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Abstract
Due to the high computational load of modern
numerical simulation, there is a demand for ap-
proaches that would reduce the size of discrete
problems while keeping the accuracy reasonable.
In this work, we present an original algorithm to
coarsen an unstructured grid based on the con-
cepts of differentiable physics. We achieve this
by employing k-means clustering, autodifferenti-
ation and stochastic minimization algorithms. We
demonstrate performance of the designed algo-
rithm on two PDEs: a linear parabolic equation
which governs slightly compressible fluid flow in
porous media and the wave equation. Our results
show that in the considered scenarios, we reduced
the number of grid points up to 10 times while
preserving the modeled variable dynamics in the
points of interest. The proposed approach can
be applied to the simulation of an arbitrary sys-
tem described by evolutionary partial differential
equations.

1. Introduction
Modelling of fluid flow in general and subsurface fluid flow
in particular are known to be highly computationally de-
manding problems. However, such problems arise in vari-
ous practical engineering applications. High computational
demand comes from the need to deal with detailed time and
spatial resolutions as well as possible non-linearity of gov-
erning partial differential equations. On the practical side,
the problem is even worse since modellers typically run
simulations several times with different sets of parameters.

There are different approaches that tend to reduce the com-
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putational load of these problems. In the field of subsurface
fluid flow, one of the most traditional approach is upscaling,
(Qi & Hesketh, 2005). The goal is to substitute the original
fine grid with a coarser grid and to upscale the equation co-
efficients (permeability, porosity and other), i.e. to transfer
fine grid values to cells on the coarse grid.

In other words, upscaling is a means to substitute a heteroge-
neous region with a homogeneous. The standard approaches
use arithmetic or harmonic averages over coarse grid blocks
(clusters). There are also more advanced approaches that
estimate upscaled coefficients by solving the flow equations
within coarse grid blocks. The techniques differ in the way
they average fine-grid data and form coarse grid blocks but
they all tend to reduce modelling grid size and thus save
computational time.

The main feature of the upscaling approaches is that they try
to coarsen the problem based on the fine grid and equation
coefficients but not use the modelled data. Reduced-order
modelling (ROM) methods work differently. They use some
modelled data (e.g. early times) to reduce computational
load of the rest of the problem (late times). The family of
ROM methods was actively developing in the last decades.
One of its most well-known representatives is proper orthog-
onal decomposition (POD), see e.g. (Kerschen et al., 2005;
Rowley, 2005; Guo & Hesthaven, 2019) and references
therein. It approximates complex fluid flow by using several
dominant spatial eigenvectors. Thus the method is directly
related to the principle component analysis (PCA). The dy-
namic mode decomposition (DMD), (Kutz et al., 2016), is
another popular approach in the recent years. It uses both
spatial and temporal frequencies to represent fluid dynamics
and predict its future state. The DMD is an equation-free
technique, i.e. it provides an explicit solutions without solv-
ing the reduced model.

If thinking about upscaling from the supervised learning
prospective, the following naive idea might come up: what if
we try to search the coarse grid by trying to fit physical fields
modelled on coarse grid to original grid data? However,
this is not practical since data modelled with conventional
numerical modelling algorithms is not differentiable with
respect to grid nodes locations. To address issue, we follow
the concept of differentiable physics.

A set of techniques known as differentiable physics sim-
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ulation utilizes gradient-based methods for learning and
controlling physical systems (Liang & Lin, 2020). The
main objective is to integrate every step of the simulation
in a way that allows autodifferentiation (AD) (Holl et al.,
2020). Then we are able to compute the partial derivatives
of the output with respect to the input. AD approach is used
in molecular dynamics even for spatial optimization of par-
ticle positions (Schoenholz & Cubuk, 2020). Also AD can
be used for optimization of material structure (Dold & van
Egmond, 2023). Since any PDE solver assumes system’s dy-
namics over a time period where any current state depends
on the previous states we get a very nested computational
graph and it becomes one of the main challenges.

There are works that use self-supervised metric in order to
modify the computational mesh. For example, (Fidkowski
& Chen, 2021) leverage the power of neural networks to
optimize mesh anisotropy based on error indicators and
Hessian matrices from primal and adjoint solutions. How-
ever, our method is different in several aspects. It extends
the concept of mesh optimization by incorporating differ-
entiable physics into the coarsening process. This allows
for the end-to-end gradient-based optimization of the mesh,
ensuring that refinements are intrinsically aligned with the
underlying physical laws. Our method utilizes the solution
at the measurement points only and does not require the Hes-
sian, which is tedious to evaluate and store. Additionally,
employing self-supervised learning through differentiable
Voronoi tessellation and the finite volume solver, our method
achieves grid coarsening without using training data from
other mesh adaptation methods as in (Fidkowski & Chen,
2021). (Park et al., 2016) provides an overview of traditional
methods of adaptation of structured meshes. However, all
of the comparisons described above differ our method from
the library of methods described in (Park et al., 2016). In
this work, we present an original approach to reduce com-
putational modelling complexity. Specifically, we design a
coarse grid by iterative minimization of the misfit between
data modelled on coarse and fine grids. We achieve this
by employing k-means clustering, autodifferentiation and
stochastic minimization algorithms. As far as the authors
are concerned, this is the first attempt to design an unstruc-
tured grid coarsening algorithm based on autodifferentiation.
We look at slightly compressible fluid flow in porous media,
which is governed by a linear parabolic equation, yet the
idea is applicable to an arbitrary evolutionary partial differ-
ential equation (we tested the approach also on a hyperbolic
wave equation).

Our main contributions are as follows:

1. We make use of graph representation of finite volume
solvers that allows to model PDEs in a differentiable
way by widely used in GNNs Message Passing tech-
nique;

Table 1. Main notations and acronyms

NOTION NOTATION

MODELLING DOMAIN V
DOMAIN BOUNDARY B
ORIGINAL GRID SIZE N
VORONOI SITES/POINT CLOUD S = {Si}Ni=1 ,

Si ∈ V
VORONOI CELLS/REGIONS Vi , 1 ≤ i ≤ N
VT OF S V (S) = {Vi}Ni=1

FINITE VOLUME METHOD FV OR FVM
TIME INTERVAL 0 < t < T
NUMBER OF TIME STEPS m
TIME STEP τ = T/m
PRESSURE p(x, y, t)
SOURCE TERM f(x, y, t)
PERMEABILITY K(x, y)
MEAN PERMEABILITY WITHIN CELL i Ki

MEAN SOURCE WITHIN fk
i

CELL i AT TIME STEP k
FV PRESSURE AT TIME STEP k pk ∈ RN

FV PRESSURE TIME SERIES IN CELL i pi ∈ Rm

COARSE GRID SIZE n
DEGREE OF REDUCTION r = n/N
AGGREGATION FUNCTION Θ

2. We propose a way to make simulation fully differen-
tiable by combining differentiable Voronoi tessellation
with the finite volume solver introduced at 1;

3. We propose a pipeline allowing to coarsen the origi-
nal unstructured grid whilst preserving the quality of
simulation. Such a result is achieved by optimizing
the difference between simulation results on two grids
using the differentiability of simulation introduced at
2.

The code is available on GitHub1.

2. Background
2.1. Autodifferentiation

Automatic differentiation (AD) is a technique for obtaining
the gradients of a program’s output with respect to input
(Naumann, 2012). One of the most important algorithms
based on AD is backpropagation. Nowadays, it’s primary
application is in training deep learning models. Backprop-
agation is proved to be powerful enough to allow training
even Large Language Models with billions of parameters.

However, AD is used in much broader sense in numerous ap-
plications in physics, chemistry and biology. A program or a
neural network can be represented as a computational graph
in which nodes represent functions, and edges represent
input/output relationships. Each node of the computational

1
https://github.com/SergeiShumilin/DifferentiableUnstructuredGridCoarsening
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Figure 1. The general pipeline of the method. The main idea is to reduce the number of points in the original field but preserve the quality
of simulation. The method does this in a self-supervised manner. a) As an input the method obtains the 2D point cloud, permeabilities in
the points and boundary B ; b) the input point cloud is processed into the Voronoi tessellation; c) geometric parameters of the tessellation
including the lengths of Voronoi edges and the areas of the Voronoi regions which further are processed into the differentiable graph FV
solver; d) Aggregating function which reduced the number of points; e) the locations of the reduced points are iteratively optimized in
order to reduce the loss; f) Differentiable Voronoi tessellation; g) coarsened grid where all geometric parameters represented as tensors
and are included into computational graph; h) Finite volume solver which operates on tensors and implements explicit Euler scheme; i)
loss function that compares the p(t) at some point.

graph corresponds to a simple operation and, in fact, repre-
sents a function. Simple functions then combined to form a
much complex models. The computations graph contains
nodes of three types: leaf nodes which are constants or in-
put variables, terminal nodes which represent output, and
regular nodes which are none of the others.

There is a number of Python based frameworks for AD. For
our experiments we use PyTorch (Paszke et al., 2017).

3. Method
In this work we consider two PDEs: a linear parabolic
equation which governs slightly compressible fluid flow in
porous media and the wave equation. To demonstrate the
concept throughout the paper we use the parabolic equation

case. We use reservoir modelling terminology to describe
subsurface flow.

3.1. Governing equations and their discretization

Let V be a polygonal domain for the reservoir. We assume
that fluid flow is controlled by injection and production
wells. A slightly compressible fluid flow in heterogeneous
porous media is described by a parabolic equation, (Chen,
2007). With minor simplifications, it takes the following
form,

∂p

∂t
− div(K∇p) = f, 0 < t < T, (1)

where p(x, y, t) is the unknown pressure, K(x, y) is the
permeability, f(x, y, t) is the source/sink term. The above
equation is completed with the initial condition p = p0(x, y)
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at t = 0 and zero Neumann boundary conditions on the
domain boundary.

To receive a numerical solution of (1), we applied the fi-
nite volume method for spatial discretization (Eymard et al.,
2000; Kuznetsov et al., 2007) and the forward Euler scheme
for temporal discretization. We appreciate that the forward
Euler scheme has the well-known stability restriction, Ap-
pendix C. Implicit schemes do not have this restriction, yet
the forward Euler scheme was much easier to integrate in
our pipeline.

Let m be the number of time steps of size τ = T/m and Si,
i = 1 · · ·N , be arbitrary points in V . We form a Voronoi
mesh using these points, and denote as Vi the respective
cells, |Vi| its area, as eij the edge separating adjacent cells
Vi and Vj , |eij | its length, hij distance between Voronoi
cites of two adjacent cells Vi and Vj .

Now the discretization of (1) reads as follows,

D
pk+1 − pk

τ
+Apk = Dfk, k = 0 · · ·m− 1, (2)

where pk ∈ RN and fk ∈ RN are discrete pressure and
source vectors, respectively, D is a diagonal matrix of areas
|Vi| and A ∈ RN×N is the finite-volume system matrix. It
is a sparse symmetric matrix with the following entries. If
cells Vi and Vj are adjacent, then

Aij = −|eij |
hij

2KjKj

Ki +Kj
, (3)

otherwise off-diagonal entries are zero, and the diagonal
entry is equal to the negative sum of off-diagonal entries.

Aii = −
N∑

j=1,j ̸=i

Aij . (4)

Since the expressions for matrix entries are fairly simple we
do not actually store the matrix, but rather we compute the
product Apk on-the-fly.

3.2. Differentiable graph simulator

In the context of fluid dynamics simulations, particularly
for slightly compressible fluids in complex geometries, we
have developed a novel differentiable graph-based simulator
that incorporates the finite volume method (FVM) within
a graph neural network (GNN) framework. Our differen-
tiable graph simulator is implemented based on the Message
Passing paradigm in graph neural networks. For implement-
ing such a simulator, we used Pytorch Geometric (Fey &
Lenssen, 2019) framework. The Message Passing idea has
been adopted to physics simulations, enhancing the model-
ing of physical processes on irregular graph-structured data.
Our solver operates on tensors. In fact, we use Message
Passing to calculate divergence in 1.

Our solver uses weights for the edges of the graph. These
weights are crucial in determining the flow dynamics across
the graph and are calculated based on the physical properties
of the nodes and edges, including permeability (K) and the
distance between nodes (hij). In our case, the weights are
given by negative off-diagonal values of the FVM system
matrix, see. (3):

wij = −Aij , (5)

since every non-zero off-diagonal matrix entry corresponds
to the respective edge of the graph.

The solver works by updating the properties of the physical
field of interest at each node. It performs an update of the
values of at the nodes using explicit Euler scheme for time
integration, and in our case it is the solution of equation (2):

pk+1 = pk + τ(fk −D−1Apk). (6)

3.3. Differentiable Voronoi tessellation

The Voronoi tessellation forms the fundamental concept
in computational geometry, partitioning a given space into
regions based on proximity to a set of predefined points. For
a site point si, Vi consists of all points in R2 for which si
is the nearest neighbour site point. The common boundary
part of two Voronoi regions is called a Voronoi edge if it
contains more than one point.

Numerous implementations of the Voronoi tessellation writ-
ten in C++ or other languages hinder the gradient flow
through the tessellation itself making it impossible to build
end-to-end differentiable applications.

Here we use the differentiable version of the Voronoi tes-
sellation (Shumilin et al., 2024). As noted before, the FV
solver uses information about the partitioning of the space.
It needs both the length of the Voronoi edges and the areas
of the Voronoi cells. To make our method end-to-end differ-
entiable, we need these geometric parameters to be the part
of the computational graph. To do so the method leverages
the idea of separating the construction of the Delaunay tri-
angulation from computing the differentiable tensors with
specific information (see Fig. 2). Delaunay triangulation
only provides indexing information for the construction of
the Voronoi tessellation. Then, based on the adjacency infor-
mation the geometric parameters of the Voronoi tessellation
are calculated. These parameters include: lengths of the
Voronoi cells edges (eij), areas of the Voronoi cells (|Vi|).
This is possible because of the duality between Delaunay
triangulation and Voronoi tessellation (Aurenhammer et al.,
2013).

Let ta,b,c be a triangle in Delaunay triangulation of S sup-
ported by points a, b, c. Let x and y be the center of the
circumcircle of ta,b,c. The analytical expression to calculate
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the circumcenter (center of circumcircle) of ta,b,c:

x =

(
a21 − c21 + a22 − c22

)
(b2 − c2)

D
−

−
(
b21 − c21 + b22 − c22

)
(a2 − c2)

D
(7)

y =

(
b21 − c21 + b22 − c22

)
(a1 − c1)

D
−

−
(
a21 − c21 + a22 − c22

)
(b1 − c1)

D
(8)

where D which is four times the area of ta,b,c , is given by

D = 2 [(a1 − c1) (b2 − c2)− (b1 − c1) (a2 − c2)] (9)

It’s clear that we can calculate
∂x

∂a
,
∂y

∂a
and the same for b

and c.

The lengths of the Voronoi edges are calculated based on the
circumcenters of the Delaunay triangles. The areas of the
Voronoi regions are calculated by the differentiable version
of the Shoelace formula (Braden, 1986). Voronoi regions
which overlap the boundary B are clipped in a differentiable
manner.

As FV solvers use the Voronoi partitioning of the space, now
we are able to pass gradients from the solver to the input
data.

Delaunay 
triangulation

Site points Voronoi tessellation

Delaunay into Voronoi
(only adjacency information)

Forward pass

Backward pass

Loss 
function

Figure 2. The principle scheme of the differentiable Voronoi tes-
sellation. The input points are Delaunay triangulated. Then the
adjacency information is used for calculating the geometric pa-
rameters of the Voronoi tessellation. Blue arrows represent the
forward pass which consists of geometric calculations on tensors.
Backward pass is done automatically by AD.

3.4. General pipeline

The general pipeline for the method is presented in Fig.1.
The main motivation is to obtain the coarsened version of
the initial physical field that well approximates the initial
physical qualities but has a much smaller size. The main
idea is to iteratively optimize the locations of points of
the coarsened grid in order minimize misfit between data
modelled on the coarse and fine grids, respectively.

Input data As an input we have a 2D point cloud which we
call site points S and values of discrete permeability field
denoted as KS = {Ki}Mi=1. Initially Ki represents perme-
ability at some site point. After the Voronoi tessellation of
S, Ki represents mean permeability within the respective
Voronoi cell, Vi. Also as an input we pass the boundary B.

Pooling function. Despite the position of site points may
be random before we start optimization, we choose a good
initial approximation by using a pooling function. Moreover,
we use pooling for KS as well.

Let Θ be an aggregating function that takes S and KS as an
input and produces Ŝ and K̂ with fewer number of points.
Ŝ and K̂ taken together, represent a 3D point cloud. Θ
is a two step function. First, Θ performs clusterization of
the site points and permeabilities into n clusters. Then it
applies arithmetic mean function for both coordinates and
permeabilities inside a cluster. Thus the pooling function Θ
acts as:

Ŝ, K̂ = Θ(S,KS) (10)

When apply pooling we leave source and measurement
points untouched. We apply particular configuration of
the pooling function but we assume that any function that
satisfies the desired properties may be applied.

Theoretical formulation of the method. Let ps(S) and
ps(S

∗) be the time series for modelled variable (pressure
in our case) in a measurement point s, s ∈ S and s ∈ S∗

because we keep it untouched. We assume that both time
series are of equal length. Theoretically we formulate our
procedure as a function OPTIMIZE. It outputs optimized
coordinates:

S∗ = OPTIMIZE(Ŝ, K̂, ps(S)), (11)

where Ŝ - pooled site points, K̂ - pooled discrete field, ps(S)
- modelling data of original grid.

Our method uses Θ(S,K) as an initial approximation of S∗

and K∗ but optimizes Ŝ further, while averaged permeabili-
ties K̂ are fixed.

Optimization problem. OPTIMIZE implements an op-
timization loop. Let e = RMSE(ps(S), ps(S

∗)) be the
measure of closeness of the two time series. Lower values
of e correspond to better fit at the measurement point. If we
manage to reduce the number of grid points and optimize

5



Self-Supervised Coarsening of Unstructured Grid with Automatic Differentiation

their locations while keeping e small, then we solve our
main problem: we will be able to run simulations much
faster without the loss of quality. This makes our method
self-adaptive because it doesn’t need any data and controls
itself.

For better readability, we assumed that there is just one
measurement point, however, arbitrary number of points
can be used in this approach. Later we show application of
our method in scenarios with multiple measurement points.

Finally, we formulate the following optimization problem:

min
S∗

MSE(ps(S), ps(S
∗)) (12)

We apply a stochastic minimization algorithm for this prob-
lem. The number of optimization steps is a hyperparameter.
The computational graph includes differentiable Voronoi
tessellation, FV solver and the loss function. Backward pass
allows to analytically compute partial derivatives of the loss
function with respect to the site points. Then the update step
moves the site points so as to minimize the loss function.
As the output of the method we obtain the new position of
the site points that represent the original physical system.

4. Experiments and Analysis
4.1. Source specification

In subsurface modelling, typical drivers for fluid flow are
injecting (sources) and producing wells. Both types of wells
can be described as a point source with its intensity propor-
tional to the difference between the pressure at the wellbore
and the pressure near the well. When such a source is dis-
cretized, we receive the following expression,

fk
i =

{
cα(pbh,α − pkα) if i = α,

0 otherwise,
(13)

where α is the cell where the well is located, cα is a param-
eter depending on well size and permeability, and pbh,α is
the pressure at the wellbore.

In the presentation below, we slightly abuse the above defini-
tions and use sink point/measurement point interchangebly.

4.2. Varying the degree of reduction

We define the degree of reduction as r = n/N . As a first
scenario we use the scenario we call loop. It represents
an evenly spaced point cloud S (N = 312) and a discrete
permeability field K. K consists of {0.1, 1}. In fact this
scenario is much harder to coarsen comparing with a smooth
permeability field because for some Θ it may disconnect
the K = 1 subset hindering the pressure propagation. We
choose different degrees of reduction to coarsen this grid
(see Fig. 3). Then we put all these grids into the FV simu-
lator for m = 104 steps and save the modelled p(x, y, t) at

the sink point. As a result we have a pressure series vector
ps ∈ Rm.

Fig. 3 demonstrates the influence of r on the ps. We set
the following parameters for the modeling: m = 104, τ =
10−4, pbh,src = 1 Pa, csrc = 0.5m3/s. Than we compare
psink for 0 < t < T for the four scenarios: r = {1.0, 0.75,
0.5, 0.25}. For all the simulations we use differentiable
finite volume Solver which solves (1) for p(x, y, t). We set
a [0, 1]2 boundary.

Keeping the described setting we compare the Θ which use
k-means for clustering and average pooling vs. our method.
The results of the experiment are shown on the Fig. 6. The
results show that our method allows to significantly improve
the modeling, compared to the original pressure series. All
the series are much close to the ground truth one. The
comparison of RMSE for this experiment is presented on
the Fig. 5 For this experiment we’ve done optimization for
20 epochs and modelled 104 time steps.

4.3. Hyperbolic equation case

The wave equation, an example of a hyperbolic PDE, models
phenomena such as sound or other types of waves propa-
gating through various media. In fluid dynamics, the wave
equation can be used to describe pressure waves in com-
pressible fluids. When disturbances occur in the fluid, they
generate pressure waves that propagate according to the
wave equation:

∂2p

∂t2
− c2∇2p = f (14)

where c is speed of sound.

We have adapted our solver for the wave equation. The
modified solver uses the same finite volume discretization
scheme as for the parabolic equation, but we changed the
update formula:

pk+1 = −pk−1 + 2pk + τ2D−1Apk + τ2fk, (15)

Our pipeline has shown the ability to handle the wave equa-
tion well. The results of experiments for wave equation are
described in Appendix B 2.

4.4. Multiple measurement points and predicting ability

One of the most important application of model order re-
duction is oil reservoir modeling because usually computa-
tional grids for these models have millions of cells. Reser-
voir modeling is a very costly computation and reduction
of the computation domain may save a lot of effort. A
lightweight model of an oil reservoir is called a proxy model.

2https://youtu.be/4rI0vf2zYCQ
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Figure 3. Voronoi tessellation and discrete permeability field corresponding to different degrees of reduction. First we have an original
point cloud, permeabilities, and [−0.1, 1.1]2 boundary which together form the input data. We apply k-means clustering + mean pooling
in clusters to the input data with different degrees of reduction: 200

312
, 100
312

, 40
312

. The figure shows the series of coarsened grids. The color
represents the permeability. Source and sink points are kept untouched during coarsening.

Figure 4. The result of 90000→1000 coarsening after 60 epochs.
Our method proves ability to handle large point clouds in differen-
tiable way, demonstrates good agreement with ground truth and
improves k-means + average pooling result. After such coarsening
simulation speed is 34x faster

Figure 5. The result show our method allows to make coarsening
of much lower degree but preserving the modeling quality.

In fact coarsened coordinates and permeabilities are the
proxy model of some physical field.

To test the ability of the method to get coarsened grids good
enough for simulation beyond the time used for coarsening,
we implement the traditional machine learning approach by
splitting the train and test time periods.
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Figure 6. a) Comparison of ps for different degrees of reduction for loop scenario. For coarsening k-means + averaging are used. b)
Comparison of ps for different degrees of reduction for loop scenario by using our method. Optimization is done for 20 epochs. Adam
optimizer. Learning rate 10−3.

Figure 7. Voronoi tessellation corresponding to 90000→1000 coarsening. Left plot represents original point cloud, right - coarsened point
cloud by our pipeline. The color represents the permeability. Source and sink points are kept untouched during coarsening.

After coarsening we run simulation again but for a larger
number of steps and check the predicting ability of the proxy
model. Experiments demonstrate that coarsened grid is able
to produce accurate simulation compared to the original grid.
The details of the experiment are described in Appedix D.
The video of the process of optimization is available online3.

4.5. Scalability

An essential aspect of assessing the efficacy of the graph-
based simulator and general pipeline is its scalability, partic-
ularly as the size of the point cloud increases. This section
presents a performance analysis, focusing on the execution
time and memory consumption, across varying sizes of point

3https://youtu.be/JBC1v8xSE58

clouds. The experiments were conducted on Google Colab,
utilizing two cores of an Intel(R) Xeon(R) CPU @ 2.20GHz
and 12.7 GB of RAM, to ensure a consistent and replicable
environment.

First, we perform the benchmarking of the graph-based sim-
ulator. Point clouds were tested on several scales and these
scales were chosen to represent a broad range of poten-
tial real-world applications, from moderate to highly dense
point clouds. Execution time and RAM consumption were
measured for each scale, providing information on simula-
tor efficiency and resource utilization. For all experiments
presented here, we used synthetic permeability generated
by the following function: sin(ax) + sin(by) + 2.5 where
a = b = 0.05. The coordinates x and y were systematically
varied in a continuous domain from 0 to 100, with both
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Table 2. Performance metrics of the graph simulator for different sizes of the task.

NUMBER OF POINTS TIME (MINUTES) PEAK RAM (GB)

90,000 17 2.8
250,000 51 3.2
1,000,000 239 4.9

Table 3. Performance metrics of one epoch of the optimization loop with different scenarios (10000 timesteps).

SCENARIO TIME (MIN) PEAK RAM (GB)

90000→1000 0.9 7.1
90000→500 0.7 5.7
90000→100 0.45 3.1

axes subdivided into 300 equidistant intervals. This form of
function leads to permeability in the range [0.5, 4.5]. Fig. 7
shows the generated permeability field. The locations of
the source and measurement points are arbitrarily selected,
the source point is positioned at coordinates approximately
[50.17,9.70], and the sink point is located at [36.79, 9.70].
Parameters csrc = 1 m3/s, psrc = 50 Pa, τ = 0.005 s.
has been chosen for these experiments. We set a [0, 100]2

boundary.

The results in the table 2 provide critical insights into the
scalability of the simulator. Execution time and RAM con-
sumption metrics are key indicators of the simulator’s ability
to handle large-scale data efficiently.

Additionally, we measured the performance of the
general pipeline. For this task, we tested several
types of coarsening (number of points before→after):
90000→1000, 90000→500, 90000→100 and measured du-
ration of one epoch of optimization described in section
General pipeline.

We note that overall execution time of the optimization step
is dominated by simulator run on optimized (reduced) point
cloud.

Finally, we demonstrate and highlight the potential gains
from using our approach. For illustrative purposes, we ap-
plied coarsening to the point cloud, reducing its size from
90,000 to 1,000 points using the k-means algorithm, mirror-
ing the methodology detailed in the preceding subsection
(see Fig. 7 ). This reduction, by a factor of 90, led to a
dramatic decrease in the simulation execution time, by a
factor of 34, resulting in an average computation time of ap-
proximately 0.5 minutes. Remarkably, after just 60 epochs,
our model achieved an RMSE of approximately 0.042, sig-
nifying a notable improvement over the baseline k-means +
average pooling result of 0.057. These results are visually
depicted in Fig. 4, highlighting the effectiveness of our
approach.

5. Conclusion, Limitations, and Future Work
We presented a new method to coarsen an unstructured com-
putational grid that provides much faster modeling with-
out significant loss in accuracy. The method is based on
minimization of the misfit between time series modelled
on coarse and fine grids. Our method includes k-means
clustering, autodifferentiation and stochastic minimization
algorithms. The method makes use of the combination of
the differentiable Voronoi tessellation with the differentiable
finite volume solver that allows to pass gradient from the dif-
ferentiable loss function to the input locations of the points.
In our experiments we reduced the problem size 10 times
whilst preserving preserved the quality of modeling.

We tested our method using the important practical example
of slightly compressible fluid flow in porous media. Our ap-
proach showed great flexibility and provided a 34x speedup
while keeping the accuracy of fine grid modeling.

Our method is focused on a specific method for solving PDE
but not specific types of PDEs. Our approach is applicable
to any finite volume, two-dimensional explicit solver com-
patible with unstructured meshes—provided the differential
operators can be represented through Voronoi tessellation.
This is due to the fact that any pertinent numerical scheme
can be represented as a computational graph over a cloud of
points (the cell centers), which can then be spatially coars-
ened. The resulting coarser point cloud can again be used
to build unstructured grid and calculate the differential op-
erators, thereby maintaining the integrity of the solver’s
operations. Therefore, if a specific method of solver (finite
volumes method in our case) can solve some kind of PDE,
then our method can be also applied to this PDE type.

In our current work, the usage of the explicit Euler scheme
was sufficient for demonstration of the general concept of
coarsening and application of differentiable Voronoi tessel-
lation. We are keen on investigating implicit schemes in the
subsequent studies.
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Impact statement
Community impact. The work opens up the possibility to
use differentiable simulators together with adaptive coarsen-
ing techniques in order to reduce the size of synthetic and
real-world problems.

Industry impact. The filtration equation discussed in this
paper is used to model groundwater as well as oil reservoir
dynamics. Modeling the movement of water underground
allows us to better assess available reserves and build more
environmentally friendly infrastructure. Our method allows
us to speed up the calculation of the filtration equation,
which allows us to solve problems related to the installation
of wells and groundwater analysis.

Also our method contributes to petroleum engineering. It
allows to solve both forward and inverse problems using
proxy models, obtained with our method.

Acknowledgements
The work was supported by the Analytical cen-
ter under the RF Government (subsidy agreement
000000D730321P5Q0002, Grant No. 70-2021-00145
02.11.2021).

We also acknowledge insightful discussions with Dr.
Alexander Korotin and Petr Mokrov (Skoltech).

References
Aurenhammer, F., Klein, R., and Lee, D.-T. VORONOI DI-

AGRAMS AND DELAUNAY TRIANGULATIONS. World
Scientific Publishing Co. Pte. Ltd., 1st edition, 2013.

Braden, B. The surveyor’s area formula. The College
Mathematics Journal, 17(4):326–337, 1986.

Chen, Z. Reservoir Simulation: Mathematical Techniques
in Oil Recovery. Society for Industrial and Applied Math-
ematics, January 2007. ISBN 9780898717075. doi:
10.1137/1.9780898717075. URL http://dx.doi.
org/10.1137/1.9780898717075.

Dold, D. and van Egmond, D. A. Differentiable graph-
structured models for inverse design of lattice materials.
arXiv preprint arXiv:2304.05422, 2023.

Eymard, R., Gallouët, T., and Herbin, R. Finite vol-
ume methods, pp. 713–1018. Elsevier, 2000. doi: 10.
1016/s1570-8659(00)07005-8. URL http://dx.doi.
org/10.1016/s1570-8659(00)07005-8.

Fey, M. and Lenssen, J. E. Fast graph representation learning
with PyTorch Geometric. In ICLR Workshop on Repre-
sentation Learning on Graphs and Manifolds, 2019.

Fidkowski, K. J. and Chen, G. Metric-based, goal-oriented
mesh adaptation using machine learning. Journal of
Computational Physics, 426:109957, 2021. ISSN 0021-
9991. doi: https://doi.org/10.1016/j.jcp.2020.109957.
URL https://www.sciencedirect.com/
science/article/pii/S0021999120307312.

Guo, M. and Hesthaven, J. S. Data-driven reduced order
modeling for time-dependent problems. Computer Meth-
ods in Applied Mechanics and Engineering, 345:75–99,
March 2019. ISSN 0045-7825. doi: 10.1016/j.cma.2018.
10.029. URL http://dx.doi.org/10.1016/j.
cma.2018.10.029.

Holl, P., Koltun, V., and Thuerey, N. Learning to con-
trol pdes with differentiable physics. arXiv preprint
arXiv:2001.07457, 2020.

Kerschen, G., Golinval, J.-c., Vakakis, A. F., and Bergman,
L. A. The method of proper orthogonal decomposition
for dynamical characterization and order reduction of
mechanical systems: an overview. Nonlinear dynamics,
41:147–169, 2005.

Kutz, J. N., Brunton, S. L., Brunton, B. W., and Proctor, J. L.
Dynamic Mode Decomposition: Data-Driven Modeling
of Complex Systems. Society for Industrial and Applied
Mathematics, November 2016. ISBN 9781611974508.
doi: 10.1137/1.9781611974508.

Kuznetsov, Y., Boiarkine, O., Kapyrin, I., and Yavich, N.
Numerical analysis of a two-level preconditioner for
the diffusion equation with an anisotropic diffusion ten-
sor. Russian Journal of Numerical Analysis and Math-
ematical Modelling, 22(4):377–391, 2007. doi: doi:
10.1515/rnam.2007.018. URL https://doi.org/
10.1515/rnam.2007.018.

Liang, J. and Lin, M. C. Differentiable physics simulation.
In ICLR 2020 Workshop on Integration of Deep Neural
Models and Differential Equations, 2020.

Naumann, U. The art of differentiating computer programs
: an introduction to algorithmic differentiation. SIAM,
1st edition, 2012. ISBN ISBN 978-1-611972-06-1.

Park, M. A., Loseille, A., Krakos, J., Michal, T. R., and
Alonso, J. J. Unstructured grid adaptation: status, poten-
tial impacts, and recommended investments towards cfd
2030. In 46th AIAA fluid dynamics conference, pp. 3323,
2016.

Paszke, A., Gross, S., Chintala, S., Chanan, G., Yang, E.,
DeVito, Z., Lin, Z., Desmaison, A., Antiga, L., and Lerer,
A. Automatic differentiation in pytorch. 2017.

10

http://dx.doi.org/10.1137/1.9780898717075
http://dx.doi.org/10.1137/1.9780898717075
http://dx.doi.org/10.1016/s1570-8659(00)07005-8
http://dx.doi.org/10.1016/s1570-8659(00)07005-8
https://www.sciencedirect.com/science/article/pii/S0021999120307312
https://www.sciencedirect.com/science/article/pii/S0021999120307312
http://dx.doi.org/10.1016/j.cma.2018.10.029
http://dx.doi.org/10.1016/j.cma.2018.10.029
https://doi.org/10.1515/rnam.2007.018
https://doi.org/10.1515/rnam.2007.018


Self-Supervised Coarsening of Unstructured Grid with Automatic Differentiation

Qi, D. and Hesketh, T. An analysis of upscaling techniques
for reservoir simulation. Petroleum Science and Technol-
ogy, 23(7–8):827–842, July 2005. ISSN 1532-2459. doi:
10.1081/lft-200033132.

Rowley, C. W. Model reduction for fluids, using balanced
proper orthogonal decomposition. International Journal
of Bifurcation and Chaos, 15(03):997–1013, 2005.

Schoenholz, S. and Cubuk, E. D. Jax md: a framework for
differentiable physics. Advances in Neural Information
Processing Systems, 33:11428–11441, 2020.

Shumilin, S., Ryabov, A., Barannikov, S., Burnaev, E., and
Vanovskii, V. A method for auto-differentiation of the
voronoi tessellation, 2024.

11



Self-Supervised Coarsening of Unstructured Grid with Automatic Differentiation

A. Example of work of differentiable finite volume solver (Darcy equation)

Figure 8. The work of the Differentiable finite volume solver for Darcy equation. The values of p(x, y) is shown in every node of the
graph. Graph is the Voronoi graph. An edge i, j exists in this graph if Vi and Vj are adjacent. The source point injects the fluid into
the subsurface domain. As the parameters for the run we used csrc = 1 m3/s, psrc = 0.5 Pa, τ = 0.0001. Points are evenly spaced
because it’s the original point cloud S and it’s not yet coarsened.

B. Results for the wave equation
Here, we present our experiments with self-supervised coarsening applied to the acoustic wave equation. We considered
a domain [0, L] × [0, L], where L = 10. The grid was generated by distributing evenly 400 points. The speed of sound,
c(x, y), was equal to 1. There was no energy source, f = 0.

The initial conditions for the pressure field was a Gaussian-like distribution, while its temporal derivative was zero,

p(x, y, 0) = exp

(
− (x− 5)2

2
− (y − 5)2

2

)
, pt(x, y, 0) = 0. (16)

The video demonstrating work of our solver in this case is available online4.

Our methodology for this experiment mirrors the approach taken with previous cases. We applied our approach to coarsen
the computational grid from 400 to 60 points. The time step, τ was equal 0.001 s in these experiments. The domain was

4https://youtu.be/SCBj1Jcvd7Y
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Figure 9. Results of the our approach applied to wave equation. Our method is able to adapt the grid to minimize the divergence of the
sinusoidal signals in two sink points

[0, 10]2. The results are demonstrated in the Fig. 9. The video demonstrating the experiment is available online5.

The successful application of our coarsening algorithm to the wave equation broadens the spectrum of problems where our
approach can be confidently applied.

C. Stability Analysis
Stability analysis of the explicit scheme (2) shows that the time step should be limited by the fraction,

τ ≤ 2

λmax
, (17)

where the denominator is largest eigenvalue of matrix D−1A. The later could be estimated with the Gershgorin disk theorem,

λmax ≤ 2C
Kmax

Vmin
, (18)

where Vmin is the smallest cell area, Kmax is the largest permeability, and C is a dimensionless constant, which depends on
grid geometry and topology. Consequently, we arrive to a sufficient condition of stability,

τ ≤ Vmin

C Kmax
. (19)

D. Petroleum engineering example
The governing equation for modelling an oil reservoir is Darcy PDE 1. In this scenario injecting wells are sources and
production wells are measurement points. We need to control the oil debit for production wells. Let’s consider the
permeability field of a real oil reservoir model (see Fig.10). Permeabilities in this field ranged from 10−2 to 102 mD. Red
triangle represents a source point. Orange triangles represent measurement points. We set pbh,src = 103 Pa. We test the
ability of our method to output a proxy model that is capable to predict the future oil debit. First, we use our method to
coarsen an unstructured grid. We use m = 10000. After optimization we use the resulting grid and pass it again into the FV
solver but for now we model it for m = 20000 time steps.

The results show that for 20000 steps the coarsened model produced accurate predictions compared to the not optimized
model (see Fig. 11).

5https://youtu.be/4rI0vf2zYCQ
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Figure 10. Real-world data experiment with 4 measurement point. We conduct an experiment with 4 measurement points and real-world
data permeability field. We simplified the permeability field beforehand for visualization purposes.
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Figure 11. Real-world data experiment with 4 measurement points. We conduct an experiment with 4 measurement points and real-world
data permeability field. Each graph represents a measurement point. The locations of measurement point are shown in Fig. 10. Red dotted
line splits training and test periods. Not optimized grid produces much worse quality of modelling in the measurement points.
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