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Abstract

Counterfactual explanations provide individuals with cost-optimal recommenda-
tions to achieve their desired outcomes. However, when a significant number of
individuals seek similar state modifications, this individual-centric approach can
inadvertently create competition and introduce unforeseen costs. Additionally,
disregarding the underlying data distribution may lead to recommendations that
individuals perceive as unusual or impractical. To address these challenges, we
propose a novel framework that extends standard counterfactual explanations by
incorporating a population dynamics model. This framework penalizes deviations
from equilibrium after individuals follow the recommendations, effectively mitigat-
ing externalities caused by correlated changes across the population. By balancing
individual modification costs with their impact on others, our method ensures
more equitable and efficient outcomes. We show how this approach reframes the
counterfactual explanation problem from an individual-centric task to a collective
optimization problem. Augmenting our theoretical insights, we design and imple-
ment scalable algorithms for computing collective counterfactuals, showcasing
their effectiveness and advantages over existing recourse methods, particularly in
aligning with collective objectives.

1 Introduction

Algorithmic decisions are increasingly shaping various aspects of our lives, including our access to
opportunities and services |[Karimi et al.| [2022]]. For individuals negatively affected by an algorithmic
decision (e.g., loan denial), counterfactual explanations (CE) Wachter et al.|[2017] provide actionable
insights by identifying minimal changes (e.g., increasing savings) needed to achieve a favorable
outcome (e.g., loan approval). Defining CE requires three elements:

1. A feature space X C R characterizes individuals and is equipped with a probability measure
P € P(R%), where P(R?) represents the set of all probability measures on R

2. A cost function ¢ : X x X — R quantifies the effort to modify features x € X to 2’ € X.
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3. Abinaryclassierh: X 1Y 2 f 1g assigns a decision to evexy2 X . This partitionsX into
undesirableX = fx 2 X :h(x)= 1ganddesirabl&X* = fx 2 X : h(x) = +1 g subsets.
The respective probability distribution8, andP., are induced by restrictingto X andX™.

For an individuakk 2 X  receiving an undesirable outcome, the counterfactual explan@tgr)
provides the minimal-cost strategy to achieve the favorable label:

CE(x) = argmin fc(x;x9g: (1)
x02X +

The standard CE formulation assumes that individuals act in isolation, ignoring interactions between
individuals moving to the same destinationXrf. However, real-world dynamics are far more
complex. While an individual bene ts from transitioning fro¥h to X * by receiving a positive
decision, other factors can in uence their overall utility. For instance, individuals moving to an
overcrowded region may face increased competition, leading to a decline in their utility. By solving
CE on a per-individual basis, the standard formulation overlooks these broader societal impacts,
failing to account for the collective consequences of explanations. This so-eatdalityresembles
thetragedy of the commoiGross and De Dreli [2019], as seen in navigation algorithms optimizing
routes independently.

In our work, we model competition by assuming a xed, yet unknown, amount of resources is
available for individuals with a speci c featuse For instance, ik represents job-relevant attributes,

the resources at correspond to the societal demand for the expertise associated wWitHile

these resources are not directly observable, modeling population dynamics allows us to link them
to the population distribution at equilibrium. Assuming the population is in equilibrium before CE
generation, the current population dengtyserves as a strong predictor of the available resources.

Leveraging the connection between current population density and available resources, we propose
a framework callecCollective Counterfactual Explanatiq)t CE). CCE accounts for the limited
resources at each and generates explanations collectively. It guides individuals in a way that
the population, after receiving and partially following these explanations, reaches a state close to
equilibrium. This ensures that the externalities from increased competition are minimized, making
the generated explanations more reliable and bene cial for everyone.

Neglecting the underlying distributidAraises concerns about robustness to inaccurate cost estimates
or feasibility constraints. Social structures and unobserved costs may have already pushed individuals
out of low-density areas, rendering recommendations towards those regions ineffective. To address
this, recent work highlightdata manifold closeness a key requirement in CE Karimi et|al. [2022],
Guidotti [2022]) Verma et &l[ [2020]. As we discuss in $€c. 3, the CCE formulation naturally aligns
with this and related desiderata.

To illustrate these nuances, we use the Moons dataset Pedregosa et al. [2011] with a non-linear SVM
classi er and decision boundaty in Fig. 1. Standard CE methods, such as Wachter et al. [2017],
guide all applicants to the decision boundaryWhile this approach is cost-effective, it neglects the
feature-space distributid®, potentially concentrating individuals in a low-resource region (left panel).
This issue is particularly pronounced for SVM classi ers, which emphasize the margin bettween

and the nearest data points. In contrast, CCE generates a more natural distribution, balancing the
costs incurred by individuals with their impact on others (right panel).

Our Contributions. We leverage a population dynamics model from mean- eld game theory to
incorporate competitive interactions between individuals into the CE formulation. Our framework,
Collective Counterfactual Explanations (CCE), penalizes deviations from equilibrium to minimize
unnecessary competition costs pursuant to the following recommendations. We propose a relaxed
version of CCE that reformulates the CE generation problem as an unbalanced optimal transport
(OT) problem. This reformulation enables us to draw on extensive techniques and tools from the OT
literature to address various challenges in CE. In sum, our main contributions are:

» Formalize the collective costs of CE using a model of population dynamics (Sec. 2.1).
» Propose the CCE framework that penalizes externalities from individual interactions (Sec. 2.2).
» Relax CCE to unbalanced OT and provide solution existence and consistency guarantees (Sec. 2.3).

» Design an ef cient algorithm to solve CCE with the bene t of amortized inference (Sec. 2.4).
» Demonstrate the advantage of CCE over standard CE along various desiderata (Sec. 3).



Figure 1: Comparing CE methods with a non-linear SVM classi er. (Left) Wachter et al. [2017]
place all recommendations on the decision boundargRight) In contrast, Collective CE moves
individuals to more populated areas, which are potentially more resource-rich.

» Extend CCE to a wide range of new settings and problems, including temporal recourse and
recourse based on an ordered family of classi ers (Sec. 4).

» Conduct numerical studies to support the theoretical results and the ef cacy of our method (Sec. 5).

2 Collective Counterfactual Explanation (CCE)

In this section, we extend the standard CE framework to address resource scarcity and competition
arising from CE. The standard framework assumes individuals seek the minimum-cost action to
reachX *. Therefore, it considers the cost of change and the bene t of positive classi cation as the
only factors important for the individual. However, in practice, the bene ts of positive classi cation
are not uniform; when individuals cluster at speci ¢ pointsXri, congestion can reduce these
bene ts.

We model congestion and reduced bene ts by assigning a resource ta axXhand denote the
resource distributiorby S2 P (X). If we ignore resource limitations, following CE may increase
demand beyond the resources available at some points. This inef ciency can lower overall utility or
force individuals to take further actions to establish a new equilibrium, which may undermine the
value of our recommendations over time.

An ideal collective CE should transport the population from one equilibrium to another. We assume
that individuals are in equilibrium before CE. Our goal is to generate CE that moves individuals to a
new equilibrium, under the assumption that a random subset of individuals fully comply with the
recommendations. Suppose there exists a funéioP (X) ! R that can measure the distance of a
distribution from equilibrium. Denote the distribution owéi after CE byPce. Then, to ensure the
recommendations lead to a new equilibrium, we can include a peBéRye) in the objective.

A key property of equilibrium enables us to design a functiothat penalizes deviations from it.
While the resources at eaghare not directly observable, mean- eld game theory links the resource
and equilibrium distributions. Speci cally, in Sec. 2.1, we show tRat S under equilibrium.
Consequently, if CE results in an equilibrium, it should satR§g / S, , whereS, represents
the resource distribution ovet*. To quantify deviations from equilibrium, we measure how far

ddp—gf (known as Radon-Nikodym derivative) is froln In particular, we will de neE (Pcg) is as the

2-divergence betweePRce andP. which can capture the extent of deviation effectively.

Under mild assumptions (see Lemma 1), we can express CEhappingT fromX toX™*. Let

M (X ;X™) denote the space of all such mappings. To describe the distribution of individuals who
were initially negatively classi ed and follow the CE, we usgP., the push-forward distribution by

the mapT . With this terminology, the collective CE problem solves the following problem:



Proposition 1 (Collective Counterfactual Explanation) Under the population dynamics described
in Sec. 2.1, and assuming gproportion of individuals inX  follow the explanations, CCE solves

argmin  E [cT(x)%7 + 2D »(TeP.kPy) : )
T2M (X-x*) X P
for g2 [1;1 ) and a competition regularization. Here, = ppﬁ wherep, andp. are the

proportions of the population iX* andX , respectively.

The solution to Eq. (2) may not always exist Royden and Fitzpatrick [2010]. To address this, we
introduce a relaxed version of CCE with existence and consistency guarantees in Sec. 2.3.

The rest of this section outlines the tools and details to derive CCE in Prop. 1. We begin by introducing
population dynamics and equilibrium (Sec. 2.1). Then, we provide a step-by-step derivation of CCE
(Sec. 2.2), and its relaxed version (Sec. 2.3). We conclude with algorithms to solve CCE (Sec. 2.4).

2.1 Population Dynamics and Equilibrium

LetU( ;t) 2 P (X) be the distribution of individuals ovet at timet. To analyzeJ, we use a mean-

eld game theoretic framework Lasry and Lions [2006], Carmona et al. [2018]. In this framework,
the utility of an individual atx depends on the density of resour&z) as well as competition

which arises from the local population densifyx;t). This interplay between the attraction of
resources and the pressure of competition drives how the population redistributes itself over time.
Mathematically, the following PDE explains the evolution of the population:

X;t

@t) =r uix;t)yr  U(x;t) S(x) 3)
@t

Attraction:r Scaptures how individuals move in response to resource availabilities.

» Competition:r U captures how individuals spread out depending on the presence of each other.

» Togetherg =r ( S(x) U(x;t)) is the driving gradient. Individuals move along this gradient.
The parameters> 0and > 0 determine the signi cance of resource attraction and competition.

The termU g is the ux of the population, which is proportional to bathand the driving gradient.

At equilibrium, the population equilibrium density (x) satisesr U (x) S(x) =0 which
impliesU (x) = —S(x) + C, for some constar€ (refer to Appendix C for additional details).

2.2 Formal Derivation of CCE Formulation

In the rst step, we reformulate the standard CE problem in Eq. (1) as an optimization over the space
of measurable functions. L&t (X ;X ™) denote the space of all measurable functions mapping
from the subspack¥ toX*. Using Lemma 1 (which we deferred to the appendix for brevity), we
reformulate CE as minimizing the cost function within the space of measurable mépgXn ; X ).
Formally, for anyg 2 [1;1 ), the CE in Eq. rql) is equivalent too

argmin  E_[o(x; T(x)7 : (4)

T2M (X ;x+ X P

The second step is to incorporate an additional term in the objective to penalize deviations from
equilibrium. As shown in Sec. 2.1, equilibrium requires the distribution of individual features to
align with the resource distribution. Assuming the population starts at equilibrium and the resource
distribution remains unchanged after intervention, we can measure deviations from equilibrium
by comparingP. andPcg, i.e., the distribution oveX * before and after CE. A general measure
of ' -divergence can quantify this difference. We particularly uéalivergence corresponding to
" (t) =(t 1)? as this will make the connection between CCE and optimal transport theory explicit.

The third and nal element needed to derive CCE in Prop. 1 is a model of individual responses to CE.
We assume that aproportion of individuals inX  follow the CE to transition t&X *. Let p, andp.
represent the fractions of the population initiallyXrf andX , respectively. Under this response
model, the distribution of individuals iK * after receiving CE i®cg = T P.+(1 )P.. This
completes the preliminaries to prove Prop. 1, and we leave other details to the appendix.



2.3 Relaxation of CCE

Generally, there is no guarantee for the existence of a solution to the CCE problem in Eq. (2). A
common technique to get around this is to search for an oppitaal 2 P (X X *) instead of

an optimal map. We refer the reader to Appendix B for additional context on optimal transport (OT)
theory. Using this technique, we relax Eq. (2) with

argmin E [cxy)9s + 2D :( kP, st 1=P. ; (5)
2P (X X * (xy)

Where ; and , are two marginal densities corresponding to the rst and second coordinates of
We formally prove the existence of a solution for this relaxed problem:

Proposition 2 (Existence of a Plan)WhenX RY,c:X X!  [0;1 ) is alower semicontinuous
cost function, > 0,andq 1, the relaxed CCE in E(q5) has a solution 2P (X X 7).

To explicitly connect to OT and leverage its extensive tools, we introduce an additional relaxation to
Eq. (5): We replace the hard constraint= P. with a penalty term ; D ( 1 k P.) to de ne.

arg inf E [c(x;y)q]% + 1D (1kP)+ 5D 2( 2kPy) : (6)
2P (X X+ (xy)
Here, , := 2and ; are regularization parameters and the choicgaridD are arbitrary. We

show that this relaxed version is, in fact, consistent in the following sense:

Proposition 3 Denote the solution to E@5) by  and the solution to its relaxed problem E&) by
,-As 111 ,wehave !

2.4 Algorithms for CCE

We can build on extensive algorithmic tools from OT to design algorithmic solutions for CCE.
ChoosingD =Dk andg=1 in Eq. (6), we present a projected-gradient method to solve CCE in
Algorithm 1 in the appendix. This algorithm has the following time complexity:

Proposition 4 (Complexity of Algorithm 1) Letm andn be the sizes of the discrete sits and
X ™, respectively, and I€f be the number of iterations in the for-loop (lines 3-8) of Algorithm 1. Then,
the overall time complexity of the gradient-based unbalanced optimal transport SODET im n).

Resembling the well-known Sinkhorn algorithm Peyré et al. [2017], Séjourné et al. [2022], Pham
et al. [2020], we also present Algorithm 4, a fast gradient-based unbalanced OT solver for relaxed
CCE. We refer the reader to the appendix for further details.

3 Collective Counterfactual Explanation Aligns with Key Desiderata

In this section, we show that the CCE framework not only accounts for limited resources and
competition but satis es key desiderata for a successful recourse highlighted in recent surveys Verma
et al. [2020], Karimi et al. [2022].

Data Manifold Closeness. To avoid outliers and ensure CE is credible, it is suggested that CE
remain close to the current data distribution Hamer et al. [2023], Movin et al. [2024]. This property,
known asdata manifold closenespreserves intrinsic feature correlations and leads to more realistic,
actionable recommendations. In CCE, penalizing deviations from equilibrium naturally enforces
similarity to the current distribution. CCE also allows control over the desired level of closeness to
the data manifold.

Security & Privacy. Each CE reveals that instances within a raaiixs CE(x)) aroundx belong

to the negative class, making the decision boundary easy to identify. Thus, standard CE APIs pose
security risks by enabling low-cost construction of surrogate models Pawelczyk et al. [2023], Pentyala
et al. [2023], Yang et al. [2022], as shown in Fig. 2 (middle). In contrast, CCE issues collective
recommendations that account for equilibrium shifts, integrating diverse factors that intuitively
complicate boundary manipulation, as shown in Fig. 2 (right).



Robustness & Individual Fairness. In real-world decision-making, robustness and individual
fairness require similar individuals to receive comparable recommendations Ehyaei et al. [2023b],
Guyomard et al. [2023], Artelt et al. [2021]. Building on Otto et al. [2021], we can see that under
mild conditions on the densitida, P, and a general class of costs, CCE de nes a diffeomorphism.
Since the feature spaee is typically compact, small feature changes result in small changes in CCE
recommendations. In contrast, standard CE may yield sharply different outputs near the decision
boundary, leading to unequal treatment of similar individuals.

Amortized Inference. The standard CE formulation requires solving an optimization problem
for each individual, which can be computationally expensive. Amortized inference addresses this
challenge by leveraging patterns learned from prior instances Verma et al. [2021], De Toni et al.
[2023], Majumdar and Valera [2024]. Our CCE formulation employs a map plan to gen-

erate explanations. Leveraging the rich literature of OT, we can ef ciently learn this map or plan
using numerical methods. Once learned, we can generate CE for any instance without additional
computation.

Actionability. Certain features, such as birthplace (an immutable attribute) or age (which follows

a naturally increasing trajectory), introduce additional constraints on the design of CE. Actionable
recourse requires that recommendations respect these constraints Ustun et al. [2019], Joshi et al.
[2019], Rawal and Lakkaraju [2020]. A common approach to handle such constraints is to assign
large penalties in the cost function. In CCE, alternatively, we encode these constraints as linear
constraints Zaev [2015] within the OT problem. This is feasible because Boolean functions—limits

of compact support continuous functions—can generally be formulated as linear constraints. The
following proposition formally establishes the existence of a valid CCE plan, assuming at least one
plan satis es the speci ed linear constraints.

Proposition 5 (Actionable CCE Through Linear Constraints) Under conditions of Prop. 2, the
relaxed CCE pgpblem with linear constraints has a solution if and only if the get:= f 2
P(X- X *): wd =0;w 2 Wg is not empty, wher§V is the closure oV, a subset of
continuous functions with compact support on the spaceX *.

4 Extensions of Collective Counterfactual Explanation

In Sec. 2, we reformulated CE as the problem of nding an optimal coupling between the distributions
P. andP.. This perspective offers a uni ed framework for addressing key challenges in CE that are
otherwise dif cult to resolve under standard formulations. We outline two such challenges below.

4.1 Path-Guided Counterfactual Explanation

Path-guided CE extends standard CE by offering not just a nal target point, but a sequence of
intermediate steps that guide an input toward a desired outcome. To achieve this, we can use
displacement interpolation in dynamic OT, where mass moves continuously over time from a source
distribution to a target distribution.

Figure 2: (Left) An example CCE recommendation. (Center) The standard CE method poses a
higher risk of revealing the classi er boundary. (Right) Identi cation strategies are less effective in
uncovering the boundary with the more sophisticated design CCE method.



Figure 3: (Left) The temporal map showing the ow of each point as it moves toward the recourse
target. (Right) The back-and-forth method was applied to estimate the CE map. By leveraging
displacement interpolation, the optimal ow is depicted across four time steps, showing the transition
of the negative region into the positive region using the Moons dataset.

To introduce a temporal dimension into CE, we de ne a time-indexed family of Mmgpg; t 2 [0; 1],
where eacfT; : X | X describes the state of an input at timé&Ve seek the following:

« Initial condition: Att = 0, the distribution of transformed points (the push-forward®olby Tg)
should match or approximate the source distribuian

» Final condition: Att = 1, the distribution induced by, should match or approximate the target
distributionP...

Letv;(x) be a velocity eld that describes how each point moves at timighen, the path-guided CE
objective is
Z,Z Z,
min c X;vi(x);t dTy(x)dt+ 1 D:. (Ty)« PkP dt
(Teive) 0 X 0
+ >D (To)#P.kP. + 3D 2 (T]_)#P.kp+;

subject to the continuity equatim@Tt +r (Tiv) =0. Here,c(x; vi(x);t) is the instantaneous
cost of moving poink with velocity v; (x) at timet.

To constructl; (x), we assume that each point moves alompiastant-speed geodegicthe feature
spaceX connecting its original position to its destination under That is, T;(x) interpolates
betweerx andT (x) such thaflo(x) = x andT1(x) = T(x). According to results in Villani [2009],

such geodesics exist in optimal transport theory, and the time-evolving distribution is then given by
(Ty)# P.. For numerical implementation, we use theck-and-forth algorithnfrom Jacobs and Léger
[2020], which ef ciently approximates dynamic OT paths. Their implementation is publicly available

1. As a demonstration, we apply path-guided CE to the moons dataset using discrete time steps. The
results are shown in Fig. 3, which assumes a high competition cost scenario.

4.2 Counterfactual Explanation for Ordered Classi er Families

In conventional CE, eligibility is often determined by a single classi er. In practice, however, such as
in loan applications, eligibility may vary with the requested loan amount. For example, a request for
might be denied, while a lower amourttcould be approved. This necessitates a family of classi ers
h;>2L,whereeachh- : X 'Y = f 1gmakes decisions for loan amountThese classi ers
follow a natural ordering:; "2 =) h-,(x) h-,(x), indicating that eligibility becomes less
likely as the loan amount increases.

https://github.com/Math-Jacobs/bfm?tab=readme-ov-file)



	Introduction
	Collective Counterfactual Explanation (CCE)
	Population Dynamics and Equilibrium
	Formal Derivation of CCE Formulation
	Relaxation of CCE
	Algorithms for CCE

	Collective Counterfactual Explanation Aligns with Key Desiderata
	Extensions of Collective Counterfactual Explanation
	Path-Guided Counterfactual Explanation
	Counterfactual Explanation for Ordered Classifier Families

	Numerical Studies
	Further Related Work
	Discussion and Future works
	Supplementary Materials
	Definitions
	Lemmas and Theorems

	Overview of Optimal Transport and Extensions
	Monge Problem
	Kantorovich Problem
	Kantorovich–Rubinstein Duality
	Optimal Transport with Linear Constraints
	Unbalanced Optimal Transport (UOT)
	Dynamic Optimal Transport (DOT)
	Fundamental Theorem of Optimal Transport

	A Mean-Field Population Model: Explanation and Solutions
	Proofs
	Proof of lem:measurablerecourse
	Proof of prop:recoursecom
	Proof of prop:existencesolution
	Proof of prop:convergence
	Proof of prop:complexity
	Proof of prp:linear

	Computational Experiments Supplementary Materials
	Projected-Gradient CCE Solver
	Unbalanced Sinkhorn’s algorithm
	The back-and-forth method
	Entropy-based Algorithm for Collective Counterfactual Explanations

	Supplementary Simulation
	Hyperparameters of Different Methods


