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Abstract

Recent work in neural networks for image classification has seen a strong tendency towards
increasing the spatial context during encoding. Whether achieved through large convolution
kernels or self-attention, models scale poorly with the increased spatial context, such that
the improved model accuracy often comes at significant costs. In this paper, we propose a
module for studying the effective filter size of convolutional neural networks (CNNs). To fa-
cilitate such a study, several challenges need to be addressed: (i) we need an effective means
to train models with large filters (potentially as large as the input data) without increasing
the number of learnable parameters, (ii) the employed convolution operation should be a
plug-and-play module that can replace conventional convolutions in a CNN and allow for
an efficient implementation in current frameworks, (iii) the study of filter sizes has to be
decoupled from other aspects such as the network width or the number of learnable pa-
rameters, and (iv) the cost of the convolution operation itself has to remain manageable
i.e. we can not naïvely increase the size of the convolution kernel. To address these chal-
lenges, we propose to learn the frequency representations of filter weights as neural implicit
functions, such that the better scalability of the convolution in the frequency domain can
be leveraged. Additionally, due to the implementation of the proposed neural implicit func-
tion, even large and expressive spatial filters can be parameterized by only a few learnable
weights. Interestingly, our analysis shows that, although the proposed networks could learn
very large convolution kernels, the learned filters are well localized and relatively small in
practice when transformed from the frequency to the spatial domain. We anticipate that
our analysis of "best-case" filter sizes will allow for more efficient, yet effective, models in
the future.

1 Introduction

Recent progress in image classification such as Liu et al. (2022b) builds upon observations on the behavior
of vision transformers Dosovitskiy et al. (2020); Khan et al. (2022); Touvron et al. (2021); Vaswani et al.
(2017), which rely on the learned self-attention between large image patches and therefore allow information
from large spatial contexts to be encoded. In particular, we have recently seen a trend towards increasing
the spatial context during encoding in convolutional neural networks (CNNs), leading to improved results
for CNNs accordingly, as for example in Guo et al. (2022); Liu et al. (2022a); Ding et al. (2022); Peng et al.
(2017). Yet, model parameters and training times scale poorly with the filter size, such that the increased
model accuracy often comes at significant costs if no additional model-specific tricks are applied. At the same
time, it remains unclear whether there is an optimal filter size and which size of filters would be learned,
could the models learn arbitrary sizes.

This paper aims to provide such a study and the corresponding tool that can modularly replace the convo-
lution operation in any CNN architecture allowing for the efficient training of arbitrarily large convolution
kernels to be analyzed. However, efficiently training models on standard datasets such as ImageNet Deng
et al. (2009a) with large filters (potentially as large as the input data) is non-trivial. Not only should the
number of parameters remain in a range comparable to the one of the baseline models, but also has the
cost of the actual convolution operation to remain manageable. Neural implicit functions, such as previously
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Figure 1: PCA components of learned kernel weights in the first layer of a ResNet50 trained on ImageNet-1k:
the 1st row shows the learned NIFF kernels transformed to the spatial domain. Row 2 visualizes a zoomed-in
version with explained variance for each component. The 3rd row shows PCA and explained variance for a
standard CNN with the standard kernel size 3 × 3. The 4th row shows that NIFF actually learns large and
highly structured spatial filters for the 4th layer of the same network, while the baseline model is limited to
small filters. This PCA analysis is one of the tools we apply to answer the central question of this paper:
How large do CNN kernels really need to be? It demonstrates that networks which can learn as large kernels
as their featuremaps are large, still learn well-localized, small kernels. Yet, these kernels are larger than the
typically applied 3 × 3 kernels.

used in Romero et al. (2022a); Sitzmann et al. (2020), can limit the number of learnable parameters while
learning large convolution filters. Yet, their evaluation is limited to low-resolution data because of the poor
scalability of the convolution operation itself, i.e. increasing the size of the learned convolution filters directly
or implicitly is not a scalable solution. Therefore, we propose to learn filters in the frequency domain via
neural implicit functions. This has several advantages: First, the convolution operation can be executed in
the Fourier domain, where it scales significantly better with the filter size. Second, due to the implementa-
tion of the neural implicit function, the number of learnable model parameters remains similar to that of the
baseline model. Third, the learned filters are directly expressed in the Fourier domain i.e. as oriented sine and
cosine waves. Thus, highly structured periodic spatial convolution kernels can be learned using small MLPs
with only a few parameters. Our proposed Neural Implicit Frequency Filter (NIFF) convolution operation
is a plug-and-play module that can replace any conventional convolution in a CNN and allows for an efficient
implementation in current frameworks. The resulting neural implicit frequency CNNs are the first models to
achieve results on par with the state-of-the-art on standard high-resolution image classification benchmarks
while executing convolutions solely in the frequency domain. Thus, NIFFs allow us to provide an extensive
analysis of the practically learned filter sizes while decoupling the filter size from other aspects such as the
network width or the number of learnable parameters. Interestingly, our analysis shows that, although the
proposed networks could learn very large convolution kernels, the learned filters practically correspond to
well-localized and relatively small convolution kernels when transformed from the frequency to the spatial
domain. Our contributions can be summarized as follows:

• We present a novel approach which enables CNNs to efficiently learn infinitely large convolutional
filters. To do so, we introduce MLP parameterized Neural Implicit Frequency Filters (NIFFs) which
learn filter representations directly in the frequency domain and can be plugged into any CNN
architecture.

2



Under review as submission to TMLR

• Empirically, we show that NIFFs facilitate a model performance on par with the baseline without any
hyperparameter tuning. Hence, our proposed frequency filters allow, for the first time, to efficiently
analyze filter sizes and encoded context sizes - via filters that have potentially an infinite extent in
the spatial domain.

• Finally, we analyze the spatial representations of the resulting large filters learned by various CNN
architectures and show very interesting results in terms of practically employed spatial extent.

2 Related Work

Large kernel sizes. In recent years, vision transformers have facilitated a significant improvement in
image classification Dosovitskiy et al. (2020); Vaswani et al. (2017) and related tasks. Such models are
based on larger image patches and self-attention, i.e. they allow for the entire spatial context to be encoded.
Subsequently, Liu et al. showed that smaller receptive fields by shifted window attention with window sizes
of 7×7 to 12×12 can improve network performance, while follow-up works again increased the window sizes
Dong et al. (2022). What remains is the general observation that image-processing models can benefit from
encoding larger spatial context, especially in deeper network layers. This holds also for pure convolutional
models as shown in Liu et al. (2022b) with 7 × 7 sized depth-wise convolutions that can even outperform
transformer models. Guo et al. and Peng et al. further increase the receptive fields of the convolution and
Ding et al. and Liu et al. achieve improved results with 31 × 31 and even 61 × 61 sized convolution filters,
respectively. To facilitate scaling, Ding et al. use depth-wise convolutions instead of full convolutions and
thereby increase the model size by only 10-16%. Liu et al. decompose the 61 × 61 convolution into two
parallel and rectangular convolutions to reduce the computation load and parameters. To allow to further
scale even models using depth-wise convolutions, NIFFs directly learn and execute the convolution in the
frequency domain. An additional complication of large spatial convolutions are potential spectral artifacts
that can be handled e.g. by Hamming windows Tomen & van Gemert (2021).

Rao et al. propose Global Filter Networks based on Swin-Transformers. They encode intermediate layers as
convolutions in the frequency domain followed by a feed-forward neural network, and thus facilitate efficient
convolutions with infinite extent. They achieve very good results on ImageNet-1k. However, they face the
computational overhead of learning the filter weights directly, resulting in an increase in the number of pa-
rameters. We also compute convolutions in the frequency domain to benefit from the better scalability of the
convolution operation. Yet, our NIFF module uses neural implicit functions to preserve the original number
of model parameters. The model proposed by Rao et al. is over six times larger than ours. Furthermore,
our study focuses on the analysis of the effective kernel size for convolutions employed in CNN backbones
and not on Transformer architectures.

Training CNNs in the Frequency Domain. Most works implementing convolutions in the frequency
domain focus on the efficiency of the time and memory consumption of this operation Ayat et al. (2019);
Guan et al. (2019); Mathieu et al. (2013); Pratt et al. (2017); Vasilache et al. (2014); Wang et al. (2016), since
the equivalent of convolution in the spatial domain is a point-wise multiplication in the frequency domain.
However, most of these approaches still learn the convolution filters in the conventional setting in the spatial
domain and transform featuremaps and kernels into the frequency domain to make use of the faster point-wise
multiplication at inference time Ayat et al. (2019); Mathieu et al. (2013); Wang et al. (2016). This is mostly
due to the fact that one would practically need to learn filters as large as featuremaps when directly learning
the frequency representation. Those few but notable works that also propose to learn convolutional filters
in CNNs purely in the frequency domain, until now, could only achieve desirable evaluation performances
on MNIST and reach low accuracies on more complex datasets like CIFAR or ImageNet Pan et al. (2022);
Pratt et al. (2017); Watanabe & Wolf (2021) if they could afford to evaluate on such benchmarks at all.

Further approaches apply model compression by zeroing out small coefficients of the featuremap in the
frequency domain Guan et al. (2019) or enrich conventional convolutions with the frequency perspective to
get more global information Chi et al. (2020).

In contrast to all these approaches, we neither aim to be more time or memory-efficient nor do we want to
boost performance via additional information. Our aim is to investigate which filter size CNNs practically
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Figure 2: While learning large kernels increases the number of learnable parameters quadratically (left),
neural implicit functions use a fixed amount of learnable parameters (top right). When using a simple MLP
the input is a 2D vector containing the ωx and ωy coordinates of the desired filter frequency. Our NIFF
(bottom right) consists of several 1 × 1 convolutions which start with an input channel size of two, encoding
the x and y direction. Hence, there is no need to iterate over each coordinate separately. Following we
include some hidden layers and activations to learn complex filters. At the last layer, the number of output
channels is set to the desired number of element-wise multiplication weights.

make use of if they have the opportunity to learn infinitely large kernels. To do so, we propose a model
that facilitates learning large filters directly in the frequency domain via neural implicit functions. Thus,
we are the first to propose a CNN whose convolutions can be fully learned in the frequency domain while
maintaining state-of-the-art performance on common image classification benchmarks.

Neural Implicit Representations. Neural implicit representations generally map a point encoded by
coordinates via an MLP to a continuous output domain. Thus, an object is represented by a function rather
than fixed discrete values, which is the more common case, e.g., discrete grids of pixels for images, discrete
samples of amplitudes for audio signals, and voxels, meshes, or point clouds for 3D shapes Chibane et al.
(2020); Sitzmann et al. (2020). Continuous representation of the signal, i.e. neural implicit representations,
provide a fixed number of parameters and are independent of spatial or frequency resolutions. Moreover,
neural implicit representation can also be used to learn to generate high-resolution data Chen et al. (2021),
or to learn 3D representations from 2D data Mildenhall et al. (2021); Yu et al. (2021).

Ma et al. (2022) and Ma et al. (2023) introduce hyperconvolutions for biomedical image segmentation. Based
on the concept of Hypernetworks Ha et al. (2016), they learn a predefined SIREN Sitzmann et al. (2020)
consisting of stacked 1x1 convolutions and periodic activations to predict the spatial kernel weights with
predefined size. Similarly, Romero et al. (2022b) and Romero et al. (2022a) introduce continuous kernels
by learning spatial kernel weights that have the same size as featuremaps with a Hypernetwork consisting
of stacked 1x1 convolutions and then learn to mask and crop the actual filter size. All their operations are
applied in the spatial domain. To facilitate the learning of suitable filter structures, they replace the periodic
activation of the SIREN by Multiplicative Anisotropic Gabor Networks. In contrast, our NIFFs directly
learn the Fourier representation of convolution filters, i.e. a representation in a basis of sine and cosine
waves, using an MLP with conventional activations. Thus, we can efficiently execute the convolution in
the Fourier domain with the objective of investigating the effective spatial extent of the learned convolution
filters.
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Figure 3: Concept of our NIFF Convolutions, explained with the example of a depth-wise convolution. Left,
the standard depth-wise convolution in which we have as many kernels as we have featuremaps. Each kernel
is convolved with a featuremap. Right, the NIFF convolution which simply applies a pointwise multiplication
between the FFT-transformed featuremaps and the learned kernel weight via our NIFF. The newly updated
featuremaps are transformed back into the spatial domain via inverse FFT (IFFT).

3 Convolutions in the Frequency domain

In this paper, we leverage neural implicit functions in a novel setting: we learn neural implicit representations
of the spatial frequencies of large convolution kernels. This allows us to employ the convolution theorem
from signal processing Forsyth & Ponce (2003) and conduct convolutions with large kernels efficiently in the
frequency domain via point-wise multiplications.

Properties of Convolutions in the Frequency Domain. According to the convolution theorem Forsyth
& Ponce (2003), a circular convolution, denoted by ⊛, between a signal g and filter k in the spatial domain
can be equivalently represented by a point-wise multiplication, denoted by ⊙, of these two signals in the
frequency domain, for example by computing their Fast Fourier Transform (FFT), denoted by the function
F(.) and then, after point-wise multiplication, their inverse FFT F−1(.):

g ⊛ k = F−1(F(g) ⊙ F(k)) (1)

While this equivalence has been less relevant for the relatively small convolution kernels employed in tra-
ditional CNNs (typically 3 × 3 or at most 7 × 7), it becomes highly relevant as the filter size increases to
a maximum: The convolution operation in the spatial domain is in O(M2N2) for a discrete 2D signal g
with N × N samples and filters k of size M × M , i.e. O(N4) when discrete filters k have the same size as
the signal g. In contrast, the computation is in O(N2log(N)) when executed using Fast Fourier Transform
(FFT) Cooley & Tukey (1965) and point-wise multiplication according to Equation equation 1. The proof
for the FFT according to Cooley & Tukey (1965) is given in the appendix.

Thus, for efficient filter learning, we assume that our input signal, i.e. our input image or featuremap, is given
in the frequency domain. There, we can directly learn the element-wise multiplication weights m correspond-
ing to F(k) in Equation equation 1 and thereby predict infinitely large spatial kernels. These element-wise
multiplication weights m act like a circular convolution which can be seen as an infinite convolution due to
the periodic nature of the frequency domain representation. This means in practice that if we represent a
signal, in our case an image or a featuremap, in the frequency domain and transform it back into the spatial
domain, we assume that this signal is periodic and thus infinitely large. For many images, such boundary
conditions can make sense since the image horizon line is usually horizontally aligned.

Practically, the kernels applied in the frequency domain are band-limited - to the highest spatial frequency
that can be represented in the featuremap. However, since higher frequencies can not be encoded in the
discrete input signal by definition, this is no practical limitation. In the frequency domain, we can thus
efficiently apply convolutions with filters with standard sizes of for example 224 × 244 (for ImageNet) or
32 × 32 (for CIFAR-10) learned spatial frequencies, solely limited by the resolution of the input featuremap.
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3.1 Neural Implicit Frequency Filters

Images are typically stored as pixel-wise discrete values. Similarly, the filter weights of CNNs are usually
learned and stored as discrete values, i.e. a 3×3 filter has 9 parameters to be learned and stored, a 7×7 filter
as in ConvNeXt has 49 parameters and a filter as large as the featuremap would require e.g. 224×224 (50176)
parameters for ImageNet-sized network input. In this case, it is not affordable to directly learn these filter
weights, neither in the spatial nor in the frequency domain. To address this issue, we propose to parameterize
filters by neural implicit functions instead of learning the kernels directly. This is particularly beneficial since
we can directly learn the neural implicit filter representations in the frequency domain. Figure 2 depicts the
benefit of neural implicit functions for large kernel sizes.

Thus, we learn a function, F parameterized by Φ that takes as input the spatial frequency (ωx, ωy) whose
filter value it will predict.

FΦ : R2 7→ CC , m(ωx, ωy) := FΦ(ωx, ωy) , (2)

where C is the number of filter channels and the complex-valued m(ωx, ωy) in dimension c is the c-th filter
value in the frequency domain to be multiplied with F(g)(ωx, ωy) for featuremap g. Specifically, with the
implicit function FΦ, we parameterize the weights with which the featuremaps are multiplied in the frequency
domain based on equation 1 by point-wise multiplication. The number of MLP output channels is equivalent
to the number of channels C for the convolution, and its hidden dimensions determine the expressivity of
each learned filter, which we term Neural Implicit Frequency Filter (NIFF).

Efficient Parameterization of NIFFs. While neural implicit functions allow parameterizing large filters
with only a few MLP model weights, their direct implementation would be highly inefficient. Therefore, we
resume to a trick that allows efficient training and inference using standard neural network building blocks.
Specifically, we arrange the input to the MLP, i.e. the discrete spatial frequencies (ωx, ωy) for which we need
to retrieve filter values, in 2D arrays that formally resemble featuremaps in CNNs but are fixed for all layers.
Thus, the MLP takes one input matrix encoding the x coordinates and one encoding the y coordinates
as shown in Figure 3. Then, the MLP can be equivalently and efficiently computed using stacked 1 × 1
convolutions, where the first 1 × 1 convolution has input depth two for the two coordinates, and the output
layer 1 × 1 convolution has C output dimensions.

3.2 Common CNN Building Blocks using NIFF

Well-established models like ResNet He et al. (2016) use full convolutions, while more recent architectures
employ depth-wise and 1 × 1 convolutions separately Liu et al. (2022b). Our neural implicit frequency filters
can be implemented for all these cases. However, operations that include downsampling by a stride of two
are kept as original spatial convolution. In the following, we describe how commonly used convolution types
are implemented using NIFF.

Depth-wise Convolution. The NIFF module for the depth-wise convolution is as follows: First, we
transform the featuremaps into the frequency domain via FFT. Afterwards, the learned filters are applied
via element-wise multiplications with the featuremaps. Thereafter, the featuremaps are transformed back
into the spatial domain via inverse FFT (if the next step is to be executed in the spatial domain). The entire
process is visualized in Figure 3.

Full Convolution. To employ NIFF for a full convolution 2DConv with Cp input channels and Cq output
channels the convolved featuremaps with the kernel weights need to be summed according to

2DConv(gCp
, kCp,Cq

) =
Cp∑
c

gc ⊛ kc,Cq
= gCq

. (3)

Conveniently, a summation in the spatial domain is equivalent to a summation in the frequency domain and
can be performed right away.

g + k = F−1(F(g) + F(k)) (4)
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The full convolution in the frequency domain can be implemented by first predicting the frequency represen-
tation of kCp,Cq directly using NIFF, i.e. for each output channel. Then, all input channels are element-wise
multiplied with the filter weights and summed up in 2DConvNIFF :

Cp∑
c

gc ⊛ kc,Cq
= F−1

 Cp∑
c

F(gc) ⊙ F(kc,Cq
)

 (5)

However, for efficiency reasons, we decompose the full convolution into a depth-wise convolution followed
by a 1 × 1 convolution in practice. The transformation into the frequency domain is applied before the
depth-wise convolution, where the backward transformation into the spatial domain is applied after the 1×1
convolution. While not equivalent, the amount of learnable parameters decreases significantly with this
approach, and the resulting models show similar or better performance in practice.

1×1 Convolution. To perform a 1×1 convolution, we transform the input into the frequency domain via
FFT. Afterwards, we apply a linear layer with channel input neurons and desired output dimension output
neurons on the channel dimension. Finally, we transform back into the spatial domain via inverse FFT.
While spatial 1 × 1 convolutions only combine spatial information in one location, our 1 × 1 in the frequency
space is able to combine and learn important information globally.

Other operations such as downsampling, normalization, and non-linear activation are applied in the spatial
domain so that the resulting models are as close as possible to their baselines while enabling infinite-sized
convolutions.

4 NIFF Model Evaluation

We evaluate a variety of image classification CNNs with our proposed NIFF. Overall, we achieve accuracies
on par with the respective baselines. For high-resolution data, our NIFF CNNs perform slightly better than
the baseline models, while the large kernels are apparently less beneficial for low-resolution data, especially
in deeper layers where the featuremap sizes are very small.

Comparison to previous frequency CNNs. We first evaluate our approach against previous attempts
to learn convolutions purely in the frequency domain in Table 1. Unfortunately, some approaches only
evaluated the efficiency of the network by using point-wise multiplications instead of the convolution in the
spatial domain and missed reporting the achieved accuracy with their networks Mathieu et al. (2013); Wang
et al. (2016). In addition to those who missed reporting model accuracies, Pratt et al. only reported their
accuracy in form of a graph, in which it is difficult to obtain exact clean accuracy. Hence, we approximate
this value. Pan et al. report different sizes of their CEMNets, thus the accuracy of the networks is reported in
the range reported in Pan et al. (2022). Table 1 shows that our NIFF CNN improves over all these previous
attempts and achieves state-of-the-art performance on CIFAR-10 Krizhevsky et al. (2009). Moreover, we
are the first, to our knowledge, to report results on ImageNet-1k Deng et al. (2009b) and ImageNet-100 for
CNNs with convolutions purely learned in the frequency domain.

Results on Image Classification. For high-resolution datasets like ImageNet-1k or ImageNet-100, NIFF
CNNs are able to achieve results on par with the baseline models. Table 2 and Table A1 in the appendix
report these results. For comparability, we simply used the baseline hyperparameters reported for each of
these models in the respective papers, i.e. we achieve results on par with the respective baselines without
hyperparameter optimization. For different ResNet architectures, we even achieve improvements on both
high-resolution datasets. While we compare with the pre-trained models from Pytorch for the ImageNet-1k
dataset, we train all models on ImageNet-100 ourselves, and we again achieve results that are on par or
better than the respective baselines.

The complete results on CIFAR-10 are reported in Table A2 in the Appendix. Here, we observe a slight drop
in performance, which may be due to the low spatial resolution of images and featuremaps. Particularly
in deeper layers, the potential benefit from large convolutions is therefore limited. Further, we want to
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Table 1: Comparison on CIFAR-10 of NIFF CNNs to previous approaches which learned convolutions in the
frequency domain. Our approach is the first to achieve state-of-the-art performance for CNN architectures.
Only Rao et al. can achieve better performance building upon a Transformer architecture which uses over
six times more parameters than our lightweight CNN-based NIFF model.

Method Architecture Top 1 Acc

Fast FFT [2013] - no acc. reported
CS-unit [2016] - no acc. reported
FCNN [2017] FCNN ∼ 23%
CEMNet [2022] CEMNet 59.33%-78.37%
NIFF CNNs (ours) MobileNet-v2 94.03%

GFN [2021] Swin-Transformer 98.60%

Table 2: Evaluation of top 1 and 5 test accuracy on ImageNet-1k for different network architectures. We
used the standard training parameter for each architecture.

Name Acc@1 Acc@5
ResNet-18 He et al. (2016) 69.76 89.08
ResNet-18 NIFF (ours) 70.75 90.01
ResNet-50 He et al. (2016) 76.1 92.9
ResNet-50 NIFF (ours) 79.7 94.7
ResNet-101 He et al. (2016) 77.37 93.55
ResNet-101 NIFF (ours) 80.26 95.23
DenseNet-121 Huang et al. (2017) 76.65 92.17
DenseNet-121 NIFF (ours) 74.58 92.33
ConvNeXt-tiny Liu et al. (2022b) 82.5 96.1
ConvNeXt-tiny NIFF (ours) 81.8 95.8
MobileNet-v2 Sandler et al. (2018) 71.8 90.3
MobileNet-v2 NIFF (ours) 71.5 90.4

emphasize that our NIFF is not conceived to improve over baseline methods (we are of course glad to
observe this tendency for high-resolution data) but to facilitate the evaluation of effective kernel sizes in
CNNs.

5 How large do spatial kernels really need to be?

After empirically validating our proposed NIFFs, we now quantitatively analyze how large the spatial kernels
really tend to be. Hence, we transform the learned filters into the spatial domain and plot the relative density
of each spatial kernel k, i.e. the ratio of the kernel mass that is contained within centered, smaller sized,
squared kernels. The kernel has the same width and height as the featuremap (FM) it is convolved to.

kernel mass ratio(width, height) =
width∑
w=1

height∑
h=1

k

(
c − ⌊width

2 ⌋ + w, c − ⌊height
2 ⌋ + h

)
FMwidth∑

w=1

FMheight∑
h=1

(k(w, h))
, (6)
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Figure 4: Effective kernel size evaluation on ImageNet-1k. We plot the average ratio of the entire kernel
mass contained within the limited spatial kernel size, where the x-axis denotes the width and height of the
squared kernels. For ResNet-18, ResNet-50 and ConvNeXt-tiny each layer encodes one resolution. Thus,
these network’s layers could be summarised (Layer 1 encoding 56 × 56, Layer 2 28 × 28, Layer 3 14 × 14 and
Layer 4 7 × 7). However, for MobileNet-v2 the resolution is downsampled within a layer.

where c is the center of the full kernel k in the spatial domain. In Figure 4 we report the kernel mass ratio
for different networks trained on ImageNet-1k. We observe that all networks mostly contain well-localized
kernels that are significantly smaller than possible. Yet, the first layer in DenseNet-121 and the second and
third layer in ResNet-50 also contain larger kernels that make use of the possible kernel size up to 56 × 56
and 28 × 28 respectively. For MobileNet-v2, the spatial kernels are predominantly well-localized and small.
However, at the maximal resolution of 112 × 112 some kernels are quite large, at least 56 × 56 ( 15%)
indicating that MobileNet-v2 which uses small 3×3 kernels could benefit from larger kernels. Similar results
on ImageNet-100 are reported in the Appendix (Figure A2).

In Figure 5, we evaluate the spatial kernel mass ratio of different networks trained on CIFAR-10. For all
models, we see a clear trend. They learn in all layers well-localized, small kernels. Similar to the ResNet
trained on ImageNet-1k, the learned kernels barely exceed the size of 5 × 5. In contrast, some of the learned
spatial kernels by MobileNet-v2 and ConvNeXt-tiny use the full potential for each kernel size, respectively.

6 Filter Analysis

In this section, we visualize the spatial kernels learned by our NIFF. We do so by transforming the learned
multiplication weights via inverse FFT into the spatial domain. Afterwards, we apply Principle Component
Analysis (PCA) per layer to evaluate the predominant structure of the learned spatial kernels. For each
layer, we separately plot the six most important eigenvectors and zoom in to visualize the 9 × 9 center (see
Appendix Fig. A6 for the full visualization without center cropping). The original spatial kernels are shown
in the Appendix (Fig. A16 and A17).
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Figure 5: Effective kernel size evaluation on CIFAR-10. We plot the average ratio of the entire kernel mass
contained within the limited spatial kernel size, where the x-axis denotes the width and height of the squared
kernels. For ResNet models, each layer encodes one resolution. Thus, the layers could be summarised (Layer
1 encoding 16 × 16, Layer 2 8 × 8 and Layer 3 4 × 4). For ConvNeXt-tiny the first layer started with 32 × 32.
However, for MobileNet-v2 the resolution is downsampled within a layer.

Our results indicate that the networks, although they could learn infinitely large kernels, learn well-localized,
quite small (3×3 up to 9×9) kernels especially in early layers. The spatial kernel size is different for low- and
high-resolution data. Figure 6 visualizes the eigenvectors of the spatial kernel weights for each layer in our
NIFF CNN for ResNet-50 trained on ImageNet-1k. All layers dominantly learn filters with well-localized,
small kernel sizes. Especially in the later layers, most variance is explained by simple 1 × 1 kernels, whereas
the first-layer kernels have the most variance explained by simple 5 × 5 or 7 × 7 kernels. Hence, the networks
learn larger kernels than the standard 3 × 3 kernels used in a ResNet. However, the full potential of possible
sizes of 56 × 56 and more is not used. Similar results are shown in Figure 1 as well as for more architectures
(Figure A3, A4 and A5) and ImageNet-100 (Figure A7, A8, A9 and A10) in the Appendix with consistent
results; all networks learn well-localized, small kernels, even though they could learn much larger ones.
The same effect can be observed for networks trained on CIFAR-10. Figure 7 shows the PCAs of the spatial
kernel weights for each layer in our NIFF CNN for a ResNet18 trained on CIFAR-10. There the dominant
basis vectors for the first layer learned by our NIFF kernels do not exceed a size of 3 × 3 in the spatial
domain. However, in the second layer, a few kernels (19%) are larger than 3 × 3 mostly 7 × 7. In the last
layer, the kernels again do not exceed the standard size of 3 × 3. Similar results on further networks are
presented in the Appendix (Figure A11).

Compute Costs. Since our NIFF implementation is conceived for analysis purposes, our models are not
optimized for runtime. In particular, we compute repeated FFTs in Pytorch to allow the computation of
the remaining network components in the spatial domain, so that the models are equivalent to large kernel
models computed in the spatial domain. Yet, Figure 8 demonstrates that with large kernel sizes our NIFF
approach with repeated FFTs is much more efficient in terms of FLOPs compared to the spatial convolution.
Further runtime evaluations are reported in the Appendix (Tables A4 and A3).
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Figure 6: PCA basis and explained variance for each basis vector (below) of all spatial filters for each
layer of a ResNet-50 trained on ImageNet-1k zoomed to 9 × 9. On the left, the maximal filter size for the
corresponding layer is given. We can see that most filters only use a well-localized, small kernel size although
they could use a much bigger kernel.
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Figure 7: PCA basis and explained variance for each basis vector (below) of all spatial filters learned by
NIFF for each layer as well as the learned filters for the third layer of a standard ResNet-18 trained on
CIFAR-10. On the left, the layer and its filter size are given. Most filters only use a well-localized, small
kernel size although they could use a much bigger kernel.

7 Discussion and Conclusion

With the help of the proposed NIFF, we can analyze the effectively learned kernel size of state-of-the-art
CNNs in the spatial domain. We could observe that the full potential for much larger receptive fields is
not used in most models. Especially for low-resolution datasets like CIFAR-10, the network refuses to learn
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Figure 8: FLOPs in Log-scale for computing a simple FFT and IFFT, a standard depth-wise convolution
and our NIFF (including FFT and IFFT) for convolutions with kernels as big as the featuremaps for the
example of 64 channels.

much larger kernels than 3 × 3. However, in high-resolution datasets such as ImageNet, the models indeed
use larger kernel sizes than 3 × 3 but still not much larger than 9 × 9. Therefore, networks with small kernel
sizes such as ResNet He et al. (2016) can benefit from convolution kernels through NIFFs, while networks
such as ConvNeXt Liu et al. (2022b) are already close to optimal for ImageNet in terms of used kernel size.

Concluding, we propose NIFF CNNs, a tool with which we can learn convolution filters in the frequency
domain that translate into infinitely large kernels in the spatial domain. NIFF can efficiently replace common
spatial convolutions with element-wise multiplication in the frequency domain. We analyze the resulting
kernels in the spatial domain and observe that they are well localized and mostly quite small (9 × 9). On
high-resolution datasets, NIFF can perform on-par with or better than spatial convolutions and can leverage
the benefit of encoding large spatial context.
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As large as it gets – Studying Infinitely Large Convolutions via
Neural Implicit Frequency Filter

Supplementary Material

In the following, we provide additional information and details that accompany the main paper:

A Kernel Mass Evaluation

In this section, we evaluate the kernel mass ratio for more ResNet models trained on ImageNet-1k (Figure
A1) and different network architectures trained on ImageNet-100 (Figure A2). The networks show similar
behavior already observed in the main paper, all models predominately learn small, well-localized kernels
regardless of the potential to learn much larger kernels. However, the smaller ResNet-18 model learns larger
kernels than the ResNet-50 or ResNet-101 in the second layer. For ImageNet-100, MobileNet-v2 does not
learn as large kernels as observed for ImageNet-1k. Further, ResNet-50 trained on ImageNet-100 seems to
learn larger kernels in the second layers compared to the ResNet-50 trained on ImageNet-1k (Figure 4).
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Figure A1: Effective kernel size evaluation on ImageNet-1k for further ResNet models. We plot the average
ratio of the entire kernel mass contained within the limited spatial kernel size, where the x-axis denotes the
width and height of the squared kernels. The layers are summarised as follows: Layer 1 encoding 56 × 56,
Layer 2 28 × 28, Layer 3 14 × 14 and Layer 4 7 × 7.

B Filter Visualization

B.1 Principle Component Analysis

The Principle Component Analysis, short PCA, is typically a dimensionality reduction method. The goal
of PCA is to maintain most information of a dataset while transforming it into a smaller one. The first
principle component explains the most variance of the data, thus representing the majority. The second
principle component explains the next highest variance while being orthogonal to the first. For more details
on PCA, we refer to Dunteman (1989). For our analysis, we use the PCA of the learned kernels to visualize
the predominate structure. Hence, we use the dimensionality reduction property of the PCA to simplify the
visualization of the kernels. Yet, we provide images of the original kernels in Figure A16 and A17.

B.2 Spatial Kernels

In this section, we show the PCA evaluation of the learned spatial kernels by the NIFFs for additional
architectures and datasets (ImageNet-100). The results are similar to the ones in the paper (Figure 6,
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Figure 1 and Figure 7. The learned filters in the spatial domain are well-localized and relatively small
compared to the size they could actually learn. This holds true for different architectures on ImageNet-1k
(Figure A3, A4 and A5) as well as for ImageNet-100 (Figure A7, A8 and A10).

Further, we show a grid of the actually learned filter in the spatial domain in Figure A16 and A17.

The learned spatial filters on CIFAR-10 are shown in Figure A11. Similarly, to the results shown in Figure
7. The network learns well-localized, small filters n the spatial domain. Yet, for the kernel size of 8 × 8 the
network uses more than the standard kernel size of 3 × 3.

B.3 NIFF multiplication weights

Moreover, we analyze the learned element-wise multiplication weights for the real and imaginary parts of
different models trained on ImageNet-1k in the frequency domain. Figures A12, A13, A14 and A15 show the
PCA per layer for the learned element-wise multiplication weights for ResNet-50, DenseNet-121, ConvNeXt-
tiny and MobileNet-V2 respectively. For ResNet-50 and ConvNext-tiny, it seems as if the networks focus in
the first layer on the middle-frequency spectra and in the later layers more on the high-frequency spectra.
Yet, the multiplication weights learned for MobileNet-V2 (Figure A14) focus in the first layer on low-
frequency information in the second layer on high-frequency information and in the third layer again on
low-frequency information. The DenseNet-121 (Figure A15) learns high-frequency information prior in the
first two layers and low-frequency information predominately in the later, third layer. Hence, a general claim
for different models and their learned multiplication weights in the frequency domain can not be derived
from our empirical analysis. Still for all networks, the imaginary part seems to be less important for these
networks and thus the learned structures are less complex. This might be owed to the fact that with increased
sparsity through the activation function in the network, the network favours cosine structures (structures
with a peak in the center) over sine structures.

C Performance Evaluation

ImageNet-100 We report the accuracy our NIFF CNNs could achieve on ImageNet-100 and the number
of learnable parameters in Table A1. The trend is similar to ImageNet-1k, the larger models benefit from
NIFF while the lightweight models do not so much.

CIFAR-10 Although NIFF CNNs can perform on par with the respective baseline on high-resolution
datasets, their performance is limited on low-resolution dataset. Table A2 shows the results on CIFAR-
10 with different architectures. Unfortunately, our NIFF CNNs lose around 1 to 3 % points compared to the
baseline models. This can be addressed to our previous observation: The networks trained on CIFAR-10 do
only use a small amount of the potential kernel size NIFF provides being as big as the kernels of the baseline
model (3 × 3).

D Runtime

As discussed in the computing costs section of the main paper, our approach is slower than the current
implementation with spatial convolutions due to the repetitive use of FFT and IFFT. However, when com-
paring the number of FLOPs needed to compute convolutions with kernel sizes as big as the featuremaps
to our NIFF approach, NIFF requires significantly fewer FLOPs, especially with increased featuremap size.
Figure 8 shows that most of the FLOPs for our NIFF result from the additional FFT and IFFT operation.
Still, we require much fewer FLOPs than large spatial convolutions.

Moreover, we evaluate the runtime per epoch for each model on CIFAR-10 (Table A3) and ImageNet-100
(Table A4) and compare it to the standard spatial 3x3 convolution, which has a much smaller spatial context
than our NIFF as well as spatial convolutions which are as large as the featuremaps this would be equivalent
to our NIFF. Obviously, small spatial kernels (3×3) are much faster than larger kernels like our NIFF or large
spatial kernels. Yet, our NIFF is much faster than the large spatial kernels. Especially on high-resolution
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Table A1: Performance evaluation of top 1 and 5 test accuracy on ImageNet-100 for different network
architectures. We used the standard training parameter for each network architecture and stayed consistent
with these for each architecture respectively. For the bigger networks like ResNet and DenseNet, which
include full convolutions, we split into depth-wise and 1x1 convolution as described in Section 3.2 to reduce
the number of parameters, for faster training. For all models, our NIFF CNNs perform slightly better, even
with reduced number of parameters.

Name # Parameters Acc@1 Acc@5
ConvNeXt-tiny Liu et al. (2022b) 27.897.028 91.70 98.32
NIFF (ours) 28.231.684 92.00 98.42

ResNet-18 He et al. (2016) 11.227.812 87.52 97.50
NIFF (ours) 3.198.660 86.52 97.14

ResNet-50 He et al. (2016) 23.712.932 89.88 98.22
NIFF (ours) 16.760.900 89.98 98.44

ResNet-101 He et al. (2016) 42.705.060 90.54 98.14
NIFF (ours) 27.343.332 90.54 98.38

DenseNet-121 Huang et al. (2017) 7.056.356 90.06 98.20
NIFF (ours) 5.237.012 90.24 98.18

MobileNet-v2 Sandler et al. (2018) 2.351.972 84.06 96.52
NIFF (ours) 2.359.660 85.46 96.70

Table A2: Performance evaluation of different networks trained on CIFAR-10. To be comparable between
all models and architecture changes we used the same training schedule for all of them. One can see that
NIFF CNNs perform slightly better with a ConvNeXt Liu et al. (2022b) backbone. However, for other
architectures, it performs slightly worse.

Method Top 1 Acc
ConvNeXt-tiny Liu et al. (2022b) 90.37
NIFF (ours) 91.48

ResNet-18 He et al. (2016) 92.74
NIFF (ours) 90.63

ResNet-50 He et al. (2016) 93.75
NIFF (ours) 93.11

DenseNet-121 Huang et al. (2017) 93.93
NIFF (ours) 92.49

MobileNet-v2 Sandler et al. (2018) 94.51
NIFF (ours) 94.03

datasets like ImageNet-100 our NIFF is over four times faster on ResNet-50 and over three times faster on
ConvNeXt-tiny compared to the large convolution in the spatial domain.

In general, we want to emphasize that our NIFF models still learn infinite large kernels while all kernels
in the spatial domain are limited to the set kernel size. If one would like to learn a 2D convolution in the
spatial domain with an image g of size N × N and filters with the same size N × N this would be in O(N4)
whereas using FFT and pointwise multiplication (Equation 1) would result in O(N2log(N)).
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Table A3: Average training time per epoch in seconds and standard deviation on one NVIDIA Titan V
of NIFF compared to standard 3x3 full (ResNet) or 7x7 depth-wise (ConvNeXt) spatial convolutions and
maximal larger spatial convolutions on CIFAR-10.

Name 3x3/7x7 feature map sized spatial conv. NIFF (ours)
ConvNeXt-tiny Liu et al. (2022b) 68.31 ± 0.62 108.97 ± 0.25 96.48 ± 1.97
ResNet-18 He et al. (2016) 8.57 ± 0.20 22.75 ± 0.28 17.87 ± 0.54

Table A4: Average training time per epoch in seconds and standard deviation on four NVIDIA A100 of NIFF
compared to standard 3x3 full (ResNet) or 7x7 depth-wise (ConvNeXt) spatial convolutions and maximal
larger spatial convolutions on ImageNet-100.

Name 3x3/7x7 feature map sized spatial conv. NIFF (ours)
ConvNeXt-tiny Liu et al. (2022b) 92.19 ± 4.21 487.89 ± 3.54 149.70 ± 1.32
ResNet-50 He et al. (2016) 85.51 ± 0.22 951.43 ± 6.09 204.82 ± 0.33

E NIFFs architecture

Following we will describe the architecture used for our NIFFs for each backbone network architecture. Note
that the size of the NIFF is adjusted to the size of the baseline network as well as the complexity of the
classification task.

Low-resolution task All networks trained on CIFAR-10 incorporate the same NIFF architecture. The
NIFF consists of two stacked 1 × 1 convolutions with a ReLU activation function in between. The 1 × 1
convolution receives as input two channels, which encode the x and y coordinate as described in Figure 2.
The 1 × 1 convolution expands these two channels to 32 channels. From these 32 channels, the next 1 × 1
convolution maps the 32 channels to the desired number of point-wise multiplication weights.

High-resolution task For the networks trained on ImageNet-100 and ImageNet-1k the size of the neural
implicit function to predict the NIFF is kept the same for each architecture respectively. Yet, the size of the
neural implicit function is adjusted to the network architecture to achieve approximately the same number
of trainable parameters. Hence, the lightweight MobileNet-v2 model Sandler et al. (2018) and the small
DensNet-121 Huang et al. (2017) incorporate a smaller light-weight neural implicit function to predict the
NIFF, while larger models like ResNet He et al. (2016) or ConvNeXt-tiny Liu et al. (2022b) incorporate a
larger neural implicit function. For simplicity, we define two NIFF architectures. One for the large models
and one for the smaller, lightweight models.

For the smaller, lightweight models, the neural implicit function consists of three stacked 1 × 1 convolutions
with one SiLU activation after the first one and one after the second one. The dimensions for the three 1 × 1
convolutions are as follows. We start with two channels and expand to eight channels. From these eight
channels, the second 1 × 1 convolution suppresses the channels down to four. Afterwards, the last 1 × 1
convolution maps these four channels to the desired number of point-wise multiplication weights.

For the larger models, we used four layers within the neural implicit function for NIFF. The structure is
similar to all NIFFs between each 1 × 1 convolution a SiLU activation function is applied. The dimensions
for the four layers are as follows. First from two to 16 channels, secondly from 16 to 128 channels and
afterwards suppressed down from 128 to 32 channels. The last 1 × 1 convolution maps these 32 channels to
the desired number of point-wise multiplication weights.

We show that the smaller NIFF size for the lightweight models does not influence the resulting performance.
Thus, we train a lightweight MobileNet-v2 with larger NIFFs (similar size as the larger models). The results
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are presented in Table A5. We can see that the network does not benefit from the larger NIFF size. Hence,
we assume that keeping the smaller NIFFs for the smaller, lightweight models can achieve a good trade-off
between the number of learnable parameters and performance.

Table A5: Evaluation of top 1 and top 5 accuracies on ImageNet-100 for different NIFF sizes for the
lightweight MobileNet-v2 Sandler et al. (2018).

Name Acc@1 Acc@5
MobileNet-v2 baseline 84.94 96.28
small NIFF 83.72 96.40
big NIFF 83.82 96.32

Low-resolution task For all models trained on CIFAR-10 the NIFF architectures is kept the same. The
neural implicit function consists of two stacked 1 × 1 convolutions with one ReLU activation in between.
The dimensions for the two 1 × 1 convolutions are as follows. We start with two channels and expand to
32 channels. The second 1 × 1 convolution maps these 32 channels to the desired number of point-wise
multiplication weights.

Table A6: Evaluation of top 1 and top 5 accuracies on ImageNet-100 for ResNet-50 with full convolution,
separated convolution and our NIFF (designed with a separate convolution).

Name Acc@1 Acc@5
ResNet-50 baseline 89.88 98.22
ResNet-50 separated conv 89.78 98.18
NIFF (ours) 89.98 98.44

Ablation on Separated Convolution Further, we ablate our design choices to use separated depth-wise
and 1 × 1 convolutions instead of full convolutions for efficiency. Hence, we train a simple ResNet instead
of using a full convolution as separated depth-wise and 1 × 1 convolution. Table A6 reports the accuracy
for each model. The ResNet with separated convolutions performs worse than the baseline and our NIFF.
Thus, the improvement in efficiency comes without little cost in the spatial domain while our NIFF is able
to achieve slightly better performance.

F Training Details

ImageNet. The training parameters and data preprocessing are kept the same for ImageNet-1k and
ImageNet-100. For the training of each network architecture, we used the data preprocessing as well as
the general training pipeline provided by Liu et al. (2022b). Yet, the training parameters for each individual
network are taken from the original papers provided by the authors ResNet He et al. (2016), DenseNet-121
Huang et al. (2017) ConvNeXt-tiny Liu et al. (2022b) and MobileNet-v2 Sandler et al. (2018).

CIFAR-10. For CIFAR-10 we used the same training parameter for all networks. We trained each network
for 150 epochs with a batch size of 256 and a cosine learning rate schedule with a learning rate of 0.02. we
set the momentum to 0.9 and weight decay to 0.002. The loss is calculated via LabelSmoothingLoss with
label smoothing of 0.1 and as an optimizer, we use Stochastic Gradient Descent (SGD).

For data preprocessing, we used zero padding by four and cropping back to 32 × 32 and horizontal flip, as
well as normalizing with mean and standard deviation.

5
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Computing Infrastructure For training our models and the baseline we use NVIDIA Titan V and
NVIDIA A100 GPUs. For the training on low-resolution data (CIFAR-10). We used one NVIDIA Titan
V, depending on the model architecture and the convolution used (baseline, NIFF or large convolution) the
training took between 15 minutes and 90 minutes. For the training on high-resolution data (ImageNet-100
and 1k) we used four NVIDIA A100 in parallel. The training time depends on the used model architecture
and varies if we used the full ImageNet-1k dataset or only ImageNet-100. The training time for ImageNet-1k
varies between one day and one hour and ten days and nine hours for ImageNet-100 between 93 minutes and
one day eight hours dependent on the model architecture and the number of epochs for training.

G Convolution Theorem

Following, we demonstrate the proof of the convolution theorem. For more details, please refer to (for
example) Bracewell & Kahn (1966); Forsyth & Ponce (2003).

As stated in Equation 1 in the main paper we make use of the convolution theorem Bracewell & Kahn (1966);
Forsyth & Ponce (2003) which states that a circular convolution, denoted by ⊛, between a signal g(x) and
filter k(x) in the spatial domain can be equivalently represented by a point-wise multiplication, denoted by
⊙, of these two signals in the frequency domain, by computing their Fourier Transform, denoted by the
function F(.):

F(g ⊛ k) = F(g) ⊙ F(k) (7)

with

F(g(x)) = G(u) =
∫ ∞

−∞
g(x)e−j2πuxdx (8)

To show that this holds, we first show that the Fourier transformation as a system has specific properties
when the signal is shifted. If we shift a signal/function g(x) by a in the spatial domain expressed by g(x−a)
this results in a linear phase shift in the Fourier domain:

F(g(x − a)) = F(g(x′)) =
∫ ∞

−∞
g(x′)e−j2πu(x′+a)dx′ (9)

where e−j2πu(x′+a) = e−j2πuae−j2πux′ and e−j2πua is a constant, such that

F(g(x − a)) = e−j2πuaG(u) (10)

Using the shift property of the Fourier transform we can now prove the convolution theorem. The continuous
convolution is defined as follows:

g(x) ⊛ k(x) =
∫ ∞

−∞
g(x)k(y − x)dx (11)

The Fourier transformation of g(x) ⊛ k(x) is defined by:

∫ ∞

−∞

[∫ ∞

−∞
g(x)k(y − x)dx

]
e−j2πuydy (12)

By reversing the order of the integration we get

∫ ∞

−∞
g(x)

[∫ ∞

−∞
k(y − x)e−j2πuydy

]
dx (13)

6
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where we can pull out g(x). Given the shift property, the inner integration can be defined by:

∫ ∞

−∞
k(y − x)e−j2πuydy = F(k(y − x)) = e−j2πuxK(u) (14)

such that

∫ ∞

−∞
g(x)

[∫ ∞

−∞
k(y − x)e−j2πuydy

]
dx

=
∫ ∞

−∞
g(x)e−j2πuxK(u)dx

=
[∫ ∞

−∞
g(x)e−j2πuxdx

]
K(u)

= G(u)K(u) = F(g)(u)F(k)(u),

(15)

so that for all spatial frequencies u, we have

F(g ⊛ k)(u) = F(g)(u) ⊙ F(k)(u). (16)

H Fast Fourier Transform

The Discrete Fourier Transform (DFT) of an input signal f(n) with N samples is defined as

F (k) =
N−1∑
n=0

f(n)e−j2πkn/N (17)

Yet executing the DFT directly would take O(N2). Thus Cooley & Tukey (1965) developed the Fast Fourier
Transform, short FFT. Which builds upon a divide and concur strategy and reduces the runtime down to
O(NlogN).

They used the inherent symmetry which results from the period nature of the transformed signal. To give
an intuition for this inherent symmetry lets explore what happens if we shift by N :

F (k + N) =
N−1∑
n=0

f(n)e−j2π(k+N)n/N ,

=
N−1∑
n=0

f(n)e−j2πne−j2πkn/N ,

=
N−1∑
n=0

f(n)e−j2πkn/N ,

(18)

as ej2πn = 1 for any integer n. Thus one can see that

F (k + N) = F (k) (19)

and also

F (k + iN) = F (k) (20)

for any integer i holds.
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Given this symmetry, Cooley & Tukey (1965) developed an algorithm which divides the DFT into smaller
parts such that the DFT can be solved via divide and concur. Following we rearrange the DFT into two
parts:

F (k) =
N−1∑
n=0

f(n)e−j2πkn/N

=
N/2−1∑
m=0

f(2m)e−j2πk2m/N

+
N/2−1∑
m=0

f(2m + 1)e−j2πk(2m+1)/N

=
N/2−1∑
m=0

f(2m)e−j2πkm/(N/2)

+ e−j2πk/N

N/2−1∑
m=0

f(2m + 1)e−j2πkm/(N/2)

(21)

Each part represents the even-numbered and odd-numbered values respectively. However, the runtime is
still the same as each term consist of O(N/2)N computations so in total still O(N2).

Luckily, this division into two parts can be continued in each part again. Hence, the range of k is 0 ≤ k ≤ N
while m is now in the range of 0 ≤ m ≤ M where M = N/2. Thus, solving the problem only takes half of the
computations as before, O(N2) becomes O(M2) where M is half the size of N . As long as M is even-valued,
we can apply divide the problem in even smaller parts, applying the divide and concur strategy which in an
recursive implementation takes only O(NlogN).

I Code Base

Implementation code for our NIFF CNNs is provided at: https://anonymous.4open.science/r/
NIFF1528anonymous and will be made publicly available upon acceptance.
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Figure A2: Effective kernel size evaluation on ImageNet-100. We plot the average ratio of the entire kernel
mass contained within the limited spatial kernel size, where the x-axis denotes the width and height of
the squared kernels. For ResNet and ConvNeXt-tiny each layer encodes one resolution. Thus, the layers
could be summarised (Layer 1 encoding 56 × 56, Layer 2 56 × 56, Layer 3 28 × 28 and Layer 4 14 × 14).
For DenseNet-121 each layer can be summarised similarly, yet the after the first layer the feature maps are
already downsampled resulting in the following: Layer 1 encoding 56 × 56, Layer 2 28 × 28, Layer 3 14 × 14
and Layer 4 7 × 7. However, for MobileNet-v2 the resolution is downsampled within a layer.

9



Under review as submission to TMLR

0.86
La

ye
r 1

 
56

x5
6

v0

0.04

v1

0.03

v2

0.03

v3

0.03

v4

0.01

v5

<0.01

v6

0.78

La
ye

r 2
 

56
x5

6

0.07 0.06 0.04 0.03 <0.01 <0.01

0.79

La
ye

r 3
 

28
x2

8

0.06 0.05 0.04 0.02 0.02 <0.01

0.41

La
ye

r 4
 

14
x1

4

0.35 0.17 0.04 0.01 0.01 <0.01 1.00

0.75

0.50

0.25

0.00

0.25

0.50

0.75

1.00

Figure A3: PCA basis and explained variance for each basis vector (below) of all spatial filters for each
layer of a ConvNeXt-tiny trained on ImageNet-1k zoomed to 9 × 9. On the left, the maximal filter size for
the corresponding layer is given. ConvNeXt convolutions are standardly equipped with larger kernel sizes
than usual (7 × 7). However, our analysis reveals that the network barely uses large filters if it gets the
opportunity to learn large filters. The learned filters in the first and third layer mostly use small (3 × 3),
well-localized filters.
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Figure A4: PCA basis and explained variance for each basis vector (below) of all spatial filters for each layer
of a DenseNet-121 trained on ImageNet-1k zoomed to 9 × 9. On the left, the maximal filter size for the
corresponding layer is given. We can see that most filters only use a well-localized, small kernel size although
they could use a much bigger kernel.
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Figure A5: PCA basis and explained variance for each basis vector (below) of all spatial filters for each
layer of a MobileNet-v2 trained on ImageNet-1k zoomed to 9 × 9. On the left, the maximal filter size for
the corresponding stage is given. For MobileNet-v2 the feature maps are downsampled within a layer, thus
the stages are combine by feature maps size rather than the layers. We can see that most filters only use a
well-localized, small kernel size although they could use a much bigger kernel.
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Figure A6: PCA basis and explained variance for each basis vector (below) of all spatial filters for each layer
of a ResNet-50 trained on ImageNet-1k original size (not zoomed). On the left, the maximal filter size for
the corresponding layer is given. We can see that most filters only use a well-localized, small kernel size
although they could use a much bigger kernel.
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Figure A7: PCA basis and explained variance for each basis vector (below) of all spatial filters for each
layer of a ResNet-50 trained on ImageNet-100 zoomed to 9 × 9. On the left, the maximal filter size for the
corresponding layer is given. We can see that most filters only use a really small kernel size although they
could use a much bigger kernel.

0.88

La
ye

r 1
 

56
x5

6

v0

0.03

v1

0.03

v2

0.03

v3

0.02

v4

<0.01

v5

<0.01

v6

0.89

La
ye

r 2
 

56
x5

6

0.04 0.02 0.02 0.02 <0.01 <0.01

0.82

La
ye

r 3
 

28
x2

8

0.11 0.03 0.02 0.02 <0.01 <0.01

0.70

La
ye

r 4
 

14
x1

4

0.24 0.03 0.01 0.01 <0.01 <0.01 1.00

0.75

0.50

0.25

0.00

0.25

0.50

0.75

1.00

Figure A8: PCA basis and explained variance for each basis vector (below) of all spatial filters for each layer
of a ConvNeXt-tiny trained on ImageNet-100 zoomed to 9 × 9. On the left, the maximal filter size for the
corresponding layer is given. We can see that most filters only use a really small kernel size although they
could use a much bigger kernel.
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Figure A9: PCA basis and explained variance for each basis vector (below) of all spatial filters for each layer
of a DenseNet-121 trained on ImageNet-100 zoomed to 9 × 9. On the left, the maximal filter size for the
corresponding layer is given. We can see that most filters only use a well-localized, small kernel size although
they could use a much bigger kernel.
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Figure A10: PCA basis and explained variance for each basis vector (below) of all spatial filters for each
layer of a MobileNet-v2 trained on ImageNet-100 zoomed to 9 × 9. On the left, the maximal filter size for
the corresponding stage is given. For MobileNet-v2 the feature maps are downsampled within a layer, thus
the stages are combine by feature maps size rather than the layers. We can see that most filters only use a
well-localized, small kernel size although they could use a much bigger kernel.
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Figure A11: PCA basis and explained variance for each basis vector (below) of all spatial filters for each
resolution for the NIFF convolutions of a MobileNet-V2 trained on CIFAR-10 as well as the learned filters for
the third layer of a standard MobileNet-V2 trained on CIFAR-10 (bottom row). On the right, the maximal
filter size for the corresponding layer is given. We can see that most filters only use a well-localized, small
kernel size although they could use much bigger kernels.
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Figure A12: PCA basis and explained variance for each basis vector (below) of all element-wise multiplication
weights for the real and imaginary part in the frequency domain for each layer of a ResNet-50 trained on
ImageNet-1k. On the left, the maximal filter size for the corresponding layer is given. Right the weights for
the real values are given, and on the left are the imaginary values.

0.92La
ye

r 1
 

56
x5

6 
Re

al

v0

0.04

v1

0.03

v2

0.01

v3

0.92

Im
ag

v0

0.04

v1

0.03

v2

0.01

v3

0.84La
ye

r 2
 

56
x5

6 
Re

al

0.07 0.05 0.02 0.84

Im
ag

0.07 0.05 0.02

0.85La
ye

r 3
 

28
x2

8 
Re

al

0.07 0.04 0.02 0.85

Im
ag

0.07 0.04 0.02

0.55La
ye

r 4
 

14
x1

4 
Re

al

0.32 0.07 0.03 0.55

Im
ag

0.32 0.07 0.03

0.1

0.0

0.1

0.2

Figure A13: PCA basis and explained variance for each basis vector (below) of all element-wise multiplication
weights for the real and imaginary part in the frequency domain for each layer of a ConvNeXt-tiny trained
on ImageNet-1k. On the left, the maximal filter size for the corresponding layer is given. Right the weights
for the real values are given, and on the left are the imaginary values.
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Figure A14: PCA basis and explained variance for each basis vector (below) of all element-wise multiplication
weights for the real and imaginary part in the frequency domain for each layer of a MobileNet-v2 trained on
ImageNet-1k. On the left, the maximal filter size for the corresponding layer is given. Right the weights for
the real values are given, and on the left are the imaginary values.
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Figure A15: PCA basis and explained variance for each basis vector (below) of all element-wise multiplication
weights for the real and imaginary part in the frequency domain for each layer of a DenseNet-121 trained
on ImageNet-1k. On the left, the maximal filter size for the corresponding layer is given. Right the weights
for the real values are given, and on the left are the imaginary values.
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Figure A16: Actual kernels in the spatial domain of a ConvNeXt-tiny including our NIFF trained on
ImageNet-1k. We plot for each kernel the zoomed-in (9 × 9) version below for better visibility. Overall,
most kernels exhibit well-localized, small spatial kernels.
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Figure A17: Actual kernels in the spatial domain of a ResNet-50 including our NIFF trained on ImageNet-
1k. We plot for each kernel the zoomed-in (9 × 9) version below for better visibility. Overall, most kernels
exhibit well-localized, small spatial kernels.
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