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Abstract

Exploration—exploitation is a central trade-off in bandit learning. While classical
algorithms such as upper confidence bound methods and Thompson Sampling effec-
tively balance this trade-off in stationary environments, their exploration strategies
mainly reduce uncertainty about the current optimal arm, which can be insufficient
in nonstationary settings where future optimal arms may differ substantially from
current ones. In this paper, we propose Future Information-Directed Sampling
(FIDS), a new algorithm for Bayesian nonstationary bandits that explicitly explores
to gather information about future optimal arms. We show that FIDS achieves
regret comparable to Thompson Sampling up to a small constant factor, while
being able to exploit predictive information structures that conventional exploration
objectives fail to capture. To address the practical difficulty of posterior inference,
we further propose a supervised-learning-based approximation framework that
learns the FIDS policy from offline data, and demonstrate its effectiveness on
synthetic benchmarks.

1 Introduction

In this paper, we study multi-armed bandits (MABs) in nonstationary environments. MAB problems
have been extensively studied over the past decades as a fundamental sequential decision-making
framework [10} [11} [13], primarily under the assumption that the underlying environment is stationary.
However, this assumption is often unrealistic in real-world applications such as recommendation
systems [4] and online advertising [[19], where user preferences and reward distributions may evolve
over time. Motivated by these applications, we consider a nonstationary setting in which the
environments appearing over time are generated according to a known prior distribution. We refer to
this setting as Bayesian nonstationary bandits.

A core challenge in nonstationary bandits is balancing the exploration-exploitation tradeoff [13]],
as the environment changes over time. Nevertheless, it is possible to build an intuition by looking
at the literature of stationary MABSs: in stationary Bayesian bandit problems, this trade-off can be
tackled by using methods like Thompson Sampling (TS) [25]], which achieves both strong theoretical
guarantees and empirical performance [23]. An information-theoretic analysis of TS is given by [22],
who show that the ratio of instantaneous regret to mutual information gained about the optimal arm is
bounded uniformly over time. In stationary environments, gathering information about the current
optimal arm is a natural exploration objective, since the optimal arm remains informative for future
decisions. However, this intuition breaks down in nonstationary environments, where the optimal
arm may change over time. As a result, exploration strategies that focus only on reducing uncertainty
about the current optimal arm may fail to gather information that is useful for future decision-making.

Motivated by this observation, we propose a new exploration objective that explicitly gathers informa-
tion about future optimal arms, while retaining instantaneous expected reward maximization as the
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exploitation objective. To balance this new exploration—exploitation trade-off, we introduce Future
Information-Directed Sampling (FIDS). Our main contributions are summarized as follows:

1. We prove in Theorem [3.2]that FIDS achieves the same regret upper bound as Thompson
Sampling in Bayesian nonstationary environments, up to a small constant factor.

2. Through several analytic examples, we demonstrate that FIDS can exploit predictive in-
formation structures that conventional exploration objectives fail to capture, leading to
significantly improved performance over baseline methods.

3. In practice, the prior distribution may be unknown and posterior inference may be com-
putationally intractable. To sidestep these difficulties, we propose a supervised-learning
framework that trains an approximate FIDS policy from offline data, inspired by DPT [14],
which similarly trains a Thompson Sampling policy via supervision. Empirically, the learned
FIDS policy outperforms DPT and other baselines by effectively exploiting the information
structure of the environment.

2 Preliminaries and Problem Formulation

In this section we introduce the problem formulation, and provide background knowledge on Thomp-
son Sampling and Information Directed Sampling.

We consider a finite MAB problem with horizon n and an action set A with |A| = K arms. We
model the non-stationary environment by a random variable  drawn from a prior distribution known
to the learner. Here v = (Vt,a)te[n],ae A Where each v, , specifies the reward distribution of arm a at
round ¢. Consider R, , to be the reward one will see if they play arm a at round ¢. We assume that
conditional on v ,, the reward R , is sampled independently as R; , ~ v . As a special case, if
for every a € A, we have v, , = v, , for all ¢, s € [n] almost surely, then the model reduces to the
standard stationary Bayesian bandit setting. We also make the following assumption on the reward
distributions.

Assumption 2.1. There exists a constant o € R, such that for all a € A, conditioned on F,
Rio —E [Rt,a | F] is o sub-Gaussian. And we assume o is known to the learner.

In each round ¢, the learner interacts with the environment by selecting an action A; according to a
policy 7, which maps the history F;_; = (A1, Ry, ..., As—1, R¢—1) to a distribution over .4, and
observes reward Ry = R; 4,. Let m = (m)}_,. We evaluate 7 using the following Bayesian regret:

Z (Ri.ar — Ry a,)
=1

where A} € argmaxge (1(y,q). And p(vy,,) denotes the mean of the distribution vy .

Regret(m,n) = E , e

Notation. We introduce the following shorthand notations that will be used throughout the analysis.
Fori,j € [n] withi < j, let A, = [A],... ,A;]. Let P¢(-) = P(- | F¢t—1) denote the posterior
measure given the history up to round ¢ — 1. For random variables X and Y, we denote E.[X],
Hy(X), H(X |Y), and I;(X;Y) to be the expectation, entropy, conditional entropy, and mutual
information under the posterior IP;, respectively. Formal definitions of these information-theoretic
quantities can be found in Appendix [B] Note that E,[X], H¢(X), H;(X | Y), and I,(X;Y") are all
random variables, since they are functions of the history F;_; which is a random variable.

2.1 Preliminaries about TS and IDS

We now recall a key result from the information-theoretic analysis of TS by [22]], which underpins

both the design of FIDS and its regret analysis.
Proposition 2.1. (Corollary 1 in [22]]) Denote the Thompson sampling policy by n5 = (7rtT 5 );1.
Suppose that conditioned on Fy, Ry, — E[R;, | Fi] is o sub-Gaussian, where o is a constant

number in R. Then,
ZaeA W?S(G)Et I:Rt,A: - Rt,a]
\/ZLLGA TrtTS(a)It (Aza Rt,a)

< oV2K, Vte|n], as. @)



80
81
82

83
84

85
86

87
88
89

90

91
92
93

94
95
96
97
98

99
100
101
102

103

104

105
106
107

108
109

110
111
112
113

114
115

The left-hand side of Equation (@) is known as the information ratio. Using this bound, [22] show

that the Bayesian regret of TS is at most o+/2nK H (A*), where A* = A} = ... = A’ since the
environment is stationary.

In addition, IDS [21] selects a policy 7i°® that explicitly minimizes the information ratio at each
round ¢, i.e.,

Ei|Ryax — R
P8 ¢ argmin Daca (@) By [ taAt* tal
meA(A) \/ZQEA 7Tt (At ; Rt,a)

IDS enjoy the same worst-case regret bound as TS, but can achieve significantly improved perfor-
mance in certain scenarios (see [21]] for more details).

; 3

Using the same proof technique, [18] analyze TS in the nonstationary setting of Section [2]and obtain

a regret bound of O(c\/2nK H([A7, ..., A%])). This subsumes the stationary result: when the
environment is stationary, A} = --- = Ay = A*) almost surely, so H([A],...,A;]) = H(A*).

3 FIDS Algorithm

In this section, we develop FIDS by addressing a key limitation of TS and IDS in nonstationary
environments. In stationary settings, both algorithms achieve low regret by bounding the information

ratio
ZaEA ﬂ-t( ) Et[Rt A — Ry a]
\/ZQGAWt It(AtaRt a) 7

which controls the trade-off between instantaneous regret and information gained about the optimal
arm Aj. This works because Aj is fixed, so reducing uncertainty about it directly improves future
decisions. In nonstationary environments, however, A; may vary with ¢, so information gained about
the current optimum need not reduce uncertainty about future optimal arms. FIDS addresses this by
replacing the per-round information term with one that targets the sequence of optimal arms.

To address the exploration-exploration problem in a meaningful way, we introduce Forward-looking

Information-Directed Sampling (FIDS), which balances instantaneous regret against information

gained about future optimal arms. Under Assumption [2.1] FIDS is defined by the policy sequence
7S — (7FIDS)n_ | where 7§'PS is any policy that solves the following optimization problem

7fPS ¢ argmin 2 7 (a)Ee[Ry ar — Ria] — 0, [2K - Z m(a (At+1 s R a) 4
mEA(A) gen acA

Note that solving Equation (@) is equivalent to solving the following Equation (3]

7S € argmax Z T (@)E[Ry] + 0 2K - Z m(a) (A, . 05 Rea), 5)
meA(A) ac A acA

as D e Te(a)Ey [Rt,A;] =E,; [Rt,A;] is a constant with respect to ;.

A useful property of Equation (5)) is that the optimization in Equation (3)) always admits an optimal
policy supported on at most two arms, as shown in the following lemma (proof deferred to the
appendix in section [E.T).

Lemma 3.1. GivenE; [R, ,] and I, ([A;H, A A;] : Rm), Equation () is maximized at some 7*
which has at most 2 non-zero elements.

Intuitively, the objective in (5) is concave in 7, so at any optimum every arm in the support must have
the same marginal contribution. This equal-gradient condition forces a linear relationship between
the reward and information values of the supported arms, and in the proof we show that any optimal
mixture can be replicated by a two-point mixture of the arms in the support.

Before proceeding with the regret bound of FIDS, we note a subtlety in applying IDS to the nonsta-
tionary setting.
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Remark 3.1. In nonstationary environments, . _ 1 7(a), I;(A}; Re.o) can equal zero: even if the
current optimal arm A} is known with certainty, the future optimal arms A}, ..., A}, may remain
unknown, so the problem is still nontrivial. Because the standard ratio form of IDS is undefined
when this information term vanishes, we adopt the following additive variant for nonstationary
environments:

w0 e argmax Y wy(a)Ei[Req] + 0, [2K - > mi(a)li(Af; Rea) (6)

mE€A(A) ged acA
All experiments involving IDS use this formulation.

‘We now show that FIDS achieves a regret bound comparable to that of TS in nonstationary environ-
ments.

Theorem 3.2. Under Assumption2.1|

Regret(n1P8 n) < 20\/2K ‘n-H([A7,...,A%]) 7

This bound matches the TS regret bound of [[18] up to a constant factor of 2. Despite this worst-case
similarity, FIDS can exploit additional structure in the environment; in Section 3.1} we show that it
achieves strictly better performance in several settings. Here is the proof of the theorem.

Proof. Here we outline the proof with several supporting lemmas. The proof of lemmas
can be found in Section For ease of the notation, in this section, we use A;(m) =

Diaca Tt(@)Ee[Ri ax — Rials G (me) = Deam(@)i([Afyq, ., ALl Rea) and gg (7)) o=
DiaeaTe(a) I (Af; Ry o). When an action A; is sampled from 7, we slightly abuse the nota-

tion by letting At (At) = ]Et I:Rt,A: — Rt7At 7§t (At) = It ([Az+1, . 7A:L:| ; (Ata Rt,At)) and
gt (Af) = It (A:, (At, Rt7At))’ as Lemma shows that At (Af) = At (7'['1;), f]t (Af) = gt (ﬂ't),
and gt (At) = 0t (ﬂ't).

The first part of the proof connects 7P with 7. By the Tower Rule, Regret (7P n) =

E Y7, Ay (75™5)], then by adding and subtracting o4 /2K - g (7}™P5), we get

n

Regret (770 ) = lE HDS) \/QK i FIDS)+U\/2K,§t (WEIDS)]
t
t=1
WglS S
—EZ —0 2th7rt —0 2th
t=1
\/K Gt ( FIDS +0\/2K gt ]

©_[&
<E Z or/2K - g ( - a\/QK <G (rf5) + U\/QK - Gy (wfIDs)l
where (a) uses the fact that 7}'°5 is the minimizer of Equation (@); (b) adds and subtracts

UW (c) holds because of Proposmon Then by Lemma
E [Z oA/2K - g (wf“)s)l <oy/2n- K- H(AL,) ®)

t=1
by Lemma|[C.4]

l 04/2K 9 (785) — 04 /2K - gy (775) ] or/2n- K - H(A%,) )
Combining Equation (8) and (9) proves the theorem. O
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Figure 1: (a) Cumulative regret of FIDS, IDS and TS. (b) Cumulative regret (log scale) of FIDS,
Reward Greedy (only optimize for the first reward term of Equation (3))), and MI only (only optimize
for the second mutual information term of Equation (3)). (c) The entropy of [A}, ..., A ]
conditioned on the history.

In the next subsection, we illustrate settings in which TS and IDS fail to exploit the information
structure of the environment, while FIDS does not.

3.1 Illustrative Examples: When Does Information Structure Matter?

We present two examples that illustrate the role of information structure. The first is an i.i.d.
environment in which the optimal arm is redrawn independently each round, so observations carry
no information about future optimal arms. The second features a change point where information
about the future environment is encoded in a currently suboptimal arm; we complement the analytical
results for this last example with numerical experiments.

Example 3.1 (Memoryless environment). At each round t, the environment vy is sampled i.i.d.
with K = 2, where (i1, pi,2) = (0.4,0.2) with probability 1/2 and (1, p2) = (0.3,0.4) with
probability 1/2. Conditional on vy, rewards satisfy R, , ~ Bernoulli(u, ) for a € {1,2}.

In this setting, exploration is futile: no observation at round ¢ can reduce uncertainty about future
environments. As shown in Proposition[E.T] FIDS recognizes this and always selects arm 1, the arm
with the highest expected instantaneous reward, achieving cumulative reward 0.35n. In contrast,
TS and IDS allocate probability to unnecessary exploration, achieving only 0.325n and 0.3294n
respectively.

Example[3.T]serves as an environment where no future information can be gathered. We next consider
a setting where information about future optimal arms is encoded in a currently suboptimal arm, and
FIDS is able to exploit this cross-environment structure.

Example 3.2 (Magic arm environment). We consider a non-stationary 6-arm bandit with horizon
n = 100 and a single change point at t = 50. The environment is Env 1 for t < 50 and Eny 2 for
t > 50, and is stationary within each segment.

Env 1. Let Zy ~ Unif({l,...,5}). Fora € {1,...,5}, ul = 0.9 ifa = Z; and p} = 0.4
otherwise, with Ry, ~ N (pt,0.1%). Fora = 6, u¢ = Z/7 and Ry ~ N (u, 0.1%).

Env 2. Let Zo ~ Unif({1,...,6}), independent of Z,. Forall a € A, 2 = 3.0 ifa = Zy and
p2 = 0.5 otherwise, with Ry o ~ N (u2,0.52).

Note that the information about Env 2 is encoded in the mean reward of arm 6 in Env 1. In particular,
if 11,6 is known exactly, then the means of all arms in Env 2 are immediately determined. FIDS is
able to exploit this structure through its objective of gathering information about future optimal arms.
In contrast, TS and IDS are designed to gather information only about the currently optimal arm.
Since arm 6 is never optimal in Env 1, these methods fail to actively explore it and therefore cannot
effectively exploit the information it provides about Env 2.

Numerical results on the magic arm environment. We evaluate FIDS, UCB [2], IDS and TS on
the magic arm environment. The results are shown in Figure[I] In Figure[Ta] compared with the
other methods, FIDS spends more rounds identifying the optimal arm in Env I, since it allocates
part of its sampling probability to the informative but suboptimal arm 6. However, FIDS almost
immediately identifies the optimal arm in Env 2, resulting in nearly zero regret during the second
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Algorithm 1 Infer 7FPS from Dataset D with prediction window length k: Training and Deployment

// Training phase - supervised learning with offline dataset D
Construct training samples {zf }7, from each data instance £ € D; initialize the model My with parameter 6.
for t = 1 to Nepocns do
| Calculate loss (T0) and do back-propagation to update 6
end
Output the trained model My
// Deployment phase
fort = 1tondo
For each action a compute Et(R¢,qo) and It (A}, ., .5 Rt,qo) using Egs. (TI)-(12)
Solve

(i*,7%, ") = argmax {aIEt(Rt,i) +(1— a)ﬁt(Rtyj)
i,jEA,a€[0,1]

+ ‘7\/2UK(O‘IAt(A:+1:t+k; Req) + (1= a)ft(A:Jrl:tJrk; Rw)) }

Output 7§28 (*) = o*, 7S (j*) = 1 — a*, and 7t'PS(a) = O forall a ¢ {i*, 5*}.

end

half of the horizon. This phenomenon is also reflected in Figure[Ic} by pulling arm 6 in Env I, FIDS
rapidly reduces the entropy of the optimal arms in future rounds, rather than only the entropy of the
optimal arm in the current environment.

In Figure [Ib] we additionally compare FIDS with two ablated policies: a “pure exploitation” policy
that optimizes only the reward term in Equation (3), and a “pure exploration” policy that opti-
mizes only the mutual information term. FIDS outperforms both policies by effectively balancing
exploration and exploitation.

4 Inferring FIDS policy from Data via Supervised Learning

Computing 7¥PS exactly is often impractical: the prior over environments may be unknown, and even

when it is known, evaluating Equation (3 requires posterior inference that is generally intractable. A
further difficulty is that the mutual information I; (A7, ,.,,; R¢,) involves the full sequence of future
optimal arms, whose support grows exponentially with the horizon.

To address these challenges, we propose a supervised-learning approach (Algorithm [I)). Given an
offline dataset of environment instances, we train models to estimate the two quantities needed by
FIDS: the expected reward E;[R; ,] and a windowed approximation I; (A7, ., ,; R 4), where k is
a fixed lookahead horizon that controls the trade-off between fidelity and computational cost. At
deployment, these estimates are plugged into Equation (5)) to compute 7FPS. We describe the training
and deployment phases in detail below.

4.1 On the Training Phase

Algorithm(I]takes an offline dataset D as input. Each data instance £ € D is generated by first sampling
an environment v from the prior, and then collecting: (i) the full reward table of v, {r,‘( a }te[n], acA>
(ii) the best-arm sequence of v, (ay””, ..., ax"), and (iii) an action sequence (a1, ..., a,) generated
by some behavior policy.

For each £ € D and ¢ € [n], we construct one training sample: z% := (hf, Qi hos {rf’a}a€A>,
where hf := (a1,7{,...,at_1,7{_1) denotes the observed history up toround t — 1, and r{ := 1y ,_
for s € [t]. ayit,, := (a7, ... a}},) denotes the future best-arm sequence.

Our goal is to estimate E;[R; o] and I; (A} ., ;; R¢.q). To this end, we approximate the following
conditional distributions: Py(R;, € -) forall a € A, Py (A}, 14,1 € <), Pe(A}, 4 € -). In practice,
we model the reward posterior by a Gaussian, and the best-arm posteriors by categorical distributions.
To learn these models, we use a sequential architecture, specifically GPT-2 [20]]. The architecture has
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three heads, and outputs:

My (- | B a), MGt RE), M| Bf),
which model the conditional distributions of Ry o, A}, ., and A7, , ,, respectively. Then, to
train the reward posterior, we simply use negative log-likelihood, while the best-arm posteriors are
trained via cross-entropy loss. The overall training objective is

Ly= )] Z SIUNLL(Me (- | B, a), 75 ,) + CE(M;™* (- | h§), 0} 1. 44)
teDt=1| acA

+ CE(M;"(- | h§>7a;t+k1>]- (10)

4.2 On the Deployment Phase

At deployment, we use the inferred posteriors to compute FIDS, which relies on E; [R; ] and
I (A}, 1.4 1 Re.a). Given a history hy, we first estimate the conditional reward mean by the mean
of the learned reward posterior:

By [Real = Egy,, <apzov(phoa) | Rt - (11)

Since My°¥ (- | h, a) is Gaussian, this is simply the predicted Gaussian mean. We next estimate the
conditional mutual information via an entropy decomposition

It( t41:t+k> Rt a) Ht( t+1: t+k) Ht( t+1:t+k | Rtﬂl)'

The first term is estimated directly from the future head: Ht(At ean) = H(M, fut+ h)). For

the conditional entropy term, we draw L Monte Carlo samples: r§1a)7 RN §La) MY (- | he,a).

~(0) ~(0)

tas ta) Since

For each sampled reward 7, , we form the hypothetical updated history ht +1 = (ht,a,T

ME(- | hgi(f)) models the posterior distribution of A7 ., after observing action a and reward

~(€
r,g’g, we estimate

7 * l,a
Ht( t+1:t+k ‘ Rta = i3 Z (Mfut 1(£+1))) :
Therefore, the plug-in Monte Carlo estimator of the condltlonal mutual information is
L
1 u ‘
z H(Mf ¢ | hm))) . (12)
£=1

It( :+1:t+k§ Rt,a) = H(M;ut+( | h ))
We choose L = 16 for all the experiments in Section [3]

Solving Equation (3). With the learned E; [R; o] and I ([ A}, ,,..., A}, .| ; Re.a), FIDS policy
can be obtained by just plugging in the learned two quantities into Eq. @ and solve the corresponding
optimization problem. With Lemma | for the plugged-in Et(Rt o) and I, (A} +1:m: Rt,q), One can
solve Eq. (B) by first enumerating all pairs of arms and using line search to find the optimal weights
assigned on the arms. Details are presented in Alg. [I}

5 Experiments

We evaluate the FIDS policy learned via Algorithm|l{on two environment classes for which exact
posterior inference is intractable: the One-Step Predictive environment and the Pair-Revealing
environment. In both environments, information about future optimal arms is encoded in the rewards
of a currently suboptimal arm: the first reveals the next-round optimum exactly, while the second only
narrows the future best arm to a pair. Further details are provided in the next subsections. Throughout,
we set 0 = 0.7 in Equation (3)), which is a valid sub-Gaussian parameter by Lemma [E.2}

Comparison. We compare the following methods: (i) FIDS with prediction window length k = 5;
(ii) FIDS with k = 3,1 (used only in the second Pair-Revealing Environment); (iii) DPT; and (iv)
IDS. We train IDS using the same procedure as Algorithm[I] The only difference is that for IDS we
estimate I;(A}; Ry ,) instead of I, (A}, 1., 55 Ria)-
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Figure 2: (a) Cumulative Regret of DPT, IDS, UCB and FIDS-kS5 in One Step Predictive Environment.
(b) The probability of choosing arm 3 in each round.

5.1 One-Step Predictive Environment

Environment Description (Next round best arm encoding). We consider a nonstationary 3-arm
bandit with horizon n = 100, divided into 50 independent windows of length 2. For each window 7 €
{1,..., 50}, corresponding to rounds 2;j—1 and 2j, we independently sample m; ~ Unif({1, 2, 3}).

Atround 2j—1, we sample Z; ~ Unif({1,2}). Arms 1 and 2 have rewards p2;_1,, = 1[a = Z;],
while arm 3 has reward p9;_1,3 = 1/(2m;). At round 2j, the best arm is determined by m;:
t2jqa = 1[la = m;] forall a € {1, 2, 3}. All rewards are deterministic.

The key feature is that arm 3’s reward in odd rounds encodes the identity of the best arm in the
following even round, creating a one-step-ahead information channel that a forward-looking policy
can exploit.

Results. Figures 22 and 2b] summarize the main results (additional plots in Figures [5aH5b]in the
appendix). Although the windows are independent, each contains a one-step information channel:
pulling arm 3 in the first round reveals the optimal arm in the second round. The learned FIDS policy
recovers exactly this behavior: it selects arm 3 in the first round of each window and the true optimal
arm in the second (Figures @ @ and @) In contrast, TS and IDS never learn to exploit arm 3,
since their exploration targets only the current optimal arm.

5.2 Pair-Revealing Environment

Environment Description. Unlike the previous environment, where the informative arm directly
identifies the future optimum, here it only reveals the top-2 arm pair in the future environment. We
consider a nonstationary 6-arm bandit with horizon n = 100 and a single change point at £ = 50.
The environment is Env 1 for ¢ < 50 and Env 2 for ¢ > 50, stationary within each segment.

e InEnv 1,let Z; ~ Unif({1,...,5}). Forae {1,...,5},ul =1ifa = Z; and p} = U,
otherwise, where U, "X Unif ([0, 1]), with Ry, ~ N'(1},0.52). Arm 6 has mean p¢ =
m/30, where m ~ Unif({0,...,14}) indexes one of the (g) = 15 unordered arm pairs;

Regret Over Time

Env 1: P(plays arm 6) Env 2: P(select true top-2 pair)
o - s W
UCB ——— FIDS-k5
08 |

Py,
N KTV
1, A P AN AV
\ Wi S NN N =3
/\,\,,,t,\;.(w‘, s
SN
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o
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°
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(b) (©

Figure 3: Evaluation Results for the Pair-Revealing Environment with 02 = 0.0. (a) Cumulative
regret. (b) The probability of play arm 6 at each round. (c) The probability of selecting an arm that
belongs to the true top-2 set of the underlying environment.
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Figure 4: Evaluation Results for the Pair-Revealing Environment with o2 = 0.052. (a) Cumulative
regret. (b) The probability of play arm 6 at each round. (c) The probability of selecting an arm that
belongs to the true top-2 set of the underlying environment.

we denote this pair by S(m). We consider two noise settings for arm 6: 02 = 0 (exact
observation) and ag = 0.052 (noisy observation).

e InEnv 2, we sample V7,..., Vs i Unif([0, 1]) and assign the two largest values to the
arms in S(m), with the remaining values randomly permuted among the other arms, yielding
means {u2}. Rewards satisfy R; , ~ N(u2,0.5%).

The information structure is that arm 6 in Env 1, while never optimal, encodes which pair of arms
will dominate in Env 2. The two noise settings let us examine how the precision of this signal affects
the benefit of forward-looking exploration.

Results. We evaluate under two noise settings for arm 6.

* (02 = 0). We set the prediction window to k = 5. Figure 3a shows that FIDS matches
the baselines in Env 1, while intentionally pulling arm 6 (Figure [3b) to gather information
about Env 2. Upon entering Env 2, FIDS identifies the candidate top-2 arms and focuses
exploration on them rather than the full arm set.

* (02 = 0.05%). When arm 6’s reward is noisy, recovering ¢ requires multiple pulls, making
a longer prediction window more valuable. We compare FIDS with £ = 5 (FIDS-KS5) and
a shorter window. As shown in Figures @bland [dc| pulling arm 6 earlier in Env 1 allows
FIDS-KS to infer the top-2 pair more accurately, leading to faster adaptation after the change
point.

Across both environments, the learned FIDS policy consistently exploits informative but suboptimal
arms that TS and IDS ignore, confirming that Algorithm [ successfully recovers forward-looking
exploration behavior from data.

6 Conclusion

We introduced FIDS, an algorithm for Bayesian nonstationary bandits that balances instantaneous
reward against information gained about future optimal arms. FIDS matches the regret guarantee
of Thompson Sampling, yet analytical examples show it can significantly outperform both TS and
IDS by exploiting predictive structure across environments. To handle settings where exact posterior
inference is intractable, we proposed a supervised-learning framework that approximates the FIDS
policy from offline data. Experiments confirm that the learned policy consistently outperforms
supervised-learning baselines with alternative exploration objectives.

Limitations and Future Work. One limitation of Algorithm|[I]is that training requires access to the
full reward table {Rm}te[n],ae 4 in the offline dataset, which may be unrealistic in many practical

settings. In addition, estimating I; (A7, .,,; R;,,) during deployment requires sampling multiple R; ,
values and performing Monte Carlo estimation, which can become computationally expensive when a
large number of samples is needed. Developing more scalable implementations of the FIDS principle
therefore remains an important direction for future work.
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A More Related Work

Nonstationary Bandit Learning. Predictive Sampling [[15] considers the same Bayesian nonsta-
tionary setting and shares a similar intuition with our work, namely that exploration strategies should
account for future information in nonstationary environments. However, our work adopts a stronger
regret notion in the theoretical analysis. As a result, our regret guarantees directly imply guarantees
under their setting, while the converse does not hold.

In addition, several variants of Thompson Sampling have been proposed for nonstationary environ-
ments (e.g., [26} 9} [17]). However, these methods typically rely on specific structural assumptions
about the environment and do not provide meaningful guarantees in general Bayesian nonstationary
settings.

Nonstationary bandits have also been extensively studied in the frequentist setting, e.g., [8, 3]. More

recent results in [24] [I]] establish regret bounds of order O(+/Ln), where L denotes the number of
changes of the optimal arm. Interestingly, these bounds share a similar flavor with our result, as both
depend on the temporal variation of the optimal arm sequence.

Learning Decision-Making Algorithms from Data. The proposed supervised-learning-based
framework for approximating the FIDS policy is primarily inspired by [14], which introduces the
Decision-Pretrained Transformer (DPT), a model that theoretically learns the Thompson Sampling
policy. More broadly, the idea of learning sequential decision-making algorithms from data is also
related in spirit to the meta-RL literature [12} 16, (161 [7].

B Information Theoretic Preliminaries

In this section, X is limited to discrete random variables and Y, Z can be general random variables,
under measure P.

Lemma B.1. (Mutual Information and Entropy, Theorem 2.4.1 in [5]])
H(X)==)P(X =z)log (P(X = z))

I(X;Y)=H(X)—- H(X|Y)
Lemma B.2. (Chain Rule for Entropy, Theorem 2.5.1 in [5]])

n
H(X1,Xs,..., Xp) = D H(X; | X1,.., Xi1)

i=1

Lemma B.3. (Chain Rule for Mutual Information, Theorem 2.5.2 in [5]])
I([X1, Xo, ., X5 Y) = D I(X5 Y | X0, 00, X 1)
i=1

A direct application of the above lemma gives the following Corollary,
Corollary B.4.

I(X;Y) - I1(Z;Y) = (X;Y|Z) — I(Z;Y|X)

Proof. The proof is done by simply noticing that I(X1;Y) + I(X5;Y|Xy) = I(X;Y) +
I(X1;Y|Z3) = I([ X1, X2];Y) by Lemma|B.3] U

Corollary B.5.
H(X|Y, Z) < H(X|Y)
Proof.
H(X]Y,Z) < HX|Y) < H(X) - I(X;[Y, Z]) < H(X) - I(X;Y) < I(X; [Y, Z]) = I(X;Y)
which is true by Lemma[B.3] O

12



395 Lemma B.6. (Non-negativity of Mutual information and Entropy)
HX)z0,HX|Y)=20,I(X;Y) >0, I(X;Y|Z) >0

a6 LemmaB.7. Leta,b >0, \/a— b <+/|a— D

397 Proof. Clearly we only need to consider the case where a > b. In such a case,

\f—\[\\/|a— |<:>a+b—2\/a7\a—b<:>a>b
398 O

2 C Supporting Lemmas in the Proof of Theorem [3.2]

Lemma C.1.

E, [Rt,A; - Rt,At] = Z ]Pt(At = G)Et [Rt,A; - Rt,a | A = a]
ae[K]

(i) Z Wt(a)Et [Rth: — Rt,a] (13)
ae[ K]
400 (a) uses the fact that conditioned on F;_1, Ay is jointly independent of Ry, Ay and Ry 4.

L (A5 (A, Rea) W I (A5 A + 1 (Af Ry, | Ay)
b *
=) It (At;Rt,At \ At)
Z Pt(At = a)It (A;, Rt,a | At = a)

ae[K]

9N P4 = )L, (47 Re)
ae[ K]

= > m(a)T; (A}; Rea) (14)
ae[ K]

401 (a) uses Lemma @ (b) uses the fact conditioned on Fi_1, A is independent of Ay, and the mutual
402 information between two independent variables is 0; (c) uses the fact that conditioned on Fy_1, Ay is
03 jointly independent of A} and Ry .

404  Similarly,

It ([AZ+17 o 7A:L:| ; (Ata Rt7At)) = Z Trt(a)lt ([A:-‘rl’ ) A:l] ;Rt,a) (15)
a€e[ K]
Lemma C.2.
n (a)
E [Z a\/2K (A (A Rea)) | <)) \/2K E[L(Af, 105 (Ar, Rea,))]
t=1 t=1
=S a\/QK I(Af, 1. (e Bya,)| Fo1)
t=1
(b) =
< g Z f+1 ny At7Rt At)“Ft 1)

<oy |2n- K- ) I(Af ., (At Rea, )| Fi-1)

e
-
||M:

t

D oyfon- K141, F)

(e)
< ovfon-K-H(AL) (16)

405 (a) uses Jensen's Inequality; (b) uses Cauchy—Schwarz inequality; (c) uses Lemmal[B.3]and Lemma

@' (d) uses Lemma @ (e) uses Lemma @l and @

1
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414
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416

417
418
419

420

421

Lemma C.3.

or/2K - g, (7]%) — 04/2K - §¢ (7]¥) < o2 \/It (Ar: (A, R, i)|AT 1)

Proof. When I,(A}; (A, R, 7,)) < Li(Afin; (A, R, z,))- We have term1(¢) < 0 directly. When
1i(AL; (A Ry 5,)) > 1i(Afy.,s (A R, 4,))- Then

(a) o po
terml(t) < o\/2K~\/It (A5 (An Ry 4)) — LAy 1 (AL R, )

V2K A JT(A (A, By 3 )14 1) — T(Af 0 (A R, 3)IAD)
< oV2K \[L(Af: (A, R, 3|47 10)

(a) holds because of Lemma|[B.7} (b) holds because of Lemma[B.4]

We conclude the proof by combining the two cases. O

Lemma C4.

oV2K - E [Z \/gt \/gt ] @ V2K -E li \/It s (A, tAt)|At+1n)1
<oV2K -E [i H(AZ|AL 1) 1

<oVIE- Y VE[H(A A A7)

= V2K YA SHAN (A5 AR] Fi)

(b) n
< oV2K Y\ HAL ALy, A))
t=1

Z [AZir - AR

© a\/2K-n-H([A’1*,...,A;;]) (17)
(a) uses Lemma[C.3} (b) uses Corollary[B.3} (c) uses Lemma|B.2}

D Numerical Results

Here we report additional numerical results for the one-step predictive environment in Sec. [5.1]

E Other Results

E.1 Proof of Lemma[3.1]

Proof. Denote Ey o == By [Rial, gra = It ([Afs1, -, A%] i Rea)s and By == [Ey1,..., Er k]’
gt = [g1.1,--- ,gtK]T. Our objective function can then be written as p(my) = 7 - B + /T - 73 - gz,
where I' = 202K Consider some fixed maximizer 7* of Equation (3)). The partial derivative of p
with respect to m; o at 7* is 070::),(1 (7)== Epq + L9t

2/Tg,m "
Denote d* := maxge4 % (7*). The important observation here is that for any a such that 7y > 0,
% (7*) = d*, because otherwise one must be able to construct a new valid policy by transferring

14
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some probability from a to other arms with larger partial derivative and that will only increase the
objective value. Therefore, forall a € By := {a € A : 7; > 0},

tha *
FE; . — 7T = 18
t, +2 T = (18)

Reorder the set B; such that E; ,, > -+ > Et,auat\- Note that there always exists a 5 € [0, 1]
such that 3} p 72 Fy o = BEa, + (1 — B)Ei .y, » Which, by Equation (I8), also implies that
ZaeBt Tagta = BGta, + (1 — 6)9t,a\3t\~ Therefore, we can construct a new policy that only assigns
possibilities on the two arms a; and a|, |, and this policy has the same objective value as 7* and thus
optimal. O

E.2 Analytic Solutions

Depending on which round we are currently in, the mutual information term
L ([Af,1, ..., AL] Rea) isequal to I, ([Z1, Z] ; Ry.a), if we are in the first half, or I; (Z2; Ry.q)
if we are in the second half. By independency, I; ([Z1, Z2]; R.a) = It (Z1; Ri.o) + It (Z2; Ri.a)-

In the first half, by independency, when a # 6 I; ([Z1, Z2]; Ri,) = It (Z1;Ryi,q), while a = 6
I, ([Z1,Z2]; Rio) = I (Z2; Ri6). The main problem is to calculate the posterior distribution.
Essentially, we need to maintain ¢;(Z) and w;(Z5).

ifa; = 6, ¢t+1(Z1) = q:(Z1), and the posterior update rule for w11 (Z2) is

’LUt+1(Z2)Oth(Z2)N <’I“t, 7 0 1 )

While for a; # 6, wi1(Z2) = wi(Z2), and the posterior update rule for ¢¢11(Z1) is
Qo1 (Z1) Lqi(Z1N (re; pz,0.1%)

This equation can be calculated analytically because z is finite. The posterior reward distribution can
also be calculated by

Py (Ria=7) =Y Pi(Rya =121 = 2) Py (Z1 = 2)
z
In the second half, the posterior update rule for w;;1(Z2) is
W1 (Zo)ocwy (Z)N (r4; s, 0.5%)

E.3 Other Lemmas

Proposition E.1. In Example[3.1} FIDS is the optimal policy and collects 0.35 - n cumulative reward,
while TS and IDS collect 0.325 - n and 0.3294 - n cumulative reward respectively.
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Proof. NoticethatE, [R; 1] = 0.35,E; [R; 2] = 0.3 for every ¢. Thus, the optimal policy is to choose

arm 1 w.p. 1 at every ¢. FIDS will actually do that by noticing that I; ([At*H, e ,A:L] ; Rt,a) =0
for every ¢t and a. And this will give cumulative reward 0.35 - n.

TS will play each arm with equal probability at each round, and the cumulative reward is 0.5 - (0.35 +
0.3) - n =0.325 - n.

We calculate the mutual information terms I, (A}; (Ry,1)) and I; (Af; (Ry2)) explicitly as shown
below

I, (A% ( t| = P(A; = 1)KL(P(R;1 € -|A; = D||[P(R1 € -)) + P(A7 = 2)KL(P(R;: €

Ly_znzﬁ, €)) ~ 0.0055
Iy (A7 (Ri2)) = P(A} = DKL(P(Re2 € -|A] = 1)|[P(Re2 € -)) + P(4]
147 Z ) [[B(Rys € ) ~ 0.0242

And then we calculate the IDS policy by solving Equation (3)) - 7[P5(1) ~ 0.588 and 7P (2) ~ 0.412.
The cumulative reward will be (0.588 - 0.35 + 0.412 - 0.3) - n = 0.3294 - n. O

9)KL(P(Ry» €

Lemma E.2. Fix constants o, 3,0 € R, for the environment with o € [o, 5] and Ry o ~
N (pt.a,0%,) where o, 4 is a deterministic non-negative constant no larger than o. Then, con-
ditioned on F;,

Rt,a - E [Rt,a ‘ -Ft]

is \/((b —a)/2)* + 02 sub-Gaussian.

Proof. Note that Ry, — E[Ryq | Fi] = tit,a + € — E[pte,q | Ft). Therefore,

Efexp (A (Rta — E[Ria | Ft])) | Fe] = Efexp (A (o + € = Efpra | F2])) | Fel
= E[exp (A (.0 — E[pe,a | Fi])) - exp (Xe) | Fe]
= E[exp (A (.0 — Epe,a | Fi])) | Fo] - E [exp(Ae)]
2(B— @)?/8) - exp (AN*0?/2)
A2 ((5 —a)? /4 + 02)
2

< exp (\*(B

= exp
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