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Abstract

Exploration–exploitation is a central trade-off in bandit learning. While classical1

algorithms such as upper confidence bound methods and Thompson Sampling effec-2

tively balance this trade-off in stationary environments, their exploration strategies3

mainly reduce uncertainty about the current optimal arm, which can be insufficient4

in nonstationary settings where future optimal arms may differ substantially from5

current ones. In this paper, we propose Future Information-Directed Sampling6

(FIDS), a new algorithm for Bayesian nonstationary bandits that explicitly explores7

to gather information about future optimal arms. We show that FIDS achieves8

regret comparable to Thompson Sampling up to a small constant factor, while9

being able to exploit predictive information structures that conventional exploration10

objectives fail to capture. To address the practical difficulty of posterior inference,11

we further propose a supervised-learning-based approximation framework that12

learns the FIDS policy from offline data, and demonstrate its effectiveness on13

synthetic benchmarks.14

1 Introduction15

In this paper, we study multi-armed bandits (MABs) in nonstationary environments. MAB problems16

have been extensively studied over the past decades as a fundamental sequential decision-making17

framework [10, 11, 13], primarily under the assumption that the underlying environment is stationary.18

However, this assumption is often unrealistic in real-world applications such as recommendation19

systems [4] and online advertising [19], where user preferences and reward distributions may evolve20

over time. Motivated by these applications, we consider a nonstationary setting in which the21

environments appearing over time are generated according to a known prior distribution. We refer to22

this setting as Bayesian nonstationary bandits.23

A core challenge in nonstationary bandits is balancing the exploration-exploitation tradeoff [13],24

as the environment changes over time. Nevertheless, it is possible to build an intuition by looking25

at the literature of stationary MABs: in stationary Bayesian bandit problems, this trade-off can be26

tackled by using methods like Thompson Sampling (TS) [25], which achieves both strong theoretical27

guarantees and empirical performance [23]. An information-theoretic analysis of TS is given by [22],28

who show that the ratio of instantaneous regret to mutual information gained about the optimal arm is29

bounded uniformly over time. In stationary environments, gathering information about the current30

optimal arm is a natural exploration objective, since the optimal arm remains informative for future31

decisions. However, this intuition breaks down in nonstationary environments, where the optimal32

arm may change over time. As a result, exploration strategies that focus only on reducing uncertainty33

about the current optimal arm may fail to gather information that is useful for future decision-making.34

Motivated by this observation, we propose a new exploration objective that explicitly gathers informa-35

tion about future optimal arms, while retaining instantaneous expected reward maximization as the36
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exploitation objective. To balance this new exploration–exploitation trade-off, we introduce Future37

Information-Directed Sampling (FIDS). Our main contributions are summarized as follows:38

1. We prove in Theorem 3.2 that FIDS achieves the same regret upper bound as Thompson39

Sampling in Bayesian nonstationary environments, up to a small constant factor.40

2. Through several analytic examples, we demonstrate that FIDS can exploit predictive in-41

formation structures that conventional exploration objectives fail to capture, leading to42

significantly improved performance over baseline methods.43

3. In practice, the prior distribution may be unknown and posterior inference may be com-44

putationally intractable. To sidestep these difficulties, we propose a supervised-learning45

framework that trains an approximate FIDS policy from offline data, inspired by DPT [14],46

which similarly trains a Thompson Sampling policy via supervision. Empirically, the learned47

FIDS policy outperforms DPT and other baselines by effectively exploiting the information48

structure of the environment.49

2 Preliminaries and Problem Formulation50

In this section we introduce the problem formulation, and provide background knowledge on Thomp-51

son Sampling and Information Directed Sampling.52

We consider a finite MAB problem with horizon n and an action set A with |A| “ K arms. We53

model the non-stationary environment by a random variable ν drawn from a prior distribution known54

to the learner. Here ν “ pνt,aqtPrns,aPA where each νt,a specifies the reward distribution of arm a at55

round t. Consider Rt,a to be the reward one will see if they play arm a at round t. We assume that56

conditional on νt,a, the reward Rt,a is sampled independently as Rt,a „ νt,a. As a special case, if57

for every a P A, we have νt,a “ νs,a for all t, s P rns almost surely, then the model reduces to the58

standard stationary Bayesian bandit setting. We also make the following assumption on the reward59

distributions.60

Assumption 2.1. There exists a constant σ P R, such that for all a P A, conditioned on Ft,61

Rt,a ´ E rRt,a | Fts is σ sub-Gaussian. And we assume σ is known to the learner.62

In each round t, the learner interacts with the environment by selecting an action At according to a63

policy πt, which maps the history Ft´1 “ pA1, R1, . . . , At´1, Rt´1q to a distribution over A, and64

observes reward Rt fi Rt,At
. Let π “ pπtq

n
t“1. We evaluate π using the following Bayesian regret:65

Regretpπ, nq “ E

«

n
ÿ

t“1

`

Rt,A‹
t

´ Rt,At

˘

ff

, (1)

where A‹
t P argmaxaPA µpνt,aq. And µpνt,aq denotes the mean of the distribution νt,a.66

Notation. We introduce the following shorthand notations that will be used throughout the analysis.67

For i, j P rns with i ď j, let A‹
a:b fi

“

A‹
i , . . . , A

‹
j

‰

. Let Ptp¨q fi Pp¨ | Ft´1q denote the posterior68

measure given the history up to round t ´ 1. For random variables X and Y , we denote EtrXs,69

HtpXq, HtpX | Y q, and ItpX;Y q to be the expectation, entropy, conditional entropy, and mutual70

information under the posterior Pt, respectively. Formal definitions of these information-theoretic71

quantities can be found in Appendix B. Note that EtrXs, HtpXq, HtpX | Y q, and ItpX;Y q are all72

random variables, since they are functions of the history Ft´1 which is a random variable.73

2.1 Preliminaries about TS and IDS74

We now recall a key result from the information-theoretic analysis of TS by [22], which underpins75

both the design of FIDS and its regret analysis.76

Proposition 2.1. (Corollary 1 in [22]) Denote the Thompson sampling policy by πTS “
`

πTS
t

˘n

t“1
.77

Suppose that conditioned on Ft, Rt,a ´ E rRt,a | Fts is σ sub-Gaussian, where σ is a constant78

number in R. Then,79

ř

aPA πTS
t paqEt

“

Rt,A‹
t

´ Rt,a

‰

b

ř

aPA πTS
t paqIt pA‹

t ;Rt,aq

ď σ
?
2K, @t P rns, a.s. (2)
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The left-hand side of Equation (2) is known as the information ratio. Using this bound, [22] show80

that the Bayesian regret of TS is at most σ
a

2nKHpA‹q, where A‹ fi A‹
1 “ ¨ ¨ ¨ “ A‹

n since the81

environment is stationary.82

In addition, IDS [21] selects a policy πIDS
t that explicitly minimizes the information ratio at each83

round t, i.e.,84

πIDS
t P argmin

πtP∆pAq

ř

aPA πtpaqEt

“

Rt,A‹
t

´ Rt,a

‰

a

ř

aPA πtpaqIt pA‹
t ;Rt,aq

, (3)

IDS enjoy the same worst-case regret bound as TS, but can achieve significantly improved perfor-85

mance in certain scenarios (see [21] for more details).86

Using the same proof technique, [18] analyze TS in the nonstationary setting of Section 2 and obtain87

a regret bound of Opσ
a

2nKHprA‹
1, . . . , A

‹
nsqq. This subsumes the stationary result: when the88

environment is stationary, A‹
1 “ ¨ ¨ ¨ “ A‹

n “ A‹q almost surely, so HprA‹
1, . . . , A

‹
nsq “ HpA‹q.89

3 FIDS Algorithm90

In this section, we develop FIDS by addressing a key limitation of TS and IDS in nonstationary91

environments. In stationary settings, both algorithms achieve low regret by bounding the information92

ratio93
ř

aPA πtpaq,EtrRt,A‹
t

´ Rt,as
a

ř

aPA πtpaq, ItpA‹
t ;Rt,aq

,

which controls the trade-off between instantaneous regret and information gained about the optimal94

arm A‹
t . This works because A‹

t is fixed, so reducing uncertainty about it directly improves future95

decisions. In nonstationary environments, however, A‹
t may vary with t, so information gained about96

the current optimum need not reduce uncertainty about future optimal arms. FIDS addresses this by97

replacing the per-round information term with one that targets the sequence of optimal arms.98

To address the exploration-exploration problem in a meaningful way, we introduce Forward-looking99

Information-Directed Sampling (FIDS), which balances instantaneous regret against information100

gained about future optimal arms. Under Assumption 2.1, FIDS is defined by the policy sequence101

πFIDS “ pπFIDS
t qnt“1, where πFIDS

t is any policy that solves the following optimization problem102

πFIDS
t P argmin

πtP∆pAq

ÿ

aPA
πtpaqEtrRt,A‹

t
´ Rt,as ´ σ

d

2K ¨
ÿ

aPA
πtpaqIt

`

A‹
t`1:n;Rt,a

˘

(4)

Note that solving Equation (4) is equivalent to solving the following Equation (5)103

πFIDS
t P argmax

πtP∆pAq

ÿ

aPA
πtpaqEtrRt,as ` σ

d

2K ¨
ÿ

aPA
πtpaqItpA‹

t`1:,n;Rt,aq, (5)

as
ř

aPA πtpaqEt

“

Rt,A‹
t

‰

“ Et

“

Rt,A‹
t

‰

is a constant with respect to πt.104

A useful property of Equation (5) is that the optimization in Equation (5) always admits an optimal105

policy supported on at most two arms, as shown in the following lemma (proof deferred to the106

appendix in section E.1).107

Lemma 3.1. Given Et rRt,as and It
`“

A‹
t`1, . . . , A

‹
n

‰

;Rt,a

˘

, Equation (5) is maximized at some π‹108

which has at most 2 non-zero elements.109

Intuitively, the objective in (5) is concave in πt, so at any optimum every arm in the support must have110

the same marginal contribution. This equal-gradient condition forces a linear relationship between111

the reward and information values of the supported arms, and in the proof we show that any optimal112

mixture can be replicated by a two-point mixture of the arms in the support.113

Before proceeding with the regret bound of FIDS, we note a subtlety in applying IDS to the nonsta-114

tionary setting.115
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Remark 3.1. In nonstationary environments,
ř

aPA πtpaq, ItpA
‹
t ;Rt,aq can equal zero: even if the116

current optimal arm A‹
t is known with certainty, the future optimal arms A‹

t`1, . . . , A
‹
n may remain117

unknown, so the problem is still nontrivial. Because the standard ratio form of IDS is undefined118

when this information term vanishes, we adopt the following additive variant for nonstationary119

environments:120

πIDS(ns)
t P argmax

πtP∆pAq

ÿ

aPA
πtpaqEtrRt,as ` σ

d

2K ¨
ÿ

aPA
πtpaqItpA‹

t ;Rt,aq (6)

All experiments involving IDS use this formulation.121

We now show that FIDS achieves a regret bound comparable to that of TS in nonstationary environ-122

ments.123

Theorem 3.2. Under Assumption 2.1,124

RegretpπFIDS, nq ď 2σ
b

2K ¨ n ¨ HprA‹
1, . . . , A

‹
nsq (7)

This bound matches the TS regret bound of [18] up to a constant factor of 2. Despite this worst-case125

similarity, FIDS can exploit additional structure in the environment; in Section 3.1, we show that it126

achieves strictly better performance in several settings. Here is the proof of the theorem.127

Proof. Here we outline the proof with several supporting lemmas. The proof of lemmas128

can be found in Section C. For ease of the notation, in this section, we use ∆t pπtq :“129
ř

aPA πtpaqEtrRt,A‹
t

´ Rt,as, g̃t pπtq :“
ř

aPA πtpaqItprA‹
t`1, . . . , A

‹
ns;Rt,aq and gt pπtq :“130

ř

aPA πtpaqItpA
‹
t ;Rt,aq. When an action At is sampled from πt, we slightly abuse the nota-131

tion by letting ∆t pAtq :“ Et

“

Rt,A‹
t

´ Rt,At

‰

, g̃t pAtq :“ It
`“

A‹
t`1, . . . , A

‹
n

‰

; pAt, Rt,At
q
˘

and132

gt pAtq :“ It pA‹
t ; pAt, Rt,At

qq, as Lemma C.1 shows that ∆t pAtq “ ∆t pπtq, g̃t pAtq “ g̃t pπtq,133

and gt pAtq “ gt pπtq.134

The first part of the proof connects πFIDS with πTS. By the Tower Rule, Regret
`

πFIDS, n
˘

“135

E
“
řn

t“1 ∆t

`

πFIDS
t

˘‰

, then by adding and subtracting σ
b

2K ¨ g̃t
`

πFIDS
t

˘

, we get136

Regret
`

πFIDS, n
˘

“ E

«

n
ÿ

t“1

∆t

`

πFIDS
t

˘

´ σ
b

2K ¨ g̃t
`

πFIDS
t

˘

` σ
b

2K ¨ g̃t
`

πFIDS
t

˘

ff

paq

ď E

«

n
ÿ

t“1

∆t

`

πTS
t

˘

´ σ
b

2K ¨ g̃t
`

πTS
t

˘

` σ
b

2K ¨ g̃t
`

πFIDS
t

˘

ff

pbq
“ E

«

n
ÿ

t“1

∆t

`

πTS
t

˘

´ σ
b

2K ¨ gt
`

πTS
t

˘

´ σ
b

2K ¨ g̃t
`

πTS
t

˘

`σ
b

2K ¨ g̃t
`

πFIDS
t

˘

` σ
b

2K ¨ gt
`

πTS
t

˘

ȷ

pcq

ď E

«

n
ÿ

t“1

σ
b

2K ¨ gt
`

πTS
t

˘

´ σ
b

2K ¨ g̃t
`

πTS
t

˘

` σ
b

2K ¨ g̃t
`

πFIDS
t

˘

ff

where (a) uses the fact that πFIDS
t is the minimizer of Equation (4); (b) adds and subtracts137

σ
b

2K ¨ gt
`

πTS
t

˘

; (c) holds because of Proposition 2.1. Then by Lemma C.2,138

E

«

n
ÿ

t“1

σ
b

2K ¨ g̃t
`

πFIDS
t

˘

ff

ď σ
b

2n ¨ K ¨ HpA‹
1:nq (8)

by Lemma C.4,139

E

«

n
ÿ

t“1

σ
b

2K ¨ gt
`

πTS
t

˘

´ σ
b

2K ¨ g̃t
`

πTS
t

˘

ff

ď σ
b

2n ¨ K ¨ HpA‹
1:nq (9)

Combining Equation (8) and (9) proves the theorem.140
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(a) (b) (c)

Figure 1: (a) Cumulative regret of FIDS, IDS and TS. (b) Cumulative regret (log scale) of FIDS,
Reward Greedy (only optimize for the first reward term of Equation (5)), and MI only (only optimize
for the second mutual information term of Equation (5)). (c) The entropy of

“

A‹
t`1, . . . , A

‹
n

‰

conditioned on the history.

In the next subsection, we illustrate settings in which TS and IDS fail to exploit the information141

structure of the environment, while FIDS does not.142

3.1 Illustrative Examples: When Does Information Structure Matter?143

We present two examples that illustrate the role of information structure. The first is an i.i.d.144

environment in which the optimal arm is redrawn independently each round, so observations carry145

no information about future optimal arms. The second features a change point where information146

about the future environment is encoded in a currently suboptimal arm; we complement the analytical147

results for this last example with numerical experiments.148

Example 3.1 (Memoryless environment). At each round t, the environment νt is sampled i.i.d.149

with K “ 2, where pµt,1, µt,2q “ p0.4, 0.2q with probability 1{2 and pµt,1, µt,2q “ p0.3, 0.4q with150

probability 1{2. Conditional on νt, rewards satisfy Rt,a „ Bernoullipµt,aq for a P t1, 2u.151

In this setting, exploration is futile: no observation at round t can reduce uncertainty about future152

environments. As shown in Proposition E.1, FIDS recognizes this and always selects arm 1, the arm153

with the highest expected instantaneous reward, achieving cumulative reward 0.35n. In contrast,154

TS and IDS allocate probability to unnecessary exploration, achieving only 0.325n and 0.3294n155

respectively.156

Example 3.1 serves as an environment where no future information can be gathered. We next consider157

a setting where information about future optimal arms is encoded in a currently suboptimal arm, and158

FIDS is able to exploit this cross-environment structure.159

Example 3.2 (Magic arm environment). We consider a non-stationary 6-arm bandit with horizon160

n “ 100 and a single change point at t “ 50. The environment is Env 1 for t ď 50 and Env 2 for161

t ą 50, and is stationary within each segment.162

Env 1. Let Z1 „ Unifpt1, . . . , 5uq. For a P t1, . . . , 5u, µ1
a “ 0.9 if a “ Z1 and µ1

a “ 0.4163

otherwise, with Rt,a „ N pµ1
a, 0.1

2q. For a “ 6, µ1
6 “ Z2{7 and Rt,6 „ N pµ1

6, 0.1
2q.164

Env 2. Let Z2 „ Unifpt1, . . . , 6uq, independent of Z1. For all a P A, µ2
a “ 3.0 if a “ Z2 and165

µ2
a “ 0.5 otherwise, with Rt,a „ N pµ2

a, 0.5
2q.166

Note that the information about Env 2 is encoded in the mean reward of arm 6 in Env 1. In particular,167

if µ1,6 is known exactly, then the means of all arms in Env 2 are immediately determined. FIDS is168

able to exploit this structure through its objective of gathering information about future optimal arms.169

In contrast, TS and IDS are designed to gather information only about the currently optimal arm.170

Since arm 6 is never optimal in Env 1, these methods fail to actively explore it and therefore cannot171

effectively exploit the information it provides about Env 2.172

Numerical results on the magic arm environment. We evaluate FIDS, UCB [2], IDS and TS on173

the magic arm environment. The results are shown in Figure 1. In Figure 1a, compared with the174

other methods, FIDS spends more rounds identifying the optimal arm in Env 1, since it allocates175

part of its sampling probability to the informative but suboptimal arm 6. However, FIDS almost176

immediately identifies the optimal arm in Env 2, resulting in nearly zero regret during the second177
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Algorithm 1 Infer πFIDS from Dataset D with prediction window length k: Training and Deployment
{{ Training phase - supervised learning with offline dataset D
Construct training samples tzξt unt“1 from each data instance ξ P D; initialize the model Mθ with parameter θ.
for t “ 1 to Nepochs do

Calculate loss (10) and do back-propagation to update θ
end
Output the trained model Mθ

{{ Deployment phase
for t “ 1 to n do

For each action a compute pEtpRt,aq and pItpA‹
t`1:t`k;Rt,aq using Eqs. (11)-(12)

Solve

pi‹, j‹, α‹q “ argmax
i,jPA,αPr0,1s

!

αpEtpRt,iq ` p1 ´ αqpEtpRt,jq

` σ

c

2σK
´

αpItpA‹
t`1:t`k;Rt,iq ` p1 ´ αqpItpA‹

t`1:t`k;Rt,jq

¯)

.

Output πFIDS
t pi‹q “ α‹, πFIDS

t pj‹q “ 1 ´ α‹, and πFIDS
t paq “ 0 for all a R ti‹, j‹u.

end

half of the horizon. This phenomenon is also reflected in Figure 1c: by pulling arm 6 in Env 1, FIDS178

rapidly reduces the entropy of the optimal arms in future rounds, rather than only the entropy of the179

optimal arm in the current environment.180

In Figure 1b, we additionally compare FIDS with two ablated policies: a “pure exploitation” policy181

that optimizes only the reward term in Equation (5), and a “pure exploration” policy that opti-182

mizes only the mutual information term. FIDS outperforms both policies by effectively balancing183

exploration and exploitation.184

4 Inferring FIDS policy from Data via Supervised Learning185

Computing πFIDS exactly is often impractical: the prior over environments may be unknown, and even186

when it is known, evaluating Equation (5) requires posterior inference that is generally intractable. A187

further difficulty is that the mutual information ItpA
‹
t`1:n;Rt,aq involves the full sequence of future188

optimal arms, whose support grows exponentially with the horizon.189

To address these challenges, we propose a supervised-learning approach (Algorithm 1). Given an190

offline dataset of environment instances, we train models to estimate the two quantities needed by191

FIDS: the expected reward EtrRt,as and a windowed approximation ItpA
‹
t`1:t`k;Rt,aq, where k is192

a fixed lookahead horizon that controls the trade-off between fidelity and computational cost. At193

deployment, these estimates are plugged into Equation (5) to compute πFIDS. We describe the training194

and deployment phases in detail below.195

4.1 On the Training Phase196

Algorithm 1 takes an offline dataset D as input. Each data instance ξ P D is generated by first sampling197

an environment ν from the prior, and then collecting: (i) the full reward table of ν, trνt,autPrns, aPA,198

(ii) the best-arm sequence of ν, pa‹,ν
1 , . . . , a‹,ν

n q, and (iii) an action sequence pa1, . . . , anq generated199

by some behavior policy.200

For each ξ P D and t P rns, we construct one training sample: zξt :“
´

hξ
t , a

‹
t:t`k, trξt,auaPA

¯

,201

where hξ
t :“ pa1, r

ν
1 , . . . , at´1, r

ν
t´1q denotes the observed history up to round t´ 1, and rνs :“ rνs,as

202

for s P rts. a‹,ξ
t:t`k :“ pa‹,ν

t , . . . , a‹,ν
t`kq denotes the future best-arm sequence.203

Our goal is to estimate EtrRt,as and ItpA
‹
t`1:t`k;Rt,aq. To this end, we approximate the following204

conditional distributions: PtpRt,a P ¨q for all a P A, PtpA
‹
t`1:t`k P ¨q, PtpA

‹
t:t`k´1 P ¨q. In practice,205

we model the reward posterior by a Gaussian, and the best-arm posteriors by categorical distributions.206

To learn these models, we use a sequential architecture, specifically GPT-2 [20]. The architecture has207
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three heads, and outputs:208

M rew
θ p¨ | hξ

t , aq, M fut`
θ p¨ | hξ

t q, M fut
θ p¨ | hξ

t q,

which model the conditional distributions of Rt,a, A‹
t`1:t`k, and A‹

t:t`k´1, respectively. Then, to209

train the reward posterior, we simply use negative log-likelihood, while the best-arm posteriors are210

trained via cross-entropy loss. The overall training objective is211

Lθ “
ÿ

ξPD

n
ÿ

t“1

«

ÿ

aPA
NLL

`

M rew
θ p¨ | hξ

t , aq, rξt,a
˘

` CE
`

M fut`
θ p¨ | hξ

t q, a‹
t`1:t`k

˘

`CE
`

M fut
θ p¨ | hξ

t q, a‹
t:t`k´1

˘

ff

. (10)

4.2 On the Deployment Phase212

At deployment, we use the inferred posteriors to compute FIDS, which relies on Et rRt,as and213

It
`

A‹
t`1:t`k;Rt,a

˘

. Given a history ht, we first estimate the conditional reward mean by the mean214

of the learned reward posterior:215

pEt rRt,as “ E
rRt,a„Mrew

θ p¨|ht,aq

”

rRt,a

ı

. (11)

Since M rew
θ p¨ | ht, aq is Gaussian, this is simply the predicted Gaussian mean. We next estimate the216

conditional mutual information via an entropy decomposition217

ItpA
‹
t`1:t`k;Rt,aq “ HtpA

‹
t`1:t`kq ´ HtpA

‹
t`1:t`k | Rt,aq.

The first term is estimated directly from the future head: pHtpA
‹
t`1:t`kq “ H

`

M fut`
θ p¨ | htq

˘

. For218

the conditional entropy term, we draw L Monte Carlo samples: rr
p1q

t,a , . . . , rr
pLq

t,a „ M rew
θ p¨ | ht, aq.219

For each sampled reward rr
pℓq

t,a, we form the hypothetical updated history rh
pℓ,aq

t`1 “ pht, a, rr
pℓq

t,aq. Since220

M fut
θ p¨ | rh

pℓ,aq

t`1 q models the posterior distribution of A‹
t`1:t`k after observing action a and reward221

rr
pℓq

t,a, we estimate222

pHtpA
‹
t`1:t`k | Rt,aq “

1

L

L
ÿ

ℓ“1

H
´

M fut
θ p¨ | rh

pℓ,aq

t`1 q

¯

.

Therefore, the plug-in Monte Carlo estimator of the conditional mutual information is223

pItpA
‹
t`1:t`k;Rt,aq “ H

`

M fut`
θ p¨ | htq

˘

´
1

L

L
ÿ

ℓ“1

H
´

M fut
θ p¨ | rh

pℓ,aq

t`1 q

¯

. (12)

We choose L “ 16 for all the experiments in Section 5.224

Solving Equation (5). With the learned Et rRt,as and It
`“

A‹
t`1, . . . , A

‹
t`k

‰

;Rt,a

˘

, FIDS policy225

can be obtained by just plugging in the learned two quantities into Eq. (5) and solve the corresponding226

optimization problem. With Lemma 3.1, for the plugged-in pEtpRt,aq and pItpA
‹
t`1:n;Rt,aq, one can227

solve Eq. (5) by first enumerating all pairs of arms and using line search to find the optimal weights228

assigned on the arms. Details are presented in Alg. 1.229

5 Experiments230

We evaluate the FIDS policy learned via Algorithm 1 on two environment classes for which exact231

posterior inference is intractable: the One-Step Predictive environment and the Pair-Revealing232

environment. In both environments, information about future optimal arms is encoded in the rewards233

of a currently suboptimal arm: the first reveals the next-round optimum exactly, while the second only234

narrows the future best arm to a pair. Further details are provided in the next subsections. Throughout,235

we set σ “ 0.7 in Equation (5), which is a valid sub-Gaussian parameter by Lemma E.2.236

Comparison. We compare the following methods: (i) FIDS with prediction window length k “ 5;237

(ii) FIDS with k “ 3, 1 (used only in the second Pair-Revealing Environment); (iii) DPT; and (iv)238

IDS. We train IDS using the same procedure as Algorithm 1. The only difference is that for IDS we239

estimate ItpA
‹
t ;Rt,aq instead of ItpA‹

t`1:t`k;Rt,aq.240

7



(a) (b)

Figure 2: (a) Cumulative Regret of DPT, IDS, UCB and FIDS-k5 in One Step Predictive Environment.
(b) The probability of choosing arm 3 in each round.

5.1 One-Step Predictive Environment241

Environment Description (Next round best arm encoding). We consider a nonstationary 3-arm242

bandit with horizon n “ 100, divided into 50 independent windows of length 2. For each window j P243

t1, . . . , 50u, corresponding to rounds 2j´1 and 2j, we independently sample mj „ Unifpt1, 2, 3uq.244

At round 2j´1, we sample Zj „ Unifpt1, 2uq. Arms 1 and 2 have rewards µ2j´1,a “ 1ra “ Zjs,245

while arm 3 has reward µ2j´1,3 “ 1{p2mjq. At round 2j, the best arm is determined by mj :246

µ2j,a “ 1ra “ mjs for all a P t1, 2, 3u. All rewards are deterministic.247

The key feature is that arm 3’s reward in odd rounds encodes the identity of the best arm in the248

following even round, creating a one-step-ahead information channel that a forward-looking policy249

can exploit.250

Results. Figures 2a and 2b summarize the main results (additional plots in Figures 5a–5b in the251

appendix). Although the windows are independent, each contains a one-step information channel:252

pulling arm 3 in the first round reveals the optimal arm in the second round. The learned FIDS policy253

recovers exactly this behavior: it selects arm 3 in the first round of each window and the true optimal254

arm in the second (Figures 5a, 2b, and 5b). In contrast, TS and IDS never learn to exploit arm 3,255

since their exploration targets only the current optimal arm.256

5.2 Pair-Revealing Environment257

Environment Description. Unlike the previous environment, where the informative arm directly258

identifies the future optimum, here it only reveals the top-2 arm pair in the future environment. We259

consider a nonstationary 6-arm bandit with horizon n “ 100 and a single change point at t “ 50.260

The environment is Env 1 for t ď 50 and Env 2 for t ą 50, stationary within each segment.261

• In Env 1, let Z1 „ Unifpt1, . . . , 5uq. For a P t1, . . . , 5u, µ1
a “ 1 if a “ Z1 and µ1

a “ Ua262

otherwise, where Ua
i.i.d.
„ Unifpr0, 1sq, with Rt,a „ N pµ1

a, 0.5
2q. Arm 6 has mean µ1

6 “263

m{30, where m „ Unifpt0, . . . , 14uq indexes one of the
`

6
2

˘

“ 15 unordered arm pairs;264

(a) (b) (c)

Figure 3: Evaluation Results for the Pair-Revealing Environment with σ2
6 “ 0.0. (a) Cumulative

regret. (b) The probability of play arm 6 at each round. (c) The probability of selecting an arm that
belongs to the true top-2 set of the underlying environment.
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(a) (b) (c)

Figure 4: Evaluation Results for the Pair-Revealing Environment with σ2
6 “ 0.052. (a) Cumulative

regret. (b) The probability of play arm 6 at each round. (c) The probability of selecting an arm that
belongs to the true top-2 set of the underlying environment.

we denote this pair by Spmq. We consider two noise settings for arm 6: σ2
6 “ 0 (exact265

observation) and σ2
6 “ 0.052 (noisy observation).266

• In Env 2, we sample V1, . . . , V6
i.i.d.
„ Unifpr0, 1sq and assign the two largest values to the267

arms in Spmq, with the remaining values randomly permuted among the other arms, yielding268

means tµ2
au. Rewards satisfy Rt,a „ N pµ2

a, 0.5
2q.269

The information structure is that arm 6 in Env 1, while never optimal, encodes which pair of arms270

will dominate in Env 2. The two noise settings let us examine how the precision of this signal affects271

the benefit of forward-looking exploration.272

Results. We evaluate under two noise settings for arm 6.273

• (σ2
6 “ 0). We set the prediction window to k “ 5. Figure 3a shows that FIDS matches274

the baselines in Env 1, while intentionally pulling arm 6 (Figure 3b) to gather information275

about Env 2. Upon entering Env 2, FIDS identifies the candidate top-2 arms and focuses276

exploration on them rather than the full arm set.277

• (σ2
6 “ 0.052). When arm 6’s reward is noisy, recovering µ1

6 requires multiple pulls, making278

a longer prediction window more valuable. We compare FIDS with k “ 5 (FIDS-K5) and279

a shorter window. As shown in Figures 4b and 4c, pulling arm 6 earlier in Env 1 allows280

FIDS-K5 to infer the top-2 pair more accurately, leading to faster adaptation after the change281

point.282

Across both environments, the learned FIDS policy consistently exploits informative but suboptimal283

arms that TS and IDS ignore, confirming that Algorithm 1 successfully recovers forward-looking284

exploration behavior from data.285

6 Conclusion286

We introduced FIDS, an algorithm for Bayesian nonstationary bandits that balances instantaneous287

reward against information gained about future optimal arms. FIDS matches the regret guarantee288

of Thompson Sampling, yet analytical examples show it can significantly outperform both TS and289

IDS by exploiting predictive structure across environments. To handle settings where exact posterior290

inference is intractable, we proposed a supervised-learning framework that approximates the FIDS291

policy from offline data. Experiments confirm that the learned policy consistently outperforms292

supervised-learning baselines with alternative exploration objectives.293

Limitations and Future Work. One limitation of Algorithm 1 is that training requires access to the294

full reward table tRt,autPrns,aPA in the offline dataset, which may be unrealistic in many practical295

settings. In addition, estimating ItpA
‹
t`1:n;Rt,aq during deployment requires sampling multiple rRt,a296

values and performing Monte Carlo estimation, which can become computationally expensive when a297

large number of samples is needed. Developing more scalable implementations of the FIDS principle298

therefore remains an important direction for future work.299
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A More Related Work365

Nonstationary Bandit Learning. Predictive Sampling [15] considers the same Bayesian nonsta-366

tionary setting and shares a similar intuition with our work, namely that exploration strategies should367

account for future information in nonstationary environments. However, our work adopts a stronger368

regret notion in the theoretical analysis. As a result, our regret guarantees directly imply guarantees369

under their setting, while the converse does not hold.370

In addition, several variants of Thompson Sampling have been proposed for nonstationary environ-371

ments (e.g., [26, 9, 17]). However, these methods typically rely on specific structural assumptions372

about the environment and do not provide meaningful guarantees in general Bayesian nonstationary373

settings.374

Nonstationary bandits have also been extensively studied in the frequentist setting, e.g., [8, 3]. More375

recent results in [24, 1] establish regret bounds of order Op
?
Lnq, where L denotes the number of376

changes of the optimal arm. Interestingly, these bounds share a similar flavor with our result, as both377

depend on the temporal variation of the optimal arm sequence.378

Learning Decision-Making Algorithms from Data. The proposed supervised-learning-based379

framework for approximating the FIDS policy is primarily inspired by [14], which introduces the380

Decision-Pretrained Transformer (DPT), a model that theoretically learns the Thompson Sampling381

policy. More broadly, the idea of learning sequential decision-making algorithms from data is also382

related in spirit to the meta-RL literature [12, 6, 16, 7].383

B Information Theoretic Preliminaries384

In this section, X is limited to discrete random variables and Y,Z can be general random variables,385

under measure P.386

Lemma B.1. (Mutual Information and Entropy, Theorem 2.4.1 in [5])387

HpXq “ ´
ÿ

x

P pX “ xq log pP pX “ xqq

388

IpX;Y q “ HpXq ´ HpX|Y q

Lemma B.2. (Chain Rule for Entropy, Theorem 2.5.1 in [5])389

HpX1, X2, . . . , Xnq “

n
ÿ

i“1

HpXi | X1, . . . , Xi´1q

Lemma B.3. (Chain Rule for Mutual Information, Theorem 2.5.2 in [5])390

IprX1, X2, . . . , Xns ;Y q “

n
ÿ

i“1

IpXi;Y | X1, . . . , Xi´1q

A direct application of the above lemma gives the following Corollary,391

Corollary B.4.

IpX;Y q ´ IpZ;Y q “ IpX;Y |Zq ´ IpZ;Y |Xq

Proof. The proof is done by simply noticing that IpX1;Y q ` IpX2;Y |X1q “ IpX2;Y q `392

IpX1;Y |Z2q “ IprX1, X2s;Y q by Lemma B.3.393

Corollary B.5.

HpX|Y, Zq ď HpX|Y q

Proof.

HpX|Y, Zq ď HpX|Y q ô HpXq ´ IpX; rY, Zsq ď HpXq ´ IpX;Y q ô IpX; rY, Zsq ě IpX;Y q

which is true by Lemma B.3.394
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Lemma B.6. (Non-negativity of Mutual information and Entropy)395

HpXq ě 0;HpX|Y q ě 0; IpX;Y q ě 0; IpX;Y |Zq ě 0

Lemma B.7. Let a, b ě 0,
?
a ´

?
b ď

a

|a ´ b|396

Proof. Clearly we only need to consider the case where a ě b. In such a case,397
?
a ´

?
b ď

a

|a ´ b| ô a ` b ´ 2
?
ab ď a ´ b ô a ě b

398

C Supporting Lemmas in the Proof of Theorem 3.2399

Lemma C.1.
Et

“

Rt,A‹
t

´ Rt,At

‰

“
ÿ

aPrKs

PtpAt “ aqEt

“

Rt,A‹
t

´ Rt,a | At “ a
‰

paq
“

ÿ

aPrKs

πtpaqEt

“

Rt,A‹
t

´ Rt,a

‰

(13)

(a) uses the fact that conditioned on Ft´1, At is jointly independent of Rt,A‹
t

and Rt,a.400

It pA‹
t ; pAt, Rt,At

qq
paq
“ It pA‹

t ;Atq ` It pA‹
t ;Rt,At | Atq

pbq
“ It pA‹

t ;Rt,At
| Atq

“
ÿ

aPrKs

PtpAt “ aqIt pA‹
t ;Rt,a | At “ aq

pcq
“

ÿ

aPrKs

PtpAt “ aqIt pA‹
t ;Rt,aq

“
ÿ

aPrKs

πtpaqIt pA‹
t ;Rt,aq (14)

(a) uses Lemma B.3; (b) uses the fact conditioned on Ft´1, At is independent of A‹
t , and the mutual401

information between two independent variables is 0; (c) uses the fact that conditioned on Ft´1, At is402

jointly independent of A‹
t and Rt,a.403

Similarly,404

It
`“

A‹
t`1, . . . , A

‹
n

‰

; pAt, Rt,At
q
˘

“
ÿ

aPrKs

πtpaqIt
`“

A‹
t`1, . . . , A

‹
n

‰

;Rt,a

˘

(15)

Lemma C.2.

E

«

n
ÿ

t“1

σ
b

2K ¨ ItpA‹
t`1:n; pAt, Rt,At

qq

ff

paq

ď

n
ÿ

t“1

σ
b

2K ¨ E
“

ItpA‹
t`1:n; pAt, Rt,At

qq
‰

“

n
ÿ

t“1

σ
b

2K ¨ IpA‹
t`1:n; pAt, Rt,Atq|Ft´1q

pbq

ď σ

g

f

f

e2n ¨ K ¨

n
ÿ

t“1

IpA‹
t`1:n; pAt, Rt,Atq|Ft´1q

pcq

ď σ

g

f

f

e2n ¨ K ¨

n
ÿ

t“1

IpA‹
t`1:n; pAt, Rt,At

q|Ft´1q

pdq
“ σ

b

2n ¨ K ¨ IpA‹
1:n;Fnq

peq

ď σ
b

2n ¨ K ¨ HpA‹
1:nq (16)

(a) uses Jensen’s Inequality; (b) uses Cauchy–Schwarz inequality; (c) uses Lemma B.3 and Lemma405

B.6; (d) uses Lemma B.3; (e) uses Lemma B.1 and B.6.406
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Lemma C.3.

σ
b

2K ¨ gt
`

πTS
t

˘

´ σ
b

2K ¨ g̃t
`

πTS
t

˘

ď σ
?
2K ¨

b

ItpA‹
t ; pÃt, Rt,Ãt

q|A‹
t`1:nq

Proof. When ItpA
‹
t ; pÃt, Rt,Ãt

qq ď ItpA
‹
t`1:n; pÃt, Rt,Ãt

qq. We have term1ptq ď 0 directly. When407

ItpA
‹
t ; pÃt, Rt,Ãt

qq ą ItpA
‹
t`1:n; pÃt, Rt,Ãt

qq. Then408

term1ptq
paq

ď σ
?
2K ¨

b

ItpA‹
t ; pÃt, Rt,Ãt

qq ´ ItpA‹
t`1:n; pÃt, Rt,Ãt

qq

pbq
“ σ

?
2K ¨

b

ItpA‹
t ; pÃt, Rt,Ãt

q|A‹
t`1:nq ´ ItpA‹

t`1:n; pÃt, Rt,Ãt
q|A‹

t q

ď σ
?
2K ¨

b

ItpA‹
t ; pÃt, Rt,Ãt

q|A‹
t`1:nq

(a) holds because of Lemma B.7; (b) holds because of Lemma B.4.409

We conclude the proof by combining the two cases.410

Lemma C.4.

σ
?
2K ¨ E

«

n
ÿ

t“1

b

gt
`

πTS
t

˘

´

b

¨g̃t
`

πTS
t

˘

ff

paq

ď σ
?
2K ¨ E

«

n
ÿ

t“1

b

ItpA‹
t ; pÃt, Rt,Ãt

q|A‹
t`1:nq

ff

ď σ
?
2K ¨ E

«

n
ÿ

t“1

b

HtpA‹
t |A‹

t`1:nq

ff

ď σ
?
2K ¨

n
ÿ

t“1

b

E
“

HtpA‹
t |rA‹

t`1, . . . , A
‹
ns

‰

q

“ σ
?
2K ¨

n
ÿ

t“1

b

HpA‹
t |prA‹

t`1, . . . , A
‹
ns,Ft´1qq

pbq

ď σ
?
2K ¨

n
ÿ

t“1

b

HpA‹
t |rA‹

t`1, . . . , A
‹
nsq

ď σ
?
2K ¨

g

f

f

en ¨

n
ÿ

t“1

HpA‹
t |rA‹

t`1, . . . , A
‹
nsq

pcq
“ σ

b

2K ¨ n ¨ HprA‹
1, . . . , A

‹
nsq (17)

(a) uses Lemma C.3; (b) uses Corollary B.5; (c) uses Lemma B.2.411

D Numerical Results412

Here we report additional numerical results for the one-step predictive environment in Sec. 5.1.413

E Other Results414

E.1 Proof of Lemma 3.1415

Proof. Denote Et,a :“ Et rRt,as, gt,a :“ It
`“

A‹
t`1, . . . , A

‹
n

‰

;Rt,a

˘

, and Et :“ rEt,1, . . . , Et,Ks
T ,416

gt :“ rgt,1, . . . , gt,Ks
T . Our objective function can then be written as ρpπtq :“ πt ¨Et `

?
Γ ¨ πt ¨ gt,417

where Γ “ 2σ2K Consider some fixed maximizer π‹ of Equation (5). The partial derivative of ρ418

with respect to πt,a at π‹ is Bρ
Bπt,a

pπ‹q :“ Et,a `
Γgt,a

2
?
Γgt¨π‹ .419

Denote d‹ :“ maxaPA
Bρ

Bπt,a
pπ‹q. The important observation here is that for any a such that π‹

a ą 0,420

Bρ
Bπt,a

pπ‹q “ d‹, because otherwise one must be able to construct a new valid policy by transferring421
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(a) The probability of choosing arm 3 (b) The probability of choosing the true best arm

some probability from a to other arms with larger partial derivative and that will only increase the422

objective value. Therefore, for all a P Bt :“ ta P A : π‹
a ą 0u,423

Et,a `
Γgt,a

2
?
Γgt ¨ π‹

“ d‹ (18)

Reorder the set Bt such that Et,a1 ě ¨ ¨ ¨ ě Et,a|Bt|
. Note that there always exists a β P r0, 1s424

such that
ř

aPBt
π‹
aEt,a “ βEt,a1

` p1 ´ βqEt,a|Bt|
, which, by Equation (18), also implies that425

ř

aPBt
π‹
agt,a “ βgt,a1

` p1 ´ βqgt,a|Bt|
. Therefore, we can construct a new policy that only assigns426

possibilities on the two arms a1 and a|Bt|, and this policy has the same objective value as π‹ and thus427

optimal.428

E.2 Analytic Solutions429

Depending on which round we are currently in, the mutual information term430

It
`“

A‹
t`1, . . . , A

‹
n

‰

;Rt,a

˘

is equal to It prZ1, Z2s ;Rt,aq, if we are in the first half, or It pZ2;Rt,aq431

if we are in the second half. By independency, It prZ1, Z2s ;Rt,aq “ It pZ1;Rt,aq ` It pZ2;Rt,aq.432

In the first half, by independency, when a ‰ 6 It prZ1, Z2s ;Rt,aq “ It pZ1;Rt,aq, while a “ 6433

It prZ1, Z2s ;Rt,aq “ It pZ2;Rt,6q. The main problem is to calculate the posterior distribution.434

Essentially, we need to maintain qtpZ1q and wtpZ2q.435

if at “ 6, qt`1pZ1q “ qtpZ1q, and the posterior update rule for wt`1pZ2q is436

wt`1pZ2q9wtpZ2qN
ˆ

rt;
Z2

7
, 0.12

˙

While for at ‰ 6, wt`1pZ2q “ wtpZ2q, and the posterior update rule for qt`1pZ1q is437

qt`1 pZ1q 9qtpZ1qN
`

rt;µz, 0.1
2
˘

This equation can be calculated analytically because z is finite. The posterior reward distribution can438

also be calculated by439

Pt pRt,a “ rq “
ÿ

z

Pt pRt,a “ r|Z1 “ zqPt pZ1 “ zq

In the second half, the posterior update rule for wt`1pZ2q is440

wt`1pZ2q9wtpZ2qN
`

rt;µz, 0.5
2
˘

E.3 Other Lemmas441

Proposition E.1. In Example 3.1, FIDS is the optimal policy and collects 0.35 ¨ n cumulative reward,442

while TS and IDS collect 0.325 ¨ n and 0.3294 ¨ n cumulative reward respectively.443
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Proof. Notice that Et rRt,1s “ 0.35,Et rRt,2s “ 0.3 for every t. Thus, the optimal policy is to choose444

arm 1 w.p. 1 at every t. FIDS will actually do that by noticing that It
`“

A‹
t`1, . . . , A

‹
n

‰

;Rt,a

˘

“ 0445

for every t and a. And this will give cumulative reward 0.35 ¨ n.446

TS will play each arm with equal probability at each round, and the cumulative reward is 0.5 ¨ p0.35`447

0.3q ¨ n “ 0.325 ¨ n.448

We calculate the mutual information terms It pA‹
t ; pRt,1qq and It pA‹

t ; pRt,2qq explicitly as shown449

below450

It pA‹
t ; pRt,1qq “ PpA‹

t “ 1qKLpPpRt,1 P ¨|A‹
t “ 1q||PpRt,1 P ¨qq ` PpA‹

t “ 2qKLpPpRt,1 P451

¨|A‹
t “ 2q||PpRt,1 P ¨qq « 0.0055452

It pA‹
t ; pRt,2qq “ PpA‹

t “ 1qKLpPpRt,2 P ¨|A‹
t “ 1q||PpRt,2 P ¨qq ` PpA‹

t “ 2qKLpPpRt,2 P453

¨|A‹
t “ 2q||PpRt,2 P ¨qq « 0.0242454

And then we calculate the IDS policy by solving Equation (3) - πIDS
t p1q « 0.588 and πIDS

t p2q « 0.412.455

The cumulative reward will be p0.588 ¨ 0.35 ` 0.412 ¨ 0.3q ¨ n “ 0.3294 ¨ n.456

Lemma E.2. Fix constants α, β, σ P R, for the environment with µt,a P rα, βs and Rt,a „457

N pµt,a, σ
2
t,aq where σt,a is a deterministic non-negative constant no larger than σ. Then, con-458

ditioned on Ft,459

Rt,a ´ E rRt,a | Fts

is
b

ppb ´ aq{2q
2

` σ2 sub-Gaussian.460

Proof. Note that Rt,a ´ E rRt,a | Fts “ µt,a ` ϵ ´ E rµt,a | Fts. Therefore,461

E rexp pλ pRt,a ´ E rRt,a | Ftsqq | Fts “ E rexp pλ pµt,a ` ϵ ´ E rµt,a | Ftsqq | Fts

“ E rexp pλ pµt,a ´ E rµt,a | Ftsqq ¨ exp pλϵq | Fts

“ E rexp pλ pµt,a ´ E rµt,a | Ftsqq | Fts ¨ E rexppλϵqs

ď exp
`

λ2pβ ´ αq2{8
˘

¨ exp
`

λ2σ2{2
˘

“ exp

¨

˝

λ2
´

pβ ´ αq
2

{4 ` σ2
¯

2

˛

‚

462
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