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Abstract
Network pruning is an effective strategy to alleviate the computational burden of large neural networks
for both training and inference, substantially reducing storage and computational costs while preserving
predictive capacity. Despite its strong empirical success, the theoretical understanding of pruning during
training remains limited, even in simple settings such as two-layer ReLU convolutional neural networks. As a
result, the lack of a sufficient understanding makes it unclear when and why training-time pruning is effective,
obscuring their underlying value. In this work, we provide a theoretical analysis of pruning during training
for practical two-layer ReLU CNNs using a signal-to-noise decomposition framework. We characterize the
learning dynamics induced by dynamic pruning and establish conditions under which sparse pruned networks
achieve generalization performance comparable to, or even strictly better than, their dense counterparts. To
the best of our knowledge, this work presents the first theoretical study of training-time pruning in ReLU
neural networks, and our theoretical predictions are further validated through experiments.

1. Introduction
Neural network pruning reduces model complexity by removing unimportant parameters (LeCun et al., 1989), and has
been widely used to decrease inference and storage costs in over-parameterized deep models while largely preserving
performance. According to when pruning is applied, existing methods are typically categorized into pruning before
training (PBT) (Frankle & Carbin, 2019; Malach et al., 2020; da Cunha et al., 2022), pruning during training (PDT)
(Guo et al., 2020; Shen et al., 2024), and pruning after training (PAT) (Benbaki et al., 2023; Zou et al., 2025; Chen et al.,
2025).

Sparse training enforces sparsity throughout the entire optimization process, encompassing PBT with static sparsity
and PDT with more complex dynamic sparsity strategies, in contrast to PAT, which is applied only after training
is completed. This paradigm can substantially reduce computational costs during both training and inference, and
prior studies have shown that it can achieve performance comparable to, or even exceeding, that of dense training in
large-scale applications (Liu, 2020; Jin et al., 2022; Shen et al., 2024). Moreover, sparse training is increasingly being
adopted in large language models (Xia et al., 2024; Mozaffari et al., 2025; Zhu et al., 2025).

A growing body of research has sought to theoretically characterize the properties of sparse neural networks and
explain various phenomena induced by sparsity. For instance, Muthukumar & Sulam (2023) derived data-dependent
PAC-Bayesian generalization bounds for deep ReLU networks by exploiting activation sparsity, while Galanti et al.
(2023) established norm-based generalization bounds that explicitly capture the effects of sparse structures and
convolutional architectures. As a complement to these approaches, other researchers have investigated pruning
techniques from an optimization perspective, correlating sparsity with parameter sensitivity and the flatness of the loss
landscape (Tartaglione et al., 2018; Lee et al., 2025). Despite these advances in the field, most existing theoretical
frameworks remain weakly connected to the training dynamics of practical deep neural networks. In this work, we
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precisely characterize the dynamic evolution of network parameters based on a more practically grounded theoretical
framework—the signal-to-noise model (Cao et al., 2022)—without introducing overly strong assumptions.

The most closely related work is Yang et al. (2025), which theoretically studies two-layer convolutional networks
pruned at initialization and then trained by gradient descent, showing that mild pruning can improve generalization
while excessive pruning is detrimental. In contrast, their setting belongs to PBT-based sparse training with static sparsity
patterns, whereas our work focuses on PDT-based dynamic sparse training, where sparsity evolves during optimization
and interacts nontrivially with gradient descent. This dynamic setting is considerably more challenging to analyze
and is also more representative of practical training. Moreover, Yang et al. (2025) relies on ReLUq activations with
q > 2, leaving open the role of the standard ReLU activation and the impact of training-time pruning on learning
dynamics—both of which are central to our study.

Motivated by these gaps, we take a first step toward understanding dynamic pruning mechanisms during training in
multi-class ReLU neural networks. In particular, we consider training-time TopK weight pruning and investigate the
following question:

When sparse training is performed via dynamic pruning, how do the network parameters evolve over time, and in what
ways does pruning affect convergence and generalization performance?

Our main contributions are summarized as follows:

• We characterize the learning dynamics of multi-class ReLU neural networks trained via gradient descent, and
derive explicit conditions that distinguish successful signal learning from noise-dominated regimes. By capturing
the competition between signal and noise, we provide a theoretical explanation for the boundary between these
two behaviors during dynamic sparse training(see Theorem 4.2 and 4.3).

• We provide the first theoretical elucidation of the intrinsic mechanism by which dynamic weight pruning during
training improves generalization. We show that under specific conditions, dynamic sparse training leads to better
performance than dense training, providing a rigorous theoretical foundation for previous empirical observations
(see Theorem 4.4 and 4.5).

• We validate our theoretical results through experiments. The empirical findings are highly consistent with
theoretical predictions, further corroborating the soundness of the proposed theoretical analysis.

Notation. For two sequences {xn} and {yn}, we use standard asymptotic notations O(·), Ω(·), and Θ(·). Their
logarithmic variants Õ(·), Ω̃(·), and Θ̃(·) hide polylogarithmic factors. We write xn = poly(yn) if xn = O(yDn ) for
some constant D > 0, and xn = polylog(yn) if xn = poly(log(yn)).

2. Related Work
Sparse Training and Dynamic Pruning.

Sparse training methods are broadly divided into PBT (Lee et al., 2018; Wang et al., 2019; Tanaka et al., 2020; Chen
et al., 2021) and PDT. Representative PDT approaches include Network Slimming (Liu et al., 2017), which enforces
channel-level sparsity in CNNs during training; Sparse Structure Selection (Huang & Wang, 2018), which learns
structural scaling factors with sparsity regularization for adaptive pruning; Differentiable Sparsity Allocation (DSA)
(Ning et al., 2020), which allocates cross-layer sparsity via differentiable pruning and gradient-based optimization;
and GraNet (Liu et al., 2021), which introduces gradual magnitude pruning with neuroregeneration, achieving strong
sparse-to-sparse performance without extra training cost.

Dynamic pruning methods are a common strategy within the PDT setting and have also been widely adopted in other
domains, including deep reinforcement learning (Ceron et al., 2024), neural networks (Kim et al., 2024), general
machine learning (Guyard et al., 2024), and large language models (Le et al., 2025; Yin et al., 2025). Our work primarily
focuses on dynamic pruning in the PDT regime, with particular emphasis on TopK weight pruning.

Theoretical Interpretation of Neural Networks. A substantial body of work analyzes neural network training
dynamics in the Neural Tangent Kernel (NTK) regime. Early studies show that infinitely wide networks converge to
deterministic kernels and admit convergence and generalization guarantees under gradient descent (Jacot et al., 2018;
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Allen-Zhu et al., 2019; Cao & Gu, 2019). However, NTK-based analyses characterize a lazy training regime in which
parameters remain close to initialization, limiting feature learning (Chizat et al., 2019).

Motivated by this limitation, recent work has shifted toward understanding neural networks in the feature learning
regime. Prior studies analyze ensemble effects and knowledge distillation (Allen-Zhu & Li, 2023), as well as benign
overfitting phenomena in overparameterized CNNs, showing sharp phase transitions governed by the signal-to-noise
ratio (Cao et al., 2022; Kou et al., 2023). Related to pruning, Yang et al. (2025) study pruning effects under random
initialization for two-layer CNNs. In contrast, our work focuses on standard ReLU networks and provides a theoretical
analysis of dynamic pruning during training.

3. Problem Setup
In this section, we introduce the data generation model and the convolutional neural network we consider in this paper.
Definition 3.1. Consider we are given the set of signal vectors {µei}Ti=1, where µ > 0 denotes the strength of the
signal, and ei denotes the i-th standard basis vector with its i-th entry being 1 and all other coordinates being 0. Each
data point (x, y) with x = [x⊤

1 ,x
⊤
2 ]

⊤ ∈ R2d and y ∈ [T ] is generated from the following distribution D:

1. The label y is generated from a uniform distribution over [T ].

2. A noise vector ξ ∈ Rd is generated from the Gaussian distribution N (0, σ2
pId−T ), where the first T coordinates

of ξ are all zero.

3. With probability 1/2, assign x1 = µy , x2 = ξ; with probability 1/2, assign x2 = µy , x1 = ξ where µy = µey .

This sparse signal model is motivated by the framework established in Yang et al. (2025). By ensuring the first T
entries of the noise vector ξ are zero, we maintain strict orthogonality between the noise ξ and the signal vector µy.
This design choice aligns with the “benign overfitting” philosophy proposed by Cao et al. (2022), allowing for a clear
separation between informative features and stochastic noise.

Network architecture and Loss Function. We consider a two-layer convolutional neural network (CNN) employing
the ReLU activation function, σ(z) = max{0, z}. This architecture is designed to process partitioned inputs, such as
the patch-based data (x1,x2) defined previously. For a given data point (x, y), the network produces a multi-class
output vector:

F (W,x) = (F1(W1,x), F2(W2,x), . . . , FT (WT ,x)) .

The j-th component of the output, Fj(Wj ,x), represents the network’s “score” or logit for class j, computed as:

Fj(Wj ,x) =
1

m

m∑
r=1

[σ(⟨wj,r,x1⟩) + σ(⟨wj,r,x2⟩)]

=
1

m

m∑
r=1

[σ(⟨wj,r,µy⟩) + σ(⟨wj,r, ξ⟩)].

In this formulation, wj,r ∈ Rd represents the r-th filter (or neuron) weight vector within the j-th class-specific weight
set Wj . The summation over patches x1 and x2 demonstrates that the network is weight-sharing across different
locations of the input. This structure is equivalent to a CNN followed by Global Average Pooling (GAP) (Lin et al.,
2013). By summing the activations of the signal patch and the noise patch, the network must learn to distinguish the
invariant signal µy from the stochastic noise ξ, regardless of which patch they occupy. To train the model, we utilize
the standard cross-entropy loss coupled with softmax normalization. The softmax function transforms the raw outputs
into a probability distribution over the T classes. The probability assigned to the i-th class is given by:

logiti(F,x) :=
exp(Fi(Wi,x))∑T

j=1 exp(Fj(Wj ,x))
.

For a single training pair (x, y), the cross-entropy loss measures the discrepancy between the predicted distribution and
the ground-truth label:

ℓ(F (W,x), y) = − log
(
logity(F,x)

)
.
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The optimization objective is to minimize the Empirical Risk over a training dataset S = {(xi, yi)}ni=1:

LS(W) =
1

n

n∑
i=1

ℓ (F (W,xi), yi) .

While LS(W) guides the gradient descent process, our primary analytical interest lies in the Population Risk (or
generalization loss), defined as the expected loss over the true distribution D:

LD(W) := E(x,y)∼D [ℓ (F (W,x), y)] .

Minimizing LS allows the filters wj,r to align with the signal µy . However, in high-dimensional settings, the network
may also ”overfit” to the noise ξ to reduce the empirical loss. The relationship between LS and LD is central to
understanding whether the CNN achieves harmful overfitting or truly learns the underlying signal.

Training algorithm. To optimize the empirical risk LS(W), we employ Gradient Descent (GD). The update rule for
the r-th filter of the j-th class at iteration t is given by:

w
(t+1)
j,r = w

(t)
j,r − η∇

w
(t)
j,r
LS(W

(t)).

By applying the chain rule to the composition of the cross-entropy loss and the CNN architecture, the update can be
decomposed into signal-driven and noise-driven components:

w
(t+1)
j,r = w

(t)
j,r +

η

nm

n∑
i=1

(
−ℓ

′(t)
j,i

)
σ′
(
⟨w(t)

j,r,µyi⟩
)
µyi︸ ︷︷ ︸

Signal Learning Term

+
η

nm

n∑
i=1

(
−ℓ

′(t)
j,i

)
σ′
(
⟨w(t)

j,r, ξi⟩
)
ξi︸ ︷︷ ︸

Noise Memorization Term

.

The term −ℓ
′(t)
j,i represents the negative partial derivative of the loss with respect to the j-th logit for the i-th sample.

Under the cross-entropy loss, this term simplifies to the residual error:

−ℓ
′(t)
j,i = I(j = yi)− logitj(F,xi).

When j = yi: The term is 1− logity , which is always positive. This pushes the filter wy,r to align with the signal µy to
increase the correct class logit.

When j ̸= yi: The term is −logitj , which is negative. This acts as a competitive mechanism, pushing filters away from
signals associated with noises. For the ReLU activation, we adopt the standard convention that the subgradient at the
origin is σ′(0) = 1. This ensures that even neurons with zero initialization can potentially receive gradient updates. We
initialize the network parameters using a Gaussian initialization scheme. Every entry of the initial weight tensor W(0)

is sampled independently from a normal distribution:

[w
(0)
j,r ]k ∼ N (0, σ2

0), ∀j ∈ [T ], r ∈ [m], k ∈ [d],

where σ2
0 is the initial variance.

TopK Weight Pruning Strategy. To reduce the computational complexity of the network and enhance its generalization
ability by mitigating overfitting to noise, we adopt a TopK weight pruning strategy on the filter weight vectors wj,r of
the CNN. We denote the pruned weight vector of the r-th filter in the j-th class as w̃j,r, and the complete set of pruned
weights as W̃ = {W̃j}Tj=1 where W̃j = {w̃j,r}mr=1.

The pruning operation is performed on each weight vector wj,r ∈ Rd independently, following these steps:
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1. Magnitude Evaluation: For the weight vector wj,r at a given training iteration, we compute the magnitude of each

of its entries to quantify the contribution of individual weight components to the filter response.

2. TopK Selection: We retain the TopK entries of wj,r with the largest magnitudes, as these entries are considered to
be the most critical for capturing the discriminative signal features µy .

3. Zero Masking: All remaining entries of wj,r (i.e., those not in the TopK) are set to zero, yielding the pruned
weight vector w̃j,r.

Notably, our pruning strategy is seamlessly integrated with the gradient descent training process of the network.
Specifically, we implement pruning in an iterative manner: after a certain number of gradient descent updates, we
apply the TopK pruning to the current weight vectors w(t)

j,r, and then resume the gradient descent optimization using the

pruned weights w̃(t)
j,r as the initial point for subsequent iterations. This iterative pruning-training scheme ensures that the

network can adjust its weights to compensate for the pruned components, while the TopK selection criterion guarantees
that only the non-critical weight entries (which are more likely to be associated with noise memorization) are removed.

After pruning, the output of the j-th class filter is modified to:

Fj(W̃j ,x) =
1

m

m∑
r=1

[σ (⟨w̃j,r,x1⟩) + σ (⟨w̃j,r,x2⟩)]

=
1

m

m∑
r=1

[σ (⟨w̃j,r,µy⟩) + σ (⟨w̃j,r, ξ⟩)] .

Correspondingly, the empirical risk and population risk are updated to LS(W̃) and LD(W̃) respectively, which serve
as the optimization objectives for the pruned network. By removing the weight entries with small magnitudes, our
TopK pruning strategy effectively suppresses the noise memorization term in the gradient descent update rule, thereby
promoting the network to focus on learning the invariant signal features µy rather than overfitting to the stochastic noise
ξ.

4. Main Results
In this section, we present our main theoretical results, which systematically characterize the learning behaviors of
ReLU CNNs trained with gradient descent (GD) and TopK pruning, including signal learning, noise memorization,
and the regulatory effect of pruning on generalization performance. Our results are built on the following technical
conditions that constrain key hyperparameters and model settings, including the weight dimension d, the standard
deviation of Gaussian initialization σ0, TopK pruning threshold K, and learning rate η. These conditions ensure the
robustness and validity of our theoretical derivations under high confidence.
Condition 4.1. We have that

1. Dimension d is sufficiently large: d ≥ T +Θ(512T n2α2 log
(

4n2

δ

)
), and d ≥ σ−2

p .

2. The standard deviation of Gaussian initialization σ0 is appropriately chosen such that σ0 ≤ 1

16

√
log

(
8mnT 2

δ

) · 1
T n2 ·

min
{

1
µ ,

1
σp

√
d−T

}
.

3. The learning rate η satisfies η ≤ O
(

mT
µ2

)
.

Based on the above conditions, we first establish the core result for the signal learning regime of CNNs. This theorem
clarifies the critical SNR threshold under which the model prioritizes learning discriminative signals over memorizing
spurious noises, ultimately achieving favorable generalization performance.

Theorem 4.2. For any ϵ > 0, let T = Õ(mT η−1µ−2 + η−1T mnσ−2
p d−1ϵ−1). Under Condition 4.1, if SNR ≥

Θ(T n−1/4), then with probability at least 1− δ, there exists 0 ≤ t ≤ T such that:
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1. The CNN learns the signal: maxr,τ γ

(t)
j,r,τ = Ω(1) for j ∈ [T ]. This indicates that at least one convolution filter in

each signal channel j successfully captures the core signal pattern, as the signal-aligned coefficient reaches a
constant order of magnitude.

2. The CNN does not memorize the noises in the training data: maxj,r,i |ρj,r,i| = Õ(T n−1SNR−2). The noise-
aligned coefficients are bounded by a negligible term, confirming that the model avoids overfitting to spurious
noise components.

3. The training loss converges to ϵ, i.e., LS(W
(t)) ≤ ϵ. The model achieves sufficient fitting of the training data

within a finite number of iterations T .

4. The trained CNN achieves a small test loss: LD(W
(t)) ≤ 8e4T LS(W

(t)) + exp(−n2). The test loss is bounded
by the training loss (up to a constant factor) and an exponentially small term, demonstrating strong generalization
ability.

Theorem 4.2 delineates the sufficient condition for signal-dominated learning: when the SNR is sufficiently high
(SNR ≥ Θ(T n−1/4)), the model’s training dynamics are dominated by signal learning, with at least one filter per
signal channel capturing meaningful patterns. To verify the sharpness of this SNR threshold—i.e., that the model’s
behavior undergoes a qualitative shift when the SNR falls below this bound—we next present a theorem characterizing
the noise memorization regime, which describes the opposite learning behavior.

Theorem 4.3. For any ϵ > 0, let T = Õ(mnη−1σ−2
p d−1+η−1T mµ−2ϵ−1). Under Condition 4.1, if SNR ≤ Θ(n−1),

then with probability at least 1− δ, there exists 0 ≤ t ≤ T such that:

1. The CNN memorizes the noise: maxr,i ρ
(t)
j,r,i = Ω(1) for j ∈ [T ]. Here, the noise-aligned coefficients grow to a

constant order, indicating that the model prioritizes fitting spurious noise in the training data.

2. The CNN fails to learn the signal: maxj,r,τ |γj,r,τ | = Õ(T −1nSNR2). The signal-aligned coefficients remain
negligible, confirming that the model cannot capture meaningful signal patterns.

3. The training loss converges to ϵ, i.e., LS(W
(t)) ≤ ϵ. Despite memorizing noise, the over-parameterized model

still achieves full fitting of the training data.

4. The trained CNN has a constant order test loss: LD(W
(t)) ≥ Θ(1). The model’s generalization performance

degrades severely, as noise memorization fails to generalize to unseen test data.

Theorem 4.3 complements Theorem 4.2 by defining the noise-dominated regime (SNR ≤ Θ(n−1)), which is fundamen-
tally distinct from the signal learning regime. In this low-SNR scenario, gradient descent drives the model to memorize
training noise rather than learn signals, leading to poor generalization—even though the training loss is minimized.
This contrast highlights the critical role of SNR in shaping the model’s learning behavior.

Given the poor generalization in the low-SNR noise memorization regime, we next explore whether TopK pruning can
reverse this outcome by suppressing noise components and guiding signal learning. The following theorem establishes
that, with appropriate selection of the pruning threshold K, TopK pruning can effectively mitigate noise memorization
and restore strong generalization performance even when SNR ≤ Θ(n−1).

Theorem 4.4. For any ϵ > 0, let T = Õ(mT η−1µ−2 + η−1T mnσ−2
p K−1ϵ−1). Under Condition 4.1, if

SNR ≤ Θ(n−1) and if we adopt the TopK pruning strategy, K satisfies Θ(d) exp
(
− µ

2σ2
p

)
+ O(

√
d log(1/δ)) ≤

K ≤ Θ(µ2
√
nT −1σ−2

p ) then with probability at least 1− δ, there exists 0 ≤ t ≤ T such that:

1. The training loss converges to ϵ, i.e., LS(W
(t)) ≤ ϵ. Pruning does not hinder the model’s ability to fit the training

data, as the remaining weight components still enable sufficient expressive capacity.

2. The trained CNN achieves a small test loss: LD(W
(t)) ≤ O(T ϵ)+exp(−n2). By retaining signal-dominant coor-

dinates and pruning noise components, the model avoids noise memorization and achieves favorable generalization,
even in the low-SNR regime.
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The above theorem demonstrates the positive regulatory effect of TopK pruning when K is within a suitable range: it
balances the model’s expressive capacity (to fit training data) and noise suppression (to generalize). To further clarify
the sharpness of the pruning threshold K, we present the following theorem, which shows that excessive pruning (i.e.,
K is too small) reverses this benefit and leads to poor generalization again—even with TopK pruning applied.
Theorem 4.5. For any ϵ > 0, let T = Õ(mT η−1µ−2 + η−1T mnσ−2

p K−1ϵ−1). Under Condition 4.1, if we adopt the

TopK pruning strategy, K satisfies K ≤ d

(
1−

√
1− exp

(
− 2µ2

πσ2
p

))
−O(

√
d log(1/δ)) then with probability at least

1− δ, there exists 0 ≤ t ≤ T such that:

1. The training loss converges to ϵ, i.e., LS(W
(t)) ≤ ϵ. Even with excessive pruning, the over-parameterized model

can still fit the training data by adjusting the remaining few weight components.

2. The trained CNN has a constant order test loss: LD(W
(t)) ≥ Ω(log(T )). Excessive pruning removes not only

noise components but also critical signal coordinates, leaving the model unable to capture meaningful patterns
and resulting in degraded generalization performance (with a test loss lower bounded by Ω(log(T ))).

Collectively, these four theorems form a complete characterization of CNN learning behavior under gradient descent
and TopK pruning: Theorem 4.2 and 4.3 delineate the SNR-dependent trade-off between signal learning and noise mem-
orization without pruning; the subsequent two theorems establish the pruning threshold’s dual role—appropriate pruning
mitigates noise memorization in low-SNR scenarios, while excessive pruning undermines signal learning—providing a
rigorous theoretical foundation for the practical application of TopK pruning in ReLU CNNs.

5. Overview of Proof Technique
This section is devoted to clarifying the analytical difficulties inherent in our setting and to motivating the techniques
employed in the subsequent proofs. Together, these elements enable a precise characterization of the training dynamics
and lead to our main theoretical result. Complete proofs are provided in the appendix.

5.1. Key Technique 1: Signal-Noise Analysis

The core objective of the analysis in this paper is to investigate how model weights allocate their incremental updates
between discriminative signal directions and spurious noise directions during the training process of the gradient descent
algorithm. Cao et al. (2022) proposed a signal-noise decomposition method, which we briefly recapitulate below.

Definition 5.1. Let w(t)
j,r for j ∈ [T ], r ∈ [m] denote the convolution filters at iteration t of gradient descent. There

exist unique coefficients γ(t)
j,r,τ and ρ

(t)
j,r,i such that w(t)

j,r = w
(0)
j,r +

∑T
τ=1 γ

(t)
j,r,τµ

−2µτ +
∑n

i=1 ρ
(t)
j,r,i∥ξi∥

−2
2 ξi.

Define ρ̄
(t)
j,r,i = ρ

(t)
j,r,i1(ρ

(t)
j,r,i ≥ 0) and ρ(t)

j,r,i
= ρ

(t)
j,r,i1(ρ

(t)
j,r,i ≤ 0). Then the above decomposition can be equivalently

written as

w
(t)
j,r = w

(0)
j,r +

T∑
τ=1

γ
(t)
j,r,τµ

−2µτ

+

n∑
i=1

ρ̄
(t)
j,r,i∥ξi∥

−2
2 ξi +

n∑
i=1

ρ(t)
j,r,i

∥ξi∥−2
2 ξi. (1)

The normalization ensures that γ(t)
j,r,τ and ρ

(t)
j,r,i closely track the projections of w(t)

j,r onto the signal and noise directions,
respectively. This decomposition reduces the analysis of CNN training to controlling the evolution of these coefficients
over time, without relying on smoothness assumptions on the activation function.

However, the analysis in Cao et al. (2022) focuses on the leading coefficients and crucially exploits the heterogeneous
update speeds induced by the ReLUq activation with q > 2. Such an argument no longer applies to standard ReLU
networks, where all active neurons share the same derivative σ′(x) = 1.

To address this issue, we adopt the time-invariant coefficient ratio analysis introduced by Kou et al. (2023), which
extends the signal–noise framework to the ReLU setting. This technique shows that, up to a stopping time T ∗, the
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relative magnitudes of signal and noise coefficients remain stable throughout training. The key result is summarized
below.
Proposition 5.2. Under Condition 4.1, for all t ∈ [0, T ∗],

γ
(t)
τ,r1,τ

ρ̄
(t)
yi,r2,i

= Θ(T −1nSNR2),

where r1 ∈ {r : ⟨w(0)
τ,r,µτ ⟩ > 0}, r2 ∈ {r : ⟨w(0)

yi,r, ξi⟩ > 0}, τ ∈ T , and i ∈ [n].

The time-invariance of this ratio allows us to sharply characterize whether the training dynamics amplify signal
directions or become dominated by noise, depending on the relative strength of µ and σp

√
d. This observation plays a

crucial role in our analysis of ReLU networks trained with pruning.

5.2. Key Technique 2: Weight Dynamic Pruning Analysis

This section presents a theoretical analysis of TopK weight pruning performed synchronously during training, with
the goal of revealing how pruning regulates the model’s signal learning and noise memorization behaviors through
probability bounds and virtual scenario analysis. Our analysis begins with two classical Gaussian tail inequalities,
which provide the foundation for characterizing the statistical properties of weight coordinates.

Let x ∼ N (0, σ2
p). For any c > 0, the following inequalities hold: P(|x| ≥ c) ≤ 2 exp

(
− c2

2σ2
p

)
, P(|x| ≤ c) ≤√

1− exp
(
− 2c2

πσ2
p

)
. Applying these bounds to the randomly initialized convolutional weight vector w(1)

j,r , we can, with

probability at least 1− δ, derive upper and lower bounds on the number of coordinates whose magnitudes exceed a
signal threshold µ. The deviation is controlled by a term of order O(

√
d log(1/δ)), where d denotes the dimensionality

of the weight vector.

Based on this statistical characterization, we can precisely analyze the filtering effect of TopK pruning on signal and
noise components. The pruning threshold K determines whether signal coordinates are preserved, leading to two
extreme regimes: mild pruning and over pruning. When K is no smaller than the upper bound on the number of signal
coordinates, all signal-related weights are retained. Since signal coordinates typically have larger magnitudes than noise
coordinates, they are prioritized during TopK selection, ensuring stable learning of the true signal. When K falls below
the lower bound on the number of signal coordinates, signal components are entirely pruned away. In this regime, only
a small number of low-magnitude noise coordinates remain, preventing the model from capturing meaningful signal
information.

To further illustrate the regulatory role of pruning in training dynamics, we consider an unfavorable virtual scenario in
which the retained noise coordinates continue to grow during training. Even in this setting—where noise memorization
is most likely to occur—TopK pruning maintains a sufficiently high SNR by filtering weight components, thereby
enabling effective signal learning.

This conclusion is further supported by the previously established time-invariant coefficient ratio analysis: the relative
magnitudes of signal and noise coefficients remain stable throughout training. Signal-dominant components preserved
by pruning continue to grow and are not overwhelmed by unselected noise components. Together, this time-invariant
property and TopK pruning suppress noise memorization and guide the model toward signal learning.

In contrast, when pruning is excessively aggressive, signal coordinates are irreversibly removed, depriving the model of
the capacity to represent core signal structures. Even with continued training, the model can only fit noise, leading to a
severe degradation in generalization performance.

6. Conclusion and Future Work
We analyzed dynamic TopK pruning in ReLU CNNs, showing that appropriate sparsity improves generalization by
suppressing noise, whereas excessive pruning hinders signal learning. This finding provides a theoretical basis for
balancing sparsity and model performance in practical pruning strategies. We also verified the consistency of the
theoretical conclusions through experiments on benchmark datasets. One limitation is the reliance on two-layer CNNs
and simplified data models. The future direction is to extend our analysis to complex architectures such as Transformers.
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A. Experiments
In this section, we present simulations of synthetic data to back up our theoretical analysis in the previous section.
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Figure 1. Heatmap of the test loss LD under different noise levels σp and projection dimensions K.

A.1. Synthetic data experiments.

Synthetic data in this study is generated in line with the specifications of Definition 3.1, with detailed experimental
settings as follows: the training set consists of 200 samples, the convolutional neural network (CNN) is designed for
T = 10 classification categories, and the input data dimension is set to d = 200. To simplify the analysis without
loss of generality, the norm of the signal vector is fixed to 1, i.e., µi = ei (1 ≤ i ≤ T ), where ei denotes the
standard basis vector. The noise vector ξ is sampled from a Gaussian distribution N (0, σ2

pId−T ), with Id−T being the
(d− T )-dimensional identity matrix.

The model architecture adopts the two-layer CNN proposed in Section 3, with ReLU as the activation function and
the number of filters set to m = 20. Network parameters are initialized using a Gaussian distribution N (0, σ2

0) with
σ0 = 0.01; full-batch gradient descent is employed for training, with a learning rate of 0.05 and a total of 5000 training
epochs to ensure model convergence.

Experiments focus on the interaction between pruning retention number K (ranging from 2 to 200) and noise intensity
σp (varying from 0.01 to 1.00), covering all combinations for comparative analysis. The results indicate that under all
K and σp configurations considered in this study, the proposed training scheme can constrain the model’s training loss
below 0.01. After training, 10,000 independent test samples are used to evaluate the test loss under each configuration,
and the final experimental results are visualized as a heatmap with K and σp as axes (see Figure 1).

From Figure 2, we can directly draw a clear conclusion: with the increase of noise intensity σp, the valid range of
K for favorable model generalization gradually shrinks. This observation is consistent with our theoretical results:
Θ(d) exp

(
− µ

2σ2
p

)
+O

(√
d log(1/δ)

)
≤ K ≤ Θ

(
µ2

√
nT −1σ−2

p

)
. Correspondingly, the two boundary lines in Figure
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p and K = 120 exp(− 1
2σ2

p
), respectively.

2 also match the theoretical expectations, as formulated by 120 exp
(
− 1

2σ2
p

)
≤ K ≤ 95σ−2

p .

A.2. Real data experiments.

We systematically evaluate Dynamic TopK pruning on the MNIST (Figure 3) and CIFAR-10 (Figure 4) datasets. To
avoid trivial overfitting on relatively simple datasets, we introduce mild random perturbations during training.

As the retained weight ratio K increases, the training accuracy on both datasets generally improves, indicating that
higher parameter density facilitates fitting the training data. However, improved training performance does not
necessarily translate into better test performance. On the MNIST dataset, test accuracy reaches its best performance
at an intermediate sparsity level and does not consistently improve as K increases, suggesting that excessive model
parameters may harm generalization. On the CIFAR-10 dataset, test accuracy also peaks at moderate values of K
and degrades as the model approaches the dense setting, reflecting a trade-off between representational capacity and
generalization.

Overall, these results indicate that an appropriate level of parameter sparsity can lead to improved generalization
performance.

B. Additional Experiments
In this section, we present comprehensive empirical results to further validate our theoretical findings. We conduct
experiments on two typical architectures: a CNN on CIFAR-100 and a Vision Transformer on MNIST, under various
noise levels and sparsity ratios. The key observation is consistent with our theory: moderate sparsity improves
generalization by suppressing noise fitting, while excessive sparsity degrades performance under low SNR.
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Figure 3. Test accuracy and training loss of a CNN on MNIST under dynamic TopK pruning with varying sparsity levels.

B.1. CNN on CIFAR-100

We evaluate a convolutional neural network on the CIFAR-100 dataset with injected Gaussian noise of varying standard
deviations. We test different sparsity regimes by keeping 80%, 50%, 30%, and 10% of weights, respectively. As shown
in Table 1, under moderate noise, sparse models consistently outperform the dense model, validating that sparsity acts
as a regularizer against label noise. Under extreme noise (i.e., large noise std), aggressive pruning becomes harmful,
which aligns with our theoretical bound that excessive sparsity loses necessary signal capacity when SNR is extremely
low.

Table 1. CNN Performance on CIFAR-100 under Different Noise Levels and Sparsity Ratios

Noise Std Dense Acc Keep 80% Acc Diff Keep 50% Acc Diff Keep 30% Acc Diff Keep 10% Acc Diff

0.00 66.84% 67.62% +0.78 67.64% +0.80 67.38% +0.54 66.73% -0.11
0.10 63.96% 64.81% +0.85 64.56% +0.60 64.49% +0.53 63.97% +0.01
0.20 57.38% 58.47% +1.09 58.23% +0.85 57.96% +0.58 56.62% -0.76
0.30 51.93% 52.47% +0.54 52.74% +0.81 52.64% +0.71 51.48% -0.45
0.40 47.41% 48.89% +1.48 48.53% +1.12 48.30% +0.89 45.82% -1.59
0.50 44.16% 45.33% +1.17 45.19% +1.03 44.36% +0.20 43.32% -0.84
5.00 14.98% 15.14% +0.16 15.21% +0.23 15.38% +0.40 16.05% +1.07
6.00 13.43% 14.00% +0.57 13.88% +0.45 13.22% -0.21 14.24% +0.81
7.00 11.83% 11.45% -0.38 11.88% +0.05 11.18% -0.65 11.59% -0.24
8.00 10.91% 11.07% +0.16 10.85% -0.06 11.45% +0.54 11.47% +0.56
9.00 10.44% 10.41% -0.03 10.00% -0.44 10.35% -0.09 10.20% -0.24
10.00 9.43% 9.23% -0.20 9.41% -0.02 9.25% -0.18 9.02% -0.41

B.2. Vision Transformer on MNIST

To verify that our conclusion is architecture-agnostic, we further conduct experiments on a Vision Transformer (ViT) on
MNIST. As shown in Table 2, the trend is highly consistent: light pruning improves accuracy in low-to-moderate noise,
while aggressive pruning (e.g., keep 10%) leads to significant performance degradation, especially under strong noise.
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Figure 4. Test accuracy and training loss of a CNN on CIFAR-10 under dynamic TopK pruning with varying sparsity levels.

This confirms that the interplay between sparsity, noise, and model capacity is universal across CNNs and Transformers.

Table 2. Transformer Performance on MNIST under Different Noise Levels and Sparsity Ratios

Noise Std Dense Acc Keep 80% Acc Diff Keep 50% Acc Diff Keep 30% Acc Diff Keep 10% Acc Diff

0.00 98.16% 98.19% +0.03 98.21% +0.05 98.15% -0.01 97.19% -0.97
0.10 98.17% 98.21% +0.04 98.14% -0.03 98.19% +0.02 96.97% -1.20
0.20 98.46% 98.49% +0.03 98.44% -0.02 98.35% -0.11 97.55% -0.91
0.30 98.56% 98.57% +0.01 98.57% +0.01 98.40% -0.16 97.39% -1.17
0.40 98.52% 98.60% +0.08 98.55% +0.03 98.42% -0.10 97.37% -1.15
0.50 98.43% 98.46% +0.03 98.40% -0.03 98.40% -0.03 96.85% -1.58
5.00 93.08% 93.32% +0.24 93.26% +0.18 92.23% -0.85 88.28% -4.80
6.00 90.49% 90.82% +0.33 90.53% +0.04 89.47% -1.02 83.96% -6.53
7.00 88.74% 88.70% -0.04 88.63% -0.11 87.24% -1.50 82.21% -6.53
8.00 85.58% 85.57% -0.01 85.55% -0.03 84.72% -0.86 77.76% -7.82
9.00 84.65% 84.52% -0.13 84.10% -0.55 82.50% -2.15 76.85% -7.80
10.00 82.32% 82.06% -0.26 81.94% -0.38 80.70% -1.62 76.91% -5.41

C. Preliminary Lemmas
In this section, we introduce several key lemmas that capture crucial properties of the data and the neural network
parameters when randomly initialized.

Lemma C.1. Suppose that δ > 0 and n ≥ 13T log(2/δ), then with probability at least 1− δ, we have that

|{i ∈ [n] : yi = τ}| ∈ [
4n

5T
,
6n

5T
],

for all τ ∈ [T ].
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Proof of Lemma C.1. By Hoeffding’s inequality, the following holds with probability no less than 1− δ:

|
n∑

i=1

1(yi = τ)− n

T
| ≤

√
n

2
log(

2

δ
).

Then by n ≥ 12 log(2/δ), we can get that

|
n∑

i=1

1(yi = τ)− n

T
| ≤

√
n

2
log(

2

δ
) ≤ n

5T
,

which indicates that |{i ∈ [n] : yi = τ}| ∈ [ 4n5T , 6n
5T ]. Here the proof is completed.

Denote Mj,τ as {r ∈ [m] : ⟨w(0)
j,r ,µτ ⟩ > 0}. Then we have the following lemma:

Lemma C.2. Suppose that δ > 0 and n ≥ 13T log(2/δ), then with probability at least 1− δ, we have that

|Mj,τ | ∈ [
1

4
m,

3

4
m].

Proof of Lemma C.2. The method is similar with Lemma C.1.

Denote Nj,i as {r ∈ [m] : ⟨w(0)
j,r , ξi⟩ > 0}. Then we have the following lemma:

Lemma C.3. Suppose that δ > 0 and n ≥ 13T log(2/δ), then with probability at least 1− δ, we have that

|Nj,i| ∈ [
1

4
m,

3

4
m].

Proof of Lemma C.3. The method is similar with Lemma C.1.

Lemma C.4 (Concentration Inequalities). Suppose that δ > 0 and with probability at least 1− δ,

σ2
p(d− T )/2 ≤ ∥ξi∥22 ≤ 3σ2

p(d− T )/2,

|⟨ξi, ξi′⟩| ≤ 2σ2
p

√
(d− T ) log(4n2/δ), i ̸= i′,

for all i, i′ ∈ [n].

Proof of Lemma C.4. By Bernstein’s inequality, with probability at least 1− δ/(2n), the following holds:∣∣∥ξi∥22 − σ2
p(d− T )

∣∣ ≤ O
(
σ2
p ·
√
(d− T ) log(4n/δ)

)
.

Thus, imposing d = T +Ω(log(4n/δ)) ensures

∣∣∥ξi∥22 − σ2
p(d− T )

∣∣ ≤ 1

2
σ2
p(d− T ).

An analogous argument applies to ⟨ξi, ξi′⟩. Specifically, by Bernstein’s inequality, with probability at least 1− δ/(2n),

|⟨ξi, ξi′⟩| ≤ 2σ2
p

√
(d− T ) log(4n2/δ)

for all i ̸= i′ ∈ [n].

Combining these results via the union bound completes the proof.
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Lemma C.5. Suppose d ≥ T + Ω(log(mn/δ)) and m = Ω(log(1/δ)). Then, with probability at least 1 − δ, the
following hold: ∣∣∣⟨w(0)

j,r ,µτ ⟩
∣∣∣ ≤ σ0µ ·

√
2 log (8mT 2/δ), (2)∣∣∣⟨w(0)

j,r , ξi⟩
∣∣∣ ≤ 2σ0σp

√
d− T ·

√
log (8mnT /δ) (3)

for all r ∈ [m], j, τ ∈ [T ], and i ∈ [n]. Further,
σ0µ

2
≤ max

r∈[m]
⟨w(0)

j,r ,µτ ⟩ ≤ σ0µ ·
√
2 log (8mT 2/δ), (4)

σ0σp

√
d− T
4

≤ max
r∈[m]

⟨w(0)
j,r , ξi⟩ ≤ 2σ0σp

√
d− T ·

√
log (8mnT /δ) (5)

for all j, τ ∈ [T ] and i ∈ [n].

Proof of Lemma C.5. For each r ∈ [m], the inner product ⟨w(0)
j,r ,µτ ⟩ is a mean-zero Gaussian random variable with

variance σ2
0µ

2. By the Gaussian tail bound, for each tuple (j, τ, r),

P
(∣∣∣⟨w(0)

j,r ,µτ ⟩
∣∣∣ > σ0µ ·

√
2 log (8mT 2/δ)

)
≤ δ

4mT 2
.

Applying the union bound over all j, τ ∈ [T ] and r ∈ [m], we obtain that (2) holds with probability at least 1− δ/4.

Next, note that P
(
⟨w(0)

j,r ,µτ ⟩ < σ0µ/2
)
= c for some constant c ∈ (0, 1) (independent of j, τ, r). By the assumption

m = Ω(log(1/δ)), there exists a constant C > 0 such that m ≥ C log(4T 2/δ), which implies

P
(
max
r∈[m]

⟨w(0)
j,r ,µτ ⟩ < σ0µ/2

)
=
[
P
(
⟨w(0)

j,r ,µτ ⟩ < σ0µ/2
)]m

≤ cm ≤ δ

4T 2
.

A union bound over all j, τ ∈ [T ] shows that the lower bound in (4) holds with probability at least 1− δ/4; the upper
bound follows directly from (2).

For the inner products involving ξi, Lemma C.4 guarantees that with probability at least 1− δ/4,

σp

√
d− T√
2

≤ ∥ξi∥2 ≤
√

3

2
σp

√
d− T , ∀i ∈ [n].

Since ⟨w(0)
j,r , ξi⟩ is a mean-zero Gaussian random variable with variance σ2

0∥ξi∥22, analogous arguments to those for

⟨w(0)
j,r ,µτ ⟩ establish (3) and (5), with the remaining probability budget δ/4 absorbed via the union bound. Combining

all cases completes the proof.

D. Gradient Calculation and Update Rule

We begin by analyzing the parameter update dynamics of the network. For each weight vector w(t)
j,r at iteration t, the

update rule follows gradient descent on the loss LS(W
(t)), where S denotes the training set. Expanding the gradient

step, we derive the explicit update formula:

w
(t+1)
j,r = w

(t)
j,r − η∇

w
(t)
j,r
LS(W

(t))

= w
(t)
j,r +

η

n

n∑
i=1

(
−ℓ

′(t)
j,i

)
∇

w
(t)
j,r
Fj(W

(t)
j ,xi)

= w
(t)
j,r +

η

nm

n∑
i=1

(
−ℓ

′(t)
j,i

)
σ′
(
⟨w(t)

j,r, ξi⟩
)
ξi

+
η

nm

n∑
i=1

(
−ℓ

′(t)
j,i

)
σ′
(
⟨w(t)

j,r,µyi
⟩
)
µyi

, (6)
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where:

• ℓ
′(t)
j,i denotes the partial derivative of the loss with respect to the j-th logit for sample i at iteration t, satisfying

−ℓ
′(t)
j,i = I(j = yi)− logitj(F,xi).

• σ′ is the derivative of the activation function σ.

• The final equality follows from differentiating Fj(W
(t)
j ,xi) with respect to w

(t)
j,r, using the chain rule.

To simplify the analysis of (6), we introduce two sets of auxiliary coefficients to decouple the contributions of the basis
vectors µτ and noise terms ξi.

Definition D.1. For all j, τ ∈ [T ], r ∈ [m], and i ∈ [n], define the coefficients γ
(t)
j,r,τ and ρ

(t)
j,r,i via the recursive

relations:

γ
(0)
j,r,τ = 0, ρ

(0)
j,r,i = 0, (7a)

γ
(t+1)
j,r,τ − γ

(t)
j,r,τ =

η

nm

∑
yi=τ

(
−ℓ

′(t)
j,i

)
σ′
(
⟨w(t)

j,r,µτ ⟩
)
µ2, (7b)

ρ
(t+1)
j,r,i − ρ

(t)
j,r,i =

η

nm

(
−ℓ

′(t)
j,i

)
σ′
(
⟨w(t)

j,r, ξi⟩
)
∥ξi∥22. (7c)

Here, (7b) captures the cumulative update contribution from samples labeled τ via the basis µτ , while (7c) quantifies
the contribution from the noise term ξi for sample i. The scaling factors µ2 and ∥ξi∥22 ensure consistency with the inner
product terms in (6).

Substituting (7b) and (7c) into (6) and unrolling the recursion from t = 0 to t, we obtain a closed-form expression for
w

(t)
j,r in terms of the initial weight w(0)

j,r and the auxiliary coefficients:

w
(t)
j,r = w

(0)
j,r +

T∑
τ=1

γ
(t)
j,r,τ · µ−2µτ +

n∑
i=1

ρ
(t)
j,r,i · ∥ξi∥

−2
2 ξi. (8)

This decomposition explicitly separates the weight vector into its initial component and the cumulative updates from
the basis vectors µτ and noise terms ξi, facilitating subsequent analysis of their respective roles in training.

E. Signal Learning

Let’s calculate the two inner product expressions ⟨w(t)
j,r,µτ ⟩ and ⟨w(t)

j,r, ξi⟩:

⟨w(t)
j,r,µτ ⟩ = ⟨w(0)

j,r ,µτ ⟩+
T∑

τ ′=1

γ
(t)
j,r,τ ′µ

−2⟨µτ ′ ,µτ ⟩+
n∑

i=1

ρ
(t)
j,r,i∥ξi∥

−2
2 ⟨ξi,µτ ⟩

= ⟨w(0)
j,r ,µτ ⟩+ γ

(t)
j,r,τ , (9)

where the last equality is due to µτ is orthogonal to µτ ′(τ ′ ̸= τ) and ξi(i ∈ [n]). As for ⟨w(t)
j,r, ξi⟩, we can obtain

⟨w(t)
j,r, ξi⟩ = ⟨w(0)

j,r , ξi⟩+
T∑

τ ′=1

γ
(t)
j,r,τ ′µ

−2⟨µ′
τ , ξi⟩+

n∑
i′=1

ρ
(t)
j,r,i′∥ξi′∥

−2
2 ⟨ξ′i, ξi⟩

= ⟨w(0)
j,r , ξi⟩+ ρ

(t)
j,r,i +

∑
i′ ̸=i

ρ
(t)
j,r,i′∥ξi′∥

−2
2 ⟨ξi′ , ξi⟩, (10)

where the last equality is due to µτ is orthogonal to ξi for all i ∈ [n]. By substituting equalitys 9 and 10 into the update
formulas for γ(t)

j,r,τ and ρ
(t)
j,r,i, we can obtain:
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γ
(t+1)
j,r,τ = γ

(t)
j,r,τ +

η

nm

∑
yi=τ

(−ℓ
′(t)
j,i )σ

′(⟨w(0)
j,r ,µτ ⟩+ γ

(t)
j,r,τ )µ

2, (11)

ρ
(t+1)
j,r,i = ρ

(t)
j,r,i +

η

nm
(−ℓ

′(t)
j,i )σ

′(⟨w(0)
j,r , ξi⟩+ ρ

(t)
j,r,i +

∑
i′ ̸=i

ρ
(t)
j,r,i′∥ξi′∥

−2
2 ⟨ξi′ , ξi⟩)∥ξi∥22. (12)

With these two formulas, we can better study the variation dynamics of γ(t)
j,r,τ and ρ

(t)
j,r,i. We give the notation that

ρ̄
(t)
j,r,i := ρ

(t)
j,r,i1(ρ

(t)
j,r,i ≥ 0), ρ(t)

j,r,i
:= ρ

(t)
j,r,i1(ρ

(t)
j,r,i ≤ 0).

We denote

α := 4 log(T ∗)

β := max
j,r,τ,i

{|⟨w(0)
j,r ,µτ ⟩|, |⟨w(0)

j,r , ξi⟩|}

SNR :=
µ

σp

√
d

By Condition 4.1, we have that β ≤ 0.25.

Proposition E.1. For 0 ≤ t ≤ T ∗, we have that

γ
(0)
j,r,τ , ρ̄

(0)
j,r,i, ρ

(0)
j,r,i

= 0,

0 ≤ γ(t)
τ,r,τ ≤ α, (13)

0 ≥ γ
(t)
j,r,τ ≥ −α, j ̸= τ, (14)

0 ≥ ρ(t)
j,r,i

≥ −α, (15)

and there exists a positive constant C ′ such that

0 ≤ ρ̄
(t)
j,r,i ≤ C ′ρ̃α, (16)

for all r ∈ [m], j ∈ [T ] and i ∈ [n], where ρ̃ := T n−1 · SNR−2.

We will use induction to prove (13) and (16) in Proposition E.1.

Firstly we will introduce several technical lemmas that will be used for the proof of Proposition E.1.

Lemma E.2. Under Condition 4.1, assume that (13), (14), (15), and (16) hold at iteration t. Then for all j ∈ [T ],
r ∈ [m], and i ∈ [n], the following bounds hold:

∣∣∣⟨w(t)
j,r −w

(0)
j,r , ξi⟩ − ρ̄

(t)
j,r,i

∣∣∣ ≤ 4nα

√
log(4n2/δ)

d− T
if j = yi,∣∣∣⟨w(t)

j,r −w
(0)
j,r , ξi⟩ − ρ(t)

j,r,i

∣∣∣ ≤ 4nα

√
log(4n2/δ)

d− T
if j ̸= yi.

Proof of Lemma E.2. From the update rule (10), we decompose the inner product difference as:

⟨w(t)
j,r −w

(0)
j,r , ξi⟩ − ρ

(t)
j,r,i =

∑
i′ ̸=i

ρ
(t)
j,r,i′∥ξi′∥

−2
2 ⟨ξi′ , ξi⟩.

Taking absolute values and applying the triangle inequality for sums, we obtain:

∣∣∣⟨w(t)
j,r −w

(0)
j,r , ξi⟩ − ρ

(t)
j,r,i

∣∣∣ =
∣∣∣∣∣∣
∑
i′ ̸=i

ρ
(t)
j,r,i′∥ξi′∥

−2
2 ⟨ξi′ , ξi⟩

∣∣∣∣∣∣ ≤
∑
i′ ̸=i

∣∣∣ρ(t)j,r,i′

∣∣∣ · ∥ξi′∥−2
2 · |⟨ξi′ , ξi⟩| .
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The final bound ∑

i′ ̸=i

∣∣∣ρ(t)j,r,i′

∣∣∣ · ∥ξi′∥−2
2 · |⟨ξi′ , ξi⟩| ≤ 4nα

√
log(4n2/δ)

d− T

follows directly from (15), (16), and Lemma C.4. This completes the proof.

Lemma E.3. Under Condition 4.1, assume that (13), (14), (15), and (16) hold at iteration t. Then for all j ∈ [T ],
r ∈ [m], i ∈ [n] with j ̸= yi, the following inequality holds:

Fj(W
(t)
j ,xi) ≤ 1.

Proof of Lemma E.3. We begin by bounding the activated inner products. By the monotonicity of the activation function
σ and Lemma E.2, we have:

σ
(
⟨w(t)

j,r,µyi
⟩
)
≤ σ

(
⟨w(0)

j,r ,µyi
⟩
)
≤
∣∣∣⟨w(0)

j,r ,µyi
⟩
∣∣∣ ,

σ
(
⟨w(t)

j,r, ξi⟩
)
≤ σ

(
⟨w(0)

j,r , ξi⟩+ 4nα

√
log(4n2/δ)

d− T

)

≤ 2max

{∣∣∣⟨w(0)
j,r , ξi⟩

∣∣∣ , 4nα√ log(4n2/δ)

d− T

}
.

Substituting these bounds into the definition of Fj(W
(t)
j ,xi), we obtain:

Fj(W
(t)
j ,xi) =

1

m

m∑
r=1

[
σ
(
⟨w(t)

j,r,µyi
⟩
)
+ σ

(
⟨w(t)

j,r, ξi⟩
)]

≤ 3max

{∣∣∣⟨w(0)
j,r ,µyi

⟩
∣∣∣ , ∣∣∣⟨w(0)

j,r , ξi⟩
∣∣∣ , 4nα√2 log(4n2/δ)

d− T

}
.

The final inequality Fj(W
(t)
j ,xi) ≤ 1 follows directly from Condition 4.1, completing the proof.

Lemma E.4. Under Condition 4.1, assume that (13), (14), (15), and (16) hold at iteration t. Then for all τ ∈ [T ] and
r ∈ [m], the following inequalities hold:

⟨w(t)
τ,r,µτ ⟩ ≥ −0.25,

⟨w(t)
τ,r,µτ ⟩ ≤ σ

(
⟨w(t)

τ,r,µτ ⟩
)
≤ ⟨w(t)

τ,r,µτ ⟩+ 0.25.

Proof of Lemma E.4. By the update rule (9) and the non-negativity of γ(t)
τ,r,τ , we have:

⟨w(t)
τ,r,µτ ⟩ ≥ ⟨w(0)

τ,r,µτ ⟩ ≥ −β ≥ −0.25.

Next, the leftmost inequality ⟨w(t)
τ,r,µτ ⟩ ≤ σ

(
⟨w(t)

τ,r,µτ ⟩
)

is immediate. For the rightmost bound, we consider

two cases: If ⟨w(t)
τ,r,µτ ⟩ ≤ 0, then σ

(
⟨w(t)

τ,r,µτ ⟩
)

= 0 ≤ ⟨w(t)
τ,r,µτ ⟩ + 0.25 (since ⟨w(t)

τ,r,µτ ⟩ ≥ −0.25). If

⟨w(t)
τ,r,µτ ⟩ > 0, then σ

(
⟨w(t)

τ,r,µτ ⟩
)
= ⟨w(t)

τ,r,µτ ⟩ ≤ ⟨w(t)
τ,r,µτ ⟩+ 0.25.

This completes the proof.

By an analogous argument, we obtain the following result for ⟨w(t)
yi,r, ξi⟩:

⟨w(t)
yi,r, ξi⟩ ≥ −0.5,

⟨w(t)
yi,r, ξi⟩ ≤ σ

(
⟨w(t)

yi,r, ξi⟩
)
≤ ⟨w(t)

yi,r, ξi⟩+ 0.5
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for all i ∈ [n] and r ∈ [m].

To further quantify ⟨w(t)
τ,r,µτ ⟩ and ⟨w(t)

yi,r, ξi⟩ in terms of γ(t)
τ,r,τ and ρ̄

(t)
yi,r,i

, we present the following lemma:

Lemma E.5. Under Condition 4.1, assume that (13), (14), (15), and (16) hold at iteration t. Then for all τ ∈ [T ],
r ∈ [m], and i ∈ [n], ∣∣∣σ (⟨w(t)

τ,r,µτ ⟩
)
− γ(t)

τ,r,τ

∣∣∣ ≤ 1,∣∣∣σ (⟨w(t)
yi,r, ξi⟩

)
− ρ̄

(t)
yi,r,i

∣∣∣ ≤ 1.

Proof of Lemma E.5. By the update rules (9) and (10), we have:∣∣∣⟨w(t)
τ,r,µτ ⟩ − γ(t)

τ,r,τ

∣∣∣ ≤ 0.25 and
∣∣∣⟨w(t)

yi,r, ξi⟩ − ρ̄
(t)
yi,r,i

∣∣∣ ≤ 0.5.

From the analysis in Lemma E.4 and its analogous result for ξi, it follows that:∣∣∣σ (⟨w(t)
τ,r,µτ ⟩

)
− ⟨w(t)

τ,r,µτ ⟩
∣∣∣ ≤ 0.25

and ∣∣∣σ (⟨w(t)
yi,r, ξi⟩

)
− ⟨w(t)

yi,r, ξi⟩
∣∣∣ ≤ 0.5.

Applying the triangle inequality to these bounds yields:∣∣∣σ (⟨w(t)
τ,r,µτ ⟩

)
− γ(t)

τ,r,τ

∣∣∣ ≤ ∣∣∣σ (⟨w(t)
τ,r,µτ ⟩

)
− ⟨w(t)

τ,r,µτ ⟩
∣∣∣+ ∣∣∣⟨w(t)

τ,r,µτ ⟩ − γ(t)
τ,r,τ

∣∣∣ ≤ 0.25 + 0.25 ≤ 1,∣∣∣σ (⟨w(t)
yi,r, ξi⟩

)
− ρ̄

(t)
yi,r,i

∣∣∣ ≤ ∣∣∣σ (⟨w(t)
yi,r, ξi⟩

)
− ⟨w(t)

yi,r, ξi⟩
∣∣∣+ ∣∣∣⟨w(t)

yi,r, ξi⟩ − ρ̄
(t)
yi,r,i

∣∣∣ ≤ 0.5 + 0.5 = 1,

completing the proof.

Lemma E.6. For T − 1 ≤ u, v ≤ (T − 1)e and |F1 − F2| ≤ C, the following inequality holds:

e−(1+C) ≤ u (v + exp{F1})
v (u+ exp{F2})

≤ e1+C .

Proof of Lemma E.6. We start with the well-known inequality for fractions: for non-negative A,B,C,D,

min

{
A

C
,
B

D

}
≤ A+B

C +D
≤ max

{
A

C
,
B

D

}
.

By the condition T − 1 ≤ u, v ≤ (T − 1)e, we derive e−1 ≤ v
u ≤ e, or equivalently e−1 ≤ u

v ≤ e.

Additionally, since |F1 − F2| ≤ C, it follows that e−C ≤ exp{F1}
exp{F2} ≤ eC .

Applying the fraction inequality with A = uv, B = u exp{F1}, C = vu, D = v exp{F2}, we obtain:

min

{
uv

vu
,
u exp{F1}
v exp{F2}

}
≤ uv + u exp{F1}

vu+ v exp{F2}
=

u (v + exp{F1})
v (u+ exp{F2})

≤ max

{
uv

vu
,
u exp{F1}
v exp{F2}

}
.

Substituting the bounds for u
v and exp{F1}

exp{F2} , the left-hand side simplifies to e−(1+C). A similar argument for the upper
bound yields e1+C , completing the proof.

Lemma E.7. Under Condition 4.1, assume that (13), (14), (15), and (16) hold at any iteration t′ ≤ t. If

SNR ≥ Θ(T n−1/4) (17)

holds, then the following conditions hold for any iteration t′ ≤ t:
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1. |
∑m

r=1[γ
(t′)
τ,r,τ − γ

(t′)
κ,r,κ]| ≤ ϑ for all τ, κ ∈ [T ].

2. |Fyi(W
(t′)
yi ,xi)− Fyj (W

(t′)
yj ,xj)| ≤ C1 for all i, j ∈ [n].

3. ℓ
′(t′)
yi,i

/ℓ
′(t′)
yj ,j

≤ exp{1 + C1} = C2 for all i, j ∈ [n].

Proof of Lemma E.7. We will use induction to prove Lemma E.7. When t′ = 0, we have that |
∑m

r=1[γ
(0)
τ,r,τ −γ

(0)
κ,r,κ]| =

0 ≤ ϑ. As we know, Fyi(W
(t),xi) =

1
m

∑m
r=1[σ(⟨w

(t)
yi,r, ξi⟩) + σ(⟨w(t)

yi,r,µyi⟩)], so we have

|Fyi
(W(0)

yi
,xi)| = | 1

m

m∑
r=1

[σ(⟨w(0)
yi,r, ξi⟩) + σ(⟨w(0)

yi,r,µyi
⟩)]|

≤ 1

m

m∑
r=1

[|σ(⟨w(0)
yi,r, ξi⟩)|+ |σ(⟨w(0)

yi,r,µyi
⟩)|]

≤ 1

m

m∑
r=1

[ρ̄
(0)
yi,r,i

+ 1 + γ(0)
yi,r,yi

+ 1]

≤ 2, (18)

where the fist inequality is by absolute value inequality, the second inequality is by Lemma E.5. Then we can get that
|Fyi(W

(0)
yi ,xi)−Fyj (W

(0)
yj ,xj)| ≤ 4. We also have that ℓ

′(0)
yi,i

= 1− logiti(F,xi). By Lemma E.3 and (18), we have

−2 ≤ Fj(W
(0)
j ,xi) − Fyi(W

(0)
yi ,xi) ≤ 1. So 1 − 1/(1 + (T − 1)e−2) ≤ ℓ

′(0)
yi,i

≤ 1 − 1/(1 + (T − 1)e). We have
verified the correctness of the three formulas at t = 0.

Now suppose there exists t̃ ≤ t such that these five conditions hold for any 0 ≤ t′ ≤ t̃− 1. We aim to prove that these
conditions also hold for t′ = t̃.

Firstly we will show that Fyi(W
(t′)
yi ,xi)− Fyj (W

(t′)
yj ,xj) is dominated by 1

m

∑m
r=1[γ

(t′)
yi,r,yi − γ

(t′)
yj ,r,yj ]. We have that

Fyi
(W(t′)

yi
,xi)− Fyj

(W(t′)
yj

,xj)

=
1

m

m∑
r=1

[σ(⟨w(t′)
yi,r, ξi⟩) + σ(⟨w(t′)

yi,r,µyi
⟩)]− 1

m

m∑
r=1

[σ(⟨w(t′)
yj ,r, ξj⟩) + σ(⟨w(t′)

yj ,r,µyj
⟩)]

=
1

m

m∑
r=1

[σ(⟨w(t′)
yi,r, ξi⟩)− σ(⟨w(t′)

yj ,r, ξj⟩)] +
1

m

m∑
r=1

[σ(⟨w(t′)
yi,r,µyi

⟩)− σ(⟨w(t′)
yj ,r,µyj

⟩)].

By Lemma E.5, we have that

| 1
m

m∑
r=1

[σ(⟨w(t′)
yi,r, ξi⟩)− σ(⟨w(t′)

yj ,r, ξj⟩)]| ≤
1

m

m∑
r=1

[σ(⟨w(t′)
yi,r, ξi⟩) + σ(⟨w(t′)

yj ,r, ξj⟩)]

≤ 1

m

m∑
r=1

[ρ̄
(t)
yi,r,i

+ ρ̄
(t)
yj ,r,j

+ 2]

≤ 1

m

m∑
r=1

[2C ′ρ̃α+ 2]

≤ 4, (19)

where the third inequality is by (16), and the last inequality is by (17).
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By Lemma E.5, we also have

|
m∑
r=1

[σ(⟨w(t′)
yi,r,µyi⟩)− σ(⟨w(t′)

yj ,r,µyj ⟩)]−
m∑
r=1

[γ(t′)
yi,r,yi

− γ(t′)
yj ,r,yj

]|

= |
m∑
r=1

[σ(⟨w(t′)
yi,r,µyi⟩)− γ(t′)

yi,r,yi
]−

m∑
r=1

[σ(⟨w(t′)
yj ,r,µyj ⟩)− γ(t′)

yj ,r,yj
]|

≤
m∑
r=1

|[σ(⟨w(t′)
yi,r,µyi

⟩)− γ(t′)
yi,r,yi

]|+
m∑
r=1

|[σ(⟨w(t′)
yj ,r,µyj

⟩)− γ(t′)
yj ,r,yj

]|

≤ 2m. (20)

So we have

|Fyi(W
(t′)
yi

,xi)− Fyj (W
(t′)
yj

,xj)−
1

m

m∑
r=1

[γ(t′)
yi,r,yi

− γ(t′)
yj ,r,yj

]|

= |Fyi
(W(t′)

yi
,xi)− Fyj

(W(t′)
yj

,xj)−
1

m

m∑
r=1

[σ(⟨w(t′)
yi,r,µyi

⟩)− σ(⟨w(t′)
yj ,r,µyj

⟩)]

+
1

m

m∑
r=1

[σ(⟨w(t′)
yi,r,µyi

⟩)− σ(⟨w(t′)
yj ,r,µyj

⟩)]− 1

m

m∑
r=1

[γ(t′)
yi,r,yi

− γ(t′)
yj ,r,yj

]|

≤ |Fyi(W
(t′)
yi

,xi)− Fyj (W
(t′)
yj

,xj)−
1

m

m∑
r=1

[σ(⟨w(t′)
yi,r,µyi⟩)− σ(⟨w(t′)

yj ,r,µyj ⟩)]|

+ | 1
m

m∑
r=1

[σ(⟨w(t′)
yi,r,µyi

⟩)− σ(⟨w(t′)
yj ,r,µyj

⟩)]− 1

m

m∑
r=1

[γ(t′)
yi,r,yi

− γ(t′)
yj ,r,yj

]|

≤ 4 + 2 = 6,

where the last inequality is by (19) and (20).

By the same analysis, we can also get that

|Fyi(W
(t′)
yi

,xi)−
1

m

m∑
r=1

γ(t′)
yi,r,yi

| ≤ 3. (21)

By the update rule (11), we have that

1

m

m∑
r=1

[γ
(t′)
j,r,j − γ(t′)

p,r,p] =
1

m

m∑
r=1

[γ
(t′−1)
j,r,j − γ(t′−1)

p,r,p ]

+
η

nm2
|Mj,j |

∑
yi=j

(−ℓ
′(t′−1)
j,i )σ′(⟨w(0)

j,r ,µj⟩+ γ
(t′−1)
j,r,j )µ2 − η

nm2
|Mp,p|

∑
yi=p

(−ℓ
′(t′−1)
p,i )σ′(⟨w(0)

p,r,µp⟩+ γ(t′−1)
p,r,p )µ2

Firstly, We need to explain the ratio of derivatives when the labels are the same. When yi = yj = τ , we have that

ℓ
′(t′−1)
τ,i /ℓ

′(t′−1)
τ,j

=

∑
p̸=τ exp{Fp(W

(t′−1)
p ,xi)}∑

p̸=τ exp{Fp(W
(t′−1)
p ,xi)}+ exp{Fτ (W

(t′−1)
τ ,xi)}

·
∑

p̸=τ exp{Fp(W
(t′−1)
p ,xj)}+ exp{Fτ (W

(t′−1)
τ ,xj)}∑

p̸=τ exp{Fp(W
(t′−1)
p ,xj)}

≤ (T − 1)e

(T − 1)e+ exp{ 1
m

∑m
r=1 γ

(t′−1)
τ,r,τ − 3}

·
T − 1 + exp{ 1

m

∑m
r=1 γ

(t′−1)
τ,r,τ + 3}

T − 1

≤ e ·max{e−1, e6} = e7.
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If 1
m

∑m
r=1[γ

(t′−1)
j,r,j − γ

(t′−1)
p,r,p ] ≤ 0.9ϑ, we have that

1

m

m∑
r=1

[γ
(t′)
j,r,j − γ(t′)

p,r,p] ≤
1

m

m∑
r=1

[γ
(t′−1)
j,r,j − γ(t′−1)

p,r,p ] +
η

nm2
|Mj,j |

∑
yi=j

(−ℓ
′(t′−1)
j,i )σ′(⟨w(0)

j,r ,µj⟩+ γ
(t′−1)
j,r,j )µ2

≤ 0.9ϑ+
η

nm2

3m

4

6n

5T
µ2

≤ ϑ,

where the last inequality is by Condition 4.1.

If 1
m

∑m
r=1[γ

(t′−1)
j,r,j − γ

(t′−1)
p,r,p ] ≥ 0.9ϑ, we have that

Fyi
(W(t′)

yi
,xi)− Fyj

(W(t′)
yj

,xj) ≥
1

m

m∑
r=1

[γ(t′)
yi,r,yi

− γ(t′)
yj ,r,yj

]− 6 ≥ 0.9ϑ− 6,

so we have

ℓ
′(t′−1)
p,i /ℓ

′(t′−1)
j,q

=

∑
j ̸=p exp{Fj(W

(t′−1)
j ,xi)}∑

j ̸=p exp{Fj(W
(t′−1)
j ,xi)}+ exp{Fp(W

(t′−1)
p ,xi)}

·
∑

l ̸=j exp{Fl(W
(t′−1)
l ,xq)}+ exp{Fj(W

(t′−1)
j ,xq)}∑

l ̸=j exp{Fl(W
(t′−1)
l ,xq)}

≥ (T − 1)

(T − 1) + exp{ 1
m

∑m
r=1 γ

(t′−1)
p,r,p + 3}

·
(T − 1)e+ exp{ 1

m

∑m
r=1 γ

(t′−1)
j,r,j − 3}

(T − 1)e

≥ 0.5 exp{0.9ϑ− 12},

So we have that

η

nm2
|Mj,j |

∑
yi=j

(−ℓ
′(t′−1)
j,i )σ′(⟨w(0)

j,r ,µj⟩+ γ
(t′−1)
j,r,j )µ2 ≤ η

nm2
m

6n

5T
e7(−ℓ

′(t′−1)
j,i′ )µ2,

η

nm2
|Mp,p|

∑
yi=p

(−ℓ
′(t′−1)
p,i )σ′(⟨w(0)

p,r,µp⟩+ γ(t′−1)
p,r,p )µ2

≥ η

nm2

m

4

4n

5T
e−7(−ℓ

′(t′−1)
p,i′ )µ2 ≥ η

nm2

m

4

4n

5T
e−70.5 exp{0.9ϑ− 12}(−ℓ

′(t′−1)
j,i′ )µ2,

So if we choose ϑ = 43, then we have η
nm2 |Mj,j |

∑
yi=j(−ℓ

′(t′−1)
j,i )σ′(⟨w(0)

j,r ,µj⟩ + γ
(t′−1)
j,r,j )µ2 ≤

η
nm2 |Mp,p|

∑
yi=p(−ℓ

′(t′−1)
p,i )σ′(⟨w(0)

p,r,µp⟩ + γ
(t′−1)
p,r,p )µ2, then 1

m

∑m
r=1[γ

(t′)
j,r,j − γ

(t′)
p,r,p] ≤ 1

m

∑m
r=1[γ

(t′−1)
j,r,j −

γ
(t′−1)
p,r,p ] ≤ ϑ.

Then we have

|Fyi
(W(t′)

yi
,xi)− Fyj

(W(t′)
yj

,xj)| ≤ | 1
m

m∑
r=1

[γ(t′)
yi,r,yi

− γ(t′)
yj ,r,yj

]|+ 6 ≤ ϑ+ 6.

ℓ
′(t′)
yi,i

/ℓ
′(t′)
yj ,j

≤ exp{ϑ+ 7}.

Now we are ready to prove Proposition E.1.

Proof of Proposition E.1. Our proof is based on induction. The results are obvious at t = 0 as all the coefficients are
zero. Suppose that there exists T̃ ≤ T ∗ such that the results in Proposition E.1 hold for all time 0 ≤ t ≤ T̃ − 1. We aim
to prove that they also hold for t = T̃ . Note that according to Lemma E.7, we also have for any 0 ≤ t ≤ T̃ − 1 that
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1. |
∑m

r=1[γ
(t′)
τ,r,τ − γ

(t′)
κ,r,κ]| ≤ ϑ for all τ, κ ∈ [T ].

2. |Fyi(W
(t′)
yi ,xi)− Fyj (W

(t′)
yj ,xj)| ≤ C1 for all i, j ∈ [n].

3. ℓ
′(t′)
yi,i

/ℓ
′(t′)
yj ,j

≤ exp{1 + C1} = C2 for all i, j ∈ [n].

We now prove (14) and (15). First, we note that γ(t)
j,r,τ and ρ(t)

j,r,i
are non-increasing sequences. By the convergence

theorem for sequences, (9) and (10), if ⟨w(t)
j,r,µτ ⟩(τ ̸= j) and ⟨w(t)

j,r, ξi⟩ are positive, then they converge to 0. So we
have

0 ≥ γ
(t)
j,r,τ ≥ −⟨w(0)

j,r ,µτ ⟩ ≥ −β ≥ −α,

0 ≥ ρ(t)
j,r,i

≥ −⟨w(0)
j,r , ξi⟩ −

∑
i′ ̸=i

ρ
(t)
j,r,i′∥ξi′∥

−2
2 ⟨ξi′ , ξi⟩

≥ −β − 4nα

√
log(4n2/δ)

d− T
≥ −α,

where the inequalities are by Lemma C.4 and Condition 4.1.

Now we prove (13) holds for t = T̃ . Consider that for j = yi, we have that

−ℓ
′(t)
j,i ≤

∑
p̸=τ exp{Fp(W

(t−1)
p ,xi)}∑

p̸=τ exp{Fp(W
(t−1)
p ,xi)}+ exp{Fτ (W

(t−1)
τ ,xi)}

≤ (T − 1)e

(T − 1)e+ exp{ 1
m

∑m
r=1 γ

(t−1)
τ,r,τ − 3}

. (22)

Now recall the iterative update rule of γ(t)
j,r,τ :

γ
(t+1)
j,r,τ = γ

(t)
j,r,τ +

η

nm

∑
yi=τ

(−ℓ
′(t)
j,i )σ

′(⟨w(0)
j,r ,µτ ⟩+ γ

(t)
j,r,τ )µ

2.

Let tτ,r be the last time t < T ∗ that γ(t)
τ,r,τ ≤ 0.5α. Then by iterating the update rule from t = tτ,r to t = T̃ − 1, we get

γ(T̃ )
τ,r,τ = γ(tτ,r)

τ,r,τ +
η

nm

∑
yi=τ

(−ℓ
′(tτ,r)
τ,i )σ′(⟨w(0)

τ,r,µτ ⟩+ γ(tτ,r)
τ,r,τ )µ2

︸ ︷︷ ︸
♠

+
∑

tτ,r<t<T̃

η

nm

∑
yi=τ

(−ℓ
′(t)
τ,i )σ

′(⟨w(0)
τ,r,µτ ⟩+ γ(t)

τ,r,τ )µ
2

︸ ︷︷ ︸
♣

(23)

We first bound ♠ as follows:

♠ ≤ η

nm

6n

5T
(−ℓ

′(tτ,r)
τ,i )σ′(⟨w(0)

τ,r,µτ ⟩+ γ(tτ,r)
τ,r,τ )µ2

≤ η

nm

6n

5T
µ2

≤ 0.25α, (24)

where the first inequality is by Lemma C.1, the second inequality is by −ℓ
′(tτ,r)
τ,i , σ′(·) ≤ 1 and the last inequality

follows by Condition 4.1.
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Second, we bound ♣.

♣ ≤ T̃
η

nm

6n

5T
(−ℓ

′(t−1)
τ,i )σ′(⟨w(0)

τ,r,µτ ⟩+ γ(t−1)
τ,r,τ )µ2

≤ T̃
η

nm

6n

5T
(T − 1)e

(T − 1)e+ exp{ 1
m

∑m
r=1 γ

(t−1)
τ,r,τ − 3}

µ2

≤ 2ηem−1T̃ µ2

exp{γ(t−1)
τ,r,τ − 3}

≤ 2ηe4m−1T̃ µ2

exp{2 log(T ∗)}
≤ 2ηe4m−1T ∗−1µ2

≤ 0.25α, (25)

where the first inequality is by Lemma C.1, the second inequality is by 22, the fourth inequality is due to our assumption
that γ(t−1)

τ,r,τ ≥ 0.5α, the last inequality follows by Condition 4.1.

Plugging (24) and (25) into 23, we have that γ(T̃ )
τ,r,τ = γ

(tτ,r)
τ,r,τ +♠+♣ ≤ 0.5α+ 0.25α+ 0.25α = α.

Then we will use induction to prove (16). First, we focus on ρ̄
(t)
yi,r,i

that can achieve sufficient growth. When t = 1, we
have that

γ(1)
τ,r,τ =

η

nm

∑
yi=τ

(−ℓ
′(0)
τ,i )σ

′(⟨w(0)
τ,r,µτ ⟩)µ2,

ρ̄
(1)
yi,r,i

=
η

nm
(−ℓ

′(0)
yi,i

)σ′(⟨w(0)
yi,r, ξi⟩)∥ξi∥

2
2,

where the r in γ
(1)
τ,r,τ satisfies that r ∈ Mτ,τ , so we have

γ(1)
τ,r,τ/ρ̄

(1)
yi,r,i

= |i ∈ [n], yi = τ |
(−ℓ

′(0)
τ,i′ )µ

2

(−ℓ
′(0)
yi,i

)∥ξi∥22
= Θ(n · SNR2/T ),

where the last equation is by Lemma C.1, Lemma C.4 and Lemma E.7. Denote I1 = η
nm

∑
yi=τ (−ℓ

′(t)
j,i )σ

′(⟨w(0)
j,r ,µτ ⟩+

γ
(t)
j,r,τ )µ

2 and I2 = η
nm (−ℓ

′(t)
j,i )σ

′(⟨w(0)
j,r , ξi⟩+ ρ

(t)
j,r,i +

∑
i′ ̸=i ρ

(t)
j,r,i′∥ξi′∥

−2
2 ⟨ξi′ , ξi⟩)∥ξi∥22. By these lemmas, we can

also get that

I1/I2 =

η
nm

∑
yi=τ (−ℓ

′(t)
j,i )σ

′(⟨w(0)
j,r ,µτ ⟩+ γ

(t)
j,r,τ )µ

2

η
nm (−ℓ

′(t)
j,i )σ

′(⟨w(0)
j,r , ξi⟩+ ρ

(t)
j,r,i +

∑
i′ ̸=i ρ

(t)
j,r,i′∥ξi′∥

−2
2 ⟨ξi′ , ξi⟩)∥ξi∥22

= Θ(n · SNR2/T ).

Suppose that when t = t′ − 1, γ(t′−1)
τ,r,τ /ρ̄

(t′−1)
j,r,i = Θ(n · SNR2/T ) holds, then we have

Θ(n · SNR2/T ) = min{γ
(t′−1)
τ,r,τ

ρ̄
(t′)
j,r,i

,
I1
I2

} ≤ γ(t′)
τ,r,τ/ρ̄

(t′)
j,r,i =

γ
(t′−1)
τ,r,τ + I1

ρ̄
(t′)
j,r,i + I2

≤ max{γ
(t′−1)
τ,r,τ

ρ̄
(t′)
j,r,i

,
I1
I2

} = Θ(n · SNR2/T ),

where the inequalities are by the same method in Lemma E.6. By induction, we can get that γ(t′)
τ,r,τ/ρ̄

(t′)
j,r,i = Θ(n ·

SNR2/T ) for all 0 < t′ ≤ T ∗. As we have got that 0 ≤ γ
(t′)
τ,r,τ ≤ α, so we can have that 0 ≤ ρ̄

(t′)
j,r,i ≤ C ′ρ̃α. Here the

proof completes.

By the definition of (−ℓ
′(t)
j,i ) and Lemma E.3, we have that

T − 1

e
≤ (−ℓ

′(t)
yi,i

)/ℓ
′(t)
j,i ≤ (T − 1)e. (26)
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We also have that

Lemma E.8.

γ(t)
τ,r,τ/γ

(t)
τ ′,r′,τ ′ ≤ C3, (27)

ρ̄
(t)
yi,r1,i

/ρ̄
(t)
yi′ ,r2,i

′ ≤ C4 (28)

for all 0 < t ≤ T ∗, τ, τ ′ ∈ T , r ∈ Mτ,τ , r′ ∈ Mτ ′,τ ′ , i, i′ ∈ [n] and r1, r2 belong to the set of indices for whichρ̄(t)yi,r1,i
,

ρ̄
(t)
yi′ ,r2,i

′ can achieve sufficient growth.

Proof of Lemma E.8. We use induction to prove this lemma. When t = 1, we have that

γ(1)
τ,r,τ =

η

nm

∑
yi=τ

(−ℓ
′(0)
τ,i )σ

′(⟨w(0)
τ,r,µτ ⟩)µ2,

γ
(1)
τ ′,r′,τ ′ =

η

nm

∑
yi=τ ′

(−ℓ
′(0)
τ ′,i)σ

′(⟨w(0)
τ ′,r′ ,µτ ′⟩)µ2,

ρ̄
(1)
yi,r1,i

=
η

nm
(−ℓ

′(0)
yi,i

)σ′(⟨w(0)
yi,r1 , ξi⟩)∥ξi∥

2
2,

ρ̄
(1)
yi′ ,r2,i

′ =
η

nm
(−ℓ

′(0)
yi′ ,i

′)σ
′(⟨w(0)

yi′ ,r2
, ξi′⟩)∥ξi′∥22,

Then we have that

γ(1)
τ,r,τ/γ

(1)
τ ′,r′,τ ′ ≤

3

2
C2

ρ̄
(1)
yi,r1,i

/ρ̄
(1)
yi′ ,r2,i

′ ≤ 3C2,

Suppose that (27) and (28) hold when 0 < t ≤ T̃ − 1, we prove that when t = T̃ , they still hold. We have that

γ(T̃ )
τ,r,τ/γ

(T̃ )
τ ′,r′,τ ′ ≤ max{γ(T̃−1)

τ,r,τ /γ
(T̃−1)
τ ′,r′,τ ′ ,

η
nm

∑
yi=τ (−ℓ

′(T̃−1)
j,i )σ′(⟨w(0)

τ,r,µτ ⟩+ γ
(T̃−1)
τ,r,τ )µ2

η
nm

∑
yi=τ ′(−ℓ

′(T̃−1)
j,i )σ′(⟨w(0)

τ ′,r,µτ ′⟩+ γ
(T̃−1)
τ ′,r′,τ )µ

2
}

≤ 3

2
C2,

ρ̄
(T̃ )
yi,r1,i

/ρ̄
(T̃ )
yi′ ,r2,i

′ ≤ max{ρ̄(T̃−1)
yi,r1,i

/ρ̄
(T̃−1)
yi′ ,r2,i

′ ,

η
nm (−ℓ

′(T̃−1)
yi,i

)σ′(⟨w(T̃−1)
yi,r1 , ξi⟩)∥ξi∥22

η
nm (−ℓ

′(T̃−1)
yi′ ,i

′ )σ′(⟨w(T̃−1)
yi′ ,r2 , ξi′⟩)∥ξi′∥22

}

≤ 3C2.

If we choose C3 = 3
2C2, C4 = 3C2, then the proof completes.

Lemma E.9. Under Condition 4.1, the following hold for all 0 ≤ t ≤ T ∗, j, τ ∈ [T ], r ∈ [m], and i ∈ [n]:

1. If j ̸= τ , 0 ≤ ⟨w(t)
j,r,µτ ⟩ ≤ β (converging to 0);

2. If j = τ , ⟨w(t)
j,r,µτ ⟩ is non-decreasing (non-zero iff ⟨w(0)

j,r ,µτ ⟩ > 0);

3. If ⟨w(0)
j,r , ξi⟩ > 0:

• For j ̸= yi, ⟨w(t)
j,r, ξi⟩ ≤ β (non-increasing);

• For j = yi, ⟨w(t)
j,r, ξi⟩ > 0 (non-decreasing).
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Proof of Lemma E.9. From the weight update rule (6), we derive the recursions for inner products with signal and noise
vectors:

⟨w(t+1)
j,r ,µτ ⟩ = ⟨w(t)

j,r,µτ ⟩+
ηµ2

nm

∑
yi=τ

(
−ℓ

′(t)
j,i

)
σ′
(
⟨w(t)

j,r,µτ ⟩
)
, (29)

⟨w(t+1)
j,r , ξi⟩ = ⟨w(t)

j,r, ξi⟩+
η

nm

(
−ℓ

′(t)
j,i

)
σ′
(
⟨w(t)

j,r, ξi⟩
)
∥ξi∥22

+
η

nm

∑
s̸=i

(
−ℓ

′(t)
j,s

)
σ′
(
⟨w(t)

j,r, ξs⟩
)
⟨ξs, ξi⟩. (30)

For the signal vector inner product ⟨w(t)
j,r,µτ ⟩, note that σ′(·) ≥ 0 and

∑
yi=τ

(
−ℓ

′(t)
j,i

)
≥ 0, so the update term in

(29) is non-negative. If ⟨w(t)
j,r,µτ ⟩ ≤ 0, the update term vanishes (via σ′(x)x = σ(x) ≥ 0), implying ⟨w(t+1)

j,r ,µτ ⟩ =
⟨w(t)

j,r,µτ ⟩. For j ̸= τ , Condition 4.1 ensures the update term is negligible, leading to convergence to 0 and 0 ≤
⟨w(t)

j,r,µτ ⟩ ≤ β. For j = τ , the non-negative update term implies ⟨w(t)
j,r,µτ ⟩ is non-decreasing, and it remains non-zero

iff initialized as such.

For the noise vector inner product ⟨w(t)
j,r, ξi⟩, assume ⟨w(0)

j,r , ξi⟩ > 0. When j ̸= yi, we have
(
−ℓ

′(t)
j,i

)
< 0. By triangle

inequality and Lemma C.4, combined with | − ℓ
′(t)
j,s | ≤ −ℓ

′(t)
ys,s, the cross term satisfies:∣∣∣∣∣∣

∑
s̸=i

(
−ℓ

′(t)
j,s

)
σ′
(
⟨w(t)

j,r, ξs⟩
)
⟨ξs, ξi⟩

∣∣∣∣∣∣ ≤ Õ

σ2
p

√
d
∑
s̸=i

(
−ℓ

′(t)
ys,s

) .

By (26), Lemma E.7, and Condition 4.1:

(
−ℓ

′(t)
j,i

)
σ′
(
⟨w(t)

j,r, ξi⟩
)
∥ξi∥22 ≤ −Õ

σ2
p

√
d
∑
s̸=i

(
−ℓ

′(t)
ys,s

) ,

so substituting into (30) gives ⟨w(t+1)
j,r , ξi⟩ ≤ ⟨w(t)

j,r, ξi⟩ ≤ β.

When j = yi,
(
−ℓ

′(t)
j,i

)
> 0. By Lemma C.4, Condition 4.1, and Lemma E.7:

(
−ℓ

′(t)
j,i

)
σ′
(
⟨w(t)

j,r, ξi⟩
)
∥ξi∥22 ≥ Õ

σ2
p

√
d
∑
s̸=i

(
−ℓ

′(t)
ys,s

) ,

dominating the cross term in (30). Thus, ⟨w(t+1)
j,r , ξi⟩ ≥ ⟨w(t)

j,r, ξi⟩ > 0.

This completes the proof.

F. Decoupling with a Two-Stage Analysis
F.1. First Stage

Lemma F.1. If we denote

ρ̃ := T n−1 · SNR−2,

then there exist

T1 = C5mT η−1µ−2, T2 = C6mT η−1µ−2

where C5 = Θ(1) is a large constant and C6 = Θ(1) is a small constant, such that
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1. γ

(T1)
τ,r,τ ≥ 3 for any r ∈ Mτ,τ = {r ∈ [m] : ⟨w(0)

τ,r,µτ ⟩ > 0} and τ ∈ [T ].

2. ρ̄
(t)
yi,r,i

= Θ(ρ̃) when T2 ≤ t ≤ T1 for r ∈ Nyi,i.

3. 0 ≤ |γ(t)
j,r,τ | ≤ O(

√
log (mnT 2/δ)T n1/4σ0µ) for all j ̸= τ and 0 ≤ t ≤ T ∗.

4. 0 ≤ |ρ(t)
j,r,i

| ≤ max{O(
√
log (mnT 2/δ)T n1/4σ0µ), O(

√
log(n2/δ)n log(T ∗)/

√
d− T } for all 0 ≤ t ≤ T ∗.

Proof of Lemma F.1. First, we note that γ(t)
j,r,τ (j ̸= τ) and ρ(t)

j,r,i
are non-increasing sequences. By the convergence

theorem for sequences, (9) and (10), if ⟨w(t)
j,r,µτ ⟩(τ ̸= j) and ⟨w(t)

j,r, ξi⟩ are positive, then they converge to 0. So we
have

0 ≥ γ
(t)
j,r,τ ≥ −⟨w(0)

j,r ,µτ ⟩ ≥ −β,

0 ≥ ρ(t)
j,r,i

≥ −⟨w(0)
j,r , ξi⟩ −

∑
i′ ̸=i

ρ
(t)
j,r,i′∥ξi′∥

−2
2 ⟨ξi′ , ξi⟩

≥ −β − 4nα

√
log(4n2/δ)

d− T
.

By the definition of β and Lemma C.5, we have that

β = max
j,r,τ,i

{|⟨w(0)
j,r ,µτ ⟩|, |⟨w(0)

j,r , ξi⟩|}

≤ max{σ0µ ·
√

2 log (8mT 2/δ), 2σ0σp

√
d− T ·

√
log (8mnT /δ)}

≤ O(
√
log (mnT 2/δ)T n1/4σ0µ).

So we have that

0 ≤ |γ(t)
j,r,τ | ≤ β ≤ O(

√
log (mnT 2/δ)T n1/4σ0µ),

and

0 ≤ |ρ(t)
j,r,i

| ≤ β + 4nα

√
log(4n2/δ)

d− T
≤ max{O(

√
log (mnT 2/δ)T n1/4σ0µ), O(

√
log(n2/δ)n log(T ∗)/

√
d− T }.

By the update rule for ρ̄(t)yi,r,i
, we have that

ρ̄
(t+1)
yi,r,i

= ρ̄
(t)
yi,r,i

+
η

nm
(−ℓ

′(t)
yi,i

)σ′(⟨w(0)
yi,r, ξi⟩+ ρ̄

(t)
yi,r,i

+
∑
i′ ̸=i

ρ
(t)
j,r,i′∥ξi′∥

−2
2 ⟨ξi′ , ξi⟩)∥ξi∥22

≤ ρ̄
(t)
yi,r,i

+
η

nm
∥ξi∥22

≤ ρ̄
(t)
yi,r,i

+
2η

nm
σ2
pd,

where the first inequality is by that −ℓ
′(t)
yi,i

≤ 1 and σ′(·) ≤ 1, and the last inequality follows by Lemma C.4. Note that

ρ̄
(0)
yi,r,i

= 0 and recursively use the inequality t times we have ρ̄
(t)
yi,r,i

≤ 2ηt
nmσ2

pd.

Since T n−1SNR−2 = ρ̃, we have that

T1 = C5mT η−1µ−2 = C5mnη−1σ−2
p d−1ρ̃,

and it follows that

ρ̄
(t)
yi,r,i

≤ 2ηt

nm
σ2
pd ≤ 2C5ρ̃
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for all t ≤ T1.

For each τ, r, denote by T1 the last time in the period [0, T1] satisfying that maxτ,r γ
(t)
τ,r,τ ≤ 3. Then for 0 ≤ t ≤ T1,

maxj,r,i |ρ(t)j,r,i| = O(1) and maxj,r,i |γ(t)
j,r,i| = O(1). Then we have that Fj(W

(t)
j ,xi) = O(1) for all j ∈ [T ] and

i ∈ [n]. Thus there exists a positive constant C such that −ℓ
′(t)
τ,i ≥ C for 0 ≤ t ≤ T . Then we have

γ(t+1)
τ,r,τ = γ(t)

τ,r,τ +
η

nm

∑
yi=τ

(−ℓ
′(t)
τ,i )σ

′(⟨w(0)
τ,r,µτ ⟩+ γ(t)

τ,r,τ )µ
2

≥ γ(t)
τ,r,τ +

4ηCµ2

5mT
.

Therefore, γ(t)
τ,r,τ ≥ 4ηCµ2

5mT t and γ
(t)
τ,r,τ will reach 3 within

T1 = C5mT η−1µ−2

iterations for any τ ∈ [T ] and i ∈ [n], where C5 can be taken as 4/C.

Next, we will discuss the lower bound of the growth of ρ̄(t)yi,r,i
. For γ(t)

τ,r,τ , we have that

γ(t+1)
τ,r,τ − γ(t)

τ,r,τ =
η

nm

∑
yi=τ

(
−ℓ

′(t)
τ,i

)
σ′
(
⟨w(t)

τ,r,µτ ⟩
)
µ2 ≤ 2ηµ2

mT
,

where the inequality is by Lemma C.1 and −ℓ
′(t)
τ,i , σ

′(·) ≤ 1.

So we have that γ(t)
τ,r,τ ≤ 2ηµ2

mT t. Therefore, maxτ,r γ
(t)
τ,r,τ will be smaller than 1 and maxr,i ρ̄

(t)
yi,r,i

≤ O(ρ̃) = O(1)
within

T2 = C6mT η−1µ−2

iterations, where C6 can be taken as 0.5. Then we have that Fj(W
(t)
j ,xi) = O(1) for all j ∈ [T ] and i ∈ [n]. Thus

there exists a positive constant C such that −ℓ
′(t)
yi,i

≥ C for 0 ≤ t ≤ T2. Then we have that

ρ̄
(t+1)
yi,r,i

= ρ̄
(t)
yi,r,i

+
η

nm
(−ℓ

′(t)
yi,i

)σ′(⟨w(0)
yi,r, ξi⟩+ ρ̄

(t)
yi,r,i

+
∑
i′ ̸=i

ρ
(t)
j,r,i′∥ξi′∥

−2
2 ⟨ξi′ , ξi⟩)∥ξi∥22

≥ ρ̄
(t)
yi,r,i

+
ηC

nm
∥ξi∥22

≥ ρ̄
(t)
yi,r,i

+
ηC

4nm
σ2
pd,

where the last inequality is by Lemma C.4. So that ρ̄(t)yi,r,i
≥ ηC

4nmσ2
pdt and ρ̄

(T2)
yi,r,i

≥ CC6T
nSNR2 = Θ(ρ̃). Here the proof

completes.

F.2. Second Stage

By the signal-noise decomposition, at the end of the first stage, we have

w
(T1)
j,r = w

(0)
j,r +

T∑
τ=1

γ
(T1)
j,r,τ · µ−2µτ +

n∑
i=1

ρ̄
(T1)
j,r,i · ∥ξi∥

−2
2 ξi +

n∑
i=1

ρ(T1)
j,r,i

· ∥ξi∥−2
2 ξi

for j ∈ [T ] and r ∈ [m]. By the results we get in the first stage, we know that at the beginning of this stage, we have
the following property holds:

1. γ
(T1)
τ,r,τ ≥ 3 for any r ∈ Mτ,τ = {r ∈ [m] : ⟨w(0)

j,r ,µτ ⟩ > 0} and τ ∈ [T ].
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2. ρ̄

(t)
yi,r,i

= Θ(ρ̃) when T2 ≤ t ≤ T1 for the ρ̄
(t)
yi,r,i

that can grow large.

3. 0 ≤ |γ(t)
j,r,τ | ≤ O(

√
log (mnT 2/δ)T n1/4σ0µ) for all j ̸= τ and 0 ≤ t ≤ T ∗.

4. 0 ≤ |ρ(t)
j,r,i

| ≤ max{O(
√
log (mnT 2/δ)T n1/4σ0µ), O(

√
log(n2/δ)n log(T ∗)/

√
d− T } for all 0 ≤ t ≤ T ∗.

Now we choose W∗ as follows:

w∗
j,r = w

(0)
j,r + 10 log(2T /ϵ) · µ−2µj

Lemma F.2. Under Condition 4.1, the following inequality holds:

∥∇W(t)LS(W
(t))∥2F ≤ O

(
T 2 max

{
σ2
pd, µ

2
})

LS(W
(t)) (31)

for all 0 ≤ t ≤ T ∗.

Proof of Lemma F.2. First, we compute the Frobenius norm ∥∇
W

(t)
j
Fj(W

(t)
j ,xi)∥F as follows:

∥∇
W

(t)
j
Fj(W

(t)
j ,xi)∥F =

√√√√ m∑
r=1

∥∇
w

(t)
j,r
Fj(W

(t)
j ,xi)∥22

=
1

m

√√√√ m∑
r=1

∥∥∥σ′
(
⟨w(t)

j,r, ξi⟩
)
ξi + σ′

(
⟨w(t)

j,r,µyi
⟩
)
µyi

∥∥∥2
2

≤ 1

m

m∑
r=1

∥∥∥σ′
(
⟨w(t)

j,r, ξi⟩
)
ξi + σ′

(
⟨w(t)

j,r,µyi⟩
)
µyi

∥∥∥
2

≤ 1

m

m∑
r=1

σ′
(
⟨w(t)

j,r, ξi⟩
)
∥ξi∥2 +

1

m

m∑
r=1

σ′
(
⟨w(t)

j,r,µyi
⟩
)
∥µyi

∥2

≤ ∥ξi∥2 + µ

≤
√

3

2
σp

√
d− T + µ, (32)

where the first inequality follows from the Cauchy-Schwarz inequality (sum of squares inequality), the second from the
triangle inequality for vector norms, the third from the fact that σ′(·) ≤ 1, and the last inequality is a consequence of
Lemma C.4.

Next, consider the case j ̸= yi. We derive the following bound:

|ℓ
′(t)
j,i |∥∇W

(t)
j
Fj(W

(t)
j ,xi)∥2F =

exp
{
Fj(W

(t)
j ,xi)

}
exp

{
Fyi(W

(t)
yi ,xi)

}
+
∑

j ̸=yi
exp

{
Fj(W

(t)
j ,xi)

}∥∇
W

(t)
j
Fj(W

(t)
j ,xi)∥2F

≤ e

e+ T − 2 + exp
{
Fyi(W

(t)
yi ,xi)

} (√3

2
σp

√
d− T + µ

)2

≤ exp
{
1− Fyi(W

(t)
yi
,xi)

}(√3

2
σp

√
d− T + µ

)2

, (33)

where the first inequality uses Lemma E.3 and (32).
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For the case j = yi, we have:

|ℓ
′(t)
j,i |∥∇W

(t)
j
Fj(W

(t)
j ,xi)∥2F =

exp
{
Fyi(W

(t)
yi ,xi)

}
exp

{
Fyi(W

(t)
yi ,xi)

}
+
∑

j ̸=yi
exp

{
Fj(W

(t)
j ,xi)

}∥∇
W

(t)
j
Fj(W

(t)
j ,xi)∥2F

≤ (T − 1)e

(T − 1)e+ exp
{
Fyi

(W
(t)
yi ,xi)

} (√3

2
σp

√
d− T + µ

)2

≤ T exp
{
1− Fyi

(W(t)
yi
,xi)

}(√3

2
σp

√
d− T + µ

)2

, (34)

where the first inequality again invokes Lemma E.3 and (32).

Combining (33) and (34), we obtain:
T∑

j=1

|ℓ
′(t)
j,i |

2∥∇
W

(t)
j
Fj(W

(t)
j ,xi)∥2F ≤ |ℓ

′(t)
yi,i

|
T∑

j=1

|ℓ
′(t)
j,i |∥∇W

(t)
j
Fj(W

(t)
j ,xi)∥2F

≤ |ℓ
′(t)
yi,i

|T 2 exp
{
1− Fyi

(W(t)
yi
,xi)

}(√3

2
σp

√
d− T + µ

)2

≤ |ℓ
′(t)
yi,i

|O
(
T 2 max

{
σ2
pd, µ

2
})

, (35)

where the first inequality uses |ℓ
′(t)
j,i | ≤ |ℓ

′(t)
yi,i

| for all j, the second follows from (33) and (34), and the last inequality

holds because Fyi
(W

(t)
yi ,xi) ≥ 0 (hence exp {1− Fyi

(·)} ≤ e) and
(√

3
2σp

√
d− T + µ

)2
= O

(
max

{
σ2
pd, µ

2
})

.

Finally, we bound ∥∇W(t)LS(W
(t))∥2F :

∥∇W(t)LS(W
(t))∥2F =

∥∥∥∥∥ 1n
n∑

i=1

∇W(t)L(W(t),xi)

∥∥∥∥∥
2

F

≤

(
1

n

n∑
i=1

∥∇W(t)L(W(t),xi)∥F

)2

=

(
1

n

n∑
i=1

√√√√ T∑
j=1

|ℓ
′(t)
j,i |2∥∇W

(t)
j
Fj(W

(t)
j ,xi)∥2F

)2

≤
(
1

n

n∑
i=1

√
|ℓ

′(t)
yi,i

|O
(
T 2 max

{
σ2
pd, µ

2
}))2

≤ O
(
T 2 max

{
σ2
pd, µ

2
}) 1

n

n∑
i=1

|ℓ
′(t)
yi,i

|

≤ O
(
T 2 max

{
σ2
pd, µ

2
}) 1

n

n∑
i=1

ℓ(t)(F (xi, yi))

= O
(
T 2 max

{
σ2
pd, µ

2
})

LS(W
(t)), (36)

where the first inequality is the triangle inequality for the Frobenius norm, the second uses (35), the third applies
Hölder’s inequality, and the last inequality follows from the fact that 1

x+1 ≤ log
(
1 + 1

x

)
for all x > 0 (which relates

the derivative of the cross-entropy loss to the loss itself).This completes the proof.

Lemma F.3. Under Condition 4.1, the following inequality holds:

∥W(t) −W∗∥2F − ∥W(t+1) −W∗∥2F ≥ ηLS(W
(t))− ηϵ

for all T1 ≤ t ≤ T ∗.
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Proof of Lemma F.3. To establish the desired inequality, we first derive a series of foundational inner product identities
and bounds that will support the subsequent analysis. We begin with a key identity involving the gradient of Fj with
respect to the weight matrix W

(t)
j . Expanding the Frobenius inner product ⟨∇

W
(t)
j
Fj(W

(t)
j ,xi),W

(t)
j ⟩ as a sum over

the individual weight vectors {w(t)
j,r}mr=1, we leverage the fundamental property of the activation function derivative

σ′(x)x = σ(x) for all x ∈ R. This substitution simplifies the sum to a direct expression of Fj(W
(t)
j ,xi), yielding the

identity:

⟨∇
W

(t)
j
Fj(W

(t)
j ,xi),W

(t)
j ⟩ =

m∑
r=1

⟨∇
w

(t)
j,r
Fj(W

(t)
j ,xi),w

(t)
j,r⟩

=

m∑
r=1

1

m

[
σ′
(
⟨w(t)

j,r,µyi
⟩
)
⟨w(t)

j,r,µyi
⟩+ σ′

(
⟨w(t)

j,r, ξi⟩
)
⟨w(t)

j,r, ξi⟩
]

= Fj(W
(t)
j ,xi). (37)

Next, we decompose the inner product ⟨∇
w

(t)
j,r
Fj(W

(t)
j ,xi),w

∗
j,r⟩ by considering the structure of the optimal weight

matrix W∗ and the orthogonality between the noise vector ξi and the signal vectors {µτ}τ∈[T ]. Two distinct cases
arise based on whether the class index j matches the true label yi of the input xi. When j = yi, the optimal weight
vector w∗

yi,r includes an additional signal component, leading to the decomposition:

⟨∇
w

(t)
yi,r

Fyi
(W(t)

yi
,xi),w

∗
yi,r⟩ =

1

m
σ′
(
⟨w(t)

yi,r,µyi
⟩
)
⟨w(0)

yi,r,µyi
⟩+ 1

m
σ′
(
⟨w(t)

yi,r, ξi⟩
)
⟨w(0)

yi,r, ξi⟩

+
1

m
σ′
(
⟨w(t)

yi,r,µyi
⟩
)
· 10 log(2T /ϵ). (38)

In contrast, when j ̸= yi, the optimal weight vector w∗
j,r lacks this additional component, resulting in the simpler

decomposition:

⟨∇
w

(t)
j,r
Fj(W

(t)
j ,xi),w

∗
j,r⟩ =

1

m
σ′
(
⟨w(t)

j,r,µyi⟩
)
⟨w(0)

j,r ,µyi⟩+
1

m
σ′
(
⟨w(t)

j,r, ξi⟩
)
⟨w(0)

j,r , ξi⟩. (39)

Building on these decompositions, we derive bounds for the aggregated inner product Aj,i :=

⟨∇
W

(t)
j
Fj(W

(t)
j ,xi),W

∗
j ⟩ by summing the component-wise results over r ∈ [m]. For the case j = yi, summing the

expression in (38) and applying Lemma C.2, along with the definition of β := maxj,r,τ,i{|⟨w(0)
j,r ,µτ ⟩|, |⟨w(0)

j,r , ξi⟩|},
we obtain a lower bound. Condition 4.1 ensures that this bound simplifies to Ayi,i ≥ 2 log(2T /ϵ), as shown below:

Ayi,i =

m∑
r=1

⟨∇
w

(t)
yi,r

Fyi(W
(t)
yi
,xi),w

∗
yi,r⟩

=

m∑
r=1

1

m

[
σ′
(
⟨w(t)

yi,r,µyi⟩
)
⟨w(0)

yi,r,µyi⟩+ σ′
(
⟨w(t)

yi,r, ξi⟩
)
⟨w(0)

yi,r, ξi⟩+ σ′
(
⟨w(t)

yi,r,µyi⟩
)
· 10 log(2T /ϵ)

]
≥ 0.25 · 10 log(2T /ϵ)− β − β ≥ 2 log(2T /ϵ). (40)

For j ̸= yi, summing the expression in (39) and applying the triangle inequality to bound the absolute value of the sum,
we find that |Aj,i| ≤ 2β, a result that follows directly from the definition of β and the fact that σ′(·) ≤ 1:

|Aj,i| =

∣∣∣∣∣
m∑
r=1

⟨∇
w

(t)
j,r
Fj(W

(t)
j ,xi),w

∗
j,r⟩

∣∣∣∣∣
=

∣∣∣∣∣
m∑
r=1

1

m

[
σ′
(
⟨w(t)

j,r,µyi
⟩
)
⟨w(0)

j,r ,µyi
⟩+ σ′

(
⟨w(t)

j,r, ξi⟩
)
⟨w(0)

j,r , ξi⟩
]∣∣∣∣∣

≤
m∑
r=1

1

m

[
σ′
(
⟨w(t)

j,r,µyi
⟩
)
|⟨w(0)

j,r ,µyi
⟩|+ σ′

(
⟨w(t)

j,r, ξi⟩
)
|⟨w(0)

j,r , ξi⟩|
]

≤ 2β. (41)
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With these bounds in place, we now establish a lower bound for the critical inner product ⟨∇LS(W

(t)),W(t) −W∗⟩,
which links the gradient of the loss to the difference between the current and optimal weight matrices. Expanding this
inner product by first decomposing over the class index j and then over the training samples i, we substitute the identity
for ⟨∇

W
(t)
j
Fj ,W

(t)
j ⟩ and the definition of Aj,i to rewrite the expression in terms of Fj and Aj,i. Leveraging the

convexity of the cross-entropy loss ℓ, we relate the linear term involving the loss derivative to the loss itself, introducing
a logarithmic correction term. The bounds on Aj,i derived earlier, specifically Ayi,i ≥ 2 log(2T /ϵ) and |Aj,i| ≤ 2β for
j ̸= yi, ensure that this logarithmic term is bounded by 0.5ϵ under Condition 4.1, leading to the lower bound:

⟨∇LS(W
(t)),W(t) −W∗⟩ =

T∑
j=1

⟨∇
W

(t)
j
LS(W

(t)),W
(t)
j −W∗

j ⟩

=

T∑
j=1

1

n

n∑
i=1

ℓ
′(t)
j,i ⟨∇W

(t)
j
Fj(W

(t)
j ,xi),W

(t)
j −W∗

j ⟩

=
1

n

n∑
i=1

T∑
j=1

ℓ
′(t)
j,i

(
Fj(W

(t)
j ,xi)−Aj,i

)

≥ 1

n

n∑
i=1

ℓ(W(t),xi, yi)− log

1 +
∑
j ̸=yi

exp{Aj,i −Ayi,i}


≥ LS(W

(t))− 0.5ϵ. (42)

To complete the proof, we use the weight update rule W(t+1) = W(t) − η∇LS(W
(t)) and the algebraic identity for

the difference of squared vector norms, which states that ∥a− b∥2 − ∥a− ηg − b∥2 = 2η⟨g,a− b⟩ − η2∥g∥2 for
any vectors a,b,g and scalar η. Applying this identity with a = W(t), b = W∗, and g = ∇LS(W

(t)), we rewrite
the difference of Frobenius norms as:

∥W(t) −W∗∥2F − ∥W(t+1) −W∗∥2F = 2η⟨∇LS(W
(t)),W(t) −W∗⟩ − η2∥∇LS(W

(t))∥2F .

Substituting the lower bound from (42) and the gradient bound from Lemma F.2—which asserts ∥∇LS(W
(t))∥2F ≤

O
(
T 2 max{σ2

pd, µ
2}
)
LS(W

(t))—into this expression, we obtain:

∥W(t) −W∗∥2F − ∥W(t+1) −W∗∥2F
≥ 2η

(
LS(W

(t))− 0.5ϵ
)
− η2O

(
T 2 max{σ2

pd, µ
2}
)
LS(W

(t)).

Condition 4.1 ensures that the step size η is sufficiently small such that ηO
(
T 2 max{σ2

pd, µ
2}
)
≤ 1. This guarantee

allows us to simplify the right-hand side by bounding the coefficient of LS(W
(t)) below by η, leading to the final

result:

∥W(t) −W∗∥2F − ∥W(t+1) −W∗∥2F ≥ ηLS(W
(t))− ηϵ.

This completes the proof.

Lemma F.4. Under Condition 4.1, we have that ∥W(T1) −W∗∥F ≤ Õ(
√
T mnσ−1

p d−1/2).
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Proof of Lemma F.4. We have

∥W(T1) −W∗∥F ≤ ∥W(T1) −W(0)∥F + ∥W(0) −W∗∥F

=

√∑
j,r

∥w(T1)
j,r −w

(0)
j,r ∥2F +

√∑
j,r

∥w∗
j,r −w

(0)
j,r ∥2F

≤ O(
√
T m)max

j,r
∥

T∑
τ=1

γ
(T1)
j,r,τ · µ−2µτ∥2 +O(

√
T m)max

j,r
∥

n∑
i=1

ρ
(T1)
j,r,i · ∥ξi∥

−2
2 ξi∥2 + Õ(

√
T mµ−1)

≤ Õ(
√
T mµ−1) + Õ(

√
T mnσ−1

p d−1/2)

≤ Õ(
√
T mnσ−1

p d−1/2),

where the first inequality is by triangle inequality, the second inequality is by our decomposition of W(T1) and W∗,
the third inequality is by Lemma C.4 and Proposition E.1, and the last inequality follows by (17). Here the proof
completes.

Lemma F.5. Under Condition 4.1, let T ∗ = T1 +
⌊
∥W(T1)−W∗∥2

F

ηϵ

⌋
= T1 + Õ

(
η−1T mnσ−2

p d−1ϵ−1
)
. Then the

following statements hold:

1. For all j ̸= τ and T1 ≤ t ≤ T ∗, maxj,r,i |ρ(t)j,r,i| ≤ Õ(1) and maxj,r,τ |γ(t)
j,r,τ | ≤ Õ(1);

2. For all T1 ≤ t ≤ T ∗, the average training loss satisfies:

1

t− T1 + 1

t∑
t′=T1

LS(W
(t′)) ≤ ϵ+

∥W(T1) −W∗∥2F
(t− T1 + 1)η

;

3. There exists an iterate W(t) with T1 ≤ t ≤ T ∗ such that LS(W
(t)) < 2ϵ.

Proof of Lemma F.5. We begin by analyzing the boundedness of ρ(t)j,r,i and γ
(t)
j,r,τ . From Lemma F.1, we know that for

all j ̸= τ and 0 ≤ t ≤ T ∗:

0 ≤ |γ(t)
j,r,τ | ≤ O

(√
log (mnT 2/δ)T n1/4σ0µ

)
,

0 ≤ |ρ(t)
j,r,i

| ≤ max

{
O
(√

log (mnT 2/δ)T n1/4σ0µ
)
, O

(√
log(n2/δ)

n log(T ∗)√
d− T

)}
.

Condition 4.1 ensures that the right-hand sides of these inequalities are bounded by Õ(1), so we immediately obtain
maxj,r,i |ρ(t)j,r,i

| ≤ Õ(1) and maxj,r,τ |γ(t)
j,r,τ | ≤ Õ(1) for all j ̸= τ and T1 ≤ t ≤ T ∗.

Next, we derive the average training loss bound. By Lemma F.3, the difference of squared Frobenius norms satisfies:

∥W(t) −W∗∥2F − ∥W(t+1) −W∗∥2F ≥ ηLS(W
(t))− ηϵ

for all T1 ≤ t ≤ T ∗. Rearranging this inequality isolates the training loss:

LS(W
(t)) ≤ ϵ+

∥W(t) −W∗∥2F − ∥W(t+1) −W∗∥2F
η

.

Summing both sides from t′ = T1 to t′ = t (where T1 ≤ t ≤ T ∗) yields a telescoping sum on the right-hand side:

t∑
t′=T1

LS(W
(t′)) ≤ ϵ(t− T1 + 1) +

1

η

(
∥W(T1) −W∗∥2F − ∥W(t+1) −W∗∥2F

)
.
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Since the squared Frobenius norm is non-negative, ∥W(t+1) −W∗∥2F ≥ 0, so we can drop this term to get a simpler
upper bound:

t∑
t′=T1

LS(W
(t′)) ≤ ϵ(t− T1 + 1) +

∥W(T1) −W∗∥2F
η

.

Dividing both sides by t− T1 + 1 gives the average loss bound:

1

t− T1 + 1

t∑
t′=T1

LS(W
(t′)) ≤ ϵ+

∥W(T1) −W∗∥2F
(t− T1 + 1)η

.

Using Lemma F.4, which bounds ∥W(T1) −W∗∥2F ≤ Õ(η−1T mnσ−2
p d−1), we can rewrite this as:

1

t− T1 + 1

t∑
t′=T1

LS(W
(t′)) ≤ ϵ+

Õ(η−1T mnσ−2
p d−1)

t− T1 + 1
.

We now show the existence of an iterate with training loss less than 2ϵ. By the definition of T ∗ = T1 +
Õ
(
η−1T mnσ−2

p d−1ϵ−1
)
, substituting t = T ∗ into the average loss bound gives:

1

T ∗ − T1 + 1

T∗∑
t′=T1

LS(W
(t′)) ≤ 2ϵ. (43)

If the average of a set of non-negative values is bounded by 2ϵ, at least one value in the set must be bounded by 2ϵ.
Thus, there exists some t with T1 ≤ t ≤ T ∗ such that LS(W

(t)) ≤ 2ϵ.

Finally, we confirm the boundedness of ρ̄(t)yi,r,i
. Using the update rule for ρ̄(t)yi,r,i

from (12) and applying Lemma C.4
(which gives ∥ξi∥22 ≤ 2σ2

pd) and σ′(·) ≤ 1, we get:

ρ̄
(t+1)
yi,r,i

≤ ρ̄
(t)
yi,r,i

+
2ησ2

pd

nm
(−ℓ

′(t)
yi,i

).

Summing this recurrence from s = T1 to s = t− 1 (with ρ̄
(T1)
yi,r,i

= Õ(1) from Lemma F.1) yields:

ρ̄
(t)
yi,r,i

≤ ρ̄
(T1)
yi,r,i

+
2ησ2

pd

nm

t−1∑
s=T1

(−ℓ
′(s)
yi,i

).

The inequality 1
x+1 ≤ log

(
1 + 1

x

)
for all x > 0 implies −ℓ

′(s)
yi,i

≤ ℓ(s)(F (xi, yi)), so:

ρ̄
(t)
yi,r,i

≤ Õ(1) +
2ησ2

pd

nm

t−1∑
s=T1

ℓ(s)(F (xi, yi)).

Since ℓ(s)(F (xi, yi)) ≤ O(nLS(W
(s))) (by the definition of LS as the average loss over n samples), we use (43) to

bound the sum:

t−1∑
s=T1

LS(W
(s)) ≤ 2ϵ(t− T1) ≤ Õ

(
η−1T mnσ−2

p d−1
)
.

Substituting this into the expression for ρ̄(t)yi,r,i
and using Proposition E.1 to simplify the constants, we find ρ̄

(t)
yi,r,i

≤ Õ(1)
for all T1 ≤ t ≤ T ∗.

Combining these results confirms all claims of the lemma. This completes the proof.
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F.3. Population Loss

Consider a new data point (x, y) drawn from the previously defined distribution. Without loss of generality, we assume
the first patch corresponds to the signal and the second to the noise, i.e., x = [µy, ξ]. By the signal-noise decomposition,
the parameters of the learned neural network satisfy:

w
(t)
j,r = w

(0)
j,r +

T∑
τ=1

γ
(t)
j,r,τ · µ−2µτ +

n∑
i=1

ρ
(t)
j,r,i · ∥ξi∥

−2
2 ξi

for all j ∈ [T ] and r ∈ [m].

Lemma F.6. Under Condition 4.1, maxj,r,i |⟨w(t)
j,r, ξi⟩| ≤ Õ(1) holds for all 0 ≤ t ≤ T ∗.

Proof of Lemma F.6. We derive an upper bound for the inner product between the network parameter and the noise
vector by expanding the expression and applying key inequalities:

|⟨w(t)
j,r, ξi⟩| =

∣∣∣∣∣∣⟨w(0)
j,r , ξi⟩+ ρ

(t)
j,r,i +

∑
i′ ̸=i

ρ
(t)
j,r,i′∥ξi′∥

−2
2 ⟨ξi′ , ξi⟩

∣∣∣∣∣∣
≤
∣∣∣⟨w(0)

j,r , ξi⟩
∣∣∣+ |ρ(t)j,r,i|+

∑
i′ ̸=i

|ρ(t)j,r,i′ | · ∥ξi′∥
−2
2 · |⟨ξi′ , ξi⟩|.

By the definition of β = maxj,r,i |⟨w(0)
j,r , ξi⟩|, Lemma C.4 (which bounds

∑
i′ ̸=i ∥ξi′∥

−2
2 |⟨ξi′ , ξi⟩| ≤

4nα
√
log(4n2/δ)/(d− T )), and the boundedness of ρ(t)j,r,i ≤ Õ(1) from prior results, this simplifies to:

|⟨w(t)
j,r, ξi⟩| ≤ β + Õ(1) + 4nα

√
log(4n2/δ)

d− T
.

Condition 4.1 ensures all terms on the right-hand side are bounded by Õ(1), so we conclude maxj,r,i |⟨w(t)
j,r, ξi⟩| ≤

Õ(1).

Lemma F.7. Under Condition 4.1, with probability at least 1 − 2T mT ∗ · exp
(
−C−1

2 σ−2
0 σ−2

p n−1d−1
)
, we have

maxj,r |⟨w̃(t)
j,r, ξ⟩| ≤ 1/2 for all 0 ≤ t ≤ T ∗, where C2 = Õ(1).

Proof of Lemma F.7. Define the noise-projected parameter w̃(t)
j,r = w

(t)
j,r −

∑T
τ=1 γ

(t)
j,r,τ · µ−2µτ . Due to the orthogo-

nality between the signal vectors {µτ} and the noise vector ξ, the inner product ⟨w̃(t)
j,r, ξ⟩ equals ⟨w(t)

j,r, ξ⟩ (the signal
component vanishes).

We first bound the Euclidean norm of w̃(t)
j,r. By the signal-noise decomposition and Condition 4.1, which relates SNR

to µ and σp, we have:

∥w̃(t)
j,r∥2 ≤ Õ

(
σ0

√
d+

√
nSNRµ−1

)
= Õ(σ0

√
nd), (44)

where the equality follows from d in Condition 4.1. Let C1 = Õ(1) denote the constant hidden in the Õ(·) notation, so
maxj,r ∥w̃(t)

j,r∥2 ≤ C1σ0

√
nd.

Since ξ is a Gaussian random vector with i.i.d. components of variance σ2
p, the inner product ⟨w̃(t)

j,r, ξ⟩ follows a

zero-mean Gaussian distribution. Its standard deviation is bounded by ∥w̃(t)
j,r∥2 · σp ≤ C1σ0σp

√
nd.

Applying the Gaussian tail bound (for a zero-mean Gaussian Z with standard deviation σ, P(|Z| ≥ a) ≤
2 exp(−a2/(2σ2))) with a = 1/2, we get:

P
(
|⟨w̃(t)

j,r, ξ⟩| ≥ 1/2
)
≤ 2 exp

(
− 1

8C2
1σ

2
0σ

2
pnd

)
. (45)
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To account for all parameters and iterations, we apply a union bound over j ∈ [T ], r ∈ [m], and t ∈ [0, T ∗]. This gives
the total failure probability bound, and the result follows by setting C2 = 8C2

1 = Õ(1).

Lemma F.8. Under Condition 4.1, for any 0 ≤ t ≤ T ∗, it holds that LD(W
(t)) ≤ 8e4T LS(W

(t)) + exp (−n2).

Proof of Lemma F.8. Let event E to be the event that Lemma F.7 holds. Then we can divide LD(W
(t)) into two parts:

E[ℓ(F (W,x))] = E[I(E)ℓ(F (W,x))]︸ ︷︷ ︸
I1

+E[I(Ec)ℓ(F (W,x))]︸ ︷︷ ︸
I2

In the following, we bound I1 and I2 respectively.

Bounding I1: Since LS(W
(t)) = 1

n

∑n
i=1 ℓ(F (xi, yi)), we have

LS(W
(t)) =

1

n

n∑
i=1

ℓ(F (xi, yi)) ≥
1

n

∑
yi=y

ℓ(F (xi, yi)) ≥
4

5T
min
yi=y

ℓ(F (xi, yi)), (46)

so there must exist an i that ℓ(F (xi, yi)) ≤ 2T LS(W
(t)) and yi = y. Recall that Fyi(W

(t)
yi ,xi) =

1
m

∑m
r=1[σ(⟨w

(t)
yi,r, ξi⟩) + σ(⟨w(t)

yi,r,µyi⟩)], then we have

Fyi
(W(t)

yi
,x) =

1

m

m∑
r=1

[σ(⟨w(t)
yi,r, ξ⟩) + σ(⟨w(t)

yi,r,µyi
⟩)]

and

|Fyi
(W(t)

yi
,xi)− Fyi

(W(t)
yi
,x)− 1

m

m∑
r=1

ρ̄(t)yi,r,yi
| = | 1

m

m∑
r=1

σ(⟨w(t)
yi,r, ξi⟩)−

1

m

m∑
r=1

ρ̄(t)yi,r,yi
− 1

m

m∑
r=1

σ(⟨w(t)
yi,r, ξ⟩)|

≤ | 1
m

m∑
r=1

σ(⟨w(t)
yi,r, ξi⟩)−

1

m

m∑
r=1

ρ̄(t)yi,r,yi
|+ | 1

m

m∑
r=1

σ(⟨w(t)
yi,r, ξ⟩)|

≤ 1 + 1

= 2, (47)

where the first inequality is by triangle inequality and the last inequality is by Lemma E.5 and the definition of event E ,
so we have

|Fyi(W
(t)
yi
,xi)− Fyi(W

(t)
yi
,x)| ≤ |Fyi(W

(t)
yi
,xi)− Fyi(W

(t)
yi
,x)− 1

m

m∑
r=1

ρ̄(t)yi,r,yi
|+ 1

m

m∑
r=1

ρ̄(t)yi,r,yi
(48)

≤ 2 + ρ̃
1

m

m∑
r=1

γ(t)
yi,r,yi

(49)

≤ 2 + Õ(ρ̃) ≤ 3, (50)

where the first inequality is by triangle inequality, the second inequality is by (47) and Proposition E.1, and the last
inequality is by (17). Besides, we have that

Fj(W
(t)
j ,x) =

1

m

m∑
r=1

[σ(⟨w(t)
j,r, ξ⟩) + σ(⟨w(0)

j,r ,µyi
⟩)] ≤ 0.5 + 0.5 = 1, (51)
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where the inequality is by the definition of event E . Then we have

ℓ(F (W,x)) = log(1 +

∑
j ̸=yi

exp{Fj(W
(t)
j ,x)}

exp{Fyi
(W

(t)
yi ,x)}

)

≤ log(1 +
T e

exp{Fyi(W
(t)
yi ,x)}

)

≤ log(1 +
T e4

exp{Fyi
(W

(t)
yi ,xi)}

)

≤ 2e4 log(1 +
T − 1

exp{Fyi(W
(t)
yi ,xi)}

)

≤ 2e4ℓ(F (xi, yi))

≤ 8e4T LS(W
(t)),

where the first inequality is by 51, the second inequality is by 50, and the last inequality is due to the definition of
LS(W

(t)). So we can get that

I1 = E[I(E)ℓ(F (W,x))] ≤ 8e4T LS(W
(t)).

Bounding I2: Next we bound the second term I2. We choose an arbitrary training data (xi′ , yi′) such that yi′ = y.
Then we have

ℓ(F (W,x)) = log(1 +

∑
j ̸=y exp{Fj(W

(t)
j ,x)}

exp{Fy(W
(t)
y ,x)}

)

≤ log(1 +
∑
j ̸=y

exp{Fj(W
(t)
j ,x)})

≤
∑
j ̸=y

log(1 + exp{Fj(W
(t)
j ,x)})

≤ T +
∑
j ̸=y

Fj(W
(t)
j ,x)

≤ T +
∑
j ̸=y

1

m

m∑
r=1

[σ(⟨w(t)
j,r, ξ⟩) + σ(⟨w(0)

j,r ,µy⟩)]

≤ 2T + T · Õ(σ0

√
nd)∥ξ∥2,

where the second inequality is by Bernoulli’s Inequality, the third inequality is by log(1 + ex) ≤ x+ 1 for any x ≥ 0,
and the last inequality is by 44 and Lemma C.5. Then we have

I2 ≤
√
E[I(Ec)] ·

√
E[ℓ(F (W,x))2]

≤
√
P(Ec) ·

√
4T 2 + T 2Õ(σ2

0nd)E[∥ξ∥22]

≤ exp[Õ(1)− Õ(σ2
0σ

2
pnd)

−1 + polylog(d)]

≤ exp(−n2),

where the first inequality is by Cauchy–Schwarz Inequality, and the last inequality is by the σ0’s condition in Condition
4.1. Here the proof completes.
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G. Noise Memorization
Proposition G.1. For 0 ≤ t ≤ T ∗, we have that

γ
(0)
j,r,τ , ρ̄

(0)
j,r,i, ρ

(0)
j,r,i

= 0,

0 ≤ ρ̄
(t)
j,r,i ≤ α, (52)

0 ≥ γ
(t)
j,r,τ ≥ −α, j ̸= τ, (53)

0 ≥ ρ(t)
j,r,i

≥ −α, (54)

and there exists a positive constant C ′ such that

0 ≤ γ(t)
τ,r,τ ≤ C ′γ̃α, (55)

for all r ∈ [m], j ∈ [T ] and i ∈ [n], where γ̃ := T −1n · SNR2.

Proof of Proposition G.1. The proof methods for (52), (53), (54) and (55) are analogous to that of Proposition E.1.

Here, Lemma E.2, Lemma E.3, Lemma E.4, Lemma E.5, Lemma E.6 and Lemma E.8 still hold. We will prove the
following lemma:

Lemma G.2. Under Condition 4.1, assume that (52), (53), (54), and (55) hold at any iteration t′ ≤ t. If

SNR ≤ Θ(n−1) (56)

holds, then the following conditions hold for any iteration t′ ≤ t:

1. |
∑m

r=1[ρ̄
(t′)
yi,r,i

− ρ̄
(t′)
yi′ ,r,i

′ ]| ≤ ϱ for all i, i′ ∈ [T ].

2. |Fyi
(W

(t′)
yi ,xi)− Fyj

(W
(t′)
yj ,xj)| ≤ C1 for all i, j ∈ [n].

3. ℓ
′(t′)
yi,i

/ℓ
′(t′)
yj ,j

≤ exp{1 + C1} = C2 for all i, j ∈ [n].

Proof of Lemma G.2. We will use induction to prove Lemma G.2. When t′ = 0, we have that |
∑m

r=1[ρ̄
(t′)
yi,r,i

−
ρ̄
(t′)
yi′ ,r,i

′ ]| = 0 ≤ ϱ. As we know, Fyi
(W(t),xi) =

1
m

∑m
r=1[σ(⟨w

(t)
yi,r, ξi⟩) + σ(⟨w(t)

yi,r,µyi
⟩)], so we have

|Fyi(W
(0)
yi

,xi)| = | 1
m

m∑
r=1

[σ(⟨w(0)
yi,r, ξi⟩) + σ(⟨w(0)

yi,r,µyi⟩)]|

≤ 1

m

m∑
r=1

[|σ(⟨w(0)
yi,r, ξi⟩)|+ |σ(⟨w(0)

yi,r,µyi
⟩)|]

≤ 1

m

m∑
r=1

[ρ̄
(0)
yi,r,i

+ 1 + γ(0)
yi,r,yi

+ 1]

≤ 2, (57)

where the fist inequality is by absolute value inequality, the second inequality is by Lemma E.5. Then we can get that
|Fyi

(W
(0)
yi ,xi)−Fyj

(W
(0)
yj ,xj)| ≤ 4. We also have that ℓ

′(0)
yi,i

= 1− logiti(F,xi). By Lemma E.3 and (57), we have

−2 ≤ Fj(W
(0)
j ,xi) − Fyi(W

(0)
yi ,xi) ≤ 1. So 1 − 1/(1 + (T − 1)e−2) ≤ ℓ

′(0)
yi,i

≤ 1 − 1/(1 + (T − 1)e). We have
verified the correctness of the three formulas at t = 0.

Now suppose there exists t̃ ≤ t such that these five conditions hold for any 0 ≤ t′ ≤ t̃− 1. We aim to prove that these
conditions also hold for t′ = t̃.
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Firstly we will show that Fyi(W
(t′)
yi ,xi)− Fyj (W

(t′)
yj ,xj) is dominated by 1

m

∑m
r=1[ρ̄

(t′)
yi,r,i

− ρ̄
(t′)
yj ,r,j

]. We have that

Fyi(W
(t′)
yi

,xi)− Fyj (W
(t′)
yj

,xj)

=
1

m

m∑
r=1

[σ(⟨w(t′)
yi,r, ξi⟩) + σ(⟨w(t′)

yi,r,µyi⟩)]−
1

m

m∑
r=1

[σ(⟨w(t′)
yj ,r, ξj⟩) + σ(⟨w(t′)

yj ,r,µyj ⟩)]

=
1

m

m∑
r=1

[σ(⟨w(t′)
yi,r, ξi⟩)− σ(⟨w(t′)

yj ,r, ξj⟩)] +
1

m

m∑
r=1

[σ(⟨w(t′)
yi,r,µyi⟩)− σ(⟨w(t′)

yj ,r,µyj ⟩)].

By Lemma E.5, we have that

| 1
m

m∑
r=1

[σ(⟨w(t′)
yi,r,µyi

⟩)− σ(⟨w(t′)
yj ,r,µyj

⟩)]| ≤ 1

m

m∑
r=1

[σ(⟨w(t′)
yi,r,µyi

⟩) + σ(⟨w(t′)
yj ,r,µyj

⟩)]

≤ 1

m

m∑
r=1

[γ(t)
yi,r,yi

+ γ(t)
yj ,r,yj

+ 2]

≤ 1

m

m∑
r=1

[2C ′γ̃α+ 2]

≤ 4, (58)

where the third inequality is by (55), and the last inequality is by (56).

By Lemma E.5, we also have

|
m∑
r=1

[σ(⟨w(t′)
yi,r, ξi⟩)− σ(⟨w(t′)

yj ,r, ξj⟩)]−
m∑
r=1

[ρ̄
(t′)
yi,r,i

− ρ̄
(t′)
yj ,r,j

]|

= |
m∑
r=1

[σ(⟨w(t′)
yi,r, ξi⟩)− ρ̄

(t′)
yi,r,i

]−
m∑
r=1

[σ(⟨w(t′)
yj ,r, ξj⟩)− ρ̄

(t′)
yj ,r,j

]|

≤
m∑
r=1

|[σ(⟨w(t′)
yi,r, ξi⟩)− ρ̄

(t′)
yi,r,i

]|+
m∑
r=1

|σ(⟨w(t′)
yj ,r, ξj⟩)− ρ̄

(t′)
yj ,r,j

|

≤ 2m. (59)

So we have

|Fyi
(W(t′)

yi
,xi)− Fyj

(W(t′)
yj

,xj)−
1

m

m∑
r=1

[ρ̄
(t′)
yi,r,i

− ρ̄
(t′)
yj ,r,j

]|

= |Fyi(W
(t′)
yi

,xi)− Fyj (W
(t′)
yj

,xj)−
1

m

m∑
r=1

[σ(⟨w(t′)
yi,r, ξi⟩)− σ(⟨w(t′)

yj ,r, ξj⟩)]

+
1

m

m∑
r=1

[σ(⟨w(t′)
yi,r, ξi⟩)− σ(⟨w(t′)

yj ,r, ξj⟩)]−
1

m

m∑
r=1

[ρ̄
(t′)
yi,r,i

− ρ̄
(t′)
yj ,r,j

]|

≤ |Fyi
(W(t′)

yi
,xi)− Fyj

(W(t′)
yj

,xj)−
1

m

m∑
r=1

[σ(⟨w(t′)
yi,r, ξi⟩)− σ(⟨w(t′)

yj ,r, ξj⟩)]|

+ | 1
m

m∑
r=1

[σ(⟨w(t′)
yi,r, ξi⟩)− σ(⟨w(t′)

yj ,r, ξj⟩)]−
1

m

m∑
r=1

[ρ̄
(t′)
yi,r,i

− ρ̄
(t′)
yj ,r,j

]|

≤ 4 + 2 = 6,

where the last inequality is by (58) and (59).
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By the same analysis, we can also get that

|Fyi
(W(t′)

yi
,xi)−

1

m

m∑
r=1

ρ̄
(t′)
yi,r,i

| ≤ 3. (60)

By the update rule (12), we have that

1

m

m∑
r=1

[ρ̄
(t′)
yi,r,i

− ρ̄
(t′)
yj ,r,j

] =
1

m

m∑
r=1

[ρ̄
(t′−1)
yi,r,i

− ρ̄
(t′−1)
yj ,r,j

]

+
η

nm2
|Nyi,i|(−ℓ

′(t′−1)
yi,i

)∥ξi∥22 −
η

nm2
|Nyj ,j |(−ℓ

′(t′−1)
yj ,j

)∥ξj∥22.

If 1
m

∑m
r=1[ρ̄

(t′−1)
yi,r,i

− ρ̄
(t′−1)
yj ,r,j

] ≤ 0.9ϱ, we have that

1

m

m∑
r=1

[ρ̄
(t′)
yi,r,i

− ρ̄
(t′)
yj ,r,j

] ≤ 1

m

m∑
r=1

[ρ̄
(t′−1)
yi,r,i

− ρ̄
(t′−1)
yj ,r,j

] +
η

nm2
|Nyi,i|(−ℓ

′(t′−1)
yi,i

)∥ξi∥22

≤ 0.9ϱ+
η

nm2
· 3m

4
· 2σ2

pd

≤ ϱ,

where the last inequality is by Condition 4.1.

If 1
m

∑m
r=1[ρ̄

(t′−1)
yi,r,i

− ρ̄
(t′−1)
yj ,r,j

] ≥ 0.9ϱ, we have that

Fyi
(W(t′)

yi
,xi)− Fyj

(W(t′)
yj

,xj) ≥
1

m

m∑
r=1

[ρ̄
(t′−1)
yi,r,i

− ρ̄
(t′−1)
yj ,r,j

]− 6 ≥ 0.9ϱ− 6,

so we have

ℓ
′(t′−1)
p,i /ℓ

′(t′−1)
j,q

=

∑
j ̸=p exp{Fj(W

(t′−1)
j ,xi)}∑

j ̸=p exp{Fj(W
(t′−1)
j ,xi)}+ exp{Fp(W

(t′−1)
p ,xi)}

·
∑

l ̸=j exp{Fl(W
(t′−1)
l ,xq)}+ exp{Fj(W

(t′−1)
j ,xq)}∑

l ̸=j exp{Fl(W
(t′−1)
l ,xq)}

≥ (T − 1)

(T − 1) + exp{ 1
m

∑m
r=1 ρ̄

(t′−1)
p,r,i + 3}

·
(T − 1)e+ exp{ 1

m

∑m
r=1 ρ̄

(t′−1)
j,r,q − 3}

(T − 1)e

≥ 0.5 exp{0.9ϱ− 12},

So we have that
η

nm2
|Nyi,i|(−ℓ

′(t′−1)
yi,i

)∥ξi∥22 ≤ η

nm2
m(−ℓ

′(t′−1)
yi,i

) · 2σ2
p(d− T ),

η

nm2
|Nyj ,j |(−ℓ

′(t′−1)
yj ,j

)∥ξj∥22 ≥ η

nm2

m

4
0.5 exp{0.9ϱ− 12}(−ℓ

′(t′−1)
yi,i

)
1

2
σ2
p(d− T )

So if we choose ϱ = 18, then we have η
nm2 |Nyi,i|(−ℓ

′(t′−1)
yi,i

)∥ξi∥22 ≤ η
nm2 |Nyj ,j |(−ℓ

′(t′−1)
yj ,j

)∥ξj∥22, then
1
m

∑m
r=1[ρ̄

(t′)
yi,r,i

− ρ̄
(t′)
yj ,r,j

] ≤ 1
m

∑m
r=1[ρ̄

(t′−1)
yi,r,i

− ρ̄
(t′−1)
yj ,r,j

] ≤ ϱ.

Then we have

|Fyi(W
(t′)
yi

,xi)− Fyj (W
(t′)
yj

,xj)| ≤ | 1
m

m∑
r=1

[ρ̄
(t′)
yi,r,i

− ρ̄
(t′)
yj ,r,j

]|+ 6 ≤ ϱ+ 6.

ℓ
′(t′)
yi,i

/ℓ
′(t′)
yj ,j

≤ exp{ϱ+ 7}.

Then Lemma E.9 still holds.
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H. Decoupling with a Two-Stage Analysis
H.1. First Stage

Lemma H.1. If we denote

γ̃ := T −1n · SNR2,

then there exist

T3 = C7mnη−1σ−2
p d−1, T4 = C8mnη−1σ−2

p d−1

where C5 = Θ(1) is a large constant and C6 = Θ(1) is a small constant, such that

1. ρ̄
(T3)
yi,r,i

≥ 3 for any r ∈ Nyi,i = {r ∈ [m] : ⟨w(0)
yi,r, ξi⟩ > 0} and i ∈ [n].

2. γ
(t)
τ,r,τ = Θ(γ̃) when T4 ≤ t ≤ T3 for any r ∈ Mτ,τ and τ ∈ [T ].

3. 0 ≤ |γ(t)
j,r,τ | ≤ O(

√
log (mnT 2/δ)T n1/4σ0µ) for all j ̸= τ and 0 ≤ t ≤ T ∗.

4. 0 ≤ |ρ(t)
j,r,i

| ≤ max{O(
√
log (mnT 2/δ)T n1/4σ0µ), O(

√
log(n2/δ)n log(T ∗)/

√
d− T } for all 0 ≤ t ≤ T ∗.

Proof of Lemma H.1. First, we note that γ(t)
j,r,τ (j ̸= τ) and ρ(t)

j,r,i
are non-increasing sequences. By the convergence

theorem for sequences, (9) and (10), if ⟨w(t)
j,r,µτ ⟩(τ ̸= j) and ⟨w(t)

j,r, ξi⟩ are positive, then they converge to 0. So we
have

0 ≥ γ
(t)
j,r,τ ≥ −⟨w(0)

j,r ,µτ ⟩ ≥ −β,

0 ≥ ρ(t)
j,r,i

≥ −⟨w(0)
j,r , ξi⟩ −

∑
i′ ̸=i

ρ
(t)
j,r,i′∥ξi′∥

−2
2 ⟨ξi′ , ξi⟩

≥ −β − 4nα

√
log(4n2/δ)

d− T
.

By the definition of β and Lemma C.5, we have that

β = max
j,r,τ,i

{|⟨w(0)
j,r ,µτ ⟩|, |⟨w(0)

j,r , ξi⟩|}

≤ max{σ0µ ·
√

2 log (8mT 2/δ), 2σ0σp

√
d− T ·

√
log (8mnT /δ)}

≤ O(
√
log (mnT 2/δ)T n1/4σ0µ).

So we have that

0 ≤ |γ(t)
j,r,τ | ≤ β ≤ O(

√
log (mnT 2/δ)T n1/4σ0µ),

and

0 ≤ |ρ(t)
j,r,i

| ≤ β + 4nα

√
log(4n2/δ)

d− T
≤ max{O(

√
log (mnT 2/δ)T n1/4σ0µ), O(

√
log(n2/δ)n log(T ∗)/

√
d− T }.

By the update rule for γ(t)
τ,r,τ , we have

γ(t+1)
τ,r,τ = γ(t)

τ,r,τ +
η

nm

∑
yi=τ

(−ℓ
′(t)
τ,i )σ

′(⟨w(0)
j,r ,µτ ⟩+ γ(t)

τ,r,τ )µ
2

≤ γ(t)
τ,r,τ +

2ηµ2

T m
,
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where the inequality is by −ℓ
′(t)
yi,i

≤ 1. σ′(·) ≤ 1 and Lemma C.1. Note that γ(t)
τ,r,τ = 0 and recursively use the inequality

t times we have γ
(t)
τ,r,τ ≤ 2ηµ2

T m t.

Since T −1nSNR2 = γ̃, we have that

T3 = C7mnη−1σ−2
p d−1 = C7mη−1µ−2T γ̃,

and it follows that

γ(t)
τ,r,τ ≤ 2ηµ2

T m
t ≤ 2C7γ̃

for all t ≤ T3.

For each i, denote by T
(i)
3 the last time in the period [0, T3] satisfying that maxr ρ̄

(t)
yi,r,i

≤ 3. Then for 0 ≤ t ≤ T3,

maxj,r,i |ρ(t)j,r,i| = O(1) and maxj,r,i |γ(t)
j,r,i| = O(1). Then we have that Fj(W

(t)
j ,xi) = O(1) for all j ∈ [T ] and

i ∈ [n]. Thus there exists a positive constant C such that −ℓ
′(t)
yi,i

≥ C for 0 ≤ t ≤ T . Then we have

ρ̄
(t+1)
yi,r,i

= ρ̄
(t)
yi,r,i

+
η

nm
(−ℓ

′(t)
yi,i

)σ′(⟨w(0)
yi,r, ξi⟩+ ρ̄

(t)
yi,r,i

+
∑
i′ ̸=i

ρ
(t)
j,r,i′∥ξi′∥

−2
2 ⟨ξi′ , ξi⟩)∥ξi∥22

≥ ρ̄
(t)
yi,r,i

+
ηCσ2

pd

2nm
,

where the inequality is by Lemma C.4.

Therefore, ρ̄(t)yi,r,i
≥ ηCσ2

pd

2nm t and ρ̄
(t)
yi,r,i

will reach 3 within

T3 = C7mnη−1σ−2
p d−1

iterations for any r ∈ Nyi,i and i ∈ [n], where C7 can be taken as 6/C.

Next, we will discuss the lower bound of the growth of γ(t)
τ,r,τ . For ρ̄(t)yi,r,i

, we have that

ρ̄
(t+1)
yi,r,i

= ρ̄
(t)
yi,r,i

+
η

nm
(−ℓ

′(t)
yi,i

)σ′(⟨w(0)
yi,r, ξi⟩+ ρ̄

(t)
yi,r,i

+
∑
i′ ̸=i

ρ
(t)
j,r,i′∥ξi′∥

−2
2 ⟨ξi′ , ξi⟩)∥ξi∥22

≤ ρ̄
(t)
yi,r,i

+
2ησ2

pd

nm
,

where the inequality is by Lemma C.4 and −ℓ
′(t)
τ,i , σ

′(·) ≤ 1.

So we have that ρ̄(t)yi,r,i
≤ 2ησ2

pd

nm t. Therefore, maxi,r ρ̄
(t)
yi,r,i

will be smaller than 1 and maxτ,i γ
(t)
τ,r,τ ≤ O(γ̃) = O(1)

within

T4 = C8η
−1nmσ−2

p d−1

iterations, where C8 can be taken as 0.5. Then we have that Fj(W
(t)
j ,xi) = O(1) for all j ∈ [T ] and i ∈ [n]. Thus

there exists a positive constant C such that −ℓ
′(t)
τ,i ≥ C for 0 ≤ t ≤ T2. Then we have that

γ(t+1)
τ,r,τ = γ(t)

τ,r,τ +
η

nm

∑
yi=τ

(−ℓ
′(t)
τ,i )σ

′(⟨w(0)
j,r ,µτ ⟩+ γ(t)

τ,r,τ )µ
2

≥ γ(t)
τ,r,τ +

4ηCµ2

5T m
,

where the last inequality is by Lemma C.1. So that γ(t)
τ,r,τ ≥ 4ηCµ2

5T m t and γ
(T4)
τ,r,τ ≥ 0.8CC8nSNR2/T = Θ(γ̃). Here

the proof completes.
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H.2. Second Stage

By the signal-noise decomposition, at the end of the first stage, we have

w
(T3)
j,r = w

(0)
j,r +

T∑
τ=1

γ
(T3)
j,r,τ · µ−2µτ +

n∑
i=1

ρ̄
(T3)
j,r,i · ∥ξi∥

−2
2 ξi +

n∑
i=1

ρ(T3)
j,r,i

· ∥ξi∥−2
2 ξi

for j ∈ [T ] and r ∈ [m]. By the results we get in the first stage, we know that at the beginning of this stage, we have
the following property holds:

1. ρ̄
(T3)
yi,r,i

≥ 3 for any r ∈ Nyi,i = {r ∈ [m] : ⟨w(0)
yi,r, ξi⟩ > 0} and i ∈ [n].

2. γ
(t)
τ,r,τ = Θ(γ̃) when T4 ≤ t ≤ T3 for any r ∈ Mτ,τ and τ ∈ [T ].

3. 0 ≤ |γ(t)
j,r,τ | ≤ O(

√
log (mnT 2/δ)T n1/4σ0µ) for all j ̸= τ and 0 ≤ t ≤ T ∗.

4. 0 ≤ |ρ(t)
j,r,i

| ≤ max{O(
√
log (mnT 2/δ)T n1/4σ0µ), O(

√
log(n2/δ)n log(T ∗)/

√
d− T } for all 0 ≤ t ≤ T ∗.

Now we choose W∗ as follows:

w∗
j,r = w

(0)
j,r + 10 log(2T /ϵ) · [

n∑
i=1

1(yi = j) · ξi
∥ξi∥22

].

Lemma H.2. Under Condition 4.1, the following inequality holds:

∥W(t) −W∗∥2F − ∥W(t+1) −W∗∥2F ≥ ηLS(W
(t))− ηϵ

for all T1 ≤ t ≤ T ∗.

Proof of Lemma H.2. To establish the desired inequality, we first derive a series of foundational inner product identities
and bounds that will support the subsequent analysis. We begin with a key identity involving the gradient of Fj with
respect to the weight matrix W

(t)
j . Expanding the Frobenius inner product ⟨∇

W
(t)
j
Fj(W

(t)
j ,xi),W

(t)
j ⟩ as a sum over

the individual weight vectors {w(t)
j,r}mr=1, we leverage the fundamental property of the activation function derivative

σ′(x)x = σ(x) for all x ∈ R. This substitution simplifies the sum to a direct expression of Fj(W
(t)
j ,xi), yielding the

identity:

⟨∇
W

(t)
j
Fj(W

(t)
j ,xi),W

(t)
j ⟩ =

m∑
r=1

⟨∇
w

(t)
j,r
Fj(W

(t)
j ,xi),w

(t)
j,r⟩

=

m∑
r=1

1

m

[
σ′
(
⟨w(t)

j,r,µyi
⟩
)
⟨w(t)

j,r,µyi
⟩+ σ′

(
⟨w(t)

j,r, ξi⟩
)
⟨w(t)

j,r, ξi⟩
]

= Fj(W
(t)
j ,xi). (61)

Next, we decompose the inner product ⟨∇
w

(t)
j,r
Fj(W

(t)
j ,xi),w

∗
j,r⟩ by considering the structure of the optimal weight

matrix W∗ and the orthogonality between the noise vector ξi and the signal vectors {µτ}τ∈[T ]. Two distinct cases
arise based on whether the class index j matches the true label yi of the input xi. When j = yi, the optimal weight
vector w∗

yi,r includes an additional signal component, leading to the decomposition:

⟨∇
w

(t)
yi,r

Fyi(W
(t)
yi
,xi),w

∗
yi,r⟩ =

1

m
σ′
(
⟨w(t)

yi,r,µyi⟩
)
⟨w(0)

yi,r,µyi⟩+
1

m
σ′
(
⟨w(t)

yi,r, ξi⟩
)
⟨w(0)

yi,r, ξi⟩

+
1

m
σ′
(
⟨w(t)

yi,r, ξi⟩
)
· 10 log(2T /ϵ)

+
1

m
σ′
(
⟨w(t)

yi,r, ξi⟩
)
· 10 log(2T /ϵ) · (

∑
s̸=i,ys=yi

⟨ξi, ξs⟩
∥ξs∥22

). (62)
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In contrast, when j ̸= yi, the optimal weight vector w∗

j,r lacks this additional component, resulting in the simpler
decomposition:

⟨∇
w

(t)
j,r
Fj(W

(t)
j ,xi),w

∗
j,r⟩ =

1

m
σ′
(
⟨w(t)

j,r,µyi
⟩
)
⟨w(0)

j,r ,µyi
⟩+ 1

m
σ′
(
⟨w(t)

j,r, ξi⟩
)
⟨w(0)

j,r , ξi⟩

+
1

m
σ′
(
⟨w(t)

j,r, ξi⟩
)
· 10 log(2T /ϵ) · (

∑
ys=j

⟨ξi, ξs⟩
∥ξs∥22

). (63)

Building on these decompositions, we derive bounds for the aggregated inner product Aj,i :=

⟨∇
W

(t)
j
Fj(W

(t)
j ,xi),W

∗
j ⟩ by summing the component-wise results over r ∈ [m]. For the case j = yi, summing the

expression in (62) and applying Lemma C.2, along with the definition of β := maxj,r,τ,i{|⟨w(0)
j,r ,µτ ⟩|, |⟨w(0)

j,r , ξi⟩|},
we obtain a lower bound. Condition 4.1 ensures that this bound simplifies to Ayi,i ≥ 2 log(2T /ϵ), as shown below:

Ayi,i =

m∑
r=1

⟨∇
w

(t)
yi,r

Fyi(W
(t)
yi
,xi),w

∗
yi,r⟩

=

m∑
r=1

1

m

[
σ′
(
⟨w(t)

yi,r,µyi⟩
)
⟨w(0)

yi,r,µyi⟩+ σ′
(
⟨w(t)

yi,r, ξi⟩
)
⟨w(0)

yi,r, ξi⟩

+ σ′
(
⟨w(t)

yi,r, ξi⟩
)
· 10 log(2T /ϵ) + σ′

(
⟨w(t)

yi,r, ξi⟩
)
· 10 log(2T /ϵ)(

∑
s̸=i,ys=yi

⟨ξi, ξs⟩
∥ξs∥22

)

]

≥ 2.5 log(2T /ϵ)− β − β − Õ(n)√
d− T

≥ 2 log(2T /ϵ). (64)

For j ̸= yi, summing the expression in (63) and applying the triangle inequality to bound the absolute value of the sum,
we find that |Aj,i| ≤ 2β, a result that follows directly from the definition of β and the fact that σ′(·) ≤ 1:

|Aj,i| =

∣∣∣∣∣
m∑
r=1

⟨∇
w

(t)
j,r
Fj(W

(t)
j ,xi),w

∗
j,r⟩

∣∣∣∣∣
=

∣∣∣∣∣∣
m∑
r=1

1

m

[
σ′
(
⟨w(t)

j,r,µyi⟩
)
⟨w(0)

j,r ,µyi⟩+ σ′
(
⟨w(t)

j,r, ξi⟩
)
⟨w(0)

j,r , ξi⟩+ σ′
(
⟨w(t)

j,r, ξi⟩
)
·A(

∑
ys=j

⟨ξi, ξs⟩
∥ξs∥22

)

]∣∣∣∣∣∣
≤

m∑
r=1

1

m

[
σ′
(
⟨w(t)

j,r,µyi
⟩
)
|⟨w(0)

j,r ,µyi
⟩|+ σ′

(
⟨w(t)

j,r, ξi⟩
)
|⟨w(0)

j,r , ξi⟩|+ σ′
(
⟨w(t)

j,r, ξi⟩
)
·A(

∑
ys=j

|⟨ξi, ξs⟩|
∥ξs∥22

)

]

≤ 2β +
Õ(n)√
d− T

. (65)

With these bounds in place, we now establish a lower bound for the critical inner product ⟨∇LS(W
(t)),W(t) −W∗⟩,

which links the gradient of the loss to the difference between the current and optimal weight matrices. Expanding
this inner product by first decomposing over the class index j and then over the training samples i, we substitute the
identity for ⟨∇

W
(t)
j
Fj ,W

(t)
j ⟩ and the definition of Aj,i to rewrite the expression in terms of Fj and Aj,i. Leveraging

the convexity of the cross-entropy loss ℓ, we relate the linear term involving the loss derivative to the loss itself,
introducing a logarithmic correction term. The bounds on Aj,i derived earlier, specifically Ayi,i ≥ 2 log(2T /ϵ) and

|Aj,i| ≤ 2β + Õ(n)√
d−T for j ̸= yi, ensure that this logarithmic term is bounded by 0.5ϵ under Condition 4.1, leading to
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the lower bound:

⟨∇LS(W
(t)),W(t) −W∗⟩ =

T∑
j=1

⟨∇
W

(t)
j
LS(W

(t)),W
(t)
j −W∗

j ⟩

=

T∑
j=1

1

n

n∑
i=1

ℓ
′(t)
j,i ⟨∇W

(t)
j
Fj(W

(t)
j ,xi),W

(t)
j −W∗

j ⟩

=
1

n

n∑
i=1

T∑
j=1

ℓ
′(t)
j,i

(
Fj(W

(t)
j ,xi)−Aj,i

)

≥ 1

n

n∑
i=1

ℓ(W(t),xi, yi)− log

1 +
∑
j ̸=yi

exp{Aj,i −Ayi,i}


≥ LS(W

(t))− 0.5ϵ. (66)

To complete the proof, we use the weight update rule W(t+1) = W(t) − η∇LS(W
(t)) and the algebraic identity for

the difference of squared vector norms, which states that ∥a− b∥2 − ∥a− ηg − b∥2 = 2η⟨g,a− b⟩ − η2∥g∥2 for
any vectors a,b,g and scalar η. Applying this identity with a = W(t), b = W∗, and g = ∇LS(W

(t)), we rewrite
the difference of Frobenius norms as:

∥W(t) −W∗∥2F − ∥W(t+1) −W∗∥2F = 2η⟨∇LS(W
(t)),W(t) −W∗⟩ − η2∥∇LS(W

(t))∥2F .

Substituting the lower bound from (66) and the gradient bound from Lemma F.2—which asserts ∥∇LS(W
(t))∥2F ≤

O
(
T 2 max{σ2

pd, µ
2}
)
LS(W

(t))—into this expression, we obtain:

∥W(t) −W∗∥2F − ∥W(t+1) −W∗∥2F
≥ 2η

(
LS(W

(t))− 0.5ϵ
)
− η2O

(
T 2 max{σ2

pd, µ
2}
)
LS(W

(t)).

Condition 4.1 ensures that the step size η is sufficiently small such that ηO
(
T 2 max{σ2

pd, µ
2}
)
≤ 1. This guarantee

allows us to simplify the right-hand side by bounding the coefficient of LS(W
(t)) below by η, leading to the final

result:

∥W(t) −W∗∥2F − ∥W(t+1) −W∗∥2F ≥ ηLS(W
(t))− ηϵ.

This completes the proof.

Lemma H.3. Under Condition 4.1, we have that ∥W(T1) −W∗∥F ≤ Õ(
√
T mnσ−1

p d−1/2).

Proof of Lemma H.3. We have

∥W(T1) −W∗∥F ≤ ∥W(T1) −W(0)∥F + ∥W(0) −W∗∥F

=

√∑
j,r

∥w(T1)
j,r −w

(0)
j,r ∥2F +

√∑
j,r

∥w∗
j,r −w

(0)
j,r ∥2F

≤ O(
√
T m)max

j,r
∥

T∑
τ=1

γ
(T1)
j,r,τ · µ−2µτ∥2 +O(

√
T m)max

j,r
∥

n∑
i=1

ρ
(T1)
j,r,i · ∥ξi∥

−2
2 ξi∥2 + Õ(

√
T mn/T σ−1

p d−1/2)

≤ Õ(
√
T mµ−1) + Õ(

√
T mnσ−1

p d−1/2)

≤ Õ(
√
T mµ−1),

where the first inequality is by triangle inequality, the second inequality is by our decomposition of W(T1) and W∗,
the third inequality is by Lemma C.4 and Proposition E.1, and the last inequality follows by (17). Here the proof
completes.
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H.3. Population Loss

Lemma H.4. Under Condition 4.1, we can have that LD(W
(t)) ≥ 0.5 · log(1 + T −1

e ) for any 0 ≤ t ≤ T ∗.

Proof of Lemma H.4. Given a new example (x, y), we have that

∥w(t)
j,r∥2 = ∥w(0)

j,r +

T∑
τ=1

γ
(t)
j,r,τ · µ−2µτ +

n∑
i=1

ρ
(t)
j,r,i · ∥ξi∥

−2
2 ξi∥2

≤ ∥w(0)
j,r ∥2 + ∥

T∑
τ=1

γ
(t)
j,r,τ · µ−2µτ∥2 + ∥

n∑
i=1

ρ
(t)
j,r,i · ∥ξi∥

−2
2 ξi∥2

= O(σ0

√
d) + Õ(n−1µ−1) + Õ(σ−1

p

√
nd−1)

= Õ(σ0

√
d) + Õ(σ−1

p

√
nd−1), (67)

where the first inequality is by triangle inequality. Therefore, we have that ⟨w(t)
j,r, ξ⟩ ∼ N (0, σ2

p∥w
(t)
j,r∥22). So with

probability at least 1− 1/2

|⟨w(t)
j,r, ξ⟩| ≤ Õ(σ0σp

√
d+

√
nd−1),

for all j ∈ [T ] and r ∈ [m]. Since the signal vectors are orthogonal to noises, by maxτ,r γ
(t)
τ,r,τ ≤ Õ(γ̃) = Õ(n−1), we

also have that |⟨w(t)
j,r,µyi⟩| ≤ |⟨w(0)

j,r ,µyi⟩|+ |γ(t)
j,r,yi

| = Õ(σoµ+ n−1). Then with probability at least 0.5, we have
that

Fj(W
(t)
j ,xi) =

1

m

m∑
r=1

[σ(⟨w(t)
j,r,µyi

⟩) + σ(⟨w(t)
j,r, ξ⟩)]

≤ max
r

|⟨w(t)
j,r,µyi

⟩|+max
r

|⟨w(t)
j,r, ξ⟩|

≤ Õ(σoµ+ n−1) + Õ(σ0σp

√
d+

√
nd−1)

≤ 1,

where the last inequality is by Condition 4.1. Therefore, with probability at least 0.5, we have that

ℓ(F (W,x)) = log(1 +

∑
j ̸=yi

exp{Fj(W
(t)
j ,x)}

exp{Fyi
(W

(t)
yi ,x)}

) ≥ log(1 +
T − 1

e
).

Thus LD(W
(t)) ≥ 0.5 · log(1 + T −1

e ). This completes the proof.

I. TopK Pruning

By the update rule for w(t)
j,r, we have

w
(1)
j,r = w

(0)
j,r +

η

nm

n∑
i=1

(
−ℓ

′(0)
j,i

)
σ′
(
⟨w(0)

j,r , ξi⟩
)
ξi +

η

nm

n∑
i=1

(
−ℓ

′(0)
j,i

)
σ′
(
⟨w(0)

j,r ,µyi
⟩
)
µyi

.

When t = 0, we can have that

−ℓ
′(t)
j,i = I(j = yi)− logitj(F,xi) = I(j = yi)−Θ(

1

T
),

Each term of η
nm

∑n
i=1

(
−ℓ

′(0)
j,i

)
σ′
(
⟨w(0)

j,r , ξi⟩
)
ξi can be approximated as η

2T 2mx1, where x1 ∼ N (0, T (T − 1)σ2
p).

η
nm

∑n
i=1

(
−ℓ

′(0)
j,i

)
σ′
(
⟨w(0)

j,r ,µyi
⟩
)
µyi

at position j can be approximated as η(T −1)µ
2T 2m , and other positions can be
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approximated as − ηµ

2T 2m . By Gauss tail bound, with probability at least 1− δ, we can have that |x1| ≤ (T − 1)µ for all

j ∈ [T ], r ∈ [m] and at least d− k − T positions in every w
(1)
j,r . We can derive that k ≥ d− T − δ

2T m exp{ (T −1)µ2

2T σ2
p

}.

If we have that k ≤ Θ(µ2
√
nT −1σ−2

p ), we have p := P(|N (0, σ2
p)| ≤ µ)

1− 2 exp

(
− c2

2σ2
p

)
≤ P(|x| ≤ c) ≤

√
1− exp

(
− 2c2

πσ2
p

)
.

1− 2 exp

(
− µ2

2σ2
p

)
≤ p ≤

√
1− exp

(
− 2µ2

πσ2
p

)
.

Let S :=
∑d

k=1 1{|wk| ≤ µ}. By Hoeffding, we have that dp−O(
√
d log(1/δ)) ≤ S ≤ dp+O(

√
d log(1/δ)).

So we can have that when K ≥ Θ(d) exp
(
− µ

2σ2
p

)
+O(

√
d log(1/δ)), the signal part of w(1)

j,r will be selected, and the

left part of w(1)
j,r is no more than

√
µ. If we compare the incremental changes between γ

(t)
j,r,τ and ρ̄

(t)
j,r,i, we can have that

γ
(t)
j,r,τµ

−1∑
i 1(⟨w

(t)
j,r, ξi⟩ > 0)ρ̄

(t)
j,r,iσ

2
pd

√
µ

=
T −1nSNR2µ−1

Θ(n/T )σ2
pd

√
µ

= Θ(
√
µ),

so we can get that the select part will always be selected, and the network will learn the signals. If K ≤ d(1 −√
1− exp

(
− 2µ2

πσ2
p

)
) − O(

√
d log(1/δ)), then the some of the signal part will not be selected. Some of the noise

part and some of the signal part will increase together, so the train loss LS(W
(t)) ≤ ϵ. However, the test loss

LD(W
(t)) ≥ Θ(log(T )) because the network can not learn some signals.


