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ABSTRACT

Asynchronous and parallel implementation of standard reinforcement learning
(RL) algorithms is a key enabler of the tremendous success of modern RL. Among
many asynchronous RL algorithms, arguably the most popular and effective one is
the asynchronous advantage actor-critic (A3C) algorithm. Although A3C is becom-
ing the workhorse of RL, its theoretical properties are still not well-understood,
including the non-asymptotic analysis and the performance gain of parallelism
(a.k.a. speedup). This paper revisits the A3C algorithm with TD(0) for the critic
update, termed A3C-TD(0), with provable convergence guarantees. With linear
value function approximation for the TD update, the convergence of A3C-TD(0) is
established under both i.i.d. and Markovian sampling. Under i.i.d. sampling, A3C-
TD(0) obtains sample complexity of O(e~2° /N per worker to achieve € accuracy,
where NV is the number of workers. Compared to the best-known sample complex-
ity of O(e=2-%) for two-timescale AC, A3C-TD(0) achieves linear speedup, which
justifies the advantage of parallelism and asynchrony in AC algorithms theoretically
for the first time. Numerical tests on synthetically generated instances and OpenAl
Gym environments have been provided to verify our theoretical analysis.

1 INTRODUCTION

Reinforcement learning (RL) has achieved impressive performance in many domains such as robotics
[1} 2] and video games [3]]. However, these empirical successes are often at the expense of significant
computation. To unlock high computation capabilities, the state-of-the-art RL approaches rely on
sampling data from massive parallel simulators on multiple machines [3} 4, |5]. Empirically, these
approaches can stabilize the learning processes and reduce training time when they are implemented in
an asynchronous manner. One popular RL method that often achieves the best empirical performance
is the asynchronous variant of the actor-critic (AC) algorithm, which is referred to as A3C [3].

A3C builds on the original AC algorithm [6]]. At a high level, AC simultaneously performs policy
optimization (a.k.a. the actor step) using the policy gradient method [7]] and policy evaluation (a.k.a.
the critic step) using the temporal difference learning (TD) algorithm [8]. To ensure scalability,
both actor and critic steps can combine with various function approximation techniques. To ensure
stability, AC is often implemented in a two time-scale fashion, where the actor step runs in the slow
timescale and the critic step runs in the fast timescale. Similar to other on-policy RL algorithms, AC
uses samples generated from the target policy. Thus, data sampling is entangled with the learning
procedure, which generates significant overhead. To speed up the sampling process of AC, A3C
introduces multiple workers with a shared policy, and each learner has its own simulator to perform
data sampling. The shared policy can be then updated using samples collected from multiple learners.

Despite the tremendous empirical success achieved by A3C, to the best of our knowledge, its
theoretical property is not well-understood. The following theoretical questions remain unclear: Q1)
Under what assumption does A3C converge? Q2) What is its convergence rate? Q3) Can A3C obtain
benefit (or speedup) using parallelism and asynchrony?

For Q3), we are interested in the training time linear speedup with N workers, which is the ratio
between the training time using a single worker and that using N workers. Since asynchronous
parallelism mitigates the effect of stragglers and keeps all workers busy, the training time speedup
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can be measured roughly by the sample (i.e., computational) complexity linear speedup [9], given by

sample complexity when using one worker
Speedup(N) = . . : (1
average sample complexity per worker when using N workers

If Speedup(N) = ©(N), the speedup is linear, and the training time roughly reduces linearly as
the number of workers increases. This paper aims to answer these questions, towards the goal of
providing theoretical justification for the empirical successes of parallel and asynchronous RL.

1.1 RELATED WORKS

Analysis of actor critic algorithms. AC method was first proposed by [6, [10], with asymptotic
convergence guarantees provided in [6, [10, [I1]. It was not until recently that the non-asymptotic
analyses of AC have been established. The finite-sample guarantee for the batch AC algorithm
has been established in [[12, [13] with i.i.d. sampling. Later, in [14], the finite-sample analysis was
established for the double-loop nested AC algorithm under the Markovian setting. An improved
analysis for the Markovian setting with minibatch updates has been presented in [15] for the nested
AC method. More recently, [[16}17] have provided the first finite-time analyses for the two-timescale
AC algorithms under Markov sampling, with both O(e~2-%) sample complexity, which is the best-
known sample complexity for two-timescale AC. Through the lens of bi-level optimization, [18] has
also provided finite-sample guarantees for this two-timescale Markov sampling setting, with global
optimality guarantees when a natural policy gradient step is used in the actor. However, none of the
existing works has analyzed the effect of the asynchronous and parallel updates in AC.

Empirical parallel and distributed AC. In [3]], the original A3C method was proposed and became
the workhorse in empirical RL. Later, [[19] has provided a GPU-version of A3C which significantly
decreases training time. Recently, the A3C algorithm is further optimized in modern computers
by [20], where a large batch variant of A3C with improved efficiency is also proposed. In [21]], an
importance weighted distributed AC algorithm IMPALA has been developed to solve a collection of
problems with one single set of parameters. Recently, a gossip-based distributed yet synchronous AC
algorithm has been proposed in [5], which has achieved the performance competitive to A3C.

Asynchronous stochastic optimization. For solving general optimization problems, asynchronous
stochastic methods have received much attention recently. The study of asynchronous stochastic
methods can be traced back to 1980s [22]. With the batch size M, [23] analyzed asynchronous
SGD (async-SGD) for convex functions, and derived a convergence rate of O(K ~ M- %) if delay
K is bounded by O(K M _%). This result implies linear speedup. [24] extended the analysis of
[23] to smooth convex with nonsmooth regularization and derived a similar rate. Recent studies
by [23] improved upper bound of K to O(K s M ’%). However, all these works have focused on
the single-timescale SGD with a single variable, which cannot capture the stochastic recursion of
the AC and A3C algorithms. To best of our knowledge, non-asymptotic analysis of asynchronous
two-timescale SGD has remained unaddressed, and its speedup analysis is even an uncharted territory.

1.2 THIS WORK

In this context, we revisit A3C with TD(0) for the critic update, termed A3C-TD(0). The hope is to
provide non-asymptotic guarantee and linear speedup justification for this popular algorithm.

Our contributions. Compared to the existing literature on both the AC algorithms and the async-
SGD, our contributions can be summarized as follows.

c1) We revisit two-timescale A3C-TD(0) and establish its convergence rates with both i.i.d. and
Markovian sampling. To the best of our knowledge, this is the first non-asymptotic convergence
result for asynchronous parallel AC algorithms.

c2) We characterize the sample complexity of A3C-TD(0). In i.i.d. setting, A3C-TD(0) achieves a
sample complexity of O(e~2°/N) per worker, where N is the number of workers. Compared to the
best-known complexity of O(e~2®) for i.i.d. two-timescale AC [18], A3C-TD(0) achieves linear
speedup, thanks to the parallelism and asynchrony. In the Markovian setting, if delay is bounded, the
sample complexity of A3C-TD(0) matches the order of the non-parallel AC algorithm [17].
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¢3) We test A3C-TD(0) on the synthetically generated environment to verify our theoretical guarantees
with both i.i.d. and Markovian sampling. We also test A3C-TD(0) on the classic control tasks and
Atari Games from OpenAl Gym. Code is available in the supplementary material.

Technical challenges. Compared to the recent convergence analysis of nonparallel two-timescale
AC in [16} 17, [18]], several new challenges arise due to the parallelism and asynchrony.

Markovian noise coupled with asynchrony and delay. The analysis of two-timescale AC algorithm is
non-trivial because of the Markovian noise coupled with both the actor and critic steps. Different from
the nonparallel AC that only involves a single Markov chain, asynchronous parallel AC introduces
multiple Markov chains (one per worker) that mix at different speed. This is because at a given
iteration, workers collect different number of samples and thus their chains mix to different degrees.
As we will show later, the worker with the slowest mixing chain will determine the convergence.

Linear speedup for SGD with two coupled sequences. Parallel async-SGD has been shown to achieve
linear speedup recently [9} [26]. Different from async-SGD, asynchronous AC is a two-timescale
stochastic semi-gradient algorithm for solving the more challenging bilevel optimization problem
(see [[L8]). The errors induced by asynchrony and delay are intertwined with both actor and critic
updates via a nested structure, which makes the sharp analysis more challenging. Our linear speedup
analysis should be also distinguished from that of mini-batch async-SGD [27]], where the speedup is
a result of variance reduction thanks to the larger batch size generated by parallel workers.

2 PRELIMINARIES

2.1 MARKOV DECISION PROCESS AND POLICY GRADIENT THEOREM

RL problems are often modeled as an MDP described by M = {S, A, P, r, v}, where S is the state
space, A is the action space, P(s'|s, a) is the probability of transitioning to s’ € S given current
state s € S and action a € A, and (s, a, ) is the reward associated with the transition (s, a, s"),
and v € [0, 1) is a discount factor. Throughout the paper, we assume the reward r is upper-bounded
by a constant 7,,x. A policy 7 : & — A(A) is defined as a mapping from the state space S to the
probability distribution over the action space .A.

Considering discrete time ¢ in an infinite horizon, a policy 7 can generate a trajectory of state-action
pairs (sq, ag, $1, a1, - ..) with a; ~ 7(+|s¢) and s;+1 ~ P(+|s¢, a). Given a policy 7, we define the
state and state action value functions as

Ve(s)=E Z’YtT(St,auStﬂ) | so = 8] ; Qn(s,a):=E [Z’ytr(st,at,stﬂ) | so =s,a0 =0a| (2)
=0 =0

where E is taken over the trajectory (so, ag, s1, a1, . ..) generated under policy 7. With the above
definitions, the advantage function is A, (s,a) := Q(s,a) — Vz(s). With n denoting the initial
state distribution, the discounted state visitation measure induced by policy  is defined as d.(s) ==
(1 =)> 7' P(sy = s | so ~ n,m), and the discounted state action visitation measure is

d(s,a) = (1 =7) 3220 7' P(se = s | s0 ~ n,m)m(als).

The goal of RL is to find a policy that maximizes the expected accumulative reward J(7) =
Esn[Vx(s)]. When the state and action spaces are large, finding the optimal policy 7 becomes
computationally intractable. To overcome the inherent difficulty of learning a function, the policy
gradient methods search the best performing policy over a class of parameterized policies. We
parameterize the policy with parameter & € R, and solve the optimization problem as

max J(0) with J(0):= E [V, (s)]. 3)
ocRrd s~

To maximize J(#) with respect to 6, one can update 6 using the policy gradient direction given by [7]
VJ(0) = Ed/ [Ar, (s,a)0(s,a)], 4)

s,arvdy
where 1g(s,a) = Vlogmg(als), and dj := (1 — ) > ;o 7'P(st = s | so,m9)ma(als). Since

computing E in (@) is expensive if not impossible, popular policy gradient-based algorithms iteratively
update 6 using stochastic estimate of (4) such as REINFORCE [28]] and G(PO)MDP [29].
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2.2  ACTOR-CRITIC ALGORITHM WITH VALUE FUNCTION APPROXIMATION

Both REINFORCE and G(PO)MDP-based policy gradient algorithms rely on a Monte-Carlo estimate
of the value function V;,(s) and thus V.J(6) by generating a trajectory per iteration. However,
policy gradient methods based on Monte-Carlo estimate typically suffer from high variance and large
sampling cost. An alternative way is to recursively refine the estimate of V., (s). For a policy 7y, it is
known that V7, (s) satisfies the Bellman equation [30], that is

Vi (s) = E [r(s,a,s") +7Vr,(s)], Vse€S. Q)

arvmg(-]s), s'~P(:|s,a)

In practice, when the state space S is prohibitively large, one cannot afford the computational and
memory complexity of computing V;, (s) and A, (s, a). To overcome this curse-of-dimensionality,
a popular method is to approximate the value function using function approximation techniques.
Given the state feature mapping ¢(-) : S — R for some d’ > 0, we approximate the value function
linearly as Vi, (s) &~ Vi, (s) := ¢(s)Tw, where w € R? is the critic parameter.

Given a policy 7y, the task of finding the best w such that V;, (s) &~ V,(s) is usually addressed by
TD learning [8]]. Defining the kth transition as xj, := (S, ak, Sk+1) and the corresponding TD-error

as 6 (g, wi) = 7(Sk, Ak Sk41) + 7O(Skt1) T wk — A(sk) T wy. the parameter w is updated via

w1 = g, (wi + Breg(zr,wy)) with g(ak, wr) = 3z, wi) Ve, Vi (1) (6)

where (3, is the critic stepsize, and Il is the projection with R,, being a pre-defined constant. The
projection step is often used to control the norm of the gradient. In AC, it prevents the actor and critic
updates from going a too large step in the ‘wrong’ direction; see e.g., [|6, [16} [17].

Using the definition of advantage function A, (s,a) = Egp[r(s,a,s") + vVr, (s")] — Vi, (s), we
can also rewrite @) as VJ(0) = E guay, snp [(7(s,a,8") + Vi, (8") = Vi, () 1o (s, a)]. Lever-
aging the value function approximation, we can then approximate the policy gradient as

VI(0) = (r(s,a,8) +3Vu(s) = Vils) ) (s, 0) = 8(x,w)to(s, 0) )
which gives rise to the policy update

Ocs1 = O + arv(zp, O, wi) With v(@g, O, wi) = 0(xx, wi )Y, (k. ar) (8)
where «y, is the stepsize for the actor update.

To ensure convergence when simultaneously performing critic and actor updates, the stepsizes oy
and [, often decay at two different rates, which is referred to the two-timescale AC [[17} [18]].

3  ASYNCHRONOUS ADVANTAGE ACTOR CRITIC WITH TD(0)

To speed up the training process, we implement AC over [N workers in a shared memory setting
without coordinating among workers — a setting similar to that in A3C [3]]. Each worker has its
own simulator to perform sampling, and then collaboratively updates the shared policy 7y using AC
updates. As there is no synchronization after each update, the policy used by workers to generate
samples may be outdated, which introduces staleness.

Notations on transition (s, a, s’). Since each worker will maintain a separate Markov chain, we
thereafter use subscription ¢ in (s, at, s;+1) to indicate the ¢th transition on a Markov chain. We
use k to denote the global counter (or iteration), which increases by one whenever a worker finishes
the actor and critic updates in the shared memory. We use subscription (k) in (s(x), ax), { k)) to
indicate the transition used in the kth update.

Specifically, we initialize 6, wp in the shared memory. Each worker will initialize the simulator
with initial state sg. Without coordination, workers will read 6, w in the shared memory. From each
worker’s view, it then generates sample (s¢, a;, S¢+1) by either sampling s; from pg(+), where pg(+)

is the stationary distribution of an artificial MDP with transition probability measure P(-|s;, a;) :=
YP(:|st,at) + (1 — v)n(-), or, sampling s; from a Markov chain under policy 7. In both cases,
each worker obtains a; ~ mg(-|s¢) and s;+1 ~ P(+|s¢, ar). Sampling s;11 from P(-|s¢, a;) can be
achieved by sampling s;, 1 from 7(-) with probability 1 — ~ and from P(:|s;, a;) otherwise. Once
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Algorithm 1 Asynchronous advantage AC with TD(0): each worker’s view.
1: Global initialize: Global counter £ = 0, initial 8y, wq in the shared memory.
2: Worker initialize: Local counter ¢t = 0. Obtain initial state sg.
3: fort=0,1,2,--- do
4 Read 6, w in the shared memory.
5 Option 1 (i.i.d. sampling): B
6: Sample s; ~ pg(-), ar ~ mo(:|s), st41 ~ P(+]8¢, ar).
7.
8

Option 2 (Markovian sampling):
Sample a; ~ mo(+|st), Se41 ~ P('\StAv at).

9: Compute 6(x¢,w) = 7(st, ar, s141) + Vi (St41) — Voo(se).
10 Compute g(x, w) = d(x¢, w) Ve, Vi (s1).

11: Compute v(24, 0, w) = (¢, w) o (se, a).

12: In the shared memory, perform update (9).

13: end for

obtaining x; := (s¢, at, St+1), each worker locally computes the policy gradient v(xz, 0, w) and the
TD(0) update g(z,w), and then updates the parameters in shared memory asynchronously by

w1 =g, (Wi + Brg(@ k), we—r,)) , (%a)
Ory1 = Or + rv(2 (), Or—rp, W7y ), (9b)
where 7y, is the delay in the kth actor and critic updates. See the A3C with TD(0) in Algorithm|[T]

Sampling distributions. Since the transition kernel required by the actor and critic updates are
different in the discounted MDP, it is difficult to design a two-timescale AC algorithm. To address
this issue, we adopt the sampling method introduced in the seminal work [6] and the recent work
[T6]], which inevitably introduces bias by sampling from the artificial transition P instead of P.
However, as we will mention later, this extra bias is small when the discount factor v is close to 1.

Parallel sampling. The AC update () and (8) uses samples generated “on-the-fly” from the target
policy 7y, which brings overhead. Compared with (6) and (8), the A3C-TD(0) update (9) allows
parallel sampling from N workers, which is the key to linear speedup. We consider the case where
only one worker can update parameters in the shared memory at the same time and the update cannot
be interrupted. In practice, (9) can also be performed in a mini-batch fashion.

Minor differences from A3C [3]. The A3C-TD(0) algorithm resembles the popular A3C method
(3. With 1. denoting the horizon of steps, for n € {1, ..., max }, A3C iteratively uses n-step TD
errors to compute actor and critic gradients. In A3C-TD(0), we use the TD(0) method which is the
1-step TD method for actor and critic update. When n,,x = 1, A3C method reduces to A3C-TD(0).
The n-step TD method is a hybrid version of the TD(0) method and the Monte-Carlo method. The
A3C method with Monte-Carlo sampling is essentially the delayed policy gradient method, and thus
its convergence follows directly from the delayed SGD. Therefore, we believe that the convergence
of the A3C method based on TD(0) in this paper can be easily extended to the convergence of the
A3C method with n-step TD. We here focus on A3C with TD(0) just for ease of exposition.

4 CONVERGENCE ANALYSIS OF TWO-TIMESCALE A3C-TD(0)

In this section, we analyze the convergence of A3C-TD(0) in both i.i.d. and Markovian settings.
Throughout this section, the notation O(+) contains constants that are independent of N and K.

To analyze the performance of A3C-TD(0), we make the following assumptions.

Assumption 1. There exists K such that the delay at each iteration is bounded by 1, < Ko, Vk.

Assumption [T|ensures the viability of analyzing the asynchronous update; see the same assumption in
e.g., [3123]]. In practice, the delay usually scales as the number of workers, that is Ko = O(V).

With Py, (s'|s) = 3 ,c4 P (5|3, a)m(als), we define that:
Agg = E _ [6(s)(v8(s) — ¢(s) '], bos = E _[r(s,a,8)¢(s)]. (10)

5"'#673/’\’7%-9 s~ug,a~Tg,s ~P
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It is known that for a given 6, the stationary point w; of the TD(0) update in Algorithm satisfies
A9,¢w;‘ + bg7¢ =0. (11

Assumption 2. For all s € S, the feature vector ¢(s) is normalized so that ||$(s)|2 < 1. For all
v €[0,1] and 0 € RY, Ay, is negative definite and its max eigenvalue is upper bounded by —\.

Assumption 2]is common in analyzing TD with linear function approximation; see e.g., [321 331
With this assumption, Ay 4 is invertible, so we have wj; = —Ae_’(lﬁbgﬁg. Define Ry, = Tmax /A, then
we have [|wj||2 < R,,. It justifies the projection introduced in Algorithm In practice, the projection
radius R, can be estimated online by methods proposed in [32] Section 8.2] or [34], Lemma 1].

Assumption 3. Forany 0,0’ € R%, s € S and a € A, there exist constants such that: i) |1 (s, a)||2 <
Cy; i) [[Yo(s,a) = (s, a)ll2 < Ly |0 — 0'[2; iii) [mo(als) — mor(als)| < L |6 — 6']|2.

Assumption [3|is common in analyzing policy gradient-type algorithms which has also been made by
e.g., [35,136]. This assumption holds for many policy parameterization methods such as tabular
softmax policy [36], Gaussian policy and Boltzmann policy [31].

Assumption 4. For any 0 € RY, the Markov chain under policy Ty and transition kernel P(-|s, a)

or ﬁ(|s, a) is irreducible and aperiodic. Then there exist constants k > 0 and p € (0, 1) such that

sup drv (P(s¢ € <|so = s,m0), o) < kp', Vi (12)
sES
where L1y is the stationary state distribution under g, and s, is the state of Markov chain at time t.

Assumption [4] assumes the Markov chain mixes at a geometric rate; see also [32} [33]]. The stationary

distribution pg of an artificial Markov chain with transition P is the same as the discounted visitation
measure dgy of the Markov chain with transition P [6]]. This means that if we sample according to

ag ~ mo(+|St)s St41 ~ ﬁ(~|st, ay), the marginal distribution of (s;, a;) will converge to the discounted
state-action visitation measure dj (s, a), which allows us to control the gradient bias.

4.1 LINEAR SPEEDUP RESULT WITH 1.I.D. SAMPLING

In this section, we consider A3C-TD(0) under the i.i.d. sampling setting, which is widely used for
analyzing RL algorithms; see e.g., [38].

We first give the convergence result of critic update as follows.
Theorem 1 (Critic convergence). Suppose Assumptions [IH4] hold. Consider Algorithm [I] with

c1 C2

ii.d. sampling and V,(s) = ¢(s)Tw. Select step size oy = (ERIEE By = iz Where
0 < 09 < 01 < 1and ¢y, co are positive constants. Then it holds that

K 2
1 .2 1 1 K3 Ko 1
% ;Euwk —wp, |l,=0 <K1702>+(9 (K%r@))ﬂo <K202>+0 (Kal )+O (KQ) . (13)

Different from async-SGD (e.g., [9]), the optimal critic parameter w;; is constantly drifting as 6
changes at each iteration. This necessitates setting 01 > o2 to make the policy change slower than
the critic, which can be observed in the second term in @ If o1 > o9, then the policy is static
relative to the critic in an asymptotic sense.

To introduce the convergence of actor update, we first define the critic approximation error as

€app = max\/ E Vi (s) = Vi (8)|2 < €pa + €sp, (14)
0cRrd \[ s~pg 0

where /14 is the stationary distribution under g and P. The error €,y,;, captures the quality of the critic
approximation under Algorithm([I} It can be further decomposed into the function approximation error
€fa, Which is common in analyzing AC with function approximation [[14} 13, [I7]], and the sampling
error €5, = O(1 — ), which is unique in analyzing two-timescale AC for a discounted MDP. The
EITOT €,y 18 small when the value function approximation is accurate and the discounting factor vy is
close to 1; see the detailed derivations in Lemma [7]of supplementary material. Now we are ready to
give the actor convergence.
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Theorem 2 (Actor convergence). Under the same assumptions of Theorem|l| select step size ay, =
Ufﬁ’ B = (lfﬁ where 0 < 09 < 01 < 1 and c1, co are positive constants. Then it holds that

= 1 K K? 1 &
Z]E IVI(00)115 = (KI_GI )+O <Kfl >+o <K2§2 )+0 (K > Ellws — w§k||§> +O(€app)-
k: k=1

(15)

Different from the analysis of async-SGD, in actor update, the stochastic gradient v(z, 8, w) is biased
because of inexact value function approximation. The bias introduced by the critic optimality gap
and the function approximation error correspond to the last two terms in (I3).

In Theorem [I]and Theorem 2} optimizing ¢ and o, gives the following convergence rate.
Corollary 1 (Linear speedup). Given Theorem|l|and Theorem[2] select oy = £ and oy = 2. If we
further assume Ko = O(K %), then it holds that

K
= STEIVIOIE =0 (K3) + Ocars) (16)
k=1

where O(-) contains constants that are independent of N and K.

By setting the first term in (T6) to €, we get the total iteration complexity to reach e-accuracy is
O(e=2P). Since each iteration only uses one sample (one transition), it also implies a total sample
complexity of O(¢=2?). Then the average sample complexity per worker is O(¢~2°/N) which
indicates linear speedup in (I). Intuitively, the negative effect of parameter staleness introduced by
parallel asynchrony vanishes asymptotically, which implies linear speedup in terms of convergence.

4.2 CONVERGENCE RESULT WITH MARKOVIAN SAMPLING

Theorem 3 (Critic convergence). Suppose Assumptions hold. Consider Algorithm [I| with
Markovian sampling and V,,(s) = ¢(s) " w. Select step size ay, = ﬂ_f% Br =
0 < 09 < 01 < 1and cy, co are positive constants. Then it holds that

K 2 2 2
1 w2 _ 1 1 K§ Kgylog™ K Kolog K
};E”wk 7w91c”2 7O(KI*UQ)+O(K2(o’170'2))+O<K202>+O( Kot +0 Koz :
=1

a7

ca
EESALeR where

The following theorem gives the convergence rate of actor update in Algorithm|[I]

Theorem 4 (Actor convergence). Under the same assumptions of Theorem 5] select step size oy, =
(14:%’ B = (14—6% where 0 < 09 < 01 < 1 and c1, co are positive constants. Then it holds that

K 2 2 2 K
1 1 Kglog® K K 1 .
7 2 EIVI@)I3 :o<m>+o< 2 )+0(K2§2 )+O<KZE lloor — w0k|§>+0(eapp).
k=1 k=1
(18)
Assume Ky = O(K%). Given Theorema select o1 = % and o9 = % then it holds that

KZMW%Wf(&Kﬂ+%m% 19)

where 6() hides constants and the logarithmic order of K.

With Markovian sampling, the stochastic gradients g(z,w) and v(x, 0, w) are biased, and the bias
decreases as the Markov chain mixes. The mixing time corresponds to the logarithmic term log K
n and (I8). Because of asynchrony, at a given iteration, workers collect different number of
samples and their chains mix to different degrees. The worker with the slowest mixing chain will
determine the rate of convergence. The product of K and log K in and appears due to the
slowest mixing chain. As the last term in dominates other terms asymptotically, the convergence
rate reduces as the number of workers increases. While the theoretical linear speedup is difficult to
establish in the Markovian setting, we will empirically demonstrate it in Section[5.2]
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Figure 1: Convergence results of A3C-TD(0) with i.i.d. sampling in synthetic environment.
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Figure 2: Convergence results of A3C-TD(0) with Markovian sampling in synthetic environment.

5 NUMERICAL EXPERIMENTS

We test the speedup performance of A3C-TD(0) on both synthetically generated and OpenAl Gym
environments. The settings, parameters, and codes are provided in supplementary material.

5.1 A3C-TD(0) IN SYNTHETIC ENVIRONMENT

To verify the theoretical result, we tested A3C-TD(0) with linear value function approximation
in a synthetic environment. We use tabular softmax policy parameterization [36], which satisfies
Assumption 3] The MDP has a state space |S| = 100, an discrete action space of |A| = 5. Each state
feature has a dimension of 10. Elements of the transition matrix, the reward and the state features are
randomly sampled from a uniform distribution over (0, 1). We evaluate the convergence of actor and
critic respectively with the running average of test reward and critic optimality gap [|wx — wp, [|2.

Figures [T] and 2] show the training time and sample complexity of running A3C-TD(0) with i.i.d.
sampling and Markovian sampling respectively. The speedup plot is measured by the number of
samples needed to achieve a target running average reward under different number of workers. All
the results are average over 10 Monte-Carlo runs. Figure [T|shows that the sample complexity of
A3C-TD(0) stays about the same with different number of workers under i.i.d. sampling. Also,
it can be observed from the speedup plot of Figure[I] that the A3C-TD(0) achieves roughly linear
speedup with i.i.d. sampling, which is consistent with Corollary [T} The speedup of A3C-TD(0) with
Markovian sampling shown in Figure [2]is roughly linear when number of workers is small.

5.2 A3C-TD(0) IN OPENAI GYM ENVIRONMENTS

We have also tested A3C-TD(0) with neural network parametrization in the classic control (Carpole)
environment and the Atari game (Seaquest and Beamrider) environments. In Figures[B}{3] each curve
is generated by averaging over 5 Monte-Carlo runs with 95% confidence interval. Figures show
the speedup of A3C-TD(0) under different number of workers, where the average reward is computed
by taking the running average of test rewards. The speedup and runtime speedup plots are respectively
measured by the number of samples and training time needed to achieve a target running average
reward under different number of workers. Although not justified theoretically, Figures 3H5|suggest
that the sample complexity speedup is roughly linear, and the runtime speedup slightly degrades when
the number of workers increases. This is partially due to our hardware limit. Similar observation has
also been obtained in async-SGD [9]].
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Figure 4: Speedup of A3C-TD(0) in OpenAl Gym Atari game (Seaquest).
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Figure 5: Speedup of A3C-TD(0) in OpenAl Gym Atari game (Beamrider).

6 CONCLUSIONS

This paper revisits the A3C algorithm with TD(0) for the critic update, termed A3C-TD(0). With linear
value function approximation, the convergence of the A3C-TD(0) algorithm has been established
under both i.i.d. and Markovian sampling settings. Under i.i.d. sampling, A3C-TD(0) achieves linear
speedup compared to the best-known sample complexity of two-timescale AC, theoretically justifying
the benefit of parallelism and asynchrony for the first time. Under Markov sampling, such a linear
speedup can be observed in most classic benchmark tasks.
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Supplementary Material

A PRELIMINARY LEMMAS

A.1 GEOMETRIC MIXING

The operation p ® ¢ denotes the tensor product between two distributions p(x) and ¢(y), i.e. (p ®
9)(z,y) = p(x) - q(y).
Lemma 1. Suppose Assumption holds for a Markov chain generated by the rule a; ~ g (+|st),
si11 ~ P(-|s¢, ar). Forany 6 € RY, we have
sup dry (P((se, v, s141) € -Js0,m0), 10 @ 79 0 P ) < ip. (20)
sp€

where g (-) is the stationary distribution with policy g and transition kernel P(-|s, a).
Proof. We start with

sup dry (B((se,a0,5041) = |30, 70), o @ 70 © P)
NS

= sup dry (]P’(st = |80, Tg) ® Mg @ 73,/19 & o ®ﬁ)
spES

spES

1 ~ ~
= sup */ Z/ [P(s¢ = ds|so, mo)mg(als)P(ds'|s, a) — po(ds)me(als)P(ds'|s, a)
2 ’
s€S acAYS €S

1 -
= sup 5/ [P(s; = ds|so, m9) — pe(ds)] Z 7r9(a|s)/ P(ds'|s,a)
sES s'eS

50€S acA

= sup drv (P(s¢ € -|s0,m9), 1)
SUES

< kp',
which completes the proof. O

For the use in the later proof, given K > 0, we first define m g as:
mg = min{m€ N+|/~@pm_1 gmin{ozk,ﬁk}}7 21
where x and p are constants defined in . m 1s the minimum number of samples needed for the

Markov chain to approach the stationary distribution so that the bias incurred by the Markovian
sampling is small enough.

A.2 AUXILIARY MARKOV CHAIN

The auxiliary Markov chain is a virtual Markov chain with no policy drifting — a technique developed
in [34] to analyze stochastic approximation algorithms in non-stationary settings.

Lemma 2. Under Assumption[l|and Assumption[3] consider the update Q) in Algorithm [I| with
Markovian sampling. For a given number of samples m, consider the Markov chain of the worker
that contributes to the kth update:

Ok—dp, P Ok—dp, 1 Ok—d, P Ok—dg P
St—m E— At—m — St7m+1 E— at7m+1 o St—1 EE— ap—1 — St E— Qag — St+17

where (s¢,at,5011) = (S(k), A(k), szk)), and {d;}* is some increasing sequence with dy := .

Given (St—m, Gt—m, St—m+1) and Ok—a,,, we construct its auxiliary Markov chain by repeatedly
applying 7o, _, :

Ok—du, P Ok—dm  ~ ~ Ok—dp  ~ P o~ Ohdpy ~ P~
Stm =% Qg > St T W1 Sl — S Ty1 > 5 —— T Ty > S

Define x; == (s, a, S¢+1), then we have:
dry (P(z¢ € |Ok—d,, > St—m+1), P(Tt € -|Ok—d,,, St—m+1))

1 I
< MLz > Ell0k—i — Ok—a,

T=T}

2|0k—d,. s St—m+1] - (22)
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Proof. Throughout the lemma, all expectations and probabilities are conditioned on 6j_4,, and
St—m+1. We omit this condition for convenience.

First we have

dry (P(s¢41 € ), P(8¢41 € 7))

1 ~
= 5/ [P(si1 = ds') — P(541 = ds’)|
s'eS

_1/
2 s'eS

/ Z P(s; = ds,a; = a, 8,11 = ds') —P(3; = ds,a; = a, 8141 = ds’)
seS acA

1 - ~ -

< */ / Z |P(s; = ds,a; = a, 8,41 = ds') = P(3, = ds,a; = a,5,41 = ds’)]
2 )ses Jses i
1 - - -

= 7/ Z / [P(sy = ds,a; = a, 8401 = ds') — P(5; = ds,a; = a, 5,41 = ds')|
2 Jses Ty )ses

=drv (P(z; € -),P(z, € 1)), (23)
where the last second equality is due to Tonelli’s theorem. Next we have

dry (]P’(:ct c ),P(it c ))

1 . . -
== E / [P(sy = ds,a; = a, 8441 = ds') —P(5; = ds,a; = a, 5,41 = ds')|
2 Jses fy Jses

1 B _ ~
5/ E |P(s; = ds,a; = a) — P(5; = ds,a; = a)\/ P(si41 = ds'|sy = ds,a; = a)
€S qcA s'€S

1
5 [ S IPGs= s = @) — B = ds.i = o)
2 €S qea
= dTV (]P((St, at) € ) ,P ((§t,5t) (S )) . (24)

Due to the fact that 0, is dependent on s;, we need to write P(s¢, at) as
P<5t; Clt) = / P(St, 91@77,67%)

ak,-rk cRd

— [ BPO, = Bls)ma,_, (ar]s0)
0ER?

— P(s:) / POk, = db]s0)mo, . (arls)
HeR?
= P(s¢) E[mg, ., (ar|st)]st].
Then we have

drv (P ((st,ar) € -),P((5¢,a¢) € 7))

_ 1/
2 SE€S 4

1
5/ Z )P(st = ds) E[mo,_, (ar = alsy = ds)|s; = ds] — P(s; = ds)me,_,, (ar = a|s; = ds)‘
€S e

)P(st =ds) E[mgk_rk (ar = alsy = ds)|sy = ds] — P(5; = ds)ng_dm (a; = alsy = ds)‘

IN

1 - - . - .
+ 5/ Z ‘P(st = ds)m)k_dm (ar = a|sy = ds) — P(s; = ds)m)k_dm (ar = alsy = ds)’
€S o

1
= 5/ P(s; = ds) Z ’E[wek_qk (a¢ = al|sy = ds)|sy = ds] — g, _, (ar = als; = ds)’
s€S acA
1

+ = / |P(s; = ds) — P(s5; = ds)|. (25)
2 s€S
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Using Jensen’s inequality, we have

drv (P ((st,ar) € -) ,P((5¢,ar) € 7))

1
< 5/ P(s; = ds) Z E [ To,_,, (ar = alsy = ds) —mg,_, (ar = alsy = ds)‘ s = ds]
s€S acA
1 ~
+ 5/ |P(s; = ds) — P(5; = ds)]
sES
1 1 ~
§§/ P@:ﬂ@}jEthfﬁdmﬂ&:dq+§/ IP(s; = ds) — P(5; = ds)|
seS acA seS
1 ~
= S L7 E[|6k—7, = Ok—a,, ll2 + drv (B(se € ), P(5; € -)) (26)

where the last inequality follows Assumption 3]

Now we start to prove (22).
drv (P(zy € -),P(T; € 1)) = drv (P((st,a0) € -), P((5¢,ar) € )

- 1
dry (P(s; € -),P(5; € -)) + §\A|L7,IE 10k, — Or—a,, |2

NS NG IR

~ 1
drv (P(zi—1 € ), P(T4—1 € ) + §|A|L7rE 10k—r, — Ok—d,, Il2-
Now we have

~ - 1
drv (P(xt S -),]P(:L‘t S )) <drvy (P($t71 S ')7P(.’Et71 S )) + §|A‘L7‘—E ”97@*71‘: — Gk,deg.
(27)

Since dry (P(zt—m € -),P(zi—m € -)) = 0, recursively applying for {t — 1,...,t —m} gives

_ 1 <
drv (P(zy € -),P(3; € ) < §|A\LWZE 10k—d; = Ok—d. 12
=0
1 dm,
5 ML= > E|0k—i — Or-a,

P=Ty

IN

25

which completes the proof. O

A.3 LipSCHITZ CONTINUITY OF VALUE FUNCTION

Lemma 3. Suppose Assumption E|holds. For any 01,05 € R% and s € S, we have

[VVi, (8)ll2 < Ly, (28a)
[Vag, (8) = Vi, (8)] < L |01 — 622, (28b)

where the constant is Ly = Cyryax/(1 — ) with Cy, defined as in Assumption

Proof. First we have
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By the policy gradient theorem [[7]], we have
IV Vo, (9)]l2 = ||[E [Qry, (5,0)006, (5,0)] |,
<E HQﬂ'Gl (8, a)wéh (87 G)HQ
< E [|Qr,, (5,0)l[I¥0, (5,0) 2]
r

< max C

=1_ v (R
where the first inequality is due to Jensen’s inequality, and the last inequality follows Assumption 3]
and the fact that Q. (s,a) < q“_—a; By the mean value theorem, we immediately have

Vg, (8) = Vg, (8)] < Sup [ V'V, (8)], 161 = O2ll2 = Ly [|61 — 2]|2,
1ER4

which completes the proof. O

A.4 LIPSCHITZ CONTINUITY OF POLICY GRADIENT

We give a proposition regarding the L y-Lipschitz of the policy gradient under proper assumptions,
which has been shown by [35].

Proposition 1. Suppose Assumption |3| and 4| hold. For any 6,0’ € R<, we have ||VJ(6) —
VJ (0|2 < Lj||0 — 0'||2, where L is a positive constant.

A.5 LIPSCHITZ CONTINUITY OF OPTIMAL CRITIC PARAMETER

We provide a justification for Lipschitz continuity of wy in the next proposition.
Proposition 2. Suppose Assumptionand hold. For any 01,05 € R?, we have
|wg, —wa, ll2 < Lwll6h — 02|z,
where Ly, = 2rmax| Al Lz (A" + X72(1 4 7))(1 +log, s~ + (1 —p)71).
Proof. We use A1, Ao, by and by as shorthand notations of Am,l, A,rsz, bm,1 and by, respectively.
By Assumption Ay, 4 is invertible for any 6 € RY, so we can write w) = —Ay ébg,(/). Then we have
lwi —wslla = || = A7 b1 + A3 balo

= — A7y — A7 by + AT b + Ay Dol

= || = A7H (01 = b2) — (AT = Ay )bola

< AT = b2l + (AT = A5 )bel2

< AT lallbr = balla + | AT = A [l2][b2]l2

= AT l2llbr = ball2 + [| AT (A2 — A1) A 12]|b2]l2

< AT lallbr = ballz + AT 2l A l2llb2 2]l (A2 — A1)l

S Aoy = bally + A rmax | A1 — Azl 29)
where the last inequality follows Assumption[2] and the fact that

[b2ll2 = |E[r(s, a, s")o(s)ll, < Ellr(s,a,s")p(s)lly < Elr(s,a, s")[[6(s)]l2] < rmax-

Denote (s',a', s'') and (s2, a2, s'?) as samples drawn with 6; and 6, respectively, i.e. s' ~ pg,,

al ~mg,, 8" ~ Pand s2 ~ pg,, a® ~ 7g,, s> ~ P. Then we have
b1 = bally = [|E [r(s',a', s (s")] — E [r(s*, 0, s%)b(s*)] ||,

< sup [[r(s, a,5")p(s)||2l|P((s, ', s) € ) = P((s%, a*,5") € )|y

s,a,s

< rmax[P((s', a0ty s™) € 1) = P((s*,0,5%) € )|lzv
= 27’maxdTV (Mel (24 T, X ﬁa Hoy ® oy ® ﬁ)
< 2max Al L (1 +log, k71 4 (1= p)~H)[102 — 622, (30)
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where the first inequality follows the definition of total variation (TV) norm, and the last inequality
follows Lemma A.1. in [17]. Similarly we have:

HAI - A2H2 S 2(1 +7)dTV (M91 & TGy 5 MO, & 71'92)

= (1+9)|A|Lx (1 +log, k=" + (1= p) )61 — b2 (1)
Substituting (30) and (3T)) into (29) completes the proof. O

B PROOF OF MAIN THEOREMS

B.1 PROOF OF THEOREM[I]

For brevity, we first define the following notations:

x = (s,a,s),

) = B _lg(zw)].

s~g,a~Tg,s ~P

We also define constant C5 := ryax + (1 4 ) max{ ’1":‘*,;‘ , R, }, and we immediately have

lg(, @)ll2 < |r(x) +7¢(s") 'w = ¢(s) "w| < rmax + (1 +7) R < Cs (32)
and likewise, we have ||g(z,w)|2 < Cs.

The critic update in Algorithm [I]can be written compactly as:

wk)-‘rl - HRW (OJk; +6kg(w(k)7wk—7'k)) ) (33)
where 7y is the delay of the parameters used in evaluating the kth stochastic gradient, and z () =
(s(k), a(r), s’(k)) is the sample used to evaluate the stochastic gradient at kth update.

Proof. Using wy; as shorthand notation of wy , we start with the optimality gap
w1 — wipa 3
= g, (wk + Brg(zk) wi—r,)) — wit1ll3
< lwk + Brg(€ k), Wh—r,) — wirpa ll3
= |lwk — wi i3 + 285 (wr — Wi, 9@ 1y, Whone) ) + 2 {wi — Wiy wh — Wiy ) + Wi — Wiy + ﬂkg(x(k)7wk—7'k)||§
= |lwr — wills + 285 (W — Wiy 9@y, Wh—n) — 9(T 0y wi)) + 285 (Wi — Wi, 9@y, wi) — T(Ok, wi))
+ 2By (wi, — Wi, GOk, wi)) + 2 {wy — wi, wi — wiq) + ||WZ — Wiy t ﬂkg(m)vw’c—m)ﬂz
< ws — will + 2Bk (wk = Wiy 9Ty, We—r, ) — 9(T (ks W) + 2Bk (Wi — Wi, 9(T k), wr) — GOk, wi))
+ 28 (wr — Wi, GOk, wi)) +2 <wk - UJZMZ —wiigg) 2 ||wi — WZ+1||§ + 203 B3 (34
We first bound (wy — w}, G0k, wk)) in as
(Wi — wi, GOk, w)) = (wk Wi, GO, wi) — (O, wi))

= (wh = Wi E [(70(5) — () (wr — wi)o(s)] )

= (k= Wi, E [9(5) (0(5") = 6()) " | (e )

= (wh = wis Ang, (1 — )

< Al — i3, (35)

where the first equality is due to g(0,w;) = Agewy + b = 0, and the last inequality follows
Assumption 2} Substituting (33) into (34), then taking expectation on both sides of (34) yield

E lwir — wit1l3 < (1= 2X80) E lwi — will3 + 285 B (wp — wf', (2 (r), wh—r,.) — (k) wr) )
+ 2B, E (wi — wis, (T k), wk) — G0k, wi)) + 2 (wp — wi, wf — wiiq)
* * 2
+2E ||wj; — wi || +2C38;. (36)

16
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We then bound the term E (wi, — wj, ¢(@ (), Wk—r,) — 9(T k), wr) ) in (36) as
-
E (Wi — wi, 9(T (k) Wr—r,,) — 9(T k), W) = E <wk — W, (Wﬁ(S'(k)) - ¢(S(k))> (Wr—r, — Wk)¢(8(k))>
< (1 +7)E [llwr — wZHzHkark — will2]

E w1+1 - wz
=k—

< (14+7)E | wr - will

2

k—1
< UH+NE |fwx —will2 Y &Ilg(%wz'—n)lzl

L i=k—Tg

k—1
<SA+NE [llox —willz > ﬁk—Kol|g(xivwi—T¢)||2]

Zk‘l’k

< Cs(1+ 'Y)KO/Bk Ko E |lwre — wi|2, 37

where the second last inequality is due to the monotonicity of step size, and the last inequality follows
the definition of Cy in (32).

Next we jointly bound the fourth and fifth term in (36) as

2E (wy — wi, wj, —w2+1>+2EHwZ -

* * * * * 2
< 2E [Jlon — willy flwi = wigall,] + 2B [lwi — wipall,
< 2L, B [lwg — willy 10k — Oksallo] + 2L2 E |0k — Orsa 15
N N 2
=2L,a,E [Ilwk —willy H5 T (ks W1 )V0r 1, (S()s a(k))‘u +2L20} E H5(ﬂf(k),wk—rk)¢9kw (s(k) a(k))H2

< 2L,Cpay E ||wy, — will, + 2L2 Chog, (38)

where constant C,, := CsCy. The second inequality is due to the L,-Lipschitz of w; shown in
Proposition 2} and the last inequality follows the fact that

102 (), Wr—r )0, (S)» Ay |2 < C5Cy = Co. (39)
Substituting (37) and (38) into (36) yields

E lwn 1 — wi1 |3 < (1= 2X80) E [lwr — wi3 + 264(C1

+02Koﬁk Ko)]E”Wk WZHz

Bk
+ 2Bk E (wi — wfi, 9(x () wi) — G0k, wi)) + Cy Bz, (40)
where Oy == L,C,, O = C5(1 + ) and C; == 202 + 2L2.C2 max ) % = 202 + 202025
1= Lwlp, L2 = U Y q-— s w'p (k)gg_ 5 w-'pelt

For brevity, we use x ~ 6 to denote s ~ g, a ~ 7 and s’ ~ 73 in this proof. Consider the third
term in (@0) conditioned on 6y, wg, Oy, . We bound it as

E [(we — wi, 9@y, wi) — GO0k, wr)) |0k, Wi, Or—r, |

= <wk - UJZ, E [g(m(k),wk)|wk] — g(Hk,wk)>

(k)7

_ <wk ot T swn) — g<9k7wk>>
< ok = w2 F B 0k) — O o)l

E [g(wik)] - ]EG [g(x7wk)]

x~Ok 1), x~ O

< 2R,

2
< 2R, swp lg(a,wn) s o, © 7o, ©P = o, @70, 0P|
x

< AR, Csdrv (po,_,, @ 7o, ., @ P, po, ® w9, @ P), (41)

17
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where second last inequality follows the definition of TV norm and the last inequality uses the
definition of Cj in (32).

Define constant Cs := 2R,,Cs|A|L(1 +log, s~1 + (1 — p)~1). Then by following the third item
in Lemma A.1 shown by [17], we can write as

E [<Wk - wz7g(x(k)7wk) - g(akvwk)> |9kawk7 ak—‘rk}
<A4R,Csdrv(pe, ., ®mg, . @ P, g, ® o, @ P)
< O3 |0k —r;, — Ok,

k—1
< 03 Z O‘ng(xiawi—ﬂ) |2
i:kf‘l'k
< C3Cs Kok — ks 42)

where we used the monotonicity of aj, and Assumption [I]

Taking total expectation on both sides of (@2) and substituting it into @0} yield

* * « *
Ellwkr1 — wip1ll3 < (1= 2X86) E lw — wirll5 + 284 (C'lﬁ*: + CzKoﬁkao) E flwr — willy
+2C3C5 KoBran—i, + CyBi. (43)
Taking summation on both sides of and rearranging yield
K L ) K
%12 %12 *
2 Y Bl —wilh < 30 5 (Blon —willy ~ Bl —wiilly) +Cs 3 e
k=Ko k=Ko " F k=Ko
Il 12
K K o
k *
+2 ) 205Cs Kook +2 Y (clﬁ + C’gKoﬂk_Ko> E |w — will, -
k=Ko k=Ko k
13 14
(44)
‘We bound I; as
Ko )
* (12 *
I = B (E lwe — will; — B [|wks1 — wk+1H2)
k=M
K
1 1 2 1 2 1 2
= — — — | E||lwk —wi||5 + =—E ||wa, — wi — —E|w — wj,
S () Bl sl g Bl i - g Bl il
K
1 1 2 1 2
< — — —— | E ||wg, — will5 + E|lwa,. — wi
k% (Bk 5k1> || k k||2 ﬁfol || Mg ]\/IKHQ
=Mk
K
1 1 1 4R?
< 4R ( >+ = ¢ = O(K”), (45)
<k_ZA; Br  Br-1 B —1 Bk (E™)
=Mk
where the last inequality is due to the fact that
lwr —whll2 < [lwll2 + [lwpll2 < 2R..
We bound I as
K K .
— 72 _ 1—0o
Z ﬁk - Z (1+k)02 _O(K 2) (46)
k=M k=M

where the inequality follows from the integration rule Ezza k77 < L

l—0°

18
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‘We bound I5 as

K K—-Ko
Iy =Y 205CsKoap_k, = 2C5Csa1 Ko > (1+k)"7 = O(KoK'™).  (47)
k=Ko k=0

For the last term I, we have

K
a
Iy = Z (C1Bk + C2K06k—K0) Eflwr = will,
k=Ko g
K 2| K 2
< | (G +aakitir) | D (€l wil)
k=Ko k=Ko
K 2| K
< Z (C1 + C2KoBg- K0> Z E ||wr, — wil2, (48)
k=Ko P k=Ko

where the first inequality follows Cauchy—Schwartz inequality, and the second inequality follows
Jensen’s inequality. In (@8], we have

K 2 K—Ko 2
> (ca 5+ CeKoBr- Ko) <> (01 3, +02Koﬁk)
k=Ko k=0
K— Ko K—KO K_KO

fcl Z 7+20102K0 Z Oék+022Kg Z BI%
k=0 k=0
:O(K2(02—01)+1) +O(KOK—J1+1)+O(K3K1—2U2) (49)

where the first inequality is due to the fact that “ and Bk— K, are monotonically decreasing.

Substituting (@9) into @) gives

K

I < \/o (K2(02=0041) 4 O (KoK= 41) + O (KZK'=22), | Y Elw —will3.  (50)
k=M
Substituting (@3)), @6), @7) and (30) into {@4), and dividing both sides of (#4) by K — K, + 1 give
Al B - wil
K—Ko+1 b wkll2
k=Ko
\/O (K2(02—01)+1) +O(K0K—‘71+1) +(’)(K§K1_2‘72) K )
= K—Ko+1 > Ellwr —wipll;
k=Kj
1 1 Ko
ro(pis) o) o () -
We define the following functions:
TK) = L 3 Bl
YT R -Ky 1 e T
0

To(K) :_O<K11—<72> +O<K102) +O(If({fl>,

O (Ko27o0H) 4 O (KoK~ +1) + O (KZK'~22)
K—-Ky+1 ’

Tg(K) =

19
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Then (51)) can be written as:
1 1
Ti(K) - 2)\\/T1(K)\/T3(K) ﬁT 2(K).

Solving this quadratic inequality in terms of 7' (K'), we obtain

1 1
< = i
T (K) < )\TQ(K) + 2)\2T3(K), (52)
which implies

K

1 w2
K—Ky+1 Z E [lwr — willy
k=Ko

B 1 1 K3 Ko 1
co( ) +0 (i) v () o (1) vo (L),

We further have

| X Ko—1
?ZE”‘% —will3 < (Z AR? + Z E [Jw _Wk||2>
k=1

k=Ko
K L K-Ko+1 1 a
_ 2 — o * (|2
k=Ko
K
Ky 1 w2
N (K> <K Ko+ 1 > E”“”““’“)
k=Ko
( Z E [lwr. — wkll2> (53)
k Ko
which completes the proof. O
B.2 PROOF OF THEOREM[Z]
We first clarify the notations:
T = (s,a,s),
§(z,w) =r(s,a,8") +7o(s) Tw— ¢(s) Tw
8(x,0) =r(s,a,8") + YV, (s') — Vi, ().
The update in Algorithm[T]can be written compactly as:
Ok+1 = Ok + Oékg(w(k),%—m)%k,m (S(k)> (k) )- (54)

For brevity, we use wj; as shorthand notation of wy . Then we are ready to give the proof.

Proof. From L j-Lipschitz of policy gradient shown in Proposition[I] we have:
TOxs) > T00) + (VI (00, O — 04) — =2 [0ucs — 0413
= J(00) + ax (VI O0), (8w r), wr-n) = by, @) ) Yoo, (5009 0))
i (VT (00), 8oy i Vo, (5069,000) ) — 20215y, hmr, o, (069,013
> J(Or) + o <VJ(0k), (S(x(k),wk,m) - 5(sc(k)7w,:)) Vo ., (k) a(k))>
+ g <VJ(9k)a 0(x (1), wi)Vo ., (S(k),a(k))> - %CEO@

where the last inequality follows the definition of C, in (39).
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Taking expectation on both sides of the last inequality yields

ELJ (1)) = EL(00)] + ar E (VI 00), (3 wi-n) = gy, wb) ) o, (s, a0s))

I

+ @ B (VI (00), by, i) o, ., (509 awy) ) —

L 1
Iz

L,

5 Cpai. (55)

We first decompose I; as

Il =K <VJ(9;€), (8(1}(;9), wk_Tk) — S(l‘(k), w,’;)) wek**k (S(k), a(k))>

=E <VJ(91€)7 (3($(k), Wk—r,) = 0(2(1), wk:)) Vo, ., (S(k)s a(k))>

i

+ E <VJ(9k), (S((E(k), wk) - 5(‘%(@,&);)) ’l/)gkﬂ_k (S(k); a(k))> .

L 1
®

‘We bound 11(1) as

(1) / T
L =E <VJ(91€)’ (W(S(k)) - ¢(8(k))) (Wh—r — wi)Vo,_,, (k) a(k))>

—E 9T 00)ll2[76(s{s) = Bls)ll2llon = wrmr 2o, ., (s> ags))ll2]
=20y E[[[VJ(0k)ll2llwr — wi—r|l2]
—2CyCs Kofr—1 E ||V J(01)| 2,

AVARAVARRLV]

where the last inequality follows

[

< ”Big«rivwi*ﬂ) 2
. -

k—1
<Br1 Y lg(@swior)l,
i=k—Tk
< Br-1K0Cs,
where the second inequality is due to the monotonicity of step size, and the third one follows (32).
Then we bound I 1(2) as
I§2) =K <VJ(9k), (S(x(k),wk) — 5(1’(@, WZ)) 1/)9,€7W (S(k), a(k))>
T
=-E <VJ(0k)7 (7¢(5l(k)) - ¢(3(k))) (wi — wk)%k_fk (S(k)7a(k))>

> —E[I9700ll2lhé(siay) — (s lallo = wilollvo,_., (509, agx) s
> ~2C, E[IVI60)llallwon — will].

Collecting the lower bounds of I 1(1) and I 1(2) gives

I > =2C, E[||[VJ(0:)]l2 (CsKoBr-1 + llwr — will2)] - (56)
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Now we consider I>. We first decompose I5 as

I, = < J(0k), 0(x 1y, wi) o, ., (31, @ ())>
< ( .T?(k))wk _6(350@),‘*% rk)) wé‘kfw (S(k)7a(k))>

s

E(VI(600), (8 wir,) = 8200, Oh-n)) Yo, (50, 009))

5

+E (VI (00), 620, On V0, (5005 20) = VI (k) ) +]97 (81 3.

?
‘We bound 12(1) as
LY =E <VJ(91¢), (5(33(1@):0”75) - S(JJ(k)awZ—m)) Yo, (k) Ak ))>
=E <VJ(9k)7 ('YQb(Szk)) - fb(S(k)))T (wri = wiry) Yoy, (3(k)s a(k))>

)
> -E [nwwmgn (v0(s(ay) = @) Nz o = il N, <s<k>,a<k>>|2}

> —Ly Cy( b~ Wi [l
> 7LvaC¢(]. + ’)/) E ”076 - Hk—TkH?
> Ly LuCyCy(l + ) Kot iy

where the second last inequality follows from Proposition [2]and the last inequality uses (39) as

k—1
106 Okrllz < " 00er — il

’L‘:k*‘l’k
k—1

= Z ai”S(xivwi—n)'(/)Bi,Ti(Sivai)HQ

i=k—Tk

k—1
E AQf—7y, Cp
i=k—Tg

S CpKoak,KO. (57)

We bound 152) as

I§2) =K <VJ(9k) (S(w(k),w,f,fn‘) - (5(1’(;(,),9;‘;,.%)) g/)gk - (é(k)7 (L(k>)>

> —E V00l |80, wi—r,) = 5@ 0s9, 01| W, (50 ae)l2]

> —CyE VI O0) 5 |82, i-r) = 851, O5r0)]|

= —CyE IV |7 (@500 Wi = Vioy . (5(1y)) + Vio, . (5009) = 6(5089) i |

> ~CyE [I9700) I (7 |#(5(0) " whor, = Vioy . (5| + Vo, (50) = Sls0a) Twii—r, | )]

= ~CyE [IVTO I, E 7 |0(s{i) Wi, = Viuy_ (5(a)| + [Vao_ (50) = 0l509) "wir, || 00,0 ]
> —2Cy€app E (VI (01)]],

2 7201§)Lvéfa - 20’1/)651) E HVJ(QA)HQ (58)
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where the second last inequality follows from the fact that

E [3 |#(s(1) T wir, = Vi, (sla)| +

)

V’”’kf% (s(k)) o ¢(S(k))—rw;§—7’k

Vﬂ'ek*"k (S(k)) o ¢(S(k))TwZ—7k

2
S '7\/E ’¢(5'(k))TWZ_Tk - Vﬂekfw (szk))’ + \/E

< 2€app-

2

Define artificial transition Z(z) = (5(1), a(x), §’(k) ~ P), then Ié?’) can be bounded as

1§ = B (VJ(00), 8(20), O V0, (50 a) — VI (0k) )
=E [E [<VJ(9k), (2 (k) Ok —r, ) V0., (S Oi)) — VJ(Hk)>‘ 9k77k,9kﬂ
—E <VJ(0k),IE [(5(x(k), Oh—r) — 3(E(h)s O-r)) Vor_., (501 a)) ak_m,ok} >
+E <VJ(91€),E [5(9’%), Ok—m )V0r ., (S(k)» a(k))‘ 9k—m9k} - VJ(9k)>
> —E IV 00, [ [0y, 0n-r) = 5(@ay: 01-r)) Yo, (5067 309) | O O] ]

—-E [HVJ(@k)Hz HE [5(53(1@), Ok —ri )¥o0r ., (S(k)s a(k))’ 9k—7k,9k] - VJ(‘%)HJ . (39

The first term in the last inequality can be bounded as
E [(5(37(k)> Ok—r,) = 6(Z(k)s Ok—ri)) Vo, (S(k)aa(k))’ 91%7“94
=E {(5(1'(1@, Ok—ri) = 0(Z(k)s Ok—ry) Yo, (S(i)s a(k))‘ 9kfn€79k]

=E [(T(I(k)) +yE[r(sh,a’, )] = (r(@@w)) + v E[r (5}, ', 5")])) Yo, ., (5(x)s a(k))‘ 9k—m9k}
S QermaxHﬁ - 7DHTV
S 8Cﬁ)7nmax(1 - "/)7 (60)

where the last inequality follows

H75 —Pllrv =2 / s ‘75(5",5,&) — 'P(s"s,a)‘ =2(1-7) / < |P(s"5,a) — 'r;(s’)| <4(1 —7).
Js'e Js'e

(61)
The second term in (39) can be rewritten as
E [5(50(1@)7 Ok—r) V0, (k) a(k))‘ O—r. 91@}
- S(z«)NIMEBk—rk (r(j(k)) + 7VW9k—Tk (gl(k)) - mG—fk (S(k))> we’f*’k (S(k)7 a(k)) 9k_m79k:|
Q) ™~Toy
5(gy~P
= s<k>~IuEek,,k (Q”%_W (s(k)> agry) = Vo, (S(k)>) Yoy, (S(k)» ak)) 9k7k,9k]
Q) ™~Toy_
= s<k>~IuEek,,k Ay, (8(k) @)V, (58 0()) 9krk,9k}
Q) ™~Toy_
- E Ao, (S0k)> @) W05, (30> Ok) 9/”,6,91@} = VJ(bk—r) (62)
SRy~ L

A(k) T ry.

where the second last equality follows iy (-) = dp(-) with dy being a shorthand notation of d., [6].
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Substituting and (62) into (39) yields
I > —8Cyrmax(1 =) E|[VI (@), — E (VI (00) 2V I (Br—r,) — VI(81)2]
> —8Cyrmax(1 = N E[VI(O)|ly — Lv Ly E||6k—r, — Ok
> 7801;‘)7'111&)((1 - ’7) E HVJ(GIC)HQ - LVLJCpKOO‘kam (63)

where the second last inequality is due to L j-Lipschitz of policy gradient shown in Proposition|[T]
and the last inequality follows (57).

Collecting lower bounds of 12(1), 12(2) and 153) gives

I > =D1Koak-r;, = (2Cpesp + 8Cyrmax(1 = 7)) E VI (01)|l, — 2Cy Lvea + [ VI (003,
(64)

where the constant is Dy := Ly L, CyCp(1 4+ 7v) + Ly L ;C,.
Substituting (36) and (64) into (53) yields
E[J(Ok11)] = E[J(0k)] = 206 Cy (€sp + 4rmax(1 = 7) + Cs Kofr—1 + [wr — will2) E[[VJI(0k)|l,
L
— apD1Koog—k, — 203, Cyp Ly gy + ai||[ VI (01) |3 — 7"0304%. (65)

By following Cauchy-Schwarz inequality, the second term in (63) can be bounded as
(esp + 4rmax(1 =) + CsKoBr—1 + llwr — will2) E[[VI(0k)]|,

< \/E IV (0;)||2E [(esp + 4rmax(1 — ) + CsKoBr—1 + |lwi — w?;llz)ﬂ

< VEIVI 003 /E [AC2KREB2_, + 4llwr — will3 + 4e2, + 64r2,, (1 —)?]

= 2\/E |V (0)[3/C3K37_, +E lwox — wil3 + O(eZ,), (66)
where the last inequality follows the order of €, in Lemmam

Collecting the upper bound gives
E[J(0x+1)] = E[J(0r)] — 4 Cy \/E IV TIOR3/ CFEG By + Ellwx — will3 + O(eZ,)

L
— ap Dy Koay_ ke, — 205Cy Ly ega 4+ o || VI (01)||3 — 7"050@. (67)

Dividing both sides of (67) by «, then rearranging and taking summation on both sides give
K K

K
. 1 I,
E|VJ(0)3 < — (E[J(0k+1)] — E[J(0k)]) + (DK ko + —C )
; | <k>||2fk:ZKO%< [T (6r+1)) — E[T(0:))) ; oo, + 2 Clon

13 14

K
+4Cy 3 EIVION)I3y/CFR5, +E wx — will3 + O(,)

k=Kj
L T 1
+ 20y Ly (K — Ko + 1)ega. (68)
‘We bound I5 as
US|
I3 = Z an (E[J(Ok+1)] = E[J(0r)])
k=Ko
.S (55 - 2 ) BU6) - —— EUOu] + - B
B k=Fo a1 Qg g OMp—1 M K e
1
< o B Ok)]
Tmax 1 o o1
< l—yaK_O(K ), (69)
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where the first inequality is due to the « is monotonic decreasing and positive, and last inequality is
due to Vz, (s) < 522 forany s € S and 7.

‘We bound I, as

K

L L
I, = Z <D1K004k_K0 + ;Cgak> < Z (DlKoak + ;Czak> = O(K()Kl—m)_
=Ko

‘We bound I5 as

K
S VEIVI00)13\/C2RZB, +E [l — wil3 + O(e3)

Is =
]i):KO
K K
<A DD EIVIO)IB,| Y (CERZBE., +E [lwk — will3 + O(e2,))
\ IC:KQ ]i):Ko
K K K
= Y. EIVIO)I3|C3RE2 > B2+ D Ellwr — w3+ O(KeZ,),  (70)
k=K, k=K k=K

where the first inequality follows Cauchy-Schwartz inequality.

In (70), we have
K K—-Ko K—Kj
YoBia< Y Bi= Y Sk =0(K! TR,
k=Ko k=0 k=0

Substituting the last equality into (70) gives

K K
L<,| S EIVIO)3, OEZE 27) + S Elw —wil3+O(Ke,). (71
k::MK k':MK

Dividing both sides of (67) by K — K + 1 and collecting upper bounds of I3, I and I5 give

K
1
- - E 2
T 2 EIVIeS
k=K,
AC K K
111 —20 *
< K—Ko+1 Z E(VJ(0r)|3,| O(KFEK!~272) + Z E ||lwx — Wk”% + O(KEgp)
k=K, k=Ko
1 Ko
+0 (Kl_m) +0 (KJ) + Olega).- (72)
Define the following functions
1 K
Ty(K) = —" E|VJ(0)3
)= e T k:ZKO IV J(0k)]2,
1 K
. 2 7120 , 12 2
T3(K) — m (O(K{)K 2) + Z ]E ||(J./k — (J./k||2 + O<K€Sp)> 5
k=K,
. 1 Ky
a0 =0 () +0 () + ot

Then (72)) can be rewritten as

Ti(K) < Ts(K) + V2(1 +7)Cy v To(K)/T5(K).
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Solving this quadratic inequality in terms of 74 (K’), we obtain

Ty(K) < 2T5(K) + 4(1 +7)*CY T5(K), (73)
which implies
1
K_Ko+1 Z E [|VJ (0I5
k=Ko
1 K, K2 1 - )

=0 —=— —— Y B —w app)-

O(chn) +O(K01> +0 <K202> +0 <K_KO+1k_zI; lwr — willz | + Oeapp)

‘We further have

1 & )
I E E[VJ(0)l2
=1

IN

k=K,

- K
T (Z Ly+ Y IEHVJ(GI«)”%>
Ky

K
K—K +1 1
_ 2 0 2
= = K—Ko+1k§ E|[|V.7(6:)I13
1 K
= E 2
o(5)+ (K 3 ||w<ek>2>
k=Ko
K
( T EIIW(Gleg) (74)
L Ko
which completes the proof. O

B.3 PROOF OF THEOREM[3]
Given the definition in Section[B.I] we now give the convergence proof of critic update in Algorithm
[T] with linear function approximation and Markovian sampling.

By following the derivation of @0), we have

* o *
E lwis1 — wipa 3 < (1= 208k) E ||lwx — w3 + zﬁk(CIF: + CoKoBr—r,) Ellwi — will,

+ 28, E {wi — wit, 9(@(ky, wi) — G0k, wi)) + CoBi, (75)
where C) := Cp L, Cy = C5(1 +~) and Cy == 2C3 + 2L2 CE maxy, Z—E =20% + 2L3C3%.
z .

Now we consider the third item in the last inequality. For some m € NT, we define M =

(Ko 4+ 1)m + K. Following Lemmal](to be presented in Sec. [C.1), for some d,,, < M and positive
constants Cy, Cs, Cg, C7, we have

E <wk - wZ,g(m<k>,wk) - ?(ekvwk»

dm
< CyE |6k — Ok—a,ll2+Cs > Ell6k—i — Oxa,,ll2 + Co Ellwx — wi—a,, |2 + Crrp™ "
i:Tk
k-1 dp—1 k—i—1 k-1
<Ci Y Elfia—6il24+Cs > > Elfjs—0ila+Cs D> Elwiyr —willa + Crrp™ !
i=k—d,n i=1y j=k—dym, i=k—d,n
k-1 dp—1 k—i—1 k-1
<Ci Y aiC+Cs Y Y G+ Cs Y BiCs+ Crrp™ !
i=k—dpm i=ry j=k—dy, i=k—dym
k-1 dp—1 k—i—1 k-1
< Cyop—g,, Z Cp + Cs0—q,, Z Z Cp + C6Br—d,, Z Cs + Crrp™ !
i=k—dm, =T j=k—dm i=k—d,,
< CudmCpag—a,, + Cs(dm — 6)*Cps—a,, + CodmCsBr—a,, + Crrp™
< (C4M + C5M2) Cpag—n + Ce MCsBr—n + Crrp™ 1, (76)
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where the third last inequality is due to the monotonicity of step size, and the last inequality is due to
7. >0and d,, < M.

Further letting m = m g which is defined in (ZI) yields

E (wi — wis, 9(x k), wi) — GO0k, wi) )

= (C4Mk + Cs M3 ) Cpoup—naye + CoCs Mg Bu—nrye + Crrip™ !

< (CaMy + Cs My ) Cpoe—rye + C6Cs Mg Bro—nie + Crak, )
where M = (Ko + 1)mg + Ky, and the last inequality follows the definition of m .
Substituting into (75), then rearranging and summing up both sides over k = M, ..., K yield

K K K
1 2
2 2
23 Elwr—wily < 3 5 (Bl —willy ~ Ellonis —winlly) 00 3 6
k=M k=M K k=M
L ] L
Il 12

K
+2 Z ((CaMg + CsM3) Cpap—niye + CoCs My Br—nrye + Crov)
k=M

I3

K
+2 ) (cla’“ + choﬁkKo) E ||lwi — wil, - (78)
My Bk

Iy
where the order of I, I and I, have already been given by (43)), and (50) respectively.
We bound I3 as

K K K
ISZ(C4MK+C5MI2()CP Z o + CeCs My Z Bi + Crak Z 1

k=Mg k=Mg k=Mg
) Kl-0o1 K1-02
< (C4MK +C5MK) Cpcl s +0605MKC21 o +C701K(1 —I—K)_Ul
— U1 — U2
=0 ((K§log? K)K'™7') + O ((Kolog K)K'~7?) (79)

where the last inequality follows from the integration rule ZZ,:LL k=7 < bll_%, and the last equality
isdue to O(Mk) = O(Komg) = O(Kplog K).

Collecting the bounds of I, I, I3 and 14, and dividing both sides of by K — Mg + 1 yield

K
QAm k:%;}( E flwk — WZHE
VO (I2oamo+1) £ O (Ko K=+ + O (KK 1-22) [ K o
= K — Mg + 1 k:ZMK]E”“’“_“k”2
+0 <K110> +0 (Kgll:ff K) +0 (K‘}ﬁ[() . (80)
Similar to the derivation of (52)), (80) implies
e Y Bl -l
K — Mg +1, 4 w2

B 1 1 K? K2log? K Kolog K
0 () 0 (i ) 0 () w0 (1B KY o (Kalosic).
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Similar to (53], we have

K K
1 * KologK wn2
LS Bl - vl =0 (1212 ( 3 Bl il
k=1

=M
K
=0 ( Z E |jwy — wk||2> (1)

k=Mpx
which completes the proof. O

B.4 PROOF OF THEOREM[4]

Given the definition in section[B.2] we now give the convergence proof of actor update in Algorithm
[[] with linear value function approximation and Markovian sampling method.

By following the derivation of (33, we have
ELJ(0441)] = ELT(00)] + ax E(VI0), (820, wr-n) = 820 @) ) Yo, (5019, 0 )

I
. . L
+ apE <VJ(0k), 5(1’(;@), wk)lf)gk77k (S(k)a a(k))> 7?(]050(% (82)
L 12 ]
The item /; can be bounded by following (56) as
I =2 22C4 B[V (62 (CsKoBr-1 + llwr — will2)] - (83)

Next we consider I5. We first decompose it as

I, = <VJ((9k) (@), wp)Vo, ., (Sx),a <>)>

5
—]E<VJ (0x), ( T (), wr) — (I(k)ﬁk)) Vor_., (S(k)»a(k))>

i

E <VJ(0k), 5(3}(@, ek)i/)gkﬂ_k (S(k), a(k)) - VJ(Qk)> +E ||VJ(0k) ||§ (84)

?

For some m € NT, define M := (Ko + 1)m + K. Following Lemma for some d,,, < M and
positive constants Dy, D3, Dy, D5, IS) can be bounded as

Iél) =K <VJ(9k), (Oﬁ(T(k)(UZ) — 6(7’(@ 9;‘;)) 1/)9;#% (S(m./ (J(k))>
[

2= D3E [0k — O—a,llz—Ds > E[6; —Or_a,ll2
i=k—dm

> =Dy E |0k —r, — Ok,

— Dskp™t —2C, Ly €, — 2Cyesp E ||V J(0r)]]2
> —Dy(dp — 7)Cpt—a,, — D3dpmCpak_a,, — Da(dy — 11)*Cpovi_a,,
— Dskp™ ™! — 20, Ly € — 2Cyesp B |V I (012, (85)
where the derivation of the last inequality is similar to that of (76).

m m

By setting m = mg in (83)), and following the fact that d,,, < M and 7, > 0, we have
12(]> Z _D2A1KCPCY]€_A4K — D3A1K0pak;_[\,jk. — D4]\'f[2<0p0z;¢_]uk, — D5H,0mK71
— 2(]1/,[/\/616-61 — 201/,65}) E HVJ(Q)HQ
— ((D2 + Dg)cpA[K + D4Cp]\[[2() QO — My — D5:"€pmk’_l — QC@L\/Efa — 201/,651) E ||VJ(9}JH2

— ((D2 + Dg)Cp]WK + D4ij\f[2() -y — Dsag — 20y Ly €gy — QCUJGSPE ”v‘](ek)H?’
(86)
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where the last inequality is due to the definition of m .
Following LemmaH for some positive constants Dg, D7, Dg and Dg, we bound 152) as
2
Ié ) =K <V.](0k), 5(Jj(k) , ek)¢9k77k (S(k,), u(k)) — VJ(ek)>

dm
> —D6E |0k —r, — Ok—d,, |2 — DrE |10k — 6x—a,. |2 — Ds Y E[0s—i — O—a,ll2

1=Tk

— Dgh‘pmjl - 8O¢Tmax(1 - ’Y) E Hv‘](gk)HQ .
Similar to the derivation of (86), we have

I > — (D¢ + D7 4+ DsMy) CyMg o nrye — Dok — 8Cyrmax(1 — ) E VI (01|, - (87)

Collecting the lower bounds of Iél) and If) yields

Iy > —2Cy Ly e — 2Cy (esp + 4rmax(1 =) E IV I (01 [|l2 + E | VI (65 [I3
— Drag—m, — (D5 + D)oy, (88)

where we define Dy == (D4 + Dg)CpM3z + (D2 + D3 + Dg + D7)C, M for brevity.
Substituting (3) and (§8) into [®2) yields

E[J(O+1)] = E[J(0k)] — 206 Cy E[[[V I (Or) |2 (€sp + 4rmax(l =) + CsKof—1 + [lox — will2)]
L
— O (DKOékfij + (D5 + Dg)aK) — QCwLVefaOék + oy E ||VJ(9]JH3 - ?chai

Similar to the derivation of (67), the last inequality implies

B[ (01)] = ELJ(00)) — 4010y JE [V I(00)]3\/C2KZ5_, +E [ — i} + O(&,)
L
—ag (Drag—pyy + (Ds + Do)ak) — 2Cy Lvegap + ap E HVJ(Q}C)Hg — ?‘]Cgai

Rearranging and dividing both sides by o, yield

1 L
E(IVJ(0)]3 < o (E[J(Ok+1)] = E[J(0k)]) + D ar—nyc + (Ds + Do)k + 7‘]05%

40 \JB V(003 /C2KZ5E, +E o — i3 + O(e2,) +2Cy Lern

Taking summation gives

K K
STEIVI@)IES Y ai(E[J(ng)]—]E[J(@k)])
k=M k=M R

L 1
I3

K
L
+ Z (DKakMK + %Czak + (D5 + Dg)al{)

k=Mpg
L 1

Iy

K
+4Cy 3" \JEIVI60)13\/CRRZBE, +Ellox — wil3 +O(2,)

k=Mg
L 1

Is
+ 20, Ly (K — Mg + ega. (89)

in which the upper bounds of I3 and I5 have already been given by (69) and respectively.
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‘We bound I, as

K

L
= <DK04k—MK + ?chak + (D5 + Dg)aK>
k=M
X L
< Z <DKOékMK + %CgakaK + (D5 + Dg)aK>
k=Mg
I K
= (DK + ;Ci) Z ak—nm + (D5 + Dg)(K — Mg + 1)0[[(
k=My
L K—Mg
= (DK + 203) Z ar + (Ds + Do) (K — Mg + 1)ak
k=0
L
< (Dg+2Lc? 9 gl-o +c1(Ds + Dg)(K + 1)~
2 p 1-— g1
=0 ((Kglog*? K)K'~1) (90)

. . l—0o . .
where the last inequality uses Zzza k=7 < ﬁfa, and the last equality is due to the fact that

O(Dg) = O(M% + Mg) = O((Komg)?* + Komg) = O(K2 log? K).

Substituting the upper bounds of I3, I, and I5 into (89), and dividing both sides by K — M + 1 give

K
1
——— Y E[VJ@I3
K—-—Mg+1 sy
40, K K
< T mrerTy O BV UG + 3 Bl —uilf + O,
1 K2 log® K
+O ([(1—01> +O <[(f71 +O(6fa) (91)

Following the similar steps of those in (73)), (91) essentially implies

K
1
= Y E[VJ@)3
K —Mg+1,5
1 K2log® K K? 1 i .
=0 (e o (Mg ) ro (e ) vo K1, 2 Bl i rOlem)
=Mk

Similar to (74), we have

LS gyvsei—o (K5 yo (L S pvsep
K &~ kJll2 = K K — Mg +1 kJli2

k=Mg

K
—_ 1 2

k=M

which completes the proof. O
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C SUPPORTING LEMMAS

C.1 SUPPORTING LEMMAS FOR THEOREM 3]

Lemmad4. Foranym > land k > (Ko + 1)m + Ko + 1, we have

dm
E (wi — wp, , 9(T k), wk) — GOk, wi)) < C4E |0k — Op_a,,|l2 + Cs Z E|0k—i — Ok—a,, |2
i:Tk

+ C6 E||wk — wk—a,, ||l2 + Crep™ 1,

where d, < (Ko + 1)m + Ko, and Cy = 2CsL,, + 4R, C5|A|Lr(1 4 log, s~ ' + (1 — p)1),
05 = 4Rw05|A|Lﬂ- and 06 = 4(1 + ’Y)Rw + 205, 07 = SRQ_}C(S.

Proof. Consider the collection of random samples {x(k,Ko,l), T(k—Ko)» s x(k)}. Suppose ) is
sampled by worker n, then due to Assumption {Z(h—Ko—1), T(k—K0)» - T(k—1) } Will contain at
least another sample drawn by worker n. Therefore, {x(k,(;{oﬂ)m), T(k—(Ko+1)m+1)» -+ x(k,l)}
will contain at least m samples from worker n.

Consider the Markov chain formed by 1 + 1 samples in {2, — (ko+1)m) > Z(k—(Ko+1)m-41)s -+ (k) }-

Ok—do, P Ok—dp, 1 Ok—d, P Ok—dg P
St—m EE— At—m — St7m+1 E— at7m+1 o St—1 EE— ag—1 — St g ag — St+17

where (¢, as, 5t41) = (5(k), A(k)s 521@))’ and {d; }}":o is some increasing sequence with dy = 7.
Suppose 0j_,, was used to do the k,,,th update, then we have z;_,, = T(k,,)- Following Assumption

1, we have 74, = kp, — (k — dpm) < Ko. Since x(,,) is in {Z(4—(ko+1)m)» -+ T(k) }» We have
km >k — (Ko + 1)m. Combining these two inequalities, we have

dm < (Ko +1)m + K. 92)
Given (S¢—m, Gt—m, St—m+1) and O_,4, , we construct an auxiliary Markov chain as that in Lemma
Ok —dum, P Ok—dp  ~ ~ Ok—dp  ~ P o~ Oh—dy ~ P ~

St—m ——> Qt—m —7 St—m+1 —— 7> At—m41 """ St—1 ——2 Qy—1 —> St ———> At —> St41.
For brevity, we define
Throughout this proof, we use 6, §’, w, w’, x and Z as shorthand notations of 0, 04, , Wk, Wk—d,,»
x; and T respectively.
First we decompose Aj(x, 0, w) as

A (2,0,w) = Aq(z,0,w) — Ay (2,0, w) —I—IAl(ac,H’,w) — Ay (2,0,

L 1 1
Iy Iy

+A1(x70/7wl) 7A1(i7 H/awl)+A1(§79/aw/)' (93)
13 I4

We bound [ in (93) as
Al(x707w) - Al(z79/vw) = <w - w;,g(x,w) —g(@,w)} - <w - w;’vg(wi) - g(elvw»
< |<w —w;,g(x,w) _§<9’w)> - <w _wg’vg(x7w) _g(eaw»l

[ — Wi, g, w) — F(6,w)) — (w — iy, gl w) — 7O w))].
94)

For the first term in (94)), we have

|<UJ - w;7g(x,w) —?(9,0.})) - <w —w;,,g(%w) —E(G,W)H = |<w; —wé‘,,g(%w) _g(evw)”
< lwg — wrll2llg (@, w) — (0, W)
< 2Cs]|lwg — worl2
< 2C5L,||0 —¢'|2,
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where the last inequality is due to Proposition 2]
We use x ~ 6’ as shorthand notations to represent that s ~ pg/, a ~ g/, 8’ ~ P. For the second
term in (94)), we have

|<w - w;/a g(wi) - g(erw» - <w - UJ;/,g(CC, w) - g(el, UJ)>|

= [(w = wp, (0", w) — §(6,w))]

< lw = wi ll2l15(0", w) — G0, )2

< 2R, [[g(0",w) —G(0,w)]2
E [g(m,w)] - JJIEQ [g(wi)]

z~0'

= 2R,

2
< 2R, sup |lg(x, )|zl @ 7o @ P — g @ 1y @ Pl
xT

< 2R,Cs|luy @ mo @ P — pig @ 19 @ Py
=4R,,Csdrvy (,UG/ Q@ mer & ﬁv Mo @ To & 75)

< 4R,Cs|A|Lx (1 + log, K41 =p) ™0 -2,
where the third inequality follows the definition of TV norm, the second last inequality follows (32)),
and the last inequality follows Lemma A.1. in [17]].
Collecting the upper bounds of the two terms in (94) yields
I < [2C5 Ly, + 4R, Cs| A|Lx(1 +1og, " 4+ (1 — p) )] 0 — €'

Next we bound E[I5] in (93) as

E[l] = E[A1(z, 0 ,w) — Aq(z,0",0")]

w)

=E <w - w;Ug(wi) 7§(9/’ > - <w/ - w;’vg(x,wl) 7§(0/’w/)>
<E |<w - wgl,g(m,w) _y(el’w» - <w - wé‘,,g(aﬁ,w’) - g(@l,w/)ﬂ
+E [(w - w, g(z,0") —g(0',w)) — (W' —wj, gz, ') —g(0", )| (95)

We bound the first term in (93) as
E |<w - wg/vg($7w) - g(alvw» - <W - W;Hg(wil) - g(e/v"‘/»‘
=E |<w - w;’ag(wi) - g(x,w/) +§(9/7w/) - §(0/7w)>|
< 2R, (B|g(w,w) = g(z,w)]l2 + E[g(¢", w) = g(0,w)]2)
<28, (Ellste.) - oo )la + | B, (o] - B, oo,

z~0’

)

= 2R, (El06() ~ (6w - )2 + | B, [(6(5) ~ 8()T] (/=

<2R, (1+ME[w -2+ 1 +7)E[w—o'[l2)
=4R,(1+7)E [lw — '|l2.
We bound the second term in (93) as
E|(w —wj, g(z,w) = g(0', ")) — (W —wpr, g(2,0") =G0, )|
=E|{w - o' g(z,0) —g(60',0"))]
<265 E [lw — |2
Collecting the upper bounds of the two terms in (93) yields
E[l3] < (4(14+7) Ry 4 2C5) E [lw — o'||2.

)

We first bound I3 as
E[I3]0", &', st—m+1] = E[A1(z,0",0") — A1 (,0",0)]0", &, St—mt1]
< |E[A (2,0, )0, 8t—mi1] — E[A1(2,0, )0, ', 5t mai1]
< sup A (2,0, )] [Pz € 10, 1 -ms) — B(F € 10,6 50ms) iy

S 8ch5dTV (P(:E S '|9/7 5t7m+1>7 ]P)(% S '|917 St7m+1>) ) (96)
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where the second last inequality follows the definition of TV norm, and the last inequality follows the
fact that

A (2,6, 0")] < o’ = wirll2[lg(z, @) = G(0", )|z < 4R, Cs.

By following (22) in Lemma[2] we have
/ ~ / 1 o
drv (P(z € 10", st—m+1), P(T € -|0", st—m+1)) < §|A\L7r Z E [10k—i — Ok—a,,

V=T

2| 9/,5t7m+1] .

Substituting the last inequality into (96), then taking total expectation on both sides yield
dm
E[I3] < AR,Cs| ALz Y E||6k—i — Ox—a, |l2.
1="Tk

5') where 5 ~ g/, @ ~ mgr and 5’ ~ P. It is immediate that

= (' = wp, Blg(T, w0, &', 5t—ms1] = g6, 0"))
= (W' —w, g0, ") —g(0,w")) =0. 97)

Next we bound 1. Define T = (3, a,
E[A (7, 0,610/, 51-m1

Then we have
E[14]0", 0, 8¢t —my1] = E[AL(Z,0,0) — Ay (z,0",0)|0, 0, St —ms1]
< |E[A1(Z,0, )0, st—mi1] — E[A1(Z, 0, 0|0, ', 51— mat]]
< sup | Ay (2, 8 I[P € 10", st—m+1) = B € 10", st—m+1)llry
<8R, Csdry (P(T € |0, st—m11), P(T € -0, $t—m11))
— 8R.,Csdry (P(% €10, St mir), oy @ Ty @ 73) : 98)
where the second inequality follows the definition of TV norm, and the third inequality follows ([©7).

The auxiliary Markov chain with policy 7y starts from initial state s;_,,1, and §; is the (m — 1)th
state on the chain. Following Lemmal[T] we have:

dTV (P(:’E € ~|6l78t,m+1),/1,9/ X T X 75)

=drvy (]P((:Svtaatagt—i-l) €10, 8t—m+1), o @ Tor ®73) < kp™ L
Substituting the last inequality into (98) and taking total expectation on both sides yield
E[l4] < 8R,Csrp™ .
Taking total expectation on (93) and collecting bounds of I3, I, I3, I4 yield

drm
E[A(2,0,w)] < CaE||0k = Ok—a,, 2+ C5 > E|0k—i — Ok—a,, |2
=T}
+ C6 E |lwi — wi—a,, |2 + Crrp™ 1,

where Cy = 2C; Ly, + 4R, C5|A|L-(1 + log,, K14+ (1 —p)™Y, Cs == 4R, Cs|A|L, Cs =
A(1 + v)R., + 2C5 and Cr = 8R,,Cs. O

C.2 SUPPORTING LEMMAS FOR THEOREM [4]
Lemma 5. Foranym > 1land k > (Ko + 1)m + Ko + 1, we have
E <VJ(9k), (5(17(;@)&2) - 5(17(;@)7(%)) Yo, ., (S(k):a(k))> > —DyE||0k—r, — Or—a,,2

dm
2=Dy Y E|0ks— O a,
i:T)c
where Dy = 2LvaC§, D3 = (QCdeLJ + LVcw(Lw + Lv)(l + ’y) + QCﬁ,LJGapp), Dy =
QL\/C/I/)C§|.A|L.,T and D5 = 4L\/O,;}C§.

— D3E |0 — O, o — Dskp™ !t —2Cy Ly e, — 2C e E||VI(0) |2,
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Proof. For the worker that contributes to the kth update, we construct its Markov chain:

Ok—d,, P Ok—dp 4 Ok —dy Ok —ady
St—m — 7 Qt—m —7 St—m4+1 — 7 Qt—m+1 """ St—1 — 2 A1 _> St —— Qg _> St+15

where (s¢, at, st41) = (S(k), A(k)> s’(k)), and {d; };71:0 is some increasing sequence with dy := 7. By
in Lemmafd] we have d,,, < (Ko + 1)m + Ko.

Given (S¢—m, Gt—m, St—m+1) and 0_4, , we construct an auxiliary Markov chain:

Ok —dp, Ok —dpm ~ Ok —dp  ~ Ok—dp ~ P~
St—m — tm—>8t mtl — = Qi1 St—1 ———= Q 71_>5t—>at_>5t+1

First we have
(VI6), (8<x ) = 80y, 00) ) Yo, (09, a0) )
<VJ (), (0(z ), wi) — 0z (k)ﬁk)) (wekw(é’(k’ 1) = Yor_a, (), <>))>

+< (9k),( (), wp) — 5($(k),9k)) Vor_a,, (S(k),a(k))>~ 99)
We first bound the fist term in (99) as

<VJ(9k), (5(‘T(k})7w2) — (@ (k) Gk)) (ﬁfek,w (8(k)> A(k)) — Vor_a,, (S(k)aa(k-)))>

> =T (0n) 210 (2 k), i) = 0@y, Ol 1¥0, ., (Sky> Agr)) = Yor_,, (S agi)) 2

> =[Ol (18w wi) |+ 18y, 00)1) 1o, (506)+ aty) = Vo, (5057: a2

> Ly (18, i)l + 1060, 001 ) [0, (50895 00)) = Yo, (50895 a0) 2

> 2Ly Csl[te, ., (8(k)s () — Yoy _a,, (S(k)> k) I2

> —2Ly LyCs||0k—r, — Ok—a,, |2 (100)

where the last inequality follows Assumption [3|and second last inequality follows
16z, w)| < [r(@)] + Al é(s )ll2llwgll2 + |6()l2]lwp |2 < Tmax + (1 +7) R < Cs,
18(2,0)] < [r(2)] + Y|Vay ()] + [Vrg ()] < Trmax + (1 +7) f“j‘; < Cs.
Substituting (T00) into (O9) gives
<VJ(9k), (S(m(k),wZ) — (), Hk)) Yoy, ., (5(k)» a(k))>

> —2Ly LyCs||0k—7, — Ok—a,,|l2 + <VJ(9k), (3($(k)awl>:) =z, 9k)) Vou_a,, (8k), a(k))> .
(101)

Then we start to bound the second term in (T0T). For brevity, we define
Ba(w,0) = (VI(0), (3(x,05) — (2, 0)) v, . (5.0)).

In the following proof, we use 6, 6, w}, wp,, « and Z as shorthand notations for 0y, 05_4,
wk_dm, x¢ and Ty respectively. We also define T := (5, @, 5 ) where 5 ~ g/, @ ~ mgr and 5’ ~ P.

m k>

We decompose the second term in (TOT)) as
Ag(z,0) = Ao(x,0) — Ao(z,0") + Ao(z,0") — As(T,0") + As(T,0") — Ao(T,0") + A (T, 0') .
' I b T b I3 S
‘We bound the term I; as

I, = <VJ(9), (5($,w;) — (5(:&9)) 1/)9/(8,@)> — <VJ(9’), (3($7w§,) — 6(;1079')) Yo (s,a)>
= (V). ((x,w5) = 8(2,0)) (s, ) ) = (VIO (8(&,w5) = 0(2,0) ) o (s,) )
+(VIO), (§(w,w5) — 8(x,0)) vur(s.0)) = (VI©), (8(z.wp) — 6(x,8)) Yo (s,a) ).
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For the first term in I, we have
(90), (8(z,5) = 6(.0)) bor(5.0) ) = (V@) (. w5) = 8(2,0)) s (s,) )

<w(e) — V@), (5<x,w;) — 8(x, 9)) e a)>

> —|[VJ(0) = VI(O)|2]10(z, wj) — 8(x, 0)]|2]lvbe (5, a)|2
> —2C5Cy[[VI(0) = VI(0)]2

> —205CyLy)|0 — 0|,

where the last inequality is due to the L ;-Lipschitz of policy gradient shown in Proposition [I]

For the second term in I, we have

(90, (. w5) = 8(2,0)) (s, ) ) = (VIO (8(w,w3) = 8(2,6)) o (s,a) )
(VI0), (8(@,w5) = b(w,wp) + 82, 0) = 8(2,0) ) Yor(5,0))

—LyCy |§(w,w) — 6(w,w) + 8(x,0) — 6(x, 9)}

~LyCy [1o(s") " (w — wip) + 8(s) " (Wi — i) + Vi, (8) = VVirg (8') + Viry () = Vi, ()]
—LyvCy (Yllws = wirll2 + llwg = willz + IV, (") = Vg (8)] + Vg (8) = Vi, (5)])
—LyCy (YLu[l0 = 'l + Lo |6 = O'll2 + 7Ly |6 = &l|2 + Lv 10 — 6']|)

Ly Cy(Ly + Ly)(L+ )]0 = 0|2,

where the last inequality is due to the L,-Lipschitz continuity of wj shown in Proposition |Z| and
Ly -Lipschitz continuity of V, (s) shown in Lemma Collecting the upper bounds of I; yields

I > — (2C5C¢LJ -+ chw(Lw -+ Lv)(]. -+ ’Y)) ||9 — 0/”2.
First we bound I as

B[]0, st—m+1] = E[Aa(z,0") — Ao (T,0)[6, 51— m1]

vV IV IV IV

> — [E [Ao(x,0)] 0/, 5t-ms1] — E [Ao(F,0)] 0, 50 1]

> —sup|Aa (e, 0)| |Pl@ € 16/, 51-s1) = PE € 10/, 5t-s1) 7y

> —4Ly CyCsdry (P(x € |0, $t—m+1),P(T € |60, St—m+1))
dm

> —2LyCyCs| ALy > B [|0k—i = Ok—a,, 2] 0, $t—m1], (102)
i:Tk

where the second inequality is due to the definition of TV norm, the last inequality follows (22)) in
Lemmal[2] and the second last inequality follows the fact that

Do, 0)] < (IVI(0)|2]d(x,w5r) = 6(z,8)|vher (s, a) ]2 < 2Ly C5Cy- (103)
Taking total expectation on both sides of (I02) yields

dm
E[l5] > —2LyCyCs|A| L Z E|0x—i — Ox—a

T=T}

2.

m

Next we bound I3 as

E[L3]60, 5t—m+1] = E [A2(Z,0') — Ao (T,0')] 0, 51— mi1]

>~ [E [80(F,0)] 0, s1—m1] — E [Aa(Z,6)] 0/, 5t
> —sup|Ag(z,0)| [P(Z € 10", 5t—mr1) = P(T € 60", st—ms1) I 7y
> _4LVC¢CédTV (]P)(g S '|9/7 Stferl)aMO’ X mer K ﬁ) s (104)

where the second inequality is due to the definition of TV norm, and the last inequality follows (T03).
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The auxiliary Markov chain with policy 7y starts from initial state s¢— 1, and s; is the (m — 1)th
state on the chain. Following Lemma[I] we have:

dry (P(f €10, st—m1), por @ Tor @ ﬁ)

=drv (P((gt,at7§t+1) €10, $t—m1) , por ® o ®73) < kp™ L

Substituting the last inequality into (T04) and taking total expectation on both sides yield
E[I3] > —4Ly CyCskp™
We bound 1, as

E[l,¢'] = E [< ), (5(z,wt) — )) ¢9/(s,a)>

> —Cy| VIO E [[3@,w5) — 6(z,0)]| 0]

YV IO E [y (65 b — Vi (5)) + Vi () — () Ty || '

> 09I (+E [16(5) we,—vﬂg,@’nw'] +E Uvﬂg,<§>—¢<s>%3/\ o))

> ~CullV Iz (/B (106 T, — Ve B[]+ [1Ve, 5) = o) Ty P[]
- OV (v\/sgew(s')w;,— Ve @+ LE |vw9,<s>—¢<s>m;/|2)
> 20, |9T(0) capp

where the second last inequality follows Jensen’s inequality.
The last inequality further implies
E[LL] > ~2C4 E|VJ() = VJ(6) + VI (9) |26app
20, eapp E[|VI(0') = VI (O)l|2 — 2Ceapp E VI (9) |2
—2Cy€app E[VI(0') = VI(0)|l2 — 2Cyeta E [V I(0) |2 — 2Cy Ly €5
—2Cy Lyeapp E |0 — 0'||2 — 2Cy e E ||V I(8)]|2 — 2Cy Ly €gp,

where the last inequality follows Proposition [T}

AV VALV,

Taking total expectation on both sides of (T0I)), and collecting lower bounds of I, I, I3 and I, yield

E <V=](9k), (3(I<k;),w2§) —0(zm, 91@)) Vo, (Sk), a(k:))>
dm
2 D4 Z E ||9k: i ek dm 12

1=Tk

2 *DQ E Hgk—‘r‘k - ek—dm 2 = DS E Hek - ek:—(lm

— Dskp™ ' =20y Ly eg, — 2Cyesp E | VI (01) |2,

where Dy = 2LvaCg, D3 = (QCgchJ + chﬂ,(Lw + Lv)(l + ’\/) + 2C¢,L(}6app), Dy =
2L\/C¢C§|.A|L7r and D5 = 4Ly CyCs. (|

Lemma 6. Foranym > land k > (Ko + 1)m + Ko + 1, we have

E (V7 (00), 0w 1y, 060, (505 0019) = VI(Ok) ) = =D E |0—r, = O,
dm
—DrE |0k — Ox—a,, 2= Ds > _ E[[0k—i — Ox—a,, ll2—Dokp™ " = 8Cyrmax(l = ) E VI ()], ,

1=Tk
where Dg = ch(;Lﬂ,, D7 = CpLJ + (1 + ’y)L%/Od, + 2Ly Ly + 8Cw’r‘maxLJ(1 - ’y), Dg =
Lv(Cp + Lv)|A‘Lﬂ—, Dg = 2Lv(Cp + Lv)
Proof. For the worker that contributes to the kth update, we construct its Markov chain:

Ok —dy, P Ok —dp 1 Ok—dy P O—dg P
St—m —— 7 Qt—m —7 St—m+1 — 7 Qt—m+1 """ St—1 ——7 At—1 —> St ———> At —> St+41,
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where (s;, ar, Se+1) = (S(k), A(k)» S(y))> and {d; }7_ is some increasing sequence with dp := 74. By
[©2) in Lemma[d] we have d,, < (Ko + 1)m + K.

Given (8¢—m, Gt—m, St—m+1) and O_4 _, we construct an auxiliary Markov chain:

m

Ok—dpy  ~

~ Ok—dp,  ~ P o~ Ohdp ~ P~
St—m —> At—m —> St—m+1 —— 7 Qt—m+1" " St—1 —— 7 Ag—1 —> St ———> At —> S¢41-

First we have

(V1(00), 8(a g, 0600, (5009 a1)) = VI (00))

= <VJ(9k)75(33 k)+ Or) (Wk - (S ag) )—wek_dm(sm,a(k))»
+ (VJ(Ok), (), Ok) oy, (S(k)» ary) — VI (Or)) - (105)

We bound the first term in (T03) as

<VJ(9k), 8(2(ry, Or) (d)ek_,k (S(k)> () — Vo1, (S(k)va(k)))>
—||VJ(9k)||2||5( ) O ll21lVe, ., (k) ak)) — Vor_a,, (Sk)s Al

> =Ly |[0(z ), Ok)ll2 ||¢9k Sy a)) = Yoy, (S(k) a2

> —LyCsl[to, ., (S(k)s @) — Yor_a,, (S(k)» @k ll2

> —LyCsLyl||0k—r, — Or—a,,ll2, (106)

where the last inequality follows Assumption[3] and the second last inequality follows the fact that

’rmax
16(2, 0) < Ir(@)| + 7| Vay ()] + [Virg ()] < Pamax + (1 + Ni—, <G

Substituting (T06) into (T03) gives
<VJ(91¢),5(I(1€), Ok) o, ., (S(k)s Ak)) — VJ(9k)>
> —LyCsLyp||Ok—r, — Ok—d,|l2 + (VI(Ok), 6(2(kys Ok )V, o, (S(k)s @x)) — VI (Ok)) - (107)
Then we start to bound the second term in (T07). For brevity, we define
As(x,0) = <VJ(9), 6(x,0)e,_, (s,a) — VJ(H)) .

Throughout the following proof, we use 6, ¢’, x and Z as shorthand notations of 0, 0;_4 . , x; and
Ty respectively.

We decompose Ag(x,d) as

A3(3§‘, 6) = A3(.13, 9) - A3(.13, 9/) + Ag(.]?, 9/) - A3(§, 9/) + A3(%, 9/) .

We first bound I; as
I = |As(2,0) — As(z,0')|
= [(VJ(8),8(x,0)0 (s,a)) — (VT (O)]I5 — (VI (0), 6(z, 0" )e (5, a)) + [ VI(@)]3]
<V J(8),8(z,0)ve (s,a)) — (VI(0), (2,0 )iber (s,a))| + [[[VI(@)]]5 — VI (O)]3]
< [(VJ(0),6(z,0)ve (s,a)) — (VI(O'),(z, 0 )be (s,0))| + VI (O') + VI(0) ||V I (8') —
< [(VJ(0),6(z,0)ve (s,a)) — (VJ(0'),0(z,0")bg (s, a))| + 2Ly L[| — 0|2, (108)
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where the last equality is due to Ly -Lipschitz of value function and L ;-Lipschitz of policy gradient.
We bound the first term in (TO8) as

(VI(0),0(x,0)tbpr (s, a)) = (VI(0"),0(x, 6") o (s, a))|
< (VJI(0),6(x,0) vy (s,a)) — (VI (0),0(x,0") ¢ (s, a))]
+[(VI(0),6(z,0") e (s,a)) = (VI ('), (, 0") o (s, a))]
= [(VJ(0), (5(x,0) — 6(,0")) o (s, a))| + (VI(0) = VI (), (=, 0") vy (s, a))]
< Ly Cy [6(z,0) = 6(2,6)| + Cp|[ VI () = VI (6')]]2
= Ly Coy [1(Vay(5') = Vry (8)) + Vi (5) = Vary (8)| + G [ VI (0) = VI (01)]]
< Ly Cy (7| Vg (8) = Vi, (8)] + [V, (8) = Viry (8)]) + Gl VI (0) = VI (8)]]2
< LyCy (YLv [0 = 0'l|l2 + Ly [|6" = 0]]) + CpLs[|0 — 6|2
= (CpLy + (1 +7)LYCy) 1|6 — 0|2
Substituting the above inequality into (T08) gives the lower bound of I;:
I > —(CpLy+ (1+9)L3,Cy + 2Ly Ly) |0 — 0'[|2.
First we bound I as

E[Igwl, 3t—m+1] =E [Ag(l‘, 6/) — Ag(?ﬁ, 9/)‘9/, 5t—m+1]

> - UE [A3 (‘Ta 0,)‘0,7 5t—m+1] —E [A3 (Ea el)lola 5t—m+1”

> —sup |As(2,0')| |P(z € |0/, st—mr1) — P(@ € |0, st—mt1)ll v

> —2Lv(cp + LV)dTV (P(.’L’ € '|0/, St,m+1),P(ij S '|9/, 3t7m+1))
d7n

> —Lv(Cp+ Lv)| ALz Y E[|6k—i — Ok—a,. 210, st-ms1],  (109)
=T

where the second inequality is due to the definition of TV norm, the last inequality is due to (22) in
Lemma 2] and thesecond last inequality follows the fact that

Az (@, 0)] < [IVIO)ll2 (l0(2,0)¢a, _,, (5,02 + VI (O)ll2) < Ly (Cp + Ly).  (110)
Taking total expectation on both sides of (I09) yields

dm
E[I] > =Ly (Cp + Ly)|A[Lz Y E||0k—i — O4_a,,

i:Tk

2.

Define T := (5,a,s’), where 5 ~ dg/, @ ~ g, and 5" ~ P. Then we have
E[l3) = E[A3(Z,0") — As(T,0')] + E[As(T,0')]. (111)
We bound the first term in (TT1) as
E[A3(7,0") — As(Z,0)|0, st—m+1]

> — [E[As(Z, )10, st—mt1] — E[As(T, 6)]6", 5t -yl
> —sup|As(z,0)| [P(Z € |0/, 5t-m11) = P € 10", st-mi1) 7y
2 —2LV(Cp + LV)dTV (]P)(E S '|9/7 st7m+1)v ]P)(f € '|9/, st7m+1))

—2Ly(Cy + Ly )dry (IP’(E € 10, 51—ms1), dor © T 75)
= =2Ly(Cy + Ly)dry (P € 10/, 51-m1), hor @ 7 © P) (112)

where the second inequality follows the definition of total variation norm, and the third inequality
follows (TT0). The last equality is due to the fact shown by [6] that p¢/(-) = dg(-), where g is the

stationary distribution of an artificial MDP with transition kernel P(-|s, a) and policy 7y:.
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The auxiliary Markov chain with policy 7y starts from initial state s;_,, 11, and 3 is the (m — 1)th
state on the chain. Following Lemmal[I] we have:

dry (P(f €10, st—mr1); o @ Tor ®73) =drv (P((§t75t7§t+1) €0, st—ms1) o @ Ty ®’5)
< kpm™ L
Substituting the last inequality into and taking total expectation on both sides yield
E[A3(z,0") — A3(7,0')] > —2Ly (Cp + Ly )kp™ L.

Consider the second term in (TTT)). Note its form is similar to &9), so by following the derivation of
(63), we directly have

E[As(,0")] = E(VJ(9),0(T,0 ) e (5,a) — VJI(0')) > —8Cyrmax(1 —7)E|VJI ()],
which further implies
E[A3(Z,60)] > —8Cyrmax(1 =) E VI (&)],
> —8Cyrmax(1 = V) E[IVJ(0") = VI(0)]l; = 8Cyrmax(1 = 1) E VI ()],
> —8CyTmax Ly (1 = V) E[0 = 0]~ 8Cyrmax(1 = 1) E [V I (0)l,
where the last inequality follows from Proposition [T}
Collecting the lower bounds gives
Ell3] > —2Lv(Cp + Ly )kp™ ™" = 8Cyrmax(1 = 7) (L E[|0" = Oll, = E[[VI(O)],) .-
Taking total expectation on Ag(z, 8) and collecting lower bounds of I, I, I3 yield
E[As(2,0)] > — (CpLy + (1 +7)LYCy + 2Ly Ly + 8Cyrmax Ly (1 — 7)) E [0k — Ok—a,, |2
d’"(

— Ly (Cp+ Ly )| ALz Y Ell6x—i — O—a ll2 — 2Ly (Cp + Ly )ip™ " = 8Cyrimax(1 = ) E VT (68), -

1=T

Taking total expectation on (I07) and substituting the above inequality into it yield

E (V7 (00), 81y, O6) 0, (50> 0009) = VI(O4) ) = =D E [0 —ry — O,

dm
— DrE |6k — 6k—a,.ll2— Ds Y _ B [|0k—i — Ok—a,.ll2 — Dorp™ " = 8Cyrmax(1 =) E VI 6k,
1=Tk
where Dg = LvC(;Lw, D, = CpL] + (14 ’Y)L%/C,p + 2Ly Ly + 80¢TmaxLJ(1 — ), Dg =
Lv(cp + Lv)|A‘L7r, Dg = 2Lv(Cp + Lv). O]

C.3 EXPLANATION OF THE APPROXIMATION ERROR

In this section, we will provide a justification for the circumstances when the approximation error
€app defined in (T4) is small.

Lemma 7. Suppose AssumptionP|and||hold. Then it holds that

- _ _ _ 1
o < s [ B 1V (5) = Vo (9 +4mmae(37! 44 ) 1+ 1og, 71 4 2= ) 1-9)
(113)

where (o the critic stationary point of original Markov chain with policy g and transition kernel P.

In (TT3), the first term captures the quality of critic function parameterization method which also
appears in previous works [14] [T5 [T7]. When using linear critic function approximation, it becomes
zero when the value function V., belongs to the linear function space for any 6. The second term
corresponds to the error introduced by sampling from the artificial transition kernel P(:|s,a) =
(I =~)P(s,a) + yn(-). For a large 7 close to 1, the artificial Markov chain is close to the original
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one. In this case, the second error term is therefore small. This fact also consists with practice where
large + is commonly used in two time-scale actor critic algorithms [3]].

Before going into the proof, we first define that:

Agg= E _ [8(s)(v9(s") —d(s) ], bog = £ [r(s, a,5")é(s)],

s~ig,8' ~Pr, s~jig,a~mg,s' ~P
where [ig as the stationary distribution of the original Markov chain with 7y and transition kernel P.

Proof. Recall the definition of the approximation error:

Capp = ma"V E Vi (s) — Vs ()%
S~HG

0eRd

where (¢ is the stationary distribution of the artificial Markov chain with 7y and transition kernel ﬁ,
and wy is the stationary point of critic update under the artificial Markov chain.

We decompose €y, as

€app = max \/ E (Vg () = Vi (5) + Vi () = Vg (52

0eR?
< max \/y: Ve ) = Vo (6 + \/Nﬂa Vas(s) - Vi (02, (114)
€Efa €sp

where the first term corresponds to the function approximation error €g,, and second term corresponds
to the sampling error ¢p,.

With A, b and A, b as shorthand notations for Ag., b and Agﬂ/,, 69@ respectively, we bound the
second term in (TT4) as

Vasg (5) = Viog ()] = |(s) "wj — (s) Twp
<A™ — A7,
A — A+ A — ;rla||2
<[[A7 e =], +[[(AF = AT,
SATHb = bll2 + rmax [[ATE = A7,
=AYb = bll2 + rmax |ATH(A — A) A7,

Hb - BH2 = E ~[T(Sva" 3l)¢(8)] - E [T(S,G,S/)¢(S)]

SATHID = blla + A rmax [|[A — 4], - (115)
S~opg,arTe,s' ~P s~jig,ar~Tg,s ~P

We bound the first term in last inequality as
< sup || (s, a,5")(s)||2llne @ w9 @ P — fig @ 7 @ Plrv
< 2 maxdry (o ® m9 @ P, fig ® w9 @ P). (116)

‘We now bound the divergence term in the last inequality as

drv (e © 19 ® P, fig © 19 @ P)
/ / 10(5)m0 (al)P(5'| 5, a) — fio(s)mo (al)P(s'] 3, )
s'eS
/ / l10(5)mo alsYP(s'| s, a) — po(s)mo(als)P(s']s, a)
ES s'eS

+ ho(s )We(al )P(s'ls,a) — fio(s)mo(als)P(s']s, a)

/ S ol ma|/ JPis 0 Pl a|+ [ o) o). ar)

ae.A seS
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We bound the first term in (TT7) as

/;’es ‘75(5'|5,a) - 77(s'|s,a)’ =(1- "/)/ |P(s'|s,a) —n(s')] <2(1—7). (118)

s'eS
Following [39] Theorem 3.1], the second term in (IT7) can be bounded as

n 1 ~
s) —fg(s)| < (1o /<a1+>su/ mo(als) (P(s']s,a) — P(s'|s,a
[ o) = o)1 = (g, Jsup [ IS matal) (P ) P15, )
1 .
< <logﬂ k4 ) SupZm(a\s)/ )P(s’|s.,a) — P(s’\s,a)‘
1 - P s o s'eS

1
<2 <log,, R+ 1—p> (=), (119)

where the last inequality follows (TT8).
Substituting (TT8) and (TT9) into (TT7) gives

~ 1
dry (e @ T @ P, fig @ mg @ P) < 2 (1 +log, k! + 1/)) (1=7).

Substituting the above inequality into gives

16— bll2 < 4rmax (1 +log, K+ ip) (1—7). (120)
Similarly, we also have

|M—Au<mMm@+m&m4+12)u—w. (121)
Substituting (T20) and (T21) into (TT3), then substituting (TT3) into (TT4) completes the proof. [

D EXPERIMENT DETAILS

Hardware device. The tests on synthetic environment and CartPole was performed in a 16-core
CPU computer. The test on Atari game was run in a 4 GPU computer.

Parameterization. For the synthetic environment, we used linear value function approximation and
tabular softmax policy [36]. For CartPole, we used a 3-layer MLP with 128 neurons and sigmoid
activation function in each layer. The first two layers are shared for both actor and critic network. For
the Atari seaquest game, we used a convolution-LSTM network. For network details, see [40Q].

Hyper-parameters Value
Number of workers 16
Optimizer Adam
Step size 0.00015
Batch size 20
Discount factor 0.99
Entropy coefficient 0.01
Frame size 80 x 80
Frame skip rate 4
Grayscaling Yes
Training reward clipping | [-1,1]

Table 1: Hyper-parameters of A3C-TD(0) in the Atari seaquest game.

Hyper-parameters. For the synthetic environment tests, we run Algorithm [T with actor step size

ap = % and critic step size (), = %. In tests of CartPole, we run Algorithmwith a

minibatch of 20 samples. We update the actor network with a step size of a;, = % and critic
network with a step size of S = %. See Tablefor hyper-parameters to generate the Atari

game results in Figure ]
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