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Abstract

Decision making under uncertain environments in the maximization of expected reward
while minimizing its risk is one of the ubiquitous problems in many subjects. Here, we
introduce a novel problem setting in stochastic bandit optimization that jointly addresses
two critical aspects of decision-making: maximizing expected reward and minimizing as-
sociated uncertainty, quantified via the mean-variance(MV) criterion. Unlike traditional
bandit formulations that focus solely on expected returns, our objective is to efficiently and
accurately identify the Pareto-optimal set of arms that strikes the best trade-off between
expected performance and risk. We propose a unified meta-algorithmic framework capa-
ble of operating under both fixed-confidence and fixed-budget regimes, achieved through
adaptive design of confidence intervals tailored to each scenario using the same sample
exploration strategy. We provide theoretical guarantees on the correctness of the returned
solutions in both settings. To complement this theoretical analysis, we conduct extensive
empirical evaluations across synthetic benchmarks, demonstrating that our approach out-
performs existing methods in terms of both accuracy and sample efficiency, highlighting its
broad applicability to risk-aware decision-making tasks in uncertain environments.
Keywords: Stochastic multi-armed bandits; Multi-objective optimization; Pareto set iden-
tification

1. Introduction

Stochastic multi-armed bandit (MAB) problems Lattimore and Szepesvari (2020) have
emerged as a fundamental framework for online decision making under uncertainty, with
broad applications ranging from adaptive drug discovery to recommendation systems Mad-
hukar et al. (2017); Qin et al. (2014); Li et al. (2010, 2011). The focus in MAB has been
on the maximization of cumulative rewards by sequentially choosing from a set of options
—referred to as “arm”— based on stochastic feedback. A conceptually distinct but equally
fundamental variant within this framework is the best arm identification (BAI) problem,
where the objective is not reward maximization over time, but rather the accurate identifica-
tion of the optimal arm(s) using as few samples as possible. Because only the final decision
matters, BAI operates under a pure exploration regime. This leads to unique algorithmic
and theoretical challenges not encountered in classical reward maximization.

BAI problems have been studied primarily under two canonical settings: (i) the fixed-
confidence setting, where the goal is to guarantee the correctness of the identified arm(s)
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with high probability (at least 1 — ¢ for any § € (0,1)); and (ii) the fixed-budget setting,
in which a learner is restricted to a fixed number of samples T" and must maximize the
probability of correct identification. Foundational work in the fixed-confidence setting in-
troduced PAC-style guarantees Even-Dar et al. (2002), later refined through approaches
such as LUCB Kalyanakrishnan et al. (2012) achieving tighter bounds on sample com-
plexity by leveraging confidence intervals. In the fixed-budget setting, algorithms such as
Successive Rejects (SR) Audibert and Bubeck (2010) and Sequential Halving (SH) Karnin
et al. (2013) eliminate suboptimal arms based on empirical ranking procedures. Despite
their algorithmic differences, both settings share underlying complexity measures, such as
the problem-dependent hardness parameter, often defined as the sum of inverse squared
gaps between the best and suboptimal arms.

Recognizing the algorithmic parallels between the fixed-confidence and fixed-budget set-
tings, Gabillon et al. (2012) introduced the Unified Gap-based Exploration (UGapE) algo-
rithm, which provides a single arm selection strategy applicable to both settings. This work
laid the foundation for the unified algorithm design across different settings and emphasized
the role of gap-based strategies in pure exploration.

More recently, increasing attention has been paid to risk-aware variants of BAI, moti-
vated by applications in medical trials or finance, where expected reward alone is insufficient
Huo and Fu (2017); Tamkin et al. (2019); Keramati et al. (2020); Du et al. (2021); Chen
et al. (2022); Shen et al. (2022). In such variants, measure of variability, such as variance,
tail risk, or quantiles, must be taken into account in the decision process. For example, Hou
et al. (2022) proposed the Variance-Aware (VA)-LUCB algorithm, which aims to identify
the arm with the highest mean subject to a strict upper bound on variance. Their approach
introduces a variance-aware hardness measure and shows nearly optimal sample complexity.
Other approaches have explored alternative risk criteria such as Conditional Value-at-Risk
(CVaR) and quantiles David and Shimkin (2016).

Parallel to this, much attention has been gained to incorporation with multi-objective
BAI problems, where arms are evaluated across multiple criteria. Under the Pareto Set Iden-
tification (PSI) framework, the goal is to identify the set of non-dominated arms (=Pareto-
optimal arms) that are not outperformed across all objectives by any other. Early PSI
algorithms such as the confidence-bound-based method proposed by Auer et al. (2016) were
developed under fixed-confidence settings, using uniform sampling and acceptance-rejection
schemes. More recently, the adaptive LUCB-like algorithm for PSI Kone et al. (2023) has
improved the sample efficiency by exploiting gap information.

Despite this progress, PSI under fixed-budget constraints has remained comparatively
underexplored until recently. Kone et al. (2024) introduced the Empirical Gap Elimina-
tion (EGE) framework, which generalizes SR and SH to the multi-objective setting. EGE
estimates empirical gaps to eliminate arms and classifies them as Pareto-optimal or subopti-
mal. The EGE-based algorithms, EGE-SR and EGE-SH, were found to achieve exponential
decay in error probability with respect to budget and are near-optimal according to an
information-theoretic lower bound. Despite recent progresses, some limitations yet remain
in the multi-objective BAI literature. Foremost among these is the limitation on both theo-
retical unification and practical applicability across both fixed-confidence, and fixed-budget
canonical settings: most existing algorithms are tailored specifically to either of the two set-
tings. In parallel, although recent efforts have been devoted in introducing risk-awareness
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into BAI —such as VA-LUCB under variance constraints— these approaches typically han-
dle risk in isolation, without integrating it into multi-objective frameworks like Pareto Set
Identification (PSI) Ulrich et al. (2008); Kone et al. (2025). Moreover, existing PSI algo-
rithms either ignore uncertainty (risk) altogether or treat it as an independent objective,
lacking a principled scheme to jointly evaluate utility and risk in arm selection.

To address these challenges, we propose a novel multi-objective optimization framework
to take into account both mean and risk simultaneously that bridges the fixed-confidence
and fixed-budget paradigms through a unified arm selection strategy, modulated only by
confidence intervals and setting-specific stopping rules, we call RAMGapE (Risk-Averse
Multi-objective Gap-based Exploration). Central to RAMGapE is a new gap-based crite-
rion that incorporates both the expected reward and the associated risk, quantified through
a mean-variance trade-off. This allows for efficient identification of e-Pareto optimal arms
while explicitly accounting for risk. Our theoretical analysis provides guarantees on cor-
rectness and sample complexity, while extensive experiments demonstrate that RAMGapE
significantly outperforms existing methods in risk-sensitive settings—achieving superior de-
cision quality with fewer samples. Specifically, the novelty of our approach lies in overcoming
the limitations of prior studies through a new theoretical framework, summarized in three
key aspects:

1 Adaptation of Gap-Based Analysis to Partial Orders: Unlike traditional methods
that often assume a total order of arms (e.g., ranked by their mean rewards), our
algorithm extends gap-based analysis to a partial-order setting defined by mean-risk
Pareto dominance.

2 Handling of Variable-Size Pareto Sets: We remove the common assumption of a fixed
number of optimal arms or a pre-defined boundary arm for comparison. RAMGapE
is designed to identify the entire Pareto set whose size is unknown a priori and can
vary, making it applicable to a wider range of real-world problems.

3 A Novel Exploration Rule Targeting Pareto Dominance: We introduce a new explo-
ration strategy that explicitly targets the structure of Pareto dominance. Instead
of focusing on a single best arm, the algorithm efficiently allocates samples to re-
solve uncertainties along the Pareto frontier, pruning provably suboptimal arms and
identifying the set of non-dominated solutions.

To our knowledge, RAMGapkE is the first algorithm to present provable guarantees, having
the above features, for multi-objective, risk-averse PSI whose two objective variables are
dependent to each other via the same reward distribution in both fixed-confidence and
fixed-budget frameworks.

2. Problem Setting

In this section, we introduce the definitions and notation used throughout this paper. Let
[K] = {1,2,..., K} be the set of arms such that each arm i € [K] is characterized by a
reward distribution 7; bounded in [0,1] with mean y; and variance o?. Here we employ
a risk criteria based on mean-variance (MV) Sani et al. (2012) as the second co-equal
objective. The smaller the value of MV, the lower the risk of the arm. Here, p (> 0) is a
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hyperparameter to control the weight of its risk in the search, that is, when p — oo, the
minimization of MV corresponds to finding arm(s) with a larger mean(s) without taking
care of its variance, while it corresponds to finding arm(s) with smaller variance(s) when
p — 0 (p has the dimension of mean p;). We introduce a parameter o (> 0) to scale the

MV measure as & = aMV; for each arm 4, which preserves the relative position of the
risk measure. Later, we set a = ﬁ to allow the construction of confidence intervals with

equal widths for both mean and risk measures. In classical formulation, variance captures
reward uncertainty. However, when identifying Pareto-optimal solutions over mean and
variance as risk measure, arms with very low mean but low variance can still be deemed
Pareto-optimal, even though they are of little practical importance. Using mean-variance
(MV) criterion with adjusting the parameter p, we can design the identification of Pareto
solutions that have both relatively high mean and low risk. However, due to its second-order
moment property, MV accounts for the “risk” symmetrically. When the underlying reward
distribution is skewed and higher-order moments are non-zero, MV may not adequately
capture the severity of rare events (tail risk). Among other risk measures, for example,
Conditional Value-at-Risk (CVaR) Rockafellar et al. (2000) is another possible choice of
risk measure. CVaR quantifies the expected loss in the worst-case scenarios. The challenge
of extending our gap-based framework to asymmetric, tail-focused risk measures like CVaR
remains one of the forthcoming subjects to be resolved, as discussed in Section 5.

Next, we address Pareto optimality when the two stochastic variables u; and &; are used
as objective criteria.

We say that arm j strictly dominates arm i, denoted as j = ¢, if both pu; > p; and
§j < & hold; that is, arm j has a strictly higher expected reward and strictly lower risk
than those of arm i. An arm i € [K] is said to be Pareto optimal if there exists no other
arm j € [K] such that j > i. In other words, arm i is not strictly dominated by any other
arm(s). We denote by D™ the set of all arms that satisfy this Pareto optimality condition.
For each arm i € [K], according to Kone et al. (2024), we define a gap A; as

A min {jegllr\l{i} (mln(M(Z,]),M(j,l))),jré%ri (M(j,9)" + A])} ifie DT )
max  m(i, ) ifi ¢ DY,
jeDt st j=i
where m(i,j) = min(y; — pi & — &), M(i,5) = max(u; — pj,§ — &), M(j,9)7 =
max(M(j,1),0).

The definition of gap tells us that for ¢ € DT, A; properly quantifies how well arm 4
separates itself from other arms, capturing both the minimal margin from non-Pareto arms
and the proximity to other Pareto-optimal arms, and for i ¢ DT, A; does to what degree
the non-Pareto optimal arm ¢ is dominated by the other arms at most. We illustrate these
quantities and explain the details in Appendix A. Given an allowance € > 0 defined by a
user, a subset S C [K] is called a e-Pareto set if it satisfies the following condition,

Vie S, Vje[K], pi>puj—eVE <Ete,
Vig S, 3j€[K] pi <pj—en>E+e

Hereinafter, we formulate the Risk-Averse Best Arm Set Identification Problem as the
problem to find an e-Pareto set for expected means and their risks. Note that € can be
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regarded as a resolution associated with the observation in question and € — 0 converges
to the problem without any error in measurement.

The Risk-Averse Best Arm Set Identification Problem can be formalized as a process be-
tween a stochastic bandit environment and a forecaster. The reward distributions {v;}X
inherent to each arm are unknown a priori to the forecaster. At each round ¢, the forecaster
pulls an arm I(t) € [K] and observes a sample independently drawn from the identical
distribution vy(). Let T;(t) be the number of times that arm 7 has been pulled up to the
round ¢, the forecaster estimates the expected value of mean, variance, and risk of this arm
by fu(t) = 75 S0P Xis), 62(t) = 4P (1) — f3(2), and &i(t) = a(63(t) — pjis(t)), where
Xi(s) and /lZ@) (t) are the s-th sample observed from v; and %(t) ZST’:(? X?2(s), respectively.
For any set S C [K] and arm ¢ € [K], we introduce the notations of arm simple regret r;(5)
for arm ¢ as well as (set) simple regret rg for set of arms S as follows:

A; ifie SAD*
ri(S) = { ) (2)

0 otherwise

rg — erel[%?(]Tl(S) (3)

where AA B:=(A\ B)U(B\ A) for any sets A and B.

We define a temporary set of Pareto arms with respect to the empirical values at round ¢
as R
Df ={ie[K]|VYj€[K], j#i},

where the empirical (strict) dominance relation >; is defined as follows:

Definition 1 (Empirical Dominance Relation) For any two arms i,j € [K| in round
t, we say that arm j strictly dominates arm i at round t, denoted by j =4 1, if

() > fult) and &5(t) < &(b).

In other words, arm j is better than arm i in both mean and risk estimates at round t. We
denote j ¥4 i if this condition does not hold.

The simple regret in each round ¢ can be written as 75+. Returning an e-Pareto set is
t
then equivalent to having r5+ smaller than €. Given an allowance €, we formalize the two
t
settings of fixed budget and fixed confidence.

Fixed budget. The objective is to return the set of e-Pareto arms with the highest
possible confidence level using a fixed budget of n rounds. Formally, given a budget n,
the performance of the forecaster is measured by the probability ¢ of not satisfying the

conditions of the set of e-Pareto arms, i.e., 5= P[rﬁ+ > €|, the smaller g, the better the
algorithm.

Fixed confidence. The objective is to design a forecaster that stops as soon as possible
and returns the set of e-Pareto arms with fixed confidence. Let n be the round at which the
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Algorithm 1: PullArm

Input: &, {Ti(6) <, {8:(6) Sy, {u(t) Hey, {60},
if 3i such that T;(t) < 2 then
| return arg minc(x) Ti(?)

end

Compute V;(t) for each arm ¢ € [K]
Determine m; and p; using Eq. 6 and Eq. 7
return arg max;e(m,, p,} 5i(t)

algorithm stops, and let lA)%r be the set of arms returned. Given a fixed confidence ¢, the

forecaster must guarantee that P[rﬁj > e] < 4. The forecaster performance is evaluated

at the stopping round 7.

Although traditionally treated as distinct problems, in Section 3 we present a unified arm
selection strategy that applies to both settings, differing only in the choice of stopping
criterion.

3. Risk-Averse Multi-objective Gap-based Exploration Algorithm

In this section, we present the risk-averse gap-based exploration algorithm (RAMGapE)
meta-algorithm, involving its implementation for fixed budget and fixed confidence set-
tings, named RAMGapEb and RAMGapEc, respectively. The algorithm in each setting
uses a common arm selection strategy, PullArm (Algorithm 1) (see also the pseudo-code
Algorithm 2). RAMGapEb and RAMGapEc return an e-Pareto set using the same defini-
tion of temporal Pareto set D. They only differ in the stopping rule. Given an allowance
€, both algorithms first suppose constant parameters such as the budget n and the hy-
perparameter a that controls the exploration rate RAMGapED, the confidence level 4 in
RAMGapEc, respectively. RAMGapEb runs for n rounds and returns a set of arms D,
, whereas RAMGapEc runs until it achieves the required confidence level § so that the
probability of correctly extracting the Pareto optimal set is greater than 1 — ¢ under the
given allowance €. The difference is caused by the different objectives of the two algorithms:
RAMGapEDb aims to maximize the quality of prediction under the fixed budget but RAM-
GapEc aims to minimize budget required to accomplish the given fixed confidence level.

To initialize variance estimation, each arm is first pulled twice before the adaptive ex-
ploration begins. This initialization step guarantees that variance estimates are properly
defined when computing the risk-based criteria used throughout the algorithm. In PullArm
(Algorithm 1), at each round ¢ and for each arm i € [K], RAMGapE first uses the informa-
tion observed up to the round ¢ and computes quantities Vj(t), V (t), ms, pr, and I(t) that
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Algorithm 2: RAMGapE

Input: K, a,n, ¢, p

Initialize T;(1) < 0, B;(1) < 0, f1;(1) < 0, f}(l) «—0fori=1,2,....K
Set t 1

while t <n do

1) + Pullarm (1, {Ti(0)}, {B:(0)}, {s(0) {Ei(1)})
Observe Xy (Tr(t) +1) ~ v

t+—t+1 A

Update ,&[(t)(t), §1t) (1), ﬁ](t)(t)v and T (t)

; // (RAMGapEDb)

if t > n then
| break

end
; // (RAMGapEc)

if t >2K AV(t) < e then
| break

end

end

return D,

are defined by

mas min (7;(1) — (1), €() =€,(1)) i€ Dy

MO =0 i max () - (0.6,(0) - €0) ifi¢ D @
JEDY st. j-i - -
V() = max Vi(t), (5)
my = argmax V;(t) (6)
1€[K]
ar%;max min (ﬂj(t) — o, (), Em, (1) — éj(t)) if my € D;
j#Em
P o= orgmin  max (ﬁw (1) — 1, (0).8;(t) ~ €, (t)) itme¢ D (0

jef)j s.t. j?mt

Here 11;(t), p, (1), &,(t) and &,(t) represents the upper and lower bounds of the mean (y;) and
risk (&) of the arm ¢ after ¢ rounds, respectively. In brief, V;(¢) estimates the maximum
gap of arm ¢ from the rest by comparing the pessimistic predictions of u; and & and the
optimistic predictions of those of the other arms when i belongs to the temporal Pareto set
ﬁj defined by the sample mean and sample risk at round ¢. Likewise, when ¢ does not
belong to lA)j , it estimates the minimum gap between (u;,&;) of the arm i and those of the
arms belonging to ﬁj to dominate the arm ¢. These quantities are defined by

e (i, {0 =00 T {w) = &0+ A0
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where 3;(t) denotes their confidence intervals and a parameter denoted by a was employed
in the definition of 3;, whose shape strictly depends on the concentration bound used by
the algorithm. For example, we can derive (; from the Hoeffding-Azuma inequality Azuma
(1967); Tropp (2012) as

RAMGapEDb: 5;(t) = %(t)’

(9)
RAMGapEc: S;(t) = \/T;tt) In 8K(10g§ (D)

We introduce a quantity Vg(t) for a set S as Vg(t) := max;eg V;(t). After computing the
quantities for all arms, RAMGapE selects two key arms: my, the arm with the largest
Vi(t), and p¢, the most relevant comparison arm to m; based on the dominance relation.
Depending on whether m; and p; are included in the currently estimated temporal Pareto
set D,;F , these arms may represent potentially optimal or suboptimal candidates. If both are
in Dt , they are regarded as highly uncertain arms that could be Pareto optimal. RAMGapE
then selects the arm with a fewer number of pulls between m; and p;, thereby prioritizing
exploration toward the arm with greater uncertainty. The algorithm pulls the selected arm,
observes its reward, and updates its empirical mean fi;(t), risk estimate éi(t), and pull count
Ti(t).

The core mechanism of RAMGapkE is distribution-agnostic, requiring only valid confi-
dence intervals, 3;(t). While we employ Hoeffding-based bounds for Beta distributions, this
choice can be adapted. For instance, bounds for sub-Gaussian variables are applicable for
unbounded rewards; we validate this empirically in Appendix E.1. For heavy-tailed rewards,
robust estimators like truncated means Bubeck et al. (2013) or Catoni’s M-estimator Catoni
(2012) can be readily integrated to ensure valid concentration bounds without altering the
algorithm’s main structure. This modularity confirms the broad applicability of RAMGapE.

Theoretical Guarantees

We provide theoretical guarantees for RAMGapE under both the fixed-confidence and fixed-
budget settings. The core of our analysis relies on establishing a high-probability event &
(see Eq. 10 in Appendix B) where all empirical estimates remain within their confidence
intervals. Under this event, we can guarantee the algorithm’s performance. The detailed
proofs for the following theorems are given in Appendix B.

Theorem 2 (Error Bound for Fized-Budget) If we run RAMGapEb with parameter 0 <
a< - 16K Ke2 for rounds n, total number of arms K and allowance rate €, its simple regret
TH+ satisfies

§=P [rﬁn > e} < 4Knexp(—2a),

—2K 2
"o €

and, in particular, this probability is minimized at a =

Theorem 3 (Correctness and Termination for Fized- C’onﬁdence} The RAMGapEc algo-
rithm stops after n rounds and returns an e-Pareto set, D~ that satisfies

Plrps SeAR<N| 21—,

where N = 2K + O (g log (%)) with confidence level § (< 1).
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4. Experiments

In this section, we evaluate the performance of the proposed algorithm RAMGapE under
both the fixed-confidence and fixed-budget settings. We compare the performance with
those of other algorithms, including the standard Round-Robin strategy and several previ-
ously proposed approaches for risk-averse and multi-objective bandit problems.

Fixed-Confidence Setting

In the fixed-confidence setting, we compare RAMGapE with the following three represen-
tative algorithms. Round-Robin uniformly samples each arm and serves as a fundamental
baseline. Dominated Elimination Round-Robin (DE Round-Robin) (also used as a base-
line in Kone et al. (2024)) improves upon this by eliminating empirically dominated arms
based on observed values. Risk-Averse LUCB (RA-LUCB) extends the classical LUCB al-
gorithm Kalyanakrishnan et al. (2012) to risk-sensitive settings, where it selects and pulls
two arms—denoted m; and p;—in each round (see also pseudo-codes in Appendix D). In
contrast, RAMGapkE differs from RA-LUCB in that it pulls only the less frequently sam-
pled of the two arms m; and p;. This leads to improved sample efficiency while maintaining
identification accuracy, and this selection rule forms the main distinction between the two
algorithms.

Experiment 1 (Comparison of Stopping Time):

We compare the number of rounds required by each method to meet the stopping condition
in 50 problem instances. The reward for each arm follows a Beta distribution, with means
in [0.4,0.6] and variances in [0.01,0.2], and the number of arms is set to K = 10 (see
Table 3). The algorithmic parameters are fixed at (9, ¢, p) = (0.05,0.1,0.01). Please see also
the similar experiment with € = 0.05 in Fig.7 (Appendix E.2).

Experiment 2 (Comparison of Confidence Intervals at Stopping Time): Using
the same set of problem instances as in Experiment 1, we compare the width of confidence
intervals at the stopping point for each algorithm. The tolerance parameter is set to e = 0,
enabling us to assess how conservative or aggressive each method is in its stopping criterion.
We consider two settings: Experiment 2.1 corresponds to instances where the number of
Pareto-optimal arms is small (about arms set, see Table 3, pattern 10), while Experiment
2.2 targets instances where the number of Pareto-optimal arms is large (about arms set,
see Table 3, pattern 46). This allows us to evaluate the behavior of the algorithms under
different levels of Pareto set complexity.

Fixed-Budget Setting

In the fixed-budget setting, we compare RAMGapE with several algorithms: the standard
Round-Robin, Least-Important Elimination Round-Robin (LIE Round-Robin), RA-LUCB
adapted for the fixed-budget case, the risk-sensitive £&-LCB (used as a baseline in Sani
et al. (2012)), hypervolume-based HVI-Pareto method (see e.g., Yang et al. (2019); Zitzler
et al. (2007); Cao et al. (2015) for the definition and applications of hypervolume), and
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Figure 1: Stopping Time Comparison of Experiment 1 with ¢ = 0.1. The blue
dashed line corresponds to the identity line, i.e., the set of points where both methods
terminate at the same time, indicating comparable performance. Points located below this
line signify that the proposed method stops earlier than the baseline.
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Figure 2: Visualization of confidence intervals at stopping time (Experiment
2.1). Each panel shows the empirical mean (horizontal axis) and scaled risk (vertical
axis: & = a(o? — pp)) of each arm at the termination round for different algorithms.
The crosses represent confidence intervals of each arm; the longer the arms of the crossed
interval, the fewer the samples allocated to that arm. Red points (=crosses) indicate arms
included in the returned set BZF , while blue points indicate excluded arms. RAMGapEc
and RA-LUCB not only avoid over-sampling non-Pareto arms (shown in blue), but also
limit sampling for some arms included in ]3t+ , particularly those located on the far right of
the plot (i.e., arms with high mean but less impact on Pareto set boundaries). These arms
exhibit wider confidence intervals, reflecting lower sample counts. This behavior highlights
the algorithms’ ability to allocate samples efficiently, gathering just enough information for
confident identification without unnecessary exploration. The total sample counts of these
examples are: RAMGapEc: 9,697,292; RA-LUCB: 9,728,010; DE Round-Robin: 15,283,296;
Round-Robin: 43,548,822.

the Empirical Gap-based Pareto Set Exploration (EGP) (see the relevance in Kone et al.
(2024)) (see the pseudo-codes of these comparison algorithms in Appendix D).
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Figure 3: Visualization of confidence intervals at stopping time (Experiment 2.2).
The meanings of the crosses, and the colors are the same as in Fig. 2. The total number of
samples used for these examples are: RAMGapEc: 28,261,200; RA-LUCB: 28,486,332; DE
Round-Robin: 30,041,447; Round-Robin: 46,905,293.

It should be noted that Round-Robin-based evaluation strategies have traditionally been
used in domains such as medicine, where repeated sampling and fair treatment allocation
are a common strategy (see, for example, Pannee et al. (2016); Endris et al. (2016)).

Experiment 3 (Comparison of Average Simple Regret with a Small Number of
Arms):

We evaluate average simple regret for each method under K = 10 arms (see Table 1).
Each arm’s reward distribution is a Beta distribution with randomly sampled means and
variances from [0.4,0.6] and [0.01,0.2], respectively. The parameter a is set as 25 €? (see
Appendix B.2). All algorithms are executed for 50 independent trials with 7' = 10,000
rounds. In order to reduce the influence of outliers, the lower and upper 25% of the simple
regret values at each time round are excluded and the remaining middle 50% of the simple

regret values are averaged and used for the evaluation of the algorithm performance.

Experiment 4 (Comparison of Average Simple Regret with a Large Number of
Arms):

To assess scalability, we increase the number of arms to K = 100 (see Table 2), while
keeping the same settings as in Experiment 3.

In all experiments, we set the risk coefficient to a = #p, ensuring that the widths
of confidence intervals for both the mean and the risk metric are balanced (see Appendix
B.4.2). The use of Beta distributions allows us to model a variety of shapes—unimodal,
U-shaped, monotonic, and uniform—making the evaluation more reflective of real-world
scenarios. Further implementation details and algorithmic formulations are provided in
Appendix D.

4.1. Results
EVALUATION UNDER THE FIXED-CONFIDENCE SETTING

We evaluated the performance of RAMGapE under the fixed-confidence setting by com-
paring with several baseline algorithms, including Round-Robin, Dominated Elimination
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Figure 4: Comparison of average simple regret (middle 50%) over total number
of samples.

Round-Robin (DE Round-Robin), and Risk-Averse LUCB (RA-LUCB). As shown in Fig. 1,
in Experiment 1, the stopping times of RAMGapEc significantly shorter than those of
Round-Robin and DE Round-Robin, and those of RAMGapEc and RA-LUCB are com-
parable with marginal differences (see also Fig. 6 in Appendix E.1). The visualization of
confidence intervals at stopping time (Experiments 2.1 and 2.2, Figs. 2-3) further demon-
strates that RAMGapEc, as well as RA-LUCB, effectively avoids unnecessary exploration
of non-Pareto arms, focusing sampling efforts on arms near the Pareto frontier.

EVALUATION UNDER THE FIXED-BUDGET SETTING

In the fixed-budget setting, as shown in Fig. 4, RAMGapE was compared with other existing
approaches, including Round-Robin, LIE Round-Robin, RA-LUCB, ¢-LCB, EGP, and HVI-
Pareto. The results of Experiments 3 (K = 10) and 4 (K = 100) show that RAMGapE
exhibits a fast convergence of average simple regret both in small- and large-scale problems.
Especially for the K = 100 problem, RAMGapE exhibits the fastest drop in the mean
regret with respect to the total sampling much faster than the comparable algorithm RA-
LUCB in Experiments 1 and 2 in this experiment. Note also that, except RAMGapE, the
other algorithms either converge very slowly or converge to some mean regrets larger than
that acquired by RAMGapE. This suggests that our RAMGapE not only unifies the fixed
budget and fixed confidence settings with different stopping criterion but also outperforms
or equally best performs among the comparison algorithms for both settings.

Moreover, an analysis of the pulling ratios reveals how RAMGapkE efficiently allocates
samples. As shown in Figs. 8 and 9 (Appendix E.3), rather than naively focusing only on
empirically optimal arms, RAMGapkE strategically balances exploration between Pareto and
non-Pareto arms to precisely identify the boundary of the optimal set. Once suboptimal
arms are identified with sufficient confidence, the algorithm adaptively shifts its focus,
resulting in a higher proportion of samples being allocated to promising, Pareto-optimal
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arms in later stages. This efficient exploration strategy contributes directly to its steady
reduction of regret and the accurate identification of the Pareto set, as shown in Fig. 4.

OVERALL ASSESSMENT

Overall, RAMGapE demonstrated stable performance across both fixed-confidence and
fixed-budget settings, efficiently balancing exploration and exploitation. The results high-
light its suitability for risk-averse decision-making in stochastic environments where identi-
fying multiple viable solutions is required.

5. Conclusion

We presented RAMGapE (Risk-Averse Multi-objective Gap-based Exploration), a unified
algorithmic framework for Risk-Averse Best Arm Set Identification problem that jointly
optimizes both expected reward and risk via the mean-variance (MV) criterion. Unlike
conventional approaches that treat risk as an isolated objective, RAMGapE integrates risk
directly into the multi-objective formulation, enabling principled identification of Pareto-
optimal solutions that simultaneously balance utility and uncertainty. We provided theo-
retical guarantees, including correctness and sample complexity bounds, and demonstrated
that RAMGapE achieves efficient sampling and accurate identification of Pareto-optimal
solutions. Our results show that RAMGapE adaptively concentrates sampling on uncer-
tain regions near the Pareto frontier, while efficiently pruning non-Pareto arms far from
Pareto fronts. This targeted exploration yields robust performance across both small- and
large-scale problem instances. A key strength of RAMGapE lies in its ability to flexibly
allocate sampling resources toward high-uncertainty regions near the Pareto frontier, mak-
ing it well-suited for real-world risk-sensitive applications such as medical trials or portfolio
optimization, where both performance and risk must be jointly optimized.

Future work includes several directions. A key avenue is to extend the present frame-
work to incorporate richer and more complex risk measures beyond mean-variance measure.
For instance, adapting RAMGapE to spectral risk measures like CVaR or EVaR Ahmadi-
Javid (2012) is a non-trivial but important challenge. This would require redefining the gap
quantities in a way that accommodates these tail-focused risk measures and deriving new
concentration bounds for their empirical estimators. The partial-order structure induced
by such measures may also differ significantly from the one in the mean-variance space,
demanding a careful redesign of the exploration strategy. Further theoretical challenges
include addressing non-stationary environments and refining the analysis to derive tighter
sample complexity bounds. Overall, RAMGapE advances, with its unified formulation and
significant performance, the state of risk-aware multi-objective bandit problem, providing
a solid foundation for tackling complex, real-world decision-making problems under uncer-
tainty.
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