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ABSTRACT

Inverse problems, which are generally ill-posed, aim to identify the unknown pa-
rameters of a physical system from the observations of its output. A large class
of inverse problems for partial differential equations (PDEs) are only well-defined
as mappings from operators to functions. However, existing operator learning
frameworks either do not explicitly account for the underlying operator space or
solve the inverse problems in a Hilbert space. Meanwhile, it has been shown
that a Banach space setting for the parameter space would be closer to reality for
a wide range of problems. Driven by this, we introduce AFDONet-inv, a novel
neural operator solver whose design is rigorously guided by adaptive Fourier de-
composition (AFD) theory, to solve inverse problems for PDEs in a Banach space.
Each component of AFDONet-inv’s architecture, including primal and dual nets,
latent-to-RKBS (reproducing kernel Banach space) network, and dynamic convo-
lutional kernel network (CKN), has a corresponding component in the AFD op-
eration in Banach space. This way, AFDONet-inv is mathematically explainable
and grounded in the AFD theory and possesses several desirable properties. Ex-
tensive experiments demonstrate that AFDONet-inv outperforms state-of-the-art
inverse PDE solvers in terms of solution accuracy.

1 INTRODUCTION

A wide range of scientific and engineering systems and phenomena, including fluid dynamics, heat
and mass transport, structural mechanics, and cell growth, can be characterized and modeled by
partial differential equations (PDEs). A fundamental task in understanding the dynamics of these
systems and phenomena is to accurately infer unknown parameters « in the PDE from observed
solution data, which might be noisy. Unlike many PDE forward problems, inverse problems are
generally ill-posed, in the sense that their solutions either do not exist, are not unique, or are unstable
to small perturbations in the data (Kirsch, [2021). For example, the inverse heat equation, which
attempts to infer a previous temperature profile based on the final temperature distribution, is ill-
posed in that the solution is highly sensitive to changes in the final data. Ill-posed PDE inverse
problems are considerably harder than their forward problems.

Traditionally, PDE inverse problems are solved via PDE-constrained optimization (Hinze et al.,
2009) or Bayesian inference (Stuart, 2010). In PDE-constrained optimization framework, the goal
is to minimize the difference between the observed data and the PDE solution, and the PDE is
enforced as a constraint. The resulting optimization problem can be solved using adjoint methods
or Tikhonov regularization. Meanwhile, in the Bayesian inference framework, the inverse problem
is formulated as a statistical inference problem. And the goal is to estimate the posterior distribution
of PDE parameters given the solution data. This usually requires sampling over the parameter space
and solving the forward PDE multiple times. These conventional methods require repeated solutions
of forward PDEs and thus often suffer from high computational cost, especially for nonlinear or
high-dimensional problems.

Data-driven solutions of PDEs have emerged as a powerful paradigm to address these challenges.
Among them, two of the most popular methodological advancements are physics-informed neural
network (PINN) and operator learning. PINN-based methods directly embed physical laws into the
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loss function or neural network architecture (Raissi et al.,|2017;2019). By minimizing the total loss,
PINN can effectively solve the PDE, fit the data, and infer the parameters simultaneously. PINN-
based solvers have been applied to a wide range of inverse problems, including ocean engineering
(Jagtap et al., |2022b), supersonic flow (Jagtap et al.| [2022a)), nano-optics and metamaterial design
(Chen et al., 2020b), to name a few. However, in these methods, the PDE is enforced as a soft con-
straint and thus faces the intrinsic trade-off between fitting the data and solving the PDE accurately.
Furthermore, many PINN-based methods focus on solving a single problem instance, which poses
computational efficiency challenges when it comes to real-time inference to multiple instances (Cho
& Son, [2025)).

Meanwhile, operator learning, which aims to directly learn the mapping between infinite-
dimensional function spaces (e.g., from input functions to solutions), can enable fast, mesh-
independent approximation of PDE solutions across different input conditions. Existing operator
learning approaches for solving forward PDE problems include the deep operator network (Deep-
ONet) (Lu et al.;|2019;2021) and its variants, as well as neural operator (Kovachki et al.| 2023)) and
its variants, including Fourier neural operator (FNO) (Li et al.| [2020a; [2023), wavelet neural op-
erator (WNO) (Tripura & Chakraborty, 2023)), multiwavelet neural operator (MWT) (Gupta et al.,
2021)), etc.

Following these breakthroughs, various operator learning methods have been developed to solve in-
verse PDE problems. For instance, Wang & Wang| (2024) presented a latent neural operator (LNO)
method to solve forward and inverse PDE problems in their latent space. Molinaro et al.| (2023)
proposed neural inverse operator (NIO), which integrates DeepONet and FNO, to solve inverse
PDE problems. More recently, (Cho & Son|(2025) developed a physics-informed operator learning
framework called PI-DION for inverse problems without the need for labeled training data. |Yu et al.
(2024) introduced a new neural operator architecture called nonlocal attention operator (NAO) based
on the attention mechanism and showed that the attention mechanism is equivalent to a double inte-
gral operator that enables nonlocal interactions among spatial tokens. This allows NAO to address
ill-posedness and rank deficiency in inverse PDE problems. Building upon the NAO framework, |[Liu
& Yu| (2025) developed a scalable attention-based neural operator architecture called neural inter-
pretable PDEs (NIPS). Using linear attention reformulation and Fourier convolution, NIPS achieved
enhanced predictive accuracy and computational efficiency compared to NAO.

Despite these advancements, existing operator learning frameworks for inverse PDE problems face
two critical drawbacks. First, existing frameworks either do not explicitly account for the underly-
ing operator space or solve the inverse problems in a Hilbert space. Meanwhile, it has been shown
that a Banach space setting for the parameter space would be closer to reality for a wide range of
problems. However, this is an important aspect that previously have been overlooked. Second, the
design of exact neural architectures in many existing inverse PDE solvers has been “more of an art
than a science” (Sanderse et al., |2025)), requiring significant intuition, expert experience, and trial-
and-error experimentation. And rigorous mathematical basis and explainability have been lacking
in the design. To address both challenges, here we introduce AFDONet-inv, a novel neural operator
for solving inverse PDE problems in Banach space, whose design is systematically guided by the
adaptive Fourier decomposition (AFD) theory. Each component in the neural architecture, including
primal and dual nets, latent-to-RKBS (reproducing kernel Banach space) network, and dynamic con-
volutional kernel network (CKN), has a corresponding component in the AFD operation. This way,
AFDONet-inv is mathematically explainable and grounded in the AFD theory, thereby providing
rigorous theoretical justifications and performance guarantee. Through extensive experiments, we
demonstrate that AFDONet-inv outperforms state-of-the-art inverse PDE problem solvers in terms
of solution accuracy.

2 PRELIMINARIES

2.1 INVERSE PROBLEM IN HILBERT VS. BANACH SPACES

A Hilbert space is a complete inner product space (i.e., a vector space equipped with an inner prod-
uct that induces a norm), and every Cauchy sequence in the space converges with respect to this
norm. The interpretability given by the inner product has enabled rigorous convergence analysis and
comprehensive application regularization techniques to be applied for solving inverse problems in
Hilbert spaces over the last decades. However, for numerous inverse problems in PDEs, the reasons
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for using a Hilbert space setting seem to be based on conventions rather than an appropriate and
realistic model choice. In fact, it has been shown that the nature of Hilbert spaces cannot accurately
capture the structures of parameter space for many PDEs, and often a Banach space setting would be
closer to reality (Schuster et al.l[2012)). As a generalization of the Hilbert space, a Banach space is
a complete normed vector space (i.e., a vector space equipped with a norm such that every Cauchy
sequence in the space converges with respect to this norm), and the main difference between Hilbert
and Banach spaces is the existence of an inner product and thus orthogonality. Banach spaces are
more suitable for solving inverse problems involving sparsity, discontinuities, or measure-valued
representations.

2.2  ADAPTIVE FOURIER DECOMPOSITION (AFD)

Adaptive Fourier decomposition (AFD) is a novel signal decomposition technique, which is essen-
tially established as a new approximation theorem in a reproducing kernel Hilbert space (RKHS)
sparsely in a given domain (2 as Zfil (s, B;)P; for the chosen orthonormal bases %; (Qian, [2010;
Qian et al.| 20125 Saitoh et al.,|2016). Compared to conventional signal decomposition approaches,
AFD achieves higher accuracy and significant computational speedup. AFD was first proposed for
the Hardy space (Qian, |2010; Qian et al.l 2011; 2012), then extended to the Bergman space (Wu
et al.| 2022)), random signals (Qian} 2022}, and manifolds (Song & Sunl [2022).

For classic AFD in RKHS, the sparse bases {%;}; are made orthonormal to each other by apply-
ing the Gram-Schmidt orthogonalization process to the normalized reproducing kernels associated
with different “poles”, which are a set of complex numbers {a; }; that are adaptively selected. For
instance, in classic AFD in Hardy space H? (a specific type of Hilbert space consisting of holomor-
phic functions defined on the unit disk), a common choice of reproducing kernel is the normalized

N /1—|a|? oy
Szego kernel, defined as e, (z) = 1_6‘2‘ , where a belongs to the unit disk. Then, to construct
the orthonormal bases %;, one selects a sequence of distinct poles {a;};, substitutes them into the

normalized Szeg6 kernel expression, and applies the Gram-Schmidt orthogonalization process on
€a; (2).
To adaptively select the sequence of poles such that convergence of AFD approximation is ensured,

one shall follow the so-called “maximal selection principle” (Song & Sun| 2022), such that the
resulting |(s, %;)| is as large as possible. This is similar to a greedy search algorithm. Specifically, to

select the next pole a; given ¢ — 1 already selected poles, aq, ..., a;_1 (hence bases %, ..., B;_1),
the corresponding orthonormal basis %; needs to satisfy:
(5, )| = posup { (s, ) b € D\{ar,.., a1} M
i—1 B
< . by — kb bl _ kbi7‘ j=1 (kbi B ) B .
where 0 < po < pi < 1, % [ and %, ko, =325 21 (ko B5) Bill gy Hete, k.

is the reproducing kernel at b;. Under the under maximal selection principle, the convergence of
AFD approximation has been proven in |Song & Sun| (2022). In actual implementation, however,
we often want to strengthen Equation equation [I| by introducing an extra bias term denoted as
vi > 0 to enhance convergence. Essentially, this ensures that |(s, %;)| is always greater than the
RHS of Equation equation [1| by at least ;. And the resulting updated maximal selection principle
formulation becomes:

vi < (s, B — pi sup{(s,%f") |b; € Q\{aq, .. .,ai,l}}. )

3 AFD IN REPRODUCING KERNEL BANACH SPACE (RKBS)

The classic AFD, which operates on RKHS, leverages orthonormal bases. On the other hand, one
cannot properly define orthogonality and inner product in a Banach space. Instead, we extend the
inner product definition by adopting the concept of “dual pairing”, denoted as (-,-) - for the
primal RKBS B and its dual B*. Essentially, a dual pairing is a non-degenerate bilinear map between
two vector spaces that produces a scalar (Brezis & Brézis, 2011). With this, we will adaptively
identify poles following a similar maximal selection principle, such that |(r;_1, J(%;)) 5 5| is as
large as possible. Here, r;_1 = s — s,_1 is the residual between the true signal s and its (i — 1)-
th decomposed component, s;_1. And J is called duality map, which satisfies J(%;) € B* and
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(Bi, J (%)) 5.5~ = ||%Bi||%. Specifically, to select the next pole a;, the corresponding basis %;
needs to satisfy:

% < (i1, J BN me| = s sp {|(ri1,T(#))wse |} ®

B; €D

which is analogous to Equation equation [2] In actual implementation, we find that setting ; to a
fixed value of 0.5 works well for most problem settings. Here, we define set D = {%;|a; € B} (note
that we no longer need to exclude already selected poles as the concept of orthogonality does not
hold in RKBS anymore), ; is the bias term, and 0 < py < p; < 1. With this, the AFD operations
in RKBS give s = Y .2 (ri—1, J(%;)) 8,5~ ;. We remark that, to the best of our knowledge, such
generalization of the AFD theory to Banach space has not been proposed before. The technical
details and mathematical properties of AFD in RKBS are discussed in Appendix [A]

4 AFD-GUIDED NEURAL OPERATOR DESIGN

Architecture overview
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Figure 1: Our proposed AFDONet-inv framework, whose design is guided by the AFD theory and
operation, for solving inverse PDE problems in Banach space. Note that the elements in the figure
are static representations of the corresponding theoretical component, whereas the actual computa-
tion follows the dynamic, recursive update defined by Equation equation[T2}

Once we establish the theoretical framework for AFD in Banach space, we design a tailored neural
operator architecture, which we name as AFDONet-inv, that reproduces and realizes this theoreti-
cal framework. AFDONet-inv is an AFD-based VAE architecture (see Figure [I) to solve inverse
PDE problems in Banach space. After the encoder, AFDONet-inv identifies the closest RKBS
where the latent variables reside using a latent-to-RKBS network. Subsequently, AFDONet-inv
reconstructs the PDE parameters by adaptively selecting the poles in a specially designed decoder
network, thereby resembling the AFD operation.

4.1 NEURAL ARCHITECTURE

The encoder network. The encoder network maps the input z € R? (e.g., PDE solutions in train-
ing dataset during training or test dataset during inference stage) to latent variables in both the primal
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and dual latent spaces, which correspond to a Banach space B and its dual space B*, respectively.
Note that during training, since the PDE parameters oy only appear in the loss function, they are
part of training dataset but not part of the input x to the encoder. Each encoding branch follows the
standard VAE framework. That is, for the primal branch:

(1p(), log o (x)) = Wy2 (¢ (Wpa2)), )
Zp:ﬂp(x)+ap(x)®57 ENN(O7I)7 5)

where W), 1 € R¥X4, W, 5 € R**" are the weight matrices, ¢(-) is the activation function, and
z, € R" is the latent variable in the primal space.

Similarly, for the dual branch:

(/’Ld(x)a logaﬁ(m)) = Wd,2 ((b (Wd,lx)) ’ (6)
za = pa(z) +og(x) ©e, e~ N(0,I), (7)

where Wy 1 € RWexd and Wy, € R?"*We are the dual encoder weight matrices, and z; € R” is
the dual latent variable in B*.

The latent-to-RKBS network. Given the latent variables z,, and 2,4, our goal is to determine their
values in the parameter space, which lies in a RKBS. To do this, we extend the latent-to-kernel idea
from |[Lu et al.[(2020) and design a latent-to-RKBS network to project the latent variable z,, to its
nearest RKBS where the kernel is constructed. And then, its dual space in which the latent variable
zq lie is obtained via the duality map J(v) = ||v||f;_2 - [v[P=2 - v in the form of LP norm. First, z,
and z,4 are respectively mapped to the parameter space & € B and &* € B* through two identical
multilayer perceptron networks (MLPs). Then, feature maps FM(-) will project & and &* onto
their corresponding RKBS B and its dual B*, respectively. In other words, the feature map network
is designed to map the latent vector z, € R” to N scalar coefficients in R needed for the kernel
decomposition (i.e., FM : R” — RY). The latent-to-RKBS network learns the feature maps from
a Banach space B to its nearest RKBS 5, where the reproducing kernel K, for any pair of encoder
inputs (i.e., PDE solutions in training or test dataset) is given by:

N
K (w1,22) = ) FMi(2) - ki1, 22). (8)
i=1

In Equation [8] N is the total number of basis kernels, FM;(z,) is the i-th feature map coefficient
for latent variable z,, and {k;(z1, z2)}; are the learned basis kernels are based on a Fourier spectral
kernel formulation. Here, k;(z1, z2) contains a series of learned parameters in the spectral domain.
Since these basis kernels are in RKBS, which is closed under finite linear combinations, K, lies in
the RKBS as well.

Primal-dual propagation. The concept of dual pairing is realized in a primal-dual propagation
network. Consisting of a primal net and a dual net, it propagates and refines the feature represen-
tations FM(&) € B and J (FM(&)) € B*, which correspond to the latent variables z, and z4,
respectively. Here, the primal net performs the spectral convolution S(f)(«), which transforms a
given function f into the frequency domain via a 2D Fourier transform (Li et al.| |2020a)):

S(Hx) =Fx(©) - F(£) (&) - W(Q)] (x), ©)

where F[-](€) is the Fourier transform at &, F~1[-](x) is its inverse Fourier transform at z, x(&)
denotes the mode selector, and W () refers to the learnable weights in the frequency domain. From
an RKBS perspective, the spectral convolution S(f)(z) is equivalent to a nonlocal kernel operator
> ¢ We(f, p¢)Ye(x), where wg are learnable weights in the frequency domain, ¢ € B* is the basis
in the dual space, and )¢ € B is the biorthogonal primal basis which satisfies (¢, p,) = d¢, = 1if
& = nand = 0 otherwise (Zhang et al.,2009). On the other hand, the dual net performs a point-wise
convolution C(f)(x) as (Hua et al.,|2018):

C
C(f)(@) =D Wee 1) (2), (10)
/=1
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where C' is the number of input channels of f, f () (z) refers to the value of f at = and channel
¢, and W, denotes the learned map from channel ¢’ to channel c. This point-wise convolution
resembles a Dirac-type kernel integral on its domain (2 as:

C(f) () = / 5z —y) - W - f(y)dy. an

Finally, the residuals in the primal space and its dual space after each layer are updated and propa-
gated to the corresponding latent variables as:

Zpi = GELU o BN (Zp,i—l + S(Zpyi_l) + C(Zp,i—l)) R
Zdi = 2di—1 +S(2d-1) + C(za,i-1),
where z,;, 24, are the residuals of i-th layer in the primal space and its dual space with z, ¢ =
FM(&) and 240 = J (FM(&)), respectively. The initial latent vector, z,, is used to define &, and &

then defines the initial decoder input, z, 9. Here, GELU denotes the GELU activation function and
BN is the batch normalizing transform (loffe & Szegedy, [2015).

12)

It can be shown that z,, and 24 in Equation equation @ actually correspond to the residual r; and its
dual J(r;) defined in the AFD theory as:

Theorem 4.1. Let B be a uniformly smooth and uniformly convex Banach space, r; € B be the
residual at step i in the AFD process, z, and zq are defined in Equation equation@ Then, for any
e > 0, there exists a choice of parameters W (§), W, and BN scalars such that:

|2ps — TillB < e,and ||za; — J(r3) |5~ < €.
Proof. See Appendix [B] O

Note that, even though the variables z, ; are computationally represented as tensors, Theorem
shows that the learned network outputs behave as if they were the true theoretical Banach space
residuals 7;.

The AFD-type decoder network. Once the RKBS and its reproducing kernel K, are constructed,
we design a decoder network based on the AFD operation to reconstruct parameters « from z, ;.
First, we normalize the reproducing kernel K, in Equation equation (8 as %;(-) = %,
each associated with a pole a;. The set of these normalized reproducing kernels is denoted as D =
{%B;|la; € B}. The decoder then adopts a dynamic convolutional kernel network (CKN) (Mairal
et al., [2014; |Chen et al. 2020a)), in which, for each convolutional layer i, (i) performs dual pairing
between z), ; and the normalized reproducing kernel %;, (ii) assigns a multiplier 0 < pg < p; < 1to
the output of each convolutional layer, and (iii) incorporates skip connections for each convolutional
layer. Finally, the output of the dynamic CKN containing N convolutional layers is:
N
ano =Y (2pir J(%:))5.5-Bi. (13)

=1

Guided by the AFD theory, the selection of poles and their reproducing kernels follows a similar
maximal selection principle as in the AFD theory. Here, starting from Equation equation[3] we can
write an analogous condition for selecting poles as:

¥i < Uzpji—1, J(#i))B,8*| — pi sup {|(zp,i—1, J (%)) 5,5~
B, D

}- (14)

With this, and leveraging the convergence behavior of AFD, we can show that our decoder in
AFDONet-inv converges as N — oo by the following theorem:

Theorem 4.2. Let B be a uniformly smooth and uniformly convex Banach space, and let &y g be
the output of the dynamic CKN decoder with N layers. By selecting poles and bias terms following
the modified maximal selection principle of Equation equation as N — oo:
N
||dN,0 - atrueHB S Csz : ||T0||B;
i=1

where C' > 0 is a constant and ro is the initial residual.
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Proof. See Appendix O

4.2 TRAINING

Overall, our AFDONet-inv model is trained end-to-end by minimizing the following loss function:

’
‘C(9> = H&Nﬁ - atrue’ ::/ +wpDkL (N(MP?U;Q;)|’ N(O,I))
N———— —
latent regularization loss in primal space

reconstruction loss in L?’ (15)
+ waDxr (N (g, o3) || N(0, 1)) .

latent regularization loss in dual space

The training dataset consists of various sets of PDE parameters and their corresponding PDE so-
lutions. The Adam optimizer with a learning rate of 5 x 10~* is used to train our AFDONet-inv
model. In actual implementation of the model, we use p’ = 1 (corresponding to L' loss) and
wp = wg = 1 x 1073 in the loss function of Equation equation

4.3 CONNECTIONS TO THE AFD THEORY

In AFDONet-inv, the encoder network first maps the input to its latent space, followed by a latent-
to-RKBS network which finds the corresponding nearest RKBS using a feature map FM. Dur-
ing training, when minimizing the loss function of Equation equation [T5] over different sets of
PDE solutions {z;}},, we find that the optimal feature map FM" admits a finite representation
FM*(&)(z) = Zy;l ¢; K. (z, z;) with coefficients ¢; € R (see Appendixfor details). After that,
the primal-dual propagation refines the value of latent variable in the Banach space and its dual, and
produces the input to each layer of the dynamic CKN. This input is essentially the residual r; of
AFD operation at each step ¢, as illustrated in Theorem In this regard, the AFD-type decoder
basically replicates the AFD operations. Formally, let Py (a) = Zfil (ri—1, J (%)) B B+ P, be the
N-term partial sum in the AFD decomposition. Then, the decoder approximation satisfies:

Theorem 4.3. Let B be a uniformly smooth and uniformly convex Banach space, and let &y g be
the output of the AFD-type decoder after N layers. Then, for any € > 0, there exists parameters in
the primal net and dual net, such that:

1
ang — Pn(a)|ls <e+ 0| —= | |la|s.
Jaxo ~ Px(a)ls <+ 0 (=) lalls

Proof. See Appendix [E] O

5 EXPERIMENTS

In this section, we evaluate the performance of our AFDONet-inv on two commonly used benchmark
inverse problems by conducting extensive ablation studies and comparing the solution accuracy and
run time with state-of-the-art neural solvers, including NAO (Yu et al., 2024), NIPS (Liu & Yu,
20235), LNO (Wang & Wang, |2024), and MWT (Gupta et al.,2021). Each solver is trained for 1000
epochs for both benchmark problems. All experiments are performed on a B760M GAMING WIFI
PLUS desktop equipped with an Intel Core i5-14600KF CPU and an NVIDIA GeForce RTX 4090
GPU (with 48GB GDDR6 memory).

5.1 PROBLEM SETTINGS AND DATASETS

2-D Darcy flow. The first inverse problem we consider is the 2-D Darcy flow problem introduced
by Li et al.| (2020b) and |Yu et al.| (2024). It takes the following form:

V- (a@)Vu(2)) = f(). =017,
Oa

16
x € 0[0,1]%, (10

u(x) =
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where a(z) denotes the permeability field, and f(x) is the source term. Given the solution «(z) and
the source term f(z), here we aim to reconstruct the permeability field a(x).

The details of the datasets, setups, and evaluation procedures are included in Appendix [H

Nonlinear magnetic Schrodinger equation. The second benchmark inverse problem involves
solving the magnetic Schrodinger equation on a complex manifold M:

(Aa+q(u(2)[})) ulz) =0, zeM,
U(Z) = f7 z € 8M,

where M = {z = (21,22) € C? : |21]® + |22]?> < 1} with boundary OM = S3, Ay = (d +
iA)*(d 4 iA) is the magnetic Laplacian (with d the exterior derivative and * the Hodge star with
respect to the Kahler metric), ¢ is a nonlinear function, and f is the boundary term. In this problem,
we aim to recover the potentials A and ¢ from boundary conditions in the Dirichlet-to-Neumann
(DN) map Aa 4 : f — O ulam, where v is the outward normal vector, and w is the solution of
Equation equation Note that this inverse problem is more challenging to solve than the one
directly given solution u, as the DN map only retains partial information of .

a7)

5.2 ABLATION STUDIES

We conduct the following set of ablation studies to illustrate the need for different components in
AFDONet-inv. In Scneario 1, we consider the AFDONet-inv architecture without primal-dual prop-
agation. In Scenario 2, we investigate the impact of considering the dual space by removing the
dual branch in the encoder network and the duality map J. Finally, in the third study, we remove
both primal-dual propagation and the dual space. Results in Tables [I| and [2] indicate that incor-
porating primal-dual propagation and dual space is necessary for improving the overall accuracy
of AFDONet-inv in terms of reducing MAE and relative L? error. To explain this, we observe
that, without the dual branch, the primal-dual propagation only gives z, ;, which is the approxi-
mation of the residual r; in the AFD theory according to Theorem @.I] In this case, AFDONet-

inv essentially approximates Zi]il(m PB;)B;, which asymptotically converges under the pairing
(-,-) with an error O(ﬁ) Meanwhile, when we remove primal-dual propagation, the input to the
AFD-type decoder is simply FM(&). This way, AFDONet-inv essentially performs the operation

Zf\;(FM(d), J(%;))B,B+P; in the Banach space, which converges with an error O(ﬁ) if the

PDE parameters lie in C' K Finally, when both primal-dual propagation and the dual branch are re-
moved, AFDONet-inv performs the operation Zf\il (FM(&), %B;)%B;, which may not even converge
since the kernels {2, },; are not necessarily orthogonal to each other.

Specifically, for the 2-D Darcy flow problem, the permeability field a(x) on a regular domain [0, 1]2

is typically considered as a L°° (or Cs fors' < 0.5 (Teng et al., [2024))) function from a statistical
or computational perspective due to its irregularity. Thus, in Scenario 1, AFDONet-inv converges
with an error O(ﬁ) while it converges with an error O( ) in Scenario 2. This is consistent with
the results shown in Table|l} in which the removal of primal-dual propagation has more significant
impact on solution accuracy compared to the removal of the dual branch in the encoder. When
both primal-dual propagation and dual branch are eliminated from the AFDONet-inv framework,

we observe the highest MAE and relative L? error values.

For the magnetic Schrodinger equation problem on complex manifolds, the deterministic results of
Krupchyk et al. (2024)) indicate that both A and ¢ can be relaxed to C'°°. This implies a super-
algebraic convergence behavior for AFDONet-inv when primal-dual propagation is removed, which
explains why both MAE and relative L? error values are slightly smaller for Scenario 1 compared
to Scenario 2. Last but not least, removing both primal-dual propagation and dual branch leads to
the highest MAE and relative L? error due to the worst convergence behavior (or even divergence)
for the resulting AFDONet-inv framework.

5.3 COMPARISON WITH BENCHMARK SOLVERS

Tablesshows the MAE, relative L2 error, and computational efficiency of AFDONet-inv compared
to other benchmark solvers for the 2-D Darcy flow problem. In our experiments, the architecture size
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Models MAE Relative L2 error
Full 1.82E-01 + 6.43E-02 6.64E-02 £+ 1.38E-03
w/o prop. 3.18E-01 £ 1.06E-01 7.05E-01 4 2.19E-02
w/odual 2.39E-01 4+ 5.32E-02 1.07E-O1 + 4.45E-02
w/o p.d. 3.56E-01 &+ 7.01E-02 1.93E-01 + 3.74E-02

Table 1: Comparison of MAE and relative L? error in permeability field a(x) on Darcy flow equa-
tion. Here and hereinafter, “Full” stands for the full AFDONet-inv model, “w/o prop.” means
“without primal-dual propagation” or Scenario 1 of the ablation studies, “w/o dual” means “without
dual branch” or Scenario 2 of the ablation studies, and “w/o p.d.” means “without both primal-dual
propagation and dual branch”.

Models MAE Relative L2 error
Full 1.54E-02 + 2.78E-03  1.50E-05 £ 6.23E-07
w/o prop. 7.39E-02 £ 1.81E-02 3.06E-04 4+ 1.75E-04
w/o dual 7.83E-02 4+ 2.20E-05 3.47E-04 + 1.10E-05
w/o p.d. 8.01E-02 £+ 6.75E-03  3.58E-04 + 3.51E-05

Table 2: Comparison of MAE and relative L? error in potentials A and ¢ on magnetic Schrodinger
equation.

and training conditions are the same for all methods, and the number of parameters are different (due
to the different structures present in different methods) but are in the same order of magnitude. We
observe that AFDONet-inv is the second best performing solver in terms of MAE and outperforms
all benchmark solvers in terms of relative L? error. Since the Darcy flow equation typically lies
in L* space, which is a Banach space, our AFDONet-inv incorporating RKBS into our model
outperforms other models. Furthermore, we also realize that for this problem, Hilbert space suffices
because the permeability field a(z) is often modeled with smoother priors, where the sparsity from
Banach space may not be the most significant. This explains the reason that models such as NIPS
also performs reasonably well.

Models MAE Relative L? error Training time
Ours  1.82E-01 £+ 6.43E-02  6.64E-02 + 1.38E-03 2.69
NAO 1.11 + 2.10E-01 7.71E-02 £+ 2.09E-03 3.40
NIPS  1.05E-01 £4.71E-02 1.56E-01 £ 1.03E-01 0.96
LNO  2.78E-01 £+ 3.07E-02 1.00 +£ 3.48E-05 2.92
MWT 45.95+ 2.48 9.73E-01 + 6.72E-02 1.65

Table 3: Comparison of MAE, relative L? error, training time (seconds per epoch) among different
models on Darcy flow equation.

Meanwhile, for the nonlinear magnetic Schrodinger equation problem, we see from Table H] that
AFDONet-inv achieves remarkable performance, as it has up to one order of magnitude lower MAE
and two to four orders of magnitude lower relative L? error compared to other solvers. Since the
magnetic Schrodinger equation is highly nonlinear, its inverse problem is ill-posed, and non-smooth
regularization such as L' penalty terms can greatly help promote sparsity when reconstructing po-
tentials A and ¢q. Note that sparsity is naturally represented in an L' (Banach) space, not an L?
(Hilbert) space. In this regard, our proposed AFDONet-inv solver, grounded in a novel Banach
space representer theorem (Parhi & Nowak, 2021)), can better capture irregular, sparse features on
complex manifolds when solving ill-posed inverse problems.

Finally, in terms of computational efficiency, results in Tables |3 suggest that AFDONet-inv is com-
petitive among all state-of-the-art benchmark solvers.

From the nonlinear magnetic Schrodinger equation results in Table ]} we can quantify the limita-
tion of Hilbert-space assumptions. This problem is highly ill-posed, and its solution on a complex
manifold benefits from sparsity-promoting regularization, which naturally matches a Banach space
setting. From Table [4] it is clear that existing state-of-the-art models including NIPS, NAO, and
LNO, which are implicitly or explicitly grounded in Hilbert-space frameworks, perform poorly. In
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Models MAE Relative L? error Training time
Ours  1.54E-02 4+ 2.78E-03  1.50E-05 + 6.23E-07 0.52
NAO  4.65E-01 + 5.32E-02  6.29E-01 4 1.96E-01 2.54
NIPS  2.19E-01 £ 9.73E-02  1.32E-01 £ 8.40E-02 0.30
LNO  1.86E-01 £+ 6.15E-02 2.89E-03 £ 3.71E-04 0.90
MWT  3.18E-01 &+ 1.56E-01  7.05E-01 & 2.46E-02 1.86

Table 4: Comparison of MAE, relative L? error, and training time (seconds per epoch) among
different models on magnetic Schrodinger equation.

contrast, our AFDONet-inv, designed for Banach spaces, achieves a relative error that is two to four
orders of magnitude lower than these benchmarks. This significant performance gap indicates how
the Hilbert-space assumption in existing models limits their performance in practice.

6 CONCLUSION

In this work, we introduce AFDONet-inv to solve inverse problems in a Banach space. To the best
of our knowledge, AFDONet-inv is the first neural inverse PDE solver whose design rigorously fol-
lows an established mathematical theory in every step. Each component of the neural architecture,
including primal and dual nets, latent-to-RKBS network, and dynamic CKN, has a correspond-
ing component in the AFD operation. This way, AFDONet-inv is mathematically explainable and
grounded in the AFD theory and possesses several theoretical justifications and performance guar-
antees. Thanks to the tailored design, our AFDONet-inv solver outperforms several state-of-the-art
neural operator solvers by a significant margin in terms of accuracy on inverse problems with com-
plex manifolds and parameter space. Overall, the performance of AFDONet-inv sheds light on the
systematic design of explainable neural operator frameworks.

7 REPRODUCIBILITY STATEMENT

All code and datasets have been either made publicly available in an anonymous repository or as
a part of supplementary material to facilitate replication and verification. The experimental setup,
including training steps, model configurations, and hardware details, is described in detail in the
paper. We have also provided a full description of implementation details, to assist others in repro-
ducing our experiments. Additionally, Darcy dataset, are publicly available, ensuring consistent and
reproducible evaluation results.
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A AFD IN RKBS

The AFD operations in RKBS are conceptually illustrated in Algorithm[I] Note that here, we do not
yet consider the bias term ;.

Algorithm 1 AFD in RKBS

Require: Target function cuyye, dictionary D, duality map J, parameter p;, tolerance £, maximum
levels of decomposition N
1: Initialize: ag < 0, 79 ¢ Qyrue
2: fori =1to N do
3:  Kernel selection:
4:  Choose %; € D such that

[(ri1, Bi)B,B+| > pi sup [(riz1,B)B B
BeD

Coefficient selection:

Compute a; < (ri—1, J(%;)) BB
Update:

o; — ap_1 + a; B;

9: Ti 4= Qirue — QY

10:  if ||r;|| < € then

PR

11: break
12:  endif
13: end for

Here, we assume the following assumption holds. Especially, Assumption 3 is the property (I') from
Ganichev & Kalton| (2009)).

1. B is a uniformly smooth and uniformly convex Banach space of functions on a domain €2,
with dual space B*.

2. Dis defined as {#,,|a; € B}, where %,,(-) = W(Iiz((iui))“lg with poles a;. The linear span

of D is dense in 5.
3. There exists C > 0 such that for all z € B with lz|lzg =1andy € B with (y, J(x))p 5 =
0, we have (y, J(z +y))s,5- < C([|lz +y|s —1).

With these assumptions, we first show that the residual r; is decreasing with respect to ¢:
Theorem A.1. At each iteration i > 1, it holds that:

Irills < lIri-1ls,
unless (J(r;_1), $:)5.5+ = 0.

Proof. Define ¢(a) = |ri_1 — a%;||5. From Assumption 1, the uniform convexity of B ensures

¢ is strictly convex with a unique minimizer. Moreover, ¢ is Gateaux differentiable in terms of

its norm due to the uniform smoothness of B. Its directional derivative is % |lric1 + th|s =
t=0

. Now, we aim to find a direction h based on 4; that decreases the norm, i.e.,

R(J(ri—1), h)s,g~ < 0. From , we choose h = —%, then

)
R(J(ri1), h)s. 5= = RS (ri1), = gg::_ii’ gﬁiii

(J(ri-1), %i)B,B*

(1), )5 5] (J(ri-1), %i)B,5+)
= —|(J(ri-1), Bi)B,B*|-

If (J(ri—1), Bi)s,p~ # O, the results of Equation equation |18]is negative. So, o(t) < $(0) for

t > 0. Strict convexity then implies ¢(a;) < ¢(0) if a; # 0, hence ||7;||5 < ||ri—1ll5- O

R(J(ri—1),h)5.B*
lri-1lls

Bi)B.B

_ (18)
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Then, the convergence of AFD in RKBS can be shown as:
Theorem A.2. The sequence {«;} f\i1 generated by Algorithmsatisﬁes:

lim ||me — 4]l = 0.
1—00

Proof. From Theorem[A.1] the sequence {||7;||z} is nonincreasing and its lower bound is 0. Thus,
the sequence {||r;||z} converges. Assume its limit [ > 0 for contradiction. Uniform convexity from
Assumption 1 implies the bounded {r;} has weak limit points 7’ with ||7’||g < [ by weak lower
semicontinuity. By properties of the duality map .J, we have:

sup |(ri—1, J(#))B,B+| = ||1i-1]|B- (19)
BeD

leads to:

Combining Equation equation(19|and |{r;_1, %;) 5 5

> pisupgep |(ri—1, B)B,B*
[riz1, J(B:))B.B*| > pillri—1] B (20)
From Xu & Roach|(1991), we have the following inequality by setting p = 2:

lylls
Iz +yllE <zl +2(J (2),9),5- + 2[|lz[Bp (IIxIIB ; (21)
where p is the modulus of smoothness. By setting © = r;_1 and y = —a;%; and assuming that a; is

chosen such that (J(r;_1),a;%;)g,5- > 0, the term 2(J (), y)g.5+ = —2(J(ri-1), a; B;)B B+ =
—2|(J(ri=1), a;%B;)B,B~|. Then, the Equation equation 21| becomes:

il <llri-alld — 21(J(riz1), @i ;) 5=

) 22

+2p (|az|) Iric1 % .
ri-1lls

Assume, for contradiction, that sup gcp |(7i, J(%))B,5+| # 0. Then there exists § > 0 such that
for infinitely many ¢, sup gcp |(ri, J(#))B,8+| > 0. For such i, the Equation equatlon g yields

|(ri—1,J(%:))B.B+| > pid. Then, we normalize u = HTTile and b; = ”T al”B Ty = U
b; ;. Then, the normalized version of Equation equation [20|is | ))B.B* ﬁ > %5.
Next, we utilize the decomposition technique as y = bV%l = aJ (u) + z, where a € C and

(z,J(u))B,B- = 0. Since (y, J(u)) = «, we have |(u, J(y))s,5+| = |a|. And |a| > p;6’b; with
4§’ > &/1. The optimality condition is {J(u + y),y)as* =0, leading to a(J (u + y), J (u BB =
—(J(u+y),z)B Ifb; < kp; for a small £ > 0, then y small implies that for ¢ > 0, ||J(u +
y) — J(u)||g < €. Therefore, we also have ||a — (J(u + y), 2)B 5+ |8 < €. From Assumption 3,
since (z, J(u))B,5- =0, |(z, J(u+y))B,B-| < C(|lu+y|s—1). With b; — 0, by smoothness, we
obtain |u + y|lg — 1 = O(b;), so |&| — 0, contradicting || > p;’b;. Thus, it holds that b; > kp;
for k£ > 0 depending on C and the smoothness modulus. Substitute them into Equation equation
leads to the term —2|(.J(r;_1), a;%;) 5.5 'p?||ri—1]|% for the constant ¢/, and the term

2||ri—1llgo(bi) is o(pF|Iri—1l3) Slncep() o(-), yielding
Il < lricall — cpillri-all, (23)

for ¢ > 0. Assume that there exists § > 0 such that for infinitely many indices i5, (with ||r;, || —
12), the decrease satisfies

Iri NI = lIri+1lls = epjy i, |5 > cp®1?/2 =2 d > 0, (24)

where the last 1nequa11ty holds for sufficiently large k since ||r;, ||5 — 1% and p;, > p > 0. Let
S =350 (Irig|lB = Irin+1llE) = D-pe; d = oc. Since the overall sequence decreases by at most
[l HB — 2 < oo, but includes S = oo, which leads to a contradiction. Therefore, for large M, the
remaining decrease after i,/ is at least Z 4> 17 4 = 00, but it is upper bounded by ||r;,, || — 1% < oc.
Between 7, and 71, the decrease is nonnegative. Thus, after m such steps,

17ies 1B < 7|5 — md — —00 (m — 00), (25)

which is impossible for norms. The exponential form follows recursively. If decrease > cp?||r;|%
at each of m steps, finally it leads to

IrismllE < (1= cp®)™|rill — 0, (26)
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contradicting convergence to [2 > 0.

Thus, sup gcp (73, J(%))B,5-| — 0. For weak limit 7" of {r;, }, (r;,,J(#)) = (', J(#)) =0
for all Z € D. Bijectivity of J and density of span D imply {J(Z#)} generates dense functionals,
forcing 7/ = 0. All weak limits are 0, but ||r;]|z — { > 0 = ||0||, contradicting weak lower
semicontinuity unless I = 0. Hence, lim; o |7l = 0, s0 lim; s o0 ||0true — @vi]|5 = 0. O

B PROOF OF THEOREM [4_1]

Without loss of generality, we consider the case B = LP([0, L]?) for 1 < p < oco. Before giving the
complete proof of Theorem[4.1] we introduce some lemmas as follows.

Lemma B.1. Let B = LP([0, L]?) for 1 < p < oo, a uniformly smooth Banach space admitting
a Fourier transform F. Let (1¢)¢cza be the normalized Fourier basis 1¢(x) = e*™¢/L with
Fourier coefficients f({) = F(f)(). Define the partial sum operators S, : B — B by S, f =
Zlg\wgn f(f)wg, where || = max; |§;|. Then, there exists C), > 0 (depending on p and d, but
independent of n) such that ||Sy, f||s < (Cp)*|| f||5 for all f € Band all n € N.

Proof. First, we prove this lemma for d = 1 (torus T 2 [0, L]) and then extend it to higher dimen-
sions. For d = 1, we have:

Suf(@) = 3 flyeritast
Ik|<n
= f*D,

= fx* Z 627rikz/L

|k|<n

Define f(z) = —i Y kez sgn(k) f(k)e2 e/l || f|| 5 < Cyl| f |l indicates sup,, ||.S» ||z < oo holds.
Consider the Riesz projection Py (f) = 3, f(k)e?™™ /L Then, P, (f) = L(f +if) + 3 £(0),
so boundedness of P, on LP is equivalent to the boundedness of ~. Since

27)

Snf = f(0)+ Z (f(k)e%ikz/L I f(_k)e—zm‘k-x/L>
k=1

(28)
= 2Re(P}"”) - f(0),
where Pf_")(f) = S0, f(k)e™ and
IPE () = flls < (M + 1) 29)

for a constant M > 0 and any € > 0 fronj Miao| (2014). From the generalized M. Riesz Theorem
Berkson & Gillespie| (1985), it follows || f|lz < Cyl|f||, which by the identity P, (f) = 5(f +
if)+ : £(0), implies that the Riesz projection Py is also bounded on B, with

1P+ flls < CLllf 5 (30)

Since PJ(F”) f — Py fin B norm as n — oo, it follows that {Pfr”)}neN is uniformly bounded on B,
ie.,

sup | P{™||5 < oo. 31)
Therefore, one can obtain

1S flls < 2P Flls + 1£(0)] - 1115
< 2G,||flls + Clflls = Colfls

for a constant C' > 0 using the triangle inequality.

(32)
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For d-dimensional case, we define the d-dimensional kernel D¢ (x) = H?:l D,,(x;) and the d-
dimensional operator S¢ = S,, ® - - - ® S,,. From Equation equation |32} we have:

152 f 1l < (C fls- (33)
O

Lemma B.2. Let P denote the space of trigonometric polynomials, i.e., finite linear combinations
of plane waves ¢ (x) = e*™ &%/ for ¢ € 7%, Then, P is dense in B, meaning for any f € B and
€ > 0, there exists p € P such that || f — p||g < e. For any g € P of degree at most n, it holds that
Sng = g, where S, g = Z\g\gng(f)ﬂf&

Proof. Since T¢ is compact with finite measure, continuous functions C'(T¢) are dense in B(T?) for
any 1 < p < oco. For f € B, by Lusin’s theorem (every measurable function is nearly continuous),
for any € > 0, there exists a compact K C T¢ with (T \ K) < e and f|x continuous, hence can
be approximated by continuous g with || f — g||g < e.

Next, we prove that P is dense in C(T?). The Stone-Weierstrass theorem states that if A is a
subalgebra of C'(X) that separates points (for any distinct z,y € X, there exists f € A with
f(z) # f(y)) and contains constants, then A is dense in C'(X) under the sup-norm. Following
this, considering the algebra A = Py of real parts of P, A contains constants and separates points
for distinct x,y € T4, choose ¢ € Z< such that £ - (x — y) # 0 (mod 1), then 005(527& x/L) #
cos(2w-y/ L) Moreover, A is closed under multiplication. Thus, A is dense inC(T . Next, for
C(T%; C), density follows by approximating real and imaginary parts separately, smce 73 includes
both cosines and sines. Therefore, given P dense in C(T¢) and C(T?) dense in B, implies P dense
in B from transitivity of density.

Then, for ( g € P with degree at most n, we have §(£) = 0 for all |£| > n. Therefore, it follows:

Sng =Y §(ve =Y 9t =g, (34)
l€l<n gezd
the last equality follows
9= _{g,ve)ve, (39)
ez
where (g, v¢) = 9(£). 0

Lemma B.3. With the Assumption 1, by assuming that B admits a Fourier transform F that is
well-defined and invertible on a periodic domain [0, L]?), for the Fourier basis of plane waves

Ve(z) = >™¢2/L denoted as (1¢)¢eza, and the biorthogonal dual functionals (p¢)ecza C B*
satisfying f(f) F()&) = (f,pe).B for any f € B, then the inverse Fourier transform
satisfies F~1(f(€)) = dezd F(E)be(x ) in the sense that the series converges to f in the B-norm,

ie., hmnﬁoon Y eten £ WH

Proof. Following [Lin et al.| (2022), one can show that the plane waves ¢ (z) = e?™i&x/L span

a dense subspace of trigonometric polynomials in B. The corresponding dual functionals ¢ €
B* extract the Fourier coefficients via the pairing f(§) = (f, ¢¢),5-. Biorthogonality, given by
(e, on)B,B* = Ogn, is ensured by the RKBS structure and follows from the spectral theorem applied
to the associated kernel integral operator. Then, we define the operator S,, : B — B via S, f =

2 lel<n f(e )¢ From Lemma(B.1} [|S,, ||5— 5 is bounded by a constant (C,, )4 independent of n.

From Lemma[B.2]and uniform boundedness principle, S,, f — f in B-norm for all f € B. O
Remark B.1. An important consequence is the Hausdorff-Young inequality:
1/q
g 1 1
> IF©) < Clflls,  where ~+ — =1, (36)

3
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which provides a bound on the Fourier coefficients in ¢4, which facilitates convergence of the Fourier
series. For finite modes A C 7.2, the sum is finite and exact, and the infinite case follows by taking

limits as |A| — oo. Thus, the reconstruction defines the inverse Fourier transform F~(f(£)) =
2o¢ [(E)e(x) in B.
Lemma B.4. It holds that
S(f) (@) =Y welf, e) B e (),
£eA

where we = W (), ¢ € B* are dual bases, and ¢ € B are biorthogonal primal bases with
(Ve on)B.B+ = den-

Proof. In spectral methods for RKBS, one can show that the Fourier transform diagonalizes con-
volution operators [Kovachki et al.| (2021). Specifically, we assume a biorthogonal Fourier basis
(1, Q¢ ) ez, Where e (z) = e>™¢/L for domain [0, L]?, and ¢ are dual functionals satisfying
the biorthogonality from the reproducing property: (f, p¢) = f(&) = F(f)(€). Then, the spectral
convolution applies pointwise multiplication in frequency space:

S(E) = xOW (O (©). (37)
Taking the inverse Fourier transform on Equation equation [37]leads to:
) =) W(OF(E)ve(x), (38)
£eA
where x(€) = 1 for £ € A and 0 otherwise. Substituting f(¢) = (J, we)B,3+ into Equation equa-
tion 38 leads to
= WEf, pe) 8.5 e (). (39)
gen
Biorthogonality (v¢, ¢,) = J¢, follows from the Fourier basis orthogonality in the dual pairing,
ensured by the RKBS structure |Li et al.| (2022)). O

Remark B.2. Equation equation[39)is nonlocal because the kernel involves global frequency modes
rather than localized supports.

Lemma B.5. For any continuous operator T : B — B and § > 0, there exists a set of parameters
of W (&) in Equation equation[9|such that ||S(g) — T(g)||s < 6 for all g in a bounded subset of B.

Proof. First, we define integral operators T'(f)(z) = [ Kr(z,y)f(y)dy, with kernel K con-
tinuous. Then, fixing a bounded set G C B, We say G is weakly compact since B is uni-
formly smooth and reflexive. By Arzela-Ascoli theorem, continuous kernels K7 (z,y) and thus
operator T'(f) can be approximated uniformly on G. We denote the Fourier operator Ty, (f) =

F1 D je1<m K (&)F(f)(€)], where K1 (€) is the Fourier transform of the kernel K(z, y). From
universal approximation theorem |Kovachki et al.| (2021), we have:

|T —Talg — 0, as M — o0 (40)
Next, by setting A = {¢ : |€] < M}, x(€) = 14(€), and W (€) = K1 (£), it follows
IS — Tamlls — 0, as M — oc. 41)
Finally, substituting Equation equation40|to Equation equation T]leads to:
18(9) = T(9)lls < HS( ) = Tar(9) + Tae(9) = T(9)lls

o é s,

273"
which completes the proof. O
Lemma B.6. Define C(f = [ 0( - W - f(y) dy, where 0 is the Dirac delta distribution.

The integral is well- deﬁned zn the dlstrlbutzonal sense.
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Proof. First, we consider the single channel (C' = 1, W = 1). In this case, we have C(f)(z) =
f(z) = [,0(z — y)f(y)dy, where the integral is the pairing (d,, f);,5- in the dual space since
S, € B* for spaces admitting point evaluations. Next, for multi-channel f = (f(V,..., f(©)), we
extend C(f)()(z) to 25:1 Wee f(€) (). Then, it follows

C
C(H () =Y Wee [ ()

/=1

< (43)
=N W [ 8z —y)f(y)d
> /Q (x—y) ' (y) dy

- / 5z — ) (WF)© dy,

where W f(y) applies the matrix pointwise. Equation equation becomes to
C(f)(x) = 95(33—1/)-W-f(y)dy, (44)

for f(y) € RC. O

Remark B.3. C(f)(z) is a local projection because the kernel 6(x — y)W has support only at
y = x which projects onto the span of channels without spatial smearing. In practice, for a discrete
domain, it reduces to matrix multiplication at pixels. For a continuous domain, it is actually the
distributional convolution with a point mass.

Lemma B.7. Finite-rank operators are dense in the space of compact operators.

Proof. 1t is equivalent to show for any § > 0, there exists a finite-rank operator K, such that
1T — K|l < d. Assume the operator 7" is compact, then its image on a unit ball B has compact
closure. Therefore, for any x € Bp, there exists v; € B, such that || T'(z) — v;||g < ¢ for any § > 0.
Now, we define a projection 7y : range(7') — V/, which maps each T'(z) to its best approximation
in V. It is well-defined because V is finite-dimensional and 5 is a Banach space. Then, one can
also define K,,, := my o T, which is a linear and bounded operator. And the range of K, lies in
the span of v;, implying that K, is finite-rank. This way, one can verify ||T(f) — K.(f)||z =
IT(f) — mv(T(f))|ls < dforany 6 > 0and f € B. Since K,,(f) € span{vy,..., v}, one can
formulate it as K,,,(f) = Y.~ a;(f) v;, for linear functionals a;. O

Lemma B.8. C is finite-rank. For any operator T : B — B following T = I — P, where P is a
projection, and § > 0, there exists W such that ||C(g) —T(g)|ls < 0 for all g in a bounded subset
G C B, with the error decaying as the matrix rank (channel dimension) C increases.

Proof. First, we show that C is finite-rank. Since B is an RKBS, the evaluation functional is contin-
uous, for f € B, f(z) = (f, K(-,z))g p~ holds, and K (-,z) € B* satisfies | K (-, z)||p+ < co. Let
B¢ =BaRY, f=(fV,..., f{©) has evaluations f(z) = (fI)(z),..., f{(z)) € R, with

FO@) = (fO K ()55 (45)
For each channel ¢ = 1,..., C, we have
c
CH (@) =D Weer f (). (46)
=1

The reproducing property follows

FO@) = (f K 2))ps = (), 085 (47)

in the distributional sense as long as B embeds into a space where d,, is defined. Then, it holds that

), 6,) .5 = /Q 5z — ) f(y) dy 48)
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in the weak sense. Therefore, we have:

c
C(f)(C) (‘T) = Z ch’<f(0/)7 5I>B,B*
7 (49)
> Weo [ 8= 9)1 ) dy
c’'=1 Q
Next, Equation equation 9] becomes:

c C

C() =D Weelf, Ber)pe B, (50)
e=1c¢'=1

where (f, Bo)ge = (f(), B.)p 5~ for the basis %, of B. The rank of C(f) is at most ¢ x ¢ < C?,
so C(f) is finite-rank. We note that if an operator is finite-rank, it is bounded and compact in Banach
space B.

Moreover, we consider the operator ' = I — P, where P is a projection operator. Assume that P is
finite-rank and thus compact, and then the operator 7" is also compact. Since T is compact, for any
§ > 0, there exists finite-rank approximation K., = > .-, 0;(-, u;) gc v;, where u;, v; € B¢, such

that

)
T(9) — Km(g)llp < ————— (5D
1109 = En@lle < G Tallae
for g € G from Lemma|[B.7]
Then, by denoting A = I — P, from Equation equation [S1] we have:
e~ T@)lse = | [ 36 = )V ~ Aot av|
B
1/2
= W—A 2ed
([ 107 — awstlie av) o)
1/2
<sup W = Alae ( [ ot e ay)
Yy
< ellgllge <,
by choosing € < §/(2sup ||g]|5c). O

Now, we give the full proof of Theorem [4.1] assuming GELU is globally Lipschitz with constant
Leeru.

Proof. We start with the residual:

Ti = Otrue — 0 = (Qgrue — ¥i—1) — (@ — ;1)

53
=7ri1— (ric1, J (%)) B3 Bi. (>3)
Then, let T(g) = (g, J(%:)),5- %;, from Lemma[B.3] one can obtain:
18 (2p,i-1) = (ri—1, J (%)), Bills < 77— (54)
4LcELu
Next, from Lemma B8] we can also get:
1C(zp,i-1) = (rie1 = 2p,iz1) = (ri—1,J (i) 8.5 i) |8
c (55)
4LcrLy
By adjusting the parameters in GELU (i.e., v, ), one can show:
BN (2p,i—1 + S(2p,i-1) + C(zp,i-1)) — (ri—1
(56)

g
—(ri—1, J (%)) 8,5+ Bl < Y p—
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By Lipschitz continuity of GELU, we have:

€ € €
Zpi— Ty B<LGELU'( + + ) <e. (57)
Iz | 4Lcgery  4Lgeru  2LgrLy

Since J is continuous, one can show ||zq; — J(7;)|| 5 at the same way. O

C THE OPTIMAL FEATURE MAP FM*

We denote the training data points here as (z;, y;). The empirical risk minimization in the RKBS B
is utilized in the form minsep Z;nzl L(FM(x;),y;) + A||[FM|| g, where FM refers to the possible
feature maps, ¢ is the loss function which is assumed to be convex, continuous, and Lipschitz, and
A > 0 is the regularization parameter. Since B is reflexive, we know that the optimal feature map
FM" as a minimizer exists. Then, we calculate it by solving (>~ ¢(FM(z;), y;))+A0||[FM||z) = 0
following:

O(Y_ U(FM(z;),y5)) = Zauﬁ(u,yj)IwFM(xj) - OFM(z)

J

= Z aug(u» yj)'u:FM(ﬂcj) ’ K; (LU]', .)’
J

(58)

where OFM(z;) = Kj(x;,-) € B* from evaluation functional. —Thus, O0¢(FM) C
span{ K (z;,-)}72; in dual.

On the other hand, we have 9|[FM||s = jigrd if FM 7 0. We admit FM* follows the form

Z;ﬁ:l ¢; K.(x,xj), where ¢; needs to be determined. Substituting it into the gradient condition

leads to:
chKz(xkvxj) + )‘<J(FM*)7KZ('7xj)>B,B* = _aE(FM*(mj)vyj)v (59)
k

which is a linear system can be solved accordingly.

D PROOF OF THEOREM

Before providing the full proof of Theorem .2} we give several definitions and lemmas first.

Definition D.1. A Banach space B is uniformly convex if there exists a function ¢ : [0,2] — [0, 1],
the modulus of convexity, such that for all u,v € B with ||ul|g = ||v||p = 1 and ||u —v|g > T,

u+v

<1-46(r), o(r)>0fort>0.
B

B is uniformly smooth if the modulus of smoothness p(T) = sup{ Hu+rv\|3—25-\|u—m|\3 1 fulls =
[vlls = 1} satisfies p(r) = o() as T — 0.

Lemma D.1. For any n > 0, there exist parameters in the primal-dual propagation such that
lzps — millB < mand ||zq; — J(r;)||B+ < nfor each i. Therefore, it holds that

[(zp,i» J (Biv1)) B8+ — (ri, J(Bit1)) 5| <1
Proof. This lemma follows directly from Theorem 4.1} O
Lemma D.2. In the AFD operations, the residuals satisfy
IrillE < pllri-1lls
where p? = 1 — § (2%) < 1, and B; is chosen greedily as

maxg,ep [(ri—1, J (%)) 5.5~
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Proof. Foru = —=1_andv = <”*1"](%)>5'5*% , it follows
lri—1lls Tri—ills
[T el (i s IS
[ri-1llsls [ri-1lls B o

Since |ju —v[|F <1 — 8 (2|ulls|v]5), we have:
lu—vllz <16 (2]vlls)

<1-26 <|<”‘1’ (Pa,))5.5° ) =1-pi.
i1l

Equation equation [61] becomes to:

IrillE < pllri-all:
Iterating Equation equation [62]leads to:

N
Irnlls < (sz‘) l[rolls-

i=1

Lemma D.3. The bias terms satisfy

N N
Z [yl < (1 - Hm) Irolls + Ne,
i=1 i=1

where the bias term satisfying v; < |(2p,i—1, J(%:))|—pisupg,ep [(2p,i-1, J (B;))

7“1;1”3 < &.

Proof. Assume D is rich in B, we have:
[vil = [(zp,i—1, J(Zi))| — pi Sup [(2p,i—1, J (%))

j
< (1= pi)llzp,i-1lls.
Now, from Theorem 4.1} one can have:
12p.i-1ll < lIricalls + [lzp,i-1 — rialls < llricalls + ¢
fore > 0.
From Lemma[D.2] Equation equation [65] becomes to:

i—1

lzpi-1lls < TT psllrolls +e.
j=1

Substituting Equation equation [64]into Equation equation [66] leads to:

1—1
vl < (L =pi) | [T psllrolls +¢
j=1

Then, we sum both sides of Equation equation[64]over i = 1 to N and get:

N N i1
Z\%W SZU*M) HPjHToHBJr5
i=1 j=1

=1

N i—1 N
= lrolls Y (1 =pi) [T s +D_(1 = pi)
j=1 i=1

1=1
N i—1

< rollsd (1= pi) [] ps +&N.
i=1 j=1
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For the first term in Equation equation [68] it follows

N i—1 N [i-1 i
D =p) [Los =3\ IIrs=1Irs
i=1 j=1 i=1 \j=1 j=1

= (1= p1)+ (p1 — p1p2) + (p1p2 — p1p2p3)

N-1 N
+-+ ([T pi = IIr0)
=1 =1

N
:1*IIM~
j=1

Putting everything together, we arrive:

N N
Z [yl < (1 - Hm) Irolls + Ne,

i=1 i=1
which completes the proof.
Now, we are safe to give the full proof of Theorem £.2]
Proof. To start with, we consider
N N
||dN,6 - atrue”B = H Z<Zp,i7 J(‘%i)>3~,3*'@i + Z’Yz_
i=1 i=1

oo

Z<T1—17 J (%)) 8,5+ PBi s

i=1

N
<D zpi = ricn, J(B)sse| - | il
i=1

N e
Y il DD (rie1, J(B) s B
i=1 i=N+1 B
From Lemma|[D.1] one can have:
[(zp,i = ri1, J (i) <,
for any n > 0, which implies
al 5
Z [(2p,i = riz1, J (%)) | < Nn= 5
i=1
by setting 77 = 5% . By Theorem[A.2] we have:
(oo}
e = Y _(ric1, J(%:))8.5- B,
i=1
so the tail is
oo N
Z (ric1, J(%Bi))B-%i|| = |rnlls < HP¢||7’0||B
i=N+1 B i=1

from Lemma[D.2} Next, from Lemma|[D.3] the bias term ~; satisfying:

N N
Z|%‘| < (1 —sz) [rolls + Nn
=1 =1
al £
= (1 - HPz) Irolls + 3

i=1
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By choosing v; < (1 — p;) H;;ll p;illToll B, we have:

N
. € £
w0 — awnells < 5 + [ rillrolls + 3
i=1 (77)

N
=+ [ rillrolls,
=1

which completes the proof. O

E PROOF OF THEOREM

Before proving Theorem[4.3] we give a lemma first.

Lemma E.1. Let ¢ be a convex and L-Lipschitz loss function on a compact convex subset By C B,
and let @ be a p-strongly convex mirror map on By. Then, the mirror descent algorithm (MDA) with
projected updates achieves a convergence rate of O(1/v/'N) for N iterations:

&m>€ﬁﬂ30<jN)

where f* is the minimizer, and the constant depends on L, 1, and the diameter of B.

Proof. It follows from |[Kumar et al| (2024) by setting gy = gn—1 — 70y, L and fy =
Hgo ((0®)~Y(gn)), where II is the Bregman projection. O

Remark E.1. We remark that, AFD can be interpreted as a greedy variant of mirror descent in
RKBS, where each layer corresponds to a descent step with duality pairing approximating subgra-
dients, and the normalized kernels B; are utilized to select the directions. In AFD, the greedy selec-
tion maximizes the projection |(r;_1,J (f%’a)w which is equivalent to a subgradient descent step in
the dual space, with the mirror map ®(f) = §||f\|% Furthermore, i = r;_1 — (ri_1, J)B,p~ B; is
a projected mirror descent step.

With this, now we prove Theorem[4.3]

Proof. Define the loss function £(f) = ||a — f||g on By = {f € span(D) : || ||z < |le||5}- Since
B is uniformly convex, By is compact. The function ¢( f) is convex and Lipschitz:

((f) =gl = llla = flls = lle = gllsl < |If = glls- (78)
One can know that the minimizer is f* = « and £(f*) = 0 holds in this case. In AFD, we have
ri =ri—1 — (ri—1, J (%)) 8,5+ Bi (79)
and
Pi(a) = Pii(a) + (rim1, J (%)) 8,8+ Bis (80)

where %; maximizes |(r;_1, J(%;))5,5+|. This way, AFD corresponds to a greedy mirror descent
step, where the subgradient direction is approximated by J(%;). Denote f; = P;(«),sor; = a— f;.
Furthermore, Equation equation[80]is equivalent to:

fi= fior + " (0U(fi-1)), (1)
where n; = (r;—1, J(%;)), and J* : B* — B is the inverse duality map since B is reflexive.
From Lemma E.1| considering ¢(f) = || — f||5 on By, we have

1
) = ) = = fls, <0 (2 ). )
where the diameter diam(y) < 2||a||g. Since fx = Pn(c), and £(f*) =0,
1
IPv(e) -~ alls, = o~ s, <0 (). )
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Then, we generalize it to ||| by scaling diameter:

1
|wwm—mm<o(¢N)mm. (84)

Finally, from Theorem[4.2] we obtain:

lane — Pr(a)lls < llane — alls + lla = Px(a)ls

N
N 1
<o+ ralls +0 (= ) lalls
11 VN (85)
1
<e+0|—=| s,
<\/ﬁ ) lells
which completes the proof. O

F DETAILS OF DATASETS, SETUPS, AND EVALUATION PROCEDURES

Two datasets used in this work include Darcy flow (public dataset from |Li et al.| (2020b))) and non-
linear magnetic Schrodinger. For Darcy flow dataset, the coefficients a are generated following a
measure 4 defined as 1 = ¥ (N (0, (—A +91)~2)), where the operator (—A + 91)~2 utilizes a
Neumann boundary condition. The field a is constructed to be piecewise constant with random ge-
ometry and a fixed contrast of 4, determined by the mapping ¢)(z) = 12 for z > 0 and () = 3 for
z < 0. Solutions u are generated using a second-order finite difference scheme on a high-resolution
241 x 241 grid.

For nonlinear magnetic Schrodinger dataset, we just need the Dirichlet-to-Neumann (DN) map with-
out needing to generate PDE solutions. That is, the DN map data serves as the observation, rather
than a solution field w. This data is generated by specifying the functional class of the potentials A
(magnetic) and ¢ (scalar) and the boundary term f on the complex manifold M. The potentials A
and ¢ represent the unknown parameters, and the DN map A_A,q : f +— 0_vu| OM is computed
by numerically solving the highly nonlinear Schrodinger equation for various input boundary terms
f and then calculating the resulting normal derivative 0, u at the boundary 2. The complete dataset
consists of pairs of the unknown potentials (A4, ¢) and their corresponding simulated DN maps.

G ADDITIONAL EXPERIMENTS

Here, we conduct an additional experiment considering the magnetic Schrodinger equation problem
on a regular rectangular domain [0, 1] x [0, 1]. The results are shown in Table|6]

Models MAE Relative L? error

Ours  3.20E-02 5.30E-05
NAO  8.09E-01 1.01
NIPS  2.07E-01 8.05E-02
LNO  4.64E-01 1.86E-01
MWT  2.82E-01 1.00

Table 5: Comparison of MAE and relative L? error among different models on magnetic
Schrédinger equation on [0, 1] x [0, 1].

Furthermore, we also explore the effect of data augmentation. Given that the data augmentation
process is achieved by random permutations. Here, we implement 100 random permutations on top

of the training data containing 6000 solution samples. We compare our model to NAO and NIPS,
whose performance heavily relies on data augmentation.

H ARCHITECTURE AND IMPLEMENTATION DETAILS

The architecture and implementations details can be found in the source code uploaded along with
the submission.
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Models MAE Relative L? error  Training time

Ours 9.94E-03 1.20E-05 2.52
NAO  5.98E-02 6.11E-03 2.54
NIPS  4.81E-02 4.29E-03 3.26

Table 6: Comparison of MAE, relative L? error and training time (seconds per epoch) among dif-
ferent models on magnetic Schrodinger equation on [0, 1] x [0, 1] under 100 random permutations.
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