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ABSTRACT

In this work, we study the problem of clustered linear contextual bandits with
knapsack constraints, a setting that closely models real-world recommender sys-
tems. In such systems, the overwhelmed number of items makes it impractical
to explore all options, and overexposing certain items can harm content diver-
sity and fairness. To address these challenges, our algorithm clusters actions to
enable knowledge transfer across similar items and incorporates global resource
constraints to limit over-consumption. We provide a formal analysis showing that
the algorithm achieves sublinear regret in the number of time periods, even with-
out access to the full action set. Notably, we prove that it is sufficient to perform
clustering once on a randomly selected subset of actions.

1 INTRODUCTION

In the contextual bandits problem (Langford & Zhang, 2007; Slivkins, 2011; Agarwal et al., 2014),
an agent selects an action and collects a reward for that action over a sequence of rounds. At
each round, the agent makes its choice based on the context for the current round and the feedback
from previous rounds. The feedback only consists of the rewards for the chosen action, and the
rewards of other actions remain unobserved. Online recommender systems (Tang et al., 2014) are
often modeled as contextual bandit problems, where personalized recommendations are tailored for
each user. The system receives feedback in the form of user interactions, such as clicks, likes, or
comments, on the recommended item, but does not observe feedback for items that were not shown.
Based on this partial feedback and the user’s profile, the system continuously updates its policy to
recommend new items.

Contextual bandits problem theoretically works in the recommender system. However, real world
recommender system often suffers from:

• The constant introduction of new items makes the environment highly dynamic. Addition-
ally, there is sparse user interaction when the item set is large. Contextual bandits must
explore each item individually, leading to high sample complexity and cold-start issues as
feedback per item remains scarce.

• Risk of depleting limited recommendation capacity. Contextual bandits do not account for
constraints such as user attention span, content diversity quotas, or exposure fairness limits.
Without modeling these factors, the system may over-recommend certain items, leading to
user fatigue, reduced content diversity, or unfair exposure.

To solve the first challenge on how to present new items to users and use all available user-item pref-
erence information gathered, previous works (Yang et al., 2020a; Nguyen & Lauw, 2014; Gentile
et al., 2017) have proposed clustered contextual bandits. It performs clustering over user interests,
items, or user–item preferences, enabling clustered contextual bandits to transfer knowledge across
similar users and improve learning efficiency. To address the second challenge of depleting limited
recommendation capacity, prior research has extended the clustered bandit framework by incorpo-
rating global resource constraints. This method is known as bandit with knapsacks (Ma et al., 2024;
Jiang & Ye, 2024; Slivkins et al., 2023; Li et al., 2021b; Han et al., 2023). To our knowledge,
no prior work has combined these two ideas into a single algorithmic framework. Thus a natural
question arises:
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Can we design a contextual-bandit algorithm that simultaneously exploits cluster structure and
respects knapsack constraints, while retaining provable sublinear regret?

In this work, we provide a positive answer to the above question. We introduce a new algorithm
for clustered contextual bandits with knapsack constraints that achieves sublinear regret in the time
horizon T . Arms are partitioned into unknown clusters. The arm’s reward and d-dimension con-
sumption are specified by a cluster-specific linear model in its observed context. At each round,
the agent observes the i.i.d. context vector of each arm, select an arm, and get both a reward and
a consumption vector. The goal of the algorithm is to maximize the sum of the rewards over pe-
riods. If the cumulative consumption of any resource exceeds its budget, the process terminates.
Our model extends that of (Agrawal & Devanur, 2016) by considering clusters. The approach we
employ builds on the algorithm of that paper. The main challenge lies in simultaneously learning the
unknown cluster structure of the arms while guaranteeing that the average regret remains vanishing
over time.

Our algorithm performs clustering only once. Initially, we sample a subset S of the total K arms;
any arm not in S is never played. The key intuition is that, to achieve vanishing average regret
as the number of periods grows, we must access arms from every cluster and accurately estimate
the fraction of the K arms belonging to each cluster. Once S is fixed, we play each arm in S a
predetermined number of times to gather sufficient observations for accurate clustering. Playing an
arm yields d ` 1 observations—one reward and d resource-consumption values—each governed by
a different linear model. For clustering, we adopt the classifier-Lasso method from econometrics
(Su et al., 2016), which treats arm parameters as distinct (though not necessarily unequal) relative
to cluster parameters. After clustering, the algorithm selects arms according to the optimism-in-the-
face-of-uncertainty principle (Auer, 2002; Auer et al., 2002; Abbasi-Yadkori et al., 2011). In each
period, we form optimistic estimates of both reward and resource consumption for every arm in
S, based on the observed context and the cluster-specific linear models. Since clustering may have
some errors, some arms might be misgrouped and thus not share the true parameters of their assigned
cluster. To facilitate regret analysis, we treat all arms assigned to a cluster as if they belonged to the
same true cluster—but allow the linear-model error term to have a context-dependent expectation
(with probability tied to the clustering error) instead of zero. In other words, we model imperfect
clustering as measurement error in the context (Wansbeek & Meijer, 2001; Fuller, 2009). Finally, we
leverage results from convex online learning to account for the depletion of each of the d resources,
following the approach in (Srebro et al., 2011) and the algorithm of (Agrawal & Devanur, 2016).

In regard to the number of time periods T , the regret of our algorithm increases at the rate T 1´δ , for
δ P p0, 1

2 q, requiring the budget for each resource to be B ą rOpT 2δq. Thus, the regret is sublinear
in T , and it can approach the square root rate as the resource budget approaches T . However,
as it becomes clear in the next section, we must have B ă T , since otherwise we could ignore the
constraints. The main drawback of our algorithm is that its regret depends on the number of arms K,
as it operates only on a subset of them. Nevertheless, our results suggest that such dependence may
be inevitable. Overall, we believe that our approach points to a fruitful direction for the consideration
of online learning problems that involve clusters and constraints.

Roadmap. The rest of the paper is organized as follows. In Section 2, we provide the related works
on our algorithms. In Section 3, we provide notation and define the problem under consideration. In
Section 4, we derive optimistic estimates of the reward and consumption parameters and establish
confidence bounds for these estimate. Section 5 presents our clusterLCBwK algorithm along with
its regret analysis. In Section 6, we discuss the implications of our results and potential directions
for future work. Technical proofs and additional details are deferred to the appendix.

2 RELATED WORK

Some of the earliest works to consider the problem of bandits with knapsacks were (Badanidiyuru
et al., 2014) and an earlier version of (Badanidiyuru et al., 2018), with both of them considering
stochastic reward and resource consumption. The adversarial version of the problem was initially
considered in (Immorlica et al., 2019), and consequently in (Kesselheim & Singla, 2020). An algo-
rithm that achieves low expected regret for both the adversarial and the stochastic version is inves-
tigated in (Rangi et al., 2019), while in (Amani et al., 2019) bandit algorithms with constraints for
safety-critical systems are proposed. General forms for the correlation of the reward and the resource
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consumption are considered in (Cayci et al., 2020). (Devanur et al., 2011; Agrawal & Devanur, 2014;
Agrawal et al., 2016) study computationally efficient algorithms for online learning problems with
constraints, including bandits with knapsacks. (Agrawal & Devanur, 2016; Wu et al., 2015) consider
the case where there is a single resource. From a result of (Dani et al., 2008), it is known that the
regret of a linear contextual bandits algorithm must be at least linear in the dimensionality of the con-
text. The topic of contextual bandits with behavioral constraints is presented in (Balakrishnan et al.,
2018). (Yang et al., 2020b) studies contextual bandits with a resource constraint in recommender
systems (Carlsson et al., 2021). Recent works focus on establishing high-probability performance
guarantees (Ma et al., 2024; Deb et al., 2024; Jiang & Ye, 2024; Slivkins et al., 2023; Sivakumar
et al., 2022), exploring symmetry properties (Li et al., 2021b), deriving optimal algorithms (Han
et al., 2023), and under non-stationary settings (Liu et al., 2022; Lyu & Cheung, 2023; Zhang &
Cheung, 2024).

In works that model recommender systems as bandits with clusters of users (Nguyen & Lauw,
2014; Gentile et al., 2014; 2017; Li & Zhang, 2018; Ban & He, 2021; Li et al., 2021a), the users
arrive at the system exogenously. Besides the consideration of constraints and the fact that the
model we study is not specific to an application, we cannot adopt techniques from the literature of
recommender systems because we consider clusters of arms. Thus, the units to perform clustering
on are endogenously and not exogenously provided, which makes our problem harder.

Clustering under mixed linear models (like ours) has attracted a lot of the interest in the litera-
ture (Zhong et al., 2016; Li & Liang, 2018; Chen et al., 2020; Kong et al., 2020; Chen et al., 2021;
Pal et al., 2023; Wang et al., 2024; Cheng et al., 2023; Yang et al., 2024), but with the results of these
works typically requiring a lower bound on the number of units to be clustered. Interestingly, similar
versions of this problem have been considered in the literature of econometrics (Lin & Ng, 2012;
Ando & Bai, 2016; Su et al., 2016; 2019; Gu & Volgushev, 2019; Okui & Wang, 2021). Here, we
exploit results from the latter literature, since the assumptions they require are more appropriate to
our case. In particular, we make assumptions about the joint rate of the number of sampled arms and
of the observations collected for each such arm, instead of imposing a lower bound on the former.

3 PROBLEM DEFINITION AND NOTATION

In this section, we first introduce notation that we use throughout the paper, and then we provide
the definition of the problem we consider. For any positive integer N , we use rN s to denote the
set t1, 2, ¨ ¨ ¨ , Nu. We use ErXs to denote the expectation of the random variable X , and PrrEs

to denote the probability of the event E. The notation 1rf s is used for the indicator variable which
outputs 1 if f holds and 0 otherwise. Boldface lower case letters are reserved for vectors, and
boldface upper case letters for matrices. The vector 1d denotes the d-dimensional vector that has the
value 1 in every dimension, and 0d is defined equivalently. Calligraphic upper case letters, e.g., S,
denote sets. The probability simplex in d dimensions is denoted as ∆d. For a square matrix A, we
define the matrix norm of the vector x as }x}A “

?
xJAx.

The total number of arms is denoted by K. A subset of arms S Ă rKs is sampled from rKs. Arms
not in S never being played. The number of clusters by C P N. Each arm belongs to one cluster,
with cpaq P rCs denoting the cluster of arm a P rKs. The algorithm is given a budget B P R`

and the number of clusters C, but not the arm membership in the clusters. In each period t P rT s,
the algorithm observes the context of all the arms Xt “ rxtp1q, xtp2q, . . . , xtpKqs P r0, 1smˆK .
xtpaq is the context vector of arm a in time t. m P N is the dimension of the context vector. Then,
the agent chooses arm at P rKs, and finally observes reward rtpatq P r0, 1s and consumption vector
vtpatq P r0, 1sd. The algorithm can also play the “no-op” action that deterministically gives zero
reward and consumption. The goal of the algorithm is to maximize the total reward

ř

tPrT s rtpatq

under the constraints
ř

tPrT s vtpatq ď B ¨ 1d. Here, vtpatq is a d-dimensional vector indicating
how much of each resource is consumed by choosing arm at at time t. Notice that it is without
loss of generality to consider the same budget for each of the d resources, since this can imposed by
normalization.

Moreover, we assume that the reward and the consumption are generated by cluster-specific linear
models, as indicated by the following assumptions.
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Assumption 3.1 (Linearity). For each cluster c P rCs, there is an unknown parameter vector µc P

r0, 1sm and an unknown parameter matrix W c P r0, 1smˆd such that for all rounds t P rT s and all
arms a P rKs,

rtpaq “ µJ
cpaqxtpaq ` gtpaq (1)

vtpaq “ WJ
cpaqxtpaq ` qtpaq (2)

where µcpaq “ µc and W cpaq “ W c if cpaq “ c, and gtpaq P R and qtpaq P Rd are additive error
terms.

We make the following assumptions about the error terms.
Assumption 3.2 (Zero conditional mean). We assume Ergtpaq|xtpaqs “ 0, and Erqtpaq|xtpaqs “

0d.

Assumption 3.3. We assume |gtpaq| ď 2R, and }qtpaq}8 ď 2R.

Furthermore, we make the following i.i.d. assumption about the context.
Assumption 3.4 (i.i.d.). The context xtpaq is i.i.d. across arms and periods.

In the algorithm also reply on Assumption A.5, Assumption A.6, Assumption A.7, Assumption A.8.
For brevity, we direct reader to Appendix A for more details.

We let the vector p “ pp1, . . . , pCq P ∆C denote the proportions of arms that are in each cluster,
i.e., pc “ 1

K

ř

aPrKs 1rcpaq “ cs for c P rCs. The smallest proportion in p is denoted as pmin :“

mincPrCs pc. Even though the algorithm does not know the other proportions in p, some knowledge
about pmin is required for the clustering, as described later. Also, notice that pmin ď 1{C by
definition.

3.1 BENCHMARK

Our goal is to devise an algorithm that achieves sublinear regret in the number of time periods T .
We employ as benchmark the expected reward of the optimal static policy which needs to satisfy
the consumption constraints only in expectation. This benchmark policy knows the reward and
consumption parameters for each cluster, as well as the cluster membership of each arm. It is
known (Devanur et al., 2011; Agrawal & Devanur, 2016; Badanidiyuru et al., 2018) that the optimal
static policy achieves the same expected reward to the optimal adaptive policy which knows the
distribution of the context and needs to satisfy the constraints for the realizations of the resource
consumption.
Definition 3.5 (Optimal Static Policy). Let X “

`

xp1q, . . . ,xpKq
˘

P r0, 1smˆK be the matrix with
the context of all arms in an arbitrary period, and πpi,Xq P r0, 1s the probability with which the
action i P rKs Y t“no-op”u is taken by the static policy π when the context is X . The per-period
expected reward and consumption vector of π are respectively defined as

rpπq :“ E
X

”

ÿ

aPrKs

µJ
cpaqxpaqπpa,Xq

ı

,

vpπq :“ E
X

”

ÿ

aPrKs

WJ
cpaqxpaqπpa,Xq

ı

. (3)

With Π denoting the set of all static policies, the optimal static policy is defined as

π˚ :“ arg max
πPΠ

rpπq subject to vpπq ď
B

T
¨ 1d.

The expected total reward of π˚ is defined as
OPT :“ T ¨ rpπ˚q.

Since the “no-op” action is allowed, the policy π˚ is feasible and the definition of OPT is valid.
Having specified the benchmark, we can now define the regret of our algorithm.
Definition 3.6 (Regret). The regret of the algorithm for T time periods is defined as

regretpT q :“ OPT ´

T
ÿ

t“1

rtpatq. (4)
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4 OPTIMISM IN THE FACE OF UNCERTAINTY

In this section, we describe how optimistic estimates of the reward and consumption parameters
are derived in time periods after the clustering is performed. Such estimates will consequently be
utilized to devise a no-regret algorithm in the next section. At period t ą NS ¨ T0, the parameters
of cluster c P rCs are estimated using all the observations prior to t that involve arms that have been
assigned to c. We denote by tc ă t the number of periods in which arms estimated to be in c have
been played prior to period t, i.e., tc :“

řt´1
i“1 1rpcpaiq “ cs.

To formalize the estimation error that arises both from inherent stochasticity and from occasional
clustering mistakes, we begin by introducing a general noisy-observation model. Specifically, we
view each observed outcome as the true linear predictor plus an additive noise term that decomposes
into a zero–mean fluctuation and a bias component due to mis-clustering.
Definition 4.1. At time step t P rT s, let xt P r0, 1sm denote the observed context vector, and let
yt P r0, 1s be the corresponding observed outcome. We define yt :“ µJxt`ηt, where µ P r0, 1sm is
an unknown parameter vector, and ηt is an error term composed of two components: ηt “ ut ` ht,
with Erut | xts “ 0 (from Assumption 3.2) and |ut| ď 2R (from Assumption 3.3). The second
component ht accounts for clustering mismatch and is defined as

ht “

"

0 w.p. 1 ´ ϵ,

γJxt w.p. ϵ,

where γ P r´1, 1sm is perceived as the element-wise difference between parameters of different
clusters.

Building on the noisy observation model of Definition 4.1, we now turn to estimating the param-
eter vector µ via regularized least squares. At each time step t, all past context–outcome pairs
tpxi, yiqu

t´1
i“1

are aggregated into a design matrix, and a ridge regression estimator is computed to balance data
fitting against overfitting. Concretely, we form the regularized covariance matrix and then solve for
pµt as follows.
Definition 4.2. Let λ2 ą 0 be the regularization parameter. At each time step i ă t, the agent
observes a context vector xi P r0, 1sm and its corresponding scalar outcome yi P r0, 1s, where
yi “ µJxi ` ηi. Then the regularized matrix M t and the regression estimator pµt at time t are
defined as:

M t :“ λ2Im `

t´1
ÿ

i“1

xix
J
i ,

pµt :“ M´1
t

t´1
ÿ

i“1

xiyi. (5)

By substituting rtpaq, µc and ϵc for yt, µ and ϵ in Definition 4.1, where c “ pcpaq for each a P S,
the concentration results of Section A.4 apply to the reward parameter of cluster c using its tc
observations. Similarly, letting wc,j be the jth column of W c for j P rds, the same bounds hold for
each consumption dimension. In particular, with R “ 1

2 and λ2 “ 1, we define the cluster-specific
design matrix

M c,t :“ Im `
ÿ

iăt:pcpaiq“c

xipaiqxipaiq
J.

The parameters of cluster c P rCs are estimated at period t as

pµc,t :“ M´1
c,t

ÿ

iăt:pcpaiq“c

xipaiqripaiq

xW c,t :“ M´1
c,t

ÿ

iăt:pcpaiq“c

xipaiqvipaiq
J.

5



270
271
272
273
274
275
276
277
278
279
280
281
282
283
284
285
286
287
288
289
290
291
292
293
294
295
296
297
298
299
300
301
302
303
304
305
306
307
308
309
310
311
312
313
314
315
316
317
318
319
320
321
322
323

Under review as a conference paper at ICLR 2026

Definition 4.3. Let ζ P p0, 1q be a confidence parameter. At time step t, define the confidence
ellipsoid Ct Ă Rm as the set of vectors β satisfying

Ct :“
␣

β P Rm : }β ´ pµt}Mt
ď ρt

(

,

where the radius ρt is given by

ρt :“ 2pR ` 1q

d

m log

ˆ

tm

λ2ζ

˙

` ϵm
?
t `

a

λ2m.

For brevity, We refer the reader to Section A.4 for additional details.

With R “ 1
2 and λ2 “ 1, , we can define confidence ellipsoids for the parameters of each cluster

and derive optimistic estimates. The confidence ellipsoid of the reward vector of cluster c at period
t is defined as Cµ,c,t :“ tβ P Rm : }β ´ pµc,t}Mc,t ď 3

a

m logptcm{ζq ` ϵm
?
tc `

?
mu, and the

optimistic estimate of the reward parameter for arm a P S at period t is defined as

rµa,t :“ arg max
βPCµ,pcpaq,t

xtpaqJβ. (6)

We can similarly define the confidence ellipsoid for the vector of the consumption dimension j P rds

for cluster c at period t as

Cw,c,t,j :“
!

β P Rm : }β ´ pwc,t,j}Mc,t
ď 3

a

m logpdtcm{ζq ` ϵm
?
tc `

?
m
)

,

where pwc,t,j is the jth column of xW c,t. Given a vector θt P r0, 1sd, we define the optimistic
consumption estimate for arm a P S at time t by choosing the matrix in the Cartesian product of the
d confidence sets that minimizes the weighted consumption:

ĂW a,t :“ arg min
WP

Śd
j“1 Cw,pcpaq,t,j

xtpaqJWθt. (7)

By Lemma A.11 and the union bound, W c is in
Śd

j“1 Cw,c,t,j with probability at least 1 ´ ζ. The
vector θt will allow the algorithm in the next section to translate consumption into reward, so that
arms that are expected to consume plenty of scarce resources will be relatively less appealing. For
the optimistic estimate of a reward vector, the maximizer is picked in Eq. (6) since we want the
choice of an arm to result in high reward. However, since large budget losses are undesirable, the
optimistic estimate of a consumption matrix is taken to be the minimizer in Eq. (7). The following
lemma relates the optimistic estimates to the true parameters.
Lemma 4.4 (Informal version of Lemma C.1). Given clustering tpcpaquaPS and vectors
tθiu

t
i“NS ¨T0`1, where θi P r0, 1sd, with probability at least 1 ´ ζ we have that for any a P S,

a) xtpaqJ
`

rµa,t ´ µ
pcpaq

˘

ě 0,

b) xtpaqJ
`

ĂW a,t ´ W
pcpaq

˘

θt ď 0,

c) |
řt

i“NS ¨T0`1 xipaiq
Jprµai,i ´ µ

pcpaiqq| ď ρ,

d) }
řt

i“NS ¨T0`1 xipaiq
JpĂW ai,i ´ W

pcpaiqq}8 ď ρ,

where ρ is given by:

ρ :“ 4Cm
a

t logptm{ζq logptq ` ϵcm
3
2 t
a

logptq.

For brevity, the proof of Lemma 4.4 is deferred to Section C.

5 ALGORITHM

In this section, we present our algorithm for the problem of clustered linear contextual bandits with
knapsacks (clusterLCBwK) and results related to its regret. Initially, clustering is performed as
specified in subsection A.2. We show that a small, randomly sampled subset of arms is sufficient to
identify all underlying clusters with high probability.

6
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Lemma 5.1 (informal version of Lemma A.4). For parameter δ ą 0, if the set S is formed by
sampling NS “ O

`

p´1
minpT δ ` logCq

˘

arms, where each arm is sampled with equal probability,
then S covers the clusters, i.e., YaPStcpaqu “ rCs, with probability at least 1 ´ OpT´2δq.
Lemma 5.2 (Informal version of Lemma D.1). If maxπPtπ˚,π1u |rpπq ´ ρpπq| ď ϵ1 then |rpπ˚q ´

ρpπ1q| ď ϵ1.

With Lemma 5.2, it suffices to prove the difference maxπPtπ˚,π1u |rpπq ´ ρpπq| is small. We first
consider π˚ and then π1.
Lemma 5.3 (Informal version of Lemma D.2). |rpπ˚q ´ ρpπ˚q| ă op1q.
Lemma 5.4 (Informal version of Lemma D.3). |rpπ1q ´ ρpπ1q| ă op1q.

Combining Lemmas 5.3 and 5.4, we conclude that maxπPtπ˚,π1u |rpπq ´ ρpπq| is vanishing. It
remains to show that our empirical estimate of the optimal reward is accurate. Using the initial
NST0 samples, we estimate the reward of the optimal static policy, as formalized in the following
lemma.
Lemma 5.5. Let zOPT :“ T ¨ pr, where pr is the estimate of rpπ˚q based on the initial NST0 random
samples, defined as

pr :“ max
π

K

N2
ST0

NST0
ÿ

t“1

ÿ

aPS
pµJ
pcpaq,NST0`1xtpaqπpa,Xtq

s.t.
K

N2
ST0

NST0
ÿ

t“1

ÿ

aPS

xW
J

pcpaq,NST0`1xtpaqπpa,Xtq ď
B

T
1d.

Then, zOPT ´ OPT “ op1q with high probability.

Proof. For notational convenience, let

ρpπq :“
K

N2
ST0

NST0
ÿ

t“1

ÿ

aPS
pµJ
pcpaq,NST0`1xtpaqπpa,Xtq.

Denote the maximizer of the program of the lemma by π1, i.e.,

π1 :“ arg max
π

ρpπq s.t.
K

N2
ST0

NST0
ÿ

t“1

ÿ

aPS

xW
J

pcpaq,NST0`1xtpaqπpa,Xtq ď
B

T
1d.

By the definition of the benchmark policy in Section 3, we have π˚ “

arg maxπPΠ rpπq subject to vpπq ď B
T ¨ 1d. For ease of exposition, we will first ignore

the constraints and account for them later. Notice that we want to prove that the difference
|rpπ˚q ´ ρpπ1q| is small. The next lemma allows us to work with a more convenient term
instead.

The estimate zOPT is then used to define the variable Z which will contribute to the choice made
by the algorithm in periods t ą NST0 by appropriately weighting the optimistic estimates of the
consumption. In particular, this variable is defined as

Z :“
NS zOPT

2KB1
, (8)

where B1 :“ B´NST0 and we also define T 1 similarly, i.e., T 1 :“ T ´NST0. In periods t ą NST0,
the choice of the algorithm is

at “ arg max
aPS

xtpaqJprµa,t ´ ZĂW a,tθtq,

where θt P r0, 1sd is the choice of the online mirror descent algorithm when at the previous period
the payoff θJ

t´1pvpat´1q ´ B1

T 1 1dq is observed. Thus, in effect, Z and θt allow the resource con-
sumption to be compared to the reward, so that arms estimated to consume a lot of a scarce resource
can be avoided.

7
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Our algorithm is an extension of the linear contextual bandits with knapsacks (linCBwK) algorithm
(Agrawal & Devanur, 2016), but with the clustering step having been incorporated and accounted
for in the derivation of the regret. Moreover, our estimation of OPT utilizes the initial randomly
collected NST0 samples, and is different to the corresponding estimation in linCBwK which would
lead to additional sampling and thus higher regret in our case.

Algorithm 1 clusterLCBwK

1: NS Ð O
`

p´1
minpT δ ` logCq

˘

2: S Ð random subset of rKs with size NS
3: T0 Ð NS
4: @a P S, play T0 times the arm a
5: Cluster the arms in S per Eq. (11)
6: Compute Z per Eq. (8)
7: for t “ NST0 ` 1, . . . , T do
8: @a P S, obtain rµa,t and ĂW a,t per Eq. (6), (7)
9: at Ð arg maxaPS xtpaqJprµa,t ´ ZĂW a,tθtq

10: Play the arm at, and observe rtpatq and vtpatq

11: if Dj P rds :
řt

i“1 vipaiq
⊺ej ě B then exit

12: Update M c,t`1, pµc,t`1, and xW c,t`1, for c “ pcpatq

13: Update θt`1 with the online mirror descent algorithm for payoff θJ
t pvtpatq ´ B1

T 1 1dq

14: end for

Lemma 5.6 (Informal version of Lemma D.4). With probability at least p1 ´ ζq3 we have:

a) |
řTω

t“NST0`1 rtpatq ´ xtpatq
J
rµat,t| ď RpT q,

b) }
řTω

t“NST0`1 vtpatq ´ xtpatq
J
ĂW at,t}8 ď RpT q.

Now, let S1 denote the subset of S that contains correctly clustered arms, S1 :“ ta P S : pcpaq “

cpaqu.

The following lemma provides a lower bound related to the choice of the algorithm.

Lemma 5.7 (Informal version of Lemma D.5). For t ą NST0, the following inequality holds with
high probability:

xtpatq
Jprµat,t ´ ZĂW at,tθtq ě

1
ř

a1PS1
π˚pa1,Xtq

ÿ

aPS1

π˚pa,Xtq ¨ xtpaqJ
`

µcpaq ´ ZWcpaqθt

˘

.

Lemma 5.7 implies the weaker condition where expectation is taken over Xt only and it is condi-
tional on the past realizations of the context.

Lemma 5.8 (Informal version of Lemma D.6). The following inequality holds with high probability:

Tω
ÿ

t“NST0`1

E
Xt

”

xtpatq
J
rµat,t

ı

ěO
´NS ¨ Tω

K ¨ T
OPT

` Z
Tω
ÿ

t“NST0`1

E
Xt

”

xtpatq
J
ĂW at,t ´

NS

K
¨
B

T
1d

ı

θt

¯

.

Since in the first NST0 periods the choices are made randomly, and so NST0 of the budget can
potentially be consumed, the following lemma which is known from the literature is expressed in
terms of B1 “ B ´ NST0 and T 1 “ T ´ NST0 rather than B and T .

8
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Lemma 5.9 (Lemma 9 of (Agrawal & Devanur, 2016)).

Tω
ÿ

t“NST0`1

´

xtpatq
J
ĂW at,t ´

B1

T 1
1d

¯

θt ě B1
´

1 ´
Tω ´ NST0

T 1

¯

´ RpT q.

The following theorem is our main result, showing that the regret of Algorithm 1 is sublinear in T .

Theorem 5.10 (Main Result, informal version of D.8). For δ P p0, 1
2 q, and B ą NST0, with high

probability

regretpT q ď O
´

RpT q
`

1 `
NS OPT

KB1

˘

` OPT
`

1 ´
NS

K

˘

¯

where

RpT q “ O
´

Cp´1
minm

3
2T 1´δ

a

logpT q

¯

.

Since NS{K ď 1 and the exponent of T is at most 1 ´ δ ă 1, the regret is sublinear in the number
of time periods. In the special case where we sampled all arms, i.e., NS “ K, the bound simplifies
to O

`

RpT qp1 ` OPT {B1q
˘

where B1 “ B ´ NST0 . This matches the structure of non-clustered
knapsacks bound O

`

R1pT qp1 ` OPT {Bq
˘

(Agrawal & Devanur, 2016), with R1pT q “ rOpmT
1
2 q

Moreover, the difference between B1 “ B ´ NST0 and B in the division of OPT reflects the loss
due to the initial NST0 periods of obtaining samples for the clustering.

The probability 1´ ζ that appears in Lemma 4.4 affects our regret only through R1pT q. Considering
the case that is of greater interest here, where a subset of the arms is sampled, i.e., NS ă K,
as NS decreases, the regret due to RpT q decreases until NS OPT

KB1 ă 1 ,while the term OPT
`

1 ´
NS
K

˘

increases. These two terms express two different sources of regret. More specifically, RpT q

decreases in the number of sampled arms because it captures the difference in the performance
between our algorithm and the optimal static policy with respect to the portion of the arms that are
sampled. The second term, OPT

`

1 ´ NS
K

˘

, reflects the loss suffered due to the fact that as the
number of sampled arms decreases, the options that are available to our algorithm become fewer.
Thus, the algorithm will sometimes miss the opportunity to pick arms with favorable context due
to such arms having been discarded. Therefore, the choice of NS determines the impact of each
of these two sources of regret. Understanding the consequences of this choice can be especially
important in applications where for practical reasons operating on the set rKs is infeasible. Despite
that our results suggest that the dependence of the regret on the number of arms K may be inevitable,
the weakening of this dependence is an open question.

6 DISCUSSION

We have shown that regret sublinear in the number of time periods can be achieved for the problem
of linear contextual bandits with knaspacks and clusters of arms. Our approach does not require
access to all the available arms, and can thus be utilized in applications where the heterogeneity
of the available choices can be meaningfully summarized with clusters, and where individually
considering each possible choice is unrealistic, e.g., in online advertising campaigns. It is among
our beliefs that the study of forms for summarizing choice heterogeneity in online learning can be a
fruitful research direction.

Furthermore, our approach can be extended in a number of ways. For instance, the initially sampled
arms can serve only as a basis for the clustering, and with additional arms being explored and clus-
tered in later steps of the algorithm. Also, the results in (Su et al., 2016) suggest that the assumption
about knowing the number of the clusters can be relaxed. The improvement of the dependency of
the regret on the total number of arms K is a question we find interesting to be explored. Notice that
we could have improved this dependency here by allowing the number of sampled arms NS to be a
function of K. However, the budget constraints would then depend on K.

9
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Appendix
Appendix

Roadmap. The appendix is organized as follows.

• In Section A we provide the preliminary of this work.
• In Section B, we present supplementary proofs for Section A.
• In Section C, we present supplementary Lemmas for Section 4.
• In Section D we present the proofs of the results from Section 5 related to the regret of the

algorithm.

A PRELIMINARIES

In this section we present results and technical ingredients that will allow us to derive the regret.

A.1 PROBABILITY TOOLS

Lemma A.1 (Cantelli’s inequality). For random variable X and constant ξ ą 0,

Pr
“

X ě ErXs ` ξ
‰

ď
V arrXs

V arrXs ` ξ2

Lemma A.2 (Azuma-Hoeffding inequality). For a martingale tXiui“0,1,... and constant ξ ą 0, if
|Xi ´ Xi´1| ď ci almost surely, then

Pr
“

|XN ´ X0| ě ξ
‰

ď 2 exp
´

´
ξ2

2
řN

i“1 c
2
i

¯

Lemma A.3 ((Su et al., 2016), pp. 2250). Prrpcpaq “ cpaqs “ 1 ´ opN´1
S q

A.2 CLUSTERING UNDER A MIXED LINEAR MODEL

In order to devise an algorithm that achieves low regret, it will be necessary to learn the parameters
µc and W c of each cluster c P rCs. Consequently, we need to assign arms to clusters, with the
correctness of an arm’s assignment being defined only up to permutation of the cluster identities, as
a cluster is defined by its members. However, clustering all of the arms requires obtaining at least
K samples, which could be undesirable. Instead, our approach allows clustering and operating on a
subset of the arms.

While clustering will be performed only for a subset of the K arms, it is important that this subset
covers all the C clusters. We initially choose (without playing) at random a subset of the K arms,
denoted by S Ď rKs, with |S| “ NS . The set of arms rKszS that is not chosen will be discarded
for all the T time periods. Of course, the regret will be later derived given that the benchmark
static policy has all the K arms in its availability. The following result indicates the size of the set
S needed in order to cover all of the clusters with a given probability. We use pmin to denote the
proportion of arms belonging to the smallest cluster.
Lemma A.4 (formal version of Lemma 5.1). For parameter δ ą 0, if the set S is formed by sampling
NS “ O

`

p´1
minpT δ ` logCq

˘

arms, where each arm is sampled with equal probability, then S covers
the clusters, i.e., YaPStcpaqu “ rCs, with probability at least 1 ´ OpT´2δq.

Proof. In this proof, we will treat the portions in p as probabilities from a distribution by sampling
an arm with replacement, instead of without replacement. Since putting a sampled arm back in the
sampling distribution only decreases the probability of the next sample being from a non-sampled
cluster, the result we will derive will imply a lower bound for our problem.

Consider the following two-step sampling process, repeated for j “ 1, 2, 3, . . ., for the collection of
arms: In the first step, a cluster c „ p is drawn and then the arm aj with cpajq “ c is considered.
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In the second step, the arm aj is kept in the set of collected arms with probability pmin

pc
, and it is

discarded with probability 1 ´
pmin

pc
. Let lj denote the outcome of the jth draw, so that lj “ 0 if

the sampled arm was discarded and lj “ cpajq if the arm was kept. Under this two-step sampling
process, we have for c P rCs that

Prrlj “ cs “ pc
pmin

pc
“ pmin

and so, the corresponding sampling distribution for a draw is

p0 :“
`

Prrlj “ 0s,Prrlj “ 1s, . . . ,Prrlj “ Cs
˘

“
`

1 ´ Cpmin, pmin, . . . , pmin

˘

Thus, with regard to rCs, p0 is a uniform distribution. Then, the probability of the event that a new
draw gives a new cluster when i´1 clusters have already been collected is C´i`1

C p1´p1´Cpminqq “

pC ´ i ` 1qpmin. Let L denote the number of draws needed to cover all of the clusters. From
properties of the geometric distribution it follows that

ErLs “ p´1
min

ÿ

cPrCs

1

C ´ c ` 1

“ Opp´1
min logCq

and

V arrLs ă p´2
min

ÿ

cPrCs

1

pC ´ c ` 1q2

ă 2p´2
min

By Cantelli’s inequality we get

PrrL ď ErLs ` p´1
minT

δs ě 1 ´
V arrLs

V arrLs ` p´2
minT

2δ

ą 1 ´
1

1 ` 1
2T

2δ

The proof of the above lemma relies on arguments similar to those that can be used for the coupon
collector problem (Flajolet et al., 1992). Once the set S is determined, in order to collect observa-
tions to perform clustering, each arm in S is played T0 times, with the precise value of T0 being
defined later in this subsection. Even though a consumption vector is also observed every time an
arm is played, for the purposes of the clustering only, we will utilize just the context and the reward,
but we could as well have chosen to utilize one of the d resources instead of the reward. In any case,
the resource consumption due to these initial NS ¨ T0 plays will still have to be subtracted from the
budget.

The arms in S are clustered using the classifier-Lasso method proposed by (Su et al., 2016), which
relies on the following objective function

Q
`

pµaqaPS , pµcqcPrCs

˘

“
1

NS ¨ T0

ÿ

aPS

ÿ

t:at“a

1

2

`

rtpaq ´ µJ
axtpaq

˘2

`
λ1

NS

ÿ

aPS

ź

cPrCs

}µa ´ µc} (9)

where λ1 P R` is a regularization parameter. It is valuable to point out that NS ` C vectors of
parameters are estimated in total, since the method does not impose the parameter of an arm to be

15
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corresponding to one of the cluster parameters. The estimation of the reward parameters follows by
minimizing this objective function,

`

ppµaqaPS , ppµcqcPrCs

˘

:“ arg min
`

pµaqaPS ,pµcqcPrCs

˘

Q
`

pµaqaPS , pµcqcPrCs

˘

. (10)

Then, the arm a P S is clustered as

pcpaq :“
ÿ

cPrCs

c ¨ 1rpµa “ pµcs (11)

Since under the classifier-Lasso method it is possible for an arm’s estimated parameter to not be
equal to the estimated parameter of any cluster, an arm can be assigned to none of the clusters,
leading to the case where pcpaq “ 0. However, as shown in the proof of the focal result of this
subsection, only few of the arms are not assigned to any cluster.

Besides the coverage of the clusters, we also want to achieve high clustering accuracy. We define
the clustering error for cluster c P rCs as

ϵc :“

ř

aPS 1rpcpaq “ c, cpaq ‰ cs
ř

aPS 1rpcpaq “ cs
(12)

Thus, the clustering error for c is the proportion of arms assigned to c that should have been assigned
to other clusters. We want to ensure that for each cluster c, the output of Eq. (11) results to low error
ϵc. Towards this end, we make the following assumptions.
Assumption A.5 (Separation). We assume }µc ´ µc1 } ě ξ1 ą 0, for c, c1 P rCs, c ‰ c1.
Assumption A.6. We assume the number of clusters C is fixed.
Assumption A.7. We assume

T0λ
2
1{plog T0q6`2ξ2 Ñ 8,

and

λ1plog T0qξ2 Ñ 0,

for ξ2 ą 0 as pNS , T0q Ñ 8.
Assumption A.8. We assume

N
1{2
S T´1

0 plog T0q9 Ñ 0,

and

N2
ST

1´ξ3{2
0 Ñ ξ4 ă 8,

for ξ3 ě 6 as pNS , T0q Ñ 8.

Assumption A.5 is needed to ensure that the clusters are distinguishable, Assumption A.6 disallows
the number of clusters to grow asymptotically. While Assumptions A.7 and A.8 impose appropriate
rates on λ1, NS , and T0, the algorithm need to perform clustering based on one of the d resources
instead of the reward.
Lemma A.9. Under Assumptions 3.1-3.4, A.5-A.8, the clustering error is ϵc “ opp´1

minN
´1
S q with

high probability, for any c P rCs.

Proof. In this proof, we will exploit the Azuma-Hoeffding inequality and a result from (Su et al.,
2016) that holds under the stated assumptions.

Now, for the clustering error ϵc we have

ϵc “

ř

aPS 1rpcpaq “ c, cpaq ‰ cs
ř

aPS 1rpcpaq “ cs

“

ř

aPS 1rpcpaq “ c, cpaq ‰ cs
ř

aPS 1rcpaq “ cs ´
ř

aPS 1rpcpaq ‰ c, cpaq “ cs `
ř

aPS 1rpcpaq “ c, cpaq ‰ cs

16
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ď

ř

aPS 1rpcpaq “ c, cpaq ‰ cs
ř

aPS 1rcpaq “ cs ´
ř

aPS 1rpcpaq ‰ c, cpaq “ cs

“

ř

aPS 1rpcpaq “ c, cpaq ‰ cs
ř

a:cpaq“c 1 ´ 1rpcpaq ‰ cs

ď

ř

aPS 1rpcpaq “ c, cpaq ‰ cs

Op1qE
“
ř

a:cpaq“c 1 ´ 1rpcpaq ‰ cs
‰ (13)

“

ř

aPS 1rpcpaq “ c, cpaq ‰ cs

Op1qE
“
ř

aPS 1rcpaq “ c,pcpaq “ cs
‰

“

ř

aPS 1rpcpaq “ c, cpaq ‰ cs

Op1q
ř

aPS Prrcpaq “ csPrrpcpaq “ c|cpaq “ cs

“

ř

aPS 1rpcpaq “ c, cpaq ‰ cs

Op1qNSpcp1 ´ opN´1
S qq

ď

ř

aPS 1rpcpaq “ c, cpaq ‰ cs

Op1qNSpminp1 ´ opN´1
S qq

ď Op1q
E
“
ř

aPS 1rpcpaq “ c, cpaq ‰ cs
‰

NSpminp1 ´ opN´1
S qq

(14)

“ Op1q

ř

aPS Prrcpaq ‰ csPrrpcpaq “ c|cpaq ‰ cs

NSpminp1 ´ opN´1
S qq

ď Op1q

ř

aPS Prrcpaq ‰ csPrrpcpaq ‰ cpaqs

NSpminp1 ´ opN´1
S qq

“ Op1q
NSp1 ´ pcqopN´1

S q

NSpminp1 ´ opN´1
S qq

“ Op1q
p1 ´ pcqopN´1

S q

pminp1 ´ opN´1
S qq

ď
opp´1

minN
´1
S q

1 ´ opN´1
S q

ď opp´1
minN

´1
S q

where Eq. (13) and (14) follow from the Azuma-Hoeffding inequality.

In the proof of Lemma A.9 we exploit the fact that Prrpcpaq “ cpaqs “ 1 ´ opN´1
S q (Su et al., 2016,

pp. 2250). Since the clustering error is, in asymptotic terms, the same for all clusters, we shall use
ϵc to refer to this error for any cluster. Moreover, since NS is given by Lemma A.4, the number of
samples required from each arm in S for the clustering can be specified by satisfying Assumption
A.8.
Claim A.10. For T0 “ NS , Assumption A.8 is satisfied.

A.3 ONLINE LEARNING

A special case of the online convex optimization problem is the game where at period t P rT s a
learner chooses

θt P tθ P r0, 1sd : }θ}1 ď 1u

based on past observations, and the adversary chooses the learner’s payoff to be the outcome of a
function that is linear in θt. It is known (Srebro et al., 2011; Shalev-Shwartz et al., 2011) that for θt

chosen based on the online mirror descent algorithm, the regret against the best fixed action of the
learner in the online convex optimization problem is Op

a

logpdqT q. In the context of our problem,
we utilize this result following the approach of (Agrawal & Devanur, 2016). In particular, θt will
allow the consideration of resources in the arm choices in periods t ą NST0, decreasing thus the
probability that a choice will lead to depletion of one of the d resources and consequently to the

17



918
919
920
921
922
923
924
925
926
927
928
929
930
931
932
933
934
935
936
937
938
939
940
941
942
943
944
945
946
947
948
949
950
951
952
953
954
955
956
957
958
959
960
961
962
963
964
965
966
967
968
969
970
971

Under review as a conference paper at ICLR 2026

termination of the algorithm. To derive the regret for our problem (Eq. (4)), we will consider as the
payoff chosen by the adversary the value

θJ
t pvtpatq ´

B ´ NST0

T ´ NST0
1dq,

as illustrated by the algorithm presented later.

A.4 CONFIDENCE ELLIPSOID

In this subsection we present results about bounds on the parameter estimates that will be derived by
the algorithm after the clustering is conducted. The approach here is to express the clustering error
as violation of the zero conditional mean assumption about the error terms. Then, the technique of
confidence ellipsoids, which is standard in the literature of online learning, is employed to bound the
parameter estimates. The definition that follows considers a linear model for a response variable yt
that generalizes the response variables in the problem we consider, i.e., rtpaq and each dimension of
vtpaq. Therefore, the results derived in this subsection will imply results about our actual problem.

This definition corresponds to a measurement error model (Wansbeek & Meijer, 2001; Fuller, 2009),
as the expected value of the error term is Erηt|xts “ ϵγJxt, which in the general case is not zero.
The error term ut corresponds to an error term of the model of our actual problem, i.e., ut represents
gtpaq and the individual dimensions of qtpaq. Since the context is i.i.d. across arms and periods, the
probability ϵ is perceived as the clustering error in Eq. (12). Thus, γ is perceived as the element-
wise difference between parameters of different clusters. For instance, considering C “ 2 and yt
corresponding to rtpaq for cpaq “ 1, we have that γ corresponds to µ2´µ1. Therefore, ht represents
the part of the error term due to xt being endogenous, when zero clustering error is falsely assumed.
We let ht have two branches instead of C because γ can be perceived as a bound on parameter
differences.

This confidence ellipsoid captures the set of plausible values for the unknown parameter vector µ,
given the observations up to time t. The radius ρt consists of three terms: a statistical concentration
term accounting for zero-mean stochastic noise ut (as in Assumption 3.2), a bias term ϵm

?
t intro-

duced by clustering errors, and a regularization term
?
λ2m reflecting uncertainty due to the use of

ridge regression. With high probability (at least 1 ´ ζ), the true parameter vector µ lies within Ct.
The next two lemmas are the results derived in this subsection.
Lemma A.11. Under the zero-mean and bounded-noise assumptions (Assumption 3.2 and 3.3) and
with regularization parameter λ2, define the confidence radiue

ρt :“ 2pR ` 1q

d

m log

ˆ

tm

λ2ζ

˙

` ϵm
?
t `

a

λ2m.

Then, for any time t P rT s with probability at least 1 ´ ζ, the true parameter vector µ satisfies

}µ ´ pµt}Mt
ď ρt

Proof. By lemmas B.4, B.5, B.6, and B.7, we have that for any ζ P p0, 1q, with probability at least
1 ´ ζ,

|xJ
pµt ´ xJµ| ď }x}M´1

t
¨ A1

where

A1 :“
´

pR ` 1q

b

2 log
`

detpM tq1{2 detpλ2Imq´1{2{ζ
˘

` ϵγ̄m
?
t `

?
λ2m

¯

Now, by letting x “ M tppµt ´ µq, we have

}pµt ´ µ}2Mt
ď }M tppµt ´ µq}M´1

t
¨ A1

18
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“ }pµt ´ µ}Mt
¨ A1

Dividing both sides by }pµt ´ µ}Mt
we get

}pµt ´ µ}Mt
ď A1 (15)

Since }xt}2 ď
?
m, and M t and λ2Im are positive-definite matrices, we can upper bound the first

term in A1 (ignoring the term R ` 1) as follows

d

2 log
` detpM tq

1{2

detpλ2Imq1{2{ζ

˘

ď

d

m log
´1 ` tm{λ2

ζ

¯

(16)

and thus

}pµt ´ µ}Mt

ď pR ` 1q

d

m log
´1 ` tm{λ2

ζ

¯

` ϵγ̄m
?
t `

?
λ2m (17)

ď 2pR ` 1q

d

m log

ˆ

tm

λ2ζ

˙

` ϵm
?
t `

?
λ2m (18)

where γ̄ ď 1.

Lemma A.12 (Sum of rewards). Consider rµt P Ct. For R “ 1
2 and λ2 “ 1, with probability at

least 1 ´ ζ

T
ÿ

t“1

|rµJ
t xt ´ µJxt|

ď 4m
a

T logpTm{ζq logpT q ` ϵm
3
2T

a

logpT q.

Lemma A.11 implies that a parameter estimate lies within some fixed distance from the true param-
eter with some specified probability, while Lemma A.12 serves as the basis for employing optimistic
parameter estimates, as described later.

B USEFUL TOOLS FOR SECTION A

Here in this section, we provide some missing proofs for Section A. In Section B.1 we provide some
lemmas for Lemma A.11. In Section B.2 we provide proof for Lemma A.12.

B.1 PROOF OF LEMMA A.11

For notational convenience, let
Definition B.1.

X :“ pxJ
1 , . . . ,x

J
t q P r0, 1stˆm

y :“ py1, . . . , ytq P r0, 1st

η :“ pη1, . . . , ηtq P Rt

st :“
t´1
ÿ

i“1

xipηi ´ Erηi|xisq

γ̄ :“ }γ}8

xa, byM :“ aJMb, for a, b P Rm,M P Rmˆm

19
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For the proof we will need the following two Facts and four Lemmas.

Fact B.2. We can show that pµt “ µ ´ λ2M
´1
t µ ` M´1

t XJη

Proof.

pµt “ M´1
t XJy

“ M´1
t XJ

pXµ ` ηq

“ M´1
t XJXµ ` M´1

t XJη

“ M´1
t XJXµ ` M´1

t λ2Imµ ´ M´1
t λ2Imµ ` M´1

t XJη

“ M´1
t M tµ ´ λ2M

´1
t µ ` M´1

t XJη

“ µ ´ λ2M
´1
t µ ` M´1

t XJη

Thus, we complete the proof.

Fact B.3. For any x P Rm, we have that xJ
pµt ´ xJµ “ xx,XJηyM´1

t
´ λ2xx,µyM´1

t

Proof. From Fact B.2 we have

xJ
pµt ´ xJµ “ xJ

`

µ ´ λ2M
´1
t µ ` M´1

t XJη
˘

´ xJµ

“ xJM´1
t XJη ´ λ2x

JM´1
t µ

“ xx,XJηyM´1
t

´ λ2xx,µyM´1
t

Thus, we complete the proof.

Lemma B.4. We can show that

|xJ
pµt ´ xJµ| ď }x}M´1

t

´

}st}M´1
t

` ϵ}XJXγ}M´1
t

`
a

λ2m
¯

Proof. Using the Cauchy-Schwarz inequality on Fact B.3, we have

|xJ
pµt ´ xJµ| ď }x}M´1

t

´

}XJη}M´1
t

` λ2}µ}M´1
t

¯

We can upper bound the second term of the above equation as follows:

}XJη}M´1
t

` λ2}µ}M´1
t

ď }XJη}M´1
t

`
?
λ2}µ}2

ď }XJη}M´1
t

`
a

λ2m

“ }XJ
pη ` Erη|Xs ´ Erη|Xsq}M´1

t
`
a

λ2m

“ }st ` XJ Erη|Xs}M´1
t

`
a

λ2m

“ }st ` ϵXJXγ}M´1
t

`
a

λ2m

ď }st}M´1
t

` }ϵXJXγ}M´1
t

`
a

λ2m

“ }st}M´1
t

` ϵ}XJXγ}M´1
t

`
a

λ2m

where the second inequality follows from that }µ}2
M´1

t

ď 1
λminpMtq}µ}22

ď 1
λ2}µ}22

.

Lemma B.5. Consider the σ´algebra Ft “ σpx1, . . . ,xt, η1, . . . , ηt´1q, such that tFtu
8
t“1 is a

filtration, and ηt ´ Erηt|xts is Ft-measurable. Then, ηt ´ Erηt|xts is pR ` 1q-sub-Gaussian.
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Proof. It suffices to show that ηt ´ Erηt|xts lies in an interval of length at most 2pR ` 1q. We can
upper bound |ηt ´ Erηt|xts| as follows:

|ηt ´ Erηt|xts| “ |ut ` ht ´ ϵγJxt|

ď |ut| ` |ht| ` |ϵγJxt|

ď 2R ` p1 ` ϵq|γJxt|

ď 2pR ` 1q

Lemma B.6. For any ζ P p0, 1q, with probability at least 1 ´ ζ, if ηt ´ Erηt|xts is pR ` 1q-sub-
Gaussian, then for all t ą 0,

}st}
2
M´1

t
ď 2pR ` 1q2 log

`

detpM tq
1{2 detpλ2Imq´1{2{ζ

˘

Proof. We apply Theorem 1 of (Abbasi-Yadkori et al., 2011) with ηt ´ Erηt|xts in the place of
ηt.

Lemma B.7. We can show that

}XJXγ}M´1
t

ď γ̄m
?
t

Proof. Since XJX P Rmˆm contains non-negative entries, we have

}XJXγ}M´1
t

ď γ̄ ¨ }XJX1m}M´1
t

Next, we just need to upper bound }XJX1m}2
M´1

t

. By the properties of PSD/PD matrices, we
know that

λ2Im ` XJX ą XJX ľ 0

which implies that

pXJXq1{2 ¨ pλ2Im ` XJXq´1 ¨ pXJXq1{2 ă Im

Thus, we have

1J
mXJXpλ2Im ` XJXq´1XJX1m ď 1J

mXJX1m

“ }X1m}22

ď tm2

where the last step follows since each entry of X is between 0 and 1.

B.2 PROOF OF LEMMA A.12

We will need the following fact and lemma.
Fact B.8. For any positive definite matrix M P Rmˆm and any two vectors a, b P Rm, it holds that
|aJb| ď }a}M }b}M´1 .

Lemma B.9 (Lemma 3 of (Agrawal & Devanur, 2016)). For xi P Rm with }xi}2 ď
?
m, it holds

that
t
ÿ

i“1

}xi}M´1
i

ď
a

mt logptq

Now, we derive the statement of the lemma as:

T
ÿ

t“1

|rµJ
t xt ´ µJxt| ď

T
ÿ

t“1

}xt}M´1
t

}rµt ´ µ}Mt
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ď

´

3
b

m log
`

Tm{ζ
˘

` ϵm
?
T `

?
m
¯

T
ÿ

t“1

}xt}M´1
t

ď

´

4
b

m log
`

Tm{ζ
˘

` ϵm
?
T
¯

T
ÿ

t“1

}xt}M´1
t

ď

´

4
b

m log
`

Tm{ζ
˘

` ϵm
?
T
¯

a

mT logpT q

“ 4m
b

T log
`

Tm{ζ
˘

logpT q ` ϵm
3
2T

a

logpT q

where the first step follows from Fact B.8, the second from Lemma A.11, and the fourth from
Lemma B.9.

C USEFUL LEMMAS FOR SECTION 4

Here we provide the following lemmas.
Lemma C.1 (Informal version of Lemma 4.4). Given clustering tpcpaquaPS and vectors
tθiu

t
i“NS ¨T0`1, where θi P r0, 1sd, with probability at least 1 ´ ζ we have that for any a P S,

a) xtpaqJ
`

rµa,t ´ µ
pcpaq

˘

ě 0

b) xtpaqJ
`

ĂW a,t ´ W
pcpaq

˘

θt ď 0

c) |
řt

i“NS ¨T0`1 xipaiq
Jprµai,i ´ µ

pcpaiqq| ď ρ

d) }
řt

i“NS ¨T0`1 xipaiq
JpĂW ai,i ´ W

pcpaiqq}8 ď ρ

Where ρ is given by:

ρ :“ 4Cm
a

t logptm{ζq logptq ` ϵcm
3
2 t
a

logptq

Proof. Statements aq and bq follow directly from Eq. (6) and (7). For statement cq we have:

|

t
ÿ

i“NS ¨T0`1

xipaiq
Jprµai,i ´ µ

pcpaiqq| ď

t
ÿ

i“NS ¨T0`1

|xipaiq
Jprµai,i ´ µ

pcpaiqq|

“
ÿ

cPrCs

ÿ

i:pcpaiq“c
iąNS ¨T0

|xipaiq
Jprµai,i ´ µcq|

ď
ÿ

cPrCs

4m
b

tc log
`

tcm{ζ
˘

logptcq ` ϵcm
3
2 tc

a

logptcq

ď 4Cm
b

t log
`

tm{ζ
˘

logptq ` ϵcm
3
2 t
a

logptq

where the first step follows from the triangle inequality, and the third from Lemma A.12. Statement
dq follows similarly.

D USEFUL LEMMAS FOR SECTION 5

Here we provide the following results. In Section D.1 we provide the lemmas for Lemma 5.5. In
Section D.2 we provide the lemmas for Theorem D.8.

D.1 USEFUL LEMMAS FOR LEMMA 5.5

Lemma D.1 (Formal version of Lemma 5.2). If maxπPtπ˚,π1u |rpπq ´ ρpπq| ď ϵ1 then |rpπ˚q ´

ρpπ1q| ď ϵ1.
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Proof. Considering π˚ we have
rpπ˚q ´ ρpπ˚q ď ϵ1

which implies that
rpπ˚q ´ ρpπ1q ď ϵ1

and by considering π1 we similarly get

ρpπ1q ´ rpπ˚q ď ϵ1

Thus, it follows that |rpπ˚q ´ ρpπ1q| ď ϵ1.

Therefore, it suffices to prove that the difference maxπPtπ˚,π1u |rpπq ´ ρpπq| is small. We first
consider π˚ and then π1.
Lemma D.2 (Formal version of Lemma 5.3). |rpπ˚q ´ ρpπ˚q| ă op1q

Proof.

|rpπ˚q ´ ρpπ˚q|

ď | E
X

”

ÿ

aPrKs

µJ
cpaqxpaqπ˚pa,Xq

ı

´
K

NS
E
X

”

ÿ

aPS
µJ

cpaqxpaqπ˚pa,Xq

ı

|

` |
K

NS
E
X

”

ÿ

aPS
µJ

cpaqxpaqπ˚pa,Xq

ı

´
K

NS
E
X

”

ÿ

aPS
µJ
pcpaqxpaqπ˚pa,Xq

ı

|

` |
K

NS
E
X

”

ÿ

aPS
µJ
pcpaqxpaqπ˚pa,Xq

ı

´
K

NS
E
X

”

ÿ

aPS
pµJ
pcpaq,NST0`1xpaqπ˚pa,Xq

ı

|

` |
K

NS
E
X

”

ÿ

aPS
pµJ
pcpaq,NST0`1xpaqπ˚pa,Xq

ı

´
K

NS

1

NST0

NST0
ÿ

t“1

ÿ

aPS
pµJ
pcpaq,NST0`1xpaqπ˚pa,Xq|

ă op1q

The first difference is zero, as the set S is sampled uniformly at random. The second difference is
op1q because the probability of clustering an arm incorrectly is opN´1

S q. The third difference is op1q

because the regularized ordinary least squares estimator is consistent when there is no clustering
error, i.e., pµc,NST0`1

p
ÝÑ µc as pNS , T0q ÝÑ 8 (and as long as the set rCs is covered by S), and the

clustering error vanishes asymptotically. The fourth difference is op1q because it is the difference
between an expectation and its empirical counterpart.

Lemma D.3 (Formal version of Lemma 5.4). |rpπ1q ´ ρpπ1q| ă op1q

Proof.

|rpπ1q ´ ρpπ1q|

ď | E
X

”

ÿ

aPrKs

µJ
cpaqxpaqπ1pa,Xq

ı

´
K

NS
E
X

”

ÿ

aPS
µJ

cpaqxpaqπ1pa,Xq

ı

|

` |
K

NS
E
X

”

ÿ

aPS
µJ

cpaqxpaqπ1pa,Xq

ı

´
K

NS
E
X

”

ÿ

aPS
µJ
pcpaqxpaqπ1pa,Xq

ı

|

` |
K

NS
E
X

”

ÿ

aPS
µJ
pcpaqxpaqπ1pa,Xq

ı

´
K

NS
E
X

”

ÿ

aPS
pµJ
pcpaq,NST0`1xpaqπ1pa,Xq

ı

|

` |
K

NS
E
X

”

ÿ

aPS
pµJ
pcpaq,NST0`1xpaqπ1pa,Xq

ı

´
K

NS

1

NST0

NST0
ÿ

t“1

ÿ

aPS
pµJ
pcpaq,NST0`1xpaqπ1pa,Xq|

ă op1q

Each difference is op1q following arguments similar to those in the proof of Lemma D.2.

The result follows by considering the Karush-Kuhn-Tucker conditions to incorporate the constraints.
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D.2 USEFUL RESULTS FOR THEOREM D.8

Lemma D.4 (Formal version of Lemma 5.6). With probability at least p1 ´ ζq3 we have:

a) |
řTω

t“NST0`1 rtpatq ´ xtpatq
J
rµat,t| ď RpT q

b) }
řTω

t“NST0`1 vtpatq ´ xtpatq
J
ĂW at,t}8 ď RpT q

Proof. Considering part aq, we start with the probability of the event of interest, and we utilize
Lemma 4.4 cq in order to make the first p1 ´ ζq term show up, and the Azuma-Hoeffding inequality
for the remaining two p1 ´ ζq terms.

Pr
”

|

Tω
ÿ

t“NST0`1

rtpatq ´ xtpatq
J
rµat,t| ď RpT q

ı

“ Pr
”

|

Tω
ÿ

t“NST0`1

rtpatq ´ xtpatq
Jprµat,t ` µ

pcpatq ´ µ
pcpatqq| ď RpT q

ı

ě Pr
”

|

Tω
ÿ

t“NST0`1

rtpatq ´ xtpatq
Jµ

pcpatq| ` |

Tω
ÿ

t“NST0`1

xtpatq
Jpµ

pcpatq ´ rµat,tq| ď RpT q

ı

ě Pr
”

|

Tω
ÿ

t“NST0`1

rtpatq ´ xtpatq
Jµ

pcpatq| ď
RpT q

2

ı

¨ Pr
”

|

Tω
ÿ

t“NST0`1

xtpatq
Jpµ

pcpatq ´ rµat,tq| ď
RpT q

2

ı

ě Pr
”

|

Tω
ÿ

t“NST0`1

rtpatq ´ xtpatq
Jµ

pcpatq| ď
RpT q

2

ı

¨ p1 ´ ζq

“ Pr
”

|

Tω
ÿ

t“NST0`1

rtpatq ´ xtpatq
Jpµ

pcpatq ` µcpatq ´ µcpatqq| ď
RpT q

2

ı

¨ p1 ´ ζq

ě Pr
”

|

Tω
ÿ

t“NST0`1

rtpatq ´ xtpatq
Jµcpatq| ` |

Tω
ÿ

t“NST0`1

xtpatq
Jpµcpatq ´ µ

pcpatqq| ď
RpT q

2

ı

¨ p1 ´ ζq

ě Pr
”

|

Tω
ÿ

t“NST0`1

rtpatq ´ xtpatq
Jµcpatq| `

Tω
ÿ

t“NST0`1

1rpcpatq ‰ cpatqs ď
RpT q

2

ı

¨ p1 ´ ζq

ě Pr
”

|

Tω
ÿ

t“NST0`1

rtpatq ´ xtpatq
Jµcpatq| ď

RpT q

4

ı

¨ Pr
”

Tω
ÿ

t“NST0`1

1rpcpatq ‰ cpatqs ď
RpT q

4

ı

¨ p1 ´ ζq

ě Pr
”

|

Tω
ÿ

t“NST0`1

ripatq ´ xtpatq
Jµcpatq| ď

RpT q

4

ı

¨

´

1 ´ 2 exp
´

´
pRpT q{4q2

2pTω ´ NST0q

¯¯

¨ p1 ´ ζq

ě Pr
”

|

Tω
ÿ

t“NST0`1

rtpatq ´ xtpatq
Jµcpatq| ď

RpT q

4

ı

¨ p1 ´ ζq2

ě

´

1 ´ 2 exp
´

´
pRpT q{4q2

2pTω ´ NST0q

¯¯

¨ p1 ´ ζq2
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ě p1 ´ ζq3

The proof for part bq follows the same steps.

Now, let S1 denote the subset of S that contains correctly clustered arms,

S1 :“ ta P S : pcpaq “ cpaqu

The following lemma provides a lower bound related to the choice of the algorithm.
Lemma D.5 (Formal version of Lemma 5.7). For t ą NST0, the following inequality holds with
high probability:

xtpatq
Jprµat,t ´ ZĂW at,tθtq ě

1
ř

a1PS1
π˚pa1,Xtq

ÿ

aPS1

π˚pa,Xtq ¨ xtpaqJ
`

µcpaq ´ ZWcpaqθt

˘

Proof. Let ΠS denote the set of static policies that assign non-zero probability only to arms in S,
and let ΠS1 be defined equivalently. Then, for t ą NST0 we have

xtpatq
Jprµat,t ´ ZĂW at,tθtq

ě max
πSPΠS

ÿ

aPS
πSpa,Xtq ¨ xtpaqJprµa,t ´ ZĂW a,tθtq

ě max
πSPΠS1

ÿ

aPS1

πSpa,Xtq ¨ xtpaqJprµa,t ´ ZĂW a,tθtq

ě
1

ř

a1PS1
π˚pa1,Xtq

ÿ

aPS1

π˚pa,Xtq ¨ xtpaqJprµa,t ´ ZĂW a,tθtq

ě
1

ř

a1PS1
π˚pa1,Xtq

ÿ

aPS1

π˚pa,Xtq ¨ xtpaqJpµ
pcpaq ´ ZW

pcpaqθtq

“
1

ř

a1PS1
π˚pa1,Xtq

ÿ

aPS1

π˚pa,Xtq ¨ xtpaqJpµcpaq ´ ZW cpaqθtq

where the first inequality follows from the choice of the algorithm, the second from restricting the
set of arms to S1, the third from considering the normalization of π˚ as a policy in ΠS1 , the fourth
from Lemma 4.4 aq and bq, and the last equality from the definition of S1.

Lemma D.6 (Formal version of Lemma 5.8). The following inequality holds with high probability:

Tω
ÿ

t“NST0`1

E
Xt

”

xtpatq
J
rµat,t

ı

ěO
´NS ¨ Tω

K ¨ T
OPT

` Z
Tω
ÿ

t“NST0`1

E
Xt

”

xtpatq
J
ĂW at,t ´

NS

K
¨
B

T
1d

ı

θt

¯

Proof. Lemma D.5 implies the weaker condition where expectation is taken over Xt only and it is
conditional on the past realizations of the context:

E
Xt

”

xtpatq
Jprµat,t ´ ZĂW at,tθtq

ı

ě E
Xt

” 1
ř

a1PS1
π˚pa1,Xtq

ÿ

aPS1

π˚pa,Xtq ¨ xtpaqJ
`

µcpaq ´ ZWcpaqθt

˘

ı
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ě E
Xt

”

ÿ

aPS1

π˚pa,Xtq ¨ xtpaqJ
`

µcpaq ´ ZWcpaqθt

˘

ı

“ E
Xt

”

ÿ

aPS1

π˚pa,Xtq ¨ xtpaqJµcpaq

ı

´ Z E
Xt

”

ÿ

aPS1

π˚pa,Xtq ¨ xtpaqJW cpaq

ı

θt

“ O
´NS

K

¯

¨

´OPT

T
´ Z

B

T
1dθt

¯

where the second step holds since the probability-normalization term is greater than one. From
Lemma A.3 the size of S1 is NSp1 ´ opN´1

S qq “ OpNSq. We get the statement of the lemma by
summing from period NST0 ` 1 to period Tω .

Since in the first NST0 periods the choices are made randomly, and so NST0 of the budget can
potentially be consumed, the following lemma which is known from the literature is expressed in
terms of B1 “ B ´ NST0 and T 1 “ T ´ NST0 rather than B and T .

Lemma D.7. NS ¨B
K¨T ă 2B1

T 1

Proof. NSBT 1

KTB1 ď NSB
KB1 ď B

B1 “ 1

1´
NST0

B

ă 2, since B{2 ą NST0.

Theorem D.8 (Main Result, formal version of 5.10). For δ P p0, 1
2 q, and B ą NST0, with high

probability

regretpT q ď O
´

RpT q
`

1 `
NS OPT

KB1

˘

` OPT
`

1 ´
NS

K

˘

¯

where

RpT q “ O
´

Cp´1
minm

3
2T 1´δ

a

logpT q

¯

.

Proof. Let Tω ď T be the stopping time of the algorithm. Starting from the definition of regret we
get:

regretpT q “ OPT´

T
ÿ

t“1

rtpatq

“ OPT´

Tω
ÿ

t“1

rtpatq

“ OPT´

NST0
ÿ

t“1

rtpatq ´

Tω
ÿ

t“NST0`1

rtpatq

ď OPT´

Tω
ÿ

t“NST0`1

rtpatq

where the inequality follows since rtpatq P r0, 1s. Now, let

RpT q :“ O
´

Cm
b

T log
`

dTm{ζ
˘

logpT q ` Cϵcm
3
2 T

a

logpT q

¯

The proof now proceeds with first stating Lemma D.4 that allows us to work with the optimistic
estimates instead of the actual realizations of the reward and the consumption.

Thus, we have
Tω
ÿ

t“NST0`1

E
Xt

”

xtpatq
J
rµat,t

ı

26



1404
1405
1406
1407
1408
1409
1410
1411
1412
1413
1414
1415
1416
1417
1418
1419
1420
1421
1422
1423
1424
1425
1426
1427
1428
1429
1430
1431
1432
1433
1434
1435
1436
1437
1438
1439
1440
1441
1442
1443
1444
1445
1446
1447
1448
1449
1450
1451
1452
1453
1454
1455
1456
1457

Under review as a conference paper at ICLR 2026

ě O
´NSTω

KT
OPT`Z

Tω
ÿ

t“NST0`1

E
Xt

”

xtpatq
J
ĂW at,t ´ 2

B1

T 1
1d

ı

θt

¯

(19)

ě O
´NSTω

KT
OPT`Z

´

2B1
`

1 ´
Tω ´ NST0

T 1

˘

´ RpT q

¯¯

ě O
´NSTω

KT
OPT`

NS OPT

2KB1

´

2B1
`

1 ´
Tω ´ NST0

T 1

˘

´ RpT q

¯¯

ě O
´NS

K
OPT

´Tω

T
` 1 ´

Tω ´ NST0

T 1
´

RpT q

2B1

¯¯

ě O
´NS

K
OPT

´

1 ´
RpT q

B1

¯¯

(20)

where the first step follows from Lemmas D.6 and D.7, the second from Lemma 5.9, and the third
from Lemma 5.5.

From Lemma D.4, the bound in Eq. (20) applies to
řTω

t“NST0`1 EXt

“

rtpatq
‰

by adding RpT q, and
an application of the Azuma-Hoeffding inequality to the realized reward

řTω

t“NST0`1 rtpatq then
gives:

regretpT q ď O
´

OPT´
NS

K
OPT

`

1 ´
RpT q

B1

˘

` RpT q

¯

“ O
´

OPT
`

1 ´
NS

K

˘

` RpT q
`

1 `
NS OPT

KB1

˘

¯

.
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