ball of some radius R.,,. We do not assume
any such structure on the set C except that it be compact and convex which suffices for our purpose.

B.4 PROOF OF COROLLARY 1

Note that we have the following result from Theorem 1:

Jnin Bl VL0, (k NIP) = 0(t7~7)) + O((log )*t™7) + Oleapp) + O(e(t)), (20)

where,

t t
= (2) Ell Al +8 ) ElBi|*)/(1 +t—7),
k=1 k=1

Ap = Ly — L(Og,(k)),
By, = v — v(0k, y(k)).

Now, from the results of Theorem 2, we have
e(t) = Ot~ + Ologt - t7%) + Ot~ 27~y
Substituting the above in (20), we have
Join B[ VL0, v(k)|*] = O(t7~") + Olog” t - t77) + O(t*~") + O(logt - #7) + Ot~ 7)) + Oleapy)

= Ot" )+ O(log?t - t™) + O(t“™1) + O(t~27)) + O(eapp)
= Ot P) + O®log? t - t7%) + Ot 27=“)) + O(eqapp)-



The second equality holds because w < o while the third equality is true because ¢ — 8 > w — 1. Optimising over the
choice of w, g, 5, we obtain w = 0.4, 0 = 0.6 and 3 = 1. Hence,

: 21 _ 2, ,—04
min B[ VL8, 7(k)[*) = Oflog? ¢ 14) + Oleay).

Therefore, in order to obtain an e-approximate (ignoring the approximation error as withWu et al.,|[2020]) stationary point
of the performance function L(6, ), namely,

min E{|VL(6 ()] = Olog> T - T~04) + Oleapy) < Oleapy) + ¢,

we need to set T = O(e2).

B.S PROOF OF THEOREM 3

We use the following notation here.
C(Ov 97 ’77 qv h7 G) = <VL(03 7)7 G_lH(07 01 'Y, q7 h)EO/7q,h[G_1H(OI7 07 ’Y’ q7 h)]>7

where H(-) has been defined in the proof of Theorem 1. Further, 0" = (s, a, s ) denotes the independent sample s ~ f1g,
a ~ mp, s ~ p(s,.,a). Hence, Eo’,q,h['] denotes the expectation w.r.t. the joint distribution of s ~ ug, a ~ my,
s ~p(s,.,a),q~p(|s,a,s), h; ~pi(|s,a,s),i=1,...,N.The remaining notations are the same as those used in the
proof of Theorem 1.

Now we will state and prove Lemma 8§ below that will be used in the proof of Theorem 3 . Moreover, the proof of Lemma 8
shall rely on Lemmas [8.TH8.3| that we also state and prove in the following. Finally, collecting all these results together, we
shall obtain the claim for Theorem 3.

Lemma 8 Foranyt > 0,

t

E[¢(Or, 05, 7(1), (1), h(), G(0))] = —=(Di(r +1) > Elll0k = Op-al] + D2bk™ "+ T1 D> Ellym(i) = ym(i — 1)]]
k=t—74+1 i=t—7+1

+Ta Y, EIGH T =Gli-1)7),

i=t—7+1
where D1, Dy, T, T are positive constants and ¢ > 7 > 0.

Proof We have

E[C(Or, 01, 7(t), q(t), h(t), G(1))]
= FE; ~p7at~7re,,sf+1~p[E[<VL(9ta'Y(t))aG(t)_lH(Otaeu (t),q(t),h(t))

— Egr g n[G()7! H(O', 01, 7(t), a. W) st az, st41]]
= E[(VL(0:,7(t)), G(t) "H(Oy,01,7(t) — Eoy o, n[G(t) " H(O', 01, 7(t), ¢, h)])]
= EKVL(@,:, ))7G(t) 1H(Ot79ta ( )) E /[ h[G(t)_lH(O ’etv'Y(t)’qvh)'S’aa S,]D]
= BE[(VL(0:,7(t)), G(t) " H(O, 0, 7(t)) — Eoy [G(t) " H(O', 0, 7(1))))]
E[Q(Otaoh (t)aG(t))]a
where
E[(Ov 9a7) = (C(S’ a, Sla’)/) - L(97 ) + (fs/T - fST)v*(97’7))VIOg7T9(a|S)7
k=N
(s, a,5 ,7) = Z(q -plqls,a,8)) + Wk(Z(h -p(hls,a,s)) — o).
q k=1 h

The proof makes use of the supporting lemmas [8.TH8-3| below.



lemma 8.1 Foranyt > 0,

Q04 01, 7(8), G(1)) = Q(Or, 0, 1(1), G(t = 7))| < Tal|G(6) ™! = G(t =),
for some Tz > 0.

Proof The following holds:

Q(Ot,eta’Y(t),G(t))*Q(Otvet, (t),G(t—7))

= (VL(0:, (1)), G(t) " H(Oy, 01, %()) — Eey [G(t) " H(O', 0, 7(1))])

— (VL(0:,7(t)), G(t — 7) T H(O4, 0,7(t)) — By [G(t — 7) T H(O', 0, 7(1))))
)7

= (VL(01,7(1)), (G(t) ™" = G(t — 7)) H(Oy, 04, 7(t)) — Eor [(G(t G(t —7)"HH(O',0:,~(t))])
< 2D(Uy + Uy)[[VLOs, v IG() ™" = Gt — 7)1
<2D(U, + U)UL|Gt) ™ =Gt — )71

The claim follows by letting T; = 2D (U, + U, )Uy, > 0.

lemma 8.2 Foranyt > 0,

Q04 01, 7(8), G(t = 7)) = Q(O4, 04,7t = 7), G(t = )| < Tilym(t) = ym(t = 7)|
for some T7 > 0.

Proof Denoting O = (s, a, s ), we have for any 0, ~;, vo, that

Q(07 97717 G) - Q(anerQ? G)
= (VL(0,4"), G H(0,0,7") — B/ |G H(O,0,7")]) = (VL(8,7%), G H(0,6,7”) = By [G™'H(O,6,7%)])

G

O

= (VL(0,7"),G 1H<O 0,4") — Eey[GTYH(O',0,4")]) = (VL(0,74"), G H(0,0,7*) — Ee/[GTH(O',6,4%)])
+(VL(0,7"),G"'H(0,0,*) — E /[G*H(O’ 0,7)])) = (VL(6,4%), G H(0,0,7*) — Ey[G™'H(O',6,%)))

= (VL(0,7").G 1H<0 0,9') = GT'H(0,0,9%) — By [GT'H(O',0,7")] + Ey[GT H(O,0,7%)))

I
+(VL(#,7") = VL(0,7%),G " H(0,0,7*) — By [GTLH(O',0,7%))),

I

where G is a non-singular square matrix and |G| < Ug. We have by lemmal|2] that

IVL(0,7") = VL0 < Clyy, —

ml-

Now,
|H(0,6,7%) — H(O,0,4%)]
= |l(e(s,a,8',41) = e(s,a,8",7%) — L(O,4%) + L(0,7%) + (fo 7 — fT) (0 (8,4") — v*(6,72)))V log mg(als)

< D(‘c(87a’3/771> - C(S’a73,7'72)| + |L(9’71) - L(9’72)| + 2””*(9,71) - U*<9772>||)
< DN (Ue + Ua) [ = Vil + 2L2 v = viml)5

where |y}, — 42| = L max |7+ — ~2|. Hence (for the term I7), we have that

I S4D(N (U, + Ua) + La)[[VL(O,7")|Ug |7, —

Now observe that (for the term I5),

m|'

I < [|VL(0,7") = VL0, || H(0,0,7%) — Eo/ [H(O',0,77)]]|
<4AD(U, + U,)|[VL(0,4") — VL(0,7°)|
<4DC(U, + Un)Uclvp, — il



Combining the RHS of the two terms, we obtain

|Q(Oa 9’717 G) - Q(Ov 07727 G)‘ < T1|’7'r1n -
where Ty = 4AD(N(U, + Uy) + L2)ULUg + ADC(U, + U,)Us.

V21,

lemma 8.3 For any t > 0,601,602, G,y = (71,72, .., yn)T with 0 < ~; < M fori € {1,2,,,..,N} and G being a
non-singular square matrix with |G=1|| < Ug,

|Q(Oa01777G) - Q(0762a73G)| < T2||01 - 92”7

for some Ty > 0.

Proof Denote O = (s, a,s ). We have for any 64, 65, v, G, the following:

Q(0,61,7,G) — Q(0, 02,7, G)
= (VL(61,7), G H(0,01,7) — Eey[GH(O',01,9)]) — (VL(62,7), G~ H(O,02,7) — Eoy (G H(O', 62, 7)])
= (VL(61,7), G H(0,01,7) — Eoy[GH (O, 01,7)]) — (VL(61,7), G H(0,05,7) — Eoy[GH(O', 62,7)])
+(VL(01,7), G H(0,02,7) — Eoy [G H(O',65,7)]) — (VL(02,7), G H(0,63,7) — Ecy [GT'H(O',02,7)])
= (VL(01,7), G H(0,01,7) = G H(0,03,7) — Ey |G H(O',01,%)] + Eoy [G ™ H(O', 02, 7)])
I
+ (VL(01,7) — VL(02,7), G H(O,02,7) — Eey[GT H(O',02,7)]) .

1>

Now,
HFI(Oﬁl,’Y) - H(070277)H
=l(c(s,a,5",7) = L(61,7) + (fo " = fs Jv*(61,7))V log g, (als)
— (c(s,a,5,7) — L(B2.9) + (fo " = £" )" (02,7))V log mg, (als)]|
<le(s, a8, 7) = L(01,7) + (fo = £7)07(01,7))(V log m, (als) — Vlog ma, (als)) |
+ (L (B2,7) = L0, y) + (fo " = £) (0" (01,7) — v*(01,7))) V log mo, (a] )|
2(Uy + Uy) My |01 — 0| + D(IL(62,7) — L(81,7)| + 2L1]|01 — b]]).
Also, clearly

[L(01,7) — L(62,7)|
N N

=Y o (s) Y, 7o, (s,a)(d(s,0) + Y V(R (hk(s,0) —ar)) = > po,(s) D> mo(s,a)(dls,a) + Y y(k)(hi(s,a) — )]
k=1 k=1

sesS a€A(s) s€S a€A(s)
< 2U,dry (e, @ oy, fo, @ To,)

< 2U,,|A|L(1 + Mlog, b~ +1/(1 — k)) 161 — 0]
= CL]6 — 65

Hence,

IH(O,01,7) — H(O,02,9)|| < 2(Uy + Us) My ||01 — 65| + DCL||01 — 0| + 2L1 D)6 — 6]].



Also, note that

| By [H(O',601,7)] — Egr [H(O',62.7)]]
= HE«91[ 1 (0/791a7)] - E@z [E(O/59237)]||
< HE91[ g (0,79177)] — Ep, [H(Olae%')/)]” + ||E01 [H(O/762a7)] — Ey, [H(O/’9277)H|

< E91||H(O/3017’Y) - H(O/aa%’)/)” +4D(UT’ + UU)dTV(LLgl & oy, o, & 7T92)

1
< |2(U, + U,)M,, + DCy, + 201D + 4D(U, + Uv)|A|UTL<1 + Mlogy b1 + l_k)] 161 — 0
= As||0; — 6]

Thus, we have

I < 2ULUG(U, + Up) My |01 — || + ULUcDCL||01 — 02| + 2ULU L1 D||01 — 02| + UgULAs||61 — 65]].

For the term I, we have

I <|[VL(61,7) — VL(O2,))|[|GH (O, 02,7) — Ee/ |G H(O', 02, 7)]]|
< 4D(UT + Uv>UgML||91 — 92”

The last inequality follows from Lemmal[]

Finally, we have
Q(Oa 917’77 G) - Q(Oa €2a v, G) S T2||91 - 92”;
where,

Ty, =2U0LUq (U, + Uy)My, + UUaDCL + 2ULUgLy D + UgUL Ay +4D(U, + U,) Ug M7,

1

lemma 8.4 For any t > 0,conditioned on 0y_.,v(t — 7) and G(t — T),

E[(Q(O, 81—r,1(t = 7),G(t = 7)) = Q(Or, b1—r, Y(t = 7), Gt — T)|b—r, 7 (t — 7). G(t — 7))
< 2DUG(U, + U)ULIAIL Y E|6; — 0, |

i=t—T1

Proof By the definition of Q(O, 0,7),

E[(Q(0,0;—+,7(t = 7),G(t = 7)) = Q(Oy, 01—7,7(t = 7), G(t = 7))|01—7,7(t = 7),G(t — 7)]
= E(VL(b;—7,7(t —7)),G(t = 7) " H(O1, 0, y(t = 7) = G(t = 7) " H(Oy, 047, y(t — T))|6r—7,Y(t — 7),G(t — 7)]
= Bl(VL(Oi—r,y(t — 7)), G(t = 7) " H(O4, 01—, y(t — 7))
— (VL0 7,7t = 7)), G(t = 7) " H (O, 01—,y (t = 7)1, (t = 7), G(t = 7)]
< AUGD(U, + Uy)Udry (P(Oy = |$t—r41,0¢—7), (P(Or = |st—741,01—)).

Now,

t
~ 1
drv(P(Or = [$t—741,01—7), (P(Or = [$t—741,0t—1)) < §|A|L Z El0; — 0:—~||.

1=t—T



This inequality follows in a similar manner as the proof of Lemma D.2 of |Wu et al.,| [2020]. Hence,

B[Q(O1,01—7,7(t = 7),G(t = 7)) = Q(Oy, 61—, 7(t — ), G(t = 7)) |61, 7 (t — 7),G(t — 7)]
< 2DUG(U, + U, )ULIAIL Y E|6; — 6, |-

1=t—T

The claim follows.

lemma 8.5 For any t > 0, conditioned on 0,_.,~v(t — 1) and G(t — 1),

|E[(Q(Oy, 01—z, 3(t — 7),G(t — 7)) = Q(O4, p—r A (t — 7), G(t = T))|Op—r, Y (t — 7),G(t — 7)]]
<4DUg (U, + U,)Ubk™ .

Proof

BlQ(O¢, ;- y(t — 7),G(t — 7)) = Q(O}, 0r—r, 4(t — 7), Gt — T)|Or—r,(t — 7), G(t — 7)]
(VL(Or—r,y(t = 7)), G(t = 7) " H(Op, 01—, y(t — 7)) — Gt — 7) " H (04, Oy, y(t = 7)) |Os—r, y(t — 7), Gt — 7))
[(VL(Or—r,y(t = 7)), G(t = 7) T H(Or, 01—, 3t — 7))
— (VL(O—r,A(t = 7)), G(t = 7) " H(O,, 0,y (t = T))))|Oe—r, y(t — 7), G(t — 7))
<4DUq(U, + U,)Urdrv (P(Oy = .|St—r41,01—7), o, , @ mp, . @ P)
<4DUG(U, + U,)Urbk™ ",

=K
=F

The last inequality comes using an inequality on the total variation distance that is shown in the proof of Lemma D.3 of |[Wu
et al.,| [2020].

Proof of Lemma|8}

We decompose E[Q(O:, 0:,7(t), G(t))] as:

E[Q(O¢, 01, 7(1), G(1))]
= E[Q(04,0:,7(1), G(t)) = Q(O4,0:,7(1), G(t = 7))] + E[Q(Os, 04, 7(1), G(t — 7)) = Q(Oy, 0, 1(t = 7), G(t — 7))]

+ E[Q(04, 01,7t = 7), G(t = 7)) = Q(Op, 7,7 (t = 7), Gt — 7))]
t

),
),

+ E[Q(Ot7 015—7’77( -7 G(t - T)) - Q(Ot7 et—Tv 'Y(t - T)’ G(t - T))]
+ E[Q(Ofa 9t—7’7 7(75 - T G(t - T)) - Q(O;7 et—‘rv V(t - T)v G(t - T))} + E[Q(O;a 015—7’5 7(t - T))]a
where Ot is from the auxiliary Markov chain and O; = (84,04, S¢+1) is from the stationary distribution with s; ~

[, ., ar ~ To, ., Si41 ~ P(si,.,a;) and which actually satisfies E[Q(O;,0,_,,~(t — 7))] = 0. By collecting the
corresponding bounds from Lemmas [8.TH83] we have



t
E[Q(04: 01 7(t), G(t)] = =Ty Elym(t) = Y (t = 7)| = ToE||6; = ;| = 2DUa(Uy + U,)ULIAIL Y E|6; — 0,

i=t—T

—4DUG((U, + U, )ULbk™™ — T E|G(t) ™ =Gt — )7}

t t
> Ty Y, Elym@) —m(i—-1)|-Ta > Elf;— 6]
i=t—7+1 i=t—7+1
t A
—2D(U, + U)ULIAIL > > E|6; — 01| — 4D(U, + U, )ULbk™ "
i=t—74+1 j=t—741
~TgEGH) ™ =Gt —n)7|
t t
> =T Z Elym (i) — ym (i — 1)[ = T2 Z E|0; — 0,1
i=t—1+1 1=t—7+1
t
—2D(U, + U)UL|AILT Y E|6; —0;1]| — 4D(U, + U, )ULbk™

j=t—7+1

—TGE|GH) ™ =Gt —1)7Y

t t
> —(Dy(1+1) Z E||0x — Ox—1|| + Dobk™ ' + T} Z Eym (i) — Ym (i — 1)
k=t—71+1 i=t—7+1

+Te Y, EIGH T =Gi-1)7),

i=t—7+1

where D; := max{T5,2DUq (U, + U,)UL|A|L} and D5 := 4DUq (U, + U, )Uy, respectively, which completes the
proof. |

Under the update rule of Algorithm 2 for the actor, we have:

9t+1 = et + b(t)G(t)_l(St\I/stat.

=G(t) Nq(t) + V() (hie(t) = k) — L0, y(t)) + L(Or, (1) — Le + (f(s041)" = f(s0)") (v — v})
=1
+ (f(se1)" = f(s0) ")}V og 7, (ar|se)
= G(t) (L0, () — Li + (f(se41)" = f(5)7) (ve — v}))V log 7, (as|s¢)
k=N

+GO ) + Y ) (he(t) = ar) = L0, 7(1) + (f(se41)" = F(s0)T)v;)V log o (x| s:)
k=1

= G(t) " (AH (O, Ly, v1, 04, 7(8)) + H(Oy, 04, 7(8), 4(t), h(2))).

We have,



=G 'Egr gpla+ Y v(k)(hi — o) = L(0,7) + VO (') = VIO (5))V log g (als)]

where Eq , ,[-] denotes the expectation W.r.t s ~ pg,a ~ o, s ~p(s,.,a),q~p(]s,a,s), hi ~pi(.]s,a,s ). Hence,

L(Ory1,7() = L(0r,7(t)) 4+ b() (VL(0;,¥(t)), G(t) "' AH(Oy, Ly, vy, 04, 7(t)) + G(t) " H(Oy, 04, 7(t), q(t), h(t)))
— Mpb(t)?[|G(t) ™16,V log ma, (as|s¢) ||
> L(0:,7(t)) + b(t)(VL(0r,7(1)), G(t) "' AH(Oy, Ly, vy, 01, 7(t)))
+ b(E)(VL(0:, (1)), G(t) " H (O, 01, 5(t), q(t), (1)) = Egyr gy iy [G() T H(O', 04, 7(1), a(), h(t))])
+ B (VLO:,7(1)), Eor gy nio [GE) T-H(O, 04, 7(2), q(t), h(£))]) — Mb(t)?||G(£) " 6,V log 7o, (ass1) |
> L0y, 7(t)) + b(t)(VL(0r,7(1)), G(t) "' AH(Oy, Ly, vy, 01, 7(t)))
+b()C(Or, b5, 7(1), a(8), h(1), G (1)) + b(t) (VL (B2, (1)), G(t) "V L(G:, (1))
+ () (VL(0y, 7(t)), Eoy [G(t) T AH (O, 04, ~(t))]) — Mpb(t)?]|G (£) 18,V log mo, (ar|sy )|
= L(0,~(t)) + b(t)(VL(0:,7(1)), G(t)~ 1AH(Ot Ly, v, 01,7(t)))
+0(t)C(Or, 01, 7(1), a(t), h(1), G(1)) + bE)AIV L(Bs, v (1)) ||
+b(E)(VL(01,7(t)), Eo [G(t) T AH (O, 04,7 (1))]) — MLb(t)?||G(t) 716,V log ma, (as]s:)|*-

The last inequality holds as G(¢)~! is a positive definite and symmetric matrix with minimum eigenvalue > \. After
rearranging the terms and summing the expectation of the terms from 7 to ¢, we have

AY EIVLEA0)]? < Z% L(Bher. (k)] = BLL (O, (k)

szf,

I
— > E(VL(6x,7(k)), G(k) " AH (O, Ly, vk, Ok, 7(k)))
k=T

I
t

— Y ElC(Ox, 0, 7(k), q(k), h(k), G(k))]

k=T1¢

I3
— > E(VL(Ok,v(k)), Eey [G(k) " AH (O, 05, v(k))])

k=1

Iy

+ Z b(k)E[My||G (k)™ 6,V log 7, (ar|sk)||?] -

th

Is

For term I,

3 5 (BlE 02 ()] = B < Bule =+ 1)/ 4 Bafi + )

k=74



This inequality comes from part I; of Section B}

For term I,
t
- Z E<VL(0/€”7(]€))7G(k)ilAH(OkaLkavk50k77(k‘))>
k=1¢
t t
<\ D EIVLORAR)I2,| D EIG(Kk) " AH (O, Li, vk, 0, ¥ (k)|
k=T¢ k=1
Now,

E||G(k) "' AH (O, Li, vg, 01, 7 (k) |12

= E||G(k) " (L(Ok, v(k)) = Li. + (f(sk1)" = f(si) ") (0(k) = v(0k, v(k))*))V log 7o, (ar|si) |
< UZD?(2E| Al + 8E|| By|?).

Hence,

k=1¢ k=T

I < DUG\J > EHVL(GM’Y(]"’))QJ > (E| Akl + 8E|| By ).

Next, for the term I3, we have

t

E[C(Or, 01, 7(8), a(0), h(t), GO)] > ~(Di(r+1) S Bl — b + Dabk™  + 10 S Elypa(i) — (i — 1)

k=t—7+1 i=t—7+1

+Te Y EIGGEH)™ =G —1)7').

1=t—7+1

We can write

. A
By letting 7 = 7, we have

E[C(Or, 01, 7(K), (k). h(k), G(k))] = —(2D1D (7 + 1)*(U, + U, )Ugb(k — 72) + D2b(t)

+ Ty (Ue + Un) (1 + Ve(k — 73) + Ta(re + )UE(Ug + D*a(k — 1)).

After simplifying, we have

t

> E[C(Ok, Or, (k). q(k), h(k), G(K))] > —As(re +1)°(1 +1)' 7

k=1

for some A; > 0. Now, for term I, we have

> EB(VL(O: (k). By [G(k) 7 AH (O, 04, v(K))]) > —2DULUgeapp(1 +t — 7).

k=T



Also, for the term 5, we have

t
D b(R)E[ML||G(k) ™6,V log mg, (ar|sk)|*] < Cr(1 4+t — 1),

k=T1¢

where C is a positive constant. After combining all terms, we have

A EIVLE (k)P < O+ 1) 747) 4+ O((r + 1)L+ 1))

k=1¢

+DUq\| > EIVLOr (k)2 | D (2E[A}] + 8E[B}])

k=1: k=1

+2DULUGEapp(1 +t — 7).
Dividing now both sides by (1 + ¢ — 7¢) and assuming ¢ > 27 — 1, we obtain
t

A EIVL(Ok, v (R)IP/ (14t —7) <O+ )77 + O((r + 1)°(1 + ) ™) + 2DULUg €apy

k=T

t

; S (2E[A2] + 8E[BY))
3" EIVL(Ok, (k)2
k=1

1

1+t*7’t

DU,
+ @ 1+t*7’t

After applying the earlier square technique, we obtain

Y EIVL@ v (k)IP/(L +t = 7) = O@7F) + Olog?t - ) + Oleapp) + O(e(1)),

k=T¢

where €(t) = Zf: (2E[AZ] +8E[B:) /(1 +t — 7).

szf,

B.6 PROOF OF THEOREM 4: ESTIMATING THE AVERAGE REWARD FOR CONSTRAINED NATURAL
ACTOR CRITIC

We will use the same notations as used in Section[B.2]
Proof of Theorem 4

From the algorithm we have the update rule as

k=N
Loy = Lo+ a(t)(q(t) + Y w(6)(hae(t) — aw)) — Ly).
k=1



Unrolling the above recursion, we have

yt2+1 = (Lt+1 - L:—&-l)Q

k=N
= <Lt +af(t) ((J(t) + 2 ) (hk(t) — o) — Lt) Lfﬂ)

k=1

2

2
:(yt+L:—Lt+1+a ( +Z’yk —Oék)—Lt>>

= y7 + 2a(t)ye(Cr — Ly) + 2y (L} — L:+1) + (Lf = Ly +a(t)(Cy — Ly))?

< y7 4 2a(t)y(Cr — L) 4 2y¢ (L7 — Liyy) + 2(Ly — Lyy1)* + 2a(t)*(Cy — Ly)?

=yi — 2a(t)y; + 2a(t)y; + 2a(t)y:(Cr — Le) + 2y:(Ly — Liyy) + 2(Lf — L) + 2a(t)*(Cy — Ly)*
=i —2a(t)y; +2a(t)ye(Cr — Ly +ye) + 2y:(Li — Liyy) +2(Lf — Liy)® + 2a(t)*(Cr — Ly)®

= (1= 2a(t)y7 + 2a(t)ye(Cr — Ly) + 2ye(Lf — L) + 2(L; — Liq)? + 2a(t)*(C — Ly)?,

where C; = q(t) + Yok= v&(t) (hx(t) — o). The first inequality is due to (2 + y)? < 222 + 2>,

Rearranging and summing from 7 to ¢, we have

Z Ely7] < Z 2a(k - ylz~c+1) + Z E[é(ok,Lk,ek,’yUg),q(k)’ h(k))]
k= k=m k=1¢
I Y
© 2 Pl 3 Pl !
Is b
+ > alk)E[(Cr — Li)?).
k=T
I

After carrying out an analysis similar to that of section[B.2] we obtain

Z Eli]/1+t—7)=00""") +O(log’t - ™) + (’)(t—%f—w).
k=1

B.7 PROOF OF THEOREM 4: ESTIMATING THE CONVERGENCE POINT OF CRITIC FOR
CONSTRAINED NATURAL ACTOR CRITIC

The update rule for the critic in Algorithm 2 is similar to the one in Algorithm 1. Hence we will get the inequality (19) for
natural constrained actor critic also. After carrying out an analysis similar to Section[B.3] we get

(Z Bljog — v* ||2)/(1+t—7't) _ o(t L ) +0<1°gt) +0(t2(01_w)>.

k=1

B.8 PROOF OF COROLLARY 2

We have the following result from Theorem 3:

o E[[V L8k, (k)% = O(77)) + O((log t)*t™*) + Oleapp) + O(e(1)), @2n



where,

e(t)= (2 ElAP+8 ) EIBl?)/(A+t—m),

k=1 k=T
Ak: = Lk: - L(eka’)/(k))v
By, = vg — v(0k, y(k)).

From the results of Theorem 4, we have

€(t) = O(t“’fl) + O(logt . tfw) + O(t72(o'7w)).

Putting this back in (1)), we obtain

min B[ VL6 1()|%] = 07 ) + Olog? ¢+ 17) + O(t*"1) + Ollogt 1) + Ot~ ) + Olcapy)

= Ot P) + O®log? t - t7%) + Ot~ 1) + Ot 2=)) + O(eqapp)
=07 )+ O(log?t - t*) + Ot~ 27=)) + O(eqpp)

The last equality above again holds because (o — §) > (w — 1). Optimising over the choice of w, o and 3, we have w = 0.4,
o =0.6 and 3 = 1, respectively. Hence,

. 21 _ 2, ,—04
min B[ VL0 A0 = Olog”t - 104) + Oleapp).

Therefore, in order to obtain an e-approximate (ignoring the approximation error as withWu et al.,|[2020]) stationary point
of the performance function (L(0, -y)), namely,

min E{|VL(6 ()] = Olog> T - T~1) + Oleapy) < Oleapy) + ¢,

we need to set T = O(e2).

C EXPERIMENTAL SETTING

For detailed information about the settings involved for the three Safety-Gym environments, Safety-PointGoal1-v0 (SPG1-
v0), Safety-CarGoal1-v0 (SCG1-vo) and SafetyPointPush1-v0 (SPP1-v0), respectively, please see Safety Gymnasium. We
experimentally compare C-AC and C-NAC algorithms with C-DQN on the three settings.

The C-DQN algorithm is obtained from the algorithm Deep Q-Network (DQN) Mnih et al., | [2015] by (a) modifying the
basic setting to incorporate the average reward framework from the discounted reward setting considered there and (b)
relaxing the constraints to form a Lagrangian in a similar manner as the C-AC and C-NAC algorithms. We also update the
Lagrange parameter using the same updates as C-AC and C-NAC, respectively. This ensures a fair comparison across all the
algorithms. Note, however, that such an update of the Lagrange parameter had not been used previously in the context of the
DQN algorithm. We have taken the threshold level to be 0.1 for all the settings.

We observe that the constraint threshold is satisfied by all the three algorithms in the three different environments. Table 3]
exhibits the values of the constraint costs (both average and standard error) over ten independent runs of each algorithm. As
can be seen from the table as well as the bottom row of plots in Figure[I] the constraint threshold is met by all the three
algorithms on each of the settings.


https://safety-gymnasium.readthedocs.io/en/latest/environments/safe_navigation/goal.html

Table 3: Comparision of C-AC , C-NAC and C-DQN in terms of constraint cost & standard error.

Algorithm | SafetyPointGoall-v0O | SafetyCarGoall-v0 | SafetyPointPushl-v0
C-AC 0.038 £ 0.026 0.0195 £ 0.027 0.028 £ 0.018
C-NAC 0.049 £ 0.045 0.047 + 0.046 0.0295 + 0.032
C-DQN 0.039 £ 0.023 0.00872 + 0.0076 0.035 + 0.022
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