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Abstract

While large language models (LLMs) exhibit remarkable capabilities across
various tasks, they encounter potential security risks such as jailbreak at-
tacks, which exploit vulnerabilities to bypass security measures and gener-
ate harmful outputs. Existing jailbreak strategies mainly focus on maxi-
mizing attack success rate (ASR), frequently neglecting other critical fac-
tors, including the relevance of the jailbreak response to the query and the
level of stealthiness. This narrow focus on single objectives can result in
ineffective attacks that either lack contextual relevance or are easily rec-
ognizable. In this work, we introduce BlackDAN, an innovative black-box
attack framework with multi-objective optimization, aiming to generate
high-quality prompts that effectively facilitate jailbreaking while maintain-
ing contextual relevance and minimizing detectability. BlackDAN leverages
Multiobjective Evolutionary Algorithms (MOEAs), specifically the NSGA-
II algorithm, to optimize jailbreaks across multiple objectives including
ASR, stealthiness, and semantic relevance. By integrating mechanisms like
mutation, crossover, and Pareto-dominance, BlackDAN provides a trans-
parent and interpretable process for generating jailbreaks. Furthermore, the
framework allows customization based on user preferences, enabling the se-
lection of prompts that balance harmfulness, relevance, and other factors.
Experimental results demonstrate that BlackDAN outperforms traditional
single-objective methods, yielding higher success rates and improved robust-
ness across various LLMs and multimodal LLMs, while ensuring jailbreak
responses are both relevant and less detectable.

1 Introduction

As large language models (LLMs) are increasingly integrated into various applications, the
security of these models has become crucial Yi et al. (2024); Jin et al. (2024); Chu et al.
(2024). Jailbreaking, the process of manipulating these models to bypass safety constraints
and generate undesirable or harmful outputs, poses a significant challenge to maintaining
their integrity and ethical use. Current jailbreaking methods depend excessively on affirma-
tive cues from the model’s prefix Zou et al. (2023); Qi et al. (2024), leading to the possibility
of generating responses that are irrelevant or off-topic, leaving users helpless without out-
right rejecting prompts. This over-reliance underscores the urgent necessity for a more
nuanced approach to prompt selection and optimization, especially through multi-objective
strategies that focus on both effectiveness and usefulness.
Furthermore, existing jailbreaking approaches struggle to explain why certain special di-
rected vectors Zheng et al. (2024a) result in model rejections, highlighting a significant
challenge in comprehending the underlying distributions that dictate model behavior. The
absence of clear explanations regarding the acceptance or rejection of prompts makes it
challenging to establish a reliable safety boundary. Incorporating ranking mechanisms and
conducting a thorough analysis of the distribution of responses can help provide inter-
pretability and enable the identification of a more concrete safety boundary for prompts.
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These considerations are essential to ensure that jailbreaking attempts not only achieve
success but also do so within explainable and safe constraints.
Another major limitation in current black-box jailbreak optimization strategies is the lack of
transparency and interpretability. Most techniques rely on end-to-end optimization without
adequately explaining the processes involved. The lack of interpretability makes it difficult
to understand how jailbreak methods evolve or how specific adjustments impact the success
rate of jailbreak attempts. Addressing this gap through a more structured explanation of
the optimization processes will lead to more reliable and controllable jailbreak techniques.
To address these issues, we propose BlackDAN, a black-box, multi-objective, human-
readable, controllable, and extensible jailbreak optimization framework. BlackDAN intro-
duces a novel approach by optimizing multiple objectives simultaneously, including attack
success rate (ASR), context relevance, and other factors. In contrast to traditional methods
that focus solely on achieving a high ASR, BlackDAN adopts a more balanced approach by
simultaneously addressing the trade-offs between effectiveness, interpretability, and safety.
We hypothesize, verify, and analyze the concept of a safe boundary for prompts within this
framework, using multi-objective optimization to refine the selection of useful and effective
prompts while maintaining unsafety constraints.
To realize BlackDAN, we leverage the advances of Multiobjective Evolutionary Algorithms
(MOEAs) Zhou et al. (2011), specifically the NSGA-II algorithm Deb et al. (2002), which
shows effectiveness in solving complex multi-objective problems. By incorporating pareto-
dominance,mutation and crossover mechanisms, BlackDAN is capable of exploring a wider
solution space while providing clear explanations of the optimization process. This allows
for a more transparent and interpretable methodology for conducting jailbreak attacks,
addressing the shortcomings of traditional end-to-end optimization techniques.

Figure 1: This image illustrates the limitations of single-objective optimization, where an AI
system may produce a response that excels in one aspect but fails in another. For example,
it can generate highly harmful responses that are less semantically consistent or vice versa.

Fig 1 contrasts multiple scenarios demonstrating how multi-objective optimization can yield
outputs that are both semantically relevant( ) and harmful ( ). It shows the limitations
of single-objective optimization in AI, where focusing on just one goal (like semantic con-
sistency or safety) can lead to imbalanced results. In the top-left, responses are safe and
contextually relevant, while the bottom-left is safe but less helpful. The top-right shows
dangerous, harmful responses that are highly relevant, and the bottom-right is both harm-
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�p�2�`�b���`�B���H �i�`���M�b�7�2�`���#�B�H�B�i�v�- �b�2�p�2�`���H �K�2�i�?�Q�/�b �?���p�2 �#�2�2�M �T�`�Q�T�Q�b�2�/ �i�Q ���/�D�m�b�i �i�?�2 �#���+�F�T�`�Q�T���;���i�B�Q�M
�+�Q�K�T�m�i���i�B�Q�M�X �h�2�+�?�M�B�[�m�2�b �B�M�+�H�m�/�2 �i�?�2 �b�F�B�T �;�`���/�B�2�M�i �K�2�i�?�Q�/ �U�a�:�J�V �q�m �2�i ���H�X �U�k�y�k�y�V�- �H�B�M�2���`
�#���+�F�T�`�Q�T���;���i�B�Q�M �U�G�B�M�"�S�V �:�m�Q �2�i ���H�X �U�k�y�k�y�V�- �B�M�i�2�`�K�2�/�B���i�2�@�H�2�p�2�H ���i�i���+�F �U�A�G���V �>�m���M�; �2�i ���H�X
�U�k�y�R�N�V�- ���M�/ �A�G���Y�Y �G�B �2�i ���H�X �U�k�y�k�y�V�c �:�m�Q �2�i ���H�X �U�k�y�k�k�V�X �A�M�+�`�2���b�B�M�; �B�M�T�m�i �/�B�p�2�`�b�B�i�v �?���b ���H�b�Q
�#�2�2�M �r�B�/�2�H�v ���/�Q�T�i�2�/�- ���b �2�p�B�/�2�M�+�2�/ �#�v �r�Q�`�F�b �H�B�F�2 �s�B�2 �2�i ���H�X �U�k�y�R�N�V�- �.�Q�M�; �2�i ���H�X �U�k�y�R�N�V�- �G�B�M
�2�i ���H�X �U�k�y�R�N�V�- �>�m���M�; �2�i ���H�X �U�k�y�k�9�V�- ���M�/ �q���M�; �2�i ���H�X �U�k�y�k�R�V�X
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�l�M�/�2�` �`�2�p�B�2�r ���b �� �+�Q�M�7�2�`�2�M�+�2 �T���T�2�` ���i �A�*�G�_ �k�y�k�8

�j �J�2�i�?�Q�/�Q�H�Q�;�v

�A�M �i�?�B�b �b�2�i�i�B�M�;�- �r�2 ���B�K �i�Q �;�2�M�2�`���i�2 �T�`�Q�K�T�i�b �i�?���i �K���t�B�K�B�x�2 �i�?�2 �H�B�F�2�H�B�?�Q�Q�/ �Q�7 �;�2�M�2�`���i�B�M�; �m�M�b���7�2
�`�2�b�T�Q�M�b�2�b �7�`�Q�K �� �i���`�;�2�i �H���M�;�m���;�2 �K�Q�/�2�HT �r�?�B�H�2 �2�M�b�m�`�B�M�; �b�2�K���M�i�B�+ �+�Q�M�b�B�b�i�2�M�+�v �#�2�i�r�2�2�M �i�?�2
�;�2�M�2�`���i�2�/ �`�2�b�T�Q�M�b�2�b ���M�/ �?���`�K�7�m�H �[�m�2�b�i�B�Q�M�b�X �h�?�B�b �T�`�Q�+�2�b�b �B�b �7�`���K�2�/ ���b �� �K�m�H�i�B�@�Q�#�D�2�+�i�B�p�2
�Q�T�i�B�K�B�x���i�B�Q�M �T�`�Q�#�H�2�K�- ���M�/ �r�2 �m�i�B�H�B�x�2 �L�a�:���@�A�A �U�L�Q�M�@�/�Q�K�B�M���i�2�/ �a�Q�`�i�B�M�; �:�2�M�2�i�B�+ ���H�;�Q�`�B�i�?�K
�A�A�V�.�2�# �2�i ���H�X �U�k�y�y�k�V �i�Q �T�2�`�7�Q�`�K �i�?�2 �Q�T�i�B�K�B�x���i�B�Q�M�X

�6�B�;�m�`�2 �k�, �P�p�2�`�p�B�2�r �Q�7 �J�m�H�i�B�@�Q�#�D�2�+�i�B�p�2 �:�2�M�2�i�B�+ �J�2�i�?�Q�/ �@ �"�H���+�F�.���L

�j�X�R �6�B�i�M�2�b�b �6�m�M�+�i�B�Q�M�b

�q�2 �/�2�}�M�2 �i�r�Q �+�Q�M�i�B�M�m�Q�m�b �}�i�M�2�b�b �7�m�M�+�i�B�Q�M�b �i�Q �;�m�B�/�2 �i�?�2 �Q�T�i�B�K�B�x���i�B�Q�M �T�`�Q�+�2�b�b�,

�l�M�b���7�2 �h�Q�F�2�M �S�`�Q�#���#�B�H�B�i�v �U�l�b�B�M�;�H�H���K���n�;�m���`�/�n�k�V�, �h�?�2 �}�`�b�i �}�i�M�2�b�b �7�m�M�+�i�B�Q�M�-f 1�- �2�p���H�@
�m���i�2�b �i�?�2 �T�`�Q�#���#�B�H�B�i�v �i�?���i �� �`�2�b�T�Q�M�b�2R �;�2�M�2�`���i�2�/ �#�vT �+�Q�M�i���B�M�b �m�M�b���7�2 �+�Q�M�i�2�M�i�X �h�?�B�b �B�b
�+�Q�K�T�m�i�2�/ �#�v �i�?�2 �T�`�Q�t�v �K�Q�/�2�H�H�H���K���n�;�m���`�/�n�k�- �r�?�B�+�? �Q�m�i�T�m�i�b �i�?�2 �H�Q�;�@�T�`�Q�#���#�B�H�B�i�v �Q�7 �b�T�2�+�B�}�+
�ô�m�M�b���7�2 �i�Q�F�2�M�b�X�ô

�:�B�p�2�M �� �T�`�Q�K�T�iP ���M�/ �� �?���`�K�7�m�H �[�m�2�b�i�B�Q�MQ�- �H�2�iR = T (P; Q) �/�2�M�Q�i�2 �i�?�2 �`�2�b�T�Q�M�b�2 �;�2�M�2�`���i�2�/
�#�v �i�?�2 �i���`�;�2�i �K�Q�/�2�HT �X �h�?�2 �m�M�b���7�2 �i�Q�F�2�M �T�`�Q�#���#�B�H�B�i�v �B�b �+�Q�K�T�m�i�2�/ ���b�,

f 1(P; Q) = �H�Q�;P(�m�M�b���7�2 �i�Q�F�2�Mj R);

�r�?�2�`�2P(�m�M�b���7�2 �i�Q�F�2�Mj R) �B�b �i�?�2 �T�`�Q�#���#�B�H�B�i�v �Q�7 �i�?�2 �K�Q�b�i �`�2�H�2�p���M�i �m�M�b���7�2 �i�Q�F�2�M ���T�T�2���`�B�M�; �B�M
�`�2�b�T�Q�M�b�2R ���b �+���H�+�m�H���i�2�/ �#�v�H�H���K���n�;�m���`�/�n�k�X

�a�2�K���M�i�B�+ �*�Q�M�b�B�b�i�2�M�+�v �U�l�b�B�M�;���H�H�@�J�B�M�B�G�J�@�G�e�@�p�k�V�, �A�M �i�?�2 �#�H���+�F�@�#�Q�t ���i�i���+�F �b�2�i�i�B�M�;�-
�r�2 �/�Q �M�Q�i �?���p�2 �/�B�`�2�+�i ���+�+�2�b�b �i�Q �i�?�2 �i���`�;�2�i �K�Q�/�2�H�ö�b �B�M�i�2�`�M���H�b �Q�` �B�i�b �2�K�#�2�/�/�B�M�;�b�X �A�M�b�i�2���/�-
�r�2 �m�i�B�H�B�x�2 �� �T�`�2�@�i�`���B�M�2�/ �T�`�Q�t�v �K�Q�/�2�H�- �b�m�+�? ���b �i�?�2���H�H�@�J�B�M�B�G�J�@�G�e�@�p�k�- �i�Q �;�2�M�2�`���i�2 �b�2�M�i�2�M�+�2
�2�K�#�2�/�/�B�M�;�b �7�Q�` �#�Q�i�? �i�?�2 �?���`�K�7�m�H �T�`�Q�K�T�i ���M�/ �i�?�2 �+���M�/�B�/���i�2 �`�2�b�T�Q�M�b�2�b�X �h�?�2�b�2 �2�K�#�2�/�/�B�M�;�b
���H�H�Q�r �m�b �i�Q �K�2���b�m�`�2 �i�?�2 �b�2�K���M�i�B�+ �b�B�K�B�H���`�B�i�v �#�2�i�r�2�2�M �i�?�2 �T�`�Q�K�T�i ���M�/ �i�?�2 �`�2�b�T�Q�M�b�2�b�X

�h�?�2 �b�2�+�Q�M�/ �}�i�M�2�b�b �7�m�M�+�i�B�Q�M�-f 2�- �K�2���b�m�`�2�b �i�?�2 �b�2�K���M�i�B�+ �+�Q�M�b�B�b�i�2�M�+�v �#�2�i�r�2�2�M �i�?�2 �;�2�M�2�`���i�2�/
�`�2�b�T�Q�M�b�2R ���M�/ �i�?�2 �?���`�K�7�m�H �[�m�2�b�i�B�Q�MQ�X �q�2 �m�b�2 �� �T�`�2�@�i�`���B�M�2�/ �b�2�M�i�2�M�+�2 �2�K�#�2�/�/�B�M�; �T�`�Q�t�v
�K�Q�/�2�HM p �U���H�H�@�J�B�M�B�G�J�@�G�e�@�p�k�V �i�Q �+�Q�K�T�m�i�2 �i�?�2 �2�K�#�2�/�/�B�M�;�b �Q�7 �#�Q�i�?Q ���M�/R ���M�/ �i�?�2�M
�+���H�+�m�H���i�2 �i�?�2�B�` �+�Q�b�B�M�2 �b�B�K�B�H���`�B�i�v�X

�G�2�i�2Q = �1�M�+�Q�/�2M p (Q) ���M�/�2R = �1�M�+�Q�/�2M p (R) �`�2�T�`�2�b�2�M�i �i�?�2 �2�K�#�2�/�/�B�M�;�b �Q�7Q ���M�/R�-
�`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2 �+�Q�b�B�M�2 �b�B�K�B�H���`�B�i�v �#�2�i�r�2�2�M �i�?�2�b�2 �i�r�Q �2�K�#�2�/�/�B�M�;�b �B�b �+�Q�K�T�m�i�2�/ ���b�,

f 2(P; Q) = �a�B�K(�2Q ; �2R ) =
�2Q � �2R

k�2Q kk�2R k
;
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�r�?�2�`�2� �`�2�T�`�2�b�2�M�i�b �i�?�2 �/�Q�i �T�`�Q�/�m�+�i�- ���M�/k�2k �B�b �i�?�2 �1�m�+�H�B�/�2���M �M�Q�`�K �Q�7 �i�?�2 �2�K�#�2�/�/�B�M�; �p�2�+�i�Q�`�X

�q�2 �b�2�H�2�+�i �i�?�2 �`�2�b�T�Q�M�b�2�b �r�B�i�? �i�?�2 �?�B�;�?�2�` �b�B�K�B�H���`�B�i�v �b�+�Q�`�2�b ���b �i�?�2 �D���B�H�#�`�2���F�B�M�; �Q�m�i�T�m�i�b�X �h�?�B�b
�2�M�b�m�`�2�b �i�?���i �i�?�2 �b�2�H�2�+�i�2�/ �`�2�b�T�Q�M�b�2 �B�b �b�2�K���M�i�B�+���H�H�v ���H�B�;�M�2�/ �r�B�i�? �i�?�2 �?���`�K�7�m�H �T�`�Q�K�T�i�- �2�p�2�M
�i�?�Q�m�;�? �r�2 �`�2�H�v �Q�M �� �T�`�Q�t�v �K�Q�/�2�H �7�Q�` �i�?�2 �2�K�#�2�/�/�B�M�; �+�Q�K�T�m�i���i�B�Q�M�b�X

�j�X�k �L�a�:���@�A�A �7�Q�` �J�m�H�i�B�@�P�#�D�2�+�i�B�p�2 �C���B�H�#�`�2���F�B�M�; �S�`�Q�K�T�i�b �P�T�i�B�K�B�x���i�B�Q�M

�h�Q �}�M�/ ���M �Q�T�i�B�K���H �b�2�i �Q�7 �D���B�H�#�`�2���F �T�`�Q�K�T�i�b�- �r�2 ���T�T�H�v �i�?�2 �L�a�:���@�A�A ���H�;�Q�`�B�i�?�K�X �h�?�B�b ���H�;�Q�@
�`�B�i�?�K �T�2�`�7�Q�`�K�b �K�m�H�i�B�@�Q�#�D�2�+�i�B�p�2 �Q�T�i�B�K�B�x���i�B�Q�M �#���b�2�/ �Q�M �i�r�Q �F�2�v �+�`�B�i�2�`�B���,

�.�Q�K�B�M���M�+�2�,�� �b�Q�H�m�i�B�Q�MP1 �/�Q�K�B�M���i�2�b ���M�Q�i�?�2�` �b�Q�H�m�i�B�Q�MP2 �B�7 �B�i �B�b �#�2�i�i�2�` �B�M ���i �H�2���b�i �Q�M�2
�Q�#�D�2�+�i�B�p�2 �U�2�X�;�X�- �?�B�;�?�2�` �m�M�b���7�2 �i�Q�F�2�M �T�`�Q�#���#�B�H�B�i�v �Q�` �#�2�i�i�2�` �b�2�K���M�i�B�+ �+�Q�M�b�B�b�i�2�M�+�v�V ���M�/ �M�Q �r�Q�`�b�2
�B�M ���H�H �Q�i�?�2�` �Q�#�D�2�+�i�B�p�2�b�X �6�Q�` �� �T�`�Q�#�H�2�K �r�B�i�?m �Q�#�D�2�+�i�B�p�2�b�- �r�2 �/�2�}�M�2 �/�Q�K�B�M���M�+�2 ���b�,

P1 � P2
�B�78i 2 f 1; 2; : : : ; mg; f i (P1; Q) � f i (P2; Q)
���M�/ 9j 2 f 1; 2; : : : ; mg; f j (P1; Q) > f j (P2; Q);

�r�?�2�`�2f i (P; Q) �`�2�T�`�2�b�2�M�i�b �i�?�2 �}�i�M�2�b�b �p���H�m�2 �7�Q�` �i�?�2i �@�i�? �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M �;�B�p�2�M �i�?�2 �T�`�Q�K�T�i
P ���M�/ �i�?�2 �?���`�K�7�m�H �[�m�2�b�i�B�Q�MQ�X

�*�`�Q�r�/�B�M�; �.�B�b�i���M�+�2�,�P�M�+�2 �i�?�2 �T�Q�T�m�H���i�B�Q�M �B�b �b�Q�`�i�2�/ �B�M�i�Q �M�Q�M�@�/�Q�K�B�M���i�2�/ �7�`�Q�M�i�b�- �� �+�`�Q�r�/�@
�B�M�; �/�B�b�i���M�+�2 �B�b ���b�b�B�;�M�2�/ �i�Q �2���+�? �b�Q�H�m�i�B�Q�M �B�M �Q�`�/�2�` �i�Q �K���B�M�i���B�M �/�B�p�2�`�b�B�i�v�X �h�?�2 �+�`�Q�r�/�B�M�; �/�B�b�@
�i���M�+�2d(P) �7�Q�` ���M �B�M�/�B�p�B�/�m���H �b�Q�H�m�i�B�Q�MP �B�M �� �;�B�p�2�M �7�`�Q�M�i �B�b �+���H�+�m�H���i�2�/ ���+�`�Q�b�b ���H�Hm �Q�#�D�2�+�i�B�p�2
�7�m�M�+�i�B�Q�M�b�X �6�Q�` �2���+�? �Q�#�D�2�+�i�B�p�2f i �- �i�?�2 �+�`�Q�r�/�B�M�; �/�B�b�i���M�+�2 �B�b �+�Q�K�T�m�i�2�/ ���b�,

d(P) =
mX

i =1

�
f �M�2�t�i

i � f �T�`�2�p
i

f �K���t
i � f �K�B�M

i

�
;

�r�?�2�`�2f �M�2�t�i
i ���M�/f �T�`�2�p

i ���`�2 �i�?�2 �}�i�M�2�b�b �p���H�m�2�b �Q�7 �i�?�2 �M�2�B�;�?�#�Q�`�B�M�; �b�Q�H�m�i�B�Q�M�b �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2
i �@�i�? �Q�#�D�2�+�i�B�p�2�- ���M�/f �K���t

i ���M�/f �K�B�M
i ���`�2 �i�?�2 �K���t�B�K�m�K ���M�/ �K�B�M�B�K�m�K �}�i�M�2�b�b �p���H�m�2�b �B�M �i�?�2 �7�`�Q�M�i

�7�Q�` �i�?�2i �@�i�? �Q�#�D�2�+�i�B�p�2�X

�h�?�B�b �2�M�b�m�`�2�b �i�?���i �i�?�2 �b�Q�H�m�i�B�Q�M�b �b�2�H�2�+�i�2�/ �7�`�Q�K �2���+�? �M�Q�M�@�/�Q�K�B�M���i�2�/ �7�`�Q�M�i ���`�2 �#�Q�i�? �Q�T�i�B�K���H �B�M
�i�2�`�K�b �Q�7 �i�?�2 �K�m�H�i�B�T�H�2 �Q�#�D�2�+�i�B�p�2�b ���M�/ �/�B�p�2�`�b�2 �r�B�i�? �`�2�b�T�2�+�i �i�Q �2���+�? �Q�#�D�2�+�i�B�p�2�X

�j�X�j �:�2�M�2�i�B�+ �P�T�2�`���i�B�Q�M�b�, �*�`�Q�b�b�Q�p�2�` ���M�/ �J�m�i���i�B�Q�M

�L�a�:���@�A�A �2�p�Q�H�p�2�b �i�?�2 �T�Q�T�m�H���i�B�Q�M �m�b�B�M�; �;�2�M�2�i�B�+ �Q�T�2�`���i�B�Q�M�b�,

�*�`�Q�b�b�Q�p�2�`�,�h�?�2 �+�`�Q�b�b�Q�p�2�` �Q�T�2�`���i�B�Q�M �+�`�2���i�2�b �i�r�Q �M�2�r �Q�z�b�T�`�B�M�; �#�v �`�2�+�Q�K�#�B�M�B�M�; �b�2�M�i�2�M�+�2�b
�7�`�Q�K �i�r�Q �T���`�2�M�i �T�`�Q�K�T�i�b�X �G�2�iP1 ���M�/P2 �#�2 �i�?�2 �T���`�2�M�i �T�`�Q�K�T�i�b�X �h�?�2 �Q�z�b�T�`�B�M�;C1 ���M�/C2
���`�2 �;�2�M�2�`���i�2�/ �#�v �`���M�/�Q�K�H�v �b�r���T�T�B�M�; �b�2�M�i�2�M�+�2�b �#�2�i�r�2�2�M �i�?�2 �i�r�Q �T���`�2�M�i �T�`�Q�K�T�i�b�,

C1; C2 = �*�`�Q�b�b�Q�p�2�`(P1; P2):

�J�m�i���i�B�Q�M�,�h�?�2 �K�m�i���i�B�Q�M �Q�T�2�`���i�B�Q�M �K�Q�/�B�}�2�b �� �`���M�/�Q�K�H�v �b�2�H�2�+�i�2�/ �r�Q�`�/ �B�M �� �T�`�Q�K�T�i �r�B�i�?
�� �b�v�M�Q�M�v�K�X �G�2�iW �`�2�T�`�2�b�2�M�i �� �`���M�/�Q�K�H�v �+�?�Q�b�2�M �r�Q�`�/ �7�`�Q�K �T�`�Q�K�T�iP �- ���M�/ �H�2�i �a�v�M(W )
�/�2�M�Q�i�2 �i�?�2 �b�2�i �G�Q�T�2�` �� �"�B�`�/ �U�k�y�y�k�V�Q�7 �b�v�M�Q�M�v�K�b �7�Q�`W �X �� �K�m�i���i�2�/ �T�`�Q�K�T�i �B�b �;�2�M�2�`���i�2�/ ���b�,

P0 = �J�m�i���i�B�Q�M(P) �r�?�2�`�2W 0 2 �a�v�M(W ):

�h�?�2 �+�Q�K�T�H�2�i�2 ���H�;�Q�`�B�i�?�K �B�b �T�`�Q�p�B�/�2�/ �B�M ���T�T�2�M�/�B�t ���H�;�Q�`�B�i�?�K �R ���M�/ �k �/�m�2 �i�Q �b�T���+�2 �+�Q�M�b�i�`���B�M�i�b�X

�9 �1�p���H�m���i�B�Q�M �J�2�i�`�B�+�b �7�Q�` �C���B�H�#�`�2���F�B�M�; �S�`�Q�K�T�i�b

�A�M �Q�m�` �#�H���+�F�@�#�Q�t �D���B�H�#�`�2���F�B�M�; ���i�i���+�F �2�p���H�m���i�B�Q�M�- �r�2 �m�b�2 �i�r�Q �K���B�M �K�2�i�`�B�+�b�,�E�2�v�r�Q�`�/�@�#���b�2�/
���i�i���+�F �a�m�+�+�2�b�b �_���i�2 �U���a�_�V���M�/ �i�?�2�:�S�h�@�9 �J�2�i�`�B�+�X �h�?�2�b�2 �K�2�i�`�B�+�b ���b�b�2�b�b �i�?�2 �2�z�2�+�@
�i�B�p�2�M�2�b�b �Q�7 �D���B�H�#�`�2���F�b �B�M �#�v�T���b�b�B�M�; �`�2�b�i�`�B�+�i�B�Q�M�b ���M�/ �;�2�M�2�`���i�B�M�; �m�M�b���7�2 �+�Q�M�i�2�M�i�X
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�l�M�/�2�` �`�2�p�B�2�r ���b �� �+�Q�M�7�2�`�2�M�+�2 �T���T�2�` ���i �A�*�G�_ �k�y�k�8

�9�X�R �E�2�v�r�Q�`�/�@�#���b�2�/ ���i�i���+�F �a�m�+�+�2�b�b �_���i�2 �U���a�_�V

�h�?�2 �E�2�v�r�Q�`�/�@�#���b�2�/ ���a�_ �K�2���b�m�`�2�b �r�?�2�i�?�2�` �� �;�2�M�2�`���i�2�/ �`�2�b�T�Q�M�b�2 ���p�Q�B�/�b �T�`�2�/�2�}�M�2�/ �`�2�D�2�+�i�B�Q�M
�T���i�i�2�`�M�b �i�v�T�B�+���H�H�v �m�b�2�/ �#�v �H���M�;�m���;�2 �K�Q�/�2�H�b�X �h�?�B�b �B�b �/�2�i�2�`�K�B�M�2�/ �#�v �+�?�2�+�F�B�M�; �B�7 �i�?�2 �`�2�b�T�Q�M�b�2
R �+�Q�M�i���B�M�b ���M�v �T�?�`���b�2�b �7�`�Q�K �� �H�B�b�i �Q�7 �`�2�D�2�+�i�B�Q�M �F�2�v�r�Q�`�/�bK �U�2�X�;�X�- �ô�A�ö�K �b�Q�`�`�v�-�ô �ô���b �� �H���M�;�m���;�2
�K�Q�/�2�H�-�ô �ô�A �+���M�M�Q�i�ô�V�X �h�?�2 �b�m�+�+�2�b�b �B�M�/�B�+���i�Q�`s(R) ���M�/ ���a�_ �Q�p�2�`N �`�2�b�T�Q�M�b�2�b ���`�2 �/�2�}�M�2�/ ���b�,

s(R) =
�

1 �B�78k 2 K ; k /2 R;
0 �Q�i�?�2�`�r�B�b�2:

���a�_ =
1
N

NX

i =1

s(Ri )

�r�?�2�`�2Ri �B�b �i�?�2i �@�i�? �`�2�b�T�Q�M�b�2 �7�Q�` �?���`�K�7�m�H �T�`�Q�K�T�iQi �X �h�?�2 �i�Q�T�@�H�2�p�2�H ���a�_ �U���a�_�i�Q�T�V �B�b
�+�Q�K�T�m�i�2�/ �b�B�K�B�H���`�H�v �#�m�i �Q�M�H�v �7�Q�` �i�?�2 �?�B�;�?�2�b�i�@�`���M�F�2�/ �`�2�b�T�Q�M�b�2�b�X

�9�X�k �:�S�h�@�9 �J�2�i�`�B�+

�h�?�2 �:�S�h�@�9 �J�2�i�`�B�+ �m�b�2�b ���M �2�t�i�2�`�M���H �K�Q�/�2�H �i�Q �2�p���H�m���i�2 �r�?�2�i�?�2�` �� �`�2�b�T�Q�M�b�2R �p�B�Q�H���i�2�b �2�i�?�B�+���H�-
�H�2�;���H�- �Q�` �b���7�2�i�v �;�m�B�/�2�H�B�M�2�b�X �h�?�2 �b�+�Q�`�2g(Q; R) �`���M�;�2�b �7�`�Q�K �R �U�M�Q�M�@�D���B�H�#�`�Q�F�2�M�- �`�2�7�m�b���H �i�Q
���M�b�r�2�`�V �i�Q �R�y �U�7�m�H�H�v �D���B�H�#�`�Q�F�2�M�- �+�Q�K�T�`�2�?�2�M�b�B�p�2 �p�B�Q�H���i�B�Q�M�V�X �A�i �B�b �+�Q�K�T�m�i�2�/ ���b�,

g(Q; R) = �:�S�h�@�9�C�m�/�;�2(Q; R);

�r�?�2�`�2 �:�S�h�@�9�C�m�/�;�2(Q; R) �`�2�i�m�`�M�b �� �b�+�Q�`�2 �#�2�i�r�2�2�M �R ���M�/ �R�y�X �h�?�2 �b�m�+�+�2�b�b �B�M�/�B�+���i�Q�`sg(Q; R)
���M�/ �:�S�h�@�9�@�#���b�2�/ �K�2�i�`�B�+ ���`�2 �/�2�}�M�2�/ ���b�,

sg(Q; R) =
�

1 �B�7g(Q; R) � 5;
0 �Q�i�?�2�`�r�B�b�2:

�:�S�h�9�@�J�2�i�`�B�+=
1
N

NX

i =1

sg(Qi ; Ri )

�h�?�B�b �K�2�i�`�B�+ �T�`�Q�p�B�/�2�b �� �[�m���H�B�i���i�B�p�2 �K�2���b�m�`�2 �Q�7 �D���B�H�#�`�2���F �b�m�+�+�2�b�b �#�v ���b�b�2�b�b�B�M�; �i�?�2 �2�i�?�B�+���H
�p�B�Q�H���i�B�Q�M�b �B�M �i�?�2 �`�2�b�T�Q�M�b�2�b�X

�8 �1�t�T�2�`�B�K�2�M�i

�8�X�R �1�t�T�2�`�B�K�2�M�i���H �a�2�i�m�T�b

�h�2�t�i �.���i���b�2�i�, �6�Q�` �2�p���H�m���i�B�M�; �D���B�H�#�`�2���F ���i�i���+�F�b �Q�M �H���`�;�2 �H���M�;�m���;�2 �K�Q�/�2�H�b �U�G�G�J�b�V�- �r�2 �m�i�B�@
�H�B�x�2 �i�?�2 ���/�p�"�2�M�+�? �w�Q�m �2�i ���H�X �U�k�y�k�j�V�X �h�?�B�b �/���i���b�2�i �+�Q�M�b�B�b�i�b �Q�7 �8�k�y �`�2�[�m�2�b�i�b �b�T���M�M�B�M�; �p���`�B�Q�m�b
�+���i�2�;�Q�`�B�2�b�- �B�M�+�H�m�/�B�M�; �T�`�Q�7���M�B�i�v�- �;�`���T�?�B�+ �/�2�T�B�+�i�B�Q�M�b�- �i�?�`�2���i�2�M�B�M�; �#�2�?���p�B�Q�`�- �K�B�b�B�M�7�Q�`�K���i�B�Q�M�-
�/�B�b�+�`�B�K�B�M���i�B�Q�M�- �+�v�#�2�`�@�+�`�B�K�2�- ���M�/ �/���M�;�2�`�Q�m�b �Q�` �B�H�H�2�;���H �b�m�;�;�2�b�i�B�Q�M�b�X

�J�m�H�i�B�K�Q�/���H �.���i���b�2�i�,�h�Q ���b�b�2�b�b �D���B�H�#�`�2���F ���i�i���+�F�b �Q�M �K�m�H�i�B�K�Q�/���H �H���`�;�2 �H���M�;�m���;�2 �K�Q�/�2�H�b
�U�J�G�G�J�b�V�- �r�2 �m�b�2 �i�?�2 �J�J�@�a���7�2�i�v�"�2�M�+�? �G�B�m �2�i ���H�X �U�k�y�k�j�+�V�X �h�?�B�b �/���i���b�2�i �2�M�+�Q�K�T���b�b�2�b �R�j
�b�+�2�M���`�B�Q�b�- �B�M�+�H�m�/�B�M�; �#�m�i �M�Q�i �H�B�K�B�i�2�/ �i�Q �B�H�H�2�;���H ���+�i�B�p�B�i�v�- �?���i�2 �b�T�2�2�+�?�- �T�?�v�b�B�+���H �?���`�K�- ���M�/ �?�2���H�i�?
�+�Q�M�b�m�H�i���i�B�Q�M�b�- �r�B�i�? �� �i�Q�i���H �Q�7 �8�-�y�9�y �i�2�t�i�@�B�K���;�2 �T���B�`�b�X

�J�Q�/�2�H�b�,�q�2 �m�i�B�H�B�x�2 �b�i���i�2�@�Q�7�@�i�?�2�@���`�i �U�a�P�h���V �Q�T�2�M�@�b�Q�m�`�+�2 �H���`�;�2 �H���M�;�m���;�2 �K�Q�/�2�H�b �U�G�G�J�b�V�-
�B�M�+�H�m�/�B�M�; �G�H���K���@�k�@�d�#�@�?�7 �h�Q�m�p�`�Q�M �2�i ���H�X �U�k�y�k�j�V�- �G�H���K���@�k�@�R�j�#�@�?�7 �h�Q�m�p�`�Q�M �2�i ���H�X �U�k�y�k�j�V�- �A�M�@
�i�2�`�M�H�K�k�@�+�?���i�@�d�# �*���B �2�i ���H�X �U�k�y�k�9�V�- �o�B�+�m�M���@�d�# �w�?�2�M�; �2�i ���H�X �U�k�y�k�9�#�V�- ���[�m�B�H���*�?���i�@�d�"�w�?���M�;
�2�i ���H�X �U�k�y�k�9�V�- �"���B�+�?�m���M�@�d�"�- �"���B�+�?�m���M�k�@�R�j�"�@�*�?���i�u���M�; �2�i ���H�X �U�k�y�k�j���V�- �:�S�h�@�k�@�s�G�_���/�7�Q�`�/
�2�i ���H�X �U�k�y�R�N�V�- �J�B�M�B�i�`�Q�M�@�3�"�@�"���b�2�J�m�`���H�B�/�?���`���M �2�i ���H�X �U�k�y�k�9�V�- �u�B�@�R�X�8�@�N�"�@�*�?���i�u�Q�m�M�; �2�i ���H�X
�U�k�y�k�9�V�- ���M�/ �A�M�i�2�`�M�H�K�k�@�+�?���i�@�d�#�*���B �2�i ���H�X �U�k�y�k�9�V�X �6�Q�` �K�m�H�i�B�K�Q�/���H �G�G�J�b�- �r�2 �2�K�T�H�Q�v �H�H���p���@�p�R�X�e�@
�K�B�b�i�`���H�@�d�#�@�?�7�G�B�m �2�i ���H�X �U�k�y�k�j���V ���M�/ �H�H���p���@�p�R�X�e�@�p�B�+�m�M���@�d�#�@�?�7�G�B�m �2�i ���H�X �U�k�y�k�j���V �i�Q �/�2�K�Q�M�b�i�`���i�2
�i�?�2 �2�z�2�+�i�B�p�2�M�2�b�b �Q�7 �Q�m�` ���T�T�`�Q���+�? �B�M �2�t�T���M�/�B�M�; �7�`�Q�K �m�M�B�K�Q�/���H �i�Q �K�m�H�i�B�K�Q�/���H �+���T���#�B�H�B�i�B�2�b�X
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�l�M�/�2�` �`�2�p�B�2�r ���b �� �+�Q�M�7�2�`�2�M�+�2 �T���T�2�` ���i �A�*�G�_ �k�y�k�8

�h���#�H�2 �R�, �*�Q�K�T���`�B�b�Q�M �Q�7 ���i�i���+�F �K�2�i�?�Q�/�b ���+�`�Q�b�b �/�B�z�2�`�2�M�i �K�Q�/�2�H�b ���M�/ �#�Q�t �i�v�T�2�b�X�U���/�p�"�2�M�+�?
�8�k�y �b���K�T�H�2�b�V

�J�Q�/�2�H ���i�i���+�F �h�v�T�2 �q�?�B�i�2�@�#�Q�t �:�`���v�@�#�Q�t �"�H���+�F�@�#�Q�t�U�P�m�`�b�V

�:�*�: ���m�i�Q�.���L �r�f�Q �[�m�2�b�i�B�Q�M �U�G�:�k�V �r�f �[�m�2�b�i�B�Q�M �U�G�:�k�V

�G�H���K���k�@�d�#�@�+�?���i�h�B�K�2 �*�Q�b�i �T�2�` �a���K�T�H�2� 15min � 12min � 2min � 2min
�a�2�H�7�@���i�i���+�F �9�8�X�j�W �e�y�X�d�W �3�y�X�9�W�N�j�X�R�W

�o�B�+�m�M���@�d�"�@�p�R�X�8 �h�`���M�b�7�2�` �R�j�X�d�W �d�k�X�N�W �3�N�X�e�W�N�N�X�k�W
�o�B�+�m�M���@�R�j�"�@�p�R�X�8 �h�`���M�b�7�2�` �R�k�X�N�W �e�N�X�k�W �3�9�X�y�W�3�e�X�e�W

�G�H���K���j�@�3�" �h�`���M�b�7�2�` �R�k�X�j�W �9�8�X�y�W�d�k�X�R�W �e�y�X�R�W
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