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Abstract

Robust reinforcement learning (RL) aims to find a policy that optimizes worst-case perfor-
mance in the face of uncertainties. In this paper, we focus on action robust RL with the
probabilistic policy execution uncertainty, in which, instead of always carrying out the action
specified by the policy, the agent will take the action specified by the policy with probability
1 — p and an alternative adversarial action with probability p. We show the existence of an
optimal policy on the action robust MDPs with probabilistic policy execution uncertainty
and provide the action robust Bellman optimality equation for its solution. Based on that,
we develop Action Robust Reinforcement Learning with Certificates (ARRLC) algorithm
that achieves minimax optimal regret and sample complexity. Furthermore, we conduct
numerical experiments to validate our approach’s robustness, demonstrating that ARRLC
outperforms non-robust RL algorithms and converges faster than the other action robust
RL algorithms in the presence of action perturbations.

1 Introduction

Reinforcement learning (RL), a framework for solving control-theoretic problem that involves making deci-
sions over time under an unknown environment, has many applications in a variety of scenarios (Zhao et al.,
2018; [Nazari et al., 2018} |O’ Kelly et al., [2018; [Liu et al., 2020)). However, the solutions to standard RL meth-
ods are not inherently robust to uncertainties, perturbations, or structural changes in the environment, which
are frequently observed in real-world settings. A trustworthy reinforcement learning algorithm should be
competent in solving challenging real-world problems with robustness against perturbations and uncertain-
ties. Robust RL aims to improve the worst-case performance of algorithms deterministically or statistically
in the face of uncertainties in different MDP components, including observations/states (Zhang et al., |2020a);
Sun et al., 2022), actions (Tessler et al., 2019; Klima et al.l [2019), transitions (Nilim & El Ghaoui, 2005}
Iyengar, 2005; [Tamar et al., |2014; [Wang & Zou, 2021), and rewards (Huang & Zhu, |2019; [Lecarpentier &
Rachelsonl 2019)).

In this paper, we consider action uncertainties, also called policy execution uncertainties, and probabilistic
uncertainty set proposed in [Tessler et al.| (2019)). Robust RL against action uncertainties focuses on the
discrepancy between the actions generated by the RL agent and the conducted actions. Taking the robot
control as an example, such policy execution uncertainty may come from the actuator noise, limited power
range, or actuator failures in the real world. Taking the medication advice in healthcare as another example,
such policy execution uncertainty may come from the patient’s personal behaviors such as drug refusal,
forgotten medication, or overdose etc.

To deal with the policy execution uncertainty, robust RL methods (Pinto et al.l 2017; Tessler et al., |2019))
adopt the adversarial training framework (Goodfellow et all 2014} [Madry et al., |2018) and assume an
adversary conducting adversarial attacks to mimic the naturalistic uncertainties. Training with an adversary
can be formulated as a zero-sum game between the adversary and the RL agent. However, these interesting
works do not provide theoretical guarantee on sample complexity or regret. In this paper, we aim to fill this

gap.



Under review as submission to TMLR

The approaches in Pinto et al| (2017)) and Tessler et al.| (2019) iteratively apply two stages: (i) given a fixed
adversary policy, it calculates the agent’s optimal policy; and (ii) update the adversary policy against the
updated agent’s policy. The repetition of stage (i) requires repeatedly solving MDP to find the optimal
policy, which is sample inefficient. Motivated by the recent theoretical works on transition probability
uncertainty that use the robust dynamic programming method [[yengar and achieve efficient sample
complexity Wang & Zou| (2021); Panaganti & Kalathil (2022); Xu et al.| (2023), we introduce the action robust
Bellman equations and design sample efficient algorithms based on the action robust Bellman equations. Our
methods simultaneously update the adversary policy and agent’s policy instead of updating one after another
is converged. Our major contributions are summarized as follows:

e We show that the robust problem can be solved by the iteration of the action robust Bellman
optimality equations. Motivated by this, we design two efficient algorithms.

o We develop a model-based algorithm, Action Robust Reinforcement Learning with Certificates (AR~
RLC), for episodic action robust MDPs, and show that it achieves minimax order optimal regret
and minimax order optimal sample complexity.

e« We develop a model-free algorithm for episodic action robust MDPs; and analyze its regret and
sample complexity.

e We conduct numerical experiments to validate the robustness of our approach. In our experiments,
our robust algorithm achieves a much higher reward than the non-robust RL algorithm when being
tested with some action perturbations; and our ARRLC algorithm converges much faster than the
robust TD algorithm in (Klima et al., 2019).

2 Related work

We mostly focus on papers that are related to sample complexity bounds for the episodic RL and the two-
player zero-sum Markov game, and action robust RL, that are close related to our model. We remark that
there are also related settings, e.g., infinite-horizon discounted MDP (Li et al., |2020; He et al., 2021)), robust
RL with other uncertainties (Iyengar, [2005; Lecarpentier & Rachelson, 2019; [Zhang et al., [2020a; [Wang &/
2021)), robust offline RL (Guo et al., 2022; [Shi & Chi, [2022), adversarial training with a generative RL
model (Zhou et all 2021} [Yang et all, [2022; |[Panaganti & Kalathil, 2022} [Xu et al.| 2023} [Shi et al [2023),
adversarial attacks on RL (Zhang et al., [2020D; [Liu & Lail 2021} [Sun et al. [2021]), etc. Most of robust RL
papers considered the robust MDP setting, which have been proposed to handle these problems by letting
the transition probability vary in an uncertainty (or ambiguity) set. Table [2 provides the sample complexity
comparisons of our result with that of the existing Robust MDP works.

Action robust RL. Pinto et al|(2017) introduces robust adversarial reinforcement learning to address the
generalization issues in reinforcement learning by training with a destabilizing adversary that applies distur-
bance forces to the system. Tessler et al.| (2019) introduces two new criteria of robustness for reinforcement
learning in the face of action uncertainty. We follow its probabilistic action robust MDP (PR-MDP) in which,
instead of the action specified by the policy, an alternative adversarial action is taken with probability p.
They generalize their policy iteration approach to deep reinforcement learning (DRL) and provide extensive
experiments. A similar uncertainty setting was presented in Klima et al| (2019), which extends temporal
difference (TD) learning algorithms by a new robust operator and shows that the new algorithms converge to
the optimal robust Q-function. However, no theoretical guarantee on sample complexity or regret is provided
in these works. We develop a minimax sample efficient algorithm and fill this gap.

Sample complexity bounds for the episodic RL. There is a rich literature on sample complexity
guarantees for episodic tabular RL, for example (Kearns & Singh, 2002; Strehl et al. [2006} |[Auer et al.
[Azar et all [2017; [Dann et al, 2017 [Jin et al, 2018} [Dann et all 2019} [Simchowitz & Jamiesonl, 2019
[Zhang et al) [2020c; [2021)). However, these methods can not be directly applied in action robust MDP
with small technical changes. Most relevant to our paper is the work about policy certificates (Dann et al.
2019). The algorithm ORLC in [Dann et al.| (2019) calculate both the upper bound and lower bound of the
value functions, and outputs policy certificates that bound the sub-optimality and return of the policy. Our
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Algorithm (S:s:rlllgll(jxi ty Uncertainty | Sample from
S2AH(24p)2 Transition . .
(Yang et al., 2022) =7 | probability Generative environment
(Panaganti & Kalathil, [2022) | S2AH" Transition Generative environment
€ probability
(Xu et al., 2023) SAH® Transrc.l on Generative environment
€ probability
. Transition . .
(Wang & Zou, |2021) Asymptotic probability Online environment
This work SAH® PTohcy XU | Online environment
€ tion
(Non-robust) Lower bound | ¢ s i )
(Zhang et al., [2020c) e

Table 1: Sample complexity comparisons of previous results and our results, where S, A are the size of the
state space and action space, H is the length of the horizon, K is the number of episodes, p is the uncertainty
parameter, and ¢ is the level of suboptimality.

proposed ARRLC shares a similar structure with ORLC, but we develop new adversarial trajectory sampling
and action robust value iteration method in ARRLC, and new techniques to bound the sum of variances so
that our algorithm suits for action robust MDPs.

Sample complexity bounds for the two-player zero-sum Markov game. Training with an adversary
can naturally be formulated as a zero-sum game between the adversary and the RL agent. Some sample
efficient algorithms for two-player zero-sum Markov game can be used to train the action robust RL agent.
The efficient multi-agent RL algorithms (Liu et al. 2021} Jin et all [2021) can be used to solve the action
robust optimal policy but are not minimax optimal. They are a factor of A or H? above the minimax lower
bound. Our algorithm ARRLC is minimax optimal.

3 Problem formulation

Tabular MDPs. We consider a tabular episodic MDP M = (S, A, H, P, R), where S is the state space
with |S] = S, A is the action space with |A] = A, H € ZT is the number of steps in each episode, P is the
transition matrix so that P, (-|s,a) represents the probability distribution over states if action a is taken for
state s at step h € [H], and R;, : S x A — [0, 1] represents the reward function at the step h. In this paper,
the probability transition functions and the reward functions can be different at different steps.

The agent interacts with the MDP in episodes indexed by k. Each episode k is a trajectory
{sk,a¥,rf, - sk ak, i} of H states sf € S, actions af € A, and rewards 7 € [0,1]. At each step
h € [H] of episode k, the agent observes the state s’,j and chooses an action a’fb. After receiving the action,
the environment generates a random reward 7 € [0,1] derived from a distribution with mean Ry (s}, ak)
and next state sf 41 that is drawn from the distribution Py(|s¥,aF). For notational simplicity, we assume
that the initial states s¥ = s; are deterministic in different episode k.

A (stochastic) Markov policy of the agent is a set of H maps 7 := {7, : & = Aa}pe(n), where A4 denotes
the simplex over A. We use notation 7 (als) to denote the probability of taking action a in state s under
stochastic policy 7 at step h. A deterministic policy is a policy that maps each state to a particular action.
Therefore, when it is clear from the context, we abuse the notation 7 (s) for a deterministic policy 7 to
denote the action a which satisfies 7 (als) = 1.

Action robust MDPs. In the action robust case, the policy execution is not accurate and lies in some
uncertainty set centered on the agent’s policy m. Denote the actual behavior policy by 7 where 7 € II(m)
and II(m) is the uncertainty set of the policy execution. Denote the actual behavior action at episode k and

step h by af where af ~ 7¥. Define the action robust value function of a policy 7 as the worst-case expected
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accumulated reward over following any policy in the uncertainty set II(7) centered on a fixed policy 7:

Vi (s) = _min E~
mell(m)

Z Rh’(ShHah')‘Sh = S] . (1)

h'=h

V,© represents the action robust value function of policy 7 at step h. Similarly, define the action robust
Q-function of a policy =:

Qh(s,a) = min E~
well(r)

H
Z Rh/(sh/,ah/)|sh = Ss,ap = a] . (2)

h'=h

The goal of action robust RL is to find the optimal robust policy 7* that maximizes the worst-case accumu-
lated reward: 7* = arg max, V{"(s),Vs € S. We also denote V™ and Q™ by V* and Q*.

Probabilistic policy execution uncertain set. We follow the setting of the probabilistic action robust
MDP (PR-MDP) introduced in (Tessler et al.l [2019) to construct the probabilistic policy execution uncertain
set. For some 0 < p < 1, the policy execution uncertain set is defined as:

0P () == {7 : Vs,Vh, 3}, (-|s) € A4 such that 7 (:|s) = (1 — p)mn(-|s) + pry,(|s)}- (3)

The policy execution uncertain set can also be expressed as I1°(7) = (1 — p)7 + p(A4)5 <.

In this setting, an optimal probabilistic robust policy is optimal w.r.t. a scenario in which, with probability
at most p, an adversary takes control and performs the worst possible action. We call 7’ as the adversarial
policy. For different agent’s policy , the corresponding adversarial policy 7’ that minimizes the cumulative
reward may be different.

Additional notations. We set ¢ = log(2SAHK/J) for 6 > 0. For simplicity of notation, we treat P as a
linear operator such that [P,V](s,a) := Eyp,(.|s,a)V (s"), and we define two additional operators D and V
as follows: [Dr, Q|(s) := Eqrr, (.s)Q(s,a) and

Vp, Vir1(s,0) == 3 P8, a) (Vira (8') = [PuVasal(s,))?
= [Pu(Vat1)1(s, @) = ([PhVa+1](s, )%
4 Existence of the optimal robust policy

For the standard tabular MDPs, when the state space, action space, and the horizon are all finite, there
always exists an optimal policy. In addition, if the reward functions and the transition probabilities are
known to the agent, the optimal policy can be solved by solving the Bellman optimality equation. In the
following theorem, we show that the optimal policy also always exists in action robust MDPs and can be
solved by the action robust Bellman optimality equation.

Proposition 4.1 If the uncertainty set of the policy execution has the form in equation [3, the following
perfect duality holds for all s € S and all h € [H]:

H

Z Ry (spryan)|sn = s| . (4)

H
max min E~ E ha(sh/,ah/)|sh:s] = _min maxE~
h'=h

T Felle(n) Py mellr(n) T

There always exists a deterministic optimal robust policy w*. The problem can be solved by the iteration of
the action robust Bellman optimality equation on h = H,--- ;1. The action robust Bellman equation and
the action robust Bellman optimality equation are:

Vir(s) = (1 =)D, @1)(s) + pmin @ (5, ),

Q7 (s,a) = Ri(s,a) + [PV ](s, ), (5)
Vii(s)=0, Vs€S.
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Vi (s) = (1 - p) max @ (s,a) + pmin @} (s, b),

QZ(Sv a) = Rh(sva> + [th};k+1](s’a)7 (6)
Virg1(s) =0, Vs € S.

We define
H

CZ’ﬁ/’p(S) = E~ Z Ry (spryan)|sn = s| . (7)
h'=h

Since 7y (-|s) = (1 — p)mn(-|s) + p7}, (+]s), minz o 18 equivalent to min~ when fixing pi. The perfect

GHP( )
duality of the control problems in equationis equivalent to max, min, C;'" e (s) = min, max, C’Z’”/’p (s).
We provide the detailed proof of the perfect duality and the existence of the optimal policy in Appendix [B]
Our proposed model-based algorithm in Section [5] and model-free algorithm in Appendix [D] are based on
the action robust Bellman optimality equation. Using the iteration of the proposed action robust Bellman
equation to solve the robust problem can simultaneously update the adversary policy and agent policy and
avoid ineflicient alternating updates.

5 Algorithm and main results

Algorithm 1 ARRLC (Action Robust Reinforcement Learning with Certificates)
1: Initialize Vi (s) = H —h+1, Q,(s,a) = H—h+1,V,(s) =0, Qh(s,a) =0, #r(s,a), Np(s,a) =0 and
Ni(s,a,s") = 0 for any state s € S, any action a € A and any step h € [H]. Vgii(s) =V, (s) =0
and Qg 1(s,a) = QH+1(S,G) =0 for any s and a. A = H.

2: for episode £k =1,2,..., K do
3: forsteph=1,2,...,H do
4: Observe s.
5: Set 75 (s) = argmax, Q(s,a) , 5 (s) = argmin, Q,(s,a), 78 = (1 - p)7F + prk.
6: Take action af ~ 7¥(-|sF).
7 Receive reward 75 and observe s¥ 1
8: Set Nh(sh, ah) — Nh(sh, ah) +1, Nh(sh, ah, Sh+1) — Nh(sh, afl, s’fLH) + 1.
9 Set (s}, af) < 74 (sh, af) + (rf — 7E(sk, b))/ Na (s} ).
10: Set Py, (-|sk, ak) = Ny (sk,ak, ) /Ny (sk, ab).
11:  end for
12:  Output policy 7" with certificates Z, = [V (s¥),V1(s¥)] and e, = |Z;] .
13:  if €, < A then
14: A + ¢, and wout — TF,
15:  end if
16: forsteph=H,H—1,...,1 do
17: for each (s,a) € § x A with Ny (s,a) >0 do
L L
19: Q) (s,a) < min{H — h 4+ 1,7(s,a) + P,Vii1(s,a) + 0n(s,a)},
20: Q, (s,a) « max{0,7x(s,a) + If’th_H(S, a) —0p(s,a)},
21: 7t (s) = arg max, Qh(s a) o (s) = argmin, Q, (s,a),
Vi) = (1= QT 9) + Q7 9),
2 Vals) e (1— 0)Q, (5,71 (5)) + pQ, (5,70 (5).
24: end for
25:  end for
26: end for

27: Return 7°%t
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In this section, we introduce the proposed Action Robust Reinforcement Learning with Certificates (AR-
RLC) algorithm and provides its theoretical guarantee. The pseudo code is listed in Algorithm [1} Here, we
highlight the main idea of our algorithm. Algorithm [I] trains the agent in a clean (simulation) environment
and learns a policy that performs well when applied to a perturbed environment with probabilistic policy
execution uncertainty. To simulate the action perturbation, Algorithm [I] chooses an adversarial action with
probability p. To learn the agent’s optimal policy and the corresponding adversarial policy, Algorithm I com-
putes an optimistic estimate @ of Q* and a pessimistic estimate @Q of QF’C. Algorithm uses the optimistic
estimates to explore the possible optimal policy 7 and uses the pessimistic estimates to explore the possible
adversarial policy . As shown later in Lemma V > V* > VT >V holds with high probabilities. The
optimistic and pessimistic estimates V and V can provide policy certificates, which bounds the cumulative
rewards of the return policy 7" and V — V. bounds the sub-optimality of the return policy #* with high
probabilities. The policy certificates can give us some insights about the performance of 7* in the perturbed
environment with probabilistic policy execution uncertainty.

5.1 Algorithm description

We now describe the proposed ARRLC algorithm in more details. In each episode, the ARRLC algorithm
can be decomposed into two parts.

o Line 3-11 (Sample trajectory and update the model estimate): Simulates the action robust MDP,
executes the behavior policy 7, collects samples, and updates the estimates of the rewards and the
transitions.

o Line 16-25 (Adversarial planning from the estimated model): Performs value iteration with bonus
to estimate the robust value functions using the empirical estimate of the transition P, computes a
new policy 7 that is optimal respect to the estimated robust value functions, and computes a new
optimal adversarial policy 7 respect to the agent’s policy 7.

At a high-level, this two-phase policy is standard in the majority of model-based RL algorithms (Azar
et al.| [2017; Dann et al.| |2019). Algorithm shares similar structure with ORLC (Optimistic Reinforcement
Learning with Certificates) in [Dann et al.| (2019) but has some significant differences in line 5-6 and line
18-23. The first main difference is that the ARRLC algorithm simulates the probabilistic policy execution
uncertainty by choosing an adversarial action with probability p. The adversarial policy and the adversarial
actions are computed by the ARRLC algorithm. The second main difference is that the ARRLC algorithm
simultaneously plans the agent policy 7 and the adversarial policy 7 by the action robust Bellman optimality
equation.

These two main difference bring two main challenges in the design and analysis of our algorithm.

(1) The ARRLC algorithm simultaneously plans the agent policy and the adversarial policy. However the
planned adversarial policy m is not necessarily the true optimal adversary policy towards the agent policy 7™
because of the estimation error of the value functigns. We carefully design the bonus items and the update role
of the value functions so that V5,(s) > V;*(s) > Vi™(s) > V,(s) and @, (s,a) > Q3 (s,a) > Qf(s,a) > Q, (s, a)
hold for all s and a.

(2) A crucial step in many UCB-type algorithms based on Bernstein inequality is bounding the sum of
variance of estimated value function across the planning horizon. The behavior policies in these UCB-type
algorithms are deterministic. However, the behavior policy in our ARRLC algorithm is not deterministic
due to the simulation of the adversary’s behavior. The total variance is the weighted sum of the sum of
variance of estimated value function across two trajectories. Even if action 7(s¥) or m(s¥) is not sampled at
state sf, it counts in the total variance. Thus, the sum of variance is no longer simply the variance of the
sum of rewards per episode, and new techniques are introduced. For example, the variance of V +V can be

connected to the variance of C”k*ﬂk’p, where 7% is the optimal policy towards the adversary policy 7% with

k . kx _k . .
7 (s) = argmax,. C; ™ **(s) . Then the variance of C™ ™ ¥ can be bounded via recursion on the sampled
trajectories.
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5.2 Theoretical guarantee

We define the cumulative regret of the output policy 7% at each episodes k as Regret(K) = ZkK:1(V1*(5’f) -
—k
Vi (s1)).

Theorem 5.1 For any § € (0,1], letting . = log(2SAHK/§), then with probability at least 1—4, Algorithm|]]
achieves:

out

o Vi(s1) = VF
e Regret(K) =K (Vi (sh) = V7 (s%)) < O(VSAHPK.L + S2AH3.2).

(s1) < €, if the number of episodes K > Q(SAH3.2/e2 + S2AH3.12 /e).

For small ¢ < H/S, the sample complexity scales as O(SAH3:%2/e?). For the case with a large number
of episodes K > S3AH?3., the regret scales as O(VSAH3K.). For the standard MDPs, the information-
theoretic sample complexity lower bound is Q(SAH?/e?) provided in |[Zhang et al. (2020c) and the regret
lower bound is Q(VSAH3K) provided in [Jin et al| (2018). When p = 0, the action robust MDPs is
equivalent to the standard MDPs. Thus, the information-theoretic sample complexity lower bound and the
regret lower bound of the action robust MDPs should have same dependency on S, A, H, K or €. The lower
bounds show the optimality of our algorithm up to logarithmic factors.

6 Proof sketch

In this section, we provide sketch of the proof, which will highlight our the main ideas of our proof. First,
we will show that V,(s) > V;*(s) > Vi¥(s) > V,,(s) hold for all s and a. The regret can be bounded by
V1 —V, and then be divided by four items, each of which can be bounded separately. The full proof can be
found in the appendix contained in the supplementary material.

We first introduce a few notations. We use QQ,VZ,QZ,KQ, N}’f, P}’f,fﬁ and 95 to denote the values of
@h,Vh,Qh,Kh, max{Np, 1}, Py, r, and 6, in the beginning of the k-th episode in Algorithm

6.1 Proof of monotonicity

We define £F to be the event where

27F(s,a) T

|75 (s,a) — Rp(s,a)| < NE(s,a)  3(NF(s,a))

holds for all (s,a, h,k) € S x A x [H] x [K]. We also define £V to be the event where

2\/15}? Vf;k-&-l (87 a)L 4 7HL (9)
NE(s,a) 3(NkF(s,a))

’(]5}’5 o Ph)Vi;kH(S,a)‘ < \/

and

?k
2V pr Vi (5, @) LT (10)
NF(s,a) 3N (s, a)

(P = PV (s,a)| <

hold for all (s,a,h,k) € S x A x [H] x [K].

Event £ means that the estimations of all reward functions stay in certain neighborhood of the true values.
Event £V represents that the estimation of the value functions at the next step stay in some intervals. The
following lemma shows £ and £V hold with high probability. The analysis will be done assuming the
successful event £% N EPY holds in the rest of this section.

Lemma 6.1 P(Ef8NEFY) >1 - 36.
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Lemma 6.2 Conditioned on event EXNELYV, Vh( ) > Vi(s) > V?k(s) > Vi(s) and @Z(S,a) > Q5 (s,a) >
ng(s,a) > QZ(s,a) hold for all (s,a,h,k) € S x A x [H] x [K].

6.2 Regret analysis

We decompose the regret and analyze the different terms. Set O (s,a) = \/SWP” CIC*,;ES ) “oa) + ng(i o+
\ NEGs,
k
4]%; (S:{;)L, where "* is the optimal policy towards the adversary policy 7% with 7}*(s) = argmax, C; = "*(s).
h 77
We set
K H .
Z Z ]D~ Ph Vh+1 Vh+1)< ) - Pf(VhH Vh+1)(32’aﬁ)], (11)
k=1h=1
WA —k
M; = Z Z H[D;iph(vﬁ+1 Vh+1)(sh) Ph(Vh+1 K’I-CL—H)(SZ’ aﬁ)] (12)
k=1h=1
K H . .
M; = Z Z[Plf(vhﬂ - KZ+1)(311§7 aﬁ) = (Vs — KZH)(SZH)] (13)
k=1 h=1
K H
(SH + SHQ) -
My = + D~ 0% (s 14
: zz[ e+ DO (14)

Here M7 and M5 are the cumulative sample error from the random choices of the adversarial policy or agent’s
policy. Mj is the cumulative sample error from the randomness of Monte Carlo sampling of the next state.
My is the cumulative error from the bonus item 6. Lemma shows that the regret can be bounded by
these four terms.

Lemma 6.3 With probability at least 1 — (S + 5)9,

K
Regret(K Z — V(Y < 21(My + My + M3 + My). (15)
k=1
We now bound each of these four items separately.
Lemma 6.4 With probability at least 1 — 5, |My| < HV2HKu.
Lemma 6.5 With probability at least 1 — §, |Ms| < vV2HK..

Lemma 6.6 With probability at least 1 — 5, |M3| < HV2HKu.

Lemma 6.7 With probability at least 1—25, |M,| < 252AH? 248V SAH?K 1+46S% AH3 2 +/24SAH3K 1+
6V SAHS..

Putting all together. By Lemmas and we conclude that, with probability 1—(S+10)J,
Regret(K) <O(VSAH3K .+ S?AH?/?). (16)

By rescaling 4, log(%) < ¢t for some constant ¢ and we finish the proof of regret. As Zszl(V’f(s’f) —

VF(sF)) < O(WVSAH3K. + S2AH3.2), we have that Vi(s1) — Vi7" (s1) < minkvlf(s’f) —VhsE) <
K 2 3,2
O( /S%HJL—FSAI?L)

and we finish the proof of sample complexity.
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Algorithm 2 Action Robust Q-learning with Hoeffding Confidence Bound (ARQ-H)

Set ay = g—ﬁ Initialize V4 (s) = H —h+1, Q,(s,a) = H—h+1, V,(s) = 0, Q,(s,a) =0, (s, a),
Niu(s,a) = 0 for any state s € S, any action a € A and any step h € [H]. Vgy1(s) =V, 1(s) =0 and

Quii(s,a) = QH+1(s,a) =0 for all s and a. A = H. Initial policy 7, (a|s) and =} (a|s) = 1/A for any

state s, action a and any step h € [H].
for episode k =1,2,..., K do
for step h=1,2,...,H do

Observe s,’j -
Set @ = argmax, Q,(sF,a) , af = argminagh(si,a), Th(ary|sk) =1— p and 75 (ak|sk) = p.

Take action af ~ 78 (-|sF).

Receive reward r) and observe sf ;.

Set t = N (sF,al) < Np(sk,a¥) +1; by = \/H3./t.

Qnlshah) < (1= a)Qu(sy, af) + au(ry + Vaga (s ) +be),

Q, (shraf) « (L= a)Q, (s, ap) + au(ry + Vi1 (sh41) — o).

Set, f’;“(s’,ﬁ) = argmax, @h(sﬁ, a), EZ-H(SZ) = arg min, Qh(sffl, a).
Vi(sp) < min{Via(s}), (1= )@y sy, 73,7 (1)) + pQ (5, 73, (7))}
Vo (s) = max{V, (s}), (1 = p)Q, (s1, 73, (s7)) + p@Q,, (51, 7, ™ (1)) }-
if V,(s) > (1= p)Q, (s, (1)) + pQ, (51, 7, (s})) then

—k+1 _ =k

T, =T
end if
end for

Output policy 78! with certificates Ty 1 = [V (sV), V1(s¥)] and exy1 = [Zi11]-
end for

Return 7out

7 Model-free method

In this section, we develop a model-free algorithm, called Action Robust Q-learning with Hoeffding confidence
bound (ARQ-H), and analyze its theoretical guarantee. The pseudo code is listed in Algorithm Here,
we highlight the main idea of Algorithm [2] Algorithm [2| follows the same idea of Algorithm [I} which trains
the agent in a clean (simulation) environment and learns a policy that performs well when applied to a
perturbed environment with probabilistic policy execution uncertainty. To simulate the action perturbation,
Algorithm [2] chooses an adversarial action with probability p. To learn the agent’s optimal policy and the
corresponding adversarial policy, Algorithm [2| computes an optimistic estimate Q of @* and a pessimistic
estimate @) of Q?k. Algorithm [2| uses the optimistic estimates to explore the possible optimal policy 7™ and
uses the pessimistic estimates to explore the possible adversarial policy 7. The difference is that Algorithm
uses a model-free method to update @ and V values.

Here, we highlight the challenges of the model-free method compared with the model-based method. In the
model-based planning, we perform value iteration and the @ values, V' values, agent policy 7 and adversarial
policy = are updated on all (s,a). However, in the model-free method, the @) values and V' values are updated
only on (slfb, a’fb) which are the samples on the trajectories. The variances of the @) values and V values in
model-free method are larger than the model-based method. Compared with the model-based method, the

update of the @@ values and V values in the model-free method is slower and less stable.

To deal with this challenges, we design a special update rule of the output policy. In line 14-16, Algorithm 2]
does not update the output policy until the lower bound on the value function of the new output policy is
improved. By this, the output policies are stably improved after every update. The adversary policy is still
updated at each episode.

We provide the regret and sample complexity bounds of Algorithm [2]in the following:
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Theorem 7.1 For any § € (0,1], letting . = log(2SABHK/6), then with probability at least 1 — 8, Algo-
rithm [2 achieves:

e Vi(s1) = Vi (s1) < e, if the number of episodes K > Q(SAH®./e2 + SAH?Jc).
e Regret(K) =YK (Vv (sk) = V7 (s%)) < O(VSAHPK. + SAH?).

The detailed proof is provided in Appendix[E] The model-free method is more computationally efficient than
the model-based method but is less sample efficient.

8 Simulation results

We use OpenAl gym framework (Brockman et al., 2016]), and consider two different problems: Cliff Walking,
a toy text environment, and Inverted Pendulum, a control environment with the MuJoCo (Todorov et al.
2012) physics simulator. We set H = 100. To demonstrate the robustness, the policy is learned in a clean
environment, and is then tested in the perturbed environment. Specifically, p is the uncertainty parameter
used during training. Then, during testing, we set a probability p such that after the agent takes an action,
with probability p, the action is chosen by an adversary. The adversary follows a fixed policy. A Monte-Carlo
method is used to evaluate the accumulated reward of the learned policy in the perturbed environment. We
take the average over 100 trajectories.

Inverted pendulum. The inverted pendulum experiment is a classic control problem in RL. An inverted
pendulum is attached by a pivot point to a cart, which is restricted to linear movement in a plane. The cart
can be pushed left or right, and the goal is to balance the inverted pendulum on the top of the cart by applying
forces on the cart. The observation space of InvertedPendulum-v4 has 4 dimensions: position of the cart
along the linear surface, vertical angle of the pole on the cart, linear velocity of the cart, angular velocity of
the pole on the cart. We ignore the position of the cart along the linear surface. The vertical angle of the pole
on the cart is discretized to 10 intervals between [— inf, —0.2, —0.1, —0.05, —0.025, 0, 0.025,0.05, 0.1, 0.2, inf].
The linear velocity of the cart is discretized to 4 intervals between [—inf, —0.05,0,0.05,inf]. The angular
velocity of the pole on the cart is discretized to 4 intervals between [—inf, —0.05,0,0.05,inf]. A reward of
+1 is awarded for each time step that the inverted pendulum stand upright within a certain angle limit. The
fixed adversarial policy in the inverted pendulum environment is a force of 0.5 N in the left direction.

Cliff walking. The cliff walking experiment is a classic scenario proposed in |Sutton & Barto (2018). The
game starts with the player at location [3,0] of the 4 x 12 grid world with the goal located at [3,11]. A cliff
runs along [3,1 — 10]. If the player moves to a cliff location, it returns to the start location and receives a
reward of —100. For every move which does not lead into the cliff, the agent receives a reward of —1. The
player makes moves until they reach the goal. The fixed adversarial policy in the cliff walking environment
is walking a step to the bottom.

To show the robustness, we compare our algorithm with a non-robust RL algorithm that is ORLC (Optimistic
Reinforcement Learning with Certificates) in [Dann et al.| (2019). It can be seen that overall our ARRLC
algorithm achieves a much higher reward than the ORLC algorithm. This demonstrates the robustness of
our ARRLC algorithm to policy execution uncertainty. To show the efficiency, we compare our algorithm
with the robust TD algorithm in Klima et al.| (2019), which can converge to the optimal robust policy but
has no theoretical guarantee on sample complexity or regret, the approaches in [Pinto et al. (2017) and
Tessler et al.| (2019), which model the robust problem as a zero-sum game and alternating update the agent
policy and adversary policy. In our implementation, [Pinto et al.| (2017)) fixes one policy and updates another
for 25 episodes, then alternatively updates another in the next 25 episodes. (Tessler et al., [2019) does not
alternate the updating until the current policy is converged. Figure [I] shows the efficiency of our ARRLC
algorithm. ARRLC algorithm is more stable than the other algorithms. Compared with our model-free
ARQ-H algorithm, the model-based ARRLC algorithm is more stable and more efficient.

We provide additional experimental results in Appendix [A] In these additional experiments, we implement
the ablation study by setting different p and p and try different adversary policies in the testing environment.

10
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Figure 1: Evaluation returns during training. We plot the accumulated reward of each algorithms under
different p and different environment. We set p = 0.2 for our algorithm, which is the uncertainty parameter
used during training.

We also perform cross-comparison experiments in which we use the learned worst-case policies to disturb
the different robust agents.

11
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9 Conclusion and Discussion

In this paper, we have developed a novel approach for solving action robust RL problems with probabilistic
policy execution uncertainty. We have theoretically proved the sample complexity bound and the regret
bound of the algorithms. The upper bound of the sample complexity and the regret of proposed ARRLC
algorithm match the lower bound up to logarithmic factors, which shows the minimax optimality of our
algorithm. Moreover, we have carried out numerical experiments to validate our algorithm’s robustness
and efficiency, revealing that ARRLC surpasses non-robust algorithms and converges more rapidly than the
robust TD algorithm when faced with action perturbations.

The current theoretical guarantee on the sample complexity and regret of our algorithms are derived for
the tabular setting. In the future work, we will explore action robust RL in continuous state or action
space. Studying efficient action robust RL with function approximation is also an important direction to
pursue. For this purpose, two insights from our work might be useful: (1) The adversary policy and the
agent’s policy can be simultaneously updated to efficiently sample trajectories; (2) The adversary policies at
each episode do not necessarily need be the minimum over the actions, an approximation of the minimum
also works. Based on these insights, a policy-gradient method could potentially be designed to handle the
continuous action space. We could use policy gradient method, such like PPO, to find an approximation of
the adversary policy (the minimum over actions). In addition, similar to (Zhou et al. [2023)), considering a
scalable uncertainty set is also an interesting direction.
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A Additional Numerical Results

A.1 Ablation study and more comparisons

In Section [8] we compared our algorithm with the robust TD algorithm in (Klima et al., [2019)). Here, we
compare our algorithm with algorithms in (Pinto et al.l [2017} [Tessler et all [2019). The method in (Tessler
requires an MDP solver to solve the optimal adversarial policy when the agent policy is given
and the optimal agent policy when the adversarial policy is given. The white-box MDP solver requires
knowledge of the underline MDP so that there is no learning curve and sample complexity discussion in
(Tessler et all 2019). Thus, we implement the algorithms in (Pinto et al., [2017; [Tessler et al., [2019)) with
a Q-learning MDP solver, and compared the final evaluation rewards and the learning curve. In addition,
we implement the ablation study by setting different p and p. In our experiments, the policy is learned in a
clean environment, and is then tested in the perturbed environment. p is the parameter in algorithm when
learning the robust policy. p can be considered as the agent’s guess about the probability of a disturbance
occurring. However, p is the probability that the perturb happens in the perturbed environment. In the
perturbed environment, with probability p, the action is perturbed by an adversarial action.
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In Figure [2] we show the learning curves under different p and p. It can be seen that our ARRLC algorithm
converges faster than the other algorithms. This demonstrates the efficiency of our ARRLC algorithm to
learn optimal policy under policy execution uncertainty.

Ablation study on InvertedPendulum-v4 with fixed rho
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Figure 3: Ablation study on InvertedPendulum-v4 with fixed p.

In Figure given the agents trained with fixed p (rho), we test the agents in different disturbed environments
with different p. In Figure [d] we compare the different agents trained with different p. The x-axis is the
different choice of p or p. The y-axis is the final evaluation rewards.
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A.2 Robustness to different adversary

In this section, we consider different adversary policies include both the fixed policy in the main page and
a random adversary policy. After the agent takes an action, with probability p, the random adversary will
uniformly randomly choose an adversary action to replace the agent’s action. In Figure [§]and Figure [6] "fix"
represents that the actions are perturbed by a fixed adversarial policy during the testing, "random" represents
that the actions are randomly perturbed during the testing, p is the action perturbation probability.

The theoretical guarantee on sample complexity and regret of our algorithm relies on the assumption of
known uncertainty parameter. However, in the experimental results shown in Figure 3| the parameter can
mismatch with the true disturb probability. In Figure [5, we test the mismatch of the uncertainty parameter
p and true uncertainty probability p. We train the agent with p = 0.2, but we use p = 0.1 in the test. The
proposed robust algorithm still outperforms the non-robust algorithm.

Since we do not know whether the fixed policy or the random policy is the strongest adversary policy against
the agent, a more direct comparison is to use the learned worst-case policy in different algorithms to do a
cross-comparison. We use the learned worst-case policies to disturb the different robust agents. We report
the final evaluation rewards in Table 2] We train our method in 2000 episodes and the approaches of [Pinto
et al.| (2017)); Tessler et al. (2019) in 30000 episodes. We set that p = p = 0.2. The ARRLC agent performs

the best against three different adversaries and the ARRLC adversary impacts the most on three different
agents.

We also show the performance of the non-robust approach orlc trained without action-failures, the non-robust
approach when trained against the worst adversary learned by ARRLC, and ARRLC against the worst
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Figure 5: ARRLC vs. ORLC.
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Figure 6: ARRLC vs. Robust TD
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Table 2: Final rewards under cross-comparison between ARRLC, PR-PI and RAPL

ARRLC ADVERSARY RAPL ADVERSARY PR-PI ADVERSARY

ARRLC AGENT 72.536 81.736 89.824
RAPL AGENT 49.936 72.216 70.6
PR-PI AGENT 52.788 63.784 86.648

adversary learned by ARRLC. Figure [7] shows how much better ARRLC performs against the adversary
than the the non-robust approach, and how far is the performance of ARRLC from the optimal. We set

p=0.2 and p = 0.2 in this experiment.
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Inverted Pendulum

—— ORLC trained with adversary
100 — ORLC trained without adversary
— ARRLC

Evaluation returns

Training episodes

Figure 7: Evaluation returns during training. We compare the performance of the non-robust approach orlc
trained without action-failures, the non-robust approach when trained against the worst adversary learned
by ARRLC, and ARRLC against the worst adversary learned by ARRLC.

B Proof of Proposition [4.1]

The uncertainty set of the policy execution has the form in:

17(m) o= {7 Vs, Tn(:|s) = (1 — p)7(:[s) + pmy (-]s), 7, (-]s) € Aa}. (17)
We define
, H
Cp™P(s) = E Z Ry (spryap)|sn = s,ap ~ %h/(-|sh/)]
h'=h
, H
D;Lr’ﬂ- ’p(s,a) = E Z Ry (sh/7ah/)|sh = Ss,ap = a,ap’ ~ %h/('sh/)] .
h/=h

Robust Bellman Equation First we prove the action robust Bellman equation holds for any policy
m, state s action a and step h. From the definition of the robust value function in equation [I we have
Vii(s)=0,VseS.

We prove the robust Bellman equation by building a policy 7#—. Here, policy n~ is the optimal adversarial
policy towards the policy .

At step H, we set m;(s) = argmin,c 4 Ru(s,a). We have

Vii(s) = min G (s)
= (1= p)[Dryy Ru](s) + pmin[Dy, Ryrl(s) (18)

= (1= ), QF(s) + pmin QF (s, 0) = C;™ *(s),

as Vg1 =0.

The robust Bellman equation holds at step H and ming > w(s)C’}}’ﬂ/’p(s) = Y, w(s) ming C’IZ’”,”’(S) =
S, w(s)CF™ P(s) for any state s and any weighted function w : S — As.

Suppose the robust Bellman equation holds at step h + 1 and ming st(s)C;fll’p (s) =

Yo w(s) ming C’;::l/”(s) =>, w(s)C’Zfli’p(s) for any state s and any weighted function w : § — As.

18
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Now we prove the robust Bellman equation holds at step h. From the definition of the robust Q-function in
equation [2| and the form of uncertainty set, we have

H

Q7 (s,a) = min E Z Ry (Spryap)|sh = 8,ap = a,ap ~ Tpo(¢|Spr)
mell(n) h—h

’
= min D™ (s, a)

. i (19)
=Rp(s,a)+ HTlrl/Il]Es/Nph(.‘s’a)Ch_’i_l’ (s)

=Ry (s,a) + Eyop,(|s,a) H}rl’n C;erl P (s)

:Rh<57a) + [PthZTJrl](Sva)'

We also have that Q7 (s,a) = DI (s, a).

Recall that a (stochastic) Markov policy is a set of H maps 7 := {m, : S = Aa}pera- From the definition
of the robust value function in equation [I] and the form of uncertainty set, we have

H

~min E Z Rh/(sh/,ah/)|5h = S§,ap ~ %h/('|5h’)
7|'€H(7T) h'=h

!
= min Crm P (s)

Vir (s)

=min  min C’;:’Tr/’p(s)
'h {ﬂ/h/}fj,:h+1 (20)

>(1-— min By, (1oDF" P s,a)4+pmin  min  E, .. DT (s,q
7( P) {W’h/}hH/:h+l a~mp (-|8)Hh ( ) pﬂ'h {ﬂlh’}hH/:h+1 a Tl'h(ls) h ( ) )

>(1 = p)Eqeor,(fs)  min D;’”/’p(s, a)+pminE, . (|5  min Dg’ﬂ/’p(s, a)
'

H H
0 b (S SR

=1 = p)[Dr, @r)(s) + pmin Qi (s, a).

We set 7, (s) = argmin,. 4 QF (s, a) = argmin,c 4 D} (s, ).
At step h, we have
Vi (s) <G P(s)
=(1= P, D™ *)(s) + pmin D™ *(s,a) (21)
:(1 - p) [IDWhQZ](S) + pmin QF (s, a’)7
acA
where the last equation comes from the robust Bellman equation at step h + 1 and
D;’”_’p(s, a) = Rp(s,a) + [PhC;LTfl_’p](s, a) = Rp(s,a) + [PV 1](s, a).

Thus, the robust Bellman equation holds at step h.
Then, we prove the commutability of the expectation and the minimization operations at step h.
For any weighted function w, we have ming > w(s)C;™ *(s) > > w(s)ming C;"" ?(s).  Then,

ming 3, w(s)Cr™ P (s) < S0, w(s)Cp™ P(s) = X, ws) mings CF ™7 (s).

By induction on h = H,--- , 1, we prove the robust Bellman equation.

Perfect Duality and Robust Bellman Optimality Equation We now prove that the perfect duality
holds and can be solved by the optimal robust Bellman equation.

19



Under review as submission to TMLR

The control problem in the LHS of equation [4] is equivalent to
- n : ,
max _min E Z Ry (sprsan)|sh = s, ap ~ T (+|sp) | = maxmin C;°™ #(s). (22)

™ WGHP(T&') Lh/=h i L

The control problem in the RHS of equation [4] is equivalent to
R ;

_min maxE Z Ry (spryap)|sh = s,ap ~ T (-|sp/) | = min max C’Z’”l’p(s). (23)
mellr () 0 Lh/=h w’ a

For step H, we have C};’”/’p(s) = [D(a—pyrtpn), Bul(8) = (1 = p)[Dry, Rul(s) + p[Dr, Rul(s). Thus, we
have

max min CI’T{’”/”)(S) =(1 — p) max[Dr, Ru|(s) + pmin[D,, Rp|(s)

(24)
= 1 — 1
(1= p)max Rp (s, a) + pmin Ry (s, b),
and
min max CI’T{’”/’p(s) =(1 — p) max[Dr, Ry|(s) + pmin[D,, Rp|(s)
™ ™ ™ ™ (25)

=(1— R in Ry (s, b).
(1 - p)max Ry (s,a) + pmin Re (s, )

At step H, the perfect duality holds for all s and there always exists an optimal robust policy 7} (s) =
argmax,c 4 @5 (s,a) = argmax,. 4 Ry (s,a) and its corresponding optimal adversarial policy m5(s) =
argmin,c 4 Rp(s,a) which are deterministic. The action robust Bellman optimality equation holds at step
H for any stats s and action a.

In addition, max, min. Y w(s)C};’ﬂl’p(s) = Y. w(s) max, min, Cg’”,’p(s) for any weighted function w :
S — Ag. This can be shown as

s€S
=(1 = p)max Y w(s)[Dry Ral(s) + pmin Y _w(s) Dy, Rirl(s) (26)
seS seS
=(1-1p) Z w(s) max Ru(s,a)+p Z w(s) ?élﬁ Ry (s,b).
seS seS

Suppose that at steps from h + 1 to H, the perfect duality holds for any s, the action robust Bellman
optimality equation holds for any state s and action a, there always exists an optimal robust policy 7}, =
arg max,c 4 Q7. (s,a) and its corresponding optimal adversarial policy 7,,(s) = argmin,c 4 Q7. (s,a), Vh' >
h 4 1, which is deterministic, and max, min Y w(s)Cp™ P(s) = Y, w(s) max, miny Cp;" P (s) for any
state s, any weighted function w: S — Ag and any &’ > h+ 1. We have V(s) = V% (s) = Cg,*’”_’p(s) and
Qi (s,a) = QF, (s,a) = DZ:"”_’p(s,a) for any state s and any A’ > h + 1.

We first prove that the robust Bellman optimality equation holds at step h.

We have
Q7 (s,a) = max min D,Tlr’ﬂ/’p(s7 a)
= max min(Ry (s, a) + [P.C7y (s, 0)) 27

= Ry(s,a) + [Py (max min C’;{fll’p)](s, a)

= Ru(s,a) + [PuVy'4al (s, ).
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and also Q% (s,a) = QF (s,a) = D;*’”i’p(s, a).
From the robust Bellman equation, we have
() = ( (1= D, QFI(S) + o1y Qi s,

<(l-pjmax max [Dr,QF)(s)+p o min Q7 (s, a)

(3 SV h!—h41

<(1—-p)max max [Dg, Qrl(s)+pmin max Q7(s,a)

T {ﬂ-h'}hb,[’:lwrl acA {m‘}f’:thl
<(1 - p) max([Dy, Q31(s) + pmin Q; (5. a)
Th acA
(1 = p)max Q} (s, a) + pmin Q; (s, a)
We set 7} (s) = max,c4 Qf (s, a). According to the robust bellman equation, we have
max Vi (s) > Vi (s) = (1 = p)[Dr; QF 1(s) + pmin Q (s,a)
—(1— T . T

(1 - p)max Qf (s,a) +pmin Qf (s, a)

=(1- : in Q% (s, a).
(1~ p) max Qj(s, a) + pmin Qi (s, a)

(28)

(29)

Thus, the robust Bellman optimality equation holds at step h. There always exists an optimal robust policy
7, = argmax,c 4 @} (s,a) and its corresponding optimal adversarial policy m; (s) = argmin,c 4 Q} (s, a)

that is deterministic so that Cg*’ﬂ_’p(s) = Vi (s).

Then, we prove the commutability of the expectation, the minimization and the maximization operations at

step h.

In the proof of robust Bellman equation, we have shown that
min w(s)C’;:’”/’p(s) = Z w(s) min C’;Lr’ﬁl’p(s)
7\', B B 7",

for any policy m and any weighted function w. Hence
- 7P _ .l p
max n}rlanw(s)C’h (s) Z = mT?XZw(S) min Cp™ P (s).
S S S

First, we have
O P () < . A
max E w(s)min Cy" P(s) < E w(s) mgxn}rllnC'h (s).

T
S S

Then, we can show

Y

mTEriXZU)(S) r171r1/n CZ’F/”)(S) Zw(s) IITlrl/Il C’;*’W/’p(s)

S S

= > w(s)Cp T (s)

S

Z w(s) max min C,T;’”,’p(s).
T !

S

In summary,

max min E w(s)C,f’”/’p(s) E = w(s) max min CZ’”/”’(S).
T g ™ !
S

S

We can show the perfect duality at step h by

max min C,f’”/’p(s) = C}f*’ﬂi’p(s) = max O™ **(s) > min max C;:’”,’p(s).
s s T s

!

By induction on h = H,--- ,1, we prove Proposition [£.1}
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C Proof for Action Robust Reinforcement Learning with Certificates

In this section, we prove Theorem Recall that we use @Z,VZ,QQ,KZ, N}’f, P{f,f,’j and (‘)Z to denote the
values of @h,Vh,Qh,zh, max{Np, 1}, Py, r, and 6), at the beginning of the k-th episode in Algorithm

C.1 Proof of monotonicity
C.1.1 Proof of Lemma

When N, ,’f(s, a) < 1, equation EI, equation |10l and equation |8 hold trivially by the bound of the rewards and
value functions.

For every h € [H] the empiric Bernstein inequality combined with a union bound argument, to take into
account that N¥(s,a) > 1 is a random number, leads to the following inequality w.p. 1—SAHJ (see Theorem
4 in (Maurer & Pontil, [2009))

. 2W15kvi;k+1(57a)4 THL
Pk _P V* , ‘ < h , (32)
’( h h) h-‘rl(s a) — \/ N}If(s,a) + B(N}’f(s,a))
and
(P = PV (s.)] < W Vialae 1, (33)
— s,a)| < .
noo N[ (s,a) 3(NJ(s,a))
Similarly, with Azuma’s inequality, w.p. 1 — SAHJ
2Var(rf (s, 7 27K
Wi(&a) B Rh(s,a)’ < ar(ry(s,a))t L (s, a)t (34)

F(s,0) | 3(NE(s,a))

where Var(rf(s,a)) is the empirical variance of Rj(s,a) computed by the Nf(s,a) samples and
Var(rl(s,a)) < 7h(s,a) .

C.1.2 Proof of Lemma

We first prove that @Z(s,a) > Qy(s,a) for all (s,a,h,k) € S x A x [H] x [K], by backward induction
conditioned on the event ER N EPY. Firstly, the conclusion holds for h = H 4 1 because Vi 1(s) =
Viyi(s)=0and Qg (s,a) = QH+1(S, a) = 0 for all s and a. For h € [H], assuming the conclusion holds
for h + 1, by Algorithm [I] we have

R (s,a) + P;]:V]—H_l(s, a)
=k (s,0) + Pi Vi (s, a) (s,a) = Ru(s,a) — PV (s, a)
—TZ(S,(J,) - Rh(sva) + Ai]: (Vthl - V};kJrl) (s,a) + (P’I: - Ph)V};kJrl(& a) + 6‘2(87 a)
—k N — K
W [(Vhs +VE)/ 2 a) B (Vi = Vi) (s0) g2, (39)

NE(s,a) * H + NE(s,a)

>(PF = Po)Viiya(s,a) +

—k ~y o (—k
2V o (Vs + Vi) /25,00 BF (Vi = Vi) (ss0) i, \/ﬂvpgv,;l(s,a)b

> + - :
- NE(s,a) H + NE(s,a) NF(s,a)
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where the first inequality comes from event £%, V;11(s) > Vj¥, | (s) and the definition of 6} (s,a) and the
last inequality from event £V, By the relation of V-values in the step (h + 1),

1% Vv
‘ < ht1t h+1> (s,a) — Wﬁ,}kvg‘ﬂ(s,a)

D * Y A0avad D *
<[P (Vi + V)21 = (BEVi)?| (5,0) + | BRIV + Vb)) /28 = PRV | (5,0) (3)
<4HP} ’(Vh-i-l +V5ii)/2 - V§+1‘ (s,a)

A —k
<2HPF (Vh+1 - KZH) (s,a)

and

\/QWP},C Vi (s a)e

Nf(s,a)
—k L —k
| 2Va T + V3025, 0)e o+ AHPE (Vi = Vi) (0
- Nf(s,a) )
37
—k N (—k
< QWF’}ZL@[(V}LJA +KZ+1)/2}(&G)L n 4HP;L€ (Vh+1 _KZ+1> (s,a)
- N}’f(s,a) N}’f(s,a)
—k ~ — k
< QWP;;[(VhH +Klfb+1)/2](s,a)a N Py (Vh+1 - Kﬁﬂ) (s,a) N 8H?,
- Nf(s,a) H Nf(s,a)’

Pluggmg equation |37| back into equation we have 7£(s,a) + PFViy1(s,a) + 05(s,a) > Q5 (s,a). Thus,
Qh(s a) =min{H — h+ 1,7 (s,a) + PF Vh+1(s,a) +08(s,a)} > Qi (s, a).

From the definition of Vh(s) and 75, we have

k

Vin(s) =(1 = p)Q (5,75 () + pQ (5,75 ()
> (1= p)Q (s, 75(5)) + pQjy (s, 75 (s)) (38)
>(1 = p) Qi (5,3 (s)) + pmin Qi (s, @) = V;'(s)

TA;CL(S7G)+PhV}L+1(S a) — ( s,a) — Qh (s,a)

=7f(s,0) + PEV,, .1 (5,0) — 05 (s,a) — Ru(s,a) — PaViy(s,a)
k
h

) = Ru(s,a) + Bf (Vyuyu = Vil ) (s,0) + (B = PVl (s5,0) = B4 (s,a)

—k o (—k
Ve [(Vha +VE)/ 2 a) B (Vi = Vi) (s0)  sp2,

I

3>
—~
fn

Q

<(Bf — POV (5,0) —

NE(s,a) a H ; NE(s,a)
-~ —k "
- QWP;;VhﬂL(Sva)L QWﬁ,if[(VhH +KZ+1)/2](57(1)L by (Vh+1 _KZH) (s,a) 8H?, <0
- NE(s,a) NE(s,a) H NF(s,a) —
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and

VE(s) =(1 = p)QF (5,75 (5)) + pQF (575 (5))
<(1L=p)QF (5,7(s)) + prin @} (s.a)

(= )QF (5. 7)) + 9@ (s, argmin QF (s, ) w

<(1L=p)QF (5,7(s)) + prin QF (s,a) = VT (s).

C.2 Regret Analysis
C.2.1 Proof of Lemma [6.3

We consider the event £ N EFYV. The following analysis will be done assuming the successful event £% N
EPV holds. By Lemma the regret can be bounded by Regret(K) := Zle(vl*(s’f) — ka(s’f)) <

S (Vi (sh) — VE(sh)).
By the update steps in Algorithm [T} we have
Vi(sh) = VE(sh)
=(1— )@ (55, T (s5)) + pQh (5, mh(sF)) — (1 — )@ (sh, Th (s5)) — p@" (sh, zh (s5))
S[ID;}k;Ph (Vh+1 —Vi)I(sh) + 2]1);56,1(5,1)
=Dz PE(Virr = Vi) (s5) = [P (Vi = Vi ))(sh, af) + 2D 0n(s8) + [PE(Viy — VE )]s, af)
=Dz PE (Vs = Vi) (5) = [P (Vi = Vi)l (shs af) + 22,00 (sh)
HIPE(Visy = Vo )(skab) — 1 P (Vs — Vi )(sh af)
+ e Pa(Vi = VE ) (shaal) — (Vi — Vi) (sE ) + (Vi — Vi) (k).

(41)
According to the definition of (s, a),
—k
Vi(sh) = Vi(sh)
Dk (T7F Dk (T7F k
:[]D;Z‘Ph(vthl Vh+1)]( ) = h(Vh+1 Vh+1)](shvah)
A7 o—k —k
+ [P (Vi — Vh+1)](31}27 a)) — 1 Py(Viy gy — Kh+1)(527a2)
—k —k —k
+ e Pp(Vis — Kh-s-l)(sﬁa aj) — co(Vigr — Kﬁ+1)(sﬁ+1) +ea(Vigr — K]}YLH)(S;CLH)
—k -
2V pe (Vi + Vi) /20(sf, Th (s5))e 27k (sk 78 ().
2(1—p) k(gh =k (g +2(0 =)\ [ ik = o 42
Ny (siTR(sp)) Ny (sp,Th(sp)) (42)

2(1—p)(24H? +7TH + )

+ (1= ) B (Vs — Vi) (5, 75 (s) / H + 3NF(sE, 7k (sh))

—k
49 2V pre[(Vpr + Vie1)/2)(sf mp (s5)e 27F (sk, mh (sF))e
P
Ni(sh, mh(sh) Ni(sh, mh(sh)
2p(24H* + TH + )¢
3NE(sy. zh ()

N —k
+ pPE(Vier = Vi) (sho i (s))/H +

We noticed that
Ny —k A=k _ Sk 77k
ID;EP}]:(VFL-H — Vi DI(sk) = (L= p)PE (Vi = Vo) (s, (s8)) + pPr (Vi — Vi) (skmi(s). (43)
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We can reorganize the equation |42 to
Vin(sh) = Vi(sh)
=(1+ 1/ H)[Do P (Vi = VE)I(sH) = (L4 1/ H)PE(Vipy = Vi ))(sheaf)
+ U+ VH)BE (Vi = Vi)l(shah) — e Pu(Vigs = Vi) (st af)
(a)
+ ClPh(VZH - KZH)(wa GZ> - C2<V:+1 Vh+1)<5h+1) + Cz(VhH VZH)(SEH)

a1 2V o[V +zﬁi1>/21<sw’z<sz>» sa(t =y, [EECE TG »
NE (s}, 7h (s)) NE (s}, 7h (s))
(b1)
21— p)(24H? + TH + T 2V i [(Vior + Vi) /20, 2 (s)e
INEGETLGR) NE(SE, 2h(5%)
(b2)

27F(sk, ik (sk))e  2p(24H? + TH + 7).

+ 2p
Ny (simh(sh)) 3N (s, mh(s}))

Bound of the error of the empirical probability estimator (a) Here, we set ¢; = 1+ 1/H. By
Bennett’s inequality, we have that w.p. 1 — 5§

A 2Py, (s'|s,a)t L
PG s0) = Pl o) < | 2l (45)
h\®» h\®»
holds for all s,a, h, k, s’
Thus, we have that
A —k
(Pf]f = Pr)(Vig1 — K];H»l)(sv a)
—k

—Z (P (s')s,a) = Pu(s'[5,0))(Vipyr (s) = Vi1 (8))

2P, (s']s,a) L , SH:.
< Vv -V _—

Z Nk; S CL) ( h+1( ) 7h+1(5 )) + SNE(S,G)

P(s'|s,a)e H — SH. (46)
< i% 1% _ o
=2 (7 + agegy) (o)~ Vb)) + g

—k 3 SH2 SHL
<P, (V -V H
> h( h+1 —h—‘rl)(S?a)/ + 2N;f(57a) + 3N;f(5,a)
—k k SH2L

<Pp(V -Vi(s,a)/H+ —/———,

h+1 h+1 N,’f(s,a)

where the second inequality is due to AM-GM inequality.

Bound of the error of the empirical variance estimator (b1) & (b2) Here, we bound V 4, [(V:Jrl +
h

KZH)/?}(S?GQ)

Recall that C,’:’”/’p(s) =FE [Z,I;I,:h Ry (spryan)|sn = s,ap ~ %h/(-|sh/)} in Appendix Set 7%* here is the

optimal policy towards the adversary policy n* with 7/*(s) = argmax_ C; ™ **(s). Similar to the proof in
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—k ok ok U P
Appendix we can show that V,(s) > C; "* "*(s). We also have that C; ** (s) = max, C, = *(s) >
—k _k —
Ccy P (s) > Vh”k(s) > V¥(s) . For any (s,a,h, k) € S x A x [H] x [K], under event EF N EFY,

Vg [(Vhay + Vi) /2)(s5,0) = Vi, G ™ (s,0)
[(Vh+1 + Vh+1)/2}2( a) — [Pf (Vh+1 + Vh+1)/2]2(57 a)
Ph<0hi1 =025, 0) + (PLCRy = *)%(s, a)
<[PEVi)? — (BEVE ) = Pu(VE )% + (P V)% (5,a)
<I(BF — P)(Vi1)?(s.0) + [(PaV 5 10)? — (BEVE,1)?I(5,0)
+ Pl (Vi )? = (VE )% (5:0) + [(PaViir)® = (PuVE4 )2 (5. 0),

(47)

_ k
where the first inequality is due V:(s) C’;: “TP(s) > V(s). The result of (Weissman et al| [2003)
combined with a union bound on N} (s, a) € [K] implies w.p 1 — §

251

Pk
1P (-[s,a) = Pu(cls,a)|1 < N (s,a) (48)
holds for all s,a, h, k.
These terms can be bounded separately by
Sk —k 2 2 QSL
Py = Pu)(Vig1)“l(s,0) < H Ni(s,a)’
K Ak Tk o | 250
(PVhi1)? = (PRV50)? (s,a) < 2H|(Py = By)Vi | < 2H Ne(s,a)’ (49)
h\5

—k —k

Pol(Vis1)? = (Vya)?l(s,0) < 2HPL(Vpy = Vi) (s, ),
—k —k

((PaVii1)? = (PaY 1) (s.0) < 2HPW (Vi = Vi )(s,0),

where the first two inequality is due to equation 48| In addition, 3H? NES L <14 25H L Thus, we
h(s,a) 2Nh(s,a)

have

—k 7T ,7r7
Ve (Vs + Vi4)/2)(5,0) = Vb, Cr ™ (5,0)

— X 5 25t

<4HP, (Vo1 — Vi) (s,a) +3H Ni(s.a) (50)
k i 9SH*.

<4HPy (Vi = Vig)(s,a) +1+ INE(s,a)
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Then we have

1 WPk[(VhH +Vh+1)/2}(shv7rh( sy WP"[(Vh+1 +Vh+1)/2](3’fmﬂk(5k))ﬂ
= NEGh, 7 (aE) o NEGE. Zh(o%)

ke y—
(1 | VRGOl sk ah(sh)
B Ny (sh, Th(s7) Nf (s, 7k (s})

Sh

—k o —k
) AHP, (Vi1 — V’ﬁ+1)(52,7r§( i) o (Vi — Vi) (sh, mi (sf)e
Ni (s5, @ (s7) Ny (sh mh(sh))

(1—p NE(k =k(k))
N Sh,ﬂ'h sh sh,wh
9SH4 9SH*./
N;’]“(S’;M’Z(S’Z)) N;’i(Smﬂﬁ(Sﬁ))

ke mk, _ ——
<(1 o P) WPh,Ch+17 p(sfm’”ﬁ( k))b thCh_H p(s’hf’ﬂ'f( 2))L
- NE(sp, T (s5)) NE(sk, mk(sh))
7k o
v (P = VhGhThGD) | 2vaHY
2V2H NE(s§, 75 (sh)
—k
Po(Vier = Vi)(sh i (s3)) 2v2H2,
’ i )

2W2H NE(sk, ol (sk

(51)

Sh

flmp) 1
P\ NEGE AR Y NGk Gh)
L O=p)VOSHLJ2 | py/OSH)2

NE(shTn(sh))  Ni(shmi(si)

ke ok N ke gk,
:(1_4 UG, e ) prhchﬂ (sh b (sh))

Nfi (g (s7) Njy (s @i (s7))
]D Ph(Vh+1 Vi)(sh) 2\/5(1 —p)H? N 2V2pH?1
N T N o)
si,ﬁ’fb (s¥)) NE(sk, ok (sh))
VISHY /2 p\/OSHA /2
N’“(SWﬁ(S;’i)) N (g g ()

where the second inequality is due to AM-GM inequality.
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Recursing on h Plugging equation and equation into equation nd setting ¢; = 1+ 1/H and
co = (1+1/H)3 , we have

Vir(sh) — VE(sh)
<(1+ 1/ )Py P (Vs = Vi )I(sh) = (0 4+ 1/ H)PE(Vip ey = Vi) (ks af)

(SH + SH?).
N,’f(s’fb,a’fb)

—k —k —k
+e1Ph(Vig — Kfm-l)(SZa ap) — 2V — KZH)(SZH) +ea(Vig — Kﬁ+l)(s;€z+1)
27K (sK, AR (k)0 2(1 — p)(24H? +TH +T)t

—k
+ (1/H + 1/H*)Py(Viy 0 = Vi) (sh, ap) +

+2(1—0p) — —
Nf: (sg, 7 (s7) 3N (s5, 75 (s7)))
L2 27K (sk, mh(sk))e  2p(24H? + TH + )t (52)
Ny (shmy(sp)) — BNj(sh mh(s7))
1 | SR R TREI  | 8VA Cl ™ (sf mh(sh)
—p p
Ny (sh, 7 (7)) N (g, (s3))
—k
]D,T} # P (Vi — VZ-H)(SZ) 8(1 — )H2 8pH?.
H F(sk,mh(sh))  Nf(sk, af(sh))
(1- + 6(1 —p)VSH* N 6pV SH*.
NE(sh,7h(s5)) Ny (sp,mh (s Ni(sk mh(sp))  Ny(shah(sy))
T
k o /8YR G T (s 4 46 SHL k
We set ©F (s,a) = \/ L ]'\}IIS ) + \/Nk(s 5 T N o) Since r7(s,a) < 1, by organizing the items,

we have that
—k
Vi (s5) — Vi (sk)
Ay o—k A1 —k
<(1+ 1/H)[D;;3P/f(Vh+1 — Vi DI(sE) = (L+ 1/ H)[PF (Vi — Vi )]sk, ap)

—k SH + SH?).
(U + 1) PV — Vo) sk, ol + S SH
Ny (sp. ap)
—k —k —k
+erPu(Vig — K]i?,-s-l)(sﬁa ap) — ca(Vi1 — Kﬁ+1)(sﬁ+l) +e2(Vigr — Kﬁ+1)(5£+1)
—k N
]D;}'zph(vh+1 - ZZH)(Sﬁv WZ(SIZ))
H
L —k
<(1+ 1/H)[D;§Pi]f(vh+1 Vh+1)]( n =1+ 1/H)[Ph (Vh+1 KZH)](SZ?CLZ)
1 —k —k
+ E[]D;}liph(vh-&-l - Zﬁ—&-l)(s}ﬁ) - Ph(vh—i-l - ZZH)(SZ, a}kz)] (53)

—k —k
+ (L4 3/H + 1/H*) Py (Vipyy = Vi) (sh af) = co(Vigr = Vi) (shoa)

(SH + SH?). K k
BEEIE)  pe
NEGshaf) RO

N —k
<1+ 1/H)[D;§P5(Vh+1 Vi )I(sk) = (L+1/H)[PF (Vh+l Vi )(sk, af)
1 —k —k
E[]D;}liph(vhﬂ - K’ZH)(SQ) - Ph(Vh+1 - KEH)(S’Z,aQ)]
—k —k
+caPr(Viygq — Z}ﬁﬂ)@ﬁv ay) — ca(Vi1 — Kﬁ+1)(52+1)

—k SH + SH2):.
+ea(Vig — K’ZH)(SZH) + (kik
Ny (sy,ap)

+ ID~,C ok (s’fl)

—k
+ CQ(Vh-i-l - ZZ+1)(3£+1) +

+

+ ]D;EG)Z(sZ).
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By induction of equation{44fon h=1,--- , H and Vh+1 Vh+1 = 0, we have that

K H
ok
Regret(K) < 2122 (D, Ph Vh+1 Vi) (sh) = P (Viey = Vi) (shy af)
k=1 h=1

—k —k
+ ﬁ[D;ﬁph(Vthl - K§+1)(SZ) - Ph(Vh+1 - KZJA)(SZ?“Z)] (54)
—k —k
+ PV — Kﬁ-ﬂ)(SZa ap) — (Vg1 — Kﬁ-ﬁ-l)(sﬁ-&-l)
(SH + SHQ)L
h7 ap,

Here we use (1+ 1/H)3% < 21.

C.2.2 Proof of Lemma
K H Ay =k P
Recall that My =37, Eh:ﬂﬂ);’f;vpilf(vhﬂ - ZZH)(S;?) - ;]f(VhH - ZZH)(SE, ay)].
i Lk PR A o—k
Since Byt p (PF(Viar — Vi )(sh,ab)] = 1]);,hc.P;§(Vh+1 — V5. )(sk), we have that ]D;},jp,f(vh+1 —
k ,

Vi) — Pk(Vh_H Vi, 1) (sk ak) is a martingale difference sequence. By the Azuma-Hoeffding in-
equality, with probability 1 — ¢, we have

K H
Ak I
Z Z ]D Ph Vh+1 VE-H)(SZ) - P}’f(vhﬂ Vh-‘,—l)(sha ah)] <H (55)

k=1h=1

C.2.3 Proof of Lemma [6.5]
—k
Recall that Mz = 32101 Y50y D2 Pu(Viey = Vi)(sh) = Pa(Vigr = Vi) (sh, af):

. —k —k —k
Since Egrp~, [Po(Visr — Vi)(sk,af)] = ID;EPh(Vthl Vi1)(sk), we have that ]D;I;Ph(vhﬂ -
. ,

VE () — Ph(V:H VE, 1) (sk,ak) is a martingale difference sequence. By the Azuma-Hoeffding in-
equality, with probability 1 — §, we have

> DD Pa(Vie = Vi) (sh) = Pa(Vigs — VE1)(shoaf)]| < HVZH (56)

k=1h=1

C.2.4 Proof of Lemma

k
h+1 Vh+1)(82aah) (Vh+1 VII?LH)(SQH))-

Recall that Mz = Sr S (PF(V
Let the one-hot vector 1§ (+|sk,af) to satisfy that 1¥(sf_,|sf,af) = 1 and 1§(s|sF,af) = 0 for s # sk .

Thus, [(PF — ]Alﬁ)(V:_H - Kh+1)](sﬁ,a§) is a martingale difference sequence. By the Azuma-Hoeffding
inequality, with probability 1 — 4, we have

SOSTUPE - 1)V, - VEL Ik a)| < HVZHERL (57)

C.2.5 Proof of Lemma [6.7]

We bounded My = Zk 1 Eh 1[% + ]D~ OF (s§)] by separately bounding the four items.

29



Under review as submission to TMLR

2
Bound Zszl Zthl % We regroup the summands in a different way.

N,

X

H s,a)

K H
3 5'H+75H;) (SH + SH2). Z Z
h=1 (s,a)ESx

e < (SH + SH?*)SAH.?. (58)
k=1h=1 Ny (sp» ap

3

Il

A
S

Wk* 71'

8Vp, Cpiy P (s,a) VSH,
Recall that ©F(s,a) = \/ . 1’\‘/?(3 ) + ./ Nﬁia) + 41?7,’;(.@,(1) .

Bound Zszl Zthl[(l —p) W + Py /m] We regroup the summands in a different

way. For any policy 7, we have

Nyt (s,a)

Z W i Z 3 3 \/?gswm. (59)

k=1h=1 Ny Sh’ 1(s,a)eSxA n=1

K H 2, L
Bound Ek:l Zh:l[(l - p) Nﬁé%?%(si)) + ka(456ka( k))]

For any policy 7w, we have

K H N (s, a)
= 46V SH - < 4652 AH3 2. (60)
I DO VDY

k= h=1(s,a)eSxA n=1

We regroup the summands in a different way.

E T '
8V LCL TP sk R (s 8V LC LT sk TR (sk))e
Bound Zk 1Zh 1 [(1 - )\/ = ]IVJ{( ;ﬁ’ﬂ.h(:k))} . +p\/ E ;\}Z(gh 7h(:”k)) By  Cauchy-

Schwarz inequality,

k=1h=1 Sho T (57))
K H o K H .
TSI Pk =k (K

<UD D Ve G (Shvﬂh(sh))'zzjvk(k—w (61

k=1h=1 k=1h=1 ""h \n Th{%h

kx ok
S SAHL2 WP,L ;7;4_1’” (Sﬁfﬁ(sﬁ))
k=1h=1

Similarly,

K H k*7 k
Z Z Vp, C}T;—H p(SﬁafZ(S;’i))L

Ny (sh, @ (sh))

k=1 h=1 (62)
<SS S Vi O e )
k=1h=1
By (1 —p)a® + pb* > ((1 - p)a + pb)?,
K H L K H -
ZZWP;L }TJrfE 7’)(8%,?';1 ZZ P ;LT+1£ P sk, mh(sh))
k=1h=1 k=1h=1
(63)
g L LN S L L I A
< ZZ[( P)VE, Cpiy (Sha”h(sh))JFPWPhChH (sh> 7 (s3))]-

30



Under review as submission to TMLR

Now we bound the total variance. Let D~ Pp(s'[s) = (1 — p) P (|5, 7R (s) + pPu(s'|s, 7k (s)),
h

Dz PrVia1l(s) = D _JI(1 = p)Pu(s'5, 75 (5)) + pPi(s'|s 7 ()] Vi (), (64)

s/

and

Vin~, pVasi(s) = Y (1= p)Puls'[5,Th(5)) + pPals'|5, 75 ()] Vi ()]

) (65)
— D (A= p)Pu(s'ls, T (5)) + pPu(s|s, w3 (5))) Vi ()],

s/

We have that
Trk 777 s
W[]D’;kph]ch+1 p(sﬁ)
h

=D (1= p)Puls'|si, T (5)) + pPu(s'| s}, (O™ ()

s/

— 13 (1= )P |55, FE(5)) + pP(s' |k, mh (sE))) O™ ()]

kx ok ok
>(1 - )WPhChH’* ’p(s’ﬁmh( £) + PV, Gl ™ (s, mh(sh)
(L= IPACT ™ (5, Th(SEDI + pPAlCT ™ (55, mh ()2
k

Trk*,ﬂ'k, T *77rk,
— D= p)Puls s, T (s3) Oy ™ 7 (8") + pPu(s'Ish i () C ™ (5]

ra

Wk*, k 7-|-k7
>(1— p)WPhCh+1 p(slﬁvﬂh(sh)) + pVp, Ch+17 ”(S’Zyﬂ’i(s;i)),
where the last inequality is due to (1 — p)a? + pb? > ((1 — p)a + pb)?.
With probability 1 — 29, we also have that

K H kx _k 2 X
<H? 2HKL+ZZ((O,’Z TP (sh)? - ([ID PO )) CF I e (k)2

k:l
9 K H b ok L
H*V2HK.+2H E E |, = (sh)—]D;;cPhCh_H’*’ (sp)]

k=
K H
\/ + QHZ (Cf ,7T Z ( }7:4,1’7{- 8h+1) ]:D Phch+1’ﬂ— ’p(SZ,aZ))>

H*V2HK. + 2H2K +2H*V2HK,
§3H2K +9H31/2,
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where the first inequality holds with probability 1 — § by Azuma-Hoeffding inequality, the second inequal-

so that C}fk*’ﬂk’p(sﬁ) >
]D;ﬁ D;k*’ﬂk’p( Ky > D;fPhC;j_*l’ﬂk’p(s’g), the fourth inequality holds with probability 1 — § by Azuma-
Hoeffding inequality, and the last inequality holds with 2ab < a2 + b2.

ity is due to the bound of V-values, the third inequality is due to Lemma

In summary, with probability at least 1 — §, we have 2521 ZhH:1 thVf_cl(sZ, af) < (H?*K + H3).

In summary, Z,i{:l Zthl D~ Of(sy) < 8VSAH?K. + 4653 AH3.2 + 24SAH3K.? + 36SAH?? <
h
8VSAH2K . + 4652 AH32 + V24SAH3K . + 6/ SAH®..

D Model-free method

In this section, we develop a model-free algorithm and analyze its theoretical guarantee. We present the
proposed Action Robust Q-learning with UCB-Hoeffding (ARQ-H) algorithm show in Algorithm [2| Here,
we highlight the main idea of Algorithm 2] Algorithm [2] follows the same idea of Algorithm [T} which trains
the agent in a clean (simulation) environment and learns a policy that performs well when applied to a
perturbed environment with probabilistic policy execution uncertainty. To simulate the action perturbation,
Algorithm [2] chooses an adversarial action with probability p. To learn the agent’s optimal policy and the
corresponding adversarial policy, Algorithm [2| computes an optimistic estimate Q of @* and a pessimistic
estimate @ of Qﬁk. Algorithm [2| uses the optimistic estimates to explore the possible optimal policy 7™ and
uses the pessimistic estimates to explore the possible adversarial policy 7. The difference is that Algorithm
uses a model-free method to update @ and V values.

Here, we highlight the challenges of the model-free planning compared with the model-based planing. In the
model-based planning, we performs value iteration and the @) values, V values, agent policy 7 and adversarial
policy m are updated on all (s,a). However, in the model-free method, the @ values, V' values are updated
only on (sﬁ,al,fb) which are the samples on the trajectories. Compared with the model-based planning, the
model-free planning is slower and less stable. We need to update the output policy carefully. In line 14-16,
Algorithm [2] does not update the output policy when the lower bound on the value function of the new policy
does not improve. By this, the output policies are stably updated.

E Proof for model-free algorithm

In this section, we prove Theorem Recall that we use @]Z,V: ,QZ,K’Z and N} to denote the values of
@h,Vh,Qh,Kh and max{Nj, 1} at the beginning of the k-th episode.

Property of Learning Rate a; We refer the readers to the setting of the learning rate «; := Z—ﬁ
and the Lemma 4.1 in (Jin et al) 2018). For notational convenience, define af := H;:1(1 — ;) and

a% =y H;Ziﬂ(l — ;). Here, we introduce some useful properties of af; which were proved in (Jin et al.)
2018)):

:, N |
(1) Zizl of=1and of =0fort>1;
(2) 2521 Oéi =0 and Otg =1 for t = 0;

t %

(3) ! S Zjb‘:l % S % for every t Z 1’
(4) :1(04)2 < % for every t > 1;
( ) t=i Oéi < (1 + %) for every ¢ > 1.

Recursion on @ As shown in (Jin et al., 2018), at any (s,a,h, k) € S x A x [H] x [K], let t = NF(s,a)
and suppose (s, a) was previously taken by the agent at step h of episodes ki, ko, ..., ks < k. By the update
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equations in Algorithm [2 and the definition of af, we have

t

ol [ i ki i .
Qnls,a) = al(H = h+1)+ Y af (1 + Vil (sfiyy) +01) 5

i=1

(68)
Qk (s,a) = Za (Th +Vh+1(8h+1) bi) .
i=1
Thus,
t
(@~ Qi)(s, @) =af(H = h+ 1)+ 3 at (rf + Vil (shiy) + i)
i=1
¢
- (O‘gQZ(Sa a) + Z ai (Rh(sv a‘) + thfzk—&-l(sv (l)))
= t (69)
=af(H —h+1-Qi(s,0) + Y ai (Vi = Vi) (shy))
i=1
t
+ Zozi ((r}’j — Rp(s,a)) + Vh+1(3h+1) P,V i (s,a) + b; )
i=1
and similarly
t
(Q Qh Z oy (Th + Vh+1(sh+1) bi)
=1
t
_ (a?sz(s,a) + Zai (Rh(s,a) + Pth?fl(s, a)))
i=1
(70)

t

—k ; . ?k
ofQ7 (s,0) + Y af (IPa(Vfy, — Vit)(s,0)
=1
+Y o ((r,{ji — Ri(s,0)) + VI, (sFi ) — PaVEL (5,0) — bi) .

In addition, for any k' < k, let t/ = N}’fl (s,a). Thus, (s,a) was previously taken by the agent at step h of
episodes ki, ka, ..., ky < k’. We have

t/
(@~ Q7 )(s,0) = = afQF (s,0) + Y iy (IPA(VEL, — Vi)](5.0))
=1

+ >l (= Ruls, @) + Vi1 (s50) = PaVEs(s,0) = i)

Confidence Bounds By the Azuma-Hoeflding inequality, with probability 1 — §, we have that for all s,
a, hand t < K,

<H i(a%)%ﬂ < W H3u/t. (72)

-l (0 = Rals, ) + Vhy (shi) = Pulpy (s,0)
At the same time, with probability 1 — ¢, we have that for all s, a, h and t < K,

t < I3/t (73)

S 0 (15 = Ra(s. @) + Vi (55) = PaVit (5. )

i=1
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In addition, we have /H3:/t < !_, aib; < 2,/H31/
k

Monotonicity Now we prove that V:(s) > Vi(s) > VI (s) > Vi(s) and @:(s,a) > Q5 (s, a)
Q?(s,a) ZQZ(S,(I) for all (s,a,h,k) € S x A x [H] x [K].

v

—k — —k

At step H 41, we have Vi, (s) = Vi (s) = VgL(S) =V5.1(s) = 0and Qpq(s,a) = Qi1 (5,0) =
o

Q41 (s,a) zgzﬂ(s,a) =0 for all (s,a,k) € S x A x [K].

Consider any step h € [H] in any episode k € [K], and suppose that the monotonicity is satisfied for all
previous episodes as well as all steps b’ > h + 1 in the current episode, which is

Vho(s) > Vii(s) 2 VI () = VEi(s) V(K 1, 5) € [k — 1] x [H +1] x S,
@Z/(s,a) > Qi (s,a) > Qﬁkl(s,a) > Q]:Lj(s,a) V(K' b s,a) € [k —1] x [H+1] x S x A, (74)
Vy(s) > Vi(s) > ViE (s) > VE(s) VW > h+ 1 and s € S,
@Z/(s,a) > Qr(s,a) > QF (s,a) > QF,(s,a) VW' > h+1and (s,a) € S x A.
We first show the monotonicity of @) values. We have
(@, = @i)(s,0) = af(H ~ h 1= Qi(s,0)) + 3 af (Vi = Vi) (shi0) ) 2 0, (75)
i=1
and, by to the update rule of V values (line 13) in Algorithm
—k ¢
(QF — Q7 )(5.0) < = afQF (s,0) + > at (IPa(VEL, — Vil)](5.0))
% tl (76)
<= ofQ7 (s.0) + 3 af ([P s — VT](s.0) <0,
i=1
In addition, for any k¥’ < k,
’ —k t,
(@~ Qi )(s.0) <= alQF (s,0) + Y ad (1P, — V)] (5, 0))
zt,l (77)
—afQF (s,0) + > ab ([Pa(Vhiy — Viik)](s,)) < 0.
i=1
Then, we show the monotonicity of V' values. We have that
—k —k .
(1—p) max Qn(s,a) + pQy(s,arg man:(s, a))
—k " .
>(1 - p) max Qi (s, @) + pQ} (s, arg min Q" (5, )) .
¢ @ 78
=k * : *
2(1 - p)Q}L(87 ﬂ-h(s)) + pgg}‘} Q}L(57 CL)
>(1— p)Qh(s, i (5)) + pmin Qi (s, @) = Vi (5).
By the update rule of V values (line 12) in Algorithm
—k k=1 —k —k , .
Viu(s) = min{V, " (s), (1 — p) max @y (s, a) + pQy (s, argmin @y (s, a))} > V' (s). (79)
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Here, we need use the update rule of policy & (line 11-16) in Algorithm 2| Define 7(k,h,s) := max{k’ :

k' < k and KZ/+1(S) =(1- p)QZ/H(s,arg max, @Z +1(s,a)) + pmin, Q:/‘H(&a)}, which denotes the last
episode (before the beginning of the episode k), in which the 7 and V was updated at (h, s). For notational
simplicity, we use 7 to denote 7(k, h,s) here. After the end of episode 7 and before the beginning of the
episode k, the agent policy T was not updated and V was not updated at (h, s), i.e. ZZ(S) = K;—L+1(S) =

(1= )@ (77 (3)) + prmin, Q) (5.) amd 7h(s) = 77 () = argmax, Gy, (s,a). Thus,
Vi(s) =(1 = p)Q; (s, ()) + pmin Q7+ (s, a)
<(1-p)Qf (5.7 () + pmin Q)" (s, a)
<(1-p)QF (5,75 (5) +pQp (s, argmeh (s,a))

<(L=p)Q7 (5,7 () + prmin Qf (s,a) = VT (s).

By induction from h = H +1to 1 and k = 1 to K, we can conclude that VZ(S) > Vi(s) > ka (s) > VE(s)
and @Z(s,a) > Qi(s,a) > ng(s,a) > Qz(s,a) for all (s,a,h, k) € S x A x [H] x [K].

Regret Analysis According to the monotonicity, the regret can be bounded by
K K

Regret(K) := (V' (s}) = V{7 (s1)) < DO (V1 (sh) = VE(s5)), (81)

k=1 k=1

By the update rules in Algorithm 2] we have
—k
Vh(slﬁ) - Klﬁ(slfb)
—k —k
<(1— p)Q(sh,arg max @) (s§. @) + Q0 (s} arg min Q (sf, )
a

~ (1= )@} (st argmax @y (5§, a)) + p@} (s}, arg min Q) (s, a)) (82)
=(1 - p)[@;, — Q})(sk,ak) + plQ), — Qf)(sh.af)
=[@h — Q})(sh.af) + D= (@ — @))(sh) = @) — Q)1 (sh ah)-

Set nk = NF(sk aF) and where k;(s¥, a¥) is the episode in which (sf, af) Wab taken at step h for the i-th time.

For notational simplicity, we set ¢f = V:(s’fb) — K’fl(s’,j) and &F = D, (Qh Qk)]( r)— [Qh Q }(s’fwa’fb)
h
According to the update rules,
—k
o =Vi(si) = Vi(sh)

k
Ty

a i(sk al i sk,ak 7a
<a k(H h+1 JFZOZ k <Vh+1h7 h)(slfi:ﬁlh, h,)) 7Z]:H51h h)(Sth hi%h )+2b)
i=1

+ (D2 (@5 — @I(s) — (@ — QF(sk, af)

) (53)
_agf (H—h+1)+ ia N ¢h+sh’“h) + 2b;) 4 &F

lnﬁl
<aly(H=h+1)+3 ol o)+ b ay[H

We add V]Z(sﬁ) — V5 (sF) over k and regroup the summands in a different way. Note that for any episode

k _k
k, the term Z e kqﬁfbﬁh’a”) takes all the prior episodes k; < k where (sﬁ, aﬁ) was taken into account. In
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other words, for any episode k', the term qbﬁ;l appears in the summands at all posterior episodes k > k'

where (s, ak") was taken. The first time it appears we have nf = n¥ + 1, and the second time it appears
we have nf = nf’ 4 2, and so on. Thus, we have
Kk
Y (Vi(sh) = Vi(sh)
k=1
K K m s K K
<Y AN (H —h+ 1)+ Y andi i + Zfﬁ + Z4\/H3L/TLZ
k=1 k=11i=1 k=1 k=1
K K npy (84)
SOICHCETEEIESD DI DI zgh + ZWH%/%
k=1 k=1 t=nk'+1
K
<Y oAb (H —h+1)+(1+1/H) Z¢h+1 + th + Z4\/H3L/nh
k=1 k=1
where the final inequality uses the property > ;= ai < (1 + ) for every i > 1.
Taking the induction from h =1 to H, we have
K
Z — Vi(s1))
k=1
H K H K H K (85)
<3Y D g (H—h+1)+3% > &+ > 12/H%/nf
h=1k=1 h=1k=1 h=1k=1

where we use the fact that (1+1/H)? < 3 and ¢}, =0 for all k.
We bound the three items separately.

(1) We have S0 S°F | ol (H —h+1) = S S ek =0](H —h+1) < SAH?.

(2) Similar to Lemma by the Azuma-Hoeffding inequality, with probability 1 — 6, we have
it Sher & < HV2HK L.

(3) We have Y1 SO 12\ /H3u/nf = S0 S o S ) /H30 [0 < HV2HPSAKL.

In summary,
K
Regret(K Z (Vi (s%) (s’f)) < O(VSAHSK.+ SAH?)
k=1
and

« qout —K+1
Vi(s1) = Vi (s1) <V (s1) = VI (sy)
. —k
= min (V) (s}) - VE(s}))

ke[K+1] (86)
( VSAHS, SAH? )
<0 + .
K K
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