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ABSTRACT

Diffusion Schrodinger Bridge Matching (DSBM) is often argued to resist error
accumulation because each forward and backward update resamples from the true
marginals. In this paper, we study that claim in a controlled toy model that replaces
learned stochastic bridge dynamics with perturbed exact Gaussian optimal transport
maps, allowing rigorous tracking of the integrated marginals.

Within this toy setting, we show that resampling alone is not a universal mechanism
for robustness. Under constant shift perturbations, both the resampling and no-
resampling variants drift linearly, while the resampling variant accumulates error
twice as fast because forward and backward biases compound. Under variance-
scaling perturbations, the behavior differs qualitatively across variants, showing
that stability depends on the perturbation structure rather than on resampling alone.
We complement the theory with experiments using exact OT maps and learned
neural regressors. These experiments reproduce the predicted drift phenomena and
show additional shape distortion for learned maps. Overall, our results should be
interpreted as a toy counterexample to the claim that bidirectional resampling by
itself explains robustness to non-additive error.

1 INTRODUCTION

Iterative methods (Vargas et al. 2021} |De Bortoli et al., [2021} |Liu, [2022; De Bortoli et al., [2024)
have become a cornerstone of generative modeling, motivated by accelerating inference in Rectified
Flows (Liu, |[2022; Bansal et al., 2024; [Liu et al., [2024), and attaining the entropic optimal transport
(eOT) plan via Diffusion Schrédinger Bridge Matching (DSBM) (De Bortoli et al., [2024).

While Rectified Flows are known to accumulate error due to the loss of marginal matching (Seong
et al., [2025; [Zhu et al., [2024), DSBM, leveraging its bidirectional structure and eOT objective, is
frequently claimed to mitigate this issue (Peluchetti, 2023 |Gushchin et al.| 2024} [Kholkin et al.|
2024])). This claimed robustness is attributed to DSBM’s bidirectional resampling strategy, resampling
from true marginals at each forward and backward step, rather than its stochastic (SDE) dynamics,
which in error-free settings theoretically converge to eOT pairings (De Bortoli et al., 2024). However,
rigorous proof of this robustness claim under perturbations is lacking. Consequently, recent work has
explored bidirectional variants of Rectified Flow [Zhu et al.|(2024)) or hybrid methods incorporating
both directions [Seong et al.| (2025)), which report empirically improved marginal matching, but
provide no theoretical guarantees for why these marginals are preserved better.

Contributions Our contributions are as follows.

1. We introduce a controlled toy model of DSBM that isolates the effect of bidirectional
resampling by replacing learned stochastic bridge dynamics with perturbed exact Gaussian
OT maps.

2. In this setting, we prove that resampling alone does not guarantee robustness: under constant
shift perturbations, the resampling variant exhibits linear drift and accumulates error twice
as fast as the no-resampling baseline (in Proposition [I)).

3. We also analyze variance-scaling perturbations, showing that the resulting behavior depends
on the perturbation structure rather than on resampling alone (in Proposition 2).



Published as a paper at the 2nd DeL.Ta Workshop, ICLR 2026

4. Finally, we compare exact-map and learned-map implementations, showing that learned
maps inherit the same drift patterns while introducing additional off-support shape distortion
(in Section ).

2 BACKGROUND

Notation. Let R? denote d-dimensional Euclidean space. We use P(R?) for the set of probability
distributions on R?. The source and target distributions are my and 71, with Xy ~ mp and X; ~ 7.
A transport map is 7 : R — RY, and Ty, denotes the pushforward of 7y by 7'. Interpolants
are written X; = (X, X1,t), with t € [0, 1]. We write E[-] for expectation, Var|-] for variance,
and Vy for gradients with respect to parameters 6. Bold symbols (e.g., x) denote vectors. For a
vector field v : R? x [0,1] — R?, we write ODE-Solve[v] (g, t=1) for the endpoint at ¢ = 1 of
the ODE dX; = v(X¢,t)dt with initial condition X, = (. Similarly, for diffusion coefficient
o : [0,1] — Rxq, we write SDE-Solve[v, o](zo,t=1) for the (random) endpoint of the SDE
dX; = v(Xy,t)dt + o(t) dB; with Xg = x, where B, is standard Brownian motion.

Optimal Transport and Entropy-Regularized OT. Let 7, 7, be probability measures on R
The Monge problem (Mongel|1781) seeks a transport map 7" minimizing:

1r%f/||T(x) —z||*dno(z) st Tym =71, (D

where T 7y denotes the pushforward of 7y under 7'. The Kantorovich (Kantorovitch, [1958) relax-
ation introduces couplings 7 € II(m, 71 ) and solves:

Ws(mo,m) = inf  E(xy xp)enllX1 — Xol*], 2
w€ll(mo,m1)

where II(mg, 1) denotes the set of joint distributions with marginals w9 and 7;. Entropy-
regularized Optimal Transport (eOT) adds a Kullback—Leibler divergence penalty WS (mp, 1) =
inf reri(mg,m) Ex[[| X1 — Xol|?] + eDku (7| mo @ 1)

When 7 is absolutely continuous, the Monge and Kantorovich problems admit the same deterministic
optimal plan. A dynamic formulation describes OT as evolving a path {X}c[o,1) connecting
Xo ~ po and X; ~ p;. For convex costs, the optimal path is given by the straight-line interpolant
X; = (1 —t)Xo + tX; (McCann, |1997).

Conditional Flow Matching. Given the interpolants X; = I(Xo, X1,t) = a4 Xo + 5: X1 + o€
where ¢ ~ N(0, I), the CFM objective [Lipman et al|(2022) is:

Loryv(v) = Et~u(o,1),(X0,X1)~7r,e[||(Xl = Xi)/(1 =1) — vp(Xs, t)HQ] 3
2.1 ITERATIVE ALGORITHMS

1. Rectified Flows (or ReFlow). |Liu et al. (2022) propose an iterative procedure to straighten

transport paths. At each iteration k, a vector field v(®) is trained via the CFM loss Lcry on the

current coupling (X(gk)7 Xl(k)) with deterministic interpolation with o = 0, oy = 1 — ¢, 5 = t.

The next coupling is generated by pushing forward the source through the learned field: X fkﬂ) =
T¢(Xo) == ODE-Solve[v(k)](Xék),t = 1). This iterative resampling progressively straightens paths;
convergence is achieved when

E[x - x| X = o] = x - x{¥, )

which characterizes straight transport.

Algorithm 1 (IMF, ReFlow). Let po,py be endpoint laws on R™. Initialize the coupling ©(©) :=
po ®p1. Fork =0,1,2,.... Iterativelly, we fit a pushforward map Tf(k) : R™ — R” given the paired
data (Xo, X1) ~ 7%, Define a new pair by

(Xg, X7) = (Xo, T]Ek)(Xo)), Xo ~ po,

and set 7tV .= Law(X, X;").
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This algorithm is known to accumulate error through degradation of the target marginal Seong et al.
(2025)). Schrodinger Bridge Matching, which we introduce next, is conjectured to mitigate this error
accumulation via its bidirectional structure.

2. Schrodinger Bridge Matching The Schrodinger Bridge seeks the entropic interpolation between
T and 71 :

mf DKL(IP“ v ||Pref) 5)

ot o= iPS T g BV Sy

where P is a reference process. DSBM [Shi et al.| (2024)) learns bidirectional vector fields vy
after Equation with I(Xg, X1,t) = (1 — )Xo + tX1 + /(1 — t)te. On couplings which are
computed in the way it is described in Algorithm 2] Then new couplings can be obtained the

kaﬂ) =T;(Xo) := SDE—Solve[v; ), t(1— t)e}(X(gk),t = 1) for forward pass, and Xékﬂ) =
Ti(Xy) == SDE—Solve[vék), t(1—1) ](Xl(k),t = 1). The training procedure is described in the
following algorithm.

Algorithm 2 (toy-DSBM). Let po, p1 be endpoint laws on R™. Initialize the coupling 7(©) := py@ps.
Fork =0,1,2,..., perform the two substeps:

1. Forward update. Fit a map T;k) : R™ — R™ from paired data (Xo, X1) ~ 7(%). Define a
new pair by

(Xo LX) = (X0, TV(X0)),  Xo~po,
and set 7Y .= Law(XF, X}).

2. Backward update. Fit a map Tb(k) : R™® — R™ from reversed paired data (Xo, X1) ~
726+ Define a new pair by

(Xgt X)) = (Tb(k)()ﬁ), Xy), X1 ~p1,
and set 72 .= Law (X T, X;).

For completeness, we also consider a non-resampling variant of the above procedure, obtained by
replacing the true marginals pg, p; with the current couplings at generation time.

Algorithm 3 (no-resampling toy-DSBM). The no-resampling variant of Algorithm[2]is obtained by
replacing, at each forward generation step, Xy ~ 79 with an independent fresh draw Xo ~ 7(2¥),
and at each backward generation step, X1 ~ ©(©) with an independent fresh draw X, ~ m(2k+1),
while keeping the fitting steps unchanged.

Measuring Marginal Displacement. By error accumulation, we mean the drift of marginal dis-
tributions across iterations. We quantify this using standard metrics: Kullback—Leibler divergence
D1 (p]|v), total variation distance TV (1, v), and Wasserstein-2 distance Wa(y, v). In our main
results on Gaussian marginals, we focus on tracking how the variance Tr(3},) of the learned distribu-
tions evolves across iterations.

Note on the algorithms. The maps T;-k), and Tb(k) in Algorithms 1-3 can be either deterministic

(via ODE integration) or stochastic (via SDE integration). The common belief is that Algorithm@]
avoids error accumulation because it resamples from the true marginals pg, p; at each iteration, rather
than the dynamics type it uses. In this paper, we challenge this belief by constructing failure modes
where even this resampling strategy fails.

Integrated vs. True Marginals. We distinguish between true marginals pg, p1 (fixed source/-

target used for resampling in Algorithm [2) and integrated marginals p(() )7291 ) (pushforward

distributions from applying maps). Specifically, pg ) = ( ;k))#ﬁé Y for forward steps and
f)(()k) = (Tb("C ))#pgk_l) for backward steps, where T}k), Tb(k) are the maps fit at iteration k.
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3 DISPLACEMENT IN THEORY

To better isolate marginal displacement mechanisms in Algorithm [2](DSBM), we analyze perturbed
optimal transport (OT) maps between Gaussians rather than learned stochastic vector fields. This
choice is motivated by three considerations. First, the claimed robustness of DSBM is widely at-
tributed to its bidirectional resampling structure rather than its stochastic (SDE) dynamics (Peluchetti,
2023; |Gushchin et al.| 2024; |[Kholkin et al., 2024), suggesting that the resampling mechanism, not
the noise, is the key stabilizing factor. Second, since our focus is on marginal evolution rather
than coupling quality (as in entropic OT), deterministic maps suffice to reveal how errors propagate
through marginals alone. Third, exact OT maps between Gaussians are globally defined on all of
R? (Peyré et al.,[2019), allowing us to precisely characterize off-support behavior when maps trained
on perturbed distributions are applied to true marginals, a scenario that would be ambiguous with
learned conditional expectations E[X; — X | X;] which may behave unpredictably outside their
training support.

This controlled setting enables rigorous theoretical analysis (Propositions [2HI]) before we relax
these assumptions in Section[d.2] where we examine the practically relevant case of neural network
regression from finite samples).

We study two diffeomorphic perturbations of exact Gaussian OT maps (Peyré et al.l [2019).
Given the optimal transport map Tgflz at iteration k, we consider perturbed maps of the form
f(k)(a:) = E(TC()]’CT) (2)). Our first perturbation, constant shift (Proposition , adds a fixed bias:
t(z) = z — €1,, forward and ¢(z) = z + €1,, backward, inducing systematic mean drift. Our second
perturbation, variance scaling (Proposition , rescales the map: #(z) = Verz forward (\/epz
backward), inflating/contracting variances (¢, €, > 0). When tisa diffeomorphism, Lemma shows

that bidirectional ReFlow (Algorithm [I)) and non-resampling DSBM (Algorithm [3)) produce identical
marginals, enabling unified analysis.

Lemma 1. Suppose the perturbed maps T ( (forward) and Sk, (backward) are diffeomorphisms for
all k. When both algorithms use the same error perturbations, Algorithm[I|(Rectified Flow applied
bidirectionally) and Algorithm 3| (no-resampling DSBM) produce identical integrated marginals

5% forall k > 0.

This result (LemmalT)) simplifies subsequent analysis: we use it to streamline proofs in Section [3]and
experiments in Sectiond] Importantly, Algorithm [3|has limited practical utility for generative model-
ing. Without resampling from true marginals pg, p1, one cannot generate samples at intermediate
iterations, only after completing the full bidirectional cycle. However, the equivalence is valuable
theoretically: it shows that non-resampling DSBM reduces to bidirectional Rectified Flow, allowing
us to analyze both methods simultaneously.

We will now present an example where accumulating errors will result in the total forgetting of the
source and target, even in the case of the toy-DSBM Algorithm

Proposition 1 (Constant shift failure mode). Let pg = N(0, I,,) and py = N (i, I,) where p € R™.
Fix e > 0. At each iteration, given a pairing (X(gk), X{k)) with Gaussian marginals, compute the
quadratic-cost OT maps Tg;), S (OkT) between them and define the erroneous maps via constant shift:

= k & k
Ti(w) = TS (@) — Lo, Skly) = S5 (v) + el
where 1, = (1,1,...,1)" € R™ All three algorithms exhibit linear drift in marginal means,

however DSBM (Algorithm 2} drifts twice faster than Algorithm[I} and|3).

Proposition 2 (Iterative OT with additive Gaussian noise). Let pg = N(0, I,,) and py = N(0, I,,).
Fix €5, €, > 0. At each iteration, given a pairing (Xo, X1) with Gaussian marginals, compute the
quadratic-cost OT maps between them and define the erroneous maps

TW(2) = JGTS), T () = VaSsry),

For ey, ey > 1 Algorithms [I| and [3 exhibit unbounded error accumulation, while Algorithm [2]
stabilizes at a finite discrepancy, and for 0 < €y, €, < 1, all Algorithms exhibit unbounded error
accumulation.



Published as a paper at the 2nd DeL.Ta Workshop, ICLR 2026

One-Time Error (Resampled) at Iteration 1 - Distributions at t=0, 1, 3, 5

Po at Iteration 0 Po at Iteration 1 Po at Iteration 3 Po at Iteration 5

— = True N(O,1) == True N(O,1) == True N(O,1) == True N(O,1)
— Fitted N(0.00,1.00) — Fitted N(0.21,0.84) —— Fitted N(0.21,0.84) — Fitted N(0.21,0.85)

05 p1 at Iteration 0 os p: at Iteration 1 05 p1 at Iteration 3 05 P at Iteration 5
—= TueN(s) == Tue (s, == e N(s.1) == True (s, 1)
— Fitted N(5.00,1.00) — Fitted N(3.48,1.81) — Fitted N(4.61,1.42) — Fitted N(4.63,1.38)
04 0.4 " 04 " 0.4 r
1 i I'm
i Iy
503 .03 il 5.0.3 " 5.0.3 il
2 2z 2 £ ]
2 2 \ 2 2
5 § § §
202 202 Q02 202
01 0.1 01 0.1
0.0 .0 0.0 0.0
-25 00 25 50 75 -4 -2 0 2 4 & 8 -4 -2 0 2 4 6 8 -25 00 25 50 75
x x x x
Mean Evolution Std Evolution W: Distance to True Marginals
s{G T 18 == postd —— Wa(fe, N(O.1))
—— prstd 10 —— Wa(p1, N(5,1))
4q 16 True std = 1.0 Target: Wz = 0
: : Error injection 08 : Error injection
3 —_
po mean 14 06
—— fim

W: Distance
°
=

e

Standard Deviation

o

0.8
00 25 50 75 100 125 150 00 25 50 75 100 125 150 0 2 4 6 8 10 12 14
Iteration Iteration Iteration

Figure 1: One-time contamination in Algorithlel. At iteration 1, the forward map learns to a
contaminated target 0.1 A (0,1) + 0.9N(5, 1) instead of N (5,1). Despite resampling from true
Do, P1, the integrated marginals pg, p1 perpetuate the displacement. By iteration 5, p1 remains bimodal
and pg exhibits asymmetric distortion (apparent discontinuity in left tail), showing that corruption of
Py destroys pg as well.

These two theoretical examples demonstrate that Algorithm [2]fails to alleviate accumulating error
under systematic perturbations—linear drift from constant shifts (Prop. [T) and variance divergence
from scaling (Prop. [2), with proofs in Appendix [A].

4 DISPLACEMENT IN PRACTICE

We present two classes of experiments. In Section[&.1] we work with exact optimal transport maps
defined on the entire space, allowing us to precisely characterize how contaminated maps affect
off-support regions. In Section@, we learn transport maps via regression arg ming || 75 (Xo) — X1 ||?
from finite OT couplings (X, X1), mimicking practical flow matching scenarios.

Notation for Section 4. We use ﬁék) and ﬁgk) to denote the integrated marginals at iteration k—that
is, the pushforward distributions obtained by applying the learned (potentially erroneous) maps
to samples. Specifically, ﬁgk) = T;k)#ﬁ(()k_l) for forward steps and ﬁ(()k) = Tb(k)#]ﬁgk_l) for
backward steps. These differ from the true marginals pg, p1 used for resampling in Algorithm 2.

4.1 OT-INDUCED MAPS

When a map T’ is learned on (po, p1) and applied to po, its behavior is generally unknown off-support.
Using exact OT maps—defined on all of R%—allows us to compute Ty analytically and precisely
track marginal evolution.

One-time forward displacement propagation. We study how a single marginal contamination
propagates through Algorithms[2]and[3] We set py = A(0, 1) and p; = N(5,I). At iteration 1 only,
the forward map learns to a contaminated target 0.1 pg + 0.9p; = 0.1A(0,1) + 0.9 N (5,1) instead
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Figure 2: Repeated contamination in Algorithm [2, The forward map learns to 5po + 51 at
iterations 1, 2, 4, and 8 . Each error compounds existing corruption: p; progressively degrades from
mean 4.49 (iteration 1) to 3.66 (iteration 9) with increasing variance, while pg drifts from 0.21 to
0.55. Unlike the one-time case (Figure [T), multiple contaminations cause cumulative degradation that
resampling cannot prevent.

of the true p; = N(5,1). In 1D, we compute the exact quadratic-cost OT maps for both forward
and backward steps. Figure[I|shows that despite resampling from the true marginals py and p,, the
integrated marginals pg and p; both accumulate displacement from the initial contamination. pq
develops persistent bimodality, and by iteration 5, pg exhibits asymmetric distortion with apparent
loss of smoothness on the left tail, demonstrating that corrupting p; inevitably corrupts py. In contrast,
Algorithm |§| preserves pg = po while p; remains unchanged in later iterations (see Appendix

Figure[7).

Multiple forward displacement propagation. Having demonstrated that a single contamination at
iteration 1 causes persistent displacement, we now examine cumulative effects when contamination
occurs repeatedly. We use the same setup: po = N (0,1) and p; = N(5,1). At iterations 1, 2,
4, and 8, we introduce contamination in the forward step: instead of learning py — p;, we learn
Po — 1/10pg + 9/10p;. All other iterations follow the standard Algorithm 2: forward steps learn

from the corrupted ;ﬁék) to p; and apply to fresh py samples, while backward steps learn from ﬁgk) to

po and apply to fresh p; samples. Figure[2]shows that repeated contamination amplifies marginal
displacement. Both py and p; exhibit progressive degradation: by iteration 9, p; has mean 3.66 and
variance 2.02 (versus true mean 5 and variance 1), while pg drifts to mean 0.55 with compressed
variance 0.66. Unlike the one-time case where displacement partially stabilizes between errors, each
new contamination compounds the existing corruption, demonstrating that resampling alone cannot
mitigate accumulated systematic failures.

Forward and backward displacement propagation In this experiment, we demonstrate that
Algorithm 2] can be subject to drastic changes in the integrated marginals po and p;. We investigate
the compounding effect when errors occur in both the forward and backward steps simultaneously.
We use the same setup: po = N(0,1) and p; = N(5,1), with Algorithm 2] (DSBM) and Algorithm 3]
At iterations k € {1,2,3}, we inject displacement errors in both directions. In the forward step,
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Figure 3: Bidirectional displacement propagation in Algorithms [2/and |3} At iterations 1, 2, and
3, both forward and backward maps displace targets. We track marginal evolution in subsequent
iterations. While both methods show similar W5 error (on average from their true distributions),
Algorithm 2] exhibits qualitative degradation: po, and p; transforms from a smooth Gaussian to a
distribution with discrete components and discontinuous support, revealing that resampling prevents
metric divergence but not structural collapse.
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Figure 4: Constant shift failure mode. DSBM (solid) vs Rectified Flow (dashed) with shift e = 0.3.
DSBM accumulates error at rate 2ek while Rectified Flow drifts at rate ek.

instead of learning py — pi1, we learn pg — %/\/’ (egck)7 1)+ %pb where the displacement centers

are 6;1) =0, 6;2) = &, and 6503) = —4. Simultaneously, in the backward step, we learn p; —

N (el()k), 1) + 2po with el(,l) =1, e,(f) =2, and el()g) = 3. This bidirectional perturbation creates a
realistic failure scenario where both transport directions are corrupted. Figure [3|demonstrates that
despite resampling from the true marginals pg and p; after each step, bidirectional errors cause severe
marginal degradation.

Shift example Given the setting of Proposition[I} we empirically compare Algorithm [2](DSBM)
and Algorithm [3|under constant shift perturbations € = 0.3. With py = N'(0,1) and p; = N'(5,1),

we apply shifts T'(z) = Tor(x) — € and S(y) = Sor(y) + € to the forward and backward maps
respectively. Figure @ reveals that DSBM accumulates error twice as fast as Rectified Flow: after
40 iterations, DSBM reaches mean displacements of +-24 versus £12 for Rectified Flow, matching
the theoretical predictions of 2¢k and ek respectively. This acceleration occurs because DSBM’s
bidirectional updates cause errors from forward and backward steps to compound additively in each
iteration. Despite resampling from true marginals py and p; at each step, the systematic nature of
the shift prevents cancellation. The Wasserstein distances in panel (b) confirm both marginals drift
linearly, with DSBM degrading at double the rate. This demonstrates that bidirectional resampling
amplifies rather than mitigates error accumulation under systematic perturbations.
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4.2 LEARNED MAPS

In the previous section, we analyzed exact optimal transport maps defined on all of R?, allowing
precise characterization of error propagation even in regions with no data support. We now relax this
idealized setting and examine the practically relevant case where transport maps are learned via neural
network regression. Specifically, we train a network to approximate the conditional expectation
E[X; — Xo | X¢] from finite samples, as is standard in flow matching. This introduces an additional
source of error: the learned map may behave unpredictably when applied to points outside the training
data support.

Shift example We extend the shift experiment to 2D (py = N([0,0], I2), p1 = N([5,5], I2),
€ = 0.3), replacing exact OT maps with neural network approximations as in standard flow matching.
At each iteration, we train a feedforward network (2 layers, 64 units, ReLU) to regress the velocity
field from paired samples, then apply the learned map (with shift +e) to fresh samples from true
marginals.

Figure [5| compares learned (left) versus exact (right) maps at iterations 0, 5, and 10. Both exhibit
comparable mean drift rates matching theoretical predictions. However, learned maps introduce
severe distribution distortion: while exact maps preserve Gaussianity, neural networks produce
elongated, non-Gaussian marginals by iteration 10. This occurs because networks trained on samples
near current means extrapolate poorly when applied to increasingly distant true marginal samples.
Practical implementations thus face dual error sources: systematic marginal drift from theory, plus
shape distortion from off-support approximation errors.

5 CONCLUSION

We studied a controlled toy version of DSBM to test whether bidirectional resampling alone explains
robustness to error accumulation. Through two tractable failure modes, we showed that DSBM
with resampling (Algorithm [2)) does not universally prevent error accumulation: under constant shift
perturbations, it exhibits linear drift (Proposition [I)), and under variance-scaling perturbations its
behavior depends on the perturbation structure rather than on resampling alone (Proposition [2).

We further showed that the no-resampling variant (Algorithm [3) exhibits marginal decoupling
(Lemmal(I): forward steps preserve pp while corrupting p1, demonstrating that marginal preservation
does not imply transport map accuracy. Together, these results show that resampling alone is not
the mechanism behind robustness to non-additive error, and can even accelerate error accumulation
depending on the perturbation.

Our experiments with exact optimal transport maps and learned neural networks support the same
qualitative picture. They confirm the predicted drift behavior and show that learned maps can
introduce additional geometric distortion, reinforcing that the phenomenon is not eliminated by
resampling alone.

Future work should investigate which aspects of these toy failure modes persist in full learned DSBM
systems, high-dimensional settings, and realistic generative modeling pipelines. It would also be
valuable to develop mitigation strategies, such as error detection, adaptive stopping, or hybrid updates,
that reduce systematic error accumulation without losing the computational benefits of iterative
refinement.

2D Constant Shift: DSBM with Learned Maps (¢ =0.3) 2D Constant Shift with Exact OT Maps: DSBM (£ =0.3)
Iteration 0 Iteration 5 Iteration 10 Iteration 0 Iteration 5 Iteration 10

8
6
a
2
o
2

Law oo

8
6
a
K
2
o
2

Figure 5: Learned maps amplify distribution distortion. Neural approximations (left) vs exact OT
maps (right). Both show predicted mean drift, but learned maps produce non-Gaussian marginals.
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A HELPFUL RESULTS

You may include other additional sections here.

Lemma 2. Consider the non-resampling variant (Algorithm|l) with a fixed diffeomorphic perturbed
map T(e, x) applied at each forward iteration. At iteration k, the distribution pgk)

as the pushforward of po under the k-fold composition:

pt¥ = (T°F)#po,

can be expressed

where T°* == ToTo---0T.
%/_/
k times

Proof. We proceed by induction on k.

Base case (k = 0): By definition, p( ) = = p; and T°0 = id, so the identity map gives p§°) = id#pg =
po- (Assuming pg = p; initially, or we can start from £ = 1.)
Inductive step: Assume that p(k) (T"k)#po
In the non-resampling algorithm, at iteration k£ 4+ 1 we sample X fk) ~ pg ) and apply the perturbed
map:
k41 = (k
X0 = (),

By the inductive hypothesis, X fk) = T°F(X,) where X ~ po. Therefore:
XY = T(TF (X)) = T°*+D (X),

which gives pgkﬂ) = (T°F+1)) #py.
By induction, the result holds for all £ > 0. O

Lemma Suppose the perturbed maps T ( (forward) and Sk, (backward) are diffeomorphisms for
all k. When both algorithms use the same error perturbations, Algorithm[I|(Rectified Flow applied
bidirectionally) and Algorithm [3 (no-resampling DSBM) produce identical integrated marginals

ﬁ(()k),pg )forall k>0.

Proof. Decompose the perturbed map as T'(z, €) = (Tor(z), €), where Tor is the optimal transport
map from p(k) to pgk) and £(-, €) is the error function applied in the target space. Similarly for the
backward map: S(y, €) = 5(Sor(y), €).

We prove by induction that the marginal sequences coincide at every iteration.

Base case (k = 0): Both algorithms initialize with 7(?) = py ® p1, so p(0 Reflow) _ péo’NOResamphng) =
~(0 Reflow) ~(0 NoResampling)
Po and = 1 = P1.

k,Reflow ~(k,NoResamplin, ~(k,Reflow ~(k,NoResamplin,
=( ) _ é pling) ( ) _ g pling) ¢ some

Inductive step: Assume p and p

k>0.

Forward step (computing p( 1) ):

Algorithml: Fits a map on (po, 155’”), perturbs it, and applies to fresh py samples. By Lemma
this yields p(k+1) (T°F+1)) g
Algorithm!: The current coupling has marginals (p(() ), pgk)) Let Té’;i) ~(k) — p( ) be the optimal

transport map between these marginals (which exists by Brenier’s theorem (Brenier; [1991)) since
diffeomorphisms preserve absolute continuity). The perturbed map is:

Ti(w) = (T (@), ).

10
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Sampling Xy ~ ﬁék) and applying T gives:

Y = TopY = H(, ) (TR #5)) = (-, o)t

Since p-Reflow) — p(k-NoResampling) 4o the inductive hypothesis, and both algorithms apply the same

error function £(-, ¢) to this distribution, we have ﬁgkﬂ’keﬂow) = ﬁng’NOResamph"g).

Backward step: By the same argument with 3(-, ) applied to "™, we obtain "R —
~(k+1,NoResampling)
o )

By induction, the marginal sequences coincide for all k£ > 0. O

Lemma 3 (OT trained on a variance-inflated source). Let o > 0, and define p := N (0, al,,) and
p = N(0,1,). Let T := Tj_,, be the quadratic-cost optimal transport map from p to p. Then
T(x) = ﬁx, and consequently

T, N(0,1,,) = N(o, é[n)

Proof. Tt is a standard fact that the quadratic-cost OT map between Gaussian measures is affine.
Since both p and p are centered and isotropic, the OT map must be

1
Let Z ~ N(0,1,) and set W :=T(Z) = =Z. Then W ~ N(0, 2 I,,). i.e.

1
T, N(0,1,,) = N(o, 71,1).
«
O
Proposition[1] (Constant shift failure mode). Let po = N'(0, 1,,) and p1 = N (u, I,,) where ju € R™.
Fix ¢ > 0. At each iteration, given a pairing (Xék)7 Xl(k)) with Gaussian marginals, compute the

quadratic-cost OT maps Tg;), S g? between them and define the erroneous maps via constant shift:
= k & k
Ti(2) = Toy (2) = eLu, Sily) = Sg (v) + €l

where 1,, = (1,1,...,1)T € R™. All three algorithms exhibit linear drift in marginal means.

Proof. No-Resample. Start with X(()O) ~ N(0, I,,), Xfo) ~ N(u,I,). The OT map is Tor(z) =
T+ u.

Iteration 1: Forward gives with error gives Xl(l) = X(SO) +pu—€el, ~ N(u— €ly, ;). So the
pairings on which the backward learns are (Xéo) el e,XéO)), s0 Sor(y) = vy — (u — €l,,),
we get Xél) = Xl(l) — (n—€l,) + €1, = Xéo) +pu—€ly, — p+ 2, = X(()O) + €1,,, so
X(()l) ~ N (+€l,, I,,). We can see the effect of Lemmain here).

The proof by induction is just applying the step above on the inductive assumption, that X {k) ~

N(u — ke, I,), and Xék) ~ N(ke, I,). By Lemma Alg.matches.

DSBM. At each step, resample from true marginals before applying maps.

Iteration 1: Forward gives with error gives Xl(l) = Xéo) +pu—e€l, ~N(u—€ly,, I,). So the
pairings on which the backward learns are (Xéo) + 1 —, Xéo)), so Sor(y) =y — (u — €1,,), but we
apply this map to X; ~ N(p, I,), instead. We get X(()l) =X1—(p—e€l,)+el, = X1 —p+2el, ~
N (2¢€1,,1,,). We can see the effect of Lemmain here).

Both marginals drift away from their targets. After k iterations: Xék) ~ N((2k — 1)el,, I,),

)_(§k> ~ N(u — 2kel,,, I,,). The toy-DSBM version drifts at rate 2¢ because both forward and
backward errors accumulate independently. [

11
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Non-Anchored Recursion: Variance Evolution

Very small noise (¢=0.01) Small noise (£=0.1) Moderate noise (£=0.5)
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Figure 6: For €, = ey < 1, it looks like the sequence diverge.

Proposition 2| (Iterative OT with additive Gaussian noise). Let py = N (0, I,,) and p1 = N(0, I,,).
Fix €5, €, > 0. At each iteration, given a pairing (Xo, X1) with Gaussian marginals, compute the
quadratic-cost OT maps between them and define the erroneous maps

Ty(x) :==Tor(x) +nr,  Tp(y) = Sor(y) + m,
where ng ~ N(0,¢es1,,) and n, ~ N(0, €,1,,) are independent.

Algorithm[3| (non-resampled) exhibits unbounded error accumulation, while Algorithm 2] (resampled)
stabilizes at a finite discrepancy.

Proof. Toy-DSBM Version At iteration 0 we start with 7(9 = py ® p; (independent). Since
po = p1 = N(0,1I), the OT map is Tor(x) = z. For the forward, we sample fresh X ~ po and
apply X'V = X, + ny with ny ~ N(0,¢es1). Thus XM~ N0, (1 + ¢f)I). The OT map from

N(QO,(1+€p)I) = N(0,1)is Sor(y) = 11+ y (from Lemma. Start fresh X; ~ p; and apply
E€f

i _
x® = ﬁxl + 7. Thus

XéQ) NN(O,QQI), Qg + €p.

- 1+ €f
At iteration 1, the OT map from N (0, aI) — N(0,1) is Tor(x) = ——==. For the forward, we

Vaz
sample X ~ po (not from aI!) and apply st) = —L_X¢ + ns. Thus X§3) ~ N(0, (0%2 +e5)I).

Jaz
similarly, X" ~ N(0, a41) with as = te

1
T
Fixed Point. The system converges when a* = C%ief + €. This quadratic has a finite solution
a*, so |a* — 1] < oo—no unbounded accumulation. The positive solution of this system is
ot = % + 7”%65%, which means that the forward error will be a* —1 = %” + Vetiee 1~

2€f 26f

i<l b __
%41

12
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Non-Resampling Version At iteration 0 we start with 70 = py @ p; (independent). Since

po = p1 = N(0,1), the OT map is Tor(z) = x. For the forward, we sample fresh X, ~ po

and apply X" = X, + 0y with ns ~ N(0,e,1). Thus X" ~ N(0, (1 + €7)I). The OT map

from N (0, (1 + €)I) — N(0,1) is Sot(y) = 1+ y. Take X1 ~ N(0,(1 + €f)I), and we
€f

1
will arrive at Xé2) = X1 1 y,. We conclude that now we have Xéz) ~ N(0,(1+€)I), and

N/ 1+ey
X&)~ N, (1+e)).

At iteration 1 we start from Xy ~ N(0, (1 + €,)I) and X1 ~ N(0, (1 + €¢)I). The OT map is
Tor(z) =4/ H_Z x. Applying the noisy forward map gives Xf?’) = %XO +nf, 50

1+
x® ~N<0, (HZ +ef> 1).

Similarly, the backward step yields X" ~ A" (0, (MW + Eb) I ) Both variances grow

unboundedly as iterations proceed, demonstrating error accumulation.

The recursive formulas for the non-resampling version are:
Let o, := Var[Xék)] and B, := Var[X fk)] denote the variances at iteration k.
Forward step (odd k):

Br
Br+1 = — +€f
ay,

Backward step (even k):
[0
Q1= = + 6

Br

Initial conditions:
ap=pp=1

From Figure [6] we can see that divergence takes place for small error initial values.

13
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One-Time Error (Not Resampled) at Iteration 1 - Distributions att=0, 1, 3, 5
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Figure 7: One-time contamination in Algorithm El. At iteration 1, the forward map learns to a
contaminated target 0.1 NV (0,1) + 0.9 N(5,1) instead of (5, 1). No resampling the displacement
remains the same but it does not affect py.

B ADDITIONAL EXPERIMENTS
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Multiple Errors (Not Resampled) at Iterations 1, 2, 4, 8 - Distributions att=0, 1, 3, 5
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Figure 8: Repeated contamination in Algorithm 3| The forward map learns to {550 + t5p1 at
iterations 1, 2, 4, and 8 . Each error compounds existing corruption: p; progressively degrades from
mean 4.49 (iteration 1) to 3.66 (iteration 9) with increasing variance, while pg drifts from 0.21 to
0.55. Unlike the one-time case (Figure [T), multiple contaminations cause cumulative degradation that

resampling cannot prevent.
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