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Abstract

We consider primal-dual algorithms for general empirical risk minimization problems in
distributed settings, focusing on two prominent classes of algorithms. The first class is
the communication-efficient distributed dual coordinate ascent (CoCoA), derived from the
coordinate ascent method for solving the dual problem. The second class is the alternating
direction method of multipliers (ADMM), including consensus ADMM, proximal ADMM,
and linearized ADMM. We demonstrate that both classes of algorithms can be transformed
into a unified update form that involves only primal and dual variables. This discovery
reveals key connections between the two classes of algorithms: CoCoA can be interpreted
as a special case of proximal ADMM for solving the dual problem, while consensus ADMM
is equivalent to a proximal ADMM algorithm. This discovery provides insight into how we
can easily enable the ADMM variants to outperform the CoCoA variants by adjusting the
augmented Lagrangian parameter. We further explore linearized versions of ADMM and
analyze the effects of tuning parameters on these ADMM variants in the distributed setting.
Extensive simulation studies and real-world data analysis support our theoretical findings.

1 Introduction

In this paper, we consider algorithms for solving a distributed learning problem, where K machines collabora-
tively solve a general empirical risk minimization (ERM) problem using n data samples {xi}n

i=1 ⊂ Rd, which
are partitioned across the machines. The standard formulations of the general distributed ERM problems
are given by:

min
w∈Rd

P(w) := 1
n

K∑
k=1

∑
i∈Pk

ℓi(w⊤xi) + g(w), (P)

where {Pk}K
k=1 denotes a partition of the dataset across the K machines with |Pk| = nk and

∑K
k=1 nk = n.

The parameter w ∈ Rd is the primal variable of interest. Each ℓi(·) is a convex loss function associated with
the i-th data sample, potentially involving the label information. The regularization term g(·) is convex and
possibly non-smooth. The dual form of problem (P) is

max
v∈Rn

D(v) := − 1
n

K∑
k=1

∑
i∈Pk

ℓ∗
i (vi) − g∗

(
− 1

n
Xv

)
, (D)

where the parameter v ∈ Rn is the dual variable, and functions ℓ∗
i and g∗ in dual formulation are Fenchel

conjugates of f and g respectively. The class of problems represented by equation P) and equation D forms
a foundational framework in statistical machine learning (Vapnik, 1991). Common choices for loss function
ℓi(·) include the squared loss, least absolute deviation, quantile loss (Koenker & Bassett Jr, 1978), Huber
loss (Huber, 1992), and hinge loss for SVMs (Vapnik, 1995), while popular regularizers g(·) include the ℓ1
norm (Tibshirani, 1996), ℓ2 norm, and elastic net (Zou & Hastie, 2005).

Over the past decades, efficient distributed algorithms have been designed to solve problems (P) and (D).
One popular class of the algorithms to solve the problem (D) is communication-efficient distributed dual
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coordinate ascent (CoCoA) framework and its variants (Yang, 2013; Ma et al., 2015; Smith et al., 2018;
Jaggi et al., 2014; Dünner et al., 2018; Lee & Chang, 2020). This approach originates from adapting the dual
coordinate descent method (Shalev-Shwartz & Zhang, 2013) for distributed scenarios. It creates an upper
bound of the dual objective which enables parallel update of the corresponding dual variables on individual
machines, under the assumption that the penalty function of g is strongly convex.

Figure 1: Connections among distributed algorithms:
under ℓ2-regularized ERM, CoCoA is equivalent to
first Proximal ADMM with ρ = λ−1, and (Linearized)
Consensus ADMM is equivalent to (Linearized) first
Proximal ADMM when βK = ρ−1.

Another class of methods that solve (P) includes
the Alternating Direction Method of Multipliers
(ADMM) (Boyd et al., 2011) and its variants. For
example, consensus ADMM method has been recog-
nized as an effective way to solve distributed learn-
ing problems, which tailors the classical two-block
ADMM method for distributed scenarios through
duplicating many local variables. Recently, signif-
icant research has focused on developing ADMM
variants to address the federated learning problems.
An extension is generalized (or proximal) ADMM al-
gorithms, for example Deng & Yin (2016), to achieve
faster convergence rate for the ADMM algorithm.
The reviews (Yang et al., 2022; Han, 2022; Glowin-
ski, 2014; Maneesha & Swarup, 2021) provide com-
prehensive discussions on the recent advancements
of using ADMM variants in distributed optimization.

In this study, we present an interesting discovery that CoCoA, consensus ADMM, and two distributed
proximal ADMM algorithms (Deng & Yin, 2016; Deng et al., 2017) can all be cast into the same kind of
update rules that only involve the global update of primal variables and local updates of dual variables. Up
to our knowledge, this is an original discovery, and the unified update rules result in (1) an easy calculation of
the dual gap, (2) a novel understandings on the connections among CoCoA and ADMM-type algorithms in
the existing literature, (3) a unified proof for the convergence of ADMM-type algorithms. A major outcome
is that the update rule of CoCoA is identical to a special proximal ADMM algorithm with a specific selection
of step size, whereas this proximal ADMM algorithm is equivalent to the consensus ADMM algorithm.

Our main contributions can be summarized as follows:

1. We reformulate consensus ADMM, linearized consensus ADMM, two proximal ADMM algorithms,
and CoCoA for solving the distributed ERM problems (P) and (D) into a unified update form that
involves only the primal variable w and the dual variable v. In this unified form, the primal variable
w is updated centrally at the server, while the dual variable v is updated in a distributed manner
across local machines, where each machine k maintains and updates its local dual block v[k].

2. Based on this unified formulation, we establish explicit connections among the three distributed
algorithms (see Figure 1). Specifically, we show that for ℓ2-regularized empirical risk minimization
(ERM), the dual variable updates in the CoCoA framework are equivalent to those in the first prox-
imal ADMM algorithm, which is in turn equivalent to the consensus ADMM method. Furthermore,
the linearized version of consensus ADMM aligns with the second proximal ADMM formulation,
which enables the use of closed-form proximal operators for the loss function.

3. We thoroughly study the effects of the tuning parameters in both the proximal ADMM and consensus
ADMM and use extensive real data experiments to verify our results.

The remainder of the paper is organized as follows. Section 2 reviews preliminaries on distributed primal-
dual optimization. Section 3 introduces the five algorithms and cast them into a unified form of primal-dual
update. In Section 4, we use the unified update form to evaluate the connections between algorithms.
Section 5 further provides a unified proof of the convergence for all algorithms, leveraging the update form.
Section 6 reports numerical experiments that validate our theoretical findings. Finally, Section 7 concludes
the paper. All technical proofs are provided in the appendix.
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2 Preliminaries

Notations. Let X = [x1, . . . , xn] ∈ Rd×n denote the full training data matrix, where each column xi ∈ Rd

is a feature vector. The corresponding dual variable is represented by a vector v = [v1, . . . , vn]⊤ ∈ Rn. In
a distributed setting with K machines, we denote by v[k] ∈ Rnk and X[k] ∈ Rd×nk the local dual variable
block and local data matrix stored on the k-th machine, respectively. The global data and dual variable can
be expressed as block concatenations:

X = [X[1], . . . , X[K]], v =
[
v⊤

[1], . . . , v⊤
[K]

]⊤
.

We define the local Fenchel conjugate loss as ℓ∗
[k](v[k]) :=

∑
i∈Pk

ℓ∗
i (vi), where Pk is the index set of samples on

machine k. For a symmetric positive semidefinite matrix S, the weighted norm is denoted by ∥x∥S :=
√

x⊤Sx,
and λmax(M) represents the largest eigenvalue of matrix M .

Proximal Operator and Moreau Identity. For a convex function f : Rm → R and a scalar λ > 0, the
proximal operator is defined as:

proxλf (v) := arg min
x∈Rm

(
f(x) + 1

2λ
∥x − v∥2

)
.

An important identity that we use throughout the paper is the Moreau decomposition:

proxλf (v) + λ proxf∗/λ(v/λ) = v,

where f∗ is the Fenchel conjugate of f . This identity implies that if the proximal operator of f∗ is compu-
tationally tractable, then the proximal operator of f can be efficiently computed as well.

Saddle-Point Reformulation. The general ERM problem can be equivalently expressed as a saddle-point
problem:

min
w∈Rd

max
v∈Rn

{
L(w; v) := − 1

n

n∑
i=1

ℓ∗
i (vi) + 1

n
⟨w, Xv⟩ + g(w)

}
. (SP)

Note that D(v) := minw L(w; v) and P(w) := maxv L(w; v), we have the standard primal-dual property:

D(v) ≤ L(w; v) ≤ P(w), and D(v∗) = L(w∗; v∗) = P(w∗).

This relation ensures that the saddle-point value characterizes both the optimal primal and dual solutions.
We use the primal–dual certificate to monitor convergence:

Gap = P(w(t)) − D(v(t)),

which measures the optimality gap between the primal and dual iterates w(t) and v(t) at round t. A smaller
gap indicates that the iterates are closer to saddle-point optimality.

3 Distributed Algorithms via Primal and Dual Updates

In this section, we demonstrate that a variety of distributed algorithms—including the CoCoA algorithm
with ridge regularization (Jaggi et al., 2014; Ma et al., 2015; 2021; Smith et al., 2018), the global consensus
ADMM algorithm (Boyd et al., 2011) and its linearized variant (Lin et al., 2011), as well as two proximal
ADMM methods (Deng & Yin, 2016)—can all be cast into a unified update framework involving only the
primal and dual variables. As we will show in the following section, this unified formulation reveals important
structural connections among these different techniques.
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3.1 Global Consensus ADMM with Regularization

Consensus ADMM with regularization reformulates the original problem (P) into the equivalent form:

min
w∈Rd

1
n

K∑
k=1

∑
i∈Pk

ℓi(w⊤
k xi) + g(w) s.t. wk = w, ∀k ∈ [K],

and solves it in a distributed fashion using the standard ADMM scheme (see Section 7.1.1 of Boyd et al.
(2011)):

w
(t+1)
k = arg min

wk∈Rd

1
n

∑
i∈Pk

ℓi(w⊤
k xi) − ⟨u(t)

k , wk − w(t)⟩ + β

2 ∥wk − w(t)∥2, ∀k ∈ [K],

u
(t+1)
k = u

(t)
k − β(w(t+1)

k − w(t)), ∀k ∈ [K],

w(t+1) = arg min
w∈Rd

g(w) −
K∑

k=1
⟨u(t+1)

k , w
(t+1)
k − w⟩ +

K∑
k=1

β

2 ∥w
(t+1)
k − w∥2.

Here, β > 0 denotes the augmented Lagrangian parameter. This algorithm can be cast into an iterative
update rule Consensus-PD of the primal variable w and the dual variable v, summarized in Proposition 1.

Proposition 1 The consensus ADMM with regularization for solving the primal problem (P) is equivalent
to the following update rule:

w(t) = prox(βK)−1g

(
w(t−1) − 1

nβK
X
(

2v(t) − v(t−1)
))

, (1)

v
(t+1)
[k] = arg min

v[k]∈Rnk

1
n

∑
i∈Pk

ℓ∗
i (vi) + 1

2n2β

∥∥∥v[k] − v
(t)
[k]

∥∥∥2

X⊤
[k]X[k]

− 1
n

〈
X⊤

[k]w
(t), v[k]

〉
, k ∈ [K].

To simplify the updates in v-steps, the linearized ADMM approach (Lin et al., 2011) can be employed,
resulting in LinConsensus-PD update rule:

w(t) = prox(βK)−1g

(
w(t−1) − 1

nβK
X
(

2v(t) − v(t−1)
))

,

v
(t+1)
[k] = prox(nβ/τ)ℓ∗

[k]

(
v

(t)
[k] + nβ

τ
X⊤

[k]w
(t)
)

, k ∈ [K],
(2)

where τ is chosen such that τIk ⪰ X⊤
[k]X[k] for all k ∈ [K]. The selection τ = τ∗ :=

max
{

λmax

(
X⊤

[1]X[1]

)
, . . . , λmax

(
X⊤

[K]X[K]

)}
thereby achieves nearly optimal convergence speed.

3.2 Distributed Proximal ADMM

The work (Deng & Yin, 2016) introduces an additional proximal term into the standard ADMM algorithm
for solving minx,y f(x) + g(y) subject to Ax + By = b , which is referred to as generalized ADMM or
proximal ADMM. Applying Algorithm 2 of the work (Deng & Yin, 2016), the proximal ADMM solving the
dual problem (D) updates as follows:

v(t+1) = arg min
v∈Rn

1
n

K∑
k=1

∑
i∈Pk

ℓ∗
i (vi) − ⟨w(t),

1
n

Xv + u(t)⟩ + ρ

2

∥∥∥ 1
n

Xv + u(t)
∥∥∥2

+ 1
2∥v − v(t)∥2

Q,

u(t+1) = arg min
u∈Rd

g∗(u) − ⟨w(t),
1
n

Xv(t+1) + u⟩ + ρ

2

∥∥∥ 1
n

Xv(t+1) + u
∥∥∥2

,

w(t+1) = w(t) − ρ

(
1
n

Xv(t+1) + u(t+1)
)

,

where ρ > 0 is the tuning parameter and Q is a positive semi-definite matrix. To enable parallel updates of
v across K machines, the following proposition gives two positive semi-definite matrices Q choices.
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Proposition 2 After eliminating the auxiliary variable u, the proximal ADMM updates can be simplified by
choosing appropriate proximal matrices. In particular:
1. when Q1 = ρ

n2 (η1 diag(X⊤
[1]X[1], . . . , X⊤

[K]X[K]) − X⊤X), the proximal ADMM simplifies to

w(t) =proxρg

(
w(t−1) − ρ

n
Xv(t)

)
, (3)

v
(t+1)
[k] =arg min

v[k]∈Rnk

1
n

∑
i∈Pk

ℓ∗
i (vi) + ρη1

2n2

∥∥∥v[k] − v
(t)
[k]

∥∥∥2

X⊤
[k]X[k]

− 1
n

〈
X⊤

[k]

(
2w(t) − w(t−1)

)
, v[k]

〉
, k ∈ [K],

2. when Q2 = ρ
n2

(
η2I − X⊤X

)
, the proximal ADMM simplifies to:

w(t) = proxρg

(
w(t−1) − ρ

n
Xv(t)

)
,

v
(t+1)
[k] = prox(n/ρη2)ℓ∗

[k]

(
v

(t)
[k] + n

ρη2
X⊤

[k]

(
2w(t) − w(t−1)

))
, k ∈ [K].

(4)

The update rule of equation 3 and equation 4 are named Proximal-1-PD and Proximal-2-PD, respec-
tively. The distributed proximal ADMM algorithms of either Q are guaranteed to converge for any ρ > 0.
The following lemma provides a reliable choice for selecting the tuning parameters η1 and η2 that ensures
Q1 and Q2 to be positive semidefinite, satisfying the requirement of Deng & Yin (2016).

Lemma 1 For any data matrix X,

K diag
(

X⊤
[1]X[1], . . . , X⊤

[K]X[K]

)
⪰ X⊤X,

and thus when η1 = η∗
1 := K, η2 = η∗

2 := Kτ∗, Q1 and Q2 are positive semi-definite.

The minimal η2 to let Q2 ⪰ 0 is λmax
(
X⊤X

)
. However, this choice is practically infeasible in a distributed

learning setup, as it requires the aggregation of samples from all machines.

3.3 CoCoA with Ridge Penalty

Unlike the aforementioned methods, which are applicable to general regularized ERM problems, the CoCoA
framework was originally proposed to solve the dual of the ℓ2-regularized problem. Specifically, when the
regularization term is the ridge penalty g(w) = λ

2 ∥w∥2
2, CoCoA performs the following updates:

ṽ(t) = arg min
v∈Rn

1
n

K∑
k=1

∑
i∈Pk

ℓ∗
i (vi) + 1

n2λ

〈
X⊤Xv(t), v

〉
+ σ

2n2λ

K∑
k=1

∥∥∥v[k] − v
(t)
[k]

∥∥∥2

X⊤
[k]X[k]

,

v(t+1) = v(t) + γ
(

ṽ(t) − v(t)
)

, w(t+1) = − 1
nλ

K∑
k=1

X[k]v
(t+1)
[k] ,

where the w-step recovers the primal variable from the dual via the KKT conditions, and the v-step aims
to reduce the dual objective D(v). The parameters σ and γ control the approximation quality of the dual
subproblem and the update aggressiveness, respectively. It has been shown in Smith et al. (2018) that setting
γ = 1 and σ = K yields the fastest guaranteed convergence.

Under these parameter choices, CoCoA simplifies to the following updates involving iterative primal and
dual variables w and v, which we refer to as CoCoA-PD:

w(t) = − 1
nλ

K∑
k=1

X[k]v
(t)
[k] , (5)

v
(t+1)
[k] = arg min

v[k]∈Rnk

1
n

∑
i∈Pk

ℓ∗
i (vi) − 1

n

〈
X⊤

[k]w
(t), v[k]

〉
+ K

2n2λ

∥∥∥v[k] − v
(t)
[k]

∥∥∥2

X⊤
[k]X[k]

, k ∈ [K].
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3.4 Summary

The five algorithms—Consensus-PD, LinConsensus-PD, Proximal-1-PD, Proximal-2-PD, and CoCoA-PD
(Equations 1–5)—can all be cast into a unified primal-dual update framework. This unified view allows us
to analyze the structural connections among the algorithms and to develop a common convergence analysis,
as presented in Section 5.

In all algorithms, the update of the dual block v[k] involves applying the proximal operator proxℓ∗
[k]

(·) or
solving a regularized quadratic problem on a linear combination of the current primal variable w(t) and the
previous dual variable v

(t)
[k] . Similarly, the update of the primal variable w involves a linear combination of

the current iterate w(t), the current messages X[k]v
(t+1)
[k] received from individual machines, and the previous

messages X[k]v
(t)
[k] .

An immediate advantage of using the unified primal-dual update formulation, rather than the original
algorithm-specific forms, is that it enables efficient evaluation of the duality gap, which provides a bound
on the objective error. The duality gap can be computed by substituting the current iterates {v

(t)
[k]}

K
k=1 and

w(t) into the primal objective equation P and the dual objective equation D, respectively.

Effects of Tuning Parameters. We summarize the selection of tuning parameters in the five algorithms
mentioned above. With fixed optimal parameters σ = K and γ = 1 in the CoCoA algorithm (Smith
et al., 2018), CoCoA-PD does not have tuning parameters. The optimal selection of parameters η1, η2 in
Proximal-1-PD, Proximal-2-PD, and τ in LinConsensus-PD are given in this article and confirmed by the
experiments. The step sizes β of Consensus-PD and LinConsensus-PD, and the step size ρ of the Proximal-
1-PD and Proximal-2-PD significantly affect the convergence speed (Boyd et al., 2011) and should be tuned
in a case-specific manner, as validated in our experiments (See Section 6).

4 Connections Among Existing Algorithms

We now present the relationship between the algorithms from their update forms, which is described in
Figure 1.

CoCoA-PD and Proximal-1-PD. Through the updating formula, we identified an interesting connection
between CoCoA-PD and Proximal-1-PD when g(w) = λ

2 ∥w∥2: the following corollary shows when the tuning
parameters satisfies ρ = λ−1, η1 = σ, and when the CoCoA-PD selects the recommended parameter γ = 1,
Proximal-1-PD and the CoCoA-PD will have identical values of dual variable updates. The result is obtained
by noting that plugging the update of the primal variable w into the update formula of the dual variable v[k]
will result in the same update formula for v[k].

Corollary 1 (Equivalence of CoCoA-PD and Proximal-1-PD) For ℓ2-regularized ERM problems
with g(w) = λ∥w∥2

2, the update rules in equation 3 and equation 5 produce identical dual iterates v(t) when
ρ = λ−1 and the algorithms are initialized identically.

It is worth noting that the w-steps of CoCoA-PD and that of Proximal-1-PD with g = λ ∥w∥2
2 /2 are different.

The w-update for Proximal-1-PD can be represented by

w(t+1) = 1
2(w(t) + w̃(t+1)),

where {w̃(t)} is the w-updates of CoCoA-PD. It indicates that the w-update of Proximal-1-PD is an expo-
nentially weighted average of the w-updates of CoCoA-PD.

It is also interesting to see if the connection between CoCoA-PD and Prixmal-1-PD can be extended to other
CoCoA variants with general penalty g (Smith et al., 2018). To this question, we give a negative answer,
because the connection in Corollary 1 relies on the same quadratic structure of the ridge penalty in CoCoA
and the augmented Lagrangian in the Proximal ADMM algorithm.
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The important insight from the comparison between CoCoA-PD and Proximal-1-PD is that the CoCoA-PD
with the optimal selection of γ and σ has the same convergence rate as Proximal-1-PD, if a specific step size
ρ = λ−1 is selected. However, such selection may not necessarily be the optimal one that ensures fastest
convergence of Proximal-1-PD. By tuning ρ of Proximal-1-PD on a case-specific basis, Proximal-1-PD is able
to achieve a higher convergence rate than the CoCoA-PD, as validated in our experiments.

Consensus ADMM and Proximal ADMM. For Consensus-PD and Proximal-1-PD, observe that the
saddle-point formulation satisfies

min
w∈Rd

max
v∈Rn

L(w; v) = max
w∈Rd

min
v∈Rn

(−L(w; v)).

Hence, Proximal-1-PD can be interpreted as applying Consensus-PD to the equivalent saddle-point problem
with negated objective −L(w; v). This equivalence is formalized in the following corollary.

Corollary 2 (Equivalence of Consensus ADMM and Proximal ADMM) Assume identical initial-
ization and augmented Lagrangian parameters satisfying βK = ρ−1 in Consensus ADMM and Proximal
ADMM. Then, we have (1) Consensus-PD is equivalent to Proximal-1-PD when η1 = K, (2) LinConsensus-
PD is equivalent to Proximal-2-PD when η2 = Kτ .

Combining Corollaries 1 and 2, we observe that CoCoA variants arise as special cases of consensus ADMM
under specific parameter settings, challenging the conclusion in Smith et al. (2018) that CoCoA is funda-
mentally distinct.

5 Theoretical Analysis

Representing the four ADMM-based primal-dual update forms 1–4 into the generic update rules also pro-
vides a unified and straightforward approach of their convergence analysis. Using the convergence analysis
framework of (He & Yuan, 2012; Lu & Yang, 2023), we establish an O(1/T ) ergodic rates of these algorithms.
To proceed, we first show that each algorithm can be viewed as Lu & Yang (2023) applied to the Lagrangian
saddle-point problem, as formalized below.

Lemma 2 Let z = (w, v) denote the concatenated primal and dual variables, and define the monotone
operator

F(z) =
(

∂wL(w, v)
−∂vL(w, v)

)
,

where L(w, v) is the Lagrangian of the saddle-point problem. Then, the update rules of the algorithms (1),
(2), (3), and (4)can all be written in the generic proximal form:

P (z(t) − z(t+1)) ∈ F(z(t+1)),

with the corresponding matrix P specified as follows:

P1 =
(

βKI 1
n A

1
n A⊤ 1

n2β B

)
, P2 =

(
βKI 1

n A
1
n A⊤ τ

n2β I

)
, P3 =

(
ρ−1I − 1

n A
− 1

n A⊤ ρη1
n2 B

)
, P4 =

(
ρ−1I − 1

n A
− 1

n A⊤ ρη2
n2 I

)
where A = X, and B = diag

(
X⊤

[1]X[1], . . . , X⊤
[K]X[K]

)
.

As the algorithm-specific matrices P1, . . . , P4 are positive semidefinite, the convergence analysis can be con-
ducted within the standard framework of generalized PPMs (Lu & Yang, 2023; Lu et al., 2017). Specifically,
Theorem 1 characterizes the convergence behavior of the general distributed primal–dual algorithmic frame-
work.

Theorem 1 Let
{

z(t) = (w(t), v(t))
}∞

t=0 be the sequence generated by the generic update rule in Lemma 2
with a positive semi-definite matrix P and the initial point z(0) = (w(0), v(0)). For any z = (w, v), the
following inequality holds:

L(w̄(T ); v) − L(w; v̄(T )) ≤ ∥z − z(0)∥2
P

2T
,
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where z̄(T ) = (w̄(T ), v̄(T )) = 1
T

∑T
t=1 z(t).

By selecting z = (w∗, v∗), the optimal solutions to equation P and equation D, Theorem 1 indicates that
L(w̄(T ); v∗) − L(w∗; v̄(T )) converges to zero, which implies that z̄(T ) converges to the optimal solution with
rate O(1/T ).

In practice, all v-steps of the updates 1–4 solve a minimization problem which would rely on an inner loop, in
case no closed-form solution is available. We present a unified proof of convergence for 1–4 which addresses
the inexact updates, based on the technique of Lu & Yang (2023).

Theorem 2 Let P be positive definite, and z∗ = (w∗, v∗) be the optimal solution of the saddle point problem
(SP). If the sequence {z(t)} satisfies P (z(t) − z(t+1)) + ϵ(t+1) ∈ F(z(t+1)) with

∑∞
t=1 ∥ϵ(t)∥2 < ∞, then there

exists a constant D < ∞ such that supt ∥z∗ − z(t)∥ ≤ Dand

L(w̄(T ); v∗) − L(w∗; v̄(T )) ≤ ∥z∗ − z(0)∥2
P

2T
+

D
∑T

t=1 ∥ϵ(t)∥2

T
.

In this theorem, {z(t)} is the sequence generated by the inexact algorithm subject to inner-loop computational
errors, ϵ(t) represents the computational error incurred due to the inexact update of iteration t. Under the
assumption that the total error over all iterations is bounded, an O(1/T ) convergence rate can be achieved.

6 Experiments

In this section, we perform experiments to test the performance of the primal-dual update rules under differ-
ent parameter settings. Specifically, we first studying how the the tuning parameters affect each algorithm,
to verify our suggestions on tuning parameter selection. Then, we evaluate the performance of the five
update rules using synthetic data for Lasso and Ridge regression tasks, which also verify the equivalency
results in Section 4. Additional evaluations on the performance of the five update rules on three real-world
binary classification tasks employing SVM are included in Appendix D.2. All experiments are conducted
on the Dell Latitude 7450 Laptop, and each can be finished within 6 hours. The codes are available in
supplementary material.

Experiment 1. We aim to verify the effect of η1, η2, τ for the Proximal-1-PD, Proximal-2-PD, and
LinConsensus-PD update rules, and compare them with the effect of the step sizes ρ and β. We used
a1a dataset in the LibSVM library (Chang & Lin, 2011): a1a, w8a, and real-sim. Details of this dataset,
including the number of samples, features, and clients, are included in Table 1. In the problem, we evenly
distribute the data into K = 10 machines. We train the model using ℓ2-regularized SVM model with reg-
ularization parameter of λ = 1/n. We tested the performance of three algorithms, where Proximal-1-PD is
subject to the tuning parameters η1 and ρ, Proximal-2-PD is subject to the tuning parameters η2 and ρ,
and LinConsensus-PD is subject to τ and β. In the experiments, we test each method through fixing one
tuning parameter and setting multiple values for the other tuning parameter. We record the trajectory of
the relative gap difference in 500 communication rounds.

Table 1: Description of the datasets.

Dataset n d K

a1a 1605 119 10
w8a 49749 300 60
real-sim 72309 20958 100

Results. The trajectory of the gap are shown in Figure 2. The first row demonstrated the validity of the
selection of η1, η2 and τ for the three methods. The recommended values, denoted by light blue lines, ensure
the convergence of the algorithm. When these values become smaller, the convergence speed increases only
slightly (e.g., the green and purple line). When these values become too small, however, the algorithms may

8
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fail to converge. Second, we can see from the three figures in second row that the ADMM step size parameter
ρ and β has significantly impacts the algorithms’ performance.

0 100 200 300 400 500
Rounds

10-6

10-4

10-2

100

G
ap

21 = 1
21 = 2
21 = 4

21 = 6
21 = 8
21 = 10(K)

(a) Proximal-1-PD, fixed ρ

0 100 200 300 400 500
Rounds

10-6

10-4

10-2

100

G
ap 22 = 2$$2 =5

22 = 2$$2 =4

22 = 2$$2 =3

22 = 2$$2 =2

22 = 2$$2 =1

22 = 2$2

(b) Proximal-2-PD, fixed ρ

0 100 200 300 400 500
Rounds

10-6

10-4

10-2

100

G
ap

= = = $=6
= = = $=5
= = = $=4

= = = $=3
= = = $=2
= = = $=1

(c) LinConsensus-PD, fixed β

0 100 200 300 400 500
Rounds

10-6

10-4

10-2

100

G
ap

; = 1
; = 10
; = 30

; = 60
; = 100
; = 200

(d) Proximal-1-PD, fixed η1

0 100 200 300 400 500
Rounds

10-6

10-4

10-2

100
G

ap

; = 0:1
; = 0:5
; = 1
; = 5

; = 10
; = 50
; = 100

(e) Proximal-2-PD, fixed η2

0 100 200 300 400 500
Rounds

10-6

10-4

10-2

100

G
ap

- = 0:0001
- = 0:001
- = 0:01

- = 0:1
- = 1
- = 10

(f) LinConsensus-PD, fixed τ

Figure 2: Effect of tuning parameters on various distributed algorithms in Experiment 1.

Experiment 2. We test five the update rules on Ridge Regression problem and LASSO problem, where
each ℓi = 1

2 (yi − x⊤
i w)2, using synthetic data. The data generation mechanism is detailed in Appendix D.1.

We run the five update rules to solve the Ridge Regression problem on IID and non-IID dataset, and run the
four ADMM algorithms to solve the LASSO problem. In these update rules, we select the suggested value
of γ, σ, η1, η2, and τ , and select the optimal β or ρ to achieve optimal performance. Notably, it has been
observed that the optimal β and ρ in Consensus-PD and Proximal-1-PD satisfies βK = ρ−1, and so are the
optimal β and ρ in LinConsensus-PD and Proximal-2-PD, indicating their connection.

Results. We present the simulation results in Figure 3. We observe that the performance of Consensus-PD
and Proximal-1-PD are almost identical, while the performance of LinConsensus-PD and Proximal-2-PD are
almost identical. These simulation results further confirm the strong connection between these two pairs. All
four ADMM variants, with the optimized tuning parameters, significantly outperform the CoCoA framework.
This is because of CoCoA is the Proximal-1-PD with a specific step size ρ = λ−1. The figure also shows that
Consensus-PD and Proximal-1-PD achieve smaller relative gap difference compared with LinConsensus-PD
and Proximal-2-PD in the same amount of rounds, though the computation for the latter two variants are
significantly simpler.

0 200 400 600 800 1000
Rounds

10-20

10-10

100

G
ap

CoCoA-PD

LinConsensus-PD

Proximal-2-PD

Consensus-PD

Proximal-1-PD

(a) Ridge with IID

0 50 100 150 200
Rounds

10-20

10-10

100

G
ap

(b) Ridge with Non-IID

0 200 400 600 800 1000
Rounds

10-20

10-10

100

G
ap

(c) Lasso with IID

0 50 100 150 200
Rounds

10-20

10-10

100

G
ap

(d) Lasso with Non-IID

Figure 3: Relative gap difference versus the number of communication rounds for various synthetic datasets
when using different update rules in Experiment 2.
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7 Conclusion

In this article, we unified distributed primal-dual algorithms, including CoCoA, two proximal ADMM algo-
rithms, consensus ADMM, and linearized ADMM into updates rule that only involve the primal and dual
variable updates. Among them, the two proximal ADMM algorithms are new, obtained from choosing two
positive definite matrices to enable the proximal ADMM algorithm to solve distributed, regularized federated
learning problem. The unified update rules reveal that the CoCoA algorithm can be interpreted as a special
case of proximal ADMM with a specific tuning parameter, and proximal ADMM and consensus ADMM are
equivalent. The findings in the paper also indicated rich expressiveness of distributed learning that involves
global primal updates and local dual updates. This framework enables the use of the gap between the primal
and dual objectives as a stopping criterion for the consensus ADMM algorithm, and also enables us to use a
simple and unified ergodic convergence analysis for ADMM variants. By thoroughly investigating the influ-
ence of tuning parameters on convergence speed, we found that all ADMM variants consistently outperform
the CoCoA-PD with properly selected tuning parameters, as validated by the experiments with synthetic
and real-world datasets.
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A Derivation of the Dual Problem

Let w⊤xi = ui for any i = 1, . . . , n, we can equivalently transform the original problem equation P as the
following form:

min
w∈Rd,u∈Rn

1
n

n∑
i=1

ℓi(ui) + g(w) s.t. w⊤xi = ui, i = 1, . . . , n. (6)

By introducing the Lagrangian multiplier v = [v1, . . . , vn]⊤, we can write the Lagrangian function as

L(w, u; v) := 1
n

n∑
i=1

ℓi(ui) + g(w) + 1
n

n∑
i=1

vi(w⊤xi − ui).

11
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Note that we incorporate the fraction constant 1
n into the Lagrange multiplier to ensure alignment with the

loss function when minimizing the Lagrangian function for the primal variables. Thus, the dual problem
could be obtained by taking the infimum to both w and u:

inf
w,u

L(w, u; v) = inf
u

{
1
n

n∑
i=1

(ℓi(ui) − viui)
}

+ inf
w

{
g(w) + ⟨w,

1
n

n∑
i=1

vixi⟩

}

= − 1
n

n∑
i=1

ℓ∗
i (vi) − g∗

(
− 1

n

n∑
i=1

vixi

)
.

After changing the sign to make the maximization of the dual problem into the minimization, we have the
following dual formulation:

min
v∈Rn

{
D(v) := 1

n

n∑
i=1

ℓ∗
i (vi) + g∗

(
− 1

n

n∑
i=1

vixi

)}
.

For the distributed problem form equation D, the corresponding distributed dual problem form is thus

min
v∈Rn

{
D(v) := 1

n

K∑
k=1

∑
i∈Pk

ℓ∗
i (vi) + g∗

(
− 1

n

K∑
k=1

∑
i∈Pk

vixi

)}
.

Furthermore, the KKT conditions are listed as follows:
x⊤

i w∗ = u∗
i , i = 1, . . . , n,

v∗
i ∈ ∂ℓi(u∗

i ), i = 1, . . . , n,

− 1
n

n∑
i=1

v∗
i xi ∈ ∂g(w∗).

After simplification, we have
x⊤

i w∗ = Proxℓi

(
x⊤

i w∗ + v∗
i

)
, for any i = 1, . . . , n,

w∗ = Proxg

(
w∗ − 1

n

n∑
i=1

v∗
i xi

)
.

B Proofs for the Results in Section 3

B.1 Proof of Proposition 1

To better understand the procedure of consensus ADMM, we focus on the dual form of the wk-update
problem for the k-th agent. Let w⊤

k xi = ũi for any i ∈ Pk. Using this substitution, we can equivalently
rewrite the original problem in the following form:

min
wk∈Rd,ũ[k]∈Rnk

1
n

∑
i∈Pk

ℓi(ũi) + β

2 ∥wk − w(t) − β−1u
(t)
k ∥2 s.t. w⊤

k xi = ũi, i ∈ Pk. (7)

By introducing the Lagrange multiplier ṽ[k] ∈ Rnk , the Lagrangian function becomes:

L(wk, ũ[k]; ṽ[k]) := 1
n

∑
i∈Pk

ℓi(ũi) + β

2 ∥wk − w(t) − β−1u
(t)
k ∥2 + 1

n

∑
i∈Pk

ṽi(w⊤
k xi − ũi).

12
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Taking the infimum of the Lagrangian with respect to wk and ũ[k], we derive the dual form of this subproblem:

min
ṽ[k]∈Rnk

1
n

∑
i∈Pk

ℓ∗
i (ṽi) + 1

2n2β

(
ṽ[k] − ṽ

(t)
[k]

)⊤
X⊤

[k]X[k]

(
ṽ[k] − ṽ

(t)
[k]

)
− 1

n

〈
X⊤

[k]

(
w(t) + 1

β
u

(t)
k − 1

nβ
X[k]ṽ

(t)
[k]

)
, ṽ[k] − ṽ

(t)
[k]

〉
.

(8)

Let ṽ
(t+1)
[k] denote the optimal solution of the above dual problem. Since w(t+1) is the optimal primal solution,

the KKT conditions between the primal and dual solutions imply:

w
(t+1)
k = w(t) + 1

β
u

(t)
k − 1

nβ
X[k]ṽ

(t+1)
[k] .

Substituting the above relationship into the u
(t+1)
k update formula, we obtain:

u
(t+1)
k = 1

n
X[k]ṽ

(t+1)
[k] .

We can further simplify the w
(t+1)
k update as:

w
(t+1)
k = w(t) + 1

nβ
X[k]

(
ṽ

(t)
[k] − ṽ

(t+1)
[k]

)
.

Representing w
(t)
k and u

(t)
k in terms of w(t) and ṽ

(t)
[k] in the consensus ADMM updates, we derive the following

updates:

For the dual variable ṽ[k]:

ṽ
(t+1)
[k] ≈ arg min

ṽ[k]∈Rnk

1
n

∑
i∈Pk

ℓ∗
i (ṽi) + 1

2n2β

(
ṽ[k] − ṽ

(t)
[k]

)⊤
X⊤

[k]X[k]

(
ṽ[k] − ṽ

(t)
[k]

)
− 1

n

〈
X⊤

[k]w
(t), ṽ[k]

〉
, k ∈ [K] (in parallel).

For the primal variable w(t+1):

w(t+1) = prox(βK)−1g

(
w(t) − 1

nβK
X
(

2ṽ(t+1) − ṽ(t)
))

.

To complete the proof, we need to show that the dual variable ṽ converges to the global dual variable v.
The details of this convergence will be addressed in the later section. By further linearizing the local data
matrix X⊤

[k]X[k] in the dual variable v update, we derive the corresponding update formula for the consensus
ADMM incorporating linearization techniques.

B.2 Proof of Proposition 2

For the first matrix choice of Q = ρ
n2

(
η1diag

(
X⊤

[1]X[1], . . . , X⊤
[K]X[K]

)
− X⊤X

)
, the proximal ADMM

updates can be equivalently written as:

v(t+1) ≈ arg min
v[k]∈Rnk

1
n

K∑
k=1

∑
i∈Pk

ℓ∗
i (vi) + ρη1

2n2

K∑
k=1

(
v[k] − v

(t)
[k]

)⊤
X⊤

[k]X[k]

(
v[k] − v

(t)
[k]

)
+
〈 ρ

n
X⊤

(
1
n

Xv(t) + u(t) − ρ−1w(t)
)

, v − v(t)
〉

,

u(t+1) = Proxρ−1g∗

(
ρ−1w(t) − 1

n
Xv(t+1)

)
,

w(t+1) = w(t) − ρ

(
1
n

Xv(t+1) + u(t+1)
)

.
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For the v-update, note that the update formula for the primal variable w satisfies:

1
n

Xv(t) + u(t) − 1
ρ

w(t) = 1
ρ

(
w(t−1) − 2w(t)

)
.

Substituting this relationship into the dual variable v-update formula and simplifying in parallel, we im-
mediately obtain the corresponding update formula for v. For the w-update, using the Moreau identity
proxλf (v) + λ proxf∗/λ(v/λ) = v, we have:

w(t+1) = ρ

(
ρ−1w(t) − 1

n
Xv(t+1) − u(t+1)

)
= ρ

(
ρ−1w(t) − 1

n
Xv(t+1) − Proxρ−1g∗

(
ρ−1w(t) − 1

n
Xv(t+1)

))
= Proxρg

(
w(t) − ρ

n
Xv(t+1)

)
.

Thus, we can equivalently transform the proximal ADMM with the first matrix choice of Q as the corre-
sponding update formula. Further linearizing the local data matrix X⊤

[k]X[k], we can obtain the corresponding
update formula for the proximal ADMM with the second matrix choice of Q.

B.3 Proof of Lemma 1

For any vector u = [u[1], . . . , u[K]]⊤ ∈ Rn with each u[k] ∈ Rnk , we have:

u⊤X⊤Xu = K2
∥∥∥ 1

K

K∑
k=1

X[k]u[k]

∥∥∥2
,

≤ K2 · 1
K

K∑
k=1

∥∥∥X[k]u[k]

∥∥∥2
,

= K

K∑
k=1

∥∥∥X[k]u[k]

∥∥∥2
,

= u⊤ K diag
(

X⊤
[1]X[1], . . . , X⊤

[K]X[K]

)
u.

The second inequality holds due to the convexity property of the squared norm, ∥ · ∥2. Thus, we conclude
that:

K diag
(

X⊤
[1]X[1], . . . , X⊤

[K]X[K]

)
⪰ X⊤X.

Based on the above relationship, it is straightforward to verify that these tuning parameters

η1 = K and η2 = K max
{

λmax

(
X⊤

[1]X[1]

)
, . . . , λmax

(
X⊤

[K]X[K]

)}
ensure that the matrix Q is positive semi-definite.

B.4 Proof of Corollary 1

Substituting g(w) = λ
2 ∥w∥2 into the updates of equation 3, we immediately simplifies the updates of

Proximal-1-PD as follows:

v
(t+1)
[k] = arg min

v[k]∈Rnk

1
n

∑
i∈Pk

ℓ∗
i (vi) + ρη1

2n2

∥∥∥v[k] − v
(t)
[k]

∥∥∥2

X⊤
[k]X[k]

− 1
n

〈
X⊤

[k]

(
2w(t) − w(t−1)

)
, v[k]

〉
, k ∈ [K]

w(t+1) = 1
λρ + 1

(
w(t) − ρ

n
Xv(t+1)

)
.
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Considering ρ = 1
λ , we have by the w-update

w(t+1) = 1
2

(
w(t) − 1

nλ
Xv(t+1)

)
, for any t.

Substituting the above relationship with timestep t into the v-update gives us

v
(t+1)
[k] = arg min

v[k]∈Rnk

1
n

∑
i∈Pk

ℓ∗
i (vi) + η1

2n2λ

∥∥∥v[k] − v
(t)
[k]

∥∥∥2

X⊤
[k]X[k]

+ 1
n2λ

〈
X⊤

[k]Xv(t), v[k]

〉
, k ∈ [K].

Compared to the CoCoA-PD update, this update formula matches it when η1 = σ, but differs in the w-
update.

B.5 Proof of Corollary 2

To see the equivalence between Consensus-PD and Proximal-1-PD algorithms, let’s consider both algorithms
applied to the following saddle-point formulation of the general empirical risk minimization problem:

min
w

max
v

L(w, v) := 1
n

n∑
i=1

(vi⟨w, xi⟩ − ℓ∗
i (vi)) + g(w),

where the loss function ℓi(w⊤xi) is represented in its convex conjugate form as ℓi(w⊤xi) =
sup
vi∈R

{vi⟨w, xi⟩ − ℓ∗
i (vi)}. The Consensus-PD update (see Proposition 1 of our paper) is

v
(t+1)
[k] = arg min

v[k]∈Rnk

1
n

∑
i∈Pk

ℓ∗
i (vi) − 1

n

〈
X⊤

[k]w
(t), v[k]

〉
+ 1

2n2β

∥∥∥v[k] − v
(t)
[k]

∥∥∥2

X⊤
[k]X[k]

, k ∈ [K]

w(t+1) = prox(βK)−1g

(
w(t) − 1

nβK
X
(

2v(t+1) − v(t)
))

.

It can be equivalently written as

v(t+1) = arg max
v

L(w(t), v) − s1

2 ∥v − v(t)∥2
M1

,

w(t+1) = arg min
w

L(w, 2v(t+1) − v(t)) + s2

2 ∥w − w(t)∥2
M2

,

where s1 = 1
n2β , s2 = βK, M1 = diag

(
X⊤

[1]X[1], . . . , X⊤
[K]X[K]

)
, and M2 = I are the algorithm dependent

parameters.

Now, consider instead solving the problem max
v

min
w

L(w, v), which is equivalent with solving min
v

max
w

−
L(w, v). The same algorithm Consensus-PD can be applied on this problem, leading to:

w(t+1) = arg max
w

− L(w, v(t)) − s2

2 ∥w − w(t)∥2
M2

,

v(t+1) = arg min
v

− L(2w(t+1) − w(t), v) + s1

2 ∥v − v(t)∥2
M1

.

After some algebraic operations, we can equivalently write the above iterative form as

v
(t+1)
[k] = arg min

v[k]∈Rnk

1
n

∑
i∈Pk

ℓ∗
i (vi) − 1

n

〈
X⊤

[k]

(
2w(t) − w(t−1)

)
, v[k]

〉
+ 1

2n2β

∥∥∥v[k] − v
(t)
[k]

∥∥∥2

X⊤
[k]X[k]

,

w(t+1) = prox(βK)−1g

(
w(t) − 1

nβK
Xv(t+1)

)
.

which is the same as the Proximal-1-PD update form (see Equation equation 3 of Proposition 2) under the
parameter setting η1 = η∗ = K and ρ = 1

βK .

15



Under review as submission to TMLR

Because of the convex-concave structure of the saddle-point function L(w, v), we know that min
w

max
v

L(w, v)
and max

v
min

w
L(w, v) have the same solution. Therefore, in summary, Proximal-1-PD is just to use Consensus-

PD to solve the max-min problem. A similar derivation holds for LinConsensus-PD and Proximal-2-PD.
Thus, we verify the Corollary 2.

C Proofs for the Results in Section 5

C.1 Proof of Lemma 2

Notice that we have F(z(t+1)) =
( 1

n Xv(t+1) + ∂g(w(t+1))
1
n ∂ℓ∗(v(t+1)) − 1

n X⊤w(t+1)

)
for the min-max objective function defined

in Section 5. Next, we would derive the corresponding semi-positive matrix P individually according to the
different algorithm updates.

Distributed proximal ADMM. For the distributed proximal ADMM with the first matrix choice, we
consider the update rules by updating the primal variable w first and then the dual variable v as follows:

w(t+1) = proxρg

(
w(t) − ρ

n
Xv(t)

)
,

v
(t+1)
[k] ≈ arg min

v[k]∈Rnk

1
n

∑
i∈Pk

ℓ∗
i (vi) + ρη1

2n2

(
v[k] − v

(t)
[k]

)⊤
X⊤

[k]X[k]

(
v[k] − v

(t)
[k]

)
− 1

n

〈
X⊤

[k]

(
2w(t+1) − w(t)

)
, v[k]

〉
, k ∈ [K] (in parallel).

By utilizing the first-order optimality conditions, we can equivalently transform the above update rules as
follows:

0 ∈ ∂g(w(t+1)) + ρ−1
(

w(t+1) − w(t) + ρ

n
Xv(t)

)
,

0 ∈ 1
n

∂ℓ∗(v(t+1)) + ρη1

n2 diag
(

X⊤
[1]X[1], . . . , X⊤

[K]X[K]

)
(v(t+1) − v(t)) − 1

n
X⊤

(
2w(t+1) − w(t)

)
.

By rearranging the above update terms, we have

P1(z(t) − z(t+1)) =
(

ρ−1I − 1
n X

− 1
n X⊤ ρη1

n2 diag
(

X⊤
[1]X[1], . . . , X⊤

[K]X[K]

))(w(t) − w(t+1)

v(t) − v(t+1)

)
∈ F(z(t+1)).

Similarly, the updates of the distributed proximal ADMM with the second matrix choice can be equivalently
written as follows:

w(t+1) = proxρg

(
w(t) − ρ

n
Xv(t)

)
,

v
(t+1)
[k] = prox(n/ρη2)ℓ∗

[k]

(
v

(t)
[k] + n

ρη2
X⊤

[k]

(
2w(t+1) − w(t)

))
, k ∈ [K] (in parallel).

Using the first-order optimality conditions and rearranging terms, we have:

P2

(
z(t) − z(t+1)

)
=
(

ρ−1I − 1
n X

− 1
n X⊤ ρη2

n2 I

)(
w(t) − w(t+1)

v(t) − v(t+1)

)
∈ F(z(t+1)).

Thus, in the distributed proximal ADMM, the corresponding matrices are given by:

P1 =
(

ρ−1I − 1
n X

− 1
n X⊤ ρη1

n2 diag
(

X⊤
[1]X[1], . . . , X⊤

[K]X[K]

)) and P2 =
(

ρ−1I − 1
n X

− 1
n X⊤ ρη2

n2 I

)
.
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Consensus ADMM. For the standard consensus ADMM, we could equivalently write the updates in the
Proposition 1 by utilizing the first-order optimality conditions as follows:

0 ∈ ∂g(w(t+1)) + βK

(
w(t+1) − w(t) + 1

nβK
X
(

2v(t+1) − v(t)
))

,

0 ∈ 1
n

∂ℓ∗(v(t+1)) + 1
n2β

diag
(

X⊤
[1]X[1], . . . , X⊤

[K]X[K]

)
(v(t+1) − v(t)) − 1

n
X⊤w(t).

By rearranging the above update terms, we have

P1(z(t) − z(t+1)) =
(

βKI 1
n X

1
n X⊤ 1

n2β diag
(

X⊤
[1]X[1], . . . , X⊤

[K]X[K]

))(w(t) − w(t+1)

v(t) − v(t+1)

)
∈ F(z(t+1)).

Similarly using the first-order optimality conditions and rearranging terms, we have for the updates of the
consensus ADMM with the linearization technology:

P2

(
z(t) − z(t+1)

)
=
(

βKI 1
n X

1
n X⊤ τ

n2β I

)(
w(t) − w(t+1)

v(t) − v(t+1)

)
∈ F(z(t+1)).

Thus, in the consensus ADMM, the corresponding matrices are given by:

P1 =
(

βKI 1
n X

1
n X⊤ 1

n2β diag
(

X⊤
[1]X[1], . . . , X⊤

[K]X[K]

)) and P2 =
(

βKI 1
n X

1
n X⊤ τ

n2β I

)
.

C.2 Proof of Theorem 1

Let u(t+1) = P (z(t) − z(t+1)) ∈ F(z(t+1)). From the convexity-concavity property of the objective function
L(w; v), we have that

L(w(t+1); v) − L(w; v(t+1))
=L(w(t+1); v) − L(w(t+1); v(t+1)) + L(w(t+1); v(t+1)) − L(w; v(t+1))

≤⟨u(t+1), z(t+1) − z⟩ =
(

z(t) − z(t+1)
)⊤

P
(

z(t+1) − z
)

=1
2∥z(t) − z∥2

P − 1
2∥z(t+1) − z∥2

P − 1
2∥z(t) − z(t+1)∥2

P

≤1
2∥z(t) − z∥2

P − 1
2∥z(t+1) − z∥2

P ,

where the last inequality follows from the fact that ∥ · ∥P is a semi-norm. Thus, we have

L(w̄(T ); v) − L(w; v̄(T )) ≤ 1
T

T −1∑
t=0

{
L(w(t+1); v) − L(w; v(t+1))

}
≤ 1

2T
∥z(0) − z∥2

P ,

where the first inequality comes from the convexity-concavity of L(w; v) and the second inequality comes
from the above relation.

C.3 Proof of Theorem 2

We first show that {z(t)} is bounded. Let z∗ = (w∗, v∗) denote the optimal solution of the saddle point
problem equation SP. Firstly, from the convexity-concavity property of the objective function L(w; v), we
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have that
L(w(t+1); v) − L(w; v(t+1))
= L(w(t+1); v) − L(w(t+1); v(t+1)) + L(w(t+1); v(t+1)) − L(w; v(t+1))

≤ ⟨u(t+1), z(t+1) − z⟩ =
(

z(t) − z(t+1)
)⊤

P
(

z(t+1) − z
)

+ ⟨ϵ(t+1), z(t+1) − z⟩

= 1
2∥z(t) − z∥2

P − 1
2∥z(t+1) − z∥2

P − 1
2∥z(t) − z(t+1)∥2

P + ⟨ϵ(t+1), z(t+1) − z⟩

≤ 1
2∥z(t) − z∥2

P − 1
2∥z(t+1) − z∥2

P + ⟨ϵ(t+1), z(t+1) − z⟩

≤ 1
2∥z(t) − z∥2

P − 1
2∥z(t+1) − z∥2

P + ∥ϵ(t+1)∥∥z(t+1) − z∥.

(9)

Choosing z = z∗ and using L(w(t+1); v∗) − L(w∗; v(t+1)) ≥ 0, we have
1
2∥z(t+1) − z∗∥2

P ≤ 1
2∥z(t) − z∗∥2

P + ∥ϵ(t+1)∥∥z(t+1) − z∗∥

≤ 1
2∥z(t) − z∗∥2

P + C∥ϵ(t+1)∥∥z(t+1) − z∗∥P ,

where C is a constant satisfying ∥z∥ ≤ C∥z∥P , which exists since P is positive definite. Therefore,

(∥z(t+1) − z∗∥P − Cϵ(t+1))2 ≤ ∥z(t) − z∗∥2
P + (ϵ(t+1))2.

Taking square root of both sides yields that

∥z(t+1) − z∗∥P − Cϵ(t+1) ≤
√

∥z(t) − z∗∥2
P + (ϵ(t+1))2

≤ ∥z(t) − z∗∥P + ϵ(t+1).

Simple induction gives that

∥z(T ) − z∗∥P ≤ ∥z(0) − z∗∥P + (C + 1)
T∑

t=1
ϵ(t)

As a result, we have

sup
T

∥z(T ) − z∗∥ ≤ C sup
T

∥z(T ) − z∗∥P ≤ C∥z(0) − z∗∥P + C(C + 1)
∞∑

t=1
ϵ(t),

which gives the boundedness of {z(t)}.

Let u(t+1) ∈ F(z(t+1)). From equation 9, we have that

L(w(t+1); v∗) − L(w∗; v(t+1)) ≤ 1
2∥z(t) − z∗∥2

P − 1
2∥z(t+1) − z∗∥2

P + ∥ϵ(t+1)∥∥z(t+1) − z∗∥

≤ 1
2∥z(t) − z∗∥2

P − 1
2∥z(t+1) − z∗∥2

P + D∥ϵ(t+1)∥,

where the last-second inequality follows from Cauchy-Schwarz inequality and the last inequality from the
definition of D. Thus, we have

L(w̄(T ); v∗) − L(w∗; v̄(T )) ≤ 1
T

T −1∑
t=0

{
L(w(t+1); v∗) − L(w∗; v(t+1))

}
≤ 1

2T
∥z(0) − z∗∥2

P +
D
∑T

t=1 ∥ϵ(t)∥
T

, (10)

where the first inequality comes from the convexity-concavity of L(w; v) and the second inequality comes
from the above relation.
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D Experimental Details

D.1 Experiment 2 data generation details

We generate n = 3000 training examples {xi, yi}n
i=1 according to the model yi = ⟨xi, w∗⟩ + ϵi, ϵi ∼ N (0, 1),

where xi ∈ Rd with d = 500. The samples are distributed uniformly on K = 30 machines. We set w∗ as
the vector of all ones, whereas for the ℓ1 penalty, we let the first 100 elements of w∗ be ones and the rest
be zeros. For the generation of xi’s, we designed two cases: IID data and non-IID data. (1) Under the IID
setting, we generate each xi ∼ N (0, Σ) where the covariance matrix Σ is diagonal with Σj,j = j−2. This
covariance setting renders an ill-conditioned dataset, making it a challenging situation of solving distributed
and large-scale optimization problem. (2) To generate the non-IID case, we follow a setup similar to the
one in Zhou & Li (2023). Specifically, we generate [n/3] samples xi from the standard normal distribution,
[n/3] samples from the Student’s t-distribution with 5 degrees of freedom, and the rest samples are from the
uniform distribution on [−5, 5]. After generating all the samples, we shuffle them and randomly distribute
them across K machines.

D.2 Experiment 3: Binary Classification with Real Data

Finally, we test the performance of the five update rules on regularized SVM classification problem using
real datasets.

Datasets. The real datasets from the LibSVM library Chang & Lin (2011) used in the study are a1a, w8a,
and real-sim. Details of each dataset, including the number of samples and features are summarized in
Table 1. In our experiments, all samples in each dataset are evenly distributed on the machines. We select
different numbers of machines for each dataset to evaluate the performance of the proposed approach, where
the number of machines is also given in Table 1.

Method. We use the update rules to solve two regularized SVM classification problems:

min
w∈Rd

1
n

K∑
k=1

∑
i∈Pk

max
(
0, 1 − yiw

⊤xi

)
+ g(w),

where the penalty function g(w) are selected as either (1) ℓ1 penalty λ∥w∥1 and (2) the ℓ2 penalty λ
2 ∥w∥2.

We use three real datasets in LibSVM package for each problem. We choose the regularization parameter
λ = 1

n in all experiments conducted in this subsection. Like Experiment 2, we select the optimal parameters
for β and ρ and prescribe the values for all other tuning parameters.

Results. The results are shown in Figure 4. They again validated that the performance of Consensus-PD
and Proximal-1-PD are almost overlapping, and LinConsensus-PD and Proximal-2-PD are almost over-
lapping. All ADMM variants consistently outperform the CoCoA method across all experiments. Fi-
nally, Consensus-PD and Proximal-1-PD achieve the better performance compared with LinConsensus-PD
and Proximal-2-PD. These results confirms with the study in Experiment 2. However, in the SVM with
lasso penalty scenarios, LinConsensus-PD and Proximal-2-PD exhibit slightly less stability compared to
Consensus-PD and Proximal-1-PD.
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(a) Data: a1a, SVM+Ridge (b) Data: w8a, SVM+Ridge (c) Data: real-sim, SVM+Ridge

(d) Data: a1a, SVM+ℓ1 (e) Data: w8a, SVM+ℓ1 (f) Data: real-sim, SVM+ℓ1

Figure 4: Relative gap differences versus the number of communication rounds for various real datasets
across different models. The first row of plots illustrates the results for SVM with a ridge penalty across
different datasets, while the second row shows the results for SVM with a lasso penalty across the same
datasets.
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