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ABSTRACT

Model routing is a simple technique for reducing the inference cost of large lan-
guage models (LLMs), wherein one maintains a pool of candidate LLMs, and
learns to route each prompt to the smallest feasible LLM. Existing works focus on
learning a router for a fixed pool of LLMs. In this paper, we consider the problem of
dynamic routing, where new, previously unobserved LLMs are available at test time.
We propose UniRoute, a new approach to this problem that relies on representing
each LLM as a feature vector, derived based on predictions on a set of represen-
tative prompts. Based on this, we detail two effective instantiations of UniRoute,
relying on cluster-based routing and a learned cluster map respectively. We show
that these are estimates of a theoretically optimal routing rule, and quantify their
errors via an excess risk bound. Experiments on a range of public benchmarks
show the effectiveness of UniRoute in routing amongst 30+ unseen LLMs.

1 INTRODUCTION

Large language models (LLMs) have seen a flurry of development (Radford et al., 2018; 2019;
Brown et al., 2020; Touvron et al., 2023; Anil et al., 2023; Grattafiori et al., 2024; DeepSeek-Al
et al.,, 2024). While LLMs have demonstrated impressive abilities, their inference cost can be
daunting (Li et al., 2024a; Wan et al., 2024; Zhou et al., 2024b). Several techniques aim to ease this
issue, such as speculative decoding (Stern et al., 2018; Chen et al., 2023a; Leviathan et al., 2023),
early-exiting (Schuster et al., 2022), quantisation (Chee et al., 2023), compression (Frantar & Alistarh,
2023; Agarwal et al., 2024; Rawat et al., 2024), and others (Pope et al., 2023; S et al., 2024).

Our interest is in model routing for efficient inference. Here, one maintains a pool of candidate LLMs
of various sizes and capabilities. Given a prompt, one learns to predict the lowest-cost LLM which
can reasonably address the prompt. In doing so, one can learn to use high-cost LLMs sparingly,
only on the (relatively) few “hard” inputs. This is a conceptually simple but effective technique,
which has seen a surge of recent interest (Hendy et al., 2023; Hari & Thomson, 2023; Ding et al.,
2024; Sakota et al., 2024; Chen et al., 2024b; Hu et al., 2024b; Shnitzer et al., 2023; Wang et al.,
2023; Stripelis et al., 2024; Ong et al., 2025; Zhuang et al., 2024; Srivatsa et al., 2024; Feng et al.,
2024; Lu et al., 2024; Zhao et al., 2024b; Dann et al., 2024; Aggarwal et al., 2024; Lee et al., 2024a;
Mohammadshabhi et al., 2024; Chuang et al., 2025; Huang et al., 2025).

Existing works largely focus on routing over a fixed pool of LLMs. In practice, however, the pool of
LLMs can constantly change; e.g., older LLMs may be deprecated in favor of newer, more performant
LLMs. To leverage such new LLMs, perhaps the simplest approach is to retrain the router. However,
with frequent changes to the LLM pool, this may be impractical owing to a non-trivial overhead from
repeated retraining and redeployment (see §3 for further discussion and considerations).

In this paper, we propose UniRoute, a new approach to this problem based on representing each
LLM as a feature vector, derived from their prediction errors on a set of representative prompts.
By learning a router over these LLM features, we enable generalisation to previously unseen LLMs
without any retraining. Building on the observation that K -NN routing (Hu et al., 2024b) is a special
case of UniRoute, we detail two concrete instantiations of UniRoute relying on unsupervised and
supervised prompt clustering respectively. While conceptually simple, empirically, these enable
effective routing with a dynamic LLM pool across several benchmarks. In sum, our contributions are:

(i) we formalise the problem setting of model routing with a dynamic pool of LLMs (§3);
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Figure 1: Illustration of our proposed UniRoute with a cluster-based router (see §5.1). We first
perform K-means on a training set to find K centroids, and then partition the validation set into K
representative clusters. Each test-time LLM can then be represented as a K-dimensional feature
vector of per-cluster errors. This yields an intuitive routing rule: for each test prompt, we route to the
LLM with the smallest cost-adjusted average error on the cluster the prompt belongs to. The prompt
embedder may either be completely unsupervised (as shown in the figure), or fitted via supervised
learning using labels from a set of training LLMs different from those seen during test time (§5.2).

(i) we propose UniRoute (§4), a novel routing approach relying on an LLM feature representation
based on its prediction error vector on a small set of representative prompts (§4.1);

(iii) we propose two simple yet effective instantiations of UniRoute based on unsupervised or super-
vised clustering (§5.1, §5.2, Figure 1), with an accompanying excess risk bound (§5.3);

(iv) we empirically illustrate (§6) UniRoute effectively handles 304+ new LLMs across multiple
benchmarks (Zhuang et al., 2024; Hu et al., 2024b; Ong et al., 2025; Somerstep et al., 2025).

2 BACKGROUND: MODEL ROUTING WITH A STATIC LLM PooL

Language models (LMs). Given a finite, non-empty vocabulary of tokens 'V, a language model (LM)
is a probability distribution p over sequences of tokens V* = [ J 2/ V™. Our interest is in using large
language models (LLMs) for prediction problems mapping input prompts x € X C V* to targets
y € Y. Our goal is to construct a predictor h: X — Y minimising R(h) = E(g y)~p [((x, y, h(x))].
Here, {(x,y, h(x)) denote a loss function measuring the loss of a predicted response h(x) on a
given (prompt, target) pair (x, y). For example, ¢(x,y, h(x)) = 1(y # h(x)) penalises responses
that are not exact string matches of the target. We may construct a predictor using an LLM p via
h(x) = predict(p(- | )). Here, predict is some (task-specific) prediction function mapping LLM
output strings to targets; e.g., we may employ a standard decoding algorithm (Ficler & Goldberg,
2017; Fan et al., 2018; Holtzman et al., 2020), followed by stripping non-numeric tokens.

Model routing. Model routing is a means for achieving inference efficiency by sparingly calling
larger models only on “hard” prompts. More precisely, suppose we have M > 2 LLMs {p(m) Ymem)s
with corresponding inference costs {c(m)}me[ ) denoting, e.g., their average monetary costs for
processing one prompt. We assume ¢! < ¢(2) < ... < M) Let h(™) () = predict(p(™ (- | x))
denote the predictor for the m*™ LLM. Let r: X — [M] be a router that, given a prompt, predicts the
most suitable LLM. The standard (“static’) routing problem seeks to solve (cf. Chen et al. (2023b);
Dekoninck et al. (2025); Woisetschliger et al. (2025); Somerstep et al. (2025))

min 3 Ewy [1(1‘(3:) —m) .f(m,y,h(m))] DS By [l(r(m) :m).c(m)] <B. (1)
me[M]

r: X— me M)

Here, B > 0 is some fixed budget on the cost of the routed solution.
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Model routing strategies. The most naive routing strategy randomly assigns prompts to the various
models, potentially pruning inadmissible solutions (see Appendix D). A more refined strategy is to
learn a router (see Appendix I). Hu et al. (2024b) (see also Narasimhan et al. (2022)), proposed to
construct a predictor 4™ : X — R of the expected loss incurred by each LLM A(™) and route via

r(z) = argmin |y™ (z) + A - ™| 2)
me[M]

Here, A > 0 is a hyper-parameter trading between cost and quality. In §5, we formalise that (2) is a
plug-in estimator of a theoretically optimal routing rule (cf. also Somerstep et al. (2025)). Given a
training sample S, = {(z*,y®)} ﬁvz"l, there are several approaches to construct . For example,

given a text embedder ¢: X — RP? (e.g., BERT (Devlin et al., 2019), Sentence-T5 (Ni et al., 2022)):

ryl(inm) (JI) = Wv—yrﬁo(m) + bma 3)

where w,,, € R”? b,,, € R and (optionally) ¢ may be fit with a suitable empirical loss such as the
mean squared error. A related matrix factorisation approach operating over frozen embeddings was
proposed in Ong et al. (2025), fitted on either pairwise (Ong et al., 2025) or pointwise (Zhao et al.,
2024a) supervision. Alternatively, we may use a K-NN estimator (Hu et al., 2024b, Section 5.1):

Taw@ =2 > Uy @), “)
i€ENN(z,k)

where NN(z, k) denotes the k-nearest neighbours of (the embeddings of) @ in S.

3 MODEL ROUTING WITH A DYNAMIC LLM PooL

We now formalise the model routing problem when the set of LLMs may vary dynamically.

Routing with a dynamic pool: motivation. The routing setup in (1) assumed a static pool of
LLMs: indeed, (3) only estimates parameters { (W, b ) }me[ar] for a fixed pool of LLMs, namely,

{p(m)}me[ - We are interested in routing with a dynamic pool of LLMs. The importance of this
setting is twofold. First, new models are frequently released, and old models can be deprecated. It is
highly desirable for a router to reflect these changes: e.g., smaller LMs are especially released very
frequently, and leveraging them is critical for effective routing in a low-cost regime. Second, even
with a fixed set of candidate LLMs, the pool of LLMs available for routing at test-time can change
dynamically. For example, routing API services may see changes owing to the availability of GPUs
for serving, licensing requirements, and suitability to the user’s particular task.

There are two natural strategies to handle such a dynamic LLM pool: (i) reuse an existing router
trained against an older pool, or (ii) retrain a router with each change to the pool. While simple,
neither approach is wholly satisfactory. The first approach can be practically undesirable: failing to
leverage newer LLMs can result in a poor user experience for end-users of a routing system. The
second approach can incur non-trivial overhead (cf. Appendix H): for every newly released LLM, one
needs to perform router retraining and re-deployment. Further, such retraining requires annotating
labelled samples with each new LLM, which runs the risk of overfitting when using too few samples,
or incurs a high annotation cost otherwise. These motivate the following alternate setup.

Routing with a dynamic pool: setup. Let J(,;; denote the set of all possible LLM predictors, where
for simplicity we assume |H,y;| < +oo. Let H = 271 denote the set of all subsets of H,y. Let

Hiy = {h,(j ), RN hEﬁV I)} € H denote the set of LLM predictors observed during training. During
evaluation, we seek to route amongst H{;, = {hg), RN héév)} € H. The original routing problem

in (1) corresponds to Hy, = Hy.. However, we aim to allow Hy, # Hye, including Hy, N Hye = 2.

To accommodate such a dynamic LLM pool, we first modify our router to accept both a prompt and
a set of candidate LLMs, with the goal to pick the best option from this set; i.e., we consider dynamic
routers R = {r(-,3): X — [|H|] | I € H}. Next, we assume that the set of training LLMs J, is
itself drawn from some meta-distribution $) over H. Rather than perform well on the specific set Hy,
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we would like to generalise to any set of LLMs drawn from §). Concretely, we wish to solve:

min > (@, H) =m) L@y, k)| E| DY 1r(@,H) =m) c(h™)| < B,
me[|H][] me[|H][]
5)
where as before B > (0 denotes a cost budget, H = {h(l), e h(M)} ~ §) denotes a sample of M
LLMs, c¢: Hay — R, denotes the cost of a given LLM, and E is a shorthand for E g 4 g¢)-

Bayes-optimal routing with a dynamic pool. To guide the design of a dynamic router, we study
the Bayes-optimal rule for (5). Interestingly, the Bayes-optimal rule decomposes across each of the
constituent LLMs. The result is known for a fixed pool H € H (Jitkrittum et al., 2023, Lemma
FE.1), (Dekoninck et al., 2025; Somerstep et al., 2025). The distinction arises for a varying pool, where
the result closely mirrors (Tailor et al., 2024, Eq. 6), derived in a related setting (see Appendix I).

Proposition 1 (Optimal dynamic routing). Under a mild regularity condition on P, for any input

x € X, LLM pool H € H, and budget B > 0, there exists a Lagrange multiplier Ag, > 0 such that
the optimal dynamic router r* for the constrained optimization in (5) is

r*(x,H) = argmin [Ey‘m [f(m,y,h(””))} + Ag - (A . (6)
me[|H|]

The above uses standard Lagrangian analysis to convert the original constrained objective into an
unconstrained one. Intuitively, it is optimal to route to the model with the lowest expected loss, after
applying a cost adjustment of \g - ¢(h{"™) to the loss. The parameter Ag > 0 allows one to trade off
the expected quality and the average cost. If one wishes to sweep B to trace a cost-quality deferral
curve (Appendix F.2), one may equally treat A\ as a tunable constant. See also Appendix E.

Consider a setting where an LLM response may be compared to a ground-truth target based on an
exact match criteria: i.e., we pick the 0-1 loss £(x, y, h(™)) = 1[h("™) (2) # y], with values either 0
(incorrect) or 1 (correct). Here, the optimal rule in (6) becomes:

r*(z, H) = argmin |*(x, h™) + \g - c(h<m>)} , where v*(z,h) =Py # h(x) | z]. (7)
me[|H]]

For simplicity, we will focus on the the 0-1 loss henceforth, and consider (7) as the optimal router;

our results can be readily adapted (as we shall see empirically in §6) to other loss functions via (6).

Plug-in routing with a dynamic pool. The above suggests a simple router for a dynamic LLM
pool Hie = {hEn)}nE[N]: construct a plug-in estimator y(x, h) of v*(, h), and estimate (7) via

r(x, Hie) = argmin |vy(x, hEZ)) + A c(hgz)) . 8
n€[N]

A key question arises: how should we parameterise v(x, h)? We study this question next.

4 UniRoute: UNIVERSAL ROUTING VIA AN LLM FEATURE REPRESENTATION

To enable routing with a dynamic LLM pool, we propose to parameterise v by representing both
prompts and LLMs as feature vectors. Specifically, for fixed K > 1let ®: X — RE and W: K, —
RX denote feature maps for prompts and LLMs respectively. Then, we propose:

Yani(, h) = ®(x) " ¥ (h). 9)

We may now fit any parameters associated with ®, ¥ on the training set .Si;, and then route as before
via (8). Crucially, provided we define an easily computable W, this seamlessly handles any h € H,j,
including one unobserved during training; this is analogous to semantic output codes for zero-shot
classification (Palatucci et al., 2009). Thus, (9) provides an approach for universal routing with
dynamic LLM pools. To realise the potential of this approach, it remains to specify ®(x) and ¥ (h).

Prompt representation ®. Good choices for ®(z) € RX have been well-studied in prior work (Hu
et al., 2024b). A standard choice is to leverage (a linear projection of) a general-purpose text
embedding such as OpenAl (2025); Lee et al. (2025); Wang et al. (2024b); Lee et al. (2024b).
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(1) Train base router. Fit parameters of 7,,; from (9) on training set S, = { (2", y)} ¥ .

(2) Embed test LLMs. Compute W(h¢.) for each test LLM hie € He, €.g., via (10) on a
validation set Sy = {(2(7), y(j))}ﬁv:“i.

(3) Route on new prompts. Given a new input prompt x, pick the best test LLM via (8).

LLM representation ¥. A good choice for W(h) is less apparent than that for ®(x). Observe
that a linear router (3) for a static pool H; = {hg), ceey héf{)} corresponds to a one-hot LLM
representation W, (h) = {1( h = hg"’))} el which is inherently tied to the LLM pool H;,. We
now examine an alternative representation based on an LLM’s performance on a subset of prompts.

4.1 REPRESENTING AN LLM VIA THE PREDICTION ERROR VECTOR

A key desideratum for is that ¥(h) T ¥ (h') ought to be large for a pair (h, h’) of “similar” LLMs, and
small for a pair of “dissimilar” LLMs. We posit that two LLMs are “similar” if they have comparable
performance on a validation prompt set (i.e., a set of prompts following the same distribution as those
encountered in deployment). This is akin to proposals in Thrush et al. (2024); Zhuang et al. (2024).

Concretely, suppose that we have access to a small (labelled) validation set Sy = {(2/), yU ))}jN:“‘l
Further, suppose that any LLM h € 3,y — including new LLMs unobserved during training — can be
evaluated efficiently on these prompts. Then, one may represent the LLM based on its prediction
error vector on prompts from Sy,;: for suitable F': R« — RX (e.g., a linear projection), we choose:

w(h) = F (1D #h@D)]

val

) e RX. (10)

A special case of this is the &K -NN method (4) from Hu et al. (2024b) applied to Sy, : for Wiy, (h) =
[1(y") # h(:c(j)))]je[N’ ;€ RMa and @y, (x) € {0,1}¥ indicating which validation samples
are the k-nearest neighbours of x, (9) exactly reduces to (4). In general, however, it can prove useful
to parameterise F' and learn some compressed LLM representation in K < N, dimensions.

4.2 DISCUSSION: UniRoute VERSUS STANDARD ROUTING

A central assumption in UniRoute is that for any new LLM, one may efficiently compute ¥(-); for
W(-) given by (10), this in turn assumes that any new LLM can be efficiently evaluated on Sy,. This
only requires black-box access to the LLMs in the pool (e.g., as offered by standard APIs); the LLM
weights need not be exposed. We stress some further important points regarding this.

Choice of validation prompt set. The success of UniRoute critically requires that the validation
prompts Sy, reasonably reflect those encountered during deployment. In our experiments, we largely
take Sy, to be a random subset of the training set Sy: since the core assumption of training a router
on Sy is that these prompts reasonably reflect test prompts, a random subset can also be assumed to
mimic test prompts. More generally, the validation prompts could be hand curated based on domain
knowledge, or drawn from a standard benchmark suite (which is often available for any new LLM).

Comparison to router retraining. The assumption that each new LLM can be evaluated on .S, raises
a natural question: why not simply retrain a conventional (static) router on S, ? This approach has
two drawbacks. First, such retraining is susceptible to overfitting; this is because S, is assumed to be
of modest size (e.g., O(10%)), such that performing inference for a new LLM on S, is not prohibitive.
Consequently, UniRoute can thus yield better quality (as we shall demonstrate empirically). Second,
router retraining and redeployment imposes additional overhead (e.g., engineering effort) compared to
UniRoute. Further to these, UniRoute offers a more flexible approach that can handle bespoke routing
use-cases, such as routing amongst dynamic model subsets; see Appendix H for more discussion.

Comparison to {-NN. K-NN routing (Hu et al., 2024b) — which, as noted in §4.1, is a special case
of UniRoute — does support new LL.Ms without retraining. Indeed, one may readily compute i\~
in (4) based solely on the prediction error vector. However, as with naive retraining, this approach
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may not generalise favourably as Sy, is assumed to be of modest size; indeed, even in moderate data
regimes, Zhuang et al. (2024) observed that K-NN may underperform. Further, it does not exploit any
information from the (potentially large) training set Si;. Nonetheless, K -NN offers a simple means of
making non-linear routing decisions. We now study alternate means of leveraging non-linearity in W.

5 UniRoute WITH CLUSTER-BASED LLM FEATURE REPRESENTATIONS

Building on the above, we now consider certain cluster-based LLM representations.

5.1 REPRESENTING AN LLM VIA PER-CLUSTER PREDICTION ERRORS

We propose an instantiation of (10) that represents any LLM h € J{,); through its average errors
W (h) € [0,1]% on K > 1 pre-defined clusters. Similarly, we represent prompts via their cluster
membership @, (x) € {0, 1}, This yields the following instantiation of (9):

Yetust (T, h) = Pepust () T T (R). (11)

Intuitively, Yeust (€, ) estimates the performance of a given LLM on a prompt & by examining its
performance on similar prompts, i.e., those belonging to the same cluster.

Naively, one may directly cluster .Sy, ; however, this is prone to overfitting, since (by assumption) the
set is of modest size. Thus, we instead cluster the prompts in the training set Si.. We then use this to
group the validation prompts into K disjoint clusters, and compute per-cluster errors for a new LM
using Sy,1. Concretely, given a text embedder ¢: X — RP?, we compute @y (), Wepuse (h) via:

(i) Cluster the training set embeddings {¢(?)} | to construct K non-overlapping clusters. This
yields a cluster assignment map ®gug: X — {0, l}K , where the k-th index is 1 when x belongs
to cluster k (i.e., it is on average closest to samples in cluster k). This step does not require labels.

(i) Assign each validation set prompt to a cluster. Let Cr, = {(z,y) : (x,y) € Sva, Peusx(2) =
1} be the subset of the validation set that belongs to cluster k.

(iii) For any LLM h € H,);, compute ¥, (h) € [0, I]K using its per-cluster validation errors:

Vank(h) = == Y. 1y # h(z)]. (12)

C
[Cl (@,y)ECK

Plugging these into (11), we may now approximate the expected loss for hE:’) on an input prompt &

using the average error of the LLM on the cluster the prompt is assigned to, and route via (8).

This cluster-based instantiation of UniRoute can route with new LLMs in a highly efficient manner:
given any new test LLM, we simply need to estimate its average per-cluster clusters for all validation
prompts. This does not require any expensive gradient updates, and is a one-off cost: further routing
can operate entirely on this vector, and is oblivious to any further changes in the LLM pool.

A natural choice of clustering algorithm in step (ii) is K -means (MacQueen, 1967). For K = 1, the
router devolves to the ZeroRouter from (Hu et al., 2024b) (see Appendix D). Empirically, we find
UniRoute to be reasonably robust to the choice of K (Appendix G.2).

5.2 FROM FIXED TO LEARNED CLUSTER ASSIGNMENT MAPS

To improve the above cluster-based router, we may further seek to exploit the labels in Si;: given the
same clustering, we propose to learn a cluster assignment map ® s (+; ) € [0, 1]¥ that can better
map a prompt to a distribution over clusters. Specifically, we set ®cius x (; 0) o< exp (Hchp(a:)) for

parameters @ € RX*D? and text embedding ¢. Analogous to (11), we have
'Yclust(wa h; 0) = (ﬁclust(m; a)TlI’clust(h)a

where, as in (12), ¥, (h) denotes the per-cluster errors estimated from the validation set Sy,. To
pick 8, we minimize the log loss on .Sy, against the correctness labels for the training LMs JH,:

= > > 1y # h(@)] -10g Yest (2, h; 0) + 1y = h(@)] - 1og (1 — Yeust (a2, 13 9)) .
(,y)€Sy h€FH
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5.3 EXCESS RISK BOUND

We now present an excess risk bound for our cluster-based routing strategy. Suppose we represent
the underlying data distribution over (x,y) by a mixture of K latent components: P(x,y) =

Zszl 7 - P(x,y| 2z = k), where z denotes a latent random variable that identifies the mixture
component and 7, = P(z = k). For a fixed k, we may denote the probability of incorrect predic let
Ui (h) = Py y).—k [R(x) # y] .Then, cluster-based routing seeks to mimic the following rule:

(@, He) = argmin | Y P(z = klz) - Ui (h(l)) + A+ c(hl)) ] . (13)
n€([N] ke[K]

Proposition 2. Let v* be as per (7). For any Hye = {hég)}ne[m e H hEZ) € Hie
and @ € X, let: Ay(@,h) = [Py ooy [ (@) # y] = WEE)]. Let Rou(r, %) =
>.P hEZ) () £y Ar(ze,Hie) = n} denote the 0-1 risk. Then under a regularity condition on P,

Egc,, [Ro1 (7", Hie)] — Eac,, [Ro1(r™, Hie)] < Eg,p max Ap(z,h) ] .
R{M e3io ke [K]

This suggests that the quality gap between cluster-based routing in (13) and the optimal rule in (7) is
bounded by the discrepancy between the per-cluster and per-prompt errors: i.e., the gap between the
LLM’s error on a prompt versus the average constituent cluster error (see Appendix C.3 for proof).

5.4 DISCUSSION: UniRoute VERSUS EXISTING WORK

UniRoute allows a trained router to make use of new test-time LLMs without retraining. This is
unlike most, though not all existing approaches; indeed, recent works Feng et al. (2024); Zhao et al.
(2024b); Li (2025) have also proposed dynamic routing approaches. In comparison, we provide a
formally-grounded approach that avoids dependence on exogenous fask label information for prompts,
and relies on established statistical learning primitives.

More precisely, Li (2025) also proposes the use of a certain LLM embedding vector, and is thus the
most related work. However, there are important distinctions to UniRoute. First, Li (2025) rely on
RL-based policy gradient optimisation; the significant recent advances in RL notwithstanding, this
raises the risk of training instability, and computational burden. By contrast, we consider standard
statistical learning (akin to most recent routing works, e.g., Somerstep et al. (2025)), and rely on
standard gradient descent. Second, the LLM embeddings in Li (2025) depend on other LLMs in
the pool, as well as the order in which the LLMs are added. By contrast, our embeddings are pool
agnostic, and highly intuitive (per-cluster errors). Third, to construct the LLM embeddings, Li
(2025) perform an iterative optimisation of a variational objective, which further relies on estimation
of prompt difficulty. By contrast, our correctness-vector based representation requires a simple
calculation of per-cluster errors. We defer a full discussion to Appendix I.

6 EXPERIMENTAL RESULTS

We demonstrate the effectiveness of UniRoute when observing new LLMs at test time.

Experimental setup. We present results on EmbedLLM (Zhuang et al., 2024), RouterBench (Hu
et al., 2024b), a Math+Code dataset from Dekoninck et al. (2025) (containing a subset of Minerva
Math and LiveCodeBench (Lewkowycz et al., 2022; Jain et al., 2024)), SPROUT 03-mini (Somerstep
et al., 2025), Headlines (Sinha & Khandait, 2021; Chen et al., 2023b), OpenLLMvV2 (Fourrier et al.,
2024), and Chatbot Arena (Zheng et al., 2023). All datasets use binary accuracy as the evaluation
metric. Thus, all methods rely on the deferral rule described in (7).

LLM pool construction. We partition the set of LLMs into two disjoint sets: training models (H;,
in §5) and testing models (H;.). For EmbedLLM (112 LLMs) and SPROUT o03-mini (15 LLMs),
we use a random subset of 2/3 for training and 1/3 for testing. For Headlines, we hold out six LLMs
for training and use the other six LLMs for testing (details in Appendix G.3). For RouterBench (11
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LLMs in total), we use a random 50% for training and the rest for testing. See Appendix G.2 for
details on hyper-parameter selection.

Example construction. Over 400 independent trials, for EmbedLLM, we randomly split examples
into 60%/10%/30% for training, validation, and testing (for SPROUT o03-mini, Headlines, and
RouterBench, we use 400 examples for validation). The training portion is for training a router,
and only has correctness labels of training models. The validation split is the small dataset used to
represent each test-time LLM as a feature vector (see §5.1). All baselines are evaluated on the test
examples and only on the test LLMs. We use Gecko 1B (Lee et al., 2024b) (frozen) to produce a
768-dimensional prompt embedding for all methods

Evaluation. We evaluate each method with a deferral curve (Appendix F.2; (Jitkrittum et al., 2023;
Wang et al., 2024a; Hu et al., 2024b)), which plots the trade-off of average quality against cost. The
trade-off is realized by varying \g in (6). We report two evaluation metrics: (i) the quality-neutral
cost (QNC), or the minimum relative cost needed to match the quality of the most accurate test LLM;
and (ii) the area under the deferral curve (Area). The QNC is analogous to the call-performance
threshold in Ong et al. (2025). For EmbedLLM, we use the number of parameters of the LLM as a
proxy for the cost of processing one prompt. For SPROUT 03-mini, HeadLines, and RouterBench,
we use each LLMs’ API calling costs (in USD) as provided in the datasets.

We evaluate UniRoute cluster-based routing — using both the unsupervised and supervised cluster
assignment maps (§5.1, §5.2) — against certain dynamic & static routing baselines, described next.

Baselines: dynamic routing. There are two simple, but surprisingly strong dynamic routing baselines:

e ZeroRouter (Hu et al., 2024b). A router that randomizes between two LLMs, chosen from those
attaining a certain Pareto-optimal performance on the validation sample (details in Appendix D).

e K-NN (Hu et al., 2024b; Shnitzer et al., 2023). A special case of UniRoute (see §4.1) that for each
prompt, looks up the K nearest prompts in the validation set in the space of prompt embeddings,
computes v for each test LLM using (4) (with the 0-1 loss), and routes via (2).

LLMBandit (Li, 2025) is also a natural baseline per §5.4. Unfortunately, an exact replication
of Li (2025) is challenging, owing to the lack of a public implementation, coupled with their
approach involving many non-trivial components (e.g., policy gradient training with a replay buffer).
Nonetheless, Appendix 1.1 presents a (favourable) comparison against the paper’s quoted results.

Baselines: static routing. We reiterate that most existing routers in the literature are inherently tied
to the LLMs they are trained with; thus, such static routers are impractical in the dynamic routing
setting. This is true of the multi-layer perceptron (MLP) (Hu et al., 2024b), matrix factorization (Ong
et al., 2025; Zhuang et al., 2024) and BERT-based routers (Ong et al., 2025; Ding et al., 2024; Chen
et al., 2024b; Mei et al., 2025), all of which have a fixed number of outputs (one per LLM). Despite
this, we include two representative methods for completeness:

¢ Retrained MLP & MatrixFac: An MLP router (Hu et al., 2024b) and a factorised router (Ong
et al., 2025; Zhuang et al., 2024), with one output per test LLM, trained on prompt embeddings to
estimate 7. For each new LLM, these routers need to be retrained with an additional output using
the small labeled validation sample available for the new LLM. These baselines are impractical as
they are prone to overfitting to the small validation sample, and incur frequent retraining costs.

We excluded static routers with more complex architectures (e.g., Ding et al. (2024)) because they
are even more susceptible to overfitting and less practical to retrain frequently.

Experimental results. We present deferral curves on EmbedLLLM in Figure 3, and on other datasets
in Appendix G.3. Each isolated x represents the cost and average test accuracy of one test LLM. The
table in Figure 2 summarizes Area and QNC for four datasets; additional results in Appendix G.3.

UniRoute is effective under dynamic LLM pools. UniRoute yields competitive quality-cost trade-
offs, with the gains over baselines being statistically significant. In particular, on EmbedLLM —
featuring > 30 unseen LLMs — we provide compelling gains over K -NN. Further, on all datasets,
we consistently outperform ZeroRouter, which was noted as a strong baseline in Hu et al. (2024b).
We are also significantly better than the re-trained static routers on most datasets; as expected, these
baselines underperform as a result of overfitting to the small validation set. Appendix G.4 further
shows UniRoute is effective when the LLM representations are constructed from Chatbot Arena, and
evaluated on out-of-distribution EmbedLLM prompts.
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W EmbedLLM SPROUT 03-mini Headlines RouterBench
Method QNC] Areat QNC| Areat QNC| Areat QNCJ Areat
ZeroRouter (Hu et al., 2024b) 87.5%* .607* 100.0%* .820* 88.0%* .819* 99.9% .689 *
K-NN (Hu et al., 2024b; Shnitzer et al., 2023) 459%* 636" 29.6%*  .844* 437%* .830* 99.7% 707 *
Retrained MLP (Hu et al., 2024b) 359%*  .641* 80.9%*  .829* 742%*  .823* 99.2% 710
Retrained MatFac (Ong et al., 2025; Zhuang et al., 2024) 36.6% *  .640* 84.2%*  .825* 809%* .821* 99.3% 708 *
UniRoute (K'-Means) 33.7% .649 * 19.6% .850 56.9%*  .828* 99.4% 712
UniRoute (LearnedMap) 33.1% .652 23.4% 846 34.9% 832 99.6% 11
EmbedLLM SPROUT 03-mini t i RouterBench
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Figure 2: Top: We report the the Quality-Neutral Cost (QNC), i.e., the minimum relative cost to
achieve the same performance as the most accurate LLM, and the area under the deferral curve. *

indicates the method is statistically significantly worse than UniRoute (LearnedMap) at significance
level o = 0.01. Bottom: Areas under the deferral curve (1) with 96% CI on unseen test LLMs for
varying validation sample sizes. UniRoute (K -means) is often better than the baselines across sample
sizes. The re-trained MLP underperforms on two datasets due to overfitting to the smaller validation
samples.

In Appendix 1.1, we show that UniRoute performs favourably compared to results from Li (2025).

UniRoute is effective even with a small validation sample. We show in Figure 2 (bottom), that
our proposal is often significantly better than /{-NN across a range of validation sample sizes. One
potential reason for this is the requirement in -NN that only the retrieved neighbors from the
validation set can be used to estimate test models’ performance. It is hence unable to exploit the
training set in any way. In contrast, our methods are able to exploit the training data either in an
unsupervised (K -means) or supervised (LearnedMap) manner.

UniRoute is robust to choice of clusters K. Sec- 0.70
tion G shows that in general, UniRoute is effective
for several different K values, and our hyperparam-
eter selector picks an effective K.

o
o
o

UniRoute maintains effectiveness under static
LLM pools. While the dynamic pool setting is the

—+— Retrained MLP
Retrained MatFac
0.55 UniRoute (K-Means)

Accuracy
o
[N}
o

focal point of our work, we show in Appendix G.5 —e— UniRoute (LeamedMag)
that even in the static LLM pool setting, UniRoute X X ZeroRouter
typically performs comparable to most baselines. 050 20 20 60

. . o Cost budget (model size)
UniRoute’s LLM representations capture similar g

LLMs. Appendix G.6 shows that similar LLMs are
close in the space of cluster-based LLM embeddings  Figure 3: Deferral curves on EmbedLLM.
of UniRoute (Section 5).

7 LIMITATIONS AND FUTURE WORK

While UniRoute makes progress on the problem of dynamic routing, there are some limitations which
present opportunities for future research. First, in the fully static LLM pool setting, UniRoute is not
guaranteed to recover the performance of existing methods; designing hybrid static-dynamic routers
that leverage the best of both paradigms would be of interest. Second, while we proposed certain
natural cluster-based routers, there could be other instances of UniRoute; a more systematic study of
this design space would be worthwhile. This may be particularly fruitful in settings without a clean
cluster structure, wherein UniRoute (K -Means) is seen to underperform UniRoute (LearnedMap).
Finally, while the choice of a random subset of training prompts for .Sy, is intuitive, further optimizing
for a diverse subset (i.e., finding a coreset) can potentially give an even better representation; this is
complementary to our current proposal, and is an interesting topic for future study.
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REPRODUCIBILITY STATEMENT

We have made efforts to ensure reproducibility of our work. Our experiments on dynamic routing
rely on training, validation, and test data splits. Each data split may contain training LLM, test LLMs,
or both. These details are explained in Section F.1. The model architecture of our dynamic router
is detailed in Section F.3. Tuning of hyper-parameters and parameter choices are clearly described
in Section G.1, and Section G.2, respectively. All datasets used are publicly available and properly
attributed. Data preprocessing steps are in Section 6 and Section G.3. For our theoretical results, the
complete proofs are given in Section C, along with several auxiliary lemmas.
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A SOCIETAL IMPACT

Our primary contribution is a mathematical formalism for routing amongst multiple dynamic LLMs,
with concrete instantiations based on prompt clustering. These are coupled with empirical results on
public benchmarks, typically involving LLM accuracy as the primary metric.

We do not foresee immediate negative societal impact from our mathematical framework. While well-
studied in the literature, the underlying routing problem itself could lend itself to some undesirable
outcomes; e.g., a router may overly favour models that produce outputs that are systematically biased
on certain data sub-groups. We believe that our framework is amenable to such constraints, and
believe that accounting for these is a worthy subject of future research.
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B STATIC VS DYNAMIC ROUTING
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Figure 4: An illustration of static routing and dynamic routing.

Static routing Static routing refers to the setting where the pool of LLMs that a router is trained on
is the same one that the router will see at deployment time. That is, the pool is fixed, and there is no
need for the router to account for new LLMs that may be available after it is trained. If new LLMs
are to be part of the LLM pool, then in general the router has to be retrained from scratch. Existing

works largely focus on the static routing setting.

Dynamic routing In dynamic routing, one seeks a router that can adapt to a changing LLM pool
at deployment time. In particular, a dynamic router is able to add new LLMs to the LLM pool
without retraining. Dynamic routing is the focus of our work. As formally described in Section 3, our
proposed UniRoute framework relies on representing each LLM as a feature vector, derived based on

predictions on a set of representative prompts.

An illustration to contrast these two settings is provided in Figure 4.
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C PROOFS OF RESULTS IN MAIN BOoDY

In what follows, we use rg¢(x) and r(x, ) interchangeably. As a shorthand, we define

S(r) = Ezy,50 Z 1(r(x,H) =m) - {(x,y, h(m)) ,
me[|3H]]

C(r) = E(e,) Z 1(r(x,3) =m) ~c(h(m))

me[|H]
The constrained optimization problem in (5) is equivalent to
miﬂr% S(r) subject to C(r) < B. (14)
re
It will be useful to consider the following related unconstrained optimization objective:
L(r,\)=8(r)+ X-C(r). (15)
For any A > 0, let r} be the minimiser of L(r, \).

C.1 INTERMEDIATE RESULTS

We first provide results that will be useful for providing the main claims in §C.2 and §C.3.

Lemma 3. Given A > 0, the optimal solution v € argmin, L(r, \) to the unconstrained problem
in(15)is

(@, H) € argmin,, cjj5¢) Byl [K(w,y, h(m))} + X e(h™).

Proof. Starting with the definition of L,
L(r,\)=S(r)+X-C(r)

= ]E(w,y,?(f) Z 1(7“(83, j-o = m) : f(l‘, Yy, h(nL)) +A- ]E(w,%) Z 1(7"(:17, g{) = m) : c<h(M))
me([|H|] me[|H]]

@ ExEgEy|z Z 1(r(x,H) =m) - {f(az,y, R 4 - c(h(m))} x
me[|H])

— ExE, [ > 1@, 3) = m)  {Eye U,y ) @] + A c(n™) } ]

me[|3]]

‘Ci}f,w

where (a) uses the fact that the draw of 3 is independent of the draw of («, y). The last line makes
it clear that for any fixed J{ ~ §), and any fixed «, to minimize the overall loss, the router ought to
route to the model that has the lowest cost-adjusted loss Lg¢ .. Thus,

r(z,H) € argmin,,c(5¢) Eya {é(m, Y, h(m))} + X e(h™).

O

Lemma 4. For any A > 0, let 15 be the minimiser of L(r, X). Then, for any r, if C(r%) > C(r), then
S(ry) < S(r).

Proof. Since r} minimises L(r, A), for any r, we have L(r}, A) < L(r, \). That is,

(T§)+/\-C(T§)S5( )+A-C(r) (16)
S(rx) < S(r) +1-(C(r) = C(r3)) -
Since A > 0, it follows that S( %) < S(r) by the assumption that C(r) — C(r}) < 0. O
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Lemma 5. Let 13 be the minimiser of L(r, X). For \, N > 0, A\ > X ifand only if C(r}) < C(r3)).
In other words, X\ — C(r}) is a non-increasing function. Hence, supy>q C(ry) = C(rg).
Proof. Since r} € argmin, L(r, \), by definition, we have
S(r3) +A-C(r3) < S(r) +A-C(r),
for any r, including r73,. This means
S(r3) +A-C(r3) < S(ry) +A-C(ry).
In a symmetric manner,
S(ry) + X C(rk) < S(r}) + X - C(r3).
Adding the above two inequalities, we have
S(ry) +A-Cry) +Sry) + XN -C(ry)
= X-C(r}) + X -C(ry)
= A (C(r}) = C(rx)) + A - (C(rk) = C(3))
= (A=XN)(C(}) = C(r})
The last inequality above implies that A > X" if and only if C'(r}) < C(r3,). O
Lemma 6. Let A\, \' > 0 such that \ < X. Given © € X and H € H, if r}(z, H) # 3 (2, H), then
there exists a model pair h™ | h®) € H with h™ £ h®) such that

c(h(m)) — ¢(h(k)) -0

<S(ry) +A-Cx) +803) + X - C(r3)
<N-C(ry)+N-C03)
<0
<0.

A<

Proof. Given K, define A,,,(\, ) = E,, [{(z, v, h(m))] + X - ¢(h{™). Recall that
(@, H) = argmin,, cj5¢) Am (A, ).

Observe that given (z,H), for each m € [|H]|], A (A, x) is a one-dimensional affine function of .
So, r}(z, H) is the 1ndex of the affine function that gives the lowest value when evaluated at A. Fix
x. Since A — A,,, (A, ) is continuous, for any m, if 7} (z, H) # 3, (2, H), it must mean that the
index of the lowest affine function changes as we move from A to \'. This implies that there is an
index pair m and k (with m # k) for which A — A,,, (A, ) and A — Ay (A, ) cross, as we move
from X to \'. The cross point is precisely at A such that

= Eypa [(@,y. 1)+ X c(h™) = By [0y, hM)] + X c(h)

Eyla [Z(m,y,h(k))] —Eyja [é(m,y,h(m))}
c(h(m) — ¢(h(k)) '

— =

Lemma 7. Assume x is a continuous random vector. Then, A\ — C(r}) is continuous.
Proof. We will show that for any AX € R, limax—0[C(r3;ax) — C(r3)| = 0. Observe that
IC(r3an) = C| = B [o (B33 @H))] B g [e (nO3@20) ]|

(a) E(e.50 ‘C (h 754 an (@50 ) c(h(ri(ac,ﬂf)))‘

) o
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where we applied Jensen’s inequality at (a). Define Sa to be the set of input points for which r3
and 3, A, make different decisions. Precisely,

Saa(H) = {@ | r3an(z, H0) # 73 (2, H) }

Let cmax = maxpegc,, ¢(h) i.e., the maximum per-query cost of any LLM in our finite universe. The
quantity é can be bounded further with

.- ]EH/ ‘C (h(r:m(w&o)) . (hw;(wf))) ‘ p(@) do
zESAN(H)

S ZCmainH/ p(CI}) dx
zESAN(H)

= QCmang{]P(SA)\ (g‘f) ) .
The proof now amounts to showing that lima x—,0 E5¢P(Sax(H)) = 0.

Eylo [0@,y, h) | ~Ey o [t(@,y,h™)]

Define a shorthand A, 1, (x, H) = R —e(h ()

start by expanding Sa x (H) to have
Sax(3) = {x | ripan(@, H) # ri2, 50}

(a)

CH{x|F#Em: Api(z,H) € [N A+ AN}

= | (& Amr(@,30) € A\ A+ AN}

m#k

= IAA(}C)a

where at (a) the subset relationship is due to Lemma 6. Since Sax(H) C Fax(H), we have

® < 2c0xEgP(Faxr(H))

(a)
< 2emaxBac Y P({@ | Ami(z, H) € A, A+ AN}
m#k

= 2maxBsc D P (Ami(@, 3) € A+ AN)),
m#k

where h(™) h(F) ¢ H. We

where at (a) we use the union bound. Note that there are a finite number of summands because
FHan is finite. Since « is a continuous random variable, for any H, A, (2, H) is also a continuous
random variable. As A\ — 0, we have P (A, x(x, H) € [\, A + A)\]) — 0 for any m, k. This
means # — 0 and thus limax 0 [C(r3 ax) — C(r3)] = 0. O

Proposition 8. Suppose P(y|x) and P(x) are continuous in x. Let r§ € argmin, L(r,0) where
L(r,A) = S(r) + X - C(r) (see also (15)). For any budget B € (0,C(r})] in the constrained
problem in (5) (or equivalently in (14)), there exists Ay > 0 such that the minimiser of L(r, Ag) also
minimises (5).

Proof. Since P(y|x) and P(x) are continuous in &, and A — C(r3}) is continuous (by Lemma 7),
there exists Ap > 0 such that C(r} ;) = B. Applying Lemma 4 with this choice of A implies that
S(r3,) < 5(r),

for any r such that C(r) < C(r3,) = B. This proves that r}  is the minimiser of (5). Setting
Ay = Ap completes the proof. O

C.2 PROOF OF PROPOSITION 1

Proposition (Restated). Assume that x ~ P and n(x) = P(y | x) are continuous random variables.
Then, for any LLM meta-distribution $), and budget B € (0,C(r()] (see §C for the definitions of C
and rg), there exists Ag, > 0 such that the optimal dynamic router v* for the constrained optimization
in (5) is
r*(x, H) = argmin {Ey‘m {é(w,y,h(m))} + A - c(R™)] .
me(|H]]
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Note that the continuity assumption on the data distribution applies to the setting where « can be
represented via a fixed-length sentence embedding (i.e., a Euclidean vector). This is the primary
setting of this work.

Proof. Under the continuity assumption on P, by Proposition 8, there exists Ag) > 0 such that the
minimiser of the unconstrained objective L(r, Ay ) (see (15)) also minimises (5). By Lemma 3, 7* is
established.

O

C.3 PROOF OF PROPOSITION 2

Proposition (Restated). For a set of LLMs H, let * denote the Bayes-optimal routing rule in
Proposition 1. For any € X and h(™ € H, let:

Al W) = By o (1) # 3] — V(™).

Let Roi(r,Hee) = >, P [hgg) () £y Ar(x,Hie) = n} denote the 0-1 risk. Then under the

regularity condition on P in Proposition 1, the difference in 0-1 risk between 7 and r* can be
bounded as:

Ese.. [Ror(7*, )] < Esg [Rou(r*, Heo)] + Emoi) [ Aule, hé?)]

max
me(|Hiel],kE[K]

Remark C.1. The bound in Proposition 2 provides us with intuition for when UniRoute (/-means) is
effective in practice. Specifically, it suggests that the quality gap between cluster-based routing and
the optimal rule in (7) is bounded by the gap between the LLM’s error on a prompt versus the average
error on its constituent cluster. So when this gap is small, we expect cluster-based routing to provide
a good quality-cost trade-off. This happens when the input queries form clear clusters, and is the case,
for instance, in EmbedLLM which aggregates multiple benchmark datasets. As shown in Figure 2,
UniRoute (K -Means) is highly performant on this dataset. By contrast, on Headlines, it is not as
effective because all prompts are about news related to finance, and the cluster structure is less clear.

We now start with a preliminary for proving Proposition 2. For simplicity, we will refer to J(;, simply
by H, and hgén) by h{("™). We define a proxy risk objective:

Roy(r, ) =Eq. | Y WM™ 1[r(z,H) =m]|, (17)
mel[|H|]

where the expectation is over the joint distribution over (z, z) (and not (x, y)).

Consider solving a variant of the constrained optimization problem in (5) where the original risk
objective is replaced with the proxy risk in (17):

mTin Eqc [Rm(r, 9—()}

st E(g,y,90 Z ™ 1fr(z, H) =m]| < B. (18)
me[|H[]

We can then show that the optimal solution to above proxy constrained optimization problem admits
the same form as the cluster-based routing rule 7* in (13):

Lemma C.2. Under the assumption on P in Proposition 2, for any set of models I, the minimizer of
the proxy constrained optimization problem in (18) is given by:

7 (x, H) = argmin Z P(z = k|z) - UL (R™) + A - ™),
me[|H]] k€[K]

for some \ > 0.
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We will also find it useful to bound the difference between the original risk Ro1 (r, 3) and the proxy
risk in (17):

Lemma C.3. For any routing rule v and fixed H,

ROl(T, g‘f) — Rm(r, g‘f)‘ < E, [me[%?)lie[l(] Ak($,h(m)):| .

We are now ready to prove Proposition 2:

Proof. The excess risk we wish to bound is given by:

Eg—( [R()l(?:*,g‘f) — R01(T‘*,j‘f)]

=Eq |:{R01(7:*7j‘f) — R()l(’lz*,j‘f)} + ROl(f*,g‘() — R()l(’l’*,g‘f) + {R()l(?”*,g‘f) — ROl(T*,H)}}
(@)

< Roq (7* — Roq (1* . (m)
< Eyge [Rm(r ,J{)} Egc {Rm(r ,%)} +2- B [men%ﬁ}ée[m Ap(z, h )]

(b)

<0+2-E. max Ap(z, K™ | |

= (,30) [menm],ke[m K )

as desired. To derive (a), we apply Lemma C.3 to bound the first and third terms. To derive (b), we
use the fact that 7* is the minimizer of the proxy-risk Eg¢ []:201 (-, H)| subject to the budget constraint

in (18); since r* also satisfies the same budget constraint, it has an equal or higher expected risk than
7. O

We now prove Lemmas C.2 and C.3.

Proof of Lemma C.2. Under the assumption on [P, the constrained problem in (18) is equivalent to
minimizing the following Lagrangian objective for some Lagrange multiplier A (Neyman & Pearson,
1933):

me[|H|] me(|H]]

@E%Emﬁm Z 1(r(w,g{):m).{q,:(h(m))JrA.c(m)}

me[|3]

=]E;c]Em[ > 1r(z,H) =m) { > P(Z:k|33)~\IIZ(h(m))+)\.C(””)}:|7

me[|H|] ke(K]

‘Cﬂ{,w

where (a) uses the fact that the draw of JH is independent of the draw of (x, y). The last line makes it
clear that for any fixed J{ and any fixed «, to minimize the overall loss, the router ought to route to
the model that has the lowest cost-adjusted loss Lg¢ 5. Thus,

7 (x, H) = argmin Z P(z = k|z) - OL(RU™) + X ™).
me[|H|] ke[K]

Proof of Lemma C.3. Expanding the original risk, we have:

Rou(r,30) = By | > 1[0(@) £y - 1r(@,50 = m)
me(|H[]

B 3 By [1[000@) # 4] 150 = ] |

me[|H]]
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~E, Z Pyja [R) (@) £y - 1[r(@, 30 = m]
Lme(|]]

“Eo | 3 Y M Py [R(@) £ y| 12,30 =m] | (19)

| mE[|H]] ke[K]

Recall that:

= Byt [0 (@) # ] = Pary oo [B @) # 9] .

We may next bound (19) in terms of A,,, (z, h(™)):
R01 (’I“ g‘f)

SEo | Y D me (Pa ook [A0@) £ Y|+ Au(@, b)) - Lr(@, 30 = m)

me[m\] ke[K]

=Eg Z Tk * Z ]P):I:/,y’lz:k [h(m) (ZB/) # y/} -1 [r(:c,f]-f) = m]]

| kE[K] mel[|H|]

+ E, [Z Z Ap(z, h™) . [(w%)—m]]

ke[K] me[|H]]

<e [Z me Y Pugk [106@) 23] 1 @50 = ml| + [Z me max Aua W)]

ke([K] me[|H|] ke[K] me[|3]

(b)
- [Z Mo D Fagges [N@) A y] 1@ 30 = ]|+ e [men%?’ziem Ak(w’h(m))]
ke[K) me[|H|] ’

=E E (R 1 [r(x, H) =m +Em[ max A m,h(m)]
(z,2) Wi ( ) [r( ) ]] mel| 3 e (K] k( )
= Ro1(r,H) + E, { max Ak(m,h(m))} :

me[|H]], ke[ K]

where (a) uses the fact that Y 1 [r(x,H) = m] = 1 and (b) follows from the fact that ), 71, = 1.
One can similarly show that:

ROI("’} j'f) > ROl(T, j’f) — Ak(w’h(nL)) 7

. [ max
me[|H|],ke[K]

which completes the proof. O
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D ZERO ROUTING

An elementary approach to multi-model routing is to identify the points on the non-decreasing convex
hull of the set of cost-risk pairs {(c(™), R(h(™)) : m € [M]}, and to route amongst the corresponding
LLMs (Hu et al., 2024b). Specifically, given a budget B € (c(!), ¢(M)), we may pick the two nearest
costs ¢(™) < B < ¢(™2) from the non-decreasing convex hull, and route a query to LLM h(™1)

with probability &2 =B and to (™) with probability -2

mg) _c(my) ma) _c(myq)*

This approach can be seen as a random router that randomizes between two LLMs, where the LLMs
and mixing coefficients are chosen to maximize the expected quality on the validation sample, while
satisfying the budget constraint. Despite its simplicity (i.e., the routing decision being agnostic to the
input), this approach was noted as a strong baseline in Hu et al. (2024b).

D.1 SpECIAL CASE: OPTIMAL CLUSTER ROUTING RULE FOR K =1
When the number of clusters K = 1, the routing rule in (8) returns the same LLM for all queries x:

r(x, Hie) = argmin [\I/(hgg)) +A- c(hﬁg))}, (20)
n€[N]

where \IJ(hEZ)) = Ni-dl 2 (.)€ Suar 1[h£2)(az) # y]. This rule is closely aligned with the Pareto-
random router.

Proposition 9. For any A € R, the routing rule in (20) returns an LLM on the non-decreasing
convex hull of the set of cost-risk pairs {(c(hég)),rol(hg)) : n € [N]}, where r01(h§2)) =
o Leges L @) # )

Proof. Suppose there exists a Ay € R>g and m; € argmin,, \Il(hg")) + A1 - ¢(™ such that
(ctm1) 161 (h(™1))) is not on the non-decreasing convex hull. Then there exists 2(™2) € I such that
either c(™2) < (™) and 7o (R(™2)) < gy (A1), or ¢(™2) < ™) and roy (h(2)) < ro1 (R™1)),
In either case, T(h{") + Ay - ¢™2) = 1 (h{"™) + Ay - M2 < roy (B™)) 4+ Ay - ™) =
(R™)) 4+ A, - ™) which contradicts the fact that m; € argmin,, [U(A{™) + A, - ™). O
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E BUDGET CONTROL AND DEFERRAL CURVES

Ideally, one wishes to find a router that exactly satisfies a given cost budget B in (5). Per Proposition 1,
following standard Lagrangian theory, this may be reduced to tuning a certain soft penalty coefficient
Ag. This raises the question: how exactly does one pick g corresponding to a given B?

We note at the outset that this question is relevant for any routing method (not only ours). Indeed, even
in the static routing setting, the question of how to tune A (i.e., the quality-cost trade-off parameter)
is independent of the core technical question of how to design a good router r. To separate these
concerns — design of a good routing score estimate, versus design of a good trade-off parameter
selection — it is standard in the literature to sweep over A (i.e., report a deferral curve).

This said, for completeness, we include a discussion on how to tune Ag. First, note that \g is not
determined during the training phase. Instead, we would need to tune it to meet the budget constraint
whenever a new set of LLMs are included in the LLM pool. In practice, this can be done using an
inexpensive line search: find the smallest for which the routing rule satisfies the budget constraint.
This line search is a one-off procedure needed to be run when new LLMs arrive; it requires no
re-training, gradient updates, or labeled samples.

Second, we highlight that we are able to decouple the training phase from the estimation of thanks to
the optimal rule in (8):

7*(x) = argmin (Loss of LLM h(™ on z) + Ag - (cost of calling (™).

With this strategy, we may guarantee that the average cost of inference on the test prompts is within
the specified budget. More specifically, suppose we have access to a set of validation prompts that are
drawn from the same distribution as the test prompts. by standard generalization theory, the average
cost of inference on the test set is also guaranteed (up to sampling errors) to be within budget. This
guarantee is similar to a classifier trained on the training set generalizing well to new test samples
(the analogue of the classifier here is the routing rule with a single tuning parameter).
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F EXPERIMENTAL SETUP
We provide more details on the experiments discussed in Section 6.

F.1 SPLITTING DATA AND LLMS

In the experiments, we split the data into three disjoint portions: train, validation, and test. The set
of all LLMs available in each dataset is also split into two disjoint sets: training models and testing
models. The relationship of data splits and model splits is summarized in the following table.

Data split

Train Validation Test
Model split
Training models v v X
Testing models X v v

* Training set. The training examples are meant for router training. Only information of the
training models (not testing models) is available in this data portion. The only exceptions
are the clairvoyant oracle baselines which are allowed access to correctness labels of testing
models on training examples. In other words, unlike other baselines, these oracle methods
observe all models during training, and are trained on both training and validation portions.
These baselines are meant to establish performance achievable if a router has access to all
models.

* Validation set. The validation examples are meant to be used to represent new LLMs.
For instance, for our proposed UniRoute (K -Means) approach, the validation set is used
to compute per-cluster performance metrics of each testing LLM observed at test time, to
represent it as a feature vector. We assume that the validation set is small so as to keep the
cost of adding a new LLM low.

* Test set. The test examples are only used for evaluating routing methods.

Testing models represent new models that arrive at deployment time, and are not available for training
(except to the clairvoyant fixed-pool router baseline). Training models are meant for router training.
For instance, our UniRoute (K -Means) approach learns to route among the training models, and is
tested on the test set to route among the testing models.

F.2 EVALUATION: DEFERRAL CURVE

Routing performance may be assessed via a deferral curve (Jitkrittum et al., 2023; Wang et al.,
2024a; Hu et al., 2024b) € = {(B, R(hgm(-,7B)): B € [cV), c(M)]}, tracing the tradeoff between
the cost budget B and loss of the resulting routed model. Specifically, one varies the cost budget
B € [¢™M, ¢M)]; computes a router 7(-) for this budget; and plots the resulting expected loss
R(hgm(-,r5)). We may also use a quality metric (e.g., accuracy) in place of the loss to capture
quality-cost trade-offs.

F.3 IMPLEMENTATION DETAILS OF UniRoute (LEARNEDMAP)

In this section, we give details on the architecture and training of our proposed UniRoute
(LearnedMap).

Architecture Recall from Section 5.2 that the LearnedMap attempts to learn & — ® st (; 0)
parameterised by 6. This is a function that maps an input prompt x to a probability vector
D st (;0) € AK where AKX denotes the K-dimensional probability simplex. In experiments,
D15t (+; 0) is defined by an MLP with two hidden layers:

® 1yt (x; 0) = (Softmax o FC(K) o H o Ho BN o ¢) (z), (21)
H = [ReLU o BN o FC(128)], 22)

where:

33



Under review as a conference paper at ICLR 2026

* o denotes function composition,

* H and H’ denote the two, separate (i.e., no parameter sharing) hidden layers of the same
architecture as described in (22),

* FC(z) denotes a fully connected layer with z € N outputs,

* ReLU denotes the rectified linear unit i.e., ReLU(a) = max(0, a),
* Softmax denotes a softmax layer,

* BN denotes the batch normalization layer, and

* ¢ denotes a frozen text embedding.

Recall from the experiments in Section 6 that we use Gecko Lee et al. (2024b) for the text embedding
®.

Training We use Keras (Chollet et al., 2015) for implementing (21). In all experiments, UniRoute
(LearnedMap) is trained for only 5 epochs using Adam as the optimization algorithm. We observe
that training for too long can lead to overfitting. Training batch size is set to 64, and the learning rate
is 0.005. Since ¢ is frozen, training P¢jyst (-5 @) amounts to training the MLP with two hidden layers.
It is sufficient to use CPUs for training. For one trial, training takes only a few minutes to complete.

F.4 ROUTER COST

All routing methods rely on a frozen prompt embedding model ¢. As described in Section G.3, ¢ is
set be the token probability quantiles of the Gemma 2B model in the Headlines dataset. For other
datasets, we use Gecko 1B model (Lee et al., 2024b) for ¢. Importantly, all methods rely on the same
embedding model, and thus share the same overhead for prompt embedding.

At inference time, for UniRoute (K -Means), deciding the LLM to route to for a given test query
involves computing the text embedding, and finding the nearest centroid out of K centroids (recall
that {-means is run only once on the training set). For UniRoute (LearnedMap), after computing the
prompt embedding, we pass the embedding through a small MLP as described in (21). Compared to
the sizes of candidate LLMs (up to 60+B in EmbedLLM, for instance), invoking the text embedding
model and performing a few operations after (centroid lookup, or invoking a small MLP) incur a
negligible cost.

When plotting the deferral curves, we do not include the cost of the routing model. Including the
router’s overhead will simply shift all the deferral curves to the right by a small amount, without
changing the relative ordering of the methods.
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G ADDITIONAL EXPERIMENTAL RESULTS
We present additional experimental results we omitted in the main text.

G.1 HYPER-PARAMETER TUNING

To tune K in K-NN, K-means, and the proposed LearnedMap, for each candidate K, we represent
the training LLM using correctness labels in the training set, evaluate the routing rule for the training
LLMs on the validation set, and measure the area under the deferral curve. This evaluation metric
can be seen as the average improvement in quality per unit cost. The parameter with the maximum
area is then chosen.

G.2 HYPER-PARAMETER CHOICES & STATISTICAL SIGNIFICANCE

There are three methods that we consider in the experiments in Section 6 that depend on a hyperpa-
rameter K. Specifically, K in K-NN refers to the number of nearest neighbors, and K in UniRoute
(K -means) and UniRoute (LearnedMap) refers to the number of clusters. In Figure 2, we report the
performance of these methods with the best K found on each dataset separately. We now describe
the validation procedure we used to select the best K.

K-NN For each candidate K, and each prompt in the validation set, find the K nearest queries in
the training set (in the Gecko embedding space). Route each prompt in the validation set to the most
appropriate training LLM according to the routing rule (7) where ("™ is estimated with (4). Produce
a deferral curve on the validation set, and compute the normalized area under such curve. Select K
that maximizes the area. The list of candidate K’s is set to be from 5 to one third of the validation
sample size.

UniRoute (/{-Means) For each candidate K, perform K -means on the training set using Gecko
embeddings (Lee et al., 2024b). Compute the feature vector representation of each training LLM
on the training set using (12). For each prompt in the validation set, find the nearest cluster, and
route the prompt to the most appropriate training LLM according to the routing rule (8). Produce a
deferral curve on the validation set, and compute the normalized area under such curve. Select K
that maximizes the area. The list of candidate K’s is from 3 to the number of validation sample size,
divided by 50.

UniRoute (K-Means Attributes) An alternate approach that we consider in Appendix G.4 is
to construct a binary vector of prompt attributes, denoting whether a prompt possesses certain
characteristics (Li et al., 2024b;c), e.g., whether it requires multi-step reasoning, seeks a single correct
answer, and so on. These can be seen as a generalised “task”. Compared to a general purpose text
embedding, such a representation is a coarser representation; on the other hand, for the purposes of
model routing, this can help mitigate overfitting.

Concretely, we parameterize the prompt embedding model to be ®(x) = o(V T gecko(x)) Where
V € R7%®%7 "and o denotes the sigmoid function. Train each head v; € R7%® (with @gecko frozen)
by minimizing the sigmoid cross entropy to predict whether the j-th semantic attribute is active on
each input prompt. We use the seven prompt difficulty attributes as described in Li et al. (2024b),
and prompt Gemini 1.5 Pro 002 to annotate each binary attribute on each training example. Once the
prompt embedding model @ is trained, we freeze it, and perform the same hyperparameter selection
procedure as used for K-means (Gecko) by replacing the Gecko embedding function with ®.

UniRoute (LearnedMap) For each candidate K, perform K-means on the training set using
Gecko embeddings. Compute the feature vector representation of each training LLM on the training
set using (12). Parameterize the cluster assignment map with a softmax-dense layer as described
in Section 5.2, resulting in a parameter 6 to learn. Learn the parameter by minimizing the binary
sigmoid cross entropy on the training with the labels given by the correctness labels of the training
LLMs. With the cluster map trained, for each prompt in the validation set, route the prompt to the
most appropriate training LLM according to the routing rule (8). Produce a deferral curve on the
validation set, and compute the normalized area under such curve. Select K that maximizes the area.
The list of candidate K’s is from 3 to the number of validation sample size, divided by 50.
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Effect of X' Figure 5 shows the area under the deferral curve (on the validation set) vs candidate pa-
rameter K. Importantly, the testing models and the test set are never used in the above hyperparameter
selection process.

EmbedLLM RouterBench
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Figure 5: Validation performance of methods considered in Figure 2 and Section G.4: K-NN,
UniRoute (K -Means), UniRoute (K -Means Attributes), and UniRoute (LearnedMap). See Sec-
tion G.2 for more details.

MLP (Clairvoyant) For this oracle baseline, as per (Hu et al., 2024b), we fix the number of hidden
layers to two and the number of hidden nodes in each hidden layer to 100. We fit the MLP on the
combined training and validation set to predict a quality score for each test LLM, and route via (2).
For training, we ran 10 epochs of Adam optimization with a learning rate of 10~2 and batch size 64,
and picked the checkpoint that yielded the best quality metric on the validation set.

Matrix Factorization (Clairvoyant) For this oracle baseline, we fit a factorized model A - B,
with A € RPP*4 B ¢ R4*™ where Dp is the dimension of the pretrained query embedding, d
is an intermediate dimension, and N is the number of test LLMs to route to. We choose d using
the same procedure used to pick the hyper-parameter K above. For a query € X and pre-trained
op(x) € RP?, this router predicts N LLM scores via A - B - (), and routes via (2). For training,
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we ran 10 epochs of Adam with a learning rate of 10~ and batch size 64, and picked the checkpoint
that yielded the best quality metric on the validation set.

Statistical Significance For the table in Figure 2 (Top), we repeat the experiments over 400 trials,
and report statistical significance (via the sign test) at signficance level o = 0.01. For the plots of
area vs. validation sample size in Figure 2 (Bottom), we repeat the experiments over 100 trials, and
report 96% confidence intervals (i.e. two-sigma standard errors).

37



Under review as a conference paper at ICLR 2026

G.3 DEFERRAL CURVES AND ADDITIONAL COMPARISONS

W EmbedLLM SPROUT 03-mini Headlines RouterBench Math+Code
Method QNC| Areat QNCJ Areat QNCJ Areat QNC| Areat QNC| Areat
ZeroRouter (Hu et al., 2024b) 87.5%* .607* 100.0%* .820* 88.0%* .819* 99.9% 689  82.8%* .395*
K-NN (Hu et al., 2024b; Shnitzer et al., 2023) 459%*  .636* 29.6%*  .844* 437%* 830" 99.7% 707 25.7% 487~
Retrained MLP (Hu et al., 2024b) 359%*  .641% 80.9%*  .829* 742%* .823* 99.2% 710% — —
Retrained MatFac (Ong et al., 2025; Zhuang et al., 2024)  36.6% *  .640* 84.2%*  825* 809%* .821* 99.3% 708 * — —
UniRoute (K-Means) 33.7% .649 * 19.6% 850 56.9%* 828" 99.4% 712 25.7% 490
UniRoute (LearnedMap) 33.1% 652 23.4% 846 34.9% 832 99.6% 11 — —
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Figure 6: Deferral curves and router evaluation metrics (QNC, and Area) for different methods in
the dynamic pool setting. Clairvoyant MLP (Hu et al., 2024a) and Clairvoyant MatFac (Ong et al.,
2025; Zhuang et al., 2024) are oracle methods that observe correctness labels of testing LLMs on
the large set of training prompts. ZeroRouter (Hu et al., 2024b), K-NN Hu et al. (2024b); Shnitzer
et al. (2023), and retraining variants of MLP and matrix factorization are baselines applicable to the
dynamic LLM pool setting.

As described in Section 6, we randomly split examples of each dataset into training, validation and
testing over 400 independent trials. Figure 6 presents the mean deferral curves of all the methods we
consider. The Area and QNC statistics reported in Figure 2 are derived from these curves. All results
here are for the dynamic LLM pool setting as considered in Figure 2. In Figure 6, we present two
additional oracle methods:

¢ Clairvoyant MLP and Clairvoyant MatFac: 1dealized versions of the MLP and factorised
routers, with one output per train and test LLM. These are trained on the combined train-
ing and validation set (with correctness labels from both the train and test LLMs), and
serve as oracles to estimate an upper bound on router performance on unseen LLMs (as-
sume the set of LLMs is fully known). These oracle baselines provide an estimate of the
performance achievable when all LLMs are observed. Recall that other non-clairvoyant
methods (including UniRoute) do not observe test LLMs on the (large) training data split
(see Section F.1).

Headlines We consider the Headlines dataset (Sinha & Khandait, 2021; Chen et al., 2023b)
consisting of 10K prompts in total. Each prompt asks an LLM to determine the price direction (up,
down, neutral, or none) of an item in a list of news headlines. There are 12 LLMs of various sizes in
this dataset. Each LLM has a distinct cost (USD) of processing one prompt, which is a function of
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the input length, output length, and a fixed cost per request (see Table 1 in Chen et al. (2023b)). We
hold out six LLMs for training and the other six LLMs for testing:

* Training LLMs: Textsynth FAIRSEQ, OpenAl GPT-4, OpenAl GPT-Curie, Textsynth GPT-
Neox, AI21 J1-Large, Cohere Xlarge;

e Test LLMs: OpenAl ChatGPT, OpenAl GPT-3, Textsynth GPT-J, AI21 J1-Grande, AI21
J1-Jumbo, Cohere Medium.

Over 400 independent trials, we randomly partition the data into 4000, 400, 5600 examples for
training, validation, and testing, respectively. Unlike other datasets, we do not use Gecko for
embedding prompts for Headlines. Rather, the frozen text embedding ¢ is constructed based on
the output of the Gemma 2B model': for each prompt, its embedding is the seven equally spaced
quantiles of the per-token probabilities of the output tokens from Gemma 2B.

The mean deferral curves over 400 trials are shown in Figure 6¢c. We observe that our proposed
UniRoute (LearnedMap) has higher accuracy than K-NN throughout the whole cost range.

Math+Code The Math+Code dataset is from Dekoninck et al. (2025) (containing a subset of
Minerva Math and LiveCodeBench (Lewkowycz et al., 2022; Jain et al., 2024)). We use all 4 LLMs
for testing; consequently, the training data is unlabeled, meaning that we cannot train UniRoute
(LearnedMap) in this case. The parameter tuning procedure (Section G.1) for K cannot be applied
to the Math+Code dataset, where we have no training LLMs. In this case, we set K to v/ Ny, for
K-NN and to Ny, /50 for K-Means.

!Gemma 2B model: https://huggingface.co/google/gemma- 2b.
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G.4 TRAIN ON CHATBOT ARENA AND TEST ON EMBEDLLM
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Figure 7: Deferral curves of routers trained on Chatbot Arena with pairwise comparison labels, and
tested on EmbedLLM with per-prompt correctness labels.

We observe that representing each prompt with a small number of binary attributes that capture its
inherent hardness shines when there is a prompt distribution shift at test time. To illustrate this, we
use the seven binary difficulty attributes proposed in Li et al. (2024b), and prompt Gemini 1.5 Pro to
annotate each attribute for each training prompt. We then construct a query embedder

p(x) = o(V ' Gecko(z)) € [0,1]7, (23)

where V' € R768X7 s distilled using the training set to predict the 7-category attributes for any new
prompt x.

We compare Gecko-based prompt representation and attribute-based representation by training on
Chatbot Arena conversation data (Zheng et al., 2023), and testing on EmbedLLM, which contains
mostly Q&A prompts. To reduce confounding factors, we train on all LLMs that are present in both
datasets (26 LLMs), and test on the same set of LLMs (i.e., no unseen LLMs at test time). After
appropriate filtering, the Chatbot Arena dataset has 8447 records left. The filtering step ensures that
we only deal with LLMs that are present in both datasets. These examples are split further into 90%
training and 10% validation splits.

The Chatbot Arena dataset contains pairwise comparison labels: each user prompt is responded to by
two random LLMs, to which the user selects the better response. To evaluate per-cluster performance
for representing each LLM, we fit the Bradley-Terry-Luce model (Bradley & Terry, 1952) to the
pairwise comparison labels within a cluster and estimate the pointwise quality scores for each LLM
for that cluster. We use the full EmbedLLLM dataset for testing.

The results are shown in Figure 7 where we compare two variants of our proposed UniRoute (K-
means):

1. K-means (Gecko). This is UniRoute (K -means) (see Section 5.1) where the text embedding
is set to the Gecko model (Lee et al., 2024b).

2. K-means (Attributes). This is UniRoute (K -means) where the text embedding is set to (23).

We observe that K-means (Attributes) in this case performs better than K-means (Gecko), suggesting
that using prompt hardness attributes helps improve robustness to prompt distribution shifts. In fact,
this routing approach is the only method that can reach the performance of the most accurate model
in the pool, thus attaining a finite quality-neutral cost (QNC). The reason the Pareto-random router
has a decreasing trend is because the Pareto-optimal LLLMs are chosen using the validation set, and
turn out to be not optimal for the test set.

G.5 SrtATIC LLM POOL SETTING

While the dynamic pool setting is the focal point of our work, we show in Table 1 that even in the
static LLM pool setting, UniRoute is typically comparable to most baselines. The MLP baseline
alone often has a slight edge. This is because, unlike our methods, which are tied to a particular input
LLM representation, the MLP approach has the flexibility of learning its own representation for each
fixed LLM. Note that this is possible only in the static LLM pool setting.
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In this case, all LLMs are seen during training, and hence the training and validation samples have
correctness label annotations from all LLMs. We tune the hyper-parameters, such as K in K-NN
and K-Means, the number of hidden nodes in MLP, and the intermediate dimension in Matrix
Factorization, to maximize the area under the deferral curve on the validation sample. We pick
K from the range {5, 10, 25, 50, 75, 100, 150, 200, 250, 300} for K-NN and K -Means, pruning out
values that are too large for the given validation sample size.

For UniRoute (LearnedMap), we used two hidden layers, with the same chosen number of hidden
nodes as MLP. We set the number of clusters to be the same as the chosen number of clusters for
UniRoute (K-Means). We employed Adam with learning rate 0.001 and batch size 64 for training,
picking the checkpoint with the best quality metric on the validation set. For MixInstruct alone,
given that the dataset is prone to overfitting, we replicate the same hyper-parameter choices as in the
dynamic LLM pool setting (Appendix F.3).

For these experiments, we additionally consider the Headlines dataset (see Section G.3) where all
LLMs are fully observed during training. We additionally consider the LiveCodeBench coding
benchmark (Jain et al., 2024), and include from it 15 LLMs for which the model size was publicly
available (the Math+Code dataset contains two LLMs from this benchmark). We split the Live-
CodeBench dataset into 60% for training, 10% for validation, and 30% for testing, and employ the
same hyper-parameter choices as in MixInstruct. For Headlines, we use 40%, 10%, 50% for training,
validation, and testing, respectively.

Table 1: Comparing UniRoute with existing methods for the static LLM pool setting, where
Hy = Hie. We report the area under the deferral curve (7). The best baseline results are highlighted,
and the best UniRoute results are boldfaced. Even in the static setting, our approach is competitive
compared to most baselines. The MLP baseline often has a slight edge. This is because, unlike
our methods, which are tied to a particular input LLM representation, the MLP approach has the
flexibility of learning its own representation for each fixed LLM. Note that this is possible only in the
static LLM pool setting, and not the dynamic setting, which is the focus of this paper.

X
> & & ¥ 5 s
Dataset z}y %“@ Q’Q? xoo b&@ S\s@
Method N & & & S s
< > & > &
ZeroRouter (Hu et al., 2024b) .601 .0483 707 392 457 834
MLP Hu et al. (2024b) .689 .0500 147 483 480 852
Matrix Factorization (Ong et al., 2025; Zhuang et al., 2024) 682 .0503 744 482 482 .849
K-NN Hu et al. (2024b); Shnitzer et al. (2023) .636 .0510 144 475 474 854
UniRoute (K'-Means) .682 0504 144 480 481 845
UniRoute (LearnedMap) .683 0502 744 463 479 .854

G.6 VISUALISATION OF LLM EMBEDDINGS

We visualise the cluster-based LLM embeddings ¥ learned from our clustering procedure on the
EmbedLLM and RouterBench datasets in Figures 8 and 9. These heatmaps illustrate the Gaussian
kernel similarity between all pairs of LLM embeddings on these datasets. The results are largely
intuitive: e.g., on RouterBench, we find that the claude family of models are highly similar to each
other. Similarly, on EmbedLLM, code-focussed models generally tend to demonstrate a high degree
of similarity.

We emphasise again that EmbedL.LLM previously also considered representing LLMs as feature
vectors. Importantly, however, their representation depends on a fixed pool of LLMs, and does not
readily generalise to new LLMs (without further retraining).
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Figure 8: Gaussian kernel similarity between pairs of LLM embeddings on EmbedL.LM dataset.
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Figure 9: Gaussian kernel similarity between pairs of LLM embeddings on RouterBench dataset.
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H COMPARISON TO ROUTER RETRAINING

H.1 CHALLENGES WITH ROUTER RETRAINING

Per the discussion in the body, naive static router retraining is a conceptually appealing approach to
the dynamic routing problem. While there may be certain specific scenarios where this approach is
indeed advisable, we now argue why for many settings, it may fall short.

First, the central requirement in router retraining is the existence of a labelled sample of (prompt,
target) pairs, along with the outputs of any new LLM. If this set of prompts is small — which is
the setting considered in UniRoute, with the validation set Sy, — then retraining runs the risk of
overfitting. On the other hand, if this set of prompts is large, then the annotation cost can be
cumulatively prohibitive: every new LLM will need to perform inference on the large prompt set.
Further to this, the cost of retraining can be non-trivial, as it typically involves many steps of
gradient-based optimisation (see the next section). thus potentially delaying availability of the new
router.

Second, regardless of the size of the labelled prompt set, retraining and redeployment can involve
a non-trivial engineering cost, as model redeployment is rarely fully automated. Third, retraining
may fail to adapt to certain bespoke settings. For example, suppose that we wish to allow users to
select a subset of models to route amongst (e.g., to enable consistency with their existing workflows).
Supporting an arbitrary subset of dynamic models would naively require an exponential number
of retraining rounds. By contrast, UniRoute would seamlessly handle such settings without any
retraining.

H.2 ANALYSIS OF ROUTER RETRAINING COSTS

We analyse the runtime complexity of UniRoute (K -Means) and a static routing method (such as
“MLP (Clairvoyant)”; see Section G.2) that retrains from scratch on the full training set, whenever
the LLM pool changes. We assume that the static routing method is a feedforward network given
by a dense layer on top of a frozen query embedding network. This assumption agrees with our
experimental setup.

For this analysis, we use the following notation.

Symbol Description

N  Training sample size
Nya1 Validation sample size used to represent LLMs in UniRoute. Note that Ny, < N.
Number of training epochs
Maximum number of iterations in the K-means algorithm
Number of LLMs in the current pool
Number of clusters in UniRoute. Note that K < N,.
Embedding dimension of each query
Cost for computing the embedding of one query.

WONE S

Cost of router training

* UniRoute (K-Means): O(BN + DNIK), which is the cost of running /-Means once on
the training sample. In our experiments, we use I = 300 iterations. Note that the complexity
is independent of the LLM pool size )M .

o Static router: O(BN + DN MT), where we assume that the cost of a gradient update on
one example is O(DM). Note that in the more general setup where the query embedding
network is also trained jointly with the routing module, the gradient update cost will depend
on the size of the embedding network, and the cost will be much higher.

Cost of adding a new LLM  Suppose that the router has been trained. Consider the scenario where
a new test LLM arrives at test time. Let C' be the cost of calling the new LLM for generating a
response for one prompt.
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* UniRoute (K-Means): O(C Ny, + BNya) + DNya1 K). The first term O(CNyy)) is the
cost of generating responses for all prompts in the validation set. The second term is for
generating responses for prompts in the validation set. The third term is for computing
cluster assignments. Note that this is independent of M.

o Static router: O(CN + BN + DNMT). The first term is for generating responses for all
prompts in the training set.

Observe that there is a large difference in the costs of the two methods for adding a new LLM. In
particular, the cost of adding a new LLM with UniRoute (K-Means) is independent of the training
sample size N and the size of the current LLM pool M. By contrast, retraining a static router would
clearly depend on these quantities.

Cost of performing LLM inference At test time, the runtime complexity for routing one input
query is as follows:

* UniRoute (K -Means): O(B + DK + M). The second term is the cost of determining the
nearest centroid. The third term is the cost of applying the routing rule in (8).

* Static router: O(B + DM).
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I ADDITIONAL RELATED WORK

. Candidate L Works Adaptive Unseen
Routing approach ) Training signals without . models at Reference
LLMs computation .
task labels test time
Smoothie Any ~ Query embeddings. Nolabel x X Guhaetal (2024a)
required.
Cascading with 2 Pointwise evaluation. v v X Gupta et al. (2024)

token-level features
Annotations from a teacher

Summon the titans 2 v v X Rawat et al. (2021)
model.
RouteLLM 2 Pairwise comparison v v X Ong et al. (2025)
metrics.
Pointwise evaluation, query Hu et al. (2024b);
K-NN router Any embeddings. v v A Shnitzer et al. (2023)
GraphRouter Any Task information X v v Feng et al. (2024)
Our proposal Any Pointwise evaluation, query v v v This work

clusters

Table 2: A qualitative comparison of recently proposed model routing approaches. Adaptive com-
putation refers to the ability to trade quality for a reduced inference cost. A: The K-NN approach
considered in Hu et al. (2024b); Shnitzer et al. (2023) is for a fixed pool of LLMs. However, the
approach can be straightforwardly extended to support unseen models at test time (i.e., dynamic
pool).

Model routing. Model routing has emerged as a simple yet effective strategy to lower LLMs’ infer-
ence cost (Hendy et al., 2023; Hari & Thomson, 2023). Recent works have studied various strategies
to learn a router, including training an explicit “meta-model” based on a neuronal network (Ding
et al., 2024 Sakota et al., 2024 Chen et al., 2024b: Aggarwal et al., 2024), k-nearest neighbours (Hu
et al., 2024b; Shnitzer et al., 2023; Stripelis et al., 2024; Lee et al., 2024a), matrix factorisation (Ong
et al., 2025; Zhuang et al., 2024; Li, 2025), and graph neural networks (Feng et al., 2024). Works
have also explored the role of supervision in training a router (Lu et al., 2024; Zhao et al., 2024b),
and enhancing router robustness (Dann et al., 2024; Montreuil et al., 2025; Shafran et al., 2025).
Typically, the router orchestrates amongst multiple independent LLMs, although it is also possible to
route amongst implicit sub-models, such as those defined by a MatFormer (Devvrit et al., 2024; Cai
et al., 2024a).

Model cascading. Cascading is a closely related technique for orchestrating amongst multiple
models, wherein one sequentially invokes each model in order of cost. One then uses statistics
from the resulting model output (e.g., the confidence) to decide whether or not to proceed to the
next costlier model. Cascading has a long history in computer vision applications (Viola & Jones,
2001; Wang et al., 2018; Swayamdipta et al., 2018; Rawat et al., 2021; Wang et al., 2022; Kag et al.,
2023; Jitkrittum et al., 2023). Recently, cascades have also been successfully proven in the case of
LLMs (Varshney & Baral, 2022; Chen et al., 2023b; Gupta et al., 2024; Yue et al., 2024; Chen et al.,
2024a; Nie et al., 2024; Chuang et al., 2025).

Selective classification and learning to defer. The formal underpinnings of routing and cascading
can be traced to three closely related literatures: learning to reject (Chow, 1970; Bartlett & Wegkamp,
2008; Cortes et al., 2016), selective classification (Geifman & El-Yaniv, 2019; Narasimhan et al.,
2024a;b), and learning to defer to an expert (Madras et al., 2018; Sangalli et al., 2023). Follow-
ing pioneering studies of Trapeznikov & Saligrama (2013); Bolukbasi et al. (2017); Mozannar &
Sontag (2020), a series of works have studied the routing and cascading problem through these
lenses (Narasimhan et al., 2022; Mao et al., 2024a;b;c;d).

Model fusion Model routing may be contrast to model fusion, where the primary goal is to leverage
multiple models to improve quality, potentially at the expense of efficiency. This can involve invoking
multiple models prior to generating an output (Ravaut et al., 2022; Jiang et al., 2023; Guha et al.,
2024b; Wang et al., 2024b; Hu et al., 2024a), or producing a single fused model (Singh & Jaggi,
2020).
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Mixture of experts (MoE). Classically, MoE models focused on learning parameters for independent
models, along with a suitable routing rule (Jacobs et al., 1991; Jordan & Jacobs, 1993). These have
proven an plausible alternative to model specialisation (Jang et al., 2023; Douillard et al., 2024).
Such models are typically of the same size; thus, cost considerations do not factor into the router
design. More recently, MoEs have focussed on sub-models within a single larger model, e.g., a
Transformer (Fedus et al., 2022; Zhou et al., 2022).

Early-exiting. Early-exiting enables adaptive computation within a single neural model, by allowing
computation to terminate at some intermediate layer (Teerapittayanon et al., 2016; Scardapane et al.,
2020; Zhou et al., 2020). Often, the termination decision is based on a simple model confidence (akin
to simple model cascading), but learning approaches have also been considered (Xin et al., 2020;
Schuster et al., 2022).

Speculative decoding. Speculative decoding is another technique that leverages two models to
speed up inference, by using the smaller model to draft tokens and having the larger model verify
them (Stern et al., 2018; Chen et al., 2023a; Leviathan et al., 2023; Tran-Thien, 2023; Sun et al.,
2024; Zhou et al., 2024a; Cai et al., 2024b; Li et al., 2024d;e). Recent works have studied approaches
to combine speculative decoding with early-exits (Elhoushi et al., 2024) and cascades (Narasimhan
et al., 2025).

Model representation. Broadly, the idea of representing models via compact representations has
been studied in various contexts (Achille et al., 2019; Yan et al., 2020; Cotler et al., 2023). In the
context of LLMs, our proposal relates to several recent strands of work (Tailor et al., 2024; Thrush
et al., 2024; Zhuang et al., 2024; Feng et al., 2024; Li, 2025; Zhao et al., 2024b), which merit
individual discussion.

The idea of representing an LLM via a prediction error vector has close relation to some recent
works. In Tailor et al. (2024), the authors proposed to represent “experts” via predictions on a small
context set, so as to enable deferral to a new, randomly selected expert at evaluation time. While
not developed in the context of LLMs (and for a slightly different problem), this bears similarity
to our proposal of representing LLMs via a prediction error vector on a validation set; however,
note that the mechanics of routing based on this vector (via suitable clustering) are novel. Thrush
et al. (2024) considered representing LL.Ms via their perplexity on a set of public benchmarks, for
subsequent usage in pre-training data selection. This shares the core idea of using LLM performance
on a set of examples to enable subsequent modelling, albeit for a wholly different task. Zhuang
et al. (2024) proposed to construct a generic embedding for LLMs based on performance on public
benchmarks. This embedding is constructed via a form of matrix factorisation, akin to Ong et al.
(2025). While Zhuang et al. (2024) discuss model routing as a possible use-case for such embeddings,
there is no explicit evaluation of embedding generation in the case of dynamic LLMs; note that this
setting would naively require full re-computation of the embeddings, or some version of incremental
matrix factorisation (Brand, 2002).

Some recent works have considered the problem of routing with a dynamic pool of LLMs. Feng et al.
(2024) proposed a graph neural network approach, wherein LLMs are related to prompts and fasks
(e.g., individual benchmarks that a prompt is drawn from). Such pre-defined task labels for input
prompts may be unavailable in some practical settings.

Li (2025) proposed to use LLM performance on benchmark data to construct a model identity vector,
which is trained using a form of variational inference. This has conceptual similarity with our
prediction error vector proposal (and the works noted above); however, our mechanics of learning
based on this vector (i.e., the cluster-based representation) are markedly different. We reserve a
separate discussion of this work in Appendix I.1.

Finally, Zhao et al. (2024b) consider the problem of routing to a dynamic LoRA pool, where LoRA
modules are natively represented by aggregating (learned) embeddings on a small subset of training
examples. These embeddings are learned via a contrastive loss, constructed based on certain pre-
defined task labels. As such labels may not be provided in many settings, Chen et al. (2024a)
implemented a variant wherein these are replaced by unsupervised cluster assignments. While similar
in spirit to our proposals, the details of the mechanics are different; e.g., we use the clustering to
compute a set of average accuracy scores for each LLM, rather than training an additional embedding.
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Finally, we note that Chen et al. (2024a) also consider the use of clustering as part of router training.
However, the usage is fundamentally different: Chen et al. (2024a) regularise the learned prompt
embedding ® based on cluster information, while we use clustering to construct the LLM embedding
.

Our proposed approach is similar in spirit to methods such as K-NN, where the prediction for a
prompt is based on the labels associated with queries in its neighborhood; in our case, we consider
pre-defined clusters instead of example-specific neighborhoods.

1.1 COMPARISON TO LI (2025)

In this section, we contrast our proposed UniRoute to the the LLM Bandit approach of Li (2025),
which is one of the few routing techniques relevant to the dynamic routing setting. The two techniques
are fundamentally different.

Li (2025) consider an online routing setting wherein bandit approaches are advisable, whereas we
consider and analyse a conventional supervised learning setting. Also of note is that the mechanics of
producing an LLM embedding are different in their setting. Briefly, a model identity vector in their
work is a parameter to a feedforward network that predicts the correctness of an LLM from a prompt.
For each LLM, such a vector is optimized so that the network has low cross-entropy loss, regularized
by a KL term to encourage the vector to be close to a standard Gaussian prior. Because this is an
expensive procedure to add a new LLM to the pool, they propose an efficient version wherein each
prompt is rated for its difficulty. The difficulty of a prompt is defined as the mean of cross entropy
losses on the prompt across all LLMs in the current pool. They then apply a stratified sampling on
the full prompt set, using this difficulty score as the strata. They run the same above procedure on the
stratified sample to find model identity vectors.

In more detail: in Li (2025), the representation of each LLM in the pool is the parameter vector
of a feedforward network. For each LLM h, the parameter is optimized so that the network can
predict the correctness score 1[y # h(x)] of the LLM given an input prompt x (sec Section 5.2
for a related discussion). Adding a new LLM thus involves an expensive gradient-based training
procedure. While Li (2025) also proposed an efficient procedure that requires only 50 prompts for
training, the procedure involves counting the number of LLMs in the current pool that can correctly
respond to each prompt in a training set. This means that the representation of the (K + 1)-th LLM
will necessarily depend on the K models in the current pool. In other words, the order in which LLMs
arrive in the pool influence the learned identity vectors of future LLMs.

Our proposed LLM representation in (12) is computationally efficient: It does not require expensive
gradient updates, does not depend on the LLM pool (see the runtime complexity analysis in Section H).
In UniRoute, LLM representations are computed independently of each other (i.e., not a function of
the order of LLMs).

Empirical comparison Since there is no source code released by Li (2025), we present a compari-
son against the numbers reported in Figure 3b of Li (2025) for the OpenLLMv?2 dataset (Fourrier
etal., 2024).? In this experiment, we consider the setting of using four Qwen 2.0 model variants as
training LLMs, and six Qwen 2.5 models as test LLMs. See Table E.4 and Table E.5 in Li (2025) for
details. The OpenLLMv?2 dataset has 20046 examples in total, from which we use only 800 randomly
selected examples as the validation set for UniRoute, 6014 examples for testing (30%), and the rest
of 13232 examples for training. We report Quality-Neutral Cost (QNC) as in Figure 2 of our work.

2OpenLLMVZ dataset: https://huggingface.co/spaces/open-1lm-leaderboard/open_11lm_
leaderboard
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Method QNC |
ZeroRouter 86.4%
K-NN 81.0%
Retrained MLP 84.1%
Retrained MatFac 81.0%

UniRoute (K -Means) 82.2%
UniRoute (LearnedMap) 80.2%

LLM Bandit (Li, 2025) >90%

In the above results, the QNC of LLM Bandit is directly estimated from Figure 3b in Li (2025) by
considering the operating point of “PCDR (10)” with the highest evaluation score. More precisely,
that operating point has a cost of approximately $1.8. With the most performant model in the pool
costing $2.0, the QNC is at least $1.8/$2.0 = 0.9 = 90%. The results indicate that UniRoute is able to
achieve the same performance as the largest model in the pool (Qwen2.5-72B-Instruct) with 80.2%

of its cost.
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