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Abstract

We study memorization through the second-order
geometry of learned representations. Using
the pullback metric, we show that interpolating
rapidly varying labels forces large second-order
variation, linking interpolation to higher-order
complexity. Empirically, both structured and ran-
dom labels exhibit large magnitude, but differ
in their spatial organization. Structured targets
yield smooth, globally distributed variation, while
random targets produce sparse, high-magnitude
spikes. This distinction is captured by a curva-
ture localization measure, showing that memo-
rization is not characterized by the magnitude of
second-order variation, but by its organization in
representation space.

1. Introduction

Deep neural networks exhibit strong memorization, achiev-
ing near-zero training error even on random data (Zhang
etal., 2017; Arpit et al., 2017; Feldman, 2020; Feldman &
Zhang, 2020). This is characteristic of the modern inter-
polation regime, where overparameterized models fit data
exactly while often still generalizing (Belkin et al., 2019;
Hastie et al., 2022; Bartlett et al., 2020; Nakkiran et al.,
2020). However, memorization is typically studied via error,
loss, or optimization properties, leaving its manifestation in
learned representations less understood.

We adopt a geometric perspective, viewing representations
as inducing a geometry on the input domain via the pullback
metric of a mapping

Fy: X — R
Rather than treating geometry as purely descriptive, we
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argue that it provides a structural characterization of mem-
orization. In particular, interpolation of complex targets
does not merely increase second-order variation, but forces
distinct spatial organizations of curvature in the induced rep-
resentation geometry. This perspective shifts the focus from
the magnitude of complexity to its geometric organization,
which we show is essential for distinguishing memorization
regimes. Building on representation and information geom-
etry (Amari, 2016; Poole et al., 2016; Raghu et al., 2017;
Ansuini et al., 2019), and the spectral bias of neural net-
works (Rahaman et al., 2019; Xu et al., 2019), we analyze
how this geometry evolves during training.

Fitting non-smooth labels induces large second-order vari-
ation in Fjy, yielding rapid pullback-metric variation and
linking interpolation to higher-order complexity. Empir-
ically, decreasing training error coincides with increased
second-order variation and degraded local structure, indicat-
ing a shift in how complexity is distributed.

Contributions.

* We provide a geometric framework for analyzing
memorization through the pullback metric induced by
learned representations.

* We establish that interpolation of rapidly varying tar-
gets imposes a lower bound on second-order variation:
large curvature is not incidental but unavoidable under
smooth representations.

* We show that memorization is not characterized by the
magnitude of second-order variation, but by its spatial
organization. While both structured and random tar-
gets induce large curvature, they differ fundamentally
in how this curvature is distributed, which we quantify
via a curvature localization measure.

Together, these results suggest that memorization can be
understood through the distribution of second-order varia-
tion in learned representations, complementing traditional
loss-based analyses. We define memorization as interpola-
tion of rapidly varying labels under a smooth representation
map. While memorization in large foundation models is
often studied via outputs or loss, prior work analyzes it
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through membership inference and data extraction attacks,
whereas our results suggest it is reflected in the geometry
of intermediate representations, where localized variation
may indicate memorized instances. Our analysis relies only
on smoothness and is independent of specific architectures,
making it broadly applicable.

2. Related Work

Deep networks can memorize arbitrary labels (Zhang et al.,
2017), with further analysis in (Arpit et al., 2017; Feldman,
2020; Feldman & Zhang, 2020). This behavior is closely
tied to the interpolation regime (Belkin et al., 2019; Hastie
et al., 2022; Bartlett et al., 2020; Nakkiran et al., 2020),
where overparameterized models achieve near-zero training
error while still generalizing. Implicit bias perspectives
(Soudry et al., 2018; Jacot et al., 2018; Neyshabur et al.,
2017; Dinh et al., 2017) explain aspects of this phenomenon
via optimization dynamics.

Neural networks induce structured geometric transforma-
tions of data (Amari, 2016; Poole et al., 2016; Raghu et al.,
2017; Ansuini et al., 2019), while generalization has also
been linked to curvature and sharpness in parameter space
(Keskar et al., 2017; Dinh et al., 2017). In contrast, we study
second-order variation in representation space and provide
a geometric characterization of memorization, linking inter-
polation to second-order complexity and showing that its
spatial distribution distinguishes memorization regimes.

3. Geometric Setup

We model learned representations as a mapping
Fy: X = RY,

where X denotes the input space and Fy(x) is the represen-
tation of input . This mapping induces a data-dependent
geometric structure on X via the pullback of the Euclidean
metric.

Induced Geometry. The representation map Fy defines a
pullback metric

9(x) = Jp(x) " Jp (@),

where Jp () is the Jacobian of Fy at z. This metric captures
how distances and local structure in the input space are
transformed by the network.

Second-Order Complexity. To quantify local geometric
variation, we consider the second-order behavior of Fy:

C(0) = Bon[|V2Fo ()| ],

where V2 Fy(z) denotes the Hessian and || - || is the Frobe-
nius norm. This serves as a proxy for curvature and captures
local nonlinear distortion in the representation.

Interpretation. The quantity C(6) captures the magni-
tude of second-order variation but does not characterize
how this variation is distributed across the input domain.
To quantify spatial organization, define v(z) := |¢'(x)|,
o(x) :=v(x)/E[v(x)], and

L(0) := E[o(x)?].

Values near 1 indicate uniformly distributed variation, while
larger values indicate localization in sparse regions.

Proposition 3.1 (Localization). Let v(x) > 0 and define

()]

If v is supported on a set of measure e, then

L=E

L>

A | =

)
with equality L = 1 when v is uniform.

Thus, L(6) quantifies the concentration of geometric varia-
tion, distinguishing uniform from localized regimes.

4. Interpolation and Geometric Irregularity

We now establish a theoretical connection between interpo-
lation and geometric irregularity in learned representations.

Theorem 4.1 (Rough-label interpolation forces sec-
ond-order complexity). Let F : X C R™ — R? be C?,
and let v : [0,1] — X be a smooth path. Let w € R%\ {0}

and define
f(t) = (w, F(y(1)))-

Let x1 < - -+ < xy, be points in [0, 1] with alternating labels
yi = (—1)%. Suppose there exists v > 0 such that

Let
h :=max(x;11 — x;).
(3

Then there exists t* € (0,1) such that

2y
[[wl][h2”

IF ()] =

Moreover, if h < C/n for some constant C' > 0, then

2y

sup [[F(8)]| = =g —n.
] C?|w]]

te0,1
Proof. See Appendix A.

Intuition. Rapidly varying labels force repeated sign
changes in (w, F(x)), implying large first derivatives over
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small intervals, and hence large second derivatives by
smoothness. Thus, Theorem 4.1 shows that interpolating
“rough” label patterns necessarily induces large second-order
variation in the representation, linking interpolation to geo-
metric irregularity.

Lemma 4.2 (Second-order variation induces metric ir-
regularity). Let F' : U C R™ — R be C?, and let
= DF T DF be the induced pullback metric. Then

IVg(@)llr < 2m* 2| DF (2)]|op | D*F () lop.

Proof. See Appendix B.

The lemma shows that large second-order variation in F'
induces rapid variation in the induced geometry. Combining
this with Theorem 4.1 yields a geometric consequence of
interpolation.

Corollary 4.3 (Interpolation induces geometric irregularity).
Under the assumptions of Theorem 4.1, let t* be a point
satisfying
[1E" ()] =
[[w IIh2
Assume further that there exist constants 0 > 0 andn > 0
such that

ol
B ) 2 n I
Let
o(t) = |F 1)
Then 4
noy
> .
TN e

Proof. See Appendix C.

Interpretation Theorem 4.1 implies that interpolating
rapidly varying labels forces unavoidable second-order
variation, so any smooth representation must exhibit high
second-order complexity, which by Lemma 4.2 and Corol-
lary 4.3 induces rapid variation in the pullback geometry.
Thus, curvature is necessary for interpolation but does not
determine its spatial organization, which we study empiri-
cally and find depends on the structure of the target function.

5. Experiments

We empirically investigate how interpolation is realized
geometrically in learned representations, and how this real-
ization depends on the structure of the target function.

5.1. Setup

We consider a one-dimensional domain z € [0, 1] with
n = 80 uniformly spaced points and two label regimes:

i

* Structured: y; = (—1)

* Random: y; ~ Unif{—1,+1}

‘We train models
f(@) =w' Fy(z),

where Fy : R — R? is a deep Tanh network with Fourier
features, using mean squared error to exact interpolation.

We analyze:
IF" @), g(a) = IF'@)I*, g'(z) =

computed via automatic differentiation.

2(F"(x), ' (z))

5.2. Interpolation Regime
In both label settings, the model achieves zero training error
and perfect classification accuracy. The margin satisfies

min y; f(x;) > 0,

ensuring that the conditions of Theorem 4.1 hold.

5.3. Second-Order Complexity

Across both regimes, ||F"(x)| increases during training
and stabilizes at large values, consistent with the results of
Section 3.

5.4. Geometric Realization of Complexity

While both regimes exhibit large second-order complexity,
their spatial organization differs markedly.

Structured labels. Alternating labels induce smooth but
highly nonlinear representations with globally distributed
metric variation |¢’(x)| (Figure 1).

Random labels. In contrast, random labels yield near-
linear representations with localized perturbations, where
|¢'(z)| exhibits sharp spikes in narrow regions (Figure 2).

To quantify this distinction, we compute the localization
score L(#). While both regimes have comparable second-
order magnitude, structured labels yield small values of
L(0), whereas random labels produce approximately an
order-of-magnitude larger values, indicating concentration
of curvature in sparse regions.
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Representation Evolution: Structured
epoch 50
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Figure 1. Structured labels induce smooth, globally distributed
second-order variation (low L(#)).
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Figure 2. Random labels yield localized second-order variation
with sharp spikes in |g' ()| (high L(9)).

Real data with label corruption. We evaluate curvature
localization on MNIST under varying levels of label cor-
ruption. While all models achieve near-zero training error,
the organization of second-order variation differs across
regimes. As shown in Figure 3 and Table 1, the localization
score decreases with increasing corruption (L(f) = 1.83
for clean data vs. 1.51 and 1.40 under 20% and 50% cor-
ruption), indicating a shift from more concentrated to more
uniformly distributed geometric variation.

5.5. Representation vs Output Complexity

The output f(z) remains simple, while F'(x) carries the
complexity required for interpolation, indicating that memo-
rization is reflected not in the magnitude of complexity, but
in how geometric complexity is organized within the repre-
sentation. Figure 4 illustrates the contrast between globally
distributed curvature and localized spikes.
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Figure 3. Metric variation on MNIST under label corruption.

Corruption yields broader |g' ()| but lower L(#), indicating more
uniform geometric variation.

Noise Level | L(6)

0% 1.83
20% 1.51
50% 1.40

Table 1. Curvature localization L(6) on MNIST under varying
label corruption.
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Figure 4. Metric variation |g'(z)|: structured labels show dis-
tributed curvature, while random labels exhibit localized spikes
(low vs high L(0)).

6. Conclusion

We show that memorization is better understood through the
geometric organization of representations rather than scalar
complexity. While interpolation induces large second-order
variation, its spatial distribution distinguishes regimes, with
structured targets yielding smoothly distributed variation
and random or corrupted labels producing more localized
patterns. Thus, memorization is governed not by complexity
magnitude but by its organization in representation space.
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Impact Statement

This work develops a geometric perspective on memoriza-
tion in neural networks, showing how target structure shapes
the organization of learned representations. While primarily
theoretical, these insights may inform the design of models
with improved control over memorization and generaliza-
tion. Understanding how complexity is encoded at the rep-
resentation level could also aid in identifying and mitigating
unintended memorization of sensitive or proprietary data.

The work has no direct negative societal impact. However,
as with many advances in understanding model behavior, it
may indirectly influence systems deployed in high-stakes
settings. Care should therefore be taken in applications
involving personal data, where representation-level memo-
rization could have privacy implications.
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Appendix
Proofs
A. PROOF OF THEOREM 4.1

Proof. Define F(t) := F(x(t)). Then F' € C?([0,1],R%), and the result follows by applying the one-dimensional argument
to F'.

Foreachi =1,...,n — 1, define
Ai = T4l — Ty
Then A; > 0and A; < h.
Since y; = (—1)* and y; f(x;) > 7, we have
(=D f(z) >y, (1) f(@ig1) > 7.
Multiplying the second inequality by —1 yields
(=1 f(zip1) < =
Subtracting, ‘
(=D (f(w:) = f(zi41)) = 27,
)
|f(ziv1) = f(xi)] > 2v.
By the mean value theorem, for each ¢ there exists ¢; € (x;, x;4+1) such that

f@iv1) = flzi)

1) —
f (Ci) Ai
Thus,
2y _ 2
"(e))] > == > ==.
Pz 52 5
Because the signs of f(x;11) — f(x;) alternate, the signs of f’(¢;) also alternate. Hence for eachi =1,...,n — 2,

(e = £e] = 1 (evs)] + 1)l 2

Now ¢; € (z;,;+1) and ¢;11 € (Tiy1,Tit2), SO

0< Cit1 — Ci < Tijga —T; < 2h.

Applying the mean value theorem to f on [¢;, ¢;41], there exists t* € (¢;, ¢;41) such that

f'(eiv1) = f'(ci)

"y = LT T A\
7 Ci+1 — G
Therefore,
dy/h 2y
ey > 2 21

Since f”'(t) = (w, F"'(t)), we have
1@ < flwl I ()]l

Thus,
2y
IF ) >
[[wl[h?
If h < C/n, then h=2 > n?/C?, yielding
2y o
sup [F"()] > —ol—n?.
t€[0,1] C?|lw]|
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B. PROOF OF LEMMA 4.2

Proof. Let ' = (F',..., F%). Then

d
Gij (.’[7) = Z &Fa(x) 8jF°‘ (l‘)
a=1
Differentiating with respect to z* gives

d d
6kgij (.’L’) = Z ale"‘(a;) ajFa(.T) + Z 6iFa(LL') 8kjFa(£U).
a=1 a=1
This can be written as
Okgij(x) = (O F (), 0;F (2)) + (0:F (), Ok F(2)).
Applying Cauchy—Schwarz,

10935 ()| < |0k F(2) [ |05 F ()| + 10:F ()[| [|0n; () |-

Using operator norm bounds,
10;F @) < IDF@)llop,  10k:F (@) < | D*F () op,
and similarly for the other terms, we obtain

1091 ()] < 2[[DF (2)]lop | D*F (x)]|op-

Now summing over i, j, k,

m

2
IVg@)IF = > 10kgi;(@)]> <m® - (2IIDF(@)llop | D*F(2)llop)” -
i,5,k=1

Taking square roots yields
IVg(@)|r < 2m* 2| DF (2)||op|| D* F () |op-

C. PROOF OF COROLLARY 4.3

Proof. In one dimension,
g(t) = [F' ()| = (F'(t), F'(t)).
Differentiating,
g'(t) = 2(F"(t), F'(t)).

Thus,
g/ ()] = 2[(F"(¢7), F'(¢"))].

By the alignment assumption,
[(E" ("), F' (&) =l F" @) @E)]-

Hence,
g ()| = 20l F" @) ILE ()]

Using || F'(t*)|| > o and the bound from Theorem 4.1,

2y
[ F" ()] > ;
[|w||h?
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we obtain

2y dnoy
19/(%)] = 2n ( ) o= A1
Tlli2) © = TwlR2



