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ABSTRACT

Hierarchical optimization is attracting significant attentions as it can be applied to a
broad range of machine learning tasks. Recently, many algorithms are proposed to
improve the theoretical results of minimax and bilevel optimizations. Among these
works, a core issue that has not been well studies is to escape saddle point and find
local minimum. In this paper, thus, we investigate the methods to achieve second-
order optimality for nonconvex minimax and bilevel optimization. Specifically, we
propose a new algorithm named PRGDA without the computation of second order
derivative of the primal function. In nonconvex-strongly-concave minimax opti-
mization, we prove that our algorithm can find a second-order stationary point with
the gradient complexity that matches state-of-the-art result to find first-order sta-
tionary point. To our best knowledge, PRGDA is the first stochastic algorithm that
is guaranteed to obtain the second-order stationary point for nonconvex minimax
problems. In nonconvex-strongly-convex bilevel optimization, our method also
achieves better gradient complexity to find local minimum. Finally, we conduct
two numerical experiments to validate the performance of our new method.

1 INTRODUCTION
Hierarchical optimization (including minimax and bilevel optimization ) is a popular and important
optimization framework which has been applied to a wide range of machine learning problems,
such as Generative Adversarial Net (Goodfellow et al.[|(2014))), adversarial training (Madry et al.
(2018)), multi-agent reinforcement learning (Wai et al.| (2018))), meta-learning (Franceschi et al.
(2018); Bertinetto et al.| (2018))) and hyperparameter optimization (Shaban et al.|(2019); [Feurer &
Hutter| (2019)). In this paper, we study the following stochastic hierarchical optimization problem
min ®(z) = f(z,y"(z)) = Eeen[F(z, y* (x);§)] e))

r€R%
st.y*(z) = arg min g(z,y) = Ecep/ [G(z, y; ()],
yER2

where the upper-level function f(z,y*(z)) = Eeep[F(x,y*(x); )] is smooth and possibly non-
convex, and the lower-level function g(z,y) = Eccp/[G(z,y; ()] is smooth and strongly-convex
in variable y so that y*(z) and ®(x) can be well defined. £ and ( are samples drawn from data
distribution D and D’. Stochastic problem is a general form that covers a couple of optimization
tasks, including online optimization and finite-sum optimization. When g(z,y) = —f(z,y),§ = ¢
and D = D/, the above hierarchical optimization (i.e., bilevel optimization) is reduced to a standard
minimax optimization which can be rewritten as Eq. (2)
min - max  f(z,y) = Ecep[F(z,y;§)] )
z€R¥ yeYCRI2
where ) is a convex domain (not required to be compact). The loss function f(z,y) is smooth and
possibly nonconvex w.r.t. x, and is smooth and strongly-concave w.r.t. y.

1.1 MINIMAX OPTIMZATION

Recently, there are plenty of works studying minimax optimization problem in a variety of research
fields in machine learning. Many deterministic and stochastic algorithms with asymptotic or non-
asymptotic convergence analysis have been developed, such as Gradient Descent Ascent (GDA)
(Du & Hul(2019); Nemirovski| (2004)) and Stochastic Gradient Descent Ascent (SGDA) (Lin et al.
(2020a)). Some algorithms adopt a single loop structure (Heusel et al.| (2017); |Lin et al.| (2020a);
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Table 1: Comparison of properties between related algorithms for minimax optimization.

Name Reference Stochastic  Local Minimum  Pure First-Order
SGDA (Lin et al.| (2020a)) Vv X Vv
Cubic-GDA (Chen et al.| (2021Db))) X Vv X
MCN (Luo & Chen|(2021)) X V4 X
Perturbed GDmax  (Huang et al.[(2022b)) X Vv Vv
PRGDA (ours) Vv V4 Vv

Xu et al.| (2020)) while the others use a nested loop to update y more frequently so that they can
obtain a better estimation of the maximum y*(«) (Jin et al[{(2019); Nouiehed et al.[(2019)). Besides,
some algorithms have been proposed to improve the theoretical results of minimax optimization,
such as SREDA (Luo et al.|(2020)) and Acc-MDA (Huang et al.|(2022a)) which take advantage of
variance reduction to accelerate the convergence rate and reduce the gradient complexity. Moreover,
on deterministic setting some recently proposed algorithms (Lin et al.| (2020b)) have already matched
the optimal lower bound (Zhang et al.|(2021)).

However, most of these works only consider the criterion of finding first-order stationary point. In
nonconvex setting, convergence to first-order stationary point is not always satisfactory because a
first-order stationary point could be a local minimum, saddle point or even local maximum. Therefore,
second-order stationary point that reaches local minimum becomes a popular and important issue
in nonconvex optimization. Since finding global minimum in nonconvex optimization is usually an
NP-hard problem (Hillar & Lim|(2013)), in some situations we attempt to find a local minimum
instead. Moreover, in some machine learning tasks such as tensor decomposition (Ge et al.| (2015)),
matrix sensing (Bhojanapalli et al.| (2016); |Park et al.| (2017))), and matrix completion (Ge et al.
(2016)), finding local minimum is equivalent to finding global minimum, which makes second-order
stationary point more crucial.

Therefore, we are motivated to study the method that obtains second-order stationary point for
minimax (and bilevel) optimization which captures local minimum and escapes saddle point of ®(z).
In sectionwe can see that under certain conditions the objective function ®(x) is twice differentiable
and V2® () is Lipschitz continuous. An O(e, €jr) second-order stationary point satisfies | V®(z)|| <
O(e) and \ppin (V2®(2)) > —epr where A\, () means the smallest eigenvalue.

Although several recent works have been proposed to study the second-order stationary point for
nonconvex-strongly-concave minimax optimization based on cubic-regularized gradient descent
ascent (Chen et al.[ (2021b); [Luo & Chen| (2021)) or perturbed gradient (Huang et al.| (2022b)),
they are only adaptive to deterministic gradient oracle and finite-sum problem. The study of the
second-order stationary point for stochastic nonconvex minimax problem where the full gradient
is not available is still limited. A comparison of properties between related works for minimax
optimization is demonstrated in Table[T]

Thus, to fill this gap, we propose a new algorithm named Perturbed Recursive Gradient Descent
Ascent (PRGDA) to search second-order stationary point for stochastic nonconvex problem (2)). To
our best knowledge, PRGDA is the first algorithm that is guaranteed to obtain second-order stationary
point for stochastic nonconvex minimax optimization problems. Furthermore, our method is a pure
first-order algorithm that only requires the computation of gradient oracle. Neither Hessian matrix nor
Hessian vector product is required, which makes our method more efficient to implement. We will
also provide the analysis results to show that the gradient complexity of our algorithm is O(HS €3)
to achieve O(e, /pa€) second-order stationary point where  is the condition number and pg is
the Lipschitz constant of V2®(z, y) (defined in section , which matches the best result of finding
first-order stationary point for the same minimax optimization problem.

1.2 BILEVEL OPTIMIZATION

Recently, many algorithms have been studied to solve bilevel optimization. Some optimization
algorithms are deterministic such as AID-BiO and ITD-BiO (Ji et al,| (2021)) while the others
consider stochastic algorithms including BSA (Ghadimi & Wang (2018)), TTSA (Hong et al.| (2020))
and StocBiO (Ji et al.|(2021)). These methods are proposed to improve the convergence analysis of
bilevel optimization since most earlier works (Domke| (2012)); Pedregosa|(2016))) only provide the
asymptotic convergence analysis without specific convergence rates.
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Table 2: Comparison of complexity between related algorithms for bilevel optimization. We use p(x)
for some algorithms that do not provide the explicit dependence on .

Name Reference Ge(f,e) Ge(g,€) Local Minimum
StocBiO (Ji et al| (2021)) O(kPe™) O(k%e™) X
SUSTAIN (Khanduri et al[(2021))  O(p(x)e™ 3) O(p(k)e™ 3) x

MRBO/VRBO (Yang et al.| (2021)) O(p(k)e™®)  O(p(r)e™®) X
StocBiO +iNEON  (Huang et al|(2022b))  O(k%¢™*)  O(k'% %) v
PRGDA (ours) O(k%c™?) O(k7¢™?) Vv

StocBiO algorithm (Ji et al.[(2021)) is a recent work to solve stochastic nonconvex-strongly-convex
bilevel optimization via AID. In this paper, we also study the convergence of our method under
this condition where ®(x) is stochastic and probably nonconvex. According to previous studies of
bilevel optimization, when f(x,y) and g(z, y) are differentiable and g(x, y) is strongly-convex with
respect to y, (z) is also differentiable and automatically | V®(x)|| < e is a criterion of first-order
stationary point. Notice that in (Ji et al.| (2021)) ||[V®(x)||* < € is used as the criterion. In this paper,
we will uniformly adopt | V®(z)|| < € as the convergence criterion. More recently, many stochastic
algorithms with variance reduction are proposed, such as RSVRB (Guo & Yang| (2021))), SUSTAIN
(Khanduri et al.| (2021)), MRBO and VRBO (Yang et al.|(2021))). The gradient complexity of bilevel
optimization is enhanced to O(e~3), which is the best theoretical result as far as we know. StocBiO
with iNEON (Huang et al.|(2022b)) is another recent work that combines StocBiO algorithm with
pure first-order method inexact negative curvature originated from noise (iNEON) to escape saddle
point and find second-order stationary point for nonconvex-strongly-convex bilevel optimization.

Although these works are proposed to improve the performance of algorithms for bilevel optimization,
the complexity of current methods that achieve second-order stationary point are still high. Actually,
the complexity of StocBiO with iNEON is even higher than the standard StocBiO algorithm in order
to find a local minimum with high probability. Thus, to fill these gap, we are motivated to propose an
accelerated algorithm with variance reduction that requires lower complexity to find second-order
stationary point for stochastic nonconvex-strongly-convex bilevel optimization.

The comparison of gradient complexity between our method and related works to find O(e) first-
order stationary point or O(e, \/pg€) second-order stationary point is shown in Table 2l In Table
Ge(f,e) and Ge(g, €) are the numbers of gradient evaluations of function f(z,y) and g(z,y)
respectively. The last column represents whether the algorithm is able to escape saddle point and
find local minimum. Notation O hides the logarithm term. StocBiO with iNEON and our PRGDA
algorithm involve a logarithm term in the complexity because they converge to second-order stationary
point with high probability, considering all randomness including the stochastic gradient while other
algorithms only consider the expectation over stochastic gradients. From Table [2| we can see our
PRGDA algorithm improves the gradient complexity Ge(f, €) and Ge(g, €) of StocBiO with iNEON
algorithm significantly and matches state-of-the-art complexity O(e~?%), which is one of the most
important contribution of this paper.

1.3 CONTRIBUTIONS

We summarize our main contributions as follows:

* We propose a new PRGDA algorithm which is the first algorithm to reach second-order stationary
point for stochastic nonconvex minimax optimization problem. Our method is pure first-order and
does not require any calculation of second-order derivatives. Our method does not involve nested
loops either, which makes it more efficient to implement.

 We prove that the gradient complexity of our algorithm is O(x3e~3) to achieve O(e, \/€) second-
order stationary point in stochastic nonconvex minimax optimization, which matches the best result
of finding first-order stationary point in the same problem.

* Our PRGDA algorithm can also be applied to nonconvex bilevel optimization and we can prove
that the gradient complexity is Ge(f, €) = O(k%¢3) and Ge(g, €) = O(k7e3) to find O(e, \/€)
second-order stationary point in stochastic nonconvex bilevel optimization, which outperforms the
previous best theoretical results and matches state-of-the-art to find first-order stationary point.

2 RELATED WORK

In this section we will summarize the background of related works and some details of methods that
are important to our work will be further discussed in the Appendix.

3
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2.1 STOCHASTIC MINIMAX OPTIMIZATION

Many algorithms are proposed to solve stochastic nonconvex-strongly-concave minimax problem,
including intuitive methods SGDmax (Jin et al.| (2019)) and Stochastic Gradient Descent Ascent
(SGDA) (Lin et al.[(2020a))). More recently in (Yang et al.[(2022))), a new method Stoc-Smoothed-
AGDA is proposed to achieve better complexity with a weaker PL condition instead of strong
concavity. Besides, some methods integrate variance reduction with minimax problem to accelerate
the convergence, such as Stochastic Recursive gradiEnt Descent Ascent (SREDA) (Luo et al.| (2020)),
Hybrid Variance-Reduced SGD (Iran-Dinh et al.| (2020)) and Acc-MDA (Huang et al.| (2022a)).
There are also some works that study the weakly-convex concave minimax optimization such as
(Rafique et al.[(2021)) and (Yan et al.[|(2020)). More related to this work, Cubic-Regularized
Gradient Descent Ascent (Cubic-GDA) (Chen et al.|(2021b)) and Minimax Cubic Newton (MCN)
(Luo & Chen|(2021)) are two recent algorithms that can reach the second-order stationary point in
nonconvex-strongly-concave minimax optimization.

2.2 PERTURBED GRADIENT DESCENT

Perturbed Gradient Descent (PGD) (Jin et al.|(2017))) was proposed to find second-order stationary
point for nonconvex optimization which introduces a perturbation under specific condition. It is a
deterministic gradient based algorithm and only involves first-order oracle. To extend Perturbed
Gradient Descent to the stochastic setting and incorporate it with variance reduction, SSRGD |L1
(2019) was proposed to reach second-order stationary point with SFO of O(¢~3-5). After that Pullback
algorithm (Chen et al.|(2021a)) was proposed to improve the complexity to O(e~3).

2.3 STOoCBIO WITH INEON

In (Huang et al.| (2022b)), algorithms for both minimax and bilevel optimization are proposed to find
second-order stationary point. However, for minimax optimization only the deterministic problem is
studied. In the proposed Perturbed GDmax algorithm, perturbed gradient descent is used to solve the
issue in this case. As we have mentioned, perturbed gradient descent in deterministic and stochastic
are totally different. Therefore, it is essential to investigate the stochastic minimax optimization
algorithm that converge to second-order stationary point. For bilevel optimization, the stochastic
problem is considered and the StocBiO with iNEON algorithm is proposed. The algorithm is inspired
by NEON (Xu et al.| (2018)); |Allen-Zhu & Li| (2018)), which is a method to find local minimum
merely based on first-order oracles. Inexact NEON is a variant of NEON since the exact gradient in
bilevel optimization is unavailable. However, it requires an extra nested loop to solve a subproblem
that extracts a negative curvature descent direction. Besides, the gradient complexity of StocBiO
with iNEON is also higher than the vanilla StocBiO. Therefore, we are motivated to propose a more
efficient bilevel optimization algorithm that converges to second-order stationary point.

3 PRELIMINARY

In this section we will present the notations used in this paper and introduce some basic assumptions
to further illustrate the problem setting. We assume that upper-level function f(z,y) is twice
differentiable. Lower-level g(z, y) is three times differentiable (only required in bilevel optimization).
The partial derivative is denoted by V, and V, e.g., Vf(z,y) = [V f(z,y), Vy f(z,y)]. Similarly,
V2 and V? represent the Hessian. V2, and V3, represent the Jacobian. We use || - [|2 and || - ||

to denote the spectral norm and Frobenius norm of matrix respectively. Notation O() means the
complexity after hiding logarithm terms. First, we assume that lower-level function g(x,y) is
strongly-convex with respect to y so that y*(z) and ®(x) can be well defined.

Assumption 1. The lower-level function g(x,y) is u-strongly-convex with respect to y, i.e., there
exists a constant | such that

1
9(@,y) + (Vyg(@,9),y" =) + Sy —vl* < 9@, ¢) 3)
forany x, y and /.
Notice that in minimax optimization g(x, y) is the same as — f(x, y) so we merge these two cases

into one statement. With Assumption objective function ®(z) is also differentiable and the gradient
is formulated as follows (J1 et al.|(2021)))

V() = Vo f(z,y*(2)) = Va,9(z,y" (@) [Vyg(z, y* ()] 7 Vy fz,y" (2)) O]
We can see the Hessian of g is automatically involved in the gradient of ®. Notice that in this paper

first-order method means only using the first-order information of ®. In minimax optimization, since
we always have V,, f (x, y*(z)) = 0, the expression of V®(x) is simplified by
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Vo(z) = Vo f(z,y"(z)) ®)

Next, we introduce the following assumptions about Lipschitz continuity of first and second order
derivatives. These assumptions are commonly used in the convergence analysis of minimax and
bilevel optimization (Luo et al.|(2020); Luo & Chen| (2021); Ji et al.|(2021); [Huang et al.| (2022b))).

Assumption 2. The gradients of component functions F(x,y; &) and G(z,y; () are L-Lipschitz
continuous, i.e., there exists a constant L such that

IVE(z:¢) = VE(: 9l < Llliz = 2|, IVG(26) = VG(5 Q) < Lz = 2| (©)
forany z = (x,y) and 2 = (&', y’).

Assumption 3. The second order derivatives V2 f (x,y), V2, [ (x,y), Vi f(x,y), V2,9(x,y) and
V2g(x,y) are p-Lipschitz continuous.

The condition number « of the hierarchical optimization problem is defined by x = L/u. According
to previous works, in minimax optimization under Assumptions and () is twice differentiable.
y*(z) is k-Lipschitz continuous, V®(x) is Le-Lipschitz continuous and V2®(z) is pe-Lipschitz
continuous. According to (Ghadimi & Wang|(2018);Ji et al.|(2021)), we know in bilevel optimization
function y*(x) is also k-Lipschitz continuous, but we need an additional Assumptions t0 guarantee
®(x) has Lg-Lipschitz gradient.

Assumption 4. The upper-level function f(x,y) is M-Lipschitz continuous, i.e., there exists a

constant M such that
1f(2) = F(ZNI < M|z = 2| (M
forany z = (x,y) and 2 = (', y’).

Since in this paper we study the convergence to second-order stationary point, we also need the
following Assumptionwhich is also assumed in (Huang et al.[(2022b)) that makes function ®(x)
twice differentiable and have pg-Lipschitz Hessian.We should notice that Assumption 4] and [5]are
only used for bilevel optimization.

Assumption 5. The third order derivatives V>

zyz 9 ngyg and Vz g are v-Lipschitz continuous.

4 PROPOSED ALGORITHM FOR MINIMAX OPTIMIZATION

In this section, we will propose our PRGDA algorithm for the special case of minimax optimization.
The description of our PRGDA algorithm is demonstrated in Algorithm [I] Similar to SREDA,
the initial value yq is also yield by PISARAH algorithm to make it close to y*(zg), which is a
conventional strongly-convex optimization subproblem. In our convergence analysis this step costs
the gradient complexity of O~(I€26_2). We use v; and u; to represent the gradient estimator of
Vo f(ze,y¢) and V, f (x4, y¢) respectively. In each iteration, y;+1, v; and u; are computed by an
inner loop updater with K iterations, which is shown in Algorithm [2] In Algorithm 2] we use the
SPIDER gradient estimator to update v x, v¢ 5 and u; . S is the large batchsize that is loaded every
q iterations of ¢. Sy is the small batchsize. A is the stepsize to update variable y. The output of the
inner loop updater depends on the minimum value of the norm of G (y, ) and its corresponding

index, which is defined by QN,\(yt’k) = (Ye.e — Oy (yere + Augk))/A. We will show that gradient
estimator v, satisfies ||v; — V®(z;)|| < O(e) based on this inner loop updater.

Inspired by perturbed gradient descent, our PRGDA is also composed of a descent phase and
an escaping phase. In the descent phase our PRGDA algorithm follows the iterative update rule
of SPIDER that ;1 = x; — (n/||v¢]|)v: until the norm of v, satisfies ||v;]] < O(e). After the
descent phase is terminated, we use m, to denote the current counter ¢ and uniformly draw a
perturbation £ from ball By(r) where parameter r is the perturbation radius. We add the perturbation
to the current status x; and start the escaping phase. In the escaping phase, parameter t¢p, s iS
maximum number of iterations of the phase and D is the average moving distance which is used
to determine if the escaping phase should be stopped. The stepsize of z in this phase is denoted
by ng which is typically larger than 7 in the descent phase. We use D to denote the accumulated
squared moving distance. If the averaged squared moving distance is larger than D then we pull
it back (line 17 in Algorithm [I)) and break the escaping phase. In this case we consider z,,,
as a saddle point and continue to run next descent phase. Otherwise, if the escaping phase is
not broken after ¢;p,,¢s iterations, we claim that z,,_ is a second-order stationary point with high
probability. This is because when Ain (V2@ (24, )) < —€p, the stuck region S defined by the area
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Algorithm 1 Perturbed Recursive Gradient Descent Ascent
Input: initial value zq, yo
Parameter: stepsize 7 and 7y, perturbation radius r, escaping phase threshold ¢, average
movement D, tolerance ¢, maximum iteration 7".
1: Set escape = false, s =0, esc = 0.
2: fort=0,1,...,7T —1do
3:  Update 441, v¢, uy from Algorithm 2] (Minimax) or Algorithm[3](Bilevel).

4:  if escape = false then
5: if ||v¢|| > € then
6: Update Ti41 = Ty — (n/Hth)Uf
7: else
8: Letmgs; =t, s = s+ 1, escape = true, esc = 0.
9: Draw perturbation £ ~ By(r) and update x;41 = z; + &.
10: end if
11:  else
12: Compute D = Zj’:ms—i-l 77?—[ ”vj ||2
13: if D > (t — my)D then
14 Set 7 s.t. Z;:msﬂ 2 llvsl|? = (t = my)D.
15: Update z;11 = ¢ — nyve. Set escape = false.
16: else
17: Set 9, = ny. Update xy11 = 2 — vy, €sc = esc + 1.
18: Return x,,,_ if esc = tipres.
19: end if
20:  end if
21: end for
Output: z,,

{¢ € By(r)| the sequence started from z,, 1 = X, + & does not break the escaping phase} has
a small volume. Specifically, similar to Lemma 6 in (Li (2019)) and Lemma D.3 in (Chen et al.
(2021a)), we can prove if we suppose after the perturbation there are two coupled sequences started
from two points z,, 41 and z;, |, respectively within a small distance ||z, +1 — 27, || = 70
in the smallest eigenvector direction of Hessian matrix V2®(x,,, ), then there must be at least one
sequence {Z,,, 1} or {z;, .} that breaks the escaping phase. Informally, this means the stuck
region S must be contained in a “narrow band” or “thin disk” in a high dimensional space which
cannot have a large measure. Since the perturbation ¢ is uniformly generated from ball By(r), the
probability that £ belongs to the stuck region is low.

5 PROPOSED ALGORITHM FOR BILEVEL OPTIMIZATION

In this section we propose our PRGDA algorithm to solve the more general bilevel optimization.
Actually, we only need to switch the inner loop updater in Algorithm[2]to the bilevel mode, which
is demonstrated in Algorithm [3]in Appendix. Similar to the case of minimax optimization, here
we also need a initialization algorithm to initialize yo with the cost of Ge(g, €) = O(k%2) in the
convergence analysis. Next we will elaborate the inner loop updater for bilevel optimization. We

also use the update rule of SPIDER to compute vt(lk) , vt@k) and wuy j, which represent the estimator

of Vo f(z,y), Vyf(z,y) and V,g(z,y) respectively. We should notice that the large and small
batchsize of computing u; j, are different from that of vt(lk) or vt(zk) After the inner loop to compute

y1+1, we calculate the Jacobian J; with a batch of size S5. Then we compute v;, the estimator of
V&(z) via AID. Here we follow the method used in StocBiO, which is

Q-1 Q@
22 =a Z H (I - asz(mt7yt+1;B]‘))U§2)7 vy = vil) — Ji22 8)
¢=—1j=Q—q

where B; is the set of samples to calculate the stochastic estimator of Hessian Vf/ 9(Te, Yer1)-

6 CONVERGENCE ANALYSIS

In this section we will illustrate the main theorem and provide the convergence analysis of our
algorithm. First, we need to assume that ®(x) is lower bounded by ®*. Then we will present the
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Algorithm 2 Updater of Inner Loop (Minimax)

Input: status x¢, x¢—1, Y¢, Ve—1, U1 and ¢
Parameter: stepsize A, inner loop size K, batchsize S; and Ss, period q.

1: Setxy 1 = @41, Tp. ) = T When k > 0, Yz, 1 = Yr.0 = Ys.

2: if mod(t, q) = 0 then

3:  Draw S; samples {£1,...,&s, }

4 Compute vy 1 = g- S Vo (24,963 &) g, -1 = 5 S VY F (e, y: &)
5: else

6: Let Vg, —1 = Vg1, Ug,—1 = Ut—1.

7: end if

8: fork=0to K —1do

9:  Draw S samples {&1,...,&s,}

_.
e

s
Compute vy, = Ve k-1 + 55 ooy (Vo F (2t k, Yk &) — Ve F (T k-1, Y k13 )
11:  Compute us p = Ut p—1 + S% Zfﬁ1(va(It,k, Y3 &) — VyF(@ep—1,Yt.6-1;&i))

12: yery1 = [y (yer + Aug).

13: end for ~

14: Select s, = argming ||Gx(yek) |- Let Yep1 = Yt.s,» Ut = Ut 5, Ut = Ups, -
Output: y; 1, v, uy.

main theorems of our PRGDA algorithm. In this paper, we set ey = /pg€ as the tolerance of the
second-order stationary point. We leave the proof of Theorem [I]and [2]to the Appendix.

6.1 MAIN THEOREM FOR MINIMAX OPTIMIZATION
Theorem 1. Under Assumptlonl @andl we set stepsize 1 = O( <), nu = O(Z) and X =
O(1), batchsize S; = O(k?*¢2) and Sy = O(/<;e 1), period ¢ = O(e™ '), inner loop K =

O(k), perturbation radius r = min{O(, / =55); ( +)}, threshold tipyes = O( —) and average

movement D = O( K;; ). Then our PRGDA algorithm requires O(r>e¢~3) SFO complextty to achieve
O(e, \/pa€) second-order stationary point with high probability.

6.2 MAIN THEOREM FOR BILEVEL OPTIMIZATION

Theorem 2. Under Assumption I E] I Iand @ we set stepsize 1 = O(Rgf 7), N
A= O(f) and o« = O(1), batchsize S; = O(k%e7?), Sp = O(kte ), S5 =
Sy =O(k% 1), S5 = O(k%e2) and B = O(r%¢2), perzodq = O(k%e7 1), inner loop K = O(k

and Q = O(k), perturbation radius r = min{ O/, /piq)) O( =7 )} threshold tipycs = O( \/Tfs) and

average movement D = O( - L2 ). Then our PRGDA algorithm requires complexity of Ge(f,€) =
O(K%e3), Ge(g,€) = O(k g €3, JV(g,e) = O(k%e*) and HV (g,¢) = O(kS¢™*) 1o achieve
O(e, \/pa€) second-order stationary point with high probability.

7 EXPERIMENTS

In this section we conduct the matrix sensing (Bhojanapalli et al.|(2016); Park et al.|(2017))) experiment
to validate the performance of out PRGDA algorithm for solving both minimax and bilevel problem.
As a result of existing study on matrix sensing problem (Ge et al.| (2017)), there is no spurious
local minimum in this circumstance, i.e., every local minimum is a global minimum. Therefore, the
capability of escaping saddle points of our algorithm can be verified by this experiment. We follow the
experiment setup of (Chen et al. (2021a)) to recover a low-rank symmetric matrix M* = U*(U*)T
where U* € R*". Suppose we have n sensing matrices { A;}7_, with n observations b; = (A;, M*).
Here the inner product of two matrices is defined by the trace (X,Y) = tr(XTY). Then the
optimization problem can be defined by
N Y — (A TUTS b2

min 5;L,(U), Li(U) = ((A;, UUTY — b;) )

UERdxr

The code of our algorithms is uploaded in the Supplementary Material.
7.1 ROBUST OPTIMIZATION

Similar to the problem setting of (Yan et al.| (2019)), we also introduce another variable y and add a
robust term to make the model robust. Therefore, the optimization problem can be formulated by
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Figure 1: Experimental results of our robust low-rank matrix sensing task. Figure (a) to (c) show
the loss function value of ®(U) against the number of gradient oracles with d = 50, d = 75, and
d = 100 respectively. Figure (d) to (f) show the ratio of distance |[UUT — M*||%./|| M*||% against
the number of gradient oracles with d = 50, d = 75, and d = 100 respectively.
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Figure 2: Experimental results of our hyper-representation learning of low-rank matrix sensing task.
The ratio of distance [|[UUT — M*||%/||M*||% is shown against the number of gradient oracles with
d =50, d = 75, and d = 100 respectively.

1 n
min max f(U,y) = 5} CyLi(U) = (g — =) (10)
i=1

UERIXT yEAp
where A, = {y € R*|0 <y; < 1,57, y; = 1} is the simplex in R™ and L;(U) is defined in Eq.
(©). The number of rows of matrix U is set to d = 50, d = 75 and d = 100 respectively and the
number of columns is fixed as » = 3 in the main manuscript. The results of different ranks will be
shown in the Appendix. The ground truth low-rank matrix M* is generated by M* = U*(U*)T
where each entry of U* is drawn from Gaussian distribution A'(0, 1/d) independently. We randomly
generate n = 20d samples of sensing matrices {A;}" ,, A; € R%*? from standard Gaussian
distribution and calculate the corresponding labels b; = (A;, M*) hence there is no noise in the
synthetic data. The global minimum of loss function value ®(U) should be 0 which can be achieved
atpoint U = U* and y = 1/n.

Following the setup in (Chen et al.| (2021a))), we randomly generalize a vector ug from Gaussian
distribution and multiply it by a scalar such that it satisfies the condition ||ug|| < Apaz(M*) where
we denote A;q.(-) as the maximum eigenvalue. The initial value is set to U = [ug, 0, 0]. Each
optimization algorithm shares the same initialization. Apart from our PRGDA algorithm, we run
three baseline algorithms, SGDA, Acc-MDA and SREDA. The code is implemented on matlab. We
choose n = 0.001, ngr = 0.1, A = 0.01, D = r = 0.01, ttpres = 20, K = 5, So = 40 and g = 25.
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We evaluate the performance of each algorithm by two criteria, loss function value of ®(U) and the
ratio of distance to the optimum ||[UUT — M*||%/||M*||%. The experimental results of these two
quantities versus the number of gradient oracles are shown in Figure|T]

From the experimental results we can see SGDA, Acc-MDA and SREDA cannot escape saddle points
because the loss function value is far away from the global minimum 0, which is equivalent to local
minimum in this task because of the strict saddle property. In contrast, we can see our PRGDA
algorithm eventually converges to the global optimum U* and achieves the best loss function value
that is close to 0, which indicates its ability to escape saddle point. Especially in the case of d = 50,
we can see clearly that our PRGDA algorithm jumps out of the trap of saddle point. Besides, in our
experiment we also list the smallest eigenvalue of the Hessian matrix V2®(U) for each algorithm
after they have converged. Each algorithm is run for 5 times and the mean value is reported in Table 3]
We can see the value A, (V2®(U)) of our method is the closest to 0 in all cases, which also verifies
the performance of our PRGDA algorithm to find second-order stationary point.

7.2 HYPER-REPRESENTATION LEARNING

We conduct a hyper-representation learning ex-
periment to verify the ability of our method to Table 3: Smallest eigenvalue of V2®(U).
reach second-order stationary point in bilevel
optimization. Recently, many methods in
meta learning [Finn et al.| (2017); Nichol &

Algorithm d=50 d=75 d=100

Schulman| (2018)) are designed to learn hyper- SGDA -0.0788 -0.0688  -0.0360
representations via two steps and separated Acc-MDA  -0.0677 -0.0420 -0.0257
dataset. The backbone is trained to extract bet- SREDA  -0.0746 -0.0414 -0.0259
ter feature representations which can be applied PRGDA  -0.0018 -0.0074 -0.0071

to many different tasks. Based on these features
a classifier is further learned on specific type of
training data, which eventually forms a bilevel problem. In this experiment we also consider the
matrix sensing task but conduct it in the hyper-representation learning manner.

The generation of U*, M*, A; and b; are the same as Section We also set d = 50, d = 75 and
d = 100. The number of samples is n = 20d. We split all samples into two dataset: a train dataset
D4 with 70% data and a validation dataset D with 30% data. We define variable x to be the first
r — 1 columns of U and variable y to be the last column. The objective function is formulated by

IGREHXIEA) 201 Z Li(z,y"(x)), where y" (z) = arg min D3] Z Li(z,y) (11)

i€D, yeRd i€Dy
Here L;(-) is defined in Eq. (@) since U is the concatenation of x and y.

We follow the initialization in Section[/7.1|to set 2 = [ug, 0] and y = 0. We compare our PRGDA
algorithm with four baselines, StocBiO, MRBO, VRBO and StocBiO + iNEON. We choose 1 =
0.001, ng = 0.1, A = 0.01, D = r = 0.01, tpres = 20, K = 5, So = 40 and ¢ = 25. We also
use the ration of distance to optimum, i.e. |[UUT — M*||%/||M*||% as the metric to evaluate the
performance. The experimental results are shown in Figure 2]

The experimental results indicate our PRGDA algorithm shows the best performance to reach second-
order stationary point and approach the expected optimum. MRBO and VRBO do not escape saddle
points during the experiment. In the case of d = 50, StocBiO performs better than MRBO and VRBO
because the randomness of stochastic gradient serves as a kind of perturbation, while in variance-
reduced algorithms the gradient estimator is closer to the full gradient. This result indicates the
necessity of our method to make variance-reduced bilevel algorithm escape saddle points. StocBiO +
iNEON also escapes saddle point probably but its convergence is slower than our method.

8 CONCLUSION

In this paper, we propose a new algorithm PRGDA for stochastic nonconvex hierarchical optimization
which is the first algorithm to find second-order stationary point for stochastic nonconvex minimax
optimization. We prove that our method obtains the gradient complexity of O(€_3> to achieve
O(e, \/pa€) second-order stationary point, which matches the best results of searching first-order sta-
tionary point under same conditions. We also conduct two numerical experiments, robust optimization
and hyper-representation learning to verify the performance of our algorithm.



Under review as a conference paper at ICLR 2025

REFERENCES

Zeyuan Allen-Zhu and Yuanzhi Li. Neon2: Finding local minima via first-order oracles. Advances in
Neural Information Processing Systems, 31, 2018.

Luca Bertinetto, Joao F Henriques, Philip HS Torr, and Andrea Vedaldi. Meta-learning with differen-
tiable closed-form solvers. arXiv preprint arXiv:1805.08136, 2018.

Srinadh Bhojanapalli, Behnam Neyshabur, and Nati Srebro. Global optimality of local search for
low rank matrix recovery. In Advances in Neural Information Processing Systems, pp. 3873-3881,
2016.

Zixiang Chen, Dongruo Zhou, and Quanquan Gu. Faster perturbed stochastic gradient methods for
finding local minima. arXiv preprint arXiv:2110.13144,2021a.

Ziyi Chen, Qunwei Li, and Yi Zhou. Escaping saddle points in nonconvex minimax optimization via
cubic-regularized gradient descent-ascent. arXiv preprint arXiv:2110.07098, 2021b.

Ashok Cutkosky and Francesco Orabona. Momentum-based variance reduction in non-convex sgd.
Neural Information Processing Systems (NeurIPS), 2019.

Justin Domke. Generic methods for optimization-based modeling. In Artificial Intelligence and
Statistics, pp. 318-326. PMLR, 2012.

Simon S. Du and Wei Hu. Linear convergence of the primal-dual gradient method for convex-concave
saddle point problems without strong convexity. International Conference on Artificial Intelligence
and Statistics (AISTATS), 2019.

Cong Fang, Chris Junchi Li, Zhouchen Lin, and Tong Zhang. Spider: Near-optimal non-convex
optimization via stochastic path-integrated differential estimator. Advances in Neural Information
Processing Systems, 31, 2018.

Matthias Feurer and Frank Hutter. Hyperparameter optimization. In Automated machine learning,
pp. 3-33. Springer, Cham, 2019.

Chelsea Finn, Pieter Abbeel, and Sergey Levine. Model-agnostic meta-learning for fast adaptation of
deep networks. In International conference on machine learning, pp. 1126-1135. PMLR, 2017.

Luca Franceschi, Paolo Frasconi, Saverio Salzo, Riccardo Grazzi, and Massimiliano Pontil. Bilevel
programming for hyperparameter optimization and meta-learning. In International Conference on
Machine Learning, pp. 1568-1577. PMLR, 2018.

Rong Ge, Furong Huang, Chi Jin, and Yang Yuan. Escaping from saddle points—online stochastic
gradient for tensor decomposition. In Conference on learning theory, pp. 797-842. PMLR, 2015.

Rong Ge, Jason D Lee, and Tengyu Ma. Matrix completion has no spurious local minimum. arXiv
preprint arXiv:1605.07272, 2016.

Rong Ge, Chi Jin, and Yi Zheng. No spurious local minima in nonconvex low rank problems: A
unified geometric analysis. In International Conference on Machine Learning, pp. 1233-1242.
PMLR, 2017.

Saeed Ghadimi and Mengdi Wang. Approximation methods for bilevel programming. arXiv preprint
arXiv:1802.02246, 2018.

Ian J. Goodfellow, Jean Pouget-Abadie, Mehdi Mirza, Bing Xu, David Warde-Farley, Sherjil Ozair,
Aaron Courville, and Yoshua Bengio. Generative adversarial nets. Neural Information Processing
Systems (NeurIPS), 2014.

Zhishuai Guo and Tianbao Yang. Randomized stochastic variance-reduced methods for stochastic
bilevel optimization. arXiv e-prints, pp. arXiv—2105, 2021.

Zhishuai Guo, Yi Xu, Wotao Yin, Rong Jin, and Tianbao Yang. A novel convergence analysis for
algorithms of the adam family. arXiv preprint arXiv:2112.03459, 2021.

10



Under review as a conference paper at ICLR 2025

Martin Heusel, Hubert Ramsauer, Thomas Unterthiner, Bernhard Nessler, and Sepp Hochreiter. Gans
trained by a two time-scale update rule converge to a local nash equilibrium. Neural Information
Processing Systems (NeurIPS), 2017.

Christopher J Hillar and Lek-Heng Lim. Most tensor problems are np-hard. Journal of the ACM
(JACM), 60(6):1-39, 2013.

Mingyi Hong, Hoi-To Wai, Zhaoran Wang, and Zhuoran Yang. A two-timescale framework for bilevel
optimization: Complexity analysis and application to actor-critic. arXiv preprint arXiv:2007.05170,
2020.

Feihu Huang and Heng Huang. Adagda: Faster adaptive gradient descent ascent methods for minimax
optimization. arXiv preprint arXiv:2106.16101, 2021.

Feihu Huang, Shangqgian Gao, Jian Pei, and Heng Huang. Accelerated zeroth-order and first-order
momentum methods from mini to minimax optimization. Journal of Machine Learning Research,
23(36):1-70, 2022a.

Minhui Huang, Kaiyi Ji, Shigian Ma, and Lifeng Lai. Efficiently escaping saddle points in bilevel
optimization. arXiv preprint arXiv:2202.03684, 2022b.

Kaiyi Ji, Junjie Yang, and Yingbin Liang. Bilevel optimization: Convergence analysis and enhanced
design. In International Conference on Machine Learning, pp. 4882—4892. PMLR, 2021.

Chi Jin, Rong Ge, Praneeth Netrapalli, Sham M Kakade, and Michael I Jordan. How to escape saddle
points efficiently. In International Conference on Machine Learning, pp. 1724-1732. PMLR, 2017.

Chi Jin, Praneeth Netrapalli, and Michael I. Jordan. What is local optimality in nonconvex-nonconcave
minimax optimization? arXiv:1902.00618v2, 2019.

Prashant Khanduri, Siliang Zeng, Mingyi Hong, Hoi-To Wai, Zhaoran Wang, and Zhuoran Yang. A
near-optimal algorithm for stochastic bilevel optimization via double-momentum. Advances in
Neural Information Processing Systems, 34, 2021.

Zhize Li. Ssrgd: Simple stochastic recursive gradient descent for escaping saddle points. arXiv
preprint arXiv:1904.09265, 2019.

Tianyi Lin, Chi Jin, and Michael Jordan. On gradient descent ascent for nonconvex-concave minimax
problems. In International Conference on Machine Learning, pp. 6083-6093. PMLR, 2020a.

Tianyi Lin, Chi Jin, and Michael I Jordan. Near-optimal algorithms for minimax optimization. In
Conference on Learning Theory, pp. 2738-2779. PMLR, 2020b.

Mingrui Liu, Wei Zhang, Youssef Mroueh, Xiaodong Cui, Jerret Ross, Tianbao Yang, and Payel
Das. A decentralized parallel algorithm for training generative adversarial nets. Smooth Games
Optimization and Machine Learning Workshop (NeurIPS), 2019.

Luo Luo and Cheng Chen. Finding second-order stationary point for nonconvex-strongly-concave
minimax problem. arXiv preprint arXiv:2110.04814, 2021.

Luo Luo, Haishan Ye, and Tong Zhang. Stochastic recursive gradient descent ascent for stochas-
tic nonconvex-strongly-concave minimax problems. Neural Information Processing Systems
(NeurlPS), 2020.

Aleksander Madry, Aleksandar Makelov, Ludwig Schmidt, Dimitris Tsipras, and Adrian Vladu.
Towards deep learning models resistant to adversarial attacks. [International Conference on
Learning Representations (ICLR), 2018.

Arkadi Nemirovski. Prox-method with rate of convergence o(1/t) for variational inequalities with
lipschitz continuous monotone operators and smooth convex-concave saddle point problems. SIAM
Journal on Optimization, 2004.

Yurii Nesterov. Introductory lectures on convex optimization: A basic course, volume 87. Springer
Science & Business Media, 2003.

11



Under review as a conference paper at ICLR 2025

Yurii Nesterov and Boris T Polyak. Cubic regularization of newton method and its global performance.
Mathematical Programming, 108(1):177-205, 2006.

Lam M. Nguyen, Jie Liu, Katya Scheinberg, and Martin Taka¢. Sarah: A novel method for machine
learning problems using stochastic recursive gradient. arXiv:1703.00102v2, 2017.

Lam M Nguyen, Katya Scheinberg, and Martin Taka¢. Inexact sarah algorithm for stochastic
optimization. Optimization Methods and Software, 36(1):237-258, 2021.

Alex Nichol and John Schulman. Reptile: a scalable metalearning algorithm. arXiv preprint
arXiv:1803.02999, 2(3):4, 2018.

Maher Nouiehed, Maziar Sanjabi, Tianjian Huang, and Jason D. Lee. Solving a class of non-convex
min-max games using iterative first order methods. Neural Information Processing Systems
(NeurIPS), 2019.

Dohyung Park, Anastasios Kyrillidis, Constantine Carmanis, and Sujay Sanghavi. Non-square matrix
sensing without spurious local minima via the burer-monteiro approach. In Artificial Intelligence
and Statistics, pp. 65-74. PMLR, 2017.

Fabian Pedregosa. Hyperparameter optimization with approximate gradient. In International
conference on machine learning, pp. 737-746. PMLR, 2016.

Hassan Rafique, Mingrui Liu, Qihang Lin, and Tianbao Yang. Weakly-convex—concave min—-max
optimization: provable algorithms and applications in machine learning. Optimization Methods
and Software, pp. 1-35, 2021.

Amirreza Shaban, Ching-An Cheng, Nathan Hatch, and Byron Boots. Truncated back-propagation
for bilevel optimization. In The 22nd International Conference on Artificial Intelligence and
Statistics, pp. 1723-1732. PMLR, 2019.

Q. Tran-Dinh, D. Liu, and L.M. Nguyen. Hybrid variance-reduced sgd algorithms for minimax
problems with nonconvex-linear function. Neural Information Processing Systems (NeurIPS),
2020.

Hoi-To Wai, Zhuoran Yang, Zhaoran Wang, and Mingyi Hong. Multi-agent reinforcement learning
via double averaging primal-dual optimization. Neural Information Processing Systems (NeurIPS),
2018.

Wenhan Xian, Feihu Huang, Yanfu Zhang, and Heng Huang. A faster decentralized algorithm for
nonconvex minimax problems. Advances in Neural Information Processing Systems, 34, 2021.

Yi Xu, Rong Jin, and Tianbao Yang. First-order stochastic algorithms for escaping from saddle points
in almost linear time. Advances in neural information processing systems, 31, 2018.

Zi Xu, Huiling Zhang, Yang Xu, and Guanghui Lan. A unified single-loop alternating gradient
projection algorithm for nonconvex-concave and convex-nonconcave minimax problems. arXiv
preprint arXiv:2006.02032, 2020.

Yan Yan, Yi Xu, Qihang Lin, Lijun Zhang, and Tianbao Yang. Stochastic primal-dual algorithms

with faster convergence than O(1/+/T') for problems without bilinear structure. arXiv:1904.10112,
2019.

Yan Yan, Yi Xu, Qihang Lin, Wei Liu, and Tianbao Yang. Optimal epoch stochastic gradient descent
ascent methods for min-max optimization. In Advances in Neural Information Processing Systems,
volume 33, pp. 5789-5800. Curran Associates, Inc., 2020.

Junchi Yang, Antonio Orvieto, Aurelien Lucchi, and Niao He. Faster single-loop algorithms for mini-
max optimization without strong concavity. In Proceedings of The 25th International Conference
on Artificial Intelligence and Statistics, volume 151 of Proceedings of Machine Learning Research,
pp. 5485-5517. PMLR, 28-30 Mar 2022.

Junjie Yang, Kaiyi Ji, and Yingbin Liang. Provably faster algorithms for bilevel optimization.
Advances in Neural Information Processing Systems, 34, 2021.

Siqi Zhang, Junchi Yang, Cristébal Guzman, Negar Kiyavash, and Niao He. The complexity of
nonconvex-strongly-concave minimax optimization. arXiv preprint arXiv:2103.15888, 2021.

12



Under review as a conference paper at ICLR 2025

A DETAILS OF RELATED WORK

A.1  STOCHASTIC MINIMAX OPTIMIZATION

In recent years, many algorithms for solving stochastic minimax optimization were proposed, and the
majority of them were studied under the nonconvex-strongly-concave condition. SGDmax (Jin et al.
(2019)) is an intuitive double loop algorithm that extends SGD to minimax problem and achieves
SFO complexity of O(x3e~*log(1/€)) where  is the condition number. Stochastic Gradient Descent
Ascent (SGDA) (Lin et al.|(2020a)) is a single loop algorithm to solve nonconvex-strongly-concave
and nonconvex-concave minimax problems. For nonconvex-strongly-concave problem, it requires
O(k2e=*) SFO complexity to find an e-stationary point of ®(z). More recently in (Yang et al.| (2022)),
a new method Stoc-Smoothed-AGDA is proposed to achieve the SFO complexity of O(x“e~*) with
a weaker PL condition instead of strong concavity.

Stochastic Recursive gradiEnt Descent Ascent (SREDA) (Luo et al.|(2020)) is a double loop algorithm
that achieves O(k3¢~3) SFO complexity which is state-of-the-art of stochastic nonconvex-strongly-
concave minimax optimization. It accelerates SGDA by using SPIDER, which is a variance reduction
technique and utilizes the newest gradient information (Fang et al.| (2018); Nguyen et al.| (2017)).
SREDA also involves a separated initialization algorithm called PISARAH (Nguyen et al.| (2021)) to
ensure the convergence. Hybrid Variance-Reduced SGD (Tran-Dinh et al.[(2020)) takes advantage of
another variance reduction technique named STORM or hybrid variance reduced stochastic gradient
descent (Cutkosky & Orabonal (2019)) to accelerate the algorithm for a special case of minimax
optimization. Acc-MDA (Huang et al.| (2022a))) also uses STORM to realize acceleration for minimax
optimization and it achieves the SFO complexity of O(x*%¢~3) without large batches. There are
also some works that study the weakly-convex concave minimax optimization such as (Rafique et al.
(2021)) and (Yan et al.[|(2020)). More recently, there are many other works that are proposed to
improve the efficiency of stochastic nonconvex minimax optimization algorithms in various aspects,
such as adaptive gradient (Guo et al.[(2021)); Huang & Huang|(2021)) and decentralization (Liu et al.
(2019); Xian et al. (2021)).

A.2 CuBIC-GDA AND MINIMAX CUBIC NEWTON

Cubic-Regularized Gradient Descent Ascent (Cubic-GDA) (Chen et al.|(2021b)) and Minimax Cubic
Newton (MCN) (Luo & Chen| (2021)) are two recent algorithms that can reach the second-order
stationary point of envelope function ®(z) in nonconvex-strongly-concave minimax optimization.
Both of these two algorithms are inspired by cubic regularization and designed for deterministic
problem. Cubic regularization was first proposed in (Nesterov & Polyak|(2006)) which is a standard
method that converges to second-order stationary point in conventional nonconvex optimization.
Cubic-GDA incorporates cubic regularization with GDA which alternately updates y by gradient
descent and updates x following the iterative rule of cubic regularization algorithm. (Chen et al.
(2021b)) analyzes the asymptotic convergence rate of Cubic-GDA to guarantee it converges to
second-order stationary point eventually.

MCN algorithm is another minimax algorithm based on regularization to find second-order stationary
point. It adopts Accelerated Gradient Descent (AGD) (Nesterov| (2003)) to update variable y and
evaluate the maximum y*(z). Then it updates = by constructing inexact first-order and second-order
information of ® () and solving the cubic regularized quadratic problem. In (Luo & Chen|(2021))
the authors provide the non-asymptotic convergence analysis to show that MCN algorithm requires
O(k?/pe~ 1) first-order oracle calls and O(x'*%,/pe~!-*) second-order oracle calls or O(k'%¢2)

Hessian vector product calls to achieve O(e, v/ k3 pe) second-order stationary point.

As is mentioned, Cubic-GDA and MCN are both designed for deterministic problem and neither
of them works for the stochastic minimax problem (2) considered in this paper. Therefore, we
are motivated to propose an algorithm that is suitable for the stochastic problem. Besides, Cubic-
GDA and MCN involves the calculation of second-order oracle or Hessian vector product while our
method only requires the first-order information, which indicates that our method is more efficient to
implement because the computation cost of Hessian matrix could be extremely high.

13
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A.3 PERTURBED GRADIENT DESCENT

Perturbed Gradient Descent (PGD) algorithm (Jin et al.|(2017)) was proposed to find second-order
stationary point for nonconvex optimization which introduces a perturbation under specific condition.
It is a deterministic gradient based algorithm and only involves first-order oracle. It requires 6(6_2)
gradient oracles to achieve O(e, /p€) second-order stationary point which is the same as vanilla
Gradient Descent if hiding logarithm. Perturbed Gradient Descent algorithm consists of two phases,
a descent phase and an escaping phase. In the descent phase, the algorithm runs gradient descent
to make the function value decrease until the magnitude of the gradient is smaller than a certain
threshold. In the escaping phase, it first introduces a perturbation drawn from a uniform distribution
on the ball By(r) with center 0 and radius r. After certain iterations of gradient descent, if the
function value is reduced by a significant threshold then it indicates that the algorithm escapes a
saddle point and it will do the descent phase again. Otherwise, it can be proven that the point where
the last descent terminates is second-order stationary with high probability.

Pullback algorithm (Chen et al.|(2021a)) extends Perturbed Gradient Descent to the stochastic setting
and incorporates it with variance reduction techniques SPIDER (Fang et al.| (2018))) and STORM
(Cutkosky & Orabona|(2019)). It requires O(e > +¢5,°) SFO complexity to achieve O (e, er) second-
order stationary points. Different from the deterministic case, perturbed stochastic gradient method in
stochastic problem encounters more challenges since the exact objective function value and gradient
cannot be accessed. In the escaping phase Pullback determines when to break the phase according to
the average moving distance D. If the accumulated squared moving distance excesses D, then the
approached first-order stationary point is a saddle point with high probability.

B DESCRIPTION OF ALGORITHM 3

Algorithm 3 Updater of Inner Loop (Bilevel)
Input: status x;, i1, Yt, ’Ut(i)l’ ’Ut(i)l’ Us—1 and ¢
Parameter: stepsize A and «, inner loop size K and @), batchsize B, Si, Sa, S3, S4 and S5, period q.

I: Setxy 1 = x—1, Ty = ¢ When k > 0,y -1 = Yr.0 = Y-
. if mod(t, ¢) = 0 then
Draw S samples {&1,...,&s, }, S3 samples {(1,...,(s, }
1 s 2 s
oD = L VP (2 ys &), 0P = = NV Py &),
Ut,—1 = S%a, Zf:dl VyG(xta Yt; CL)

2

3

4

5

6: else

7. (1) (1) (2 (2)
8

9

0

1

Co U1 T U Vo T Uy Ut —1 = Ui
: end if

:fork=0to K —1do
10:  Draw Sy samples {1, ..., &g, }, Sq samples {1, ...,Cs, }
11: Ut(lk) = Ut(,lk),l + 5 S (VaF (g, Yes &) — Vo F (-1, Yek-1: 1))
12: Ut(2k) = Ut(,zk),1 + 5 S (VyF (g, e &) — Vi F (g1, Yep-1:6))
130wk = Uk + 35 S (VG (@t ek G) — VG (@1, Yese—15 C))

14 yerr1 = [y Wer — Augk)-
15: end for _ W . @
16: Select s; = argming, [|Gx(ye,x)ll- Let Y1 = Yes,0 Uy~ = Uy g Uy = Vg gy Up = Ug s, -

17: Compute Jacobian .J; = s%, ijl Vin(Jct, Yea1; G)-
18: Compute v; via AID in Eq. (8)) based on vt(l), viz) and J;.
Output: y;4 1, vy, Uy

C ADDITIONAL EXPERIMENTAL RESULTS

In this section we will show some additional results in the robust matrix sensing experiment. We
demonstrate the experimental results under different choices of the rank of matrix in Figure
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Figure 3: Experimental results of our robust low-rank matrix sensing task. Figure (a) to (c) show the
loss function value of ®(U) against the number of gradient oracles withr = 3, r =5, andr =7
respectively. Figure (d) to (f) show the ratio of distance [|[UUT — M*||% /|| M*||% against the number
of gradient oracles with r = 3, r = 5, and r = 7 respectively.

D MINIMAX OPTIMIZATION

D.1 PROOF SKETCH OF THEOREM I

First, we define the following notations.

y— [y + AV, f(z,y))

Gi(z,y) = h\ e = G, Yeg1),
€ =V — Vo f (T, Y1), 0 = ug — Vy f(24,Ys41) (12)
Additionally, we assume that each component function F'(x, y; £) satisfies bounded variance, i.e.,
IVE(z,y;8) = Vf(z,y)ll <o (13)

Then we have the followmg estimation of €, #; and ; in Lemma |I| to show their magnitude are
bounded by O(k~1€) and |Jv; — V®(x;)]| is bounded by O(e).

Lemma 1. Ser stepsize n < W, X = g, batchsize Sy > 819200 log?(4/61)ke™,

Sy > 2048001log?(4/61)02k2e~2, period q = €, inner loop K > 2304, perturbation radius
ke 22

" < Tootoatassyroy @nd average movement D < 35600 05 (4/51)“0% where C; = O(1) is a

constant to be decided later. The initial value of Yo satisﬁes 1Gx (0, yo)| < ’f;cle With probability

” > 16001 and ||'7t|

at least 1 — 451,f0r Vt we have ||e;|| < 16001
lve — VO (2)]| < &

Proof. According to the definition of ¢; and 0;, when mod(t + 1, q) # 0 we have

sy S
1 t 2

€41 — € = S ZZ (V F -Tt+1,yt+1 k,fk z) VzF($t+1,yt+1,k—1;§k,z‘)
k=11i=1
1 &

= (Vaf (@11, yt41.6) — Vo f (@e41, yt+1,k71))) + 5% > VoF (21,5415 6)
i=1

— Vo F (x4, y41:6) — (Vaf (@1, ver1) — Vaf (2, ye41)) (14)

15
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and
St

Oir1 — 0 = (V F(@i1, Y1,k &hi) — Vo F (Tt Yer1,6—15Eryi)

HMCD

Sa
1
— (Vyf(@e1, Yer1,k) — Vyf($t+1,yt+1,k—1))> + 5 g VyF(xit1, Y1)
i=1

— VyF (@, yi415&) — (Vyf(@ig1, Y1) — Vo f (@0, yi41)) (15)

Applying Azuma-Hoeffding inequality (Lemma [7) and union bound, for V¢, with probability at least
1 — 28; we have

02 A2
levsl® < dlog(4/o) (5 + == S0 (lirn = @il + D ik = pirra|®)  (16)
S Sy
i=[t/qlq k=1
o2 412 <
80l < 410g(4/80) (5 + = Do Ulwiss —@ill® + Y lyisns = piriaa®)) - (1D
b ml/ale k=1
We define
Atk = Wk — Y1, Utk — Ut k-1 — (Vy (@, Yek) — Vy f(@e, Yr.k—1)))
1 &
=5, Z<yt,k — Yt.ki—1, Vo F (Tt Ye.ks ki) — Vi F (24, Yt —15 ki)
i=1
— (Vyf(@e, yek) — Vyf (@, ¥e,0-1))) (18)

Then by Lemma 8] we can obtain

||yt,k+1 — Ytk ||2

2 uL 2\
< (1= 2Pl = vkl = G = WV @ ye) = Vo (v
+ 20Utk — Yek—1, Utk — Ut k-1 — (Vo f (@t Yee) — Vo f (@, Yy —1)))
2 \uL
<(1- — 20A 1
<( +L)H?th Yee—1ll” + tk (19)
Here in the second inequality we use the relation A < % Sum Eq. and we have
s¢—1 s¢—1 s¢—1
ZAML
2 < 20
’; Ilyt7k+1 = quL Z ||yt k+1 (20)

Moving the first term on the right side of Eq. @) to the left side and applylng Azuma-Hoeffding
inequality to Ay , we have

t Si
Z Z [Yit1,6 — yi+1,k71\|2

i=|t/qlq k=1
AMp+L) =~ Yl — Yit1o 2 AL - =
< = A;
i=|t/q]q i=[t/qlq k=1
MK ! y 1,1 — y 1,0 1+ & 4Llog461 i
< 3 g 2y 120 ) S 3 s — s ?
i=[t/q] i=|t/qlq k=1
21
From Lemma 12 in (Luo et al. (2020)) we know
||w < 3Blluio — Vyf (@i, 1) || + 3L | — 21 ||* + 3]y
< 910;1]1? + 21L? |2y — i1 [|* 4 3[7i-a ]| (22)

16
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In the second inequality we use Cauchy-Schwartz inequality and Assumption [2]since
Sa
1
Ui0 = Ui—1 + 5 Zva(xi, Yii &) — VyF(wio1, 135 65) (23)
j=1

Then by the choice of Sy > 8k log(4/d1) we can obtain

t N 2\ o Y y
i+1,1 — Yi+1,0
D I I D D e |
Sltfadat= i=1t/alq

6AE <
A > BIOlP + 7L i — @l + 1wll®) @24

i=|t/qlq

<

Using the choice of A < 6% we can further conclude

¢
o2 4k

lec P < 4log(4/5) (G + 5 D BLNrars il +316° + [l”))  @9)
i=[t/qlq
2 o an ¢ 2 2 2 2
011" < 410%(4/51)(§ tg Z (8L |zig1 — ill” + 3[10: (1 + vl )) (26)
b=l
Next we will estimate the bound of ||v;||. Define
Ut ker1 = Ly (yex + AVy f (24, Ye1)) (27)
Then according to the proof of SREDA (Lemma 10 Eq. (9) in (Luo et al.|(2020))), we have

1 L 1 _
F@e,yer) < f(@e, yeps1) — (5 - §)||yt,k+1 —yekl® = (o5 = DYt — yerl

3\
+ Mure — Vo f (e, yen) |I?

1 L 1
< f(@e, yegr1) — (5 - §)||yt,k+1 —yexl® = (ﬁ — D) |Gt k1 — yerll?
L2 k—1
+ 4N log(4/61) (luro = Vy f (@, yeo)lI” + 5 D i —weal®) (28)
=0

where in the second inequality Azuma-Hoeffding inequality is applied to |lus x — V, f (24, ye i) ||?
which is similar to Eq. (T7) to get

2 ., L? - 2
ek =V f (@, yer) ™ < 4log(4/61)([[ur,0—Vy f (e, ye0) | ts, > lyrini—vell®) 29
i=0

Applying recursion on Eq. (28), for any k£ < K we have
k

1 L 4L*Xlog(4/6 1
f@e,ye1) < floeyer) — ;(ﬁ 9 %)Hymﬂ - yt,z'||2 - (ﬁ —L)
k 12
Y N Griar = yeall* + 4kNog(4/61) (w0 — Vi f (e, ye0)lI* + §2||yt,1 —yt0ll”)
i=1
k k
< f(xe,yen) — 207 Z Yt i+1 — Yt.i > — LN Z |G (2, yt,i)H2
i=1 i=1
L2
+ 4k log(4/61) (|0 — Vy f (e, ye0) |” + 5, e = yeoll?) (30)

where we have used A < 6% and the definition of G, (x,y). Let k = K we achieve

K K

f X 7y* X _f Tt, Y s 2L
316 (o) |2 < LV D@ 2Esmy, e
k=1 k=1

L)\?

17
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4K log(4/61)
L

Due to the definition of Gy (yt,k), we have

1

16 (Wek) — Gr(@e, yer) | = p”ﬂy(yt,k + M) = My (Yo + AV f (@, yer)) ||

< lue — Vo f (e, yer)|? (32)

because of the non-expansion property of projection. Recall the selection of s,. Then by Cauchy-
Schwartz inequality, Eq. and A = 6% we have

L2
(J[ut,o0 — Vy f (ze, ye.0)||> + §2||yt,1 —yol®) (3D

||g>\('1:ta yt,st)HQ

< 2/IGA(Wes)II? + 2lwes, — Vi f (@ yes,)|?

K
2 ~
< = G W) I + 2N, — T f s sl

k=1
PR
< 2 216 ye ) IP + ek = Vo f (e, yei) I7) + 2l uts, = Vo f (e, ves,) |
k=1
4 K L2
< = N1Ga (e yer) |1 + 24108(4/61) (luro — Vo f (@1, ye0)l” + < lyea — veoll?)
K = Sy
144x 144k
< 7”9'/\(%’%,0)”2 + (7 +12010g(4/01))l[ur.0 — Vo f (20, ye.0) I”
1201og(4/8,)L?
+ %Hym —yioll? (33)
2
According to Lemma 8 in (Luo et al.[(2020)) and Cauchy-Schwartz inequality we have
G (e, y.0)lI? < 2L (|2 — o1 [|* + 2l 7e-1 | (34)
Therefore, combining Eq. (22), Eq. (33) and Eq. (34), for V¢ we can conclude
288k 10log(4/6 432k
legalf? < (2225 01BN )y (3825 500 10g(a/61) 642
K So K
1152k
+( = +750 log(4/61))L? ||z 1 — x4|)? (35)

Applying union bound, with probability at least 1 — 441, Eq. 23)), Eq. (26) and Eq. (33) hold for V¢. In
the descent phase we have ||x;11 — 24]|? < n?. At the perturbation step we have ||z;41 — z¢[> < 72
In the escaping phase, on average we have |21 — 2¢||?> < D. Thus, we have

€2

25600 log®(4/6, )2 L2C?

According to the choices that ¢ = ¢!, K > 2304k, S; > 204800 log2(4/61)02/<;2e’2 and Sy >
819200 1og?(4/61)ke~ !, by induction we can prove for V¢, the following bounds hold

2611 — a]|* < max{n®,r?, D} < (36)

2 2
9 € €
< < 37
leell™ < 55600 log(4/6,)k2C2 = 25600k2C2 37)
2 2
9,2 < ‘ < 38
1961 < 25600 log(4/6,)x2C2 — 25600x2C2 (38)
2
€
el < (39)

16x2C?%
where the case of t = 0 is satisfied by the choice of S; and the PISARAH initialization ||| <
197 (2o, yo)|| < g ByLemmalﬂwecanfurtherobtain [ve=V@(z)|| < [lec][+25]%ll < & O

Next we will show the result of the decreasing of loss function value ®(z) in the descent phase.

18
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Lemma 2. In the descent phase, let stepsize n < s+—. Then for Vs we have

2L "
Bla,) — Blrp,) 2 L o)
Proof. Letn; = n/||v¢||, then we have
Bars1) < Do) + (V) 7011 —20) + 2 [0s1 — a0l
< ) = (2 = U o B, — Va2 < o) -2

where the first inequality is derived by Assumption the second inequality is derived by 2(a, b) =
[|al|? + ||b]|? — ||@ — b]|?, the third inequality is derived by Cauchy-Schwartz inequality and Lemmal9}
and the last inequality is derived by Lemma [I|with Cy > 2, < ﬁ and the condition ||v¢] > e.
The conclusion of Lemma [2]can be reached by telescoping Eq. (#I). O

From Lemma [2| we can see the average descent of ®(z) in the descent phase is O(ne). Next
we will show when our algorithm converges to a saddle point after the descent phase, i.e.,
Amin(V2®(x,,.)) < —egr, our algorithm will break the escaping phase with high probability.

Lemma 3. Set stepsize ng < min{1/8Lg log(%), 1/4CLg log tipres }, escaping phase
threshold tipyes = 210g(%)/7IHEH = O(nHleH ), pfrturbation radius v < L‘(;’#GH and

average movement D < Lan%e% /(C%pit?, ..) where C = O(1). Then for any s, if our PRGDA al-
gorithm does not break the escaping phase, then we have \pin,(V2® (2, )) > —ep, with probability
at least 1 — 461 — 6».

Proof. Let {x:}, {«}} be two coupled sequences by running PRGDA algorithm from z,, 1 =

Ty, +&and ), = T, + & Witha,, 1 — 2, 1 = roeq, where ,&’ € Bo(r), ro = % and

e; denotes the smallest eigenvector direction of V2®(x,,_). When \pin (V2®(2,,.)) < —€p, by
Lemma[I0l we have

Longen
/

max —x T, — > - - -
m5<t§nfi+tthrcs{”xt ms ’” ¢ Tms } Cpq>

with probability as least 1 — 46;. Let S be the set of x,,,_41 that will not generate a sequence moving

out of the ball with center x,,,, and radius %7,‘;’7;;. Then the projection of S onto direction e; should
not be larger than ry. By integration we can calculate volume of ball and stuck region in d-dimension
and further check that the probability of x,,, +1 € S is smaller than J2 as & is drawn from uniform

distribution, which is shown in Eq. {@2))

roVa_1(r) \/gro
< <4 42
Va(r) — r — 2 (42)
where V;(r) is the volume of d-dimension ball with radius 7. Applying union bound, with probability
at least 1 — 461 — d5 we have

Pr(zy,,+1 €8) <

L
Elms <t S mg +tthres» ||xt - $m5+1H 2 M (43)
Cpa
If the PRGDA algorithm does not break the escaping phase, then for Vmg < t < mg + tipres W
have

t—1

2 = 2,1l < 4| (E=mg) D i —@il|? < (¢ = m)VD (44)

1=mgs+1

which is derived by Cauchy-Schwartz inequality. By the choice of parameters ;5. and D, we have

= L €
et = @41l < tinres VD < Zr (45)

P2
Therefore, when \in (V2®(2,,,)) < —ep, with probability at least 1 — 45; — J, our PRGDA
algorithm will break the escaping phase. O
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Finally, we show the following Lemma 4] of localization, which indicates the decreasing value of
®(z) in the escaping phase.

Lemma 4. Let 63, tih,,0s and C be the same as Lemmaand 01 be the same as Lemma Set stepsize

dL ~ 1
Ny = min{1/320Lg log(4/d1) log(m), 1/4CLglogtiprest = O(=—)  (46)
Cp<p52T L<1>
perturbation radius r = min{ L(Ig;I;H ) 640T08(1/5:) L4 C } and parameter
_ L2n% e, €2 ~ €

D = min s =0(+5 47
Gre,. mowodamne O “

Cp@ 527“
Suppose the PRGDA algorithm breaks the escaping phase started at ., , then we have

where Cy = 3201og2(m) = O(1). Notice that in Eq. (@ we have used ey = \/pae.

2
€
(m,) = B(re,,) > (ot —ma) G (48)
1
Proof. Similar to Eq. (#1)), we have
1 L
(z41) < O(2) + nallve — VO(2)|* — (277{ - ;)”xt-&-l —z? (49)

since 1y < ng forall my < t < t,y1. According to the definition of 7 and D, we can see they satisfy
the condition in Lemma|[I]and Lemma 3] Telescoping the inequality Eq. we obtain

ts+1_1 ts+1—1
1
(@m,+1) = B(2e,0) 2 o —ml? =g Y llve— V()|
nH t=mgs+1 t=mgs+1
D 77H€2 77H€2
> (taypq — My — 1)(—— — > (tery — me — 1 50
> (tsg1—m )(4?7H Clz)_(+1 m )Clz (50)

where the second inequality uses Lemma|l|and the last inequality uses the definition of 7, D and C;
in that whichever option D takes in Eq. (47), the inequality always holds. Since ||, +1 — T, || = 7,
from Eq. we have

nHE

2072
which is obtained by the definition of . Combining Eq. (50), Eq. (51)) and the fact that ¢, .1 —m, > 2,
we have

L
(2m, 1) < Y(@m,) + ([lvr = VO(z4)[| + f?")r < B(wm,) + (51)

2
€
D) = Bwr,) 2 (s —ma) Ty (52
1
which finishes the proof. O
According to Lemma[2]and ] the average descent for each step of PRGDA algorithm is
2 2 2
. ne Nye ~ € ~ €
-, =0(—)=0(— 53

where we use the choices of n = O(ﬁ) = O0(:5) and ny = O(ﬁ) = O(:%). Therefore, the

PRGDA algorithm is guaranteed to terminate and the total number of iterations should be bounded by
Lo(®(zg) — D) KL(®(zg) — D*)

T <0( = ) =0(——3 ) (54)
The total SFO complexity can be expressed by
T
I+T.52-K+?Sl (55)

where I represents the complexity of the initialization stage which is ON(H2672) according to (Nguyen
et al.|(2021)); [Luo et al. (202Q)). With the choices of S, Sa, ¢ and K in Theorem I we can obtain
the total SFO complexity of O(x3¢~3). Thus, we have finished the proof of Theorem
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D.2 EXTENSION TO FINITE-SUM PROBLEM

The result of Theorem|I]is achieved under the condition that the problem is stochastic. In a special
case where the problem has the form of finite sum with n samples, we can also guarantee the
convergence of our algorithm. We replace the large mini-batch of size S; with the full gradient
in Algorithm [T} The analysis is similar to Theorem [T]and we only need to keep the relations that
So = kgand g - Sy - K = S1 = n. Hence we omit the proof in this paper.

Corollary 1. For finite-sum problem, when n > K2, we set batch size So = O(yv/n), period
q = O(k~1\/n). Other parameters keep the same as the stochastic case. Then our PRGDA algorithm
requires O(n + K2y/ne=2) SFO complexity to achieve O(e, \/ k3 pe) second-order stationary points
with high probability. When n < k2, we have ¢ = 1, which means v, and v, are deterministic and
we always have ||e;|| = ||0:]| = 0. In this case we can set So = O(1) and the total SFO complexity is
O((K2 + kn)e™2) to achieve O(e, \/K3 pe) second-order stationary points with high probability.

E BILEVEL OPTIMIZATION

In bilevel optimization, the definitions in Eq. should be modified as follows since )V = R? in
the bilevel case .

gk(mvy) = Vyg(xay))v Yt = g)\('rhyt-‘rl))

€D = o) =V, fo i)y €2 = o) =V f@esn), 0 = wo — Vyglon i) G6)
Additionally, we assume that each component function G(x, y; £) satisfies bounded variance, i.e.,

IVG(z,y;¢) — Vg(z,y)|| <o (57)
Then we can obtain a similar lemma to Lemmal/[I] as follows.
Lemma 5. Set stepsize n < m A = &, batchsize Sy > 819200log®(4/60)k e,

Sy > 819200log? ()oK~ max{1, 40° o “1, S > 819200log? ()02k0 2 max({1, 22 M2 L
Sy > 819200 log (4/50),% e~ 1, period ¢ = k*e¢”Y, inner loop K > 2304&, perturbation radlus

where Cy = O(1) is a

. 4
€ mln{l,“é‘W}

I
"< emin{1l, r =2 )
102400 log2(4/60) K0 L2C2

— 320 log(4/60)n3LC

and average movement D <

constant to be decided later. The initial value of yo sansﬁes ||gA(:c0, y0)|| < W. With

(1 k3¢
probability at least 1 — 58, for V't we have Het )H 52001 || || 32001 [10:] < 5550, and
emin{l, 557 emin{l,
el < <05 Moreover; we have Lilgers — y (o) < 26yl < “attAor)
Proof. Similar to Lemmamwe have
E,Ei)l - ei” 5 ;; (V F(ri1, yer1,058ki) — Ve (o1, Yer1,k—15 ki)
Sa
— (Vaf (@1, yeg1,0) = Vaf (T, yt+1,k—1))) + Z Vo F (2141, Y415 &)
-V F(l't»ytJrl;fi) = (Vo f(ze41,ye41) — Va f (21, yt+1)) (58)

9 t
€§+)1 e’ =5, ZZ(V F(@e1, Yo 1.5 ki) — Vo F (o1, Yer1.k—15 ki)
k=11i=1

Sa
1
— (Vyf(@es1, Ye1,k) — Vyf(xt+17yt+l,k71))) + A Z VyF(zit1, Y113 &)
i=1

= VyF(we,y14156) — (Vo f (@1, Y1) — Vi f (26, Y1) (59)
s Sy
9t+1 -6, = S Z Z (V G ﬂft+17yt+1 ks Ck z) VyG(xtH,ytﬂ,k—l; Ck,z’)
k=1i=1
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Sy
1
— (Vy9(@es1, Yep1,6) — vyg($t+17yt+1,k71))) + A E VyG(Tit1, Yet1; Gi)
i=1

= VyG(@e, Y413 G) = (Vyg(@ir1, Yer1) — Vyg(Te, yes)) (60)
for mod(t + 1, q) # 0. Using Azuma-Hoeffding inequality, with probability at least 1 — 38, we have
2 2 t S5
1 g 4L
i1 < 4toa(4/d) (G + g D (lrier =il + 3 i —wisnsal?) 6D
i=[t/qlq k=1
(2) 12 o®  4L? : 2 S 2
leiil1? < 4108(4/00) (G- + 5= D Ulwirs =@l + D lyirrx = visraa ) (62
S1 Sy
i=|t/a)q past
2 0 A2 ¢ 2, U 2
0c411” < 410%(4/50)(5*3 + g Z ([|igr — @i” + Z [Yit1,6 = Yit1 -1l )) (63)
i=[t/qlq k=1

By Eq. (@) to (24), the estimation
t

6)\,%
Z Z”szrlk_lerlk 1 < D Bl + L i — @l + %l (64
i=t/alq k=1 i=lt/a]q

is still satisfied when Sy > 8k log(1/ 50) where we only need to replace f with —g, u with —u and
S with Sy. Using the choice of A < &7 we can further conclude

2 0?4k ¢ 2 2 2 2
el < alos(4/60) (G + g D (8L lwis — il + 36+ [l))  65)
i= Lt/qjq
2
g
€217 < alog(4/60) (5 + 5 S (822t — ail? 310, + [l )) (66
i=|t/qlq
R T
160117 < dlog(4/d0) (G- + g7 D0 (BLllwier — il + 3617 + [:l%) (67
i=[t/qlq

We can mimic the steps in Lemma|I]to obtain the estimation of ~; that

288k 10log(4/6 432k
I = (o KRB0 o (B2 390 10s(4/60))

1152k
K
The difference of x;, and x; can be bounded by

+( + 75010g(4/80)) L2 ||z 1 — x4 (68)

_ €2 min{1, L
lt41 — z||? < max{n?,r%, D} < L o) (69)
102400 log”(4/80)kSL2C?

According to S; > 8192001og?(4/0)o% k%2 max{1, > 819200 log2(4/50)/<f1e*1,

S3 > 819200 log?(4/80)0 k5~ max{1, 4” M2 }, Sy > 81920010g (4/80)k3et, ¢ = k%! and
K > 2304k, by induction we can prove for Vt the following bounds hold

. L4
||6(1)H2 €2 min{1, W} 2 0,
b= 10240010g(4/00)k2C? — 102400k2C3
. L4
||€(2)H2 - €2 min{1, 74‘,2”[2} < €2 o
© 1= 10240010g(4/00)k2C7 ~ 10240062C73
2 s L*
o < ol A @ (72)
H1 = 10240010g(4/00)k5C2 ~ 10240046C2
eZ2min{1, L
e U 573} (73)

<
- 64K5C?
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where the case of ¢ = 0 is satisfied by the choice of 57 and the PiISARAH initialization |yo|| <
€ min{l,Liz}

192 (0, o) || € —g582 -

Next, we can give the estimation of ||v; — V®(x)].

Lemma 6. Let 61 = 760/4 where &y is defined in Lemmal._il Let |Bj| = BQ(1 —ap)?~7,Q = O(k)

and B = 512C% log(4/80) M?Kk%e=2 Then we have ||v; — V®(z;)| < &, with probability 1 — 46;.

Proof. By Eq. @) we have

—Vo(zy)
= (0" — Ji2®) = (VoS (@0 y* (@) — V2,9(20 y* (@) [V2g(@e y* (@0))] 1V, f 2 y* (20))
= o) — Vo f (@ 1) + Vo f (@, ye1) — Vaf (@ y* (@) — (Jo — V2,9(xe,y* (1))

Vg y (@) TV f (vt (@) = Iz = [Vag(an y™ ()] Vy feey (20))) (74)
As S5 > 64C7 log®(4/80) M?k%e2, by Azuma-Hoeffding inequality we have

Le
o2
I = V2960 @) < g 5)
with probability 1 — dy. According to Lemma 5] we have
* M *
loe = V@)l < V]l + Llyess = y* @l + “E1: = Vi, gy @)
+ LHZtQ — [Vig(ae,y" (@) Vy f e,y (@)
< gom + LI — V39t @)y sy @) (76)
Next, we will estimate ||z — [V2g(2e, y*(20))] "' Vy f (2, y* (24))|. First, we have
H[Vf,g(xt,ytﬂ)] 'v yf (@t Y1) — [ng,g(ﬂftay*(l’t))]flvyf(wtay*(fct))”
= ||([V12,9(33t,yt+1)] [VQQ(J%, (xt))]_l)vyf(xtvyt-f—l)
+ Vg (e, y* (@) (Vy f (@6, yei1) = Vi f (20, 5" (20))]
M . L . M .
< Cx s =y @)l + Sl =y @l = (5 +Wlgn -y @)l D
We also have estimation
22 — [Vog(e, yes )] Vi f (2, gl
a Y [I (- aV3iG(aeyer1: By) — [Vig(we, yen)) o
¢=-1j=Q—q
+ [vzgm,ym)rl( 2 =V f @ yern))|
1
<2M|a Z H I —aVyGae,yoei1s By) = [Vog(ae yerd)] '+ el (78)
g=—1j=Q—q H
The first term can be estimated by
Q +oo
B 1 — au)@t!
o320~ aV2g(ar. )~ [Viglee )] <o 3 (1t = L2000
4=0 4=Q+1 H
(79)

When |B;| = BQ(1 — ap)?77, by Azuma-Hoeffding inequality and the proof of proposition 3 in (Ji
et al. (2021))), we have

Q
||CYZ H —aV yG (@, Y415 B; az —aV xt,ytﬂ))qHQ
=0

q=—1j=Q—q
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2k2log(4/60) < 20%k2 log(4/6¢)
B(l—ap) — B

with probability 1 — do. In the second inequality we use o = 5 L Combine Eq to ( and we
can obtain

Lz - [Vf,g(wuy*(wt))]_lv [,y ()]

(80)

(2) Q+1 2log(4/do) €
< Laind 296\% %) €
< 2K%(1 + 2 /i)”’)/tH + k|l || + 26M (1 — ap) + kM = <20 (81)

where we have used Lemma|3|and the choices of Q = O(x) and B = 512C% log(4/80) M?k%¢~2 in
the last inequality. Therefore, by union bound we have

oy — V()| < Cil (82)

with probability 1 — 74g. O

Now we have reached the same conclusion as the case of minimax optimization. The rest part
of the proof for Theorem [2]is almost the same as Theorem [I] since in Lemma 2] to Lemma 4] and
Lemma |10] we do not need the specific expression of vy, Ly or ps. We only use the bound for
|lve — V®(a)||. The only thing different is that we have to check if 7 and D in LemmaE] satisfy the

condition in Lemma , which is affirmative as Ly > % Therefore, the average descent is O(L%)
and T = O(Q—g) = O(x*¢~?). Finally, we have

T A3 T .
Golf,e) =TS K + -5 = O(k%e?), Ge(g,e) = 1+ TSiK + 5= O(x7e™%) (83)

JV(G,e) =TS = O(k°¢ ), HV(G,e) =T Z BQ(1 _IBQ O(kSe™*) (84)
7=0 ap

F AUXILIARY PROPOSITIONS AND LEMMAS

In this section we provide some auxiliary propositions and lemmas used in the proof.

Proposition 1. (Lemma 4.3 in (Lin et al.|(2020d))) Suppose function f satisfies Assumption 2l and
Assumpnon. | Then function y*(x) is k-Lipschiiz continuous, i.e.,

ly* (z1) — " (@2) || < Kllzy — 22l

forVwy, xo € RN, Function ®(x) is differentiable with gradient V®(z) = V. f(x, y* (x)) and the
gradient is Lg-Lipschitz continuous where Ly = L + kL.
Proposition 2. (Lemma 2, Lemma 3 in (Luo & Chen|(2021))) Suppose function f satisfies Assump-
tionto Assumption Then function ®(x) is twice differentiable and the Hessian is pg-Lipschitz
continuous where pp = 4v/2K>p.
Proposition 3. (Lemma 2.2 in (Ghadimi & Wang|(2018))) Under Assumpnonsg] t0[3] the gradient of
®(x) is Lo-Lipschitz continuous and the Lipschitz constant Le = O(k3) with formula
2L+ pM L3+ 2LpM  L?*pM

+ 2 e
Proposition 4. (Lemma 3.4 in (Huang et al.|(2022b))) Under Assumpttonsl t0] the Hessian of
®(x) is po-Lipschitz continuous and the Lipschitz constant pg = O(kP).

Lo =L+

(85)

Next, we will present the Azuma-Hoeffding inequality.

Lemma 7. (Lemma D.1 in (Chen et al.| (2021a))) Let €., € R be a vector-valued martingale
difference sequence with respect to Fy, i.e., for each k € [K], Elex|Fi] = 0 and ||ex|| < By, then
with probability 1 — § we have

| ZekH? < 410g(4/5) (86)

k=1
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Next we will introduce some lemmas from the convergence analysis of SREDA.

Lemma 8. (Lemma 2 in (Luo et al.|(2020))) Suppose f is a p-strongly convex function and has
L-Lipschitz gradient. Then for any x and x’ we have

(VH(@) = Vi) —) 2 L5

Lemma 9. (Corollary 1 in (Luo et al.|(2020))) For any y € Y we have

Elly =y @) < 19 (e,y)] (88)

1
||$—33/H2+m“vf(ﬂ?)—Vf(ﬂﬁ/)Hz (87)

As ®(z) has (L + xL)-Lipschitz gradient and (4v/2x>p)-Lipschitz Hessian, similar to Lemma D.3
in (Chen et al.|(2021a))) and Lemma 6 in (L1 (2019)) we have the following Lemma@
Lemma 10. Set stepsize ny < min{1/8Lg log("g;%), 1/4CLg logtipres} = ON(ﬁ) perturba-

. . L L Y
tion radius r < % and threshold tipres = 2 log(%)/nHeH = O(nHEH ), where rg < 1

and C' = O(1). Suppose —y = Anin(V2®(2,n.)) < —epr. Let {x;}, {2}} be two coupled sequences

by running PRGDA from .y, 11 = Tm, +§ and x,, | = Ty, + & With 2y, 11 — 27, | = T0€1,
where £, &' € Bo(r) and ey denotes the smallest eigenvector direction of V>® (., ). Then with
probability at least 1 — 46y (for 8y in Lemmall), we have

Lenmen

!/
- - >
mg <tﬁn’;lﬂas‘)-(|-tthr,.es{||mt Fmelly ||xt Tmes } - Cp@ (89)
Proof. To prove this lemma, we assume the contrary.
L L
vms <t S mg +tth7‘es; ||xt - mms < M, ng - xm,s < M (90)
Cps Cps
Define w; = x; — x} and vy = v, — V®(z4) — (v; — V®(x})). We have
Wey1 = wy — N (vp — vy) = wp — g (Ve(24) — V(1)) — s
= (I — nuH)wy — nu(Avwe + 1y) 1)
where
1
H=V>D(z,,.), Ay = / [V20(x), + 0(x; — x})) — H]dO (92)
0
Let

t
prer =T =ngH) "™ w1, 1 =g Y, (T—naH) " (Asw, +v,)  (93)

T=mgs+1
and apply recursion to Eq. (91)), we can obtain
W1 = Pr41 — Gi+1 94)
Next, we will inductively prove
HQtH S HptH/Qa V”ns <t S mg + tthres (95)

First, when ¢t = m + 1 the conclusion holds since ||¢,_+1] = 0. Suppose Eq. is satisfied for
7 < t. Then we have

3 3 . —
lwr | < llp-ll + llg=ll < Sllp-ll = 51 +nay) "™ rg (96)
Then for the case 7 = ¢ + 1, by Eq. (93) and (96) we have

t t
3 _
laeeall <na (Lt nay)™™ 2 >0 Ao +nm > (L+mmy) |

T=ms+1 T=ms+1
_ 3Lon%entn 1
< (L4 mp) e (FHILEE 4 )
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) TMerg = lpegall/2 7)

which finishes the induction of Eq. (93). In the second inequality, we use Lipschitz Hessian and
Eq. to obtain ||A-|| < Lengen/C and we use Lemmall]in minimax problem or Lemmal5]in

bilevel problem and the fact a’*! — 1 = (a — 1) 3" _ a® to obtain ||v, || < egro/4 with probability
1 — 46, by choosing constant C; > -3¢ The last inequality can be achieved by the definitions of

1
< 5(1 + Ny

— €gro’
N and tipres. NOow we have e
1 e
5 + )" g < lwll < o — 2, || 4 12 = 2, | (98)
which conflicts with Eq. (90) due to the choice of ¢;4cs. O
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