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Decoding LDPC Codes by Using Negative
Proximal Regularization

Yiming Chen™, Rui Wang ™, Jinglong Zhu™, and Zaiwen Wen

Abstract— The low-density parity-check (LDPC) decoding
problem can be expressed as an integer linear programming
(ILP) problem. One efficient method to solve the ILP problem
is to relax the integer constraints and add penalty terms to the
objective function, and the revised problem can be solved via the
alternating direction method of multipliers (ADMM) algorithm.
These penalty terms can punish the non-integral solutions and
improve the decoding performance of the decoder. However,
ADMM decoders are easily trapped in a local solution, which
limits the frame error rate (FER) performance of the decoders
at low signal-to-noise ratios (SNR). In this paper, we propose
a restartable ADMM-based decoder using a negative proximal
regularization. The negative proximal term will be updated
whenever the decoder finds a new local solution. Therefore,
the decoder can be restarted several times and the candidate
solution which satisfies the parity-check equations and has the
lowest objective function value can be selected as the decoder’s
output. Some properties, together with several choices of penalty
terms are discussed. We also investigate the convergence of our
proposed decoder, and prove that the possibility of decoding
errors is independent of the codeword that is transmitted.
Simulation results show that our proposed decoder outperforms
other ADMM-based decoders in most cases, while the decoding
complexity maintains the same.

Index Terms— LDPC, ADMM, negative proximal regulariza-
tion, restartable decoder.

I. INTRODUCTION

OW-DENSITY parity-check (LDPC) codes were first

introduced by [1] in 1962, and they were rediscovered
by [2] and [3] in 1990s. The decoders for LDPC codes
were most commonly based on belief propagation (BP),
including the sum-product decoder and other variants [4], [5].
When using BP decoding, LDPC codes can perform near
the Shannon limit. However, in the high signal-to-noise ratio
(SNR) region, BP decoding often suffers the “error floor”
phenomenon, which refers that the error-rate cannot drop
rapidly as the SNR increases.
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The decoding problem can be equivalently expressed as an
integer linear programming (ILP) problem, and then solved by
linear programming (LP) relaxation. LP decoding for LDPC
codes was first introduced by [6] and another method to
transform the decoding problem to an LP problem was later
proposed by [7]. Compared with BP decoding, LP decoding
has several outstanding attributes. Firstly, LP decoding has a
better decoding performance at a high SNR level. Secondly,
LP decoding has the “maximum-likelihood (ML) certificate”
property, which refers that the integral solution to the LP
decoding problem is also the ML solution. One drawback
of LP decoding is the high computation consumption.
In [8], [9] and [10], several algorithms were proposed to
reduce the complexity of the LP decoders. In [10], the
alternating direction method of multipliers (ADMM) technique
was introduced to the LP decoders. The ADMM decoder has
closed-form solutions in each iteration, which significantly
improves the efficiency of LP decoding.

In the past decade, there have been two directions to
improve ADMM decoding. One direction is to accelerate
the decoding process. In the ADMM decoding process,
an Euclidean projection onto the parity-check polytope is
to be conducted in each iteration, which dominates the
complexity of ADMM decoding. Therefore, many works
[11], [12], [13], [14], [15], [16] focus on reducing the
complexity of the projection process. In [15], an iterative
projection algorithm was proposed, which had a linear
complexity in the worst case. In [16], a line segment projection
algorithm was introduced, which reduced the projection time
evidently without iterative operations. There are also some
works improving the efficiency of ADMM decoding from
other aspects. In [17], the authors proposed a check-polytope-
free ADMM framework for the LP model in [7], where a
linear complexity in terms of the length of codewords can be
guaranteed.

The other direction is to improve the decoding performance.
Since the LP model relaxes the binary constraints to
continuous ones, the optimal solution to the LP decoding
problem may be fractional. The ADMM decoder fails
whenever a non-integral solution, which is called pseudo-
codeword, is output. In [18], the authors added a penalty term
to the objective function of the LP model. The penalty term is a
symmetric function that takes smaller values at integral points
than that at fractional ones. Thus the decoder is more likely
to output an integral solution. The authors also investigated
several types of penalty functions and compared their decoding
performance. Reference [19] used a segmented function as
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the penalty term, which gained improvement in decoding
performance. In [20], a new penalty term was proposed,
which penalized the check nodes instead of the variable
nodes. Additionally, some authors improved the decoding
performance by introducing new constraints that play the same
role as the penalty term. Reference [21] introduced the /-
box constraints, while [22] added an auxiliary variable and
introduced constraints that force the variable to be 0 or 1.

In this paper, we focus on improving the frame-error-rate
(FER) performance of ADMM decoding at low SNRs. Since
there is no guarantee that the ADMM decoding algorithm can
converge to the ML solution, the ADMM iterations may be
trapped in a local solution or a pseudo-codeword. Therefore,
we propose a restartable ADMM framework, which is obtained
by adding a negative proximal term to the objective function of
the LP model. Whenever the ADMM algorithm converges to
a stationary point, the negative proximal term will be adjusted
such that the ADMM algorithm can be restarted. The negative
proximal term suppresses the stationary points found during
the decoding process, pushing the algorithm to converge to
a new local minimum. There are many choices of negative
proximal terms, and we investigate the ¢;-norm and ¢5-norm-
square penalty functions in this paper.

There are two major differences between our proposed
decoder and other existing ADMM penalized decoders. First,
the penalty terms are different. We choose a symmetric
function that has a peak at a given point X as the penalty
function. The point X is initialized as a vector whose entries
are all 0.5. Thus our objective function is the same as that
of the ADMM penalized decoder [18] at the beginning of
the decoding process. However, after the ADMM algorithm
finds a stationary point, X will be updated and our model
will have a different form from other decoders. Second,
the decoding processes are distinct. For other ADMM-based
decoders, the ADMM algorithm will be executed once, and
only one solution will be output by the decoder, even if the
solution is not a codeword. For our proposed decoder, the
ADMM algorithm will be conducted by several times, and
several candidate solutions will be found during the decoding
process. The optimal solution with the smallest objective
function value can be selected as the output of our decoder.

The main contributions in this paper are listed as follows:

o We propose a restartable ADMM decoding framework

by adding a negative proximal term to the LP decoding
model. We investigate several types of penalty functions
as the negative proximal term and design penalty
functions with weighted forms for irregular LDPC codes.
o« We conduct theoretical analysis including the conver-
gence property of the ADMM algorithm and the all-zero
assumptions of our proposed decoder.

The rest of the paper is organized as follows. In Section II,
we review the LP decoding model and the ADMM penalized
decoder. Then we introduce our restartable decoding model.
In Section III, we present the ADMM algorithm to solve
our decoding model and introduce the restartable decoding
framework. Section IV includes the analysis of convergence
and other properties of our decoder. Simulation results, which
show the performance improvement of our proposed decoder,
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are presented in Section V. Section VI makes a conclusion of
this paper.

II. PRELIMINARIES

Throughout this paper, we consider LDPC codes C of length
n, each specified by an m X n parity check matrix H. Let
Z={12,...,m}and J = {1,2,...,n} denote the sets of
check nodes and variable nodes of C, respectively. Suppose
a codeword x = (x1,%2,...,2,)T € C is transmitted over
a noisy memoryless binary-input output-symmetric channel,

resulting in a corrupted signal y = (y1,¥2,...,yn)?. The
corresponding log-likelihood ratios are defined as
Pr(y;|z; = 0)> .
V'10g< , Jed. (1
I Pr(y;jlz; = 1)

A. ML Decoding Problem

The ML decoding problem can be formulated as the
following integer programming problem [6]:

min 'yTx, (2a)
s.t. [Hx]p =0, (2b)
x €{0,1}", (20)

where v is an n-dimensional vector composed of the above
log-likelihood ratios and [.]o denotes the modular-2 operator.

The difficulty of solving the ML decoding problem (2)
comes from the parity check constraints (2b) and the discrete
constraints (2¢). In [6], J. Feldman et al. relaxed these
constraints and proposed an LP form of the decoding problem.

B. LP Relaxation

Denote the set C* = {x € {0,1}" : [h;x]2 = 0}, where h;
is the i-th row of H. Then the integer programming problem
(2) can be relaxed to the following form

min v7x,

(3a)
(3b)

where conv(C?) denotes the convex hull of C’. We now
introduce the notation P; as the d; X IV binary selection matrix
which selects the sub-vector of x that participates the i-th
parity-check equation, where d; denotes the number of 1s in
h;. An equivalent expression of (3) is

S.t. X € Niex COHV(Ci)a

min v7x,
s.t. P;x € PPy,

(4a)

VieT. (4b)

Here PPy, is the parity polytope of dimension d;, which
is the convex hull of all binary vectors that have even
weights. Solving (4) directly by a general LP optimizer is
not efficient. [10] reformulated (4) as the following problem
and solved it by the ADMM algorithm:

min 'yTx, (5a)
s.t. Pix = z;, (5b)
z; € PPq,, Vi€l (5¢)

where z; is a d;-dimensional vector. The introduction of
auxiliary variable z; makes the model fit the ADMM
algorithm.
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C. Penalized Decoding Model

LP decoding fails whenever it outputs a fractional solution
which is called a pseudo-codeword. Therefore, [18] tightened
the constraints (4b) by adding the penalty term g(z;) for each
variable x; to the objective function (4a) and proposed an
ADMM penalized model. This model is given as follows:

min fyTx —+ Zjej g(.’L’j), (68.)
s.t. Pix = z;, (6b)
z; € PPq,, Yiel. (6¢)

The penalty function g(x) is an increasing function on [0, 0.5],
and is symmetric about 0.5. This makes the fractional solutions
to this model more costly than the integral ones.

D. Restartable Decoding Model

Though the penalty function penalizes the fractional
solution of (6) efficiently, there is no guarantee that the
ADMM algorithm for (6) can converge to the global minimum.
In this paper, we propose a restartable decoding algorithm,
which can be restarted whenever the algorithm converges to a
local minimum. To achieve this, we introduce a new penalty
function f(x) to the model (6). We are partially motivated
by [23], in which the authors added a negative proximal term
to the objective function to obtain an improvement of the
performance. We also discuss some properties of the penalty
function. Then several examples of the penalty functions and
their variable update rules are presented.

We formally state the restartable ADMM decoding problem
as follows:

min y"x — pf(x — %), (7a)
s.t. Pyx = z;, (7b)
z; € PPq,, Viel. (7¢)

In (7), p is the penalty parameter, and f(x —X) is the penalty
term. X is set as the average of 0.5 and several stationary
points that have been reached during the iterations. Thus the
penalty term plays a role in pushing the algorithm to find
another integral solution which is far away from all the existing
solutions. The penalty function f =", ; f;(z;), where each
f; should have the following properties:

o fj is an increasing function on [0, 1].

e f; is symmetric about 0.

o f; is non-negative and f;(z) > 0 at some z € [0, 1].

Let v be any positive constant satisfying

vx,y €C, v'x £y, (8

where C denotes the set of all codewords. Since C is a finite
set, we can always find a proper v satisfying the condition
(8). Then the next theorem shows that the integral solution of
(7) is also a solution of problem (2) when the parameter p is
chosen suitably.

Theorem 1: Suppose that the penalty parameter satisfies
0 < p < {7, where M = maxyc[_1,1» f(X). Then any
solution x3, of (7) is also optimal for (2). Moreover, for any
solution x* of (2), we have

fx, —%) > f(x* —%). 9)

|7TX_7TY| 2”7
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(a) The first restart. (b) The second restart.

Fig. 1. A simple illustration of our proposed restartable decoding process,
where the feasible solutions and the optimal solution are denoted as the blue
crosses and red cross, respectively.

Proof: From the optimality and feasibility of x7,, we have

* ~

vIxh = pf(xh — %) <ATX = pf(x* —%),  (10)

which implies that

Y%, < AT+ p(f(x) — %) - f(xT - %))
< AT + pM < ~Tx* + 1.

Moreover, the optimality of x* yields that v"x* — 47x* <
0 < v. Thus we have |7Tx;; — yTx*| < v. Together with the
assumption (8), it follows that

(1)

From (10) and (11), the inequality (9) can be obtained
immediately. [ ]

Fig. 1 gives an explanation of our proposed restartable
decoding process. We apply our model to solve a two-
dimensional ILP problem. We use the crosses to denote all
the feasible solutions. Additionally, we use the blue polygon
and the orange polygon to represent the feasible region of the
LP relaxation and the convex hull of the feasible solutions,
respectively. The red cross is the optimal solution of this
problem. Our decoding process starts at the optimal solution of
the LP relaxation problem, which is denoted as x!. As shown
in Fig. 1(a), we set X' as x! at the first restart, and the gray
circle centered on %! will be cut due to the negative proximal
term. Therefore, a new solution x? will be found. In Fig. 1(b),
we set X2 as the average of x' and x2. The green circular
region centered on %2 will be cut after the second restart, and
the decoder will find the third solution x3, which is exactly
the optimal solution of the ILP problem.

III. RESTARTABLE ADMM DECODING

In this section, we present the restartable ADMM decoding
framework. We discuss several choices of the negative
proximal term and design a weighted penalty function for
irregular LDPC codes. We also propose an algorithm to
produce a feasible codeword from a given binary vector, which
can be implemented as a post-treatment of our decoder to
improve the decoding performance.
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A. ADMM Decoding Algorithm

We next present the ADMM algorithm for solving problem
(7). The augmented Lagrangian function is

L(x,2,\) = v'x — pf(x — %) + Z A(Pix — 2;)
W
+5 Zi |Pix —z]|2.  (12)

The iterative scheme of ADMM for this problem is given by

SRR in  L(x* z A\* 13
z arg, min (x",2, A7), (13a)
x**1 = arg min L(x,z’”l,)\k), (13b)

x€[0,1]™
AL — Ak (xRt — gk, (13¢)

Note that the minimization in (13a) is separable in z;, the
z-update rule can be expressed as

k+1 _ :
z; = =arg min

14
2z, €PPa,; ( )

1% :
§||ZiH2 — (uPix* + X)) T'z;.

Thus we can derive the explicit form of the z-update rule as

Ak
zi T =Tlpp, (Px"+ ? . (15)

We now simplify the x-update rule. It can be seen that
PTP, = Diag(h;) due to the property of the selection matrix.
By denoting w = >, h;, i.e., the j-th coordinate w; equals
the number of the check nodes connected with variable j, the
augmented Lagrangian function can be rewritten as

L(x,z,\) = ng Diag(w)x + (v + Z PI(\ — pzi))Tx
—pf =%+ Y (Sll3 = Alz). a6
For simplicity, we introduce the following notations:

D = uDiag(w), t"=—v-3 P{ (A} —pzl™).

a7
Then the x-update rule can be expressed as
1
xM1 = arg rr[lin] —xTDx —xTth — pf(x—%). (18)
x€[0,1]™

The explicit forms of the x-update formula for particular
choices of penalty term are given in Section III-B.

The ADMM algorithm for solving (7) is summarized in
Algorithm 1.

Algorithm 1 ADMM Algorithm
Input: p, x.
Output: local solution x.
1: repeat
2 Initialize x° and A°. Set k = 0.
3:  Update z by (15).
4:  Update x by (18).
5
6:

Update A by (13c¢).
until some convergence criteria have been satisfied.
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B. Examples of Penalty Functions

In the following, we focus on two examples of penalty
functions.
1) £;-Norm: fM(x) = |x||;. In this case (12) becomes

L(x,2,A) = v"x = plx = %[l + Zi A (Pix — z;)
I
+5 Y IPx—zill3.  (19)

By applying (18) to (19), we derive the x-update rule for this
case as

xF =TIjp 0 [D7F (87 — psign(Dx — t¥))].  (20)

2) £y-Norm-Square: f)(x) = ||x||3. Then (12) becomes
L(Xa z, A) = 7TX - PHX - &”% + Z A?(Plx - zi)
+53 IPx—zl3 @D
In this case, the x-update rule can be expressed as

X =TI 130 [(D — 2p1) 7" (8% — 2p%)). (22)

For irregular codes, we can consider a weighted penalty
term assigning varied parameters to variables with different
degrees. The penalty function f can be selected as:
@ fOx) = Yzl 0 fBx) = ke
corresponding to the ¢; and ¢5 penalty respectively. Set W
as the total number of the non-zero elements in H. Then the
weighted vector « can be selected as

W
Kj = nWJ (23)
Then the x-update rule for penalty functions (a) and (b) can
be expressed in a coordinate-wise form:
o weighted ¢; norm:

1 . .
2t =Tl Lm,(t? — pK; Slgn(wﬂ’j)} 24
J

o weighted {5 norm:

1

k1l 11 - -
K o {uw]‘ — 2pK;

(t5 — 2%@)] .25

C. Restartable ADMM Algorithm

We now present our restartable ADMM decoding frame-
work. In our proposed restartable decoding algorithm, X is
initialized as ¢, which denotes the vector whose entries are all
0.5. The coefficient p is initialized as p* = a+3°, where « and
(Y are two non-negative parameters. Whenever Algorithm 1
stops, we update X and p according to the following rules
and restart Algorithm 1. To be specific, in the N-th restart
iteration, the parameter 3 is updated as 3 = ¢V 1, where
€ €(0,1) is an attenuation coefficient. Then the coefficient p

is updated by
oY =a+ V. (26)

Denote x' as the output of the I-th restart of Algo-
rithm 1, we calculate the average of the historical outputs
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sN . ! oN
XV = 5o 121 0 "x!. Then %N is set as a convex

combination of ¢ and xN ie.,

_ BY o~

N
X 7a+ﬁNC+a+ﬁNX

27)

Now we present the restartable decoding algorithm in
Algorithm 2.

Algorithm 2 Restartable ADMM Decoding Algorithm
Input: log-likelihood ratio .
Output: ¢.
1: Initialization: Initialize X° = ¢, parameters «, 3°, 3y, and
£€(0,1). Compute p* =a+ Y. Set N =0 and T.
2: repeat
3. xV « ADMM(p",%x") using a relaxed convergence
criterion in Remark 1.
N «— N + 1.
Compute SV «— max(£6N71, Br).
Compute pV «— o+ V.
Compute S — max(N T) L—N-5.
Compute x — Szl P 'Y
Compute %V according to (27).
10:  Compute & «+ round(x™).
11: until H® ¢ = 0 or the maximal iteration number has been
reached.

R SR U

In each iteration of Algorithm 2, the ADMM framework
is applied to solve the problem (7). Whenever the ADMM
algorithm converges to a stationary point, the negative
proximal term will be updated and the ADMM solver will
be restarted. Since X is an average of 0.5 and all the local
solutions that have been reached during the decoding process,
the negative proximal term will push the decoder to find new
solutions.

Remark 1: (i) To accelerate the ADMM iterations, we set
a relaxed convergence criterion for Algorithm 1. We calculate
the nearest binary vector to X" in each iteration, and stop the
ADMM process whenever this vector remains the same after
one iteration, i.e., round(x*) = round(x**1). Thus the ADMM
algorithm can stop in a few iterations and output a local
solution. (ii) To reduce the memory usage and computational
complexity, we set X as the average of at most the last T
solutions that the ADMM algorithm has generated instead
of all the historical ones. A lower bound [y, is set to avoid
the parameter 3 from vanishing. (iii) Although our algorithm
needs some extra computation derived from the updates
of T,a, [, it still has similar computational complexity as
other ADMM-based algorithms, since the main computational
complexities are from the updates of the variables x,z, A in
the ADMM steps which need multiplication of matrices and
vectors, and the extra computation of Z,c, 3 only needs the
multiplication of scalars and the addition of vectors whose
complexities are significantly lower than the multiplication of
matrices and vectors. Besides, the extra variables I, «, 3 are
only updated in the outer iterations, while the updates of the
variables x, z, A\ are conducted in each inner iteration.
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IV. PERFORMANCE ANALYSIS

In this section, we make an analysis of Algorithms 1 and 2.
We consider two aspects of our proposed algorithm, including
convergence property and decoding performance analysis.

A. Convergence Property

We consider the case that f(x) = ||x||3 and define r(x) :=
~Tx — pf(x — %X). Obviously, r(x) is Lipschitz differentiable
with constant 2p. We let §(-) denote the indicator function of
the set Z, i.e., 0z(z) = +oo, ifz€ Z

0, ifz¢Z
P:=[Py;Ps;...;P,,] and observe that

P'P =" P/P; = Diag(w).

> Define the matrix

We denote 7 by the smallest element of w. It is easy to see
that 7 > 0.

Definition 1: (x*,2*,\*) is a stationary point of the
problem (7) if it satisfies the first-order necessary optimality
condition, that is,

0=Vr(x")+ PN,
0=P;x" —z], VZGI (23)
)\2< S 8(57)73% (Z;‘k)7 Viel.

Our main goal is to find conditions that ensure the
convergence of the proposed algorithm. We split the proof
of the main result into several lemmas.

Lemma 1: It holds that for any k =1,2, ...,
2
”)‘k+1 _ )\k” < lek-H _ Xk”. (29)
T

Proof:
that

VrxF) + Y PINT +p ) PT(Pixb —2f) =0,
which together with the iteration of A¥ in (13c) yields that
—Vr(xt) =) PIAT =PI (30)

Note that the image of selection matrix P; satisfies Im(I) =

It follows from the optimality condition of x*

Im(P;) = R%, which implies that A¥*1 — \¥ = /(P xF+1 —
zF 1) € Im(P;) for every i € Z. Then ¥ — AF ¢ Im(P),
and thus there exists a vector v such that
AL A =y 31)
It gives us
INHFE = XFJ12 = [[Po)|* = Ain (BT P)|Jo]|* = 7Jo]|?,

which implies that ||v|| < % [ AR — X*||. This together with
(31) yields that

N = A2 = (>\’“Jrl A)TPo < BT = A9)|[]lo]]
— [T (AL — AR |[IAFFE = NP
< ﬁll ( I |
Therefore,
1
XX S BT )|
(30) 1
= FHW(X’M) V(x|
20 k1 k
= =l =X,
\/7—
which completes the proof. [ ]
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The next lemma ensures the descent property of the
proposed algorithm.

Lemma 2: If w > (4p + 2)/7, there is a constant
C1 > 0 such that for any k =1,2, ...,

L(x*, 2", )\k) — L(x"1 gkt )\k'H)

> Oy (|x" = xFT2 + |28 — 25 T?). (32)
Proof: We first prove
L(Xka zk7)‘k) - L(Xkﬂ szrla )‘k) > %sz - zk+1”2' (33)

The optimality of z**+!

A+ p(PxF — 2t € 96pp, (201).

K2

implies that for any ¢ € Z,

Since the sub-differential of the indicator function at z** is

known as the normal cone of PPy, it can be seen directly
from its definition that

T
(Af + p(Pix — zf“)) (zF —z8*1) <o.

K3

Then for zF, z"*! ¢ PPa,, we have the estimate

L(xF, 28, AF) — L(xF, 2F1 AF)
T
= — Z ()\f + pu(Pix* — zf“)) (zf — zf“)
5!
2

We next prove

L(Xk’zk+17>\k) _ L(Xk+l,zk+1,)\k+1) > ka _ Xk+1||2.

k _ Zk+1H2 Z HHZ

5 k —Zk+1||2.

+

|z

Since the matrix P has full column rank, we can obtain
L(Xk’zk+1’ Ak) _ L(Xk+17zk+17 Ak+1)

= r(x") —r(xMh + Z(/\fH)T(Pixk — PxMh
1, & ,
+ g Z HPiXk _ Pixk+1”2 _ pH)‘k-H _ )\kH2

) r(xk) — r(ka) - <V7“(x’”'1),xlC — xk+1>

1
+ %H[P)Xk _ ]P;Xk+1||2 _ ;H)\k+1 _ }\kH2

(29)
> —pl = x4 BTt — b2
4p? k k412 k k+112
— X" =X = X =< (34)
TH
where the last inequality holds because
pr 4p° p?
P U AT JAT >1
R Pens i
Summing up (34) 2and (33) yields (32), where
Cy ::min{—p—k%—%?% . [ ]

Now we are ready to prove the convergence property of the
proposed ADMM algorithm.

Theorem 2: The sequence {(x*,z* \¥)} generated by
Algorithm 1 converges globally to the unique limit point
(x*,2*, \*) for any sufficiently large p > (4p + 2)/7, and
(x*,2*, \*) is a stationary point of the problem (7).
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Proof: Tt suffices to verify the conditions in [24] for
ADMM to converge to a stationary point. Observe that the
model (7) can be equivalently written as

min 7(x) + Z opp,, (z4),

st. Pix=12;, Viel. 35)

We can observe that dpp, (2;) is a prox-regular function since
the set PPy, is the convex hull of all the binary vectors. The
matrix P; satisfies Im(I) C Im(P;) for every i € Z. We can
deduce from Lemma 2 that the sequence {(x*,z*)} generated
by the proposed algorithm is bounded. Then the conditions
from Theorem 1 in [24] hold for the problem (7). Hence the
sequence generated by Algorithm 1 is bounded and it has at
least one limit point.

Furthermore, we can easily verify that L(x,z,A) +
>_i0pp,, (z;) is a Kurdyka-Lojasiewicz (KE) function [25].
Then (x*, z¥, \F) converges globally to the unique limit point
(x*,z*, \*), which is a stationary point. [ |

Remark 2: Benefiting from the special structure of the
model (7), we show the convergence properties of Algorithm 1
even though the problem is nonconvex. Since the objective
function of our decoding model changed in each restart, it is
not straightforward to construct global convergence results for
Algorithm 2. However, in our simulation result, one can find
that Algorithm 2 can converge in most cases.

B. Decoding Performance Analysis

1) ML Test: Our proposed Algorithm 2 has the following
ML certificate properties.

Proposition 1: If the output from Algorithm 2 is a feasible
solution of (7) and is also integral, then it is a valid codeword.

Proof:  This follows from all the feasible integral
solutions of (7) are valid codewords. |

Proposition 2: If the output from Algorithm 2 is a global
minimizer of (7) and is also integral, and the corresponding p
satisfies the conditions in Theorem 1, then it is an ML solution.

Proof: This follows directly from Theorem 1. [ ]

In general, we cannot determine whether the output of
Algorithm 2 is a global solution of (7). However, Algorithm 2
has an ML certificate property similar to [18], where we can
test whether the integral output is the ML solution or not. This
test is shown as follows.

Proposition 3: If the output of Algorithm 2 is an integral
solution, we do one more restart by setting the parameter p
to zero. If the new output obtained in this way maintains the
same, then this solution is an ML solution.

Proof: By setting the parameter p to zero, we obtain the
LP decoding problem. Since the ADMM algorithm for the LP
problem has the guarantee to converge to a global minimum,
the output of Algorithm 2 is a global solution of (4). Therefore,
it is the ML solution by the ML certificate of LP decoding. B

2) All-Zero Assumptions: Our proposed decoder satisfies
the all-zero assumption. Thus we can assume the codeword
transmitted by the channel is all-zero without loss of
generality. This property is presented formally as follows.

Theorem 3: The failure probability of Algorithm 2 is
independent of the transmitted codeword.
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TABLE I
PARAMETER SELECTION

Code | B° 8L a Code | B0 Br a

C1 0.7 0.46 1.6 Cy 0.1 0.02 1.6
Co 0.7 0.36 1.2 Cs 0.4 0.1 1.2
Cs 0.3 0.14 1.7 Cs 0.4 0.12 1.3

Proof: We give a sketch of proof here, and the details
are shown in the appendix. Let ¢ denote any codeword, and
B(c) denote the set of outputs of the channel that make the
decoder fail to decode c. We can prove that a one-to-one
mapping between B(c) and B(0) exists. Therefore the failure
probability for transmitting any codeword equals the failure
probability for transmitting the all-zero codeword. ]

V. SIMULATION RESULTS

In this section, several simulation results are presented to
show the effectiveness of the restartable ADMM decoder.
In Section V-A, we compare the decoding FER performance
and decoding efficiency of the restartable ADMM decoder
using both ¢; and {s-square penalties with the min-sum
decoder, the sum-product decoder and other ADMM-based
decoders. In section V-B, we show the choice of parameters
of our proposed decoder.

A. Performances of the Proposed Algorithm

In this subsection, we present simulation results for six
binary LDPC codes. We choose three regular codes, denoted
by C1, Co and C3, which are (96, 48) MacKay 96.33.964 LDPC
code, rate-0.89 MacKay (999,888) LDPC code, and WiFi
(648,432) LDPC code, respectively. We also test three
irregular LDPC codes, denoted by C4, C5 and Cg, which
are 5G-LDPC code with base graph 1 and Z. = 16, rate-
0.5 WiMax (576,288) LDPC code, and rate-0.75 WiMax
(1152,864) LDPC code. The considered decoders include
QP-ADMM decoder [17], ADMM-based penalized decoder
(ADMM-PD) [18], and the classical sum-product decoder.

The parameters for our proposed decoder are set as follows:
i is chosen to be 3 for the ¢; penalty and 4 for the
£5-square penalty. The rest parameters of the ¢5-square penalty
for six binary LDPC codes are set according to Table I. For the
irregular LDPC codes Cy4, C5 and Cg, we apply the weighted
form penalty function claimed in Section III-B, where the
parameter « is chosen according to (23). The parameters for
other ADMM-based decoders are chosen based on a grid
search. We stop iterations when the early termination scheme
[Hx], = 0 is satisfied or the maximum number of iterations
is reached. We set the maximum iteration number of all
the decoders as 500. Since our proposed decoding algorithm
contains inner iterations (ADMM updates) and outer iterations
(restarts), we consider the number of total iterations when
counting the iteration number of our proposed decoder. All
the codewords are transmitted over the additive white Gaussian
noise (AWGN) channel.

Fig. 2 shows the FER performance of the mentioned six
LDPC codes. The points plotted in all the curves are based
on collecting 100 frame errors except for the last two SNR
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values, where we generate 20 errors due to limited computing
resources. We also impose a minimum number of simulated
frames as 50000 to reduce the statistical error. From Fig. 2(a),
one can see that our proposed decoder displays better FER
performance than other considered decoders in low SNR
regions. However, in high SNR regions, the gap between our
proposed decoder and the ADMM penalized decoder [18]
narrows. A similar phenomenon can also be observed in
Fig. 2(b). The sum-product decoder surpasses our proposed
decoder at high SNRs. Fig. 2(c) shows that our proposed
decoder using ¢ penalty achieves better FER performance
than other considered decoders at both low and high SNRs.
In Fig. 2(d), it can be seen that our proposed decoder obtains
a significant improvement in the FER performance compared
with other ADMM-based decoders. This is because the degrees
of variable nodes in 5G LDPC codes vary dramatically. The
negative proximal terms with weighted forms can improve
the error-correction performance in this case. Fig. 2(e) shows
that our proposed decoder outperforms the other ADMM-
based decoders and the min-sum decoder in a wide SNR
region, and performs similarly to the sum-product decoder.
Similarly to Fig. 2(a) and Fig. 2(b), the FER performance of
our proposed decoder in Fig. 2(e) gets close to that of the
ADMM penalized decoder in high SNR regions. In Fig. 2(f),
one can observe that the restartable decoder using /5-square
penalty has the best decoding performance. Our decoder using
{1 penalty performs similarly to the ADMM penalized decoder
and the sum-product decoder, and outperforms the QP-ADMM
decoder [17] and the min-sum decoder. From Fig. 2, one can
see that our proposed decoder attains better error-correction
performance in most cases.

Figs. 3(a)-8(a) compare the average number of total
iterations to output a codeword, i.e., a binary vector satisfies
Hx = 0, of C;-C¢ between our proposed algorithm with
other considered ADMM-based decoders. In cases where the
algorithm cannot find a binary vector satisfying Hx = 0,
the number of total iterations will be counted as 500, i.e.,
the maximum number of iterations. From these figures, one
can find that all of the compared decoders at low SNRs
need more iterations to output a codeword. The reason is
that in low SNR regions transmitted bits are affected by
stronger noise, which makes it harder to recover the codeword
and the algorithm often reaches the maximum number of
iterations. Moreover, it can also be seen that our proposed
decoder shares similar iteration numbers with the ADMM
penalized decoder [18] in C; and Cs, and needs less number of
iterations in C3-Cs. QP-ADMM decoder needs more iterations
to find a codeword in these cases. Thus, our proposed decoder
achieves lower decoding complexity than other ADMM-based
decoders in most cases. The min-sum decoder needs more
iteration numbers than our proposed decoder in the low SNR
region. However, it surpasses our proposed decoder at high
SNRs. The sum-product decoder needs the least iteration
number in many cases, but its computational complexity can
be higher due to the calculation of the tanh function in each
iteration.

Figs. 3(b)-8(b) plot the average number of restarts for our
proposed decoding algorithm to output a codeword using both
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Fig. 4. Numerical experiments on the convergence property of our decoder and other ADMM-based decoders for Ca.

{1 and {5 penalty functions. It can be seen that the number
of restarts decreases as the SNR increases. The reason is that
in high SNR regions, the ADMM algorithm can easily find a
codeword within a few iterations, and thus there is no need
for our decoder to restart. These curves can also explain the
phenomenon that the decoding performance of our proposed
decoder and the ADMM penalized decoder [18] get close in

high SNR regions.

Figs. 3(c)-8(c) show the convergence performance of our
proposed decoder for codes C;-Cg. The y-axis denotes the
linear term of the objective function, and the z-axis denotes
the restart iteration, i.e., the current number of restarts of our
proposed decoder. All curves in Figs. 3(c)-8(c) are plotted
based on one million LDPC frames. We use all-zero vectors
as our transmitted code because our proposed decoder satisfies

the all-zero assumptions. When our decoding framework
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converges, the value of the linear term in our decoding model
(7) should be zero. From these figures, one can find that
our proposed decoding framework can converge within at
most 30 times of restarts in most cases, though the negative

(a) Average number of total iterations versus SNR.

!

(b) Average number of restarts versus SNR.

Restart Iteration

(C) Objective function values versus restart iteration number.

Numerical experiments on the convergence property of our decoder and other ADMM-based decoders for Cg.

B. Choices of Parameters

The parameters in our proposed decoder can affect the
decoding performance. In this subsection, we show several
simulations based on different choices of these parameters.

proximal term is updated and the objective function of our
model is changed after each restart.

Authorized licensed use limited to: Peking University. Downloaded on

From the simulation results, we can find the suitable choice
of parameters to obtain the best decoding performance.
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as a function of 30 with different 3L /3°.

In Fig. 9, we plot the FER performance of code Cg as
the function of parameters o and p at two different SNRs
with other parameters fixed according to Table I. We collect
100 frame errors for each data point in these curves. From
Fig. 9, one can find that the FER curves take on an initially
downward and then upward trend for parameters o and .
In comparison with the FER curve, we find that o € [1.2,1.8]
and p € [3,4] lead to better decoding performance.

In Fig. 10, we investigate the effects of the parameters
B° and Br. Since [; should never be greater than 3°,
we plot the FER performance as the function of 3° with fixed
B /B3° lower than 1. We consider two different SNR levels
in Fig. 10, and each curve is plotted based on 100 frame
errors. From Fig. 10, one can find that 3° € [0.1,0.5] and
BY = 0.34° can be a suitable choice for our decoder in this
case.

VI. CONCLUSION

In this paper, we propose a restartable ADMM-based
decoding algorithm. By introducing a negative proximal term
to the LP decoding problem, we present a restartable decoding
model and use the ADMM algorithm to solve it. Whenever
the ADMM algorithm converges, the negative proximal term
will be updated and the ADMM algorithm will be restarted.
The negative proximal term penalizes all the stationary points
that have been found during the decoding process, and pushes
the algorithm to find new local minimums. Therefore plenty
of candidate solutions will be found during one decoding
process, which can raise the possibility to obtain a codeword
that satisfies the parity-check equation. We propose some
properties the negative proximal term should have, and
investigate several choices of the negative proximal term.
We also discuss the convergence property of our proposed
decoder, and prove that the decoding error possibility is
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independent of the transmitted codeword. We implement
numerical experiments which demonstrate that our proposed
decoder outperforms other ADMM-based in most cases and
obtains similar decoding complexity.

APPENDIX
PROOF OF THEOREM 3

In [18], the authors established this property for ADMM
penalized decoder which solved the problem (6). We now
prove Theorem 3 following the path in [18]. Denote
the set of all the possible outputs of the channel when
transmitting codeword c by A(c), then our target theorem is
a straightforward consequence of the following lemma:

Lemma 3: There exists a one-to-one mapping Z : 'y +—
y? from A(c) to A(0) that satisfies

1) Pr(yle) = Pr(y°|0).

2) y € B(c) if and only if y° € B(0).

Proof: The framework of our proof is the same as in [18].
We define the mapping Z : y — y° as

"
yi = { )
yq’,7

where y; is the symmetric symbol of y; with respect to
the channel. To complete our proof, we only need to verify
that Lemmas 18 and 19 in [18] also hold for our proposed
decoder. Therefore, we prove the following lemmas, where
Lemmas 4 and 5 correspond to Lemma 18 in [18], and
Lemma 7 corresponds to Lemma 19 in [18]. |

We use the same definitions for operators R, and 7T, with
respect to a codeword c as in [18]:

if ¢; =0,
if C; = 1,

if C; = 07

Tcai:Rcai+ci.
oo 1, (a) (a)

1-— a;,
We represent R.(z;) by taking the same operations to z; with
respect to the corresponding sub-vector of c. Then we have
the following lemmas which claim that there exists a one-to-
one mapping between the iteration sequences of decoding any
codeword c and the all-zero codeword.

Lemma 4: Suppose that z;, x and \; are the variables in
the k-th iteration of Algorithm 1 when decoding y with input
p and %X. z;, xt and X[ are the (k + 1)-th iteration of
Algorithm 1. Meanwhile, suppose that z?, x° and )\? are the
variables in the k-th iteration of Algorithm 1 when decoding
y° with input p and X°. 20", xOF and X2 are the (k+1)-
th iteration of Algorithm 1. If z; = Re(zY), x = chxo),
i = T.(A?) and X = Rc(X°), then we have z; = Re(z)"™"),
xt = Re(x0F) and A\ = T.(A)™).

Proof: Let v and ~° denote the log-likelihood ratios
corresponding to y and y" respectively. Now we verify x* =
Rc(x%%). From the definition of R, we only need to consider
the indices j that satisfy ¢; = 1. From Algorithm 1, 2 is
the optimal solution to the following equation that has the
maximal distance with 0.5:

1

xj = argming  ¢[o,1] §uwjx? —tjz; — pfilx; — ;).

(36)
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Now we define u;“ as the root of the following equation:

pw;z —t; — pfi(x — ;) =0. 37
Similarly, u + denotes the root of
pw;x —t) — pfi(z — i‘Q) =0. (38)

Thus we have 7 = Ijoqy(u}) and )% = I q(u)™).

Now we introduce the notations z; 7) and \; () to denote the
j-th coordinate of Pl'z; and PZ»T)\Z, respectlvely, then

o~ (4 _
ti == ZieN(j)()‘i Hz

where N(j) denotes the set of all indices ¢ that satisfy

{J’))

H;; = 1. From the assumptlon z; 00 =1 - Z(j), )\?’(j) =
)\E]), 29 =1—a; and 7§ = —; hold due to the symmetry
of the channel. Therefore,
0 _ 0 0,(5) 0,(5)
ti =%~ ZiGN(j)(/\i —pz )

_ @) _ &
’7] Z’LGN(])( )‘1 'u(l Z ))

— o~ ) _
=% Zz‘EN(y‘)(Al )+ “Zzewa)
= —tj + uwj.

We now Verlfy 1—ul ;18 the root of equation (38). Substituting
r=1-— u in the left-hand side of equation (38), we have

(1 = uf) =6 = 1= uf — 39
= —uwjuj +t; = pfi(d; — u;r)
= fuwju;-' +t; — pfj/v(u;|r —z;) =0,

where the last equation is because u;“ is a root of (37) and
f; is symmetric about 0. We have shown that uj 1—- O *,
it is clear that Iljp j(u; )y =Hpy(1 - u?""). Thus we have
Since the update rule for z and A in Algorithm 1 is similar
to that in [18], we refer the reader to [18, Lemma 18] for the
rest of the proof. ]
Lemma 5: We now use Algorithm 2 to decode two channel
outputs, y and y°. Suppose that x!N! denotes the N-th output
of the ADMM algorithm when decoding y, i.e., the output of
the N-th iteration of Algorithm 2. Similarly, we denote the
N-th output of the ADMM algorithm when decoding y° as
xOINI. If we initialize Algorithm 2 by letting x° = 0.5, \; = 0
for all i, X1 = 0.5, and set the convergence criterion of
Algorithm 1 as round(x*) = round(x**1), then we have

xNV = R (x> for any N.
Proof: We use induction to prove our conclusion. Note
that x, A; and X are initialized such that x = R.(x%) = 0.5,
z; = Re(29) = 0.5, A; = =AY = 0 and x = R.(x°) = 0.5.
By Lemma 4, we conclude that for every ADMM iteration k,

we have
X[l],k _ RC(XO’[I]’k),

where xO[1% denotes the variable x in the k-th iteration

of Algorithm 1 with the input p and %[, According
to the assumption, the ADMM  iteration stops when
round(x¥) = round(x**'). Therefore, x[! = x[lki+1

3845

0.1 — xO.[]kat1

and x where ki,ko are the smallest
integers such that round(x[*1) = round(x"*1*+1) and
round(x*1*2) = round(x%[1:F2+1) | respectively.

It remains to prove that round(x!!"*) = round(x[':k+1)
if and only if round(x*!"*) = round(x®[M*+1) 1t is true
because for any real numbers a,b we have round(a) =
round(b) if and only if round(1 — a) = round(1 — b).

We now assume that the conclusion holds for 1,2,...,
N — 1. From the above proof, we only need to show that

<Nl — Rc(ﬁ:ov[N}). By definition, we have
SIN] _ o 5 l
x a+ﬂ[N}<+a+ﬂ[N]SZl:Lx ’
0N _ @ g1 0,1
X a+ﬁNC+a+5[NSZl:LX :

From the assumptions we know that x! = R.(x>M) for
l=1,2,...,N —1and ¢ = Rc(¢) by the definition of (.
Thus we obtain the conclusion from the following lemma since
%[N1(%9:[N1) is a convex combination of ¢ and x[(x%1). m

Lemma 6: Let x = Y, Nx' and y = >, \iy', where
YN =1and x' = Re(y'), then x = Re(y).

Proof: We only need to consider indices j such that
¢; = 1. Then yb = 1 —x!, and we have y; = >, Ayl =
Yyl —ah) =1—u;. ]

The next lemma claims that there exists a one-to-one
mapping between the output of our proposed algorithm for
decoding any codeword c and the all-zero codeword.

Lemma 7: Let & and &° be the output of Algorithm 2 for the
channel output y and y°, respectively. Suppose that we apply
the same initialization and convergence criterion as that stated
in Lemma 5. Then & = R¢(&").

Proof: By Lemma 5, xIVl = R (x%IN) for all N.
It remains to prove that Algorithm 2 stops for decoding y and
y* at the same iteration. We denote &Vl := round(x["!) and
&%V] .= round(x ™). Note that Algorithm 2 stops whenever
[HeN], = 0. Thus we only have to verify [HelV)], = 0 if
and only if [He® V], = 0.

Since x!M = R (x*IV]), we have &Vl = R (&%),
We now assume that [HeNl]; = 0 to prove the “only if”
part. To simplify the notation, we denote &N and &%V by
r and r, respectively. Note that any row of H induces the
equation [r;, +rj, + ...+ r;,]2 = 0, which means that there

are even number of 1s among 7;,,...,7;,. Since
0_ )i if ¢; =0,
J T S
1—r;, ifc; =1

Therefore,

=]

_{k:cjk=0} 1y
> o1

= Do +
L k& 2 _{k:c_jkzl} 2

The last equation holds because c¢ is a codeword and thus
there are even numbers of 1s among c;,,...,c;,. Therefore
we finish the “only if” part of the proof. The “if”” part is similar
and we will not repeat it here. [ ]

Z (1773&-)

{k:cj), =1} 9

=0.
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