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Accurate prediction of remaining useful life (RUL) of a unit plays a critical role in condition-based maintenance,
especially for hard failure cases. In industrial practice, due to differences in units’ types and working
environments, there may exist multiple populations, and even within the same population, there are also
variations among units. However, existing methods either assume that different units share the same population
characteristics and ignore the between-population variations, or solely focus on between-population knowledge
transfer while neglecting the within-population variations. To address this issue, this article proposes a transfer
learning approach by integrating a Cox Proportional Hazards (PH) model with a Bayesian hierarchical model,
which considers both within and between population variations. Specifically, a shared prior distribution is
deployed to the parameters of the Cox model in each population, which builds the foundation for transfer
learning across different populations. To model within-population variations, a linear mixed-effects model is
utilized to represent heterogeneous degradation data of each unit. The effectiveness of the proposed method is
demonstrated and compared with various benchmarks through a simulation study and a case study of turbine

engines.

1. Introduction

Condition-based maintenance (CBM) has become increasingly pop-
ular across various sectors over recent years. CBM makes maintenance
decisions based on the information collected by continuously or peri-
odically monitoring the actual condition of in-operation units [1], thus
ensuring the system’s health before the failures of crucial components
happen. With the advancements of sensor and information technolo-
gies, multiple sensors have been widely applied to perform conditional
monitoring. The acquired sensor data reflects the degradation charac-
teristics of units and creates a data-rich environment to employ data
fusion techniques for degradation modeling and remaining useful life
(RUL) prediction.

In literature, there are two types of failures when dealing with
CM signals: soft failure and hard failure. Soft failure happens when
a degradation signal hits its pre-determined failure threshold for the
first time [2]. Once a machine encounters a soft failure, the machine’s
performance ceases to satisfy operational requirements, even though it
may still be functioning. General path models [3] and stochastic process
models [4-7] are commonly adopted to characterize the degradation
process and predict when the failure will occur. Zhang et al. [8] and
Kordestani et al. [9] provide a more recent review about data-driven
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prognostics of soft failure. On the other hand, hard failure usually
results in immediate failure or inoperable condition of a unit. The
occurrence of hard failure is probabilistically based on the risk level and
does not assume a pre-specified and fixed failure threshold. Predicting
the hard failure has received intensive attention since its stochastic
occurrence adds difficulty and uncertainty for an accurate prediction.
Such risk-based failure mechanism is usually captured by modeling the
time-to-event data, which contains useful information about life-time
distributions.

The joint prognostic model is a popular solution to deal with hard
failure, which models both CM signals and survival data to achieve
more reliable event prediction. Zhou et al. [10] proposed a two-stage
prognostic framework for hard failure prediction by joint modeling of
degradation signals and time-to-event data. Based on this work, Man
and Zhou [11] further made improvements by employing the extended
hazard (EH) model for the time-to-event data. Yue and Kontar [12]
presented a non-parametric prognostic framework which exploits a
multivariate Gaussian convolution process (MGCP) for characterizing
time series signals. Hu and Chen [13] used a random-effects Wiener
process to model the sensor signals and adopted a Weibull function
for hazard modeling. To capture the highly non-linear relationship
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Fig. 1. Within-population (left) and between-population (right) variations. The x-axis represents different individual units, and the y-axis represents certain quantifiable features

or characteristics associated with these units.

between the hazard function and covariates, Wen et al. [14] devel-
oped a neural network (NN) based proportional hazard model for the
hard failure prediction. Specifically, in their joint prognostic model-
ing framework, the degradation signals were characterized through
a mixed-effects model while the NN-based Cox model was employed
for time-to-event data. All these existing models consider both the
stochastic occurrence of hard failures and unit-to-unit variations, which
contribute to the superior prognostic performance.

Nevertheless, most of existing methods assume that the stochastic
behavior of each unit follows the same distribution. In other words, it
is assumed that the units are from the same population, i.e., a group
of units that share some similar characteristics. In practice, however,
these units can be categorized into different populations based on
their types, working environments, or other factors. Examples such as
different types of batteries [15], bearings in rotating machines that
suffer different failure modes [16], turbofan engines under multiple
operating conditions [17] all represent different populations. In these
cases, as shown in Fig. 1, there are variations not only among indi-
viduals within a population but also between different populations. An
intuitive strategy to deal with such within-group and between-group
variations is to ignore the between-group variation and model each
group independently. However, it will reduce the modeling capabil-
ity and simultaneously increase the computational complexity. More
specifically, the data availability of each population may be different
due to data acquisition cost and constraints, resulting in imbalanced
data among different populations. In such case, while the data-rich
populations can be well modeled, the data-scarce populations may
suffer sub-optimal performance or over-fitting, leading to inferior RUL
prediction [18,19].

A feasible solution to the data scarcity problem is to model the
variation relationship among different populations so that the infor-
mation in data-rich populations can be extracted and shared with the
data-scarce populations. Such strategy is commonly known as transfer
learning, and has been effectively applied to alleviate the data in-
sufficiency in RUL prediction [20-26]. For example, transfer learning
based approaches have been used in survival analysis problems such
as predicting the death of patients in multiple cancer types [27,28].
Li, et al. [29] developed a transfer learning based Cox method, termed
as Transfer-Cox, to distill valuable knowledge from the source domain
and transfer it to the target domain. Its effectiveness in bolstering the
predictive accuracy was demonstrated in the Cancer Genome Atlas
(TCGA) dataset [30]. Wang, et al. [31] proposed a multi-task survival
analysis approach and presented two models called Cox-TRACE and
Cox-cCMTL to simultaneously learn multiple related survival prediction
tasks and benefit from the tasks’ relatedness. Based on these works,
Wang, et al. [32] further introduced a novel cluster-boosted multitask
learning framework and Liu, et al. [33] developed an asymmetric
graph-guided multitask learning approach which incorporated self-
paced learning. Despite the successful application of transfer learning in
RUL prediction, existing methods mainly focus on between-population

knowledge transfer and ignore the within-population variations. This is
a significant limitation for practical use since units in any population
may degrade heterogeneously due to the within-population variations.
As a result, it is imperative to develop transfer learning methods for
RUL prediction of hard failures by incorporating both within and
between population variations.

In this article, we propose a novel transfer learning framework
tailored for the Cox PH model to deal with the within and between
population variations. Specifically, we integrate the Cox method with
the Bayesian hierarchical model, denoted as Cox-BHM, to capture the
within and between population variations embedded in degradation
signals and time-to-event data. In this hierarchical model, we deploy
a shared prior distribution to the parameters of the Cox model in each
population, which builds the foundation for transfer learning across dif-
ferent populations. The within-population variations are modeled by a
linear mixed-effects model to represent heterogeneous degradation data
of each unit. The estimation of the model parameters in the framework
has two stages: offline stage and online stage. In the offline stage, we
first estimate the parameters that can reflect population-to-population
characteristics such as the baseline hazard and the parameters in Cox
model. In the online stage, the parameters of the population to which
the in-process unit belongs will be updated first under the Bayesian
hierarchical modeling framework, and then the parameters of the in-
process unit will be updated as more online degradation signals are
collected. Ultimately, the RUL prediction is achieved for the in-process
unit by considering within and between population variations.

The rest of this article is organized as follows. Section 2 describes
the details of the proposed Cox-BHM, including problem formulation
and modeling, parameters estimation and online updating and RUL
prediction. The effectiveness of proposed method is tested and verified
in Sections 3 and 4 through a simulation study and a real case study.
Section 5 concludes this article and discusses future research directions.

2. Bayesian hierarchical Cox PH model
2.1. Problem modeling and formulation

As the name suggests, within-population variations typically occur
among individuals from the same population due to unit-to-unit hetero-
geneity [34]. For example, even if all units are of the same model and
operate under similar conditions, each unit may degrade at a different
rate due to unit-specific factors such as manufacturing differences.
Between-population variations generally occur among different popula-
tions, caused by population heterogeneity. For instance, turbine engines
operating under different conditions may exhibit different degrada-
tion behaviors due to varying environments. In this section, we will
firstly employ the linear mixed-effects model to characterize the within-
population variations. Subsequently, the between-population variations
will be modeled by using the Cox model based on Bayesian hierarchical
framework. Different from previous studies in survival analysis which
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Fig. 2. The overall structure of the proposed Bayesian hierarchical model.

primarily focus on modeling risks at the population level, our approach
aims to achieve the failure prediction for each individual unit.

Without loss of generality, we assume that there are N populations
and each population has K; units for i = 1,...,N. For unit k in
population i, suppose there are J observed sensor signals with each
signal observed at time ¢ = 1,1,,...,t, , where 7;, denotes the total
number of observations and 7, represents the last observed time. Then
the collected signal data X, can be denoted as:

Xia (1) Xuea (11) X (1)

X,» t X,- t Xi t
Xy = e (2) - iz (1) e () )

Xik1 (lr,k) Xika (tr,k> Xik.g (tr,»k>

where each element X () represents the signal value at time z. Besides,
the recorded event time is F;; = min{7},,C;,} (the unit failed at time
T, or censored at time C;) and the event indicator is &, (5, = 0/1
shows the unit has failed/censored). Then for unit k of population i, the
associated data are denoted as Dy, = { X, Fy. 8, } and for population
i, the full observed data are D; = { D;;, D, ... . Dig, (-

We first adopt a mixed-effects model to characterize the degrada-
tion signals of units since these signals reflect the health condition
of the unit. It is documented that the unit-to-unit variations within
a population can be well captured by the random coefficients in the
mixed-effects model [10,35,36]. For sensor j of unit k from population
i, the following model is employed to describe its degradation path:

X, O =ry;O+ey;=2Z,(O) By, +ey (2)

where ry ; () represents the true but unobservable value of the degra-
dation signal, ¢ ; is an independent and identically distributed white
noise and follows a Normal distribution N (0, f’iz,- ) Z; @) =111, 2,19
and B, ; is a vector of random coefficients with ¢; + 1 dimensions. B ;
is posited to follow a multivariate Normal distribution N(g;;, ;).

The within-population risk is usually described by a popular model
named Cox PH model [37]. The hazard function of unit k& from popu-
lation i is assumed to have the following form:

Ry (1) = R () exp (B] Ry, (1), 3)

where hg (¢) is the baseline hazard function for population i, R;, (r) =
P @, @, .o rg g1 is time-dependent covariates which repre-
sents the unit’s true degradation path, and g; is a J dimensional vector
associated with the covariates.

It is clear that Eq. (3) treats each population independently and
does not leverage their inherent relationship. g; directly characterize
the impact of covariates on the hazard function and represents the
main characteristics at the population level. To capture the variations
cross populations and facilitate the transfer learning, we assume each
B; is sampled from the same J-dimensional Normal distribution N (u,
3) and (u, X) is the sample from a hyper-distribution, that is, the
Normal-inverse-Wishart (NIW) distribution NIW (g, Ag, ¢, vg)-

As shown in Fig. 2, each population is composed of multiple units,
where the gray bars represent units from the source population and the
orange bars represent units from the target population. The differences
between units within the same population are characterized by the
parameter B of the mixed-effects model. And the between-population
variation is leveraged by transfer learning through the shared hyper
parameters, where the information from source populations can be
transferred through the shared u,, 4, %,, v, to the target popula-
tion. The entire process of the proposed method can be divided into
two parts. The first part is the offline modeling of multiple source
populations, which involves estimating the parameters to capture the
commonalities and differences between the risk models of different
populations. The second part is updating the parameters and predicting
the risks for in-process units of the target population. By using the esti-
mated model parameters of the source populations as prior knowledge,
and combining it with the existing data of the target population and the
sensor signals of in-process units, the parameters are updated at both
the population and individual levels.

2.2. Offline parameters estimation

All the model parameters can be denoted as y = { Hij 3 /"7[2/" Bi.
hé(t),u,E} fori=1,2,...,N and j = 1,2,...,J. Due to the complexity
of the posterior distribution, directly estimating the parameters proves
to be challenging. Consequently, we adopt a two-stage approximation
method [38]. In the first stage, the parameters {y,- > i j,o—[zj} in the
mixed-effects model are estimated first. Subsequently, treating the
mixed-effects model as given, we proceed to estimate the parameters
{ﬁi,hg (1), u, X} within the Bayesian hierarchical Cox model. The es-
timation of parameters in mixed-effects models can be achieved using
the restricted maximum likelihood method.

As for the parameters in the second stage, we need to compute their
posterior distributions. Denote g = {f;,B,,..., By}, D = {D,,Dz,
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Fig. 3. A directed acyclic graph for variables.
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where the three components in Eq. (4) represents the likelihood func-
tion, prior distribution of g, and prior distribution of (u,X), respec-
tively. The expressions for each component are:
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where S, (¢) is the survival function of unit k in population i, I';(-)
is the multivariate gamma function and tr(-) is the Trace of the given
matrix.

Since the posterior distribution p (B, u, X|D) is a highly complex
function of the model parameters, sampling directly from it presents
a challenge. Therefore, we employ a Gibbs sampling scheme, a popular
Markov chain Monte Carlo (MCMC) method to address this issue. To
facilitate the sampling procedure, given the collected data and the
other parameters, the conditional posterior distribution of each param-
eter is needed. As shown in Fig. 3, the conditional independencies
among these variables are depicted by the graphical representation
called directed acyclic graphs (DAGs). Leveraging the graph’s con-
ditional independence structure, we derive the following conditional
distributions:

p(DIB)p(Blu. %)

p(Blu, %, D) = xp(D|B)p(Blu. %), ®
p(D)

p(plB. 2, D) x p(ulp. %), ©

p(Z|B, u, D) x p(X|B, p). (10)

The conditional distributions can be computed based on Lemma 1:

Lemma 1. p(B|u,X,D),p(u|B,. X, D) and p(X|B, u, D) can be sam-
pled through MCMC. (u|B,%, D) follows a multivariate Normal distribu-
tion N (u*,¥*) and (X|p, u, D) follows an inverse Wishart distribution
W-L(Zo*, v*), where

N
Ao 1

F e — Uy + ——— i 11

W=k Ao+N§ﬁ’ an
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>F = L, 12)
(N + )
N
EO*=EO+Z(ﬁi_”) (ﬂi—M)T‘Hlo (M—#o)(ﬂ—ﬂo)r’ 13)
i=1
vi=N+yp,+ 1. (14)

The proof is given in Appendix A. Based on Lemma 1, the overall
Gibbs sampling algorithm can be summarized in Algorithm 1:

Algorithm 1 Gibbs Sampling for Cox-BHM

1: Initialize (8, u, 2) = O, u©®, =©

2: for iteration / =1,2,---, L, do

3 Sample g*D ~ p (ﬁ‘y(”, =", D)

4:  Sample p'*V ~ p (ﬂ|ﬂ(’+1),2(’), D)

5 Sample Z(+D ~ p (E’ﬁ(lﬂ)’”(lﬂ)’ D)
6: end for .
7: return {ﬁ(’),y(1>, EU)}1=1

To compute the hazard rate for the units in each population, we use
the sample mean as the point estimator of . Let B be the mean value
of B, then the baseline hazard function hg (t) can be estimated by the
Breslow estimator [39]:

By (1) = o , as)
deJR(rm) €xp (:B, Rig (tm)>

where R(t,,) denotes the set of all units at risk at time 7,, in population
i, D(t,,) is the set of units that fail at time #,, and d,, is the size of D(z,,).

2.3. Online parameters update and RUL prediction

During the online stage, prognostics for an in-process unit u from
a new population N, can be made by utilizing the previously pro-
posed model and the estimated parameters. Compared with the existing
populations 1,2,..., N, population N, exhibits similarities in certain
aspects, such as the distribution of parameters in the risk model. As
mentioned before, populations 1,2,..., N are referred to as the source
populations while population N, is the target population. Suppose the
new population consists of K, units, and similar to these K, units, unit
u can be viewed as an individual sampled from the overall population.
For a more intuitive representation, Fig. 2 illustrates the relationship
among them.

Given the collected data of the new population as well as the degra-
dation signals of unit u gathered until time t*, our primary objective
is to predict the RUL of unit u. Denote the collected sensor signals
of unit u as X,|,;.+, and to achieve a precise RUL prediction, the
parameters of the mixed-effects model are required to be updated first
by integrating both historical data and information specific to unit
u. Since X, ; (1) = Z,; (1) B,; + €,;, we can prove that the posterior
distribution p (B, ;|X,|,_,..) of sensor j is also multivariate Normal
under the Bayesian frarpework [10,14]. The corresponding mean f, ;
and covariance matrix 3, ; can be updated as follows:

. NS Zoyilier) Xley e
Byj=3y; [(Ew‘) Ayt Bl ;2) =], (16)
+.Jj
T -1
. Z,ili=1:0) Z,ili=1:1 . _
Eu,j - |:( wlr—l.rA)z u,/lt-l.t + (24.,/') 1:| ) (17)
6+,j

where f, ;, by +j 642”. are the estimated parameters of the mixed-effects
model for the new population N,.

Thus, we have obtained the parameters to depict the characteristics
of unit « at the individual level. Assume the hazard function of unit u
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is
h, (@) = kY () exp (BLR, (1)), (18)

where R, () can be fully characterized by the parameters estimated
in Egs. (16) and (17), h(’)r (r) and B, are parameters in the risk model
to characterize the overall population. Obviously, for hg () and B,,
once we get the estimated value of g, ha’ () can be calculated through
Eq. (15). Since the prior distribution of g, is known, the next work is to
estimate its posterior distribution. To leverage the knowledge learned
from the source populations, the updating framework for g, is shown
as follows:

p(B41Dy. Dy.....Dy.D,) & p(D,1,) p(B4IDy. Ds..co . Dy).  (19)

where p (D, |B,) is the partial likelihood of the new population and
p(B4IDy, D, ..., Dy) represents the prior knowledge transferring from
the source populations, which is expected to benefit the estimation of
B,.InEq. (19), p(B,|D;. D,, ..., Dy) can be obtained based on Lemma
2.

Lemma 2.
N

P (8101021 Dx) = [ p(8,18) [T o (81D,)P. 0

i=1

where B = {B.Bs.....Bn}.p(B;|D;) has been calculated by Gibbs
Sampling in the offline stage, and p (B..|B) follows a t-distribution:

Ey (Ay +1)
AN(UN—[)+1)>.

The proof is given in Appendix B. As can be seen from Eq. (20),
the N source populations influence the distribution of g, through
Hfi L 7 (B:1D;), which is the product of the posterior distributions of
their parameters. It functions by leveraging information from all source
populations to infer the underlying population parameters, and then
use them to derive the prior distribution for the new population.
Hence, by virtue of this mechanism, the information from the source
populations is effectively “transferred” into the modeling process for
the target population.

To get samples from Eq. (19), which has no closed form, we resort
to the importance resampling method, where the importance distri-
bution is simply p (B,|D;, D,,..., Dy) and the weight function is set
as p(D,|B,). According to Eq. (20), sampling from the distribution
p(B4|Dy, D,, ..., Dy) can be performed in two steps. The first step is to
get samples B from p (B|D,, D,, ..., Dy ), which has already been done
by the Gibbs sampling in the offline parameters estimation stage. We
use S to denote the number of samples and { /3(”};?: , denote the sample
set. The second step is to sample ﬁEf) according to p (ﬁ +Iﬁ(”) shown

s
in Eq. (21) based on g for each s. Then the sample set {ﬁf) } ]

s=
follows the distribution p (B, |D;, D, ..., Dy). Furthermore, we assign

p (ﬁ+|ﬂ) ~ tvN—p+1 <”N’ (21)

each sample ﬁf) the weight p (D A ﬁf)), which can be computed by Eq.

, , , , p(D418Y).
(A.3) in Appendix A. Denote the normalized weight W, = ES(T/’(”
1=1 P\ P+1Py )
for s =1,2,...,S. Finally, we will resample S samples from the samp?e

Ky
set {ﬁﬂ:)} . where for each s the sample ﬂﬂf) will be selected with
5=

probability W, to make the samples {BE:) }j . follow the distribution
p(BLID.D,,...,Dy.D,).

Once the posterior distribution of B, is obtained, the baseline
hazard function of the new population hg (¢) can be estimated through
Eq. (15). Then with the estimated population-level parameters { B,
iza’ (0} and the individual-level parameters {f, ;. XAJ,M.} for j=1,2,...,
J, we can calculate the marginal survival function of unit u as follows:

S (tlt*7xult=lit*) :/S(Ilt*!Bu)P(Bu|Xu|t=lit*) dBu’ (22)
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where B, = B, |, B,,....,B,, and S (t|r*, B,) is the survival function:

S (11", B,) = exp {-/ It (g)exp (iﬁZ(q) Bu)dq}. (23)

Eq. (23) can be computed by Monte Carlo simulation and the
integration can be done by Gauss-Legendre quadrature method [40]
as shown in Wen, et al. [14]. After obtaining the estimated marginal
survival function § ([¢*, X,,,.,- ), the remaining useful life of unit u can
be calculated by the following expression:

o

RUL (1) =/ S (11, Xyl =y ) dt. 24
-

3. Simulation study

To demonstrate the effectiveness of the proposed method, we con-
duct a simulation study in this section. Four benchmarks Cox PH
model [37], Cox-Ly; [29], Cox-Trace [31] and Cox-Zhou [10] are
chosen to compare the performance with our method. The first bench-
mark is the traditional Cox PH model, which is applied to characterize
the risk for one single population. The second and third benchmark
methods are transfer learning approaches applied in survival analysis.
They are both designed to address the risk assessment issue for the
patients in multiple cancer types, and they can be regarded as only
concentrating on modeling the between-population variations and ig-
noring the within-population variations. We refer these two models as
Cox-L,; and Cox-Trace, respectively, where the former employs the
I, ;-norm to encourage multiple coefficient vectors to share similar
sparsity patterns, while the latter assumes the estimated coefficients
from different tasks sharing a low-dimensional subspace. The final
benchmark is the method proposed by Zhou [10], which considers
the within-population variations but ignore the between-population
variations, i.e., only focus on one population and do not apply transfer
learning, and we denote it as Cox—Zhou.

The simulation experiment is divided into two parts. The first
part focuses on the offline stage, primarily comparing the character-
ization of the source populations by Cox, Cox-L,;, Cox-Trace, and
Cox-BHM, including the estimation errors of the parameters and the
mean concordance-index (C-index) values. It is worth noting that the
concordance index [41], or concordance probability, is one of the most
commonly applied evaluation metrics in survival analysis. It measures
the proportion of all usable patient pairs whose predicted survival
times are correctly ordered. Specifically, a higher C-Index indicates
better model performance in terms of predicting the order of events.
The second part concentrates on the online stage and compares the
performance of Cox-Zhou, Cox-Ly;, Cox-Trace and Cox-BHM in risk
modeling and remaining useful life prediction for in-process units of
the new population.

The simulation settings are as follows. We set N = 10 and K; = 100
for i = 1,2,..., N, which means there are 10 source populations, and
each population has 100 units. By generating multiple source popula-
tions, we aim to capture a diverse range of degradation behaviors and
failure patterns, which helps to improve the prediction accuracy for
the target population and enhance the robustness and generalizability
of our transfer learning model. For each unit, we suppose that the
degradation signals are collected from two sensors. And for unit k of
population i, signals are assumed as:

X, V=Z; () By ;j+ey; j=12 (25)

The parameters used in Eq. (25) are listed in Table 1.

Fig. 4 shows 16 randomly generated degradation signals based on
Eq. (25).

To generate the hazard rate function, we generate the covariates-
associated parameters f, f,,.... By from Normal distribution N (u,
3). Given the degradation signals of unit & in population i, the related
hazard rate function for generating time-to-event data is

hy () = hy ) exp [w * (Bu1 Z1(OBy 1 + B2 Zr(By»)]. (26)
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Fig. 4. Generated two degradation signals for each unit.
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Fig. 5. Units’ failure time distribution in 10 populations.
Table 1 parameters for each population. After conducting 100 experiments, we
Parameter settings for signals generation. first compared the mean absolute errors (MAE) between the estimated
Parameters i=1 i=2 parameters and the true values, which is defined as
Zj (t) [Ltlvzytl.ﬁ]T [I,I,IZ]T L N
i [2.4,0.01,0.01] [1.2,0.005,0.003] 1 1 n
0.2 —de—4  Te=5 0.01 —3e—4  4de-T MAE = T Z N 2 |ﬂf1 ﬁf’|’ (29)
=, —de—4  3e—6  le=T —3e—4  2e-7  2e-7 I=1 !
Te=5 le=7  3e—6 4e=T7 2e=7  2e-7 where N is the number of generated populations, L denotes the num-
2 . ~ .
% 0.01 0.01 ber of experiments and p; represents the estimated parameter for
population i in /th experiment while g, is the true value.
Fig. 6 presents the mean estimation error of parameters using four
where hj (1) is the Weibull baseline hazard rate function and different methods in 100 experiments, while Fig. 7 demonstrates a
scatter plot and a box plot of the errors. From these two figures, it
ho () = Jat*™" = 0.001 x 1.05¢'0571, 27) is clear that the performance of the method we proposed surpasses

w is a tuning parameter and here w = 0.1.

With the hazard function in (18), the probability density function of
the failure time of unit k in population i can be computed as follows:

t

ik ) = hy (1) S (1) = hy (t) exp (/0 —hjy (s)ds), (28)
where S, (¢) is the survival function. Fig. 5 displays the overall distri-
bution of units’ failure time in 10 different populations. The percentage
of censored units for each population is set to 5%. Table 2 presents a
detailed description of data generation process.

Once obtaining the generated data, four models Cox-BHM, Cox,
Cox-L,;, Cox-Trace can be applied to estimate the population-level

that of the other three benchmark methods, exhibiting lower errors in
parameter estimation. In addition, we also compared the mean C-index
values of ten populations in 100 experiments by using different models.
And the calculation method of the mean C-index we used is shown as
Eq. (30):

L

N
1y 1
Mean CI=— Y — Y CI,,
ean L;NZ il

(30)

where CI;, represents the C-index value for population i in /th experi-
ment.

Table 3 displays the performance results of the mean C-index values
of different models. The result indicates that three transfer learning
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models perform better than traditional Cox model, and the performance
of our model is superior to Cox-L, ; and Cox-Trace.

To further compare the performance of Cox-BHM, Cox-L,;, Cox-
Trace and Cox-Zhou, during the online stage, we first generate 10
source populations and one target population consisting of K, units.
For Cox-BHM, by employing the parameter updating steps described in
the second section, we can obtain the estimation of relevant parameters

X. Guo et al.
0.9
i~
o
=
/0.6
3
=
]
$%2
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<
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0.0
Cox-BHM Cox—L21 Cox—Trace Cox
Fig. 6. The mean errors of parameters for four models.
Table 2
The detailed procedure of data generation.
(1)  Generate B, p,. ..., By for N populations from Normal distribution N (u, ) and (u, =) are sampled according to
NIW (g, Ag» =0 0p)-
(2)  Generate signals’ parameters of 100 units in each population. Specifically, for sensor j of unit k in population i, generate B, ; from
N(”i,j, 2:,,,')-
(3)  Generate the failure time 7, for each unit by drawing random samples using reject sampling from f;, (r) as described in Eq. (28).
Select 5% of the units in each population as censored, and the censoring time C;, is sampled from uniform distribution U(1,T};).
(4) Degradation signals of unit k in population i are generated with noise according to Eq. (25) until its time of failure or censoring.
2.0
515
g
m
]
=
=}
2
< 1.0 .
0.5 + 5 * 3 +
Cox-BHM Cox-L21 Cox-Trace Cox
Fig. 7. Boxplots for the mean errors of parameters in 100 experiments.
Table 3 for the target population. And for a new in-process unit u from the
Performance comparison of different models using mean C-index values. target population, we can then estimate its risk at a specific moment
Models Cox-BHM Cox Cox-L,, Cox-Trace t* as well as its remaining useful life. The detailed procedure for online
Mean C-index 0.8046 0.6442 0.7408 0.7393 stage is shown in Table 4.

During the online stage, we set two variables, K, and +*, with differ-
ent values. The K, represents the size of the target population, which
affects the accuracy of p (D, |, ) in Eq. (19). The ¢* denotes the ob-
served length of degradation signals for the in-process unit u. Typically,
if K, is very small, the information about the target population will
be inadequate, leading to less accurate estimation of population-level
parameters. Similarly, if #* is very small, there will be less information
about unit u, resulting in larger errors when predicting the remaining
useful life. Due to the different underlying mechanisms of Cox-BHM,
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Table 4
The simulation procedure for online stage.
(1)  Generate ten source populations and one target population consisting of K, units and K, = 10, 40, 80 respectively.
(2) Update the posterior distribution of g, for the target population based on Eq. (19), and take the average as the estimated value of
Cox-BHM.
(3) Calculate the estimated parameters of the target population by using Cox-Zhou, Cox-L,,, Cox-Trace.
(4)  Generate degradation signals for an operating unit  similar to units in the target population until the time instant of prediction t*
and 1* = 5, 15, 25, 35.
(5) Use four models to calculate the RUL of unit 4 and then compare the prediction result with its true value.
(6) Repeat (4) and (5) for 1000 times to calculate the mean prediction errors.

St(tlt*=5), K 4+ =10

St(tt " =5), K + =40

Sttt *=5), K 4+ =80

1.0 1.0
— True True True
---- Cox-BHM ---- Cox-BHM ---= Cox-BHM
0.8 Cox-Zhou 0.8 Cox-Zhou 0.89 Cox-Zhou
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0.6 0.6 0.6
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T
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\
L
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se, Bk N3
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Fig. 8. Comparison between true and estimated conditional survival curves for in-process units using different models at r* =5, 15, 25, 35 and K, = 10, 40, 80.

Cox-Zhou, Cox-L,; and Cox-Trace, their prediction performance varies

not included in Fig. 8 as its performance is not significantly different
for different K, and ¢*.

from that of Cox-Trace). Table V presents the mean RUL prediction
errors of 1000 Monte Carlo samples, which are calculated as Eq. (31),
where R, () and R, (") are the predicted and true RUL of sample
m at time r*, respectively. From Fig. 8 and Table 5, it is obvious that

Fig. 8 shows a comparison between true and estimated conditional
survival curves for in-process units using different models at r* =
5,15,25,35 and K, = 10, 40, 80 (The survival curve of Cox-L,, is
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Table 5
The mean RUL prediction errors of different models with different K, and r*.
r* K, =10 L =40 K, =80
Cox-BHM Cox-L, Cox-Trace Cox-Zhou Cox-BHM Cox-L, Cox-Trace Cox-Zhou Cox-BHM Cox-L,, Cox-Trace Cox-Zhou
=5 6.7461 7.5351 7.6322 9.7214 5.0021 7.4402 7.3920 6.1359 4.1333 6.3013 6.3142 4.5240
=15 5.6420 7.7391 7.9831 8.3308 4.1895 7.8103 7.9234 5.3340 3.5498 6.0249 5.8459 3.4934
=25 4.5766 7.4063 7.3405 7.8120 2.2310 7.0142 6.9734 4.3593 1.6430 5.9402 6.3345 2.0205
=35 3.0521 6.8964 6.7241 6.9912 1.0935 6.9013 7.0132 2.7714 0.3745 5.6839 5.5580 0.8920
Table 6
Settings of four health condition indices.
Population Form a b
Source Population 1 T ()=a, +bt a; ~ N (0.25,0.015%) b, ~ N (0.15,0.01%)
Source Population 2 T, () = ayt + byt a, ~ N (0.01,0.001%) b, ~ N (0.003,0.0003°)
Source Population 3 (1) = esths! a3 ~ N (0.008,0.004) by ~ N (0.04,0.001%)
Target Population Ty (1) =0.6I', (t) + 0.315(1) / /
Fan Table 7
“ Tl Description of 16 TEACHES outputs.
,!'H". R Symbol Description Units
NL LP shaft speed rpm
NH HP shaft speed rpm
P13 Fan outer outlet pressure bar
P26 HP compressor inlet pressure bar
T26 HP compressor inlet temperature C
P3 HP compressor outlet pressure bar
T3 HP compressor outlet temperature C
. o X . . X T6 Exhaust gas temperature C
Fig. 9. Simplified engine diagram simulated in the software. EPR Engine pressure ratio _
T13 Fan outer outlet temperature C
P42 HP turbine outlet pressure bar
. . o e T42 HP turbine outlet temperature C
when the sample size of the target population is limited, e.g. K, = s LP turbine outlet pressure bar
10, the transfer learning methods, Cox-BHM, Cox-L,; and Cox-Trace, T41 HP turbine inlet temperature c
outperform Cox-Zhou in predicting the RUL of in-process units. This Thrust Thrust Nt
superior performance can be attributed to the knowledge transferred wf Fuel flow rate kg/s

from the source populations. However, as the sample size of the target
population increases, the advantages of Cox-BHM, Cox-L,; and Cox-
Trace over Cox-Zhou begin to diminish. Notably, at K, = 40 and
K, = 80, the predictive performance of Cox-Zhou surpasses that of
Cox-Trace. Since both Cox-BHM and Cox-Zhou account for within-
population variations and dynamically update the parameters as more
observations for individuals become available, their prediction errors
tend to decrease over time. In contrast, Cox-Trace and Cox-L, ; does not
exhibit this behavior. In summary, Cox-BHM, by updating parameters
within and between populations, effectively combines the advantages
of both Cox-Trace and Cox-Zhou.

L

2R = R ()]
=1

Mean Error = (31)

~I=

4. Case study on gas turbine engine dataset

In this section, we use the dataset of aircraft gas turbine engines
generated from a high-fidelity turbine engine simulation software
called TEACHES [42] to evaluate the performance of the proposed
method. In this software, users are able to input indicative parameters
of health condition of different degradation modes, thus obtaining
turbine engines which experience different degradation processes. Fig.
9 shows a schematic diagram of a commercial aircraft gas turbine
engine. Here, we choose fan outer flow drop, fan inner efficiency drop,
and HP turbine flow drop as the degradation modes of three source
populations, respectively. And HP compressor flow drop is selected as
the degradation mode of the target population. The health condition
indices of four failure modes are assumed to follow different forms as
shown in Table 6.

With the input health indices, the software will simulate the degra-
dation process of each unit accordingly. And for each generated turbine

engine, 16 sensor signals are collected to monitor its health condition.
Detailed information of these sensors is given in Table 7.

To simulate hard failure cases, we generate the failure time for
each unit by randomly sampling from its probability density function
as defined in Eq. (28). And for each population, we employ the same
baseline hazard function, which is a Weibull distribution with the shape
and scale parameter 4 = 0.001 and y = 1.05, respectively. Fig. 10
shows the true probability density function of the failure time for one
randomly selected unit from every generated population. In addition,
for each source population, we generated 100 units, of which 5%
were censored. For the target population, we generated 200 units, with
100 units utilized for estimating population-level parameters, and the
remaining 100 units serving as in-process individuals for prognostic
purposes.

Once we obtained the generated data, following the steps in simula-
tion study, we primarily evaluated the average performance of different
methods in predicting the remaining useful life of 100 in-process in-
dividuals under varying values of K, and r*. We first normalized the
sensor data and 11 sensor signals including NL, NH, T3, P26, P42, P3,
T6, T26, T41, T42 and Thrust are screened out since they show an
obvious change for all units. The mean absolute prediction error, as
defined in Eq. (31), was employed as the index for assessing the model’s
efficacy.

From Fig. 11, it can be seen that when the sample size of the target
population is relatively small, especially when K = 20, the two transfer
learning methods, Cox-BHM and Cox-Trace, have smaller prediction
errors for the RUL of in-process individuals compared to Cox-Zhou.
This indicates that Cox-BHM and Cox-Trace have stronger predictive
power and adaptability in cases of data scarcity. This advantage mainly
stems from the transfer learning mechanisms of these two models,



X. Guo et al.

Reliability Engineering and System Safety 261 (2025) 111145

0.08 +
0.06 -
0.04 -
0.02 -
0.00 -
| | I | T T
0 10 20 30 40 50
Time
Fig. 10. True failure time distribution of four populations.
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Fig. 11. The mean prediction errors of different models with different K, and r*.

enabling them to more effectively utilize information from the source
population to improve the accuracy of estimating the target population
parameter f, . However, as K, increases, the performance gap between
Cox-BHM, Cox-Trace, and Cox-Zhou starts to narrow. When K, = 100,
the predictive performance of Cox-Zhou even surpasses that of Cox-
Trace. This is because as the size of target population data increases,
Cox-Zhou can also learn more about the characteristics of the target
population, leading to more accurate estimation of g, . Additionally, as
t* increases, the prediction errors of Cox-BHM and Cox-Zhou gradually
decrease, while Cox-Trace does not show the same trend. This indi-
cates that Cox-Trace cannot dynamically update individual parameters,
which is related to its modeling strategy that only considers between-
population variations. Consistent with the conclusions of the simulation
study, our proposed Cox-BHM possesses the capability to dynamically
update both population-level and individual-level parameters, thereby
exhibiting certain advantages over Cox-Trace and Cox-Zhou.

5. Conclusion

In this article, we proposed a novel transfer learning framework
for the Cox model which takes into account both within and be-
tween population variations. The framework integrates the Cox method
with Bayesian hierarchical modeling, aiming to achieve more accu-
rate remaining useful life prediction for in-process units from a new
population. Existing methods either consider only between-population
variations or within-population variations. In comparison, our proposed
approach addresses both cross-population knowledge transfer and the
characterization of individual heterogeneity, leading to more accurate
and individualized remaining useful life predictions. This framework

10

presents two main advantages: on one hand, it can extract valuable
information from existing source populations to better model the new
target population; On the other hand, for in-process units, it can dynam-
ically update the unit-related parameters as more degradation signals
are collected over time. That is to say, it can simultaneously achieve
parameters updates at both the population and individual levels, which
has not been accomplished in the existing works. The proposed ap-
proach is validated through a simulation study and a case study of
turbine engines. The results showed that our method can successfully
capture the within and between population variations embedded in
degradation signals and time-to-event data, consistently outperforming
several benchmark models.

There are still several topics worthy of further investigation. First,
the proposed method only considers the transfer learning of parameters
associated with covariates in the Cox PH model. How to characterize
the potential knowledge sharing mechanism in the baseline hazard
function among different populations still remains challenging. More-
over, for units from different populations, the dimensions of collected
sensor signals might not be the same in practice. In such instance, our
proposed method might not be suitable. Therefore, it will be one future
research direction to develop a methodology capable of addressing
the problem of dimension inconsistency while facilitating knowledge
transfer.
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Appendix A. Proof of Lemma 1

For Eq. (8), given that u = u°, > = 39, the conditional distribution
p(Blu, X, D) can be written as:

N
p (Bl =%, D) « p(DIB)p (BIK®. =°) =[] o (D:18:) p (Bi11°, =),
i=1

(A1)

where p (D;|B;) represents the likelihood of population i and p (8;|u°,
»0) is a J-dimension Normal distribution N ;(u°, °). By using the Cox
partial likelihood, p (D;|;) is given by

ki exp (B Ry (Fy)) ™

D;l|B;) =
rip) =T | 5= o, (7o)

k=1

where R(F;;) denotes the set of all units at risk at time F;, in population
i. However, Eq. (15) is not able to handle with the tied failures, i.e., two
or more failure events that occur at the same time. Therefore, Efron
method [43] is applied to address this issue. Let t; <, < - <1, be
the ordered and distinct failure times of population i, D(z,,) be the set
of individuals that fail at time 7,, and d,, be the size of D(t,,), then the
partial likelihood function can be rewritten as:

s (A.2)

M He 1,,) €XP ﬁiTRi (lm
»(01) = 1| - sen(i,) &P (Bi" Rig (1)) “3)
m=1 m
Y e (B R (1))
J=1\ keR(t,,)
LS e (B R (1)
" geD(ty)

Obviously, p (B|u°, 30, D) has an explicit formulation and it can be
sampled through MCMC sampling.

For Eq. (9), given that g = ﬂo, > = 39, the conditional distribution
p(u|B, X, D) is expressed as:

p(ulB°, =%, D) o« p (ulp°, 2% cp (1, 8% 2°) o p (11, =°) p (nIX°).
(A.4)
Obviously, p (f°|u, °) is composed of N independent and identi-

cally distributed Normal distributions N (u, £°) and p (u|%°) is also a
Normal distribution with mean p, and covariance %EO. Then we have
0
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the following equation:
0 0 0 _Np 0 —%
P (B 11 =°) p (uIZ°) = 21)" 2 ‘2 |

xexp [-gn [z‘“ (8- ) (8- NH

i=1
1
x (27)" 3 (20) 2
A _
X exp [—70 (n-no) =" (u- Ilo)],
(A.5)

which is a new Normal distribution: u|g°, =°, D ~ N (p*, £*), and

N
Ao 1 0 Ao N -0
Y= + D= + , A6
B= Nt /10+Ni=1ﬂ’ NPt NP (4.6)
0
D Y (A7)
(N +4)

For Eq. (10), given that u = u°, g = g°, the conditional distribution
p(X|B, u, D) can be written as:

p(Z18% 1%, D)  p (BIB°. 1°) < p (B°11°. 2) p (°1Z2) p (). (A.8)
And
P (B0, 2) p (K1Z) p(2)
N
_Np _N 1 _
= (2n) 7 |37 72 exp [—Etr |:2 ! (ﬁ? —,uo) (ﬁ? —,uO)T]]
i=1
1 71)01’[1#»2 l (Ag)
X | 2
Zniw
1 -1 4o (0 T \=1(,0
X exp —5”(2 20)‘7(# —Ho) =7 (K - mo)|,
where Zy y is a constant:
4
207 0 27\ 2 _%
Zyw =23 T, () </1_o> DN (A.10)

From Eq. (A.9), we can conclude that 3|g°, u%, D follows an Inverse
Wishart distribution W~1(2*, v*), and

N
2 =30+ z (8] - 1) (B) - ﬂO)T + 4 (K — o) (K° - Mo)T» (A.11)

i=1

Vi=N+oy+ 1. (A.12)

Appendix B. Proof of Lemma 2

Denote = B, B,, ..., By and conditioning on g, then p (B, |D;, D,,
..., Dy) can be written as the following equation:

P(B1Dy. Dy Dy) = [ p(..BID). Dy D) dP
(B.1)

= /P(ﬂ+|ﬂ)P(ﬁ|D1’D2,...,DN)dﬁ.

Since B,,p,,....Bpy are independent and identically distributed,
p (ﬁl Dy,D,,...,D N) can be expressed as the product of N independent
terms, that is, p (B|Dy. D,.....Dy) = [IX, »(BiID;). p(B;1D;) is the
posterior distribution, which has been calculated by Gibbs Sampling
in the offline stage.

As for p(ﬁ +|[3), it is a posterior predictive for the multi-variate
Normal with NIW as the conjugate prior [44], then p (B, |B) follows
a t-distribution:

Ey (Ay +1)

_ (B.2)
iy (ox —p+1)

p (ﬁ+|ﬁ) ~ Iy —ptl <I4N,
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where
N
/10 1 _ ),0 N -
a /10+N”°+,10+NZ;‘3’_,10+N”°+/10+Nﬁ’ (B-3)
Ay =g+ N, (B.4)
oy =09+ N, (B.5)
J T AN T
_ _ 0 _ _
Ey=3%+ Z (Bi—B) (B:—B) + TN (B—to) (B—no) - (B.6)

i=1

In addition, 4, vy, o and X, are hyper-parameters of the NIW
distribution. We define these parameters to make the hyper NIW dis-
tribution noninformative so that the integration results can be mainly
dominated by the data.
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