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ARTICLE INFO ABSTRACT

Keywords: The well-known Density Peak Clustering algorithm (DPC) proposed a heuristic center detection
Density-based clustering idea, i.e., to find density peaks as cluster centers. Nevertheless, such a center detection idea cannot
Density peak

work well on multi-peak clusters of complex shapes. Besides, DPC needs the distances between
data, making it prohibitively time-consuming. To overcome these problems, a Main Density Peak
Clustering algorithm (MDPC + )—clustering by fast detection of main density peaks within a peak
digraph—is proposed, where a main density peak is the highest density peak in a cluster. MDPG+
can easily detect the real centers of multi-peak clusters based on its new center assumption. In
MDPG#, the clustering problem is viewed as a graph cut problem and a specific graph structure is
designed for non-peak and density peak allocation, respectively, so it can reasonably reconstruct
clusters of complex shapes. Meanwhile, a satellite peak attenuation technique is embedded into
MDPG+ to give it a high resistance to the interference of satellite peaks (i.e., non-center density
peaks). Besides, MDPG+ only needs kNN distances of data as its input, so it is suitable for
large datasets. Experimental results on both synthetic and real-world datasets demonstrate the
superiority of MDPG+ in center detection, complex shape reconstruction, and running speed.

Cluster center detection
Arbitrary shape clustering

1. Introduction

Clustering that aims to group similar objects is critical for the extraction of potential and valuable knowledge from data, which
has been applied to pattern recognition [1,2], image processing [3-5], machine learning [6], computer vision [7], etc.

Different clustering methods have been developed based on specific assumptions of a “cluster” [8,6]. For the popular K-centers
methods [9], [10], a cluster is a group of points with minimum distances to a single center. Different center initializations are
used to rerun the K-centers to find a relatively good clustering result, because it requires presetting the number of centers and is
usually sensitive to its center initialization. To remedy this, the Affinity Propagation algorithm [11] devised an “affinity propagation”
strategy to adaptively find high-quality exemplars as centers. Although K-centers and AP are efficient in partitioning hyper-spherical
clusters, they are not applicable to arbitrary-shaped clusters.

Density-based clustering methods can work well for arbitrary shape reconstruction. DBSCAN [12], following its assumption that
a cluster is a set of maximum density-connected points, can detect arbitrary-shaped clusters with sufficient density. Its parameters
(e and MinPts) need to be well-tuned to obtain a reasonable density-connectivity criterion, which is usually a tedious process. Late
works, e.g., [13], [14], managed to do automatic parameter tuning. Still, they may merge highly overlapping clusters [15].

" The source code of this paper is available at https://github.com/Guanjunyi/MDPCplus.
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In 2014, Science published the clustering by fast search and find of density peaks—-Density Peak Clustering (DPC) [16]. Its center
assumption—cluster centers are density peaks that are surrounded by low-density neighbors and are far away from points of
higher densities—enables it to easily divide highly overlapping clusters by finding appropriate density peaks as centers. But DPC
cannot well capture multi-peak clusters of complex shapes [17,18], for its center assumption provides no criterion to distinguish the
correct density peaks (that can represent the true cluster centers), misleading the center selection and resulting in a poor clustering
result. Although improved works were proposed [17-23], but still following DPC’s center assumption. Also, DPC is prohibitively
time-consuming [18], and its allocation strategy may rudely associate points without considering density connectivity, leading to
wrong allocations [17].

To achieve successful clustering without encountering the above-mentioned issues, a Main Density Peak Clustering algorithm
(MDPC +) is proposed, which follows a new center assumption: a cluster center is a main density peak (hereinafter, a main peak)
that should have a relatively higher density than surrounding points and have a path with a relatively large density deviation cost
towards higher density peaks. So, MDPG+ can achieve the easy detection of real cluster centers of multi-peak clusters, and fast
reconstruct complex shapes. The main contributions of MDPG+ are as follows:

1. A cluster center is herein regarded as a main peak, which helps to precisely distinguish the correct cluster centers (main
peaks) from non-center density peaks (satellite peaks). Besides, a satellite peak attenuation technique is designed to resist the
interference of satellite peaks, easing the detection of main peaks in the decision graph;

2. The clustering problem is regarded as a graph clustering problem, and two graph structures with specific weight functions are
designed to allocate non-peaks and density peaks, respectively. Based on this, MDPC+ can well reconstruct complex shape
clusters;

3. MDPC+ only needs kNN distances of data as its input, so it is suitable for large datasets.

The rest paper is composed as follows: Section 2 introduces the related works. Section 3 mainly focuses on the proposed method.
Section 4 presents the experiments and discussion. Section 5 gives the final conclusion.

2. Related works
2.1. The DPC algorithm

Given a dataset of n points X = {x,x,,...,x, | x; € R"},X € R™", for each point x;, DPC first estimates its local density p;
as in Eq. (1), and then calculates its distance §; from the nearest higher density point as in Eq. (2). Where d;; is the Euclidean

distance between point x; and x;, and “cutoff distance” d, is a user-specified parameter. For the highest density point x;, DPC gives
6; = ma;j_ (d,»j).

X;i#
1 A<O
pi= Y, x(d;—do), z(A)={0 A>0 €y
x/EX
5i - x/]?;}'r;lh (dlj) (2)

According to DPC’s cluster center assumption, by observing the decision graph, density peaks with the top largest y (y = p - §) are
manually selected as centers and given unique labels. Subsequently, the remaining points directly inherit the labels of their nearest
higher density points. Once each point obtains a label, clustering is done.

From the perspective of graph clustering, let G(X, E) be complete digraph of dataset X according to density boosting, where
E= {&;lp;>pix;x; €X}.

w@)=d; - p.&; €E 3)

DPC gives a weight to each directed edge ¢;; as in Eq. (3) and cuts G(X, E) into n, clusters CI = {Cl 1.Cly, ...,Clnﬂ} with minimum

weight, where a cluster C/; is connected subgraph GC,,,(CI,-,EC,I,) of G, i.e., Cl; C X and EC,’, c E. That is, to solve the following
problem:

e

min Z Z w(E,) ston.<n 4

i=1z )
ew€Ecy;

To solve Problem (4) needs to first reserve the minimum weight edge (6 path) projected from each point: to get the minimum
spanning tree with the highest density point as the root node; and then, to cut off n, — 1 edges of the top largest weight values: to
search for density peaks with the top largest y values as centers.

2.2. DPC’s limitations and improvements

The simplicity and efficiency of DPC in capturing non-spherical shapes make it a promising and concerning clustering algorithm
[24]. Nevertheless, as mentioned in [25], density peaks with the top largest y values are not necessarily centers. DPC may select
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Fig. 1. The performance of DPC on different one-dimensional datasets with multi-peak clusters, where “*” marks a main peak, blue “l” marks a satellite peak, and
red “v” marks a boundary location between two single-peak clusters. Error results are framed in red dashed.

inappropriate density peaks as cluster centers. Besides, DPC may connect non-center density peaks to irrelevant points beyond their
local areas, for giving no distance constraint to edge ¢ € E, resulting in the misallocation of points [17].

To better demonstrate DPC’s limitation on the dataset of multi-peak clusters, twelve one-dimensional simple datasets of multi-peak
clusters (i.e., datasets of two clusters with three density peaks) are presented in Fig. 1. The permutations of these datasets are
P(3,3) =6. Being divided into two categories according to the distance between the two density peaks of the multi-peak cluster, the
twelve datasets are obtained with each dataset being given a Gaussian density estimation function. As shown, the two density peaks
of the multi-peak cluster in the left-side six datasets (A1, B1,..., F1) are relatively close, while in the right-side datasets (A2, B2,...,
F2) are far apart.

Note that DPC actually cuts all twelve datasets into two clusters at a local minimum point (i.e., a boundary point, marked with
a red “v”) on their density estimation functions, which is only workable for the left-side six datasets, as shown in Fig. 1. For the
right-side datasets, the cutting boundary points are mischoosen due to the long distance between two density peaks in the multi-peak
cluster. So, the non-center density peaks (blue “ll”) get large § values, resulting in the wrong cluster center selections in A2, B2,
D2, and E2. For the same reason, the non-center density peaks are connected to wrong areas in datasets C2 and F2. As verified, DPC
is not robust in detecting cluster centers from density peaks or assigning the remaining density peaks. Also, DPC’s assumption pays
more attention to the width of the valley between density peaks rather than the depth, which violates the principle of density-based
methods that clusters are separated by low-density gaps [26,12].

Although improvement methods were proposed, they all follow DPC’s core center assumption without discussing the effective
detection of the correct cluster centers among multiple density peaks. For example, Du et al. [19] applied kNN-based density to
help discover density peaks within the sparse cluster. [20] designed a fuzzy kNN-based allocation strategy to ensure that each
non-center point is assigned within the neighborhood; Liu, et al. [23] designed a shared-nearest-neighbor-based allocation strategy
that associates points according to shared nearest neighbor information; Abbas, et al. [21] designed a robust allocation strategy that
fully takes mutual nearest neighbor information into account; Du, et al. [22] and Pizzagalli, et al. [17] used geodesic distance instead
of Euclidean distance for the allocation of non-center points.

MDPC+ inherits the main idea of DPC to search for cluster centers, but, based on our new assumption, it narrows down the
search range of cluster centers by only searching for main peaks. Our method can effectively distinguish true cluster centers from
density peaks, and accurately assign non-center density peaks.

3. The proposed MDPC + algorithm

In this section, a detailed introduction to MDPC + is given.
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Fig. 2. The Venn diagram of cluster centers, density peaks, and data points.

3.1. The assumption of MDPC +

In density-based clustering methods, clusters are normally defined as high-density areas separated by low-density gaps [12], and
the highest density point within a cluster is regarded as the cluster center [27]. Nevertheless, the density peak attribute (i.e., local
density maxima) is a necessary but insufficient condition for cluster centers. Because a cluster usually has multiple density peaks,
i.e., CC P C X, where C is a set of cluster centers, P is a set of density peaks, and X is a set of data points. Only and if only all
clusters are single-peak clusters, then C = P C X.

Fig. 2 demonstrates the Venn diagram of cluster centers, density peaks, and data points in a dataset. As shown, non-peaks (i.e.,
P =X\ P) shall never be cluster centers, thus the cluster center selection region can be narrowed down to density peaks. To detect
density peaks, a clear definition of a density peak is needed. According to the local density maxima characteristic of a density peak,
the k-nearest neighbors N, (x;) of a point x; is defined as its local area, as in Definition 1. A kNN-based density estimation method
[20] (as in Eq. (5)) is herein applied to reduce computational complexity.

pi= Z eidl’/ (5)
x,»eNk(xi)

To effectively distinguish cluster centers from density peaks, the highest density peaks in clusters are defined as main peaks (i.e.,
main peaks are cluster centers) and the remaining density peaks as satellite peaks, as in Definition 2.

Definition 1. Point x; is a density peak, denoted as p, if it has highest density within its k nearest neighbors N,(x;), i.e., p; >
max i)
xjeNk(x,)(p/)

Definition 2. A density peak p; € Cl,, is the main peak of cluster Cl,, if p, = max (pp,)s otherwise, p; is a satellite peak.
pj€Ci,

In a cluster, all satellite peaks can find a higher density peak within the cluster; while the main peak needs to walk through a
path with at least one low-density gap between clusters to find higher density peaks. The path will have a deep density drop that
should have a large density deviation cost. Inspired by this, a new assumption of a main peak is proposed to help distinguish main
peaks from satellite peaks, as in Assumption 1.

Assumption 1. Cluster centers are main peaks that have a relatively high density than surrounding neighbors and have a path with
a relatively large density deviation cost towards density peaks of higher densities.

To perform clustering, based on Assumption 1, adjacent points of similar density are grouped into a cluster, ensuring that only
the main peak has a path with a relatively large density deviation cost towards a higher density peak, which constructs our clustering
idea. In what follows, the corresponding graph clustering problem is proposed.

3.2. The graph clustering problem of MDPC +

MDPC+ aims to assign each point to a denser area in proximity, like Mean-Shift [27]. By classifying dataset X into density
peaks P = { pl,pz,...,p,,p} and non-peaks P, X = P U P, we note that non-peaks can always find the best adjacent higher density

point of similar density within local areas, while density peaks cannot. In other words, non-peaks can be assigned within local areas,
while density peaks cannot. So, to assign non-peaks, a kN N digraph of dataset X is only required, denoted as Gy y(X, Ex), where
Ex={¢ ilo; > pinx; € Ni(x;), x;,x; €X }. To assign density peaks, a complete digraph of density peaks should be constructed, called

peak digraph, and denoted as G (P, f*), where E* = {E“p[pj |ppj > ppsDisDj € P}.

Based on our clustering idea, specific edge-weight functions are introduced to quantitatively describe the relationship between
data points. So, the clustering problem of MDPC+ can be executed as two graph-cut problems.
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First, MDPC+ cuts G, y (X, E) into n, sub-clusters C/I° = {Cli‘ .CL,...Cl } with minimum weight, where a sub-cluster CI; is
P

connected subgraph G;s(CI?, Ec,._v) of Gyyy, i-e., CI{ C X and E"C,x c E. That is, to solve Problem (6), where wp(+) is a edge-weight
function. ' ' '

p

rg}pz Z wp(€,) s.t.on,=|P| (6)
=leekes

Then, MDPC+ detects n, density peaks to build peak digraph GP(P,E*), and cuts GP(P,E*) into n, clusters CI* =
{Cll*,Clz,...,Cl: } with minimum weight, where a cluster CI} is connected subgraph GC,‘*(CI[*,E"E) of Gp, i.e,, CIf C P and

E(’gl‘ c E*. That is, to solve Problem (7), where wp(-) is an edge-weight function, and n, is the number of selected main peaks.

e

: "

IE}PZ Z wp(e pﬂpb) s.t.n.<n, @
i=1 &

< pary k¢ 1
3.3. The clustering of MDPC +

In what follows, a detailed illustration of MDPC+’s two steps: 1) the local allocation of non-peaks in a kNN digraph; 2) the global
clustering of density peaks in a peak digraph, will be given.

3.3.1. The allocation of non-peaks in a kNN digraph

Based on G,y v (X, Ex), a weight function wp(-) is designed to make sure that each non-peak is associated with a reasonable
adjacent higher density point of similar density, as in Eq. (8). Where ¢,(¢;;) and ¢,(¢;;) are the relative influence of distance and
density deviation from x; to x;, as in Eq. (9) and (10), and ;; is the density deviation value between x; and x;, as in Eq. (11).

wp@)) = ba(@)) + ¢,@;).¢; € Ex €]
d;; — min (d;)
) = “uelk ¢, €k C)
A max (a’,.,)— min (di,), Y K
éicEg &€Ek

Hij — AmiP (ki)
e €Eg -

€ By (10)

1

EH = ,€;
o) max (p;,) — min (s;,)" "
¢, €Ek e, €Ek

lpi = pjl -
=———— ¢, €L 1n

max(ﬂisﬂj) Y K

Hij
To best allocate non-peaks (i.e., to solve Problem (6)), we need to reserve the minimum weight edges projected from all non-peaks

in P, that is to say, to get n, minimum spanning trees with unique density peaks in P as root nodes in graph G,y (X, Ex).
As a result, a strong association forest F(X, Ey) of n, trees (sub-clusters) is obtained, where all points are connected with adjacent

points with similar density through edges in E Fe

3.3.2. The grouping of density peaks in a peak digraph

In forest F(X, Ey), each non-peak x; € P has only one association path, denoted as 0:p<x‘), to its density peak p(x;) (root node),

thus, by adding bridge-edges Ej that cross trees (i.e., sub-clusters) to F(X, E r), as in Definition 3, F(X, E r) is transferred into an
association graph G,4(X,E,),E, = Er U Eg (Ey is the undirected version of E), where associated density peaks are connected
through paths.

Definition 3. A bridge-edge ¢;; € Ep connects points x; and its mutual neighbors x; of another sub-cluster, and the bridge-edge set
Ep is defined in Eq. (12), where k;, = min(2|In(n)], k) (symbol |-| is a floor function), and Label(x) returns the label of point x. Note
that, k, is set to k;, < k to better detect the proximal mutual neighbors between intersecting sub-clusters.

Ep ={ey1% € Ny, (x)) A x; € Ny, (x)), Label(x) #Label(xj)} 12

According to Assumption 1, the calculation of the density deviation cost between density peaks is needed to find main peaks as
centers. Since each non-peak has a path to its density peak, the density deviation cost between them can be calculated during its
allocation. Therefore, an adjacent graph matrix Ap € R"»*"» about the minimum density deviation cost between density peaks of
intersecting sub-clusters can be fast obtained as in Eq. (13). Function I'(x;,x;, 4) outputs the minimum density deviation cost along
the path between points x; and x; in association graph G,(X, E,), as in Eq. (14), where Oy x; is a set of paths (denoted as 6) from x;
to x; in association graph G,(X, E,), and A €[1,5] is the attenuation coefficient (discussed in Section 3.4).
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Ap(ij)= min D(Xg. P A) + T(xppj 1) + il 13
p(iJ) xaeclf,xbelclj,eaheEB( (oo Pio )+ TG )2 D)+ 1) (13)
: A
min (C] (%]
L(x;,x;,A) =1 0€0,,, <eabzé9 /ﬂm) x, 14
+00 ®Xixj =0

Eq. (13) tells that only when density peaks p; and p; are in intersected sub-clusters, A,(i, j) ='(p;, p;, 4), otherwise, A (i, j) = +co.

Notably, the shortset path between point x; and its density peak p(x;) in G4(X, E,) is actually their association path Gj,p(x.) in
forest F(X, E ). Therefore, during the building of forest F(X, E ), the value of I'(x;, p(x;), ) can be simultaneously calculated, as in
Eq. (15). This greatly reduces computational complexity, making MDPC + run fast.

Fep). D= Y wly e

e,,E0*
ab S0 pixp)

According to Ap, the minimum density deviation cost between each pair of density peaks in P can be fast calculated by applying
the Dijkstra algorithm [28]. Based on Assumption 1, the weight function wp(-) of a edge ¢* pipy I peak digraph Gp(P, E*) is defined
as in Eq. (16).

wp(€ )= Py, - T(pi.pjs A) (16)

For each density peak p; € P, the minimum weight 6, towards a higher density peak is recorded, as in Eq. (17). Density peaks
that have no path to higher density peaks in association graph G,(X, E,), i.e., 6§ = +oo are usually defined as main peaks, given

§=12x% gna;& (6,.)- Where constant “1.2” is used to highlight the main peaks in the decision graph. In addition, as discussed in
piibp Ftoo Tt

Section 3.1, non-peaks shall never be cluster centers, thus set §; =0 for each non-peak i € P.

To solve the grouping problem of density peaks (Problem (7)), n, main peaks should be selected with the top largest y values as
centers with unique cluster labels; and then, each remaining satellite peak p; € P inherits the label of the higher density peak along
its §, path.

pi

8, = min I'(p;p;,A) a7
L PPy <Py;
Once each density peak owns a cluster label, all non-peaks of its sub-cluster are given the same cluster label. After each point gets
a cluster label, clustering is done.

3.3.3. The learning of confidence

In a sub-cluster, a density peak (sub-cluster center) with local density maxima should have top confidence, while a non-peak with
a large density deviation cost should have low confidence. In MDPC +, each point has a short path towards a density peak, thus, for
each point x;, its confidence can be learned as in Eq. (18).

1
T p(x;), 2)
According to Eq. (18), since a density peak p,’s most associated density peak p(p;) is itself, T'(p;, p(p;), 1) = 0, therefore, &y =Foo.
Noise (outliers) that are usually along the borders of clusters tends to have relatively low confidence. Thus, good confidence
learning can realize high-efficiency denoising (i.e., cutting out low-confidence data as noise), thereby, greatly improving the
clustering precision. It is of great significance in real-world applications (see experiment Section 4.3.1 and 4.3.2).

& (18)

3.4. The effect of attenuation-coefficient A

As shown in Eq. (14), ['(p;, p;, 4) indicates the total density deviation cost of edges along the shortest path between p; and p;.
According to Eq. (11), density deviation u € (0,1). Therefore, 4 € [1,5] can be used to attenuate the influence (i.e., the density
deviation u) of edges: when A > 1, the larger the influence u of an edge, the smaller it will be attenuated, and vice versa. It effectively
retains the strong-influence (i.e., high density deviation) edge while attenuating the weak-influence edge. In MDPC +, A =2 is set as
the default, and A can be adjusted to change the attenuation strength.

For a main peak, it has to cross at least a low-density gap to find a higher density peak, and such a cross-cluster path usually
has strong-influence edges; while, for a satellite peak, it can find a higher density peak within its cluster along a path that consists
of similar density points, such an inter-cluster path usually has weak-influence edges. Therefore, the attenuation-coefficient 4 is to
amplify the difference between main peaks and satellite peaks, thereby highlighting main peaks in the decision graph. In this way,
the accurate selection of cluster centers can be achieved (discussed in Section 4.4.1).

3.5. The overadll clustering process of MDPC +

In this section, our clustering idea is visualized on one-dimensional datasets, and our real clustering algorithm is demonstrated
on a two-dimensional synthetic dataset.
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Fig. 3. The core clustering idea of MDPC+ on two different one-dimensional datasets of multi-peak clusters. F(x)-space is the transform space of x-space based on
density deviation rate.

3.5.1. The one-dimensional display of our clustering idea

Fig. 3 illustrates the main clustering idea of MDPC +. Based on the density distribution function, MDPG+ theoretically changes
the lengths of segments on the x-axis according to their density deviation rates. It elongates segments with a large density deviation
rate and squeezes segments with a low density deviation rate. As a result, the distance between a satellite peak and its main peak
is greatly squeezed, while the deep valley (i.e., the low-density gap) with a large density drop is elongated. It not only reduces the
interference of satellite peaks on the cluster center selection but also ensures a reasonable allocation of satellite peaks.

As in Fig. 3, unlike DPC’s assumption that focuses on wide valleys between density peaks, our assumption pays more attention to
the depth of the valleys following the principle that clusters are separated by low-density gaps. Under our new assumption, MDPC +
can accurately find main peaks and reasonably allocate the remaining data points even when dealing with datasets of multi-peak
clusters.

Fig. 4 shows the performance of MDPC + in processing the twelve datasets of multi-peak clusters (as in Fig. 1). Obviously, MDPG+
is superior to DPC, since it can easily identify main peaks as centers to achieve perfect clustering in all situations.

3.5.2. The clustering process on a two-dimensional dataset

Fig. 5 presents the process of MDPC+ on a two-dimensional synthetic dataset with a spherical multi-peak cluster and a crescent
multi-peak cluster.

According to Eq. (8), by inputting a kNN matrix of the dataset with k = 20, the dataset is constructed into an association graph
of 21 sub-clusters (sub-trees) with 21 density peaks as centers (root nodes); and then, after searching for minimum weight paths
between adjacent peaks, MDPC + obtains an adjacent graph of density peaks. On the basis of the adjacent graph, the peak digraph
is fast built by applying the Dijkstra algorithm [28]; subsequently, MDPG+ cuts the peak digraph into a minimum spanning tree by
searching 6 paths in the peak digraph. With the p-§ decision graph, the two real cluster centers (density peak 13 and 21) with main
peak characteristics are successfully selected as cluster centers; followed, MDPGt cuts the edge projected from density peak 13 to
cut the graph into two clusters with minimum weight, and assigns the cluster labels to sub-clusters; finally, after the dataset being
perfectly separated into two clusters, the clustering is done.

Although the Geodetic distance along path “13-21” is shorter than path “13-4”, its density deviation cost is much higher. Because
path “13-21” crosses a low-density gap between clusters, it has a relatively higher density deviation cost; while path “13-4” passes
within one cluster of similar density, so it has a low density deviation cost. As a result, only main peak 13 with the highest density
of the crescent cluster has to cross the low-density gap between clusters to find a higher density peak, so it has a relatively larger &
value.

These examples demonstrate the effectiveness of MDPC+ in identifying cluster centers from density peaks and assigning
non-center density peaks.

3.6. Complexity analysis

Algorithm 1 shows the pseudocode of the proposed MDPC+ algorithm.

Line 1~4: the kNN-based density estimation p of data points, needs O(nlog(n)).

Line 5~19: the identification of density peaks P and the generation of sub-clusters CI*, needs O(nk).

Line 20~27: the acquisition of adjacent graph matrix Ap, needs O(nk,).

Line 28~37: the fast calculation of 6§ by using the Dijkstra algorithm, overall needs O(n, log(n,) + ”eAp ), where "L'A,, indicates the
total number of adjacent edges in the adjacency matrix Ap.

Line 38~49: the generation of clusters C/, needs O(n).

So, the overall time complexity of MDPC+ is O(nlog(n) + nk + nk;, + n,log(n,) + ”eA,, + n) = O(nlog(n) + nk), since k, <k, n, <n,

andn, <n.
Ap
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Fig. 4. The performance of MDPC+ on different types of one-dimensional datasets of multi-peak clusters. F(x)-space is the transform space of x-space based on
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weight values.
4. Experiment

4.1. Experimental set up

Datasets: nine popular synthetic datasets of different shapes and eight real-world datasets are selected to benchmark the proposed
algorithm. The detailed summarization of these datasets is displayed in Table 1.
Algorithms and settings: K-means [9], a popular K-centers clustering technique; AP [11] a classic partition clustering technique;
the Self-tuning Spectral Clustering algorithm (SSC) [41], a widely used Spectral Clustering technique; DBSCAN [12], the classic
density-based clustering technique; DPC [16] and three state-of-the-art DPC variations: SSSP-DPC [17], SNN-DPC [23], and PGDPC

[18]; the proposed MDPC +.

For K-means and SSC, we report the mean results of 10 runs on each dataset; while for all DPC-based algorithms, we manually
select appropriate density peaks as cluster centers via their own decision graphs.

Parameter requirements: K-means (N,), AP (dampfact), SSC (N,/k), DBSCAN (e/MinPts), DPC(p), SSSP-DPC (p), SNN-DPC
(k), PGDPC (k), and MDPC (k), where parameter N, is the pre-set number of clusters, and p is the cutoff percentile for setting d.
[16]. These required parameters are shown as PAR in the subsequent experimental results tables (Table 2, Table 3).
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Algorithm 1 The MDPC+ algorithm.

Input: dataset X = {x,x,,...,x, | x;, € R}, and the number of neighbors &, and attenuation-coefficient 1
Output: cluster result C/ = {Cl,,Cl,,....CI, }.

1: fast obtain KNN matrix of data with number k of nearest neighbors
2: for each point x; € X do
3 = ijeNk(,meid” // Eq. (5)
4: end for
5: for each point x; € X do
6:  I'(x;,p(x;),4) =0 // initialize the density deviation cost.
7: end for
8: order the dataset X as X’ in descending order of density p
9: for each point x; € X’ do
10:  if p, > x]glNak)((X‘)(ﬂi) then
11: x; is a density peak p, P = P Ux,// Definition 1
12: Label(x;) « a unique sub-cluster label
13:  else
14: find the higher density neighbor x; € N (x;) with minimum weight w;(€;;), according to Eq. (8)
15: Label(x;) « Label(x;)
16: LG, p(x;), A) =T(x;, p(x;), ) + /4,’; // here p(x;) = p(x;).
17:  end if
18: end for

19: points with same sub-cluster label form n, clusters CI° = {Cli,Cl;, . Cl }
20: for each pair of density peaks p;,p; € P do

21:  if p;,p; are in intersecting sub-clusters then
22: Ap(i,))=Ap(j,)=T(p;.p;, A // Eq. (13)
23:  else

24: Ap(inj) = Ap(j,i) = +o0

25:  endif

26: end for

27: obtain adjacent graph matrix A, of density peaks

28: order the density peak set P as P’ in descending order of density p

29: for each density peak p; € P (from high-p to low-p) do

30:  apply the Dijkstra algorithm to find density peak p,’s nearest higher density peak p; in adjacent graph 4,
31:  if p; # @ then

32: 8, =T(p;.p;. M)

33:  else

34: 5, =+o0

35:  endif

36: end for

37: find all density peaks with § = +o0, and set them § = 1.2 x ) :zna#):w(épv)

38: select the number n, of cluster centers C with large y in decision graph
39: for each p, € P do
40:  if p, € C then

41: density peak p, is a center

42: Label(p;) < an unique cluster label

43:  else

44: Label(p;) < Label(p;) // p; is the higher density peak with minimum density deviation cost path 6, from p;
45:  endif

46: end for

47: all points inherit the cluster label from their density peak.
48: points with same cluster label form n, clusters CI ={Cl,,Cl,, -« Cl, §.
49: return cluster result C! = {Cl,,Cl,,...,Cl, }.

Data preprocessing: the min-max normalization [33] is applied to preprocess datasets to avoid the influence of different
dimensional metrics.

Machine configuration: Matlab (r2017b) on Mac-Book Pro with 2.9 GHz Intel Core i5, 8G RAM.

Evaluation metric: the popular Adjusted Rand Index (ARI) [42], Adjusted Mutual Information (AMI) [42], and the
Fowlkes-Mallows index (FMI) [43] are used to evaluate the clustering performance of comparison algorithms.

4.2. Experiments on synthetic datasets

A quantitative evaluation of MDPC + is presented on eight common synthetic datasets, consisting of heterogeneous clusters that
lie in proximity and are difficult to be detected. Fig. 6 presents the comparison results.

The DPC, SSSP-DPC, SNN-DPC, and MDPC + were compared in terms of cluster center detection and non-center data allocation.
As shown, the proposed MDPG+ almost perfectly identified the real cluster centers and divided the remaining non-center points.
SNN-DPC did satisfying jobs on most datasets except for the Impossible dataset, but some small flaws existed in its border recognitions
of the Agg, Compound, and Pathbased datasets; DPC and SSSP-DPC well recognized the Agg and S3 datasets, but they failed on the
Jain, Compound, Pathbased, and Impossible datasets due to the inaccurate identification of cluster centers and the wrong allocation of
non-center points. By contrast, PGDPC is only more robust on the Jain dataset. DBSCAN successfully reconstructed all shapes, but
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Table 1
Datasets.
Dataset Instances Attributes Clusters Source
Agg 788 2 7 [29]
Compound 399 2 6 [30]
Jain 373 2 2 [31]
Pathbased 300 2 3 [32]
S3 5000 2 15 [33]
Impossible 3673 2 7 [26]
R15 600 2 15 [34]
D31 3100 2 31 [34]
Birchrgl 100000 2 100 [35]
Iris 150 4 3 [36]
Wine 178 13 3 [36]
Breastcancer 569 30 2 [36]
Parkin 195 22 2 [36]
YTF 10000 10 41 [37]
USPS 11000 10 10 [38]
OlivettiFaces 400 92x 112 40 [39]
MNIST 10000 500 10 [40]

Fig. 6. The clustering results of different algorithms on synthetic datasets, where gray “*” marks the detected cluster centers, and black “x” marks identified noise.
The datasets from top to bottom are: Agg, Compound, Jain, Pathbased, S3, and Impossible.

failed to identify the cluster number of the Pathbased, Jain, and Impossible datasets, and misrecognized lots of non-noise points as
noise in the Pathbased and S3 datasets.

As shown, only MDPC+ accurately recognized the seven complex-shaped clusters of the Impossible dataset [26], verifying the
superiority of our cluster assumption.

Table 2 presents the AMI, ARI, and FMI scores with highlighted best results. As shown, MDPC+ shows itself with high scores
on almost all datasets; while K-means and SSC seemed inferior in the identification of arbitrarily shaped clusters. As verified, the
proposed MDPGH algorithm has an excellent performance in identifying cluster centers and shape reconstruction.
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Table 2
The comparison of AMI, ARI, and FMI on synthetic datasets. PAR represents the parameter setting.

Dataset Metric K-means AP SSC DBSCAN DPC SSSP-DPC SNN-DPC PGDPC MDPC+
Agg AMI 0.80 (+0.01) 0.61 0.94 (+0.01) 0.96 0.99 0.97 0.93 0.99 0.99
ARI 0.72 (£0.03) 0.40 0.95 (+0.01) 0.98 0.99 0.97 0.94 0.99 0.99
FMI 0.78 (+0.02) 0.54 0.96 (+0.01) 0.98 0.99 0.98 0.95 0.99 0.99
PAR 7 0.5 7/20 0.004/7 2 2 18 25 10
Compound AMI 0.66(+0.06) 0.50 0.71 (+0.01) 0.86 0.76 0.84 0.81 0.82 0.84
ARI 0.58 (+0.14) 0.33 0.49 (x0.00) 0.90 0.59 0.83 0.81 0.62 0.85
FMI 0.68 (+0.11) 0.48 0.61 (+0.00) 0.92 0.69 0.87 0.86 0.71 0.90
PAR 6 0.5 6/10 0.002/4 2 2 6 15 10
Jain AMI 0.49 (x0) 0.22 0.50 (+0) 0.86 0.54 0.35 1.00 1.00 1.00
ARI 0.57 (+0) 0.11 0.57 (+0) 0.97 0.62 0.32 1.00 1.00 1.00
FMI 0.80 (+0) 0.37 0.81 (+0) 0.99 0.84 0.70 1.00 1.00 1.00
PAR 2 0.5 2/10 0.006/1 2 2 13 10 20
Pathbased AMI 0.51 (+0) 0.36 0.57 (+0) 0.75 0.50 0.71 0.82 0.44 0.98
ARI 0.46 (+0) 0.22 0.53 (+0) 0.77 0.45 0.61 0.86 0.41 0.99
FMI 0.66 (+0) 0.42 0.59 (+0) 0.85 0.66 0.75 0.91 0.65 0.99
PAR 3 0.5 3/10 0.004/10 2 2 10 15 7
S3 AMI 0.85 (+0.02) 0.47 0.89 (+0) 0.66 0.94 0.88 0.87 0.96 0.96
ARI 0.77 (+0.05) 0.32 0.85 (+0) 0.30 0.92 0.83 0.82 0.95 0.95
FMI 0.78 (+0.04) 0.44 0.82 (+0) 0.39 0.93 0.84 0.83 0.95 0.96
PAR 15 0.5 15/15 0.001/50 2 2 36 50 100
Impossible AMI 0.63 (+0.01) 0.18 0.82 (+0.02) 0.90 0.66 0.81 0.67 0.78 0.95
ARI 0.52 (+0.07) 0.05 0.76 (+0.03) 0.93 0.62 0.71 0.53 0.68 0.97
FMI 0.59 (+0.06) 0.16 0.79 (0.03) 0.94 0.72 0.76 0.63 0.74 0.98
PAR 7 0.5 7/30 0.0005/4 3 2 30 15 10
R15 AMI 0.94 (+0.05) 0.99 0.99 (+0) 0.94 0.99 0.99 0.99 0.99 0.99
ARI 0.88 (+0.11) 0.99 0.99 (+0) 0.95 0.99 0.99 0.99 0.99 0.99
FMI 0.89 (+0.10) 0.99 0.99 (+0) 0.95 0.99 0.99 0.99 0.99 0.99
PAR 15 0.5 15/10 0.001/10 2 2 20 20 40
D31 AMI 0.92 (+0.02) 0.77 0.97 (+0) 0.86 0.95 0.96 0.96 0.96 0.95
ARI 0.83 (+0.04) 0.80 0.95 (+0) 0.71 0.93 0.94 0.94 0.94 0.93
FMI 0.84 (+0.04) 0.81 0.95 (+0) 0.72 0.94 0.94 0.94 0.94 0.93
PAR 31 0.5 31/30 0.001/30 2 2 30 30 30

4.3. Experiments on real-world datasets

Real-world data clustering is difficult due to its high-dimensional and large size characteristics, but it has vital importance in real
applications.

To further evaluate the performance of MDPC +, experiments were conducted on eight common real-world datasets: Iris, Wine,
Breastcancer, Parkin, YTF, USPS, OlivettiFaces, and MNIST, where the OlivettiFaces data is processed by [23], and the three large
datasets: YTF, MNIST and USPS, are processed by [15]. Table 1 lists the details of these datasets, and Table 3 reports the experimental
results, where the best results are highlighted.

As shown, the overall performance of MDPC + is outstanding, verifying that MDPGt+ shall be an alternative method for real-world
data clustering.

4.3.1. Face recognition on the OlivettiFaces dataset

OlivettiFaces [39] is a well-known face database consisting of 400 face images of 40 persons, and each person has 10 images with
different angles. Since the number of clusters (i.e., 40 persons) is considerable to the total number of data points (i.e., 400 faces), it
is quite difficult to accurately obtain the 40 real cluster centers [16]. Because some non-center points may seriously interfere with
the center selection, thus MDPC+ excludes the interference of non-peaks. Fig. 10 shows the decision graphs of DPC and MDPG+ on
OlivettiFaces, and obviously, it is much easier to detect cluster centers in the decision graph of MDPG+.

Fig. 7 shows the clustering results of DPC and MDPC+ with selected 44 density peaks of the top largest y as cluster centers,
where the extra 4 centers (10%) are used to increase the recall of cluster centers. Faces with the same color are in the same cluster.
Cluster centers are circled in white, while the gray faces (i.e., noise) do not belong to any cluster. As shown, DPC cuts off 25% of
faces as noise by applying its specific denoising method [16], thus, for a fair comparison, MDPG+ also cuts off 25% of faces with
bottom confidence & values as noise.

According to the strong confidence of cluster centers [15], for each person, recognized faces without a cluster center are regarded
as misclassified, framed in white. It can be observed that in 75% of the recognized faces, DPC misclassified 82 faces while MDPC +
only misclassified 22 faces, which demonstrates MDPG+ has better clustering performance than DPC. In addition, MDPG+ recalled

514



J. Guan, S. Li, X. He et al. Information Sciences 628 (2023) 504-521

Table 3
The comparison of AMI, ARI, and FMI on real-world datasets. PAR represents the parameter setting.

Dataset Metric K-means AP SSC DBSCAN DPC SSSP-DPC SNN-DPC PGDPC MDPC +
Iris AMI 0.72 (x0.01) 0.42 0.83 (+0.02) 0.58 0.86 0.88 0.91 0.88 0.88
ARI 0.71 (+0.01) 0.34 0.84 (+0.03) 0.57 0.88 0.90 0.92 0.90 0.90
FMI 0.81 (+0.01) 0.51 0.89 (+0.02) 0.77 0.92 0.93 0.95 0.93 0.93
PAR 3 0.5 3/19 0.12/9 0.2 2 15 20 22
Wine AMI 0.62 (+0.23) 0.36 0.89 (+0) 0.53 0.70 0.75 0.87 0.74 0.80
ARI 0.62 (+0.26) 0.27 0.91 (+0) 0.45 0.67 0.74 0.90 0.73 0.82
FMI 0.78 (0.14) 0.46 0.94 (+0) 0.68 0.78 0.83 0.93 0.82 0.88
PAR 3 0.5 3/30 0.44/6 2 2 18 18 26
Breastcancer AMI 0.61 (+0) 0.15 0.67 (+0.00) 0.26 0.41 0.34 0.75 0.63 0.68
ARI 0.73 (0) 0.09 0.79 (+0.00) 0.29 0.47 0.38 0.85 0.74 0.79
FMI 0.88 (0) 0.25 0.90 (+0.00) 0.64 0.79 0.76 0.93 0.88 0.90
PAR 2 0.5 2/30 0.1/6 0.1 1 12 8 12
Parkin AMI 0.21 (+0.00) 0.09 0.19 (0) 0.18 0.18 0.18 0.15 0.18 0.30
ARI 0.04 (+0.00) 0.03 0.15 (0) 0.28 0.27 0.27 0.29 0.27 0.46
FMI 0.59 (+0.00) 0.25 0.63 (+0) 0.81 0.81 0.81 0.80 0.81 0.84
PAR 2 0.5 2/10 0.05/4 2 2 5 12 12
YTF AMI 0.74 (+0.01) 0.53 0.75 (+0.01) 0.81 0.80 0.80 0.76 0.80 0.83
ARI 0.54 (+0.02) 0.24 0.50 (+0.02) 0.71 0.59 0.58 0.52 0.60 0.77
FMI 0.56 (+0.02) 0.38 0.53 (0.01) 0.73 0.60 0.60 0.54 0.61 0.79
PAR 41 0.5 41/50 0.04/10 1 2 80 80 15
USPS AMI 0.58 (+0.03) 0.34 0.72 (+0.00) 0.38 0.52 0.74 0.61 0.75 0.76
ARI 0.46 (+0.05) 0.05 0.60 (+0.00) 0.20 0.30 0.60 0.45 0.64 0.66
FMI 0.52 (+0.05) 0.16 0.64 (+0.00) 0.36 0.45 0.67 0.51 0.67 0.70
PAR 10 0.5 10/50 0.05/30 0.05 0.5 105 20 16
OlivettiFaces AMI 0.71 (x0.04) 0.69 0.78 (0.04) 0.73 0.76 0.81 0.81 0.81 0.82
ARI 0.56 (+0.06) 0.62 0.66 (0.01) 0.56 0.60 0.68 0.68 0.69 0.68
FMI 0.52 (+0.05) 0.64 0.67 (+0.01) 0.57 0.62 0.69 0.69 0.70 0.69
PAR 40 0.5 40/10 0.5/2 0.85 0.3 6 5 5
MNIST AMI 0.79 (x0.05) 0.35 0.89 (+0.00) 0.56 0.71 0.61 0.77 0.82 0.92
ARI 0.72 (£0.07) 0.05 0.82 (+0.00) 0.24 0.61 0.31 0.66 0.73 0.93
FMI 0.76 (+0.06) 0.16 0.84 (+0.00) 0.39 0.67 0.51 0.70 0.77 0.93
PAR 10 0.5 10/30 4/6 0.1 2 80 20 120

cluster centers for 37 persons, while DPC only recalled 31 persons, demonstrating that MDPG+ has higher center recall than DPC in
center detection.

4.3.2. Handwritten digit recognition on the MNIST dataset

MNIST [40] is a widely used handwritten digit image database. Herein, a strong feature representation MNIST test set of 10,000
samples of 500 features from [15] is used. As shown in Table 3, MDPC+ did a pleasing job on the MNIST dataset by obtaining the
highest scores: AMI=0.92, ARI=0.93, FMI=0.93.

To demonstrate the performance of our confidence learning (see Section 3.3.3), digits with bottom confidence (£) (under different
noise-cutting rates) and digits with the top confidence (15) were selected in the clustering results of MDPC+ on MNIST, as presented
in Fig. 8. Note that the 15 digits with the top confidence are accurate (AMI=1.00, ARI=1.00), particularly neat, and identifiable. By
contrast, digits with bottom confidence under zero noise-cutting rate are much more difficult to identify, and the corresponding
clustering result (AMI=0.68, ARI=0.61) is less satisfying. But if we cut off 25% data points of low confidence as noise, the
recognizability of the 15 digits with bottom confidence is greatly improved, as presented in the middle figure.

This verifies the effectiveness of the confidence learning of MDPC+. In real applications, it can actively cut out a part of data
with the lowest confidence as noise to obtain a high-precision clustering result. Additionally, it’s worth mentioning that non-negative
matrix factorization-based clustering [44] and sub-space clustering [45-47] are outstanding techniques for face images clustering and
handwritten digits clustering [48], due to their effective dimension-reduction techniques of data representation. So, it is enlightening
about applying dimension reduction technology to further explore MDPGH’s practicability.

4.4. Robustness of center detection
The identification of cluster centers in the decision graph is a crucial step for MDPC +. Unlike DPC, MDPG+ aims to find main

peaks as cluster centers and is supported by a new satellite peak attenuation technique (see Section 3.4), by which MDPG+ is more
robust in center detection.
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Fig. 7. The clustering results on OlivettiFaces by DPC and MDPC +.
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Fig. 8. The bottom 15 confidence digit images (with noise cutting rate: 0% and 25%) and the top 15 confidence digit images.

Fig. 9. The decision graphs with different 1 of MDPC+ on the Jain dataset.

4.4.1. Anti-satellite peak performance

To illustrate the anti-satellite peak performance of MDPC +, Fig. 9 presents 5 decision graphs of different attenuation-coefficient
4 of MDPG+ in dealing with the Jain dataset. As shown, without collecting density deviation information (i.e., set A =0), the
interference of satellite peaks seriously affected the center selection. But once the density deviation information was taken into
account (i.e., set A =1), the interference of satellite peaks was greatly reduced, standing out the two main peaks (i.e., real cluster
centers, labeled by red color). As the value of 4 increases, the gap between satellite peaks and the main peaks widens. For example,
when A =3, satellite peaks almost disappeared in the decision graph, while the main peak still fell firmly in the upper right corner,
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Fig. 10. The decision graphs of DPC and MDPC+ on different datasets. Cluster centers are marked in red. The green box marks the correct cluster center selection,
while the blue indicates the wrong selection.

Table 4

The comparison of F1 scores of different DPC-based algorithms on tested datasets.

Algorithm DPC SSSP-DPC SNN-DPC PGDPC MDPC+
Metric F1 F1 F1 F1 F1
Agg 1.00 1.00 1.00 1.00 1.00
Compound 0.73 0.83 0.73 0.83 0.91
Jain 0.50 0.50 1.00 1.00 1.00
Pathbased 1.00 1.00 0.67 0.67 1.00
S3 1.00 1.00 1.00 1.00 1.00
Impossible 0.62 0.59 0.67 0.80 0.94
R15 1.00 1.00 0.97 1.00 1.00
D31 0.93 1.00 1.00 1.00 1.00
Iris 1.00 1.00 1.00 1.00 1.00
Wine 1.00 1.00 1.00 1.00 1.00
Breastcancer 0.50 0.50 1.00 1.00 1.00
Parkin 0.50 0.50 0.50 0.50 0.50
YTF 0.51 0.63 0.68 0.47 0.64
USPS 0.40 0.50 0.50 0.64 0.70
OlivettiFaces 0.74 0.83 0.78 0.81 0.86
MNIST 0.70 0.50 0.70 0.90 1.00

verifying that the satellite peak attenuation function embedded in MDPG+ can eliminate the satellite peak interference concisely and

effectively.

4.4.2. The superiority of decision graph

Based on the new center assumption and anti-satellite peak function, MDPC +’s decision graph can better highlight cluster centers
than DPC, indicating that MDPG+ is more robust in cluster center detection. Fig. 10 presents the decision graphs of MDPG+ and DPC
on testing datasets. As shown, the decision graphs of MDPG+ are more concise than DPC’s, especially for the OlivettiFaces and MNIST
datasets. MDPG+ obtains much higher precision (PRE) and recall (REC) than DPC.

To further verify the superiority of MDPC+, Fl-score [50] (as in Eq. (19)) was applied to conduct quantitative experiments on
different decision graphs. The corresponding results are displayed in Table 4, in which MDPGH+ has the highest F1 scores on all
datasets except the YTF dataset.

_ 2xXTP

T 2xTP+FP+FN
To further compare the center detection robustness of MDPC+’s decision graph, we designed the y.-F1 plot, that is, a plot of F1

score as a function of center threshold y, € [yc’”i”, yMe*], where [yg"‘", yMe¥] is the valid interval of center threshold y,, and points with

y >, are selected as centers. As known, an ideal decision graph should have a y,-F1 plot that owns a relatively large F1 score on a

F1 (19)
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Fig. 11. The y,-F1 plots of different DPC-based algorithms on several datasets.

Dataset (Instances) K-means AP SSC DBSCAN DPC SSSP-DPC SNN-DPC PGDPC MDPC +
Agg (788) 0.0085 1.4849 0.5033 0.0558 0.1292 0.3483 0.6848 0.0218 0.0361
Compound (399) 0.0073 0.4476 0.2037 0.0042 0.0393 0.1013 0.2036 0.0034 0.0170
Jain (373) 0.0212 0.2815 0.242 0.0224 0.0534 0.1126 0.2545 0.0091 0.0142
Pathbased (300) 0.0032 0.1792 0.1422 0.0039 0.0399 0.1181 0.1663 0.0063 0.0091
S3 (5000) 0.0581 234.1025 5.1464 0.7526 2.5115 12.9207 26.7429 0.0395 0.1732
Impossible (3673) 0.0315 99.5429 3.7503 0.2413 1.4488 6.8049 12.1977 0.0356 0.1270
R15 (600) 0.0357 1.6074 0.4121 0.0106 0.0497 0.3829 0.5237 0.0147 0.0173
D31 (3100) 0.7494 69.0944 3.3671 0.4509 1.2265 5.8842 10.2211 0.0681 0.1051
Iris (150) 0.0105 0.0479 0.1141 0.0062 0.0077 0.0260 0.2598 0.0414 0.0105
Wine (178) 0.0127 0.0619 0.1121 0.0185 0.0056 0.0471 0.0999 0.0054 0.0080
Breastcancer (569) 0.0141 0.6029 0.4440 0.0131 0.0461 0.1736 0.5643 0.0232 0.0369
Parkin (195) 0.0282 0.0724 0.1170 0.0012 0.0190 0.0590 0.0436 0.0071 0.0095
YTF (10000) 0.2371 1437.9252 26.632 1.4860 11.6643 85.9085 121.6136 0.7101 0.6590
USPS (11000) 0.0992 9048.9395 30.5068 1.9598 15.8159 92.3958 171.5179 0.6996 1.1347
OlivettiFaces (400) 0.0408 0.2887 0.2042 0.0055 0.0840 0.1493 0.1883 0.0132 0.0312
MNIST (10000) 1.2577 565.0760 47.7253 3.1544 27.8584 77.1532 144.1165 0.6075 1.0979
Total time 2.6152 11459.7549 119.6226 8.1864 60.9993 282.5855 489.3985 2.3060 3.4867
Table 6
The time complexity of algorithms. T indicates iteration times.

K-means [9] O(nN_.T) AP [11] O(n*T) SSC [41] on?)

DBSCAN [12] O(nlog(n)) DPC [16] on?) SSSP-DPC [17] o(n?)

SNN-DPC [23] O(k + N.)n? PGDPC [18] O(nlog(n) + kn) MDPC+ (ours) O(nlog(n) + kn)

relatively large continuous y,-interval. Fig. 11 presents the normalized y.-F1 plots of different decision graphs on several datasets. As
shown, the performance of MDPC+ (orange line) is the most robust.

The above experiments verified the higher robustness of MDPC + in cluster center detection compared with traditional DPC and
the state-of-the-art DPC variant algorithms.

4.5. Running speed

As analyzed in Section 3.6, MDPC + can run fast by applying some fast kNN search techniques [49].

Table 5 demonstrates the runtime of algorithms on different datasets, and Table 6 lists the time complexity. As shown, MDPC + is
much faster than other density-based algorithms except for PGDPC, and it can run a dataset of 10,000 data points in about one second.
PGDPC with O(nlog(n) + kn) is a little faster than MDPC+. Because PGDPC is also based on kNN-graph and its allocation strategy
with O(kn) is fast than MDPGt+’s O(kn), k < k, where k (an average concept) indicates that each non-peak point can find its k-th
nearest neighbor as the nearest higher density point. However, PGDPC’s clustering accuracy is inferior to that of MDPG+. SNN-DPC
and SSSP-DPC, as excellent improved methods of DPC, are more time-consuming than DPC. While K-means with O(nN_,T) owns the
fastest speed. Because the cluster numbers (N,) of all tested datasets are small, which allows K-means to achieve convergence in a
small number of iterations, i.e., a small T value.

To further verify the fast speed of MDPC+, experiments were launched as in Table 7, in which the runtime of K-means and
MDPG+ on the Birchrgl [35] dataset of 100,000 points with setting different cluster numbers are presented. As shown, K-means is
slower when N, turns larger, while MDPG+ has a stable speed no matter how N, changes. Note that, when dealing with the Birchrgl
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Table 7
The comparison of runtime of K-means and MDPC + with setting different number of clusters on the Birchrgl dataset (unit: second).
Algorithm Metric N, =500 N, =100 N, =300 N, =200 N, =100
K-means runtime 30.5909 (+ 3.7202) 27.0610 (+ 2.8171) 25.5954 (+ 2.5675) 16.2591 (+ 0.9817) 7.5152 (+ 1.7920)
iterations (T) 124 (+ 16) 131 (£ 32) 124 (£ 34) (107 + 44) (72 £ 29)
MDPC + runtime 4.7278 (£ 0.1719) 4.7479 (+ 0.2092) 4.65695 (+ 0.1291) 4.67915 (+ 0.1788) 4.77135 (+ 0.1639)
(k =40) iterations (7") 1 1 1 1 1
k-AMI k-ARI k-FM1
10 ; 1.0| ; 1.0F l
= 4
08 ; \ 0.8 % \ 08 ; \
' | i AN ' Y
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Fig. 12. The k-AMI, k-ARI, and k-FMI plots of MDPC+ on different datasets with different parameter k.

dataset with a large number of clusters (such as setting N, = 500), K-means is more time-consuming than MDPG+. So, MDPGt+ is
more promising for large-scale clustering.

4.6. Parameter k

In MDPC+, the parameter k, k = \/Z, is used for graph construction, density estimation, density peak detection, and weight
evaluation, so the performance of the MDPGt+ algorithm is highly dependent on k.

Fig. 12 shows the k-AMI, k-ARI, and k-FMI plot on 10 different datasets with k € [\/Z — 10, 4/n + 10]. As shown, the overall
performance of MDPC+ is robust to changes in k, especially for large datasets. Meanwhile, MDPG+ works well at k = \/ﬁ

This verifies the parameter insensitivity and the effectiveness of the parameter setting of the MDPC + algorithm.

5. Conclusion

In this work, a Main Density Peak Clustering algorithm (MDPC+) is proposed following a new center assumption that views
main peaks as cluster centers. Meanwhile, through the exclusion of non-peaks and the attenuation of satellite peaks, the detection of
cluster centers is more accurate and easy. Our allocation strategy based on digraph structures can accurately assign non-peaks and
satellite peaks. In addition, MDPG+ only requires kNN distances of data points as input, so it can run fast and is suitable for large
data clustering. The center detection robustness, the clustering accuracy, and the running speed of MDPG+ are well verified in the
conducted comparative experiments on synthetic datasets and real-world datasets, as well as its application to the face recognition
of OlivettiFaces and the handwritten digital recognition of MNIST.

To be noted, the clustering performance of MDPC + is based on the quality of the allocation of non-peaks, and the latter is highly
relied on the design of edge-weight function wj(-) (see Eq. (8)). In terms of wj(-) design, there is still room for improvement (as
a part of our future work). Benefiting from the clear decision graph, MDPGt’s center detection is outstanding, but it still relies on
manual operation. However, in many real applications, automatic cluster detection is needed. Therefore, in future work, we intend
to improve MDPG+ to realize the automatic detection of cluster centers. Besides, to further expand the applications of MDPG+ on
high-dimensional data, we will seek some effective dimension-reduction techniques of data representation from non-negative matrix
factorization-based clustering [44] and sub-space clustering [46].
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