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Abstract

Incorporating spectral information to enhance
Graph Neural Networks (GNNs) has shown
promising results but raises a fundamental chal-
lenge due to the inherent ambiguity of eigenvec-
tors. Various architectures have been proposed
to address this ambiguity, referred to as spectral
invariant architectures. Notable examples include
GNNs and Graph Transformers that use spectral
distances, spectral projection matrices, or other
invariant spectral features. However, the poten-
tial expressive power of these spectral invariant
architectures remains largely unclear. The goal
of this work is to gain a deep theoretical under-
standing of the expressive power obtainable when
using spectral features. We first introduce a uni-
fied message-passing framework for designing
spectral invariant GNNS, called Eigenspace Pro-
jection GNN (EPNN). A comprehensive analysis
shows that EPNN essentially unifies all prior spec-
tral invariant architectures, in that they are either
strictly less expressive or equivalent to EPNN. A
fine-grained expressiveness hierarchy among dif-
ferent architectures is also established. On the
other hand, we prove that EPNN itself is bounded
by a recently proposed class of Subgraph GNNss,
implying that all these spectral invariant archi-
tectures are strictly less expressive than 3-WL.
Finally, we discuss whether using spectral fea-
tures can gain additional expressiveness when
combined with more expressive GNNs.

1. Introduction

Recent works have demonstrated the promise of using spec-
tral graph features, particularly the eigenvalues and eigen-
vectors of the graph Laplacian or functions thereof, as posi-
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tional and structural encodings in Graph Neural Networks
(GNNs) and Graph Transformers (GTs) (Dwivedi et al.,
2020; Dwivedi & Bresson, 2021; Kreuzer et al., 2021; Ram-
pasek et al., 2022; Kim et al., 2022). These spectral features
encapsulate valuable information about graph connectivity,
inter-node distances, node clustering patterns, and more.
When using eigenvectors as inputs for machine learning
models, a major challenge arises due to the inherent eigenes-
pace symmetry (Lim et al., 2023) — eigenvectors are not
unique. Specifically, for any eigenvector v, —v is also a
valid eigenvector. The ambiguity becomes worse in the case
of repeated eigenvalues; here, any orthogonal transforma-
tion of the basis vectors in a particular eigenspace yields
alternative but equivalent input representations.

To address the ambiguity problem, a major line of recent
works leverages invariant features derived from eigenvec-
tors and eigenvalues to design spectral invariant architec-
tures. Popular choices for such features include eigenspace
projection matrices! (Lim et al., 2023; Huang et al., 2024),
spectral node distances (e.g., those associated with random
walks or graph diffusion) (Li et al., 2020; Zhang et al.,
2023b; Feldman et al., 2023), or other invariant spectral
characteristics (Wang et al., 2022). All of these features can
be easily integrated into GNNSs to enhance edge features or
function as relative positional encoding of GTs. However,
on the theoretical side, while the expressive power of GNNs
has been studied extensively (Xu et al., 2019; Maron et al.,
2019a; Morris et al., 2021; Geerts & Reutter, 2022; Zhang
et al., 2024), there remains little understanding of the impor-
tant category represented by spectral invariant GNNs/GTs.

Current work. The goal of this work is to gain deep insights
into the expressive power of spectral invariant architectures
and establish a complete expressiveness hierarchy. We be-
gin by presenting Eigenspace Projection GNN (EPNN),
a novel GNN framework that unifies the study of all the
aforementioned spectral invariant methods. EPNN is very
simple: it encodes all spectral information for a node pair
(u,v) as a set containing the values of all projection matri-
ces on that node pair, along with the associated eigenvalues.
It then computes and refines node representations using
the spectral information as edge features within a standard
message-passing framework on a fully connected graph.

!'See Section 3 for a formal definition of projection matrices.
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Figure 1. Expressive hierarchy for all GNN architectures studied in this paper. Here, the symbol “=" means that the two GNNs being
compared have the same expressive power; “J” means that the latter GNN is strictly more expressive than the former one; “J” means
that the latter GNN is either strict more expressive than or as expressive as the former one; “[Z” means that the latter GNN is (strictly) not
less expressive than the former one. Finally, “incomparable” means that either GNN is (strictly) not more expressive than the other. The
dialog bubbles list literature architectures that can be seen as instantiations of the corresponding GNN class.

Our first theoretical result establishes a tight expressiveness
upper bound for EPNN, showing that it is strictly less expres-
sive than an important class of Subgraph GNNs proposed
in Zhang et al. (2023a), called PSWL. This observation is
intriguing for two reasons. First, it connects spectral invari-
ant GNNs and GTs with the seemingly unrelated research
direction of Subgraph GNNs (Cotta et al., 2021; Bevilacqua
etal., 2022; Frasca et al., 2022; Qian et al., 2022; Zhao et al.,
2022) — a line of research studying expressive GNNs from
a structural and permutation symmetry perspective. Second,
combined with recent results (Frasca et al., 2022; Zhang
et al., 2023a), it implies that EPNN is strictly bounded by
3-WL. As an implication, bounding previously proposed
spectral invariant methods by EPNN would readily indicate
that they are all strictly less expressive than 3-WL.

We then explore how EPNNs are related to GNNs/GTs
that employ spectral distances as positional encoding (Ying
et al., 2021; Mialon et al., 2021; Zhang et al., 2023b; Ma
et al., 2023b; Wang et al., 2022; Li et al., 2020). We prove
that under the general framework proposed in Zhang et al.
(2023b), all commonly used spectral distances give rise to
models with an expressive power bounded by EPNNs. This
highlights an inherent expressiveness limitation of distance-
based approaches in the literature. Moreover, our analysis
underscores the crucial role of message-passing in enhanc-
ing the expressive power of spectral features.

Our next step aims to draw connections between EPNNs
and two important spectral invariant architectures that utilize
projection matrices, known as Basisnet (Lim et al., 2023)
and SPE (Huang et al., 2024). This is achieved by a novel
symmetry analysis for eigenspace projections, which yields
a theoretically-inspired architecture called Spectral IGN.
Surprisingly, we prove that Spectral IGN is as expressive as
EPNN. On the other hand, SPE and BasisNet can be easily
upper bounded by either Spectral IGN or its weaker variant.

Finally, we discuss the potential of using spectral features to
boost the expressive power of higher-order GNNs. We show
using the projection matrices alone does not provide any
additional expressive power advantage when combined with
highly expressive GNNs such as PPGN and k-IGN (Maron
et al., 2019b;a). Nevertheless, we propose a possible solu-
tion towards further expressiveness gains: we hypothesize
that stronger expressivity could be achieved through higher-
order extensions of graph spectra, such as projection tensors.
Overall, our theoretical results characterize an expressive-
ness hierarchy across basis invariant GNNs, distance-based
GNNs, GTs with spectral encoding, subgraph-based GNNgs,
and higher-order GNNs. The resulting hierarchy is illus-
trated in Figure 1.

2. Related GNN Models
2.1. Spectrally-enhanced GNNs

In recent years, a multitude of research has emerged to
develop spectrally-enhanced GNNs/GTs, integrating graph
spectral information into either GNN node features or the
subsequent message-passing process. These endeavors can
be categorized into the following three groups.

Laplacian eigenvectors as absolute positional encoding.
One way to design spectrally-enhanced GNNs involves en-
coding Laplacian eigenvectors. This approach treats each
eigenvector as a 1-dimensional node feature and incorpo-
rates the top k eigenvectors as a type of absolute positional
encoding, which can be used to enhance any message-
passing GNNs and GTs (Dwivedi et al., 2020; Dwivedi
& Bresson, 2021; Kreuzer et al., 2021; Rampasek et al.,
2022; Maskey et al., 2022; Dwivedi et al., 2022; Kim et al.,
2022). However, one main drawback of using Laplacian
eigenvectors arises from the ambiguity problem. Such am-
biguity creates severe issues regarding training instability
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and poor generalization (Wang et al., 2022). While this
problem can be partially mitigated through techniques like
randomly flipping eigenvector signs or employing a canon-
ization method (Ma et al., 2023a), it becomes much more
complicated when eigenvalues have higher multiplicities.

Spectral invariant architectures. A better approach would
be to design GNNGs that are invariant w.r.t. the choice of
eigenvectors. For example, SignNet (Lim et al., 2023) trans-
forms each eigenvector v to ¢(v) + ¢(—w) for some permu-
tation equivariant function ¢, which guarantees the invari-
ance when all eigenvalues have a multiplicity of 1. In case
of higher multiplicity, BasisNet (Lim et al., 2023) achieves
spectral invariance for the first time by utilizing the projec-
tion matrix. Specifically, given an eigenvalue A with mul-
tiplicity k, the projection matrix defined as Zf;l vv] is
invariant w.r.t. the choice of (unit) eigenvectors vy, - - - , Vg
as long as they form an orthogonal basis of the eigenspace
associated with A. Therefore, BasisNet simply feeds the
projection matrix into a permutation equivariant model
p: R — R"™ (e.g., 2-IGN (Maron et al., 2019b)) to
generate spectral invariant node features p(Zle v;v, ).
The node features generated for different eigenspaces are
concatenated together. While the authors proved that Basis-
Net can universally represent any graph functions when p is
universal (e.g., using n-IGN), the empirical performance is
generally unsatisfactory when employing a practical model
p (i.e., 2-IGN). Recently, Huang et al. (2024) further gen-
eralized BasisNet by proposing SPE, which performs a
soft aggregation across different eigenspaces rather than
a hard separation implemented in BasisNet. Specifically,
let vy, - - - , v, be an orthogonal basis of (unit) eigenvectors
associated with eigenvalues A1, - - - , \,,, respectively; then,
each 1-dimensional node feature generated by SPE has the
form p(3>_7, ¥;(A\;)viv;), where ¢; : R — R is a pa-
rameterized function associated with feature dimension j.
The authors demonstrated that SPE can enhance the stability
and generalization of GNNS, yielding much better empirical
performance compared with BasisNet.

Spectral distances as invariant relative positional encod-
ing. In contrast to encoding Laplacian eigenvectors, an al-
ternative approach to achieving spectral invariance involves
utilizing (spectral) distances. Previous studies have identi-
fied various distances, spanning from the basic shortest path
distance (Feng et al., 2022; Abboud et al., 2022) to more ad-
vanced ones such as PageRank distance, resistance distance,
and distances associated with random walks and graph dif-
fusion (Li et al., 2020; Zhang et al., 2023b; Mialon et al.,
2021; Feldman et al., 2023). Notably, all of these distances
have a deep relation to the graph Laplacian while being
more interpretable than eigenvectors and not suffering from
ambiguity problems. The work of PEG (Wang et al., 2022)
designed an invariant relative positional encoding based on
Laplacian eigenvectors, which can also be treated as a dis-

tance between nodes. Distances can be easily encoded in
GNN models by either serving as edge features in message-
passing aggregations (Wang et al., 2022; Velingker et al.,
2023) or as relative positional encoding in Graph Transform-
ers (Ying et al., 2021; Zhang et al., 2023a; Ma et al., 2023b).

2.2. Expressive GNNs

The expressive power of GNNs has been studied in depth
in the recent few years. Early works (Xu et al., 2019; Mor-
ris et al., 2019) have pointed out a fundamental limitation
of GNNss by establishing an equivalence between message-
passing neural networks and the 1-WL graph isomorphism
test (Weisfeiler & Lehman, 1968). To develop more ex-
pressive models, several studies leveraged high-dimensional
variants of the WL test (Cai et al., 1992; Grohe, 2017). Rep-
resentative models include k-IGN (Maron et al., 2019b),
PPGN (Maron et al., 2019a), and k-GNN (Morris et al.,
2019; 2020). However, these models suffer from severe
computational costs and are generally not suitable in prac-
tice. Currently, one mainstream approach to designing sim-
ple, efficient, practical, and expressive architectures is the
Subgraph GNNs (Cotta et al., 2021; Bevilacqua et al., 2022;
2023; You et al., 2021; Zhang & Li, 2021; Zhao et al., 2022;
Kong et al., 2023). In particular, the expressive power of
Subgraph GNNs as well as their relation to the WL tests are
well-understood in recent studies (Frasca et al., 2022; Qian
et al., 2022; Zhang et al., 2023a; 2024). These results will
be used to analyze spectrally-enhanced GNNss in this paper.

2.3. Expressive power of spectral invariant GNNs

While spectrally-enhanced GNNs have been extensively
studied in the literature, much less is known about their
expressive power. Balcilar et al. (2021); Wang & Zhang
(2022) delved into the expressive power of specific spec-
tral filtering GNNGs, but their expressive power is inherently
limited by 1-WL. Another line of works studied the expres-
sive power of the raw spectral invariants (e.g., projection
matrices) in relation to the Weisfeiler-Lehman algorithms
(Fiirer, 1995; 2010; Rattan & Seppelt, 2023). However, their
analysis does not consider any aggregation or refinement
procedures over spectral invariants, and thus, it does not
provide explicit insights into the expressive power of the
corresponding GNNs. Lim et al. (2023) proposed a concrete
spectral invariant GNN called BasisNet, but their expres-
siveness analysis still largely focuses on raw eigenvectors
and projection matrices. To our knowledge, none of the
prior works addresses the crucial problem of whether/how
the design of GNN layers contributes to the model’s ex-
pressiveness. In this paper, we will answer this question
by showing that (i) a suitable aggregation procedure can
strictly improve the expressive power beyond raw spectral
features, and (ii) different aggregation schemes can lead to
considerable variations in the models’ expressiveness.
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3. Preliminaries

We use { } and { }} to denote sets and multisets, respec-
tively. Given a (multi)set S, its cardinality is denoted as |S].
In this paper, we consider finite, undirected, simple graphs
with no isolated vertices. Let G = (Vig, Eg) be a graph
with vertex set Vi and edge set /g, where each edge in
E¢ is represented as a set {u,v} C Vi of cardinality two.
The neighbors of a vertex u € Vi is denoted as Ng(u) =
{v € Vg : {u,v} € Eg}, and the degree of u is denoted
as degq; (u) = |[Ng(u)|. Given vertex pair (u,v) € V2, de-
note by atp (u, v) its atomic type, which encodes whether
u = v, {u,v} € Eg, or u and v are not adjacent. Given
vertex tuple u € Vc’f, the rooted graph G* is a graph ob-
tained from G by marking vertices u1, - - - , u sequentially.
We denote by G the set of all graphs and by Gy, the set of all
rooted graphs marking & vertices. It follows that Gy = G.

Graph invariant. Two (rooted) graphs G*, H € G, are
called isomorphic (denoted by G* ~ H") if there is a bijec-
tion f : Vo — Vp such that f(u;) = v; forall i € [k],
and for all vertices wy,ws € Vg, {w1,w2} € Eg iff
{f(wy), f(w2)} € Eg. A function f defined on graphs
Gy, is called a graph invariant if it is invariant under isomor-
phism, i.e., f(G*) = f(H") if G* ~ H". In the context of
graph learning, any GNN that outputs a graph representation
should be a graph invariant over Gg; similarly, any GNN that
outputs a representation for each node/each pair of nodes
should be a graph invariant over G1/Gs, respectively.

Graph vectors and matrices. Any real-valued graph in-
variant « defined over G; corresponds to a graph vector
x¢ : Vo — R when restricting on a specific graph G € G.
Without ambiguity, we denote the elements in ¢ as ¢ (u)
for each u € Vi, which is equal to z(G"). Similarly, any
real-valued graph invariant M defined over G, corresponds
to a graph matrix M : V2 — R when restricting on
G € g, where element Mg (u, v) equals to M (G"?). For
ease of reading, we will drop the subscript G when there is
no ambiguity of the graph used in context. One can general-
ize all basic linear algebras from classic vectors/matrices to
those defined on graphs. For example, the matrix product is
defined as (M1 Ma)(u,v) = 3, ey, M (u, w) Ma(w,v).
Several basic graph matrices include the adjacency matrix
A, degree matrix D, Laplacian matrix L := D — A, and
normalized Laplacian matrix L := D~Y2LD~'/2. Note
that all these matrices are symmetric.

Graph spectra and projection. Let M be any symmetric
graph matrix (e.g., A, L, or L). The graph spectrum is
the set of all eigenvalues of M, which is a graph invariant
over Gy. In addition to eigenvalues, the spectral informa-
tion of a graph also includes eigenvectors or eigenspaces,
which contain much more fine-grained information. Unfor-
tunately, eigenvectors have inherent ambiguity and cannot
serve as a valid graph invariant over G;. Instead, we fo-

cus on the eigenspaces characterized by their projection
matrices. Concretely, there is a unique projection matrix
P; for each eigenvalue );, which can be obtained via the
eigen-decomposition M = 3,1 A;P;, where m is the
number of different eigenvalues. It follows that these pro-
jection matrices are symmetric, idempotent (P? = P;),
“orthogonal” (P; P; = O for all ¢ # 7), and sum to identity
(X ic(m) Pi = D). There is a close relation between projec-
tion matrix P; and any orthogonal basis of unit eigenvectors
{zi1, -+, 2y, } that spans the eigenspace associated with
A+ specifically, P; = Zj:l zsz ;- The projection matri-
ces naturally define a graph invariant P™ over G,:

Pé‘w(uvv) = {{()‘hpl(uvv))a T 7()‘maPm(ua 'U))}}

We call PM the eigenspace projection invariant (associated
with graph matrix M).

4. Eigenspace Projection Network

This section introduces a simple GNN design paradigm
based on the invariant P defined above, called Eigenspace
Projection GNN (EPNN). The idea of EPNN is very simple:
PM (u,v) essentially encodes the relation between vertices
uw and v in graph G and can thus be treated as a form of
“edge feature”. In light of this, one can naturally define a
message-passing GNN that updates the node representation
of each vertex u by iteratively aggregating the representa-
tions of other nodes v along with edge features associated
with (u, v). Formally, consider a K -layer EPNN and denote
by hg) (u) the node representation of u € Vi computed by
an EPNN after the [-th layer. Then, we can write the update
rule of each EPNN layer as follows:

A& (u) = gD (RS (w),
{(hE ), PY (u,0)) - v € Ve }}),

where all node representations h(c? ) (u) are the same at ini-
tialization. Here, g¢‘t1) can be any parameterized function
representing the (I + 1)-th layer. In practice, it can be imple-
mented in various ways such as GIN-based aggregation (Xu
et al., 2019) or Graph Transformers (Ying et al., 2021), and
we highlight that it is particularly suited for Graph Trans-
formers as the graph becomes fully connected with this edge
feature. Finally, after the K -th layer, a global pooling is
performed over all vertices in the graph to obtain the graph

representation POOL({{h(GK)(u) cu e Vel

ey

EPNN is well-defined. First, the graph representation com-
puted by an EPNN is permutation invariant w.r.t. vertices,
as PM isa graph invariant over G5. Second, EPNN does
not suffer from the eigenvector ambiguity problem, as Pé\f[
is uniquely determined by graph G. Later, we will show
that EPNN can serve as a simple yet unified framework for
studying the expressive power of spectral invariant GNNGs.



On the Expressive Power of Spectral Invariant Graph Neural Networks

4.1. Expressive power of EPNN

The central question we would like to study is: what is the
expressive power of EPNN? To formally study this ques-
tion, this subsection introduces EPWL (Eigenspace Pro-
jection Weisfeiler-Lehman), an abstract color refinement
algorithm tailored specifically for graph isomorphism test.
Compared with Equation (1), in EPWL the node represen-
tation hgfl) (u) is replaced by a color X(éﬂ)(u), and the
aggregation function g("*1) is replaced by a perfect hash
Sfunction hash, as presented below:

X6 (w)=hash(x (w), { (x& (v), P, 0)) 0 € V).
2
(u) are the same. For each
iteration [, the color mapping X(Cl;) induces an equivalence
relation over vertex set Vg, and the relation gets refined with
the increase of [. Therefore, with a sufficiently large number
of iterations [ < |Vi|, the relations get stable. The graph
representation is then defined to be the multiset of stable
colors. EPWL distinguishes two non-isomorphic graphs iff
the computed graph representations are different. We have
the following result (which can be easily proved following
standard techniques, see e.g., Zhang et al. (2023a)):

Initially, all node colors X(c?)

Proposition 4.1. The expressive power of EPNN is bounded
by EPWL in terms of graph isomorphism test. Moreover,
with sufficient layers and proper functions ¢, EPNN can
be as expressive as EPWL.

In subsequent analysis, we will bound the expressive power
of EPWL by building relations to the standard Weisfeiler-
Lehman hierarchy. First, it is easy to see that EPWL is
lower bounded by the classic 1-WL defined below:

T (w)=hash (%3 (u). { (%G (1), atpg (u,v)) v e VG ),

3)
where )Z(C? (u) is the 1-WL color of v in graph G after [ itera-
tions. This result follows from the fact that the EPWL color
mapping x(*1) always induces a finer relation than the 1-
WL color mapping Y*1), as atp (u,v) is fully encoded
in P2 (u,v) (see Lemma A.5). Besides, it is easy to give
1-WL indistinguishable graphs that can be distinguished via
spectral information (see Figure 2). Putting these together,
we arrive at the following conclusion:

Proposition 4.2. For any graph matrix M € {A, L, i}}
the corresponding EPWL is strictly more expressive than
1-WL in distinguishing non-isomorphic graphs.

On the other hand, the question becomes more intriguing
when studying the upper bound of EPWL. Below, we will
approach the problem by building fundamental connections
between EPWL and an important class of expressive GNNs
known as Subgraph GNNs. The basic form of Subgraph
GNN is very simple: given a graph G, it treats GG as a set of

rooted graphs {G* : u € Vi }} (known as node marking),
independently runs 1-WL for each G*, and finally merges
their graph representations. We call the above algorithm
SWL, and the refinement rule can be formally written as

X" (u,v) = hash(x G (u,v),

{0 (u,w), atpg (v, w) - w € Va }f).

where XZJ(Z)

“

(u,v) is the SWL color of vertex v in graph G*
after [ iterations, and the initial color Xé(o)(u, v) =Iu=
v] distinguishes the marked vertex u in G*. Recently, Zhang
et al. (2023a); Frasca et al. (2022) significantly generalized
Subgraph GNNs by enabling interactions among different
subgraphs and built a complete design space. Among them,
Zhang et al. (2023a) proposed the PSWL algorithm, which
adds a cross-graph aggregation to SWL as shown below:

PS, (1 PS,(l PS,(l
xer U (w,v) = hash(xg @ (u,0), X2 (v, 0),

PS, (1) ®)

{ixg™ (u,w),atpg(v,w)) : w € Va}),
where XZS’(Z)(u, v) is the PSWL color of (u,v) € V3 after
[ iterations. We now present our main result, which reveals
a fundamental connection between PSWL and EPWL:

Theorem 4.3. For any graph matrix M € {A, L, f/} the
expressive power of EPWL is strictly bounded by PSWL in
distinguishing non-isomorphic graphs.

The proof of Theorem 4.3 is deferred to Appendix A.3,
which is based on the recent graph theory result established
by Rattan & Seppelt (2023). Specifically, given any graph
G and vertices u, v € Vg, each projection element P;(u, v)
in PM is determined by the SWL stable color X2 (u, v) for
any symmetric “‘equitable” matrix M defined in Rattan &
Seppelt (2023), and the eigenvalues are also determined
by the SWL graph representation. Notably, all matrices
studied in this paper (e.g., A, L, L) are equitable. Based
on this result, one may guess that EPWL can be bounded
by SWL. However, we show this is actually not the case
when further taking the message-passing aggregation into
account. The key technical contribution in our proof is to
relate the refinement procedure in EPWL to the additional
cross-graph aggregation XZS’U) (v, v) in PSWL. To this end,
we show the stable color PP (u, u) is strictly finer than the
stable color x(u), thus concluding the proof.

Remark 4.4. Based on Theorem 4.3, one can also bound
the expressiveness of EPWL by other popular GNNs in
literature, such as SSWL (Zhang et al., 2023a), Local 2-
GNN (Morris et al., 2020; Zhang et al., 2024), RelGN(2)
(Frasca et al., 2022), ESAN (Bevilacqua et al., 2022), and
GNN-AK (Zhao et al., 2022), as all these architectures are
more expressive than PSWL (Zhang et al., 2023a). However,
EPWL is incomparable to the vanilla SWL, where we give
counterexamples in Appendix A.S8.
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The significance of Theorem 4.3 is twofold. First, it re-
veals a surprising relation between GNNs augmented with
spectral information and the ones grounded in structural
message-passing, which represents two seemingly unrelated
research directions. Our result thus offers insights into how
previously proposed expressive GNNs can encode spectral
information. Second, Theorem 4.3 points out a fundamental
limitation of EPNN. Indeed, combined with the result that
PSWL is strictly bounded by 3-WL (Zhang et al., 2023a;
2024), we obtain the concluding corollary:

Corollary 4.5. For any graph matrix M € {A, L, i}}, the
expressive power of EPWL is strictly bounded by 3-WL.

5. Distance GNNs and Graph Transformers

In this section, we will show that EPNN unifies all distance-
based spectral invariant GNNs. Here, we adopt the frame-
work proposed in Zhang et al. (2023b), known as General-
ized Distance (GD) GNNs. The aggregation formula of the
corresponding GD-WL can be written as follows:

X (u) =hash(xer" (u),
{2 (v), de(u,v)) v € Va}).

where XZ"(Z) (u) is the GD-WL color of vertex u € V¢ after
[ iterations, and d can be any valid distance metric. By
choosing different distances, GD-WL incorporates various
prior works listed below.

(6

¢ Shorest-path distance (SPD). This is the most basic
distance metric and has been extensively used in de-
signing expressive GNNs (e.g., Li et al., 2020; Ying
etal., 2021; Abboud et al., 2022; Feng et al., 2022).

¢ Resistance distance (RD). It is defined to be the ef-
fective resistance between two nodes when treating the
graph as an electrical network where each edge has a re-
sistance of 1€2. Recently, Zhang et al. (2023b) showed
that incorporating RD can significantly improve the
expressive power of GNNs for biconnectivity prob-
lems such as identifying cut vertices/edges. Besides,
RD has been extensively studied in other areas in the
GNN community, such as alleviating oversquashing
problems (Arnaiz-Rodriguez et al., 2022).

* Distances based on random walk. The hitting-time
distance (HTD) between two vertices u and v is defined
as the expected number of steps in a random walk start-
ing from u and reaching v for the first time, which is an
asymmetric distance. Instead, the commute-time dis-
tance (CTD) is defined as the expected number of steps
for a round-trip starting at u to reach v and then return
to u, which is a symmetrized version of HTD. These
distances are fundamental in graph theory and have
been used to develop/understand expressive GNNs
(Velingker et al., 2023; Zhang et al., 2023a).

* PageRank distance (PRD). Given weight sequence
Y0,71, - - - » the PageRank distance between vertices u
and v is defined as > p- ) v WF(u,v), where W =
D' A is the random walk probability matrix. It is
a generalization of the p-step landing probability dis-
tance, which corresponds to setting v, = 1 and y;, = 0
for all £ # p. Li et al. (2020) first proposed to use
PRD-WL to boost the expressive power of GNNs.

* Other distances. We also study the (normalized) dif-
fusion distance (Coifman & Lafon, 2006) and the bi-
harmonic distance (Lipman et al., 2010). Due to space
limit, please refer to Appendix A.4 for more details.

Our main result is stated as follows:

Theorem 5.1. For any distance listed above, the expres-
sive power of GD-WL is upper bounded by EPWL with the
normalized graph Laplacian matrix L.

The proof of Theorem 4.3 is highly technical and is de-
ferred to Appendix A.4, with several important remarks
made as follows. For the case of SPD, the proof is based

on the key finding that P (u,v) determines the shortest
path distance between u and v for any graph G and vertices
u,v € Vg. Unfortunately, this property does not trans-
fer to other distances listed above. For general distances,
the reason why EPWL is still more expressive lies in the
entire message-passing process (or color refinement proce-
dure). Concretely, the refinement continuously enriches the
information embedded in node colors X(cf‘) (v), so that the
tuple (Xg) (u), Xg) (v), PL (u,v)) eventually encompasses
sufficient information to determine any distance dg(u, v)
(although PE (u,v) alone may not determine it). Our proof
thus emphasizes the critical role of message-passing ag-
gregation in enhancing the expressiveness of spectral in-
formation. Note that this is also justified in the proof of
Theorem 4.3, where the message-passing process boosts the
expressive power of EPWL beyond SWL. Moreover, we
emphasize that these distances listed above cannot be well-
encoded when using weaker message-passing aggregations,
as will be elucidated in Section 6.2.

Implications. Theorem 5.1 has a series of consequences.
First, it implies that all the power of distance information
is possessed by EPWL. As an example, we immediately
have the following corollary based on the relation between
distance and biconnectivity of a graph established in Zhang
et al. (2023b), which significantly extends the classic re-
sult that Laplacian spectrum encodes graph connectivity
(Brouwer & Haemers, 2011).

Corollary 5.2. EPWL is fully expressive for encoding graph
biconnectivity properties, such as identifying cut vertices
and cut edges, determining the number of biconnected com-
ponents, and distinguishing graphs with non-isomorphic
block cut-vertex trees and block cut-edge trees.
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Remark 5.3. Corollary 5.2 offers a novel understanding
of the work by Zhang et al. (2023b) on why ESAN can
encode graph biconnectivity, thereby thoroughly unifying
their analysis. Essentially, this is just because ESAN is
more powerful than EPWL (Remark 4.4), and EPWL itself
is already capable of encoding both SPD and RD.

Remark 5.4. Combining Theorems 4.3 and 5.1 resolves an
open question posed by Zhang et al. (2023a), confirming
that PSWL can encode resistance distance.

As a second implication, combined with Corollary 4.5, The-
orem 5.1 highlights a fundamental limitation of all distance-
based GNNss as stated below:

Corollary 5.5. For any distance defined above, the expres-
sive power of GD-WL is strictly bounded by 3-WL.

Distances as positional encoding. Distances have also
found extensive application as positional encoding in GNNs
and GTs. For instance, Graphormer (Ying et al., 2021),
Graphormer-GD (Zhang et al., 2023b), and GraphiT (Mi-
alon et al., 2021) employ various distances as relative posi-
tional encoding in Transformer’s attention layers. Similarly,
GRIT (Ma et al., 2023b) employs multi-dimensional PRD
and a novel attention mechanism to further boost the per-
formance of GTs. The positional encoding devised in PEG
(Wang et al., 2022) can also be viewed as a function of a dis-
tance, with the architecture representing an instantiation of
GD-WL. These architectures are analyzed in Appendix A.7,
where we have the following concluding corollary:

Corollary 5.6. The expressive power of Graphormer,
Graphormer-GD, GraphiT, GRIT, and PEG are all bounded
by EPWL and strictly less expressive than 3-WL.

6. Spectral Invariant Graph Network

To gain an in-depth understanding of the expressive power of
EPNN, in this section we will switch our attention to a more
principled perspective by studying how to model spectral in-
variant GNNs based on the symmetry of projection matrices.
Consider a graph G with vertex set Vg = {1,--- ,n}. We
can group all spectral information of GG into a 4-dimensional
tensor P € R™*"*x"x2 where P; ,, , 1 = \; encodes the
i-th eigenvalue and P; ,, , o = P;(u,v) encodes the (u,v)-
th element of the projection matrix P; associated with ;.
From this representation, one can easily figure out the sym-
metry group associated with P, which is the product group
Sm % Sy, of two permutation groups S,, and S,, represent-
ing two independent symmetries — eigenspace symmetry
and graph symmetry. For any element (o, 7) € S, X Sy, it
acts on P in the following way:

[(057) - Pliuw,s =

We would like to design a GNN model f that is invari-
ant under S, x S,, ie., f((o,7) - P) = f(P) for all

Po-r(i)r—t),r-1)5- (D

(o,7) € S x Sy, Interestingly, this setting precisely cor-
responds to a specific case of the DSS framework proposed
in Maron et al. (2020); Bevilacqua et al. (2022). This of-
fers a theoretically inspired approach to designing powerful
invariant architectures, as we will detail below.

6.1. Spectral IGN

In the DSS framework, the neural network f is formed by
stacking a series of equivariant linear layers L(*) interleaved
with elementwise non-linear activation ¢, culminating in
final pooling layers:

f=MopogopoLogo---opoLM, (8
where each L(1) : Rmxnxnxdii _, Rmxnxnxdi jg equiy-
ariant w.r.t. S,,, X S, i.e., forall (o,7) € Sy, X Sy,

LY ((o,7) - X) = (,7) - LO(X) VX € R mxmxdiog

g : Rmxnxnxdi _, RAx ig an invariant pooling layer (e.g.,
average pooling or max pooling), and M : R?x — Rax+1
is a multi-layer perceptron. Here, the key question lies in
designing linear layers L() equivariant to the product group
S X Sp. Maron et al. (2020) theoretically showed that LW
can be decomposed in the following way:

X, O

1€[m]

LOX)]; = LV (X,) + LY

where igl), igl) : Rxnxdion  RrXnxdi gre two linear
functions equivariant to the graph symmetry modeled by
Sy This decomposition is significant as the design space of
equivariant linear layers for graphs has been fully character-
ized in Maron et al. (2019b), known as 2-IGN. We thus call
our model (Equations (8) and (9)) Spectral IGN.

The central question we would like to study is: what is the
expressive power of Spectral IGN? Surprisingly, we have
the following main result:

Theorem 6.1. The expressive power of Spectral IGN is
bounded by EPWL. Moreover, with sufficient layers and
proper network parameters, Spectral IGN is as expressive
as EPWL in distinguishing non-isomorphic graphs.

The proof of Theorem 6.1 is given in Appendix A.5. It
offers an interesting and alternative view for theoretically
understanding the EPNN designing framework and justify-
ing its expressiveness. Moreover, the connection to Spectral
IGN allows us to bridge EPNN with important architectural
variants as we will discuss in the next subsection.

Remark 6.2. We remark that there is a variant of Spectral
IGN, where the pooling layer g is decomposed into two pool-
ing layers via g = ¢ ogog(!) with g(1) : Rm>nxnxdix _,
R™*7xdic gpd ¢(2) : R7*nxdx _y RIx pooling layers for
symmetry groups Sy, and .S,,, respectively. This variant has
the same expressive power and Theorem 6.1 still holds.
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6.2. Siamese IGN

Let us consider an interesting variant of Spectral IGN,
dubbed Siamese IGN (Maron et al., 2020), where the net-
work processes each eigenspace P; (i € [m)) independently
using a “Siamese” 2-IGN without aggregating over different
eigenspaces. This corresponds to replacing Equation (9) by
[L(l)(X)]i _ i(l)(xi) with f/(l) . Rxnxdioi _y, Rrxnxd
a 2-IGN layer. Siamese IGN is interesting because it is a
special type of Spectral IGN that is invariant to a strictly
larger group formed by the wreath product S, ! .S,, (see
Maron et al., 2020; Wang et al., 2020). Moreover, it is
closely related to a prior architecture called BasisNet (Lim
et al., 2023, see Appendix A.6 for a detailed description),
as BasisNet also processes each eigenspace independently
without interaction. To elaborate on this connection, con-
sider a variant of Siamese IGN, dubbed Weak Spectral IGN,
which is obtained from Siamese IGN by decomposing the
pooling layer according to Remark 6.2. Note that unlike
Siamese IGN, Weak Spectral IGN is no longer invariant to
group Sy, 1.S,. We have the following result:

Proposition 6.3. Let the top graph encoder used in BasisNet
be a 1-layer message-passing GNN. Then, the expressive
power of BasisNet is bounded by Weak Spectral IGN.

On the other hand, a more fundamental question lies in the
relation between Siamese IGN, Weak Spectral IGN, and
Spectral IGN. Our main result states that there are strict
expressivity gaps between them:

Theorem 6.4. Siamese IGN is strictly less expressive than
Weak Spectral IGN. Moreover, Weak Spectral IGN is strictly
less expressive than Spectral IGN.

Discussions with BasisNet. (i) Combined with previous
results, one can prove that EPNN is strictly more expressive
than BasisNet®. This result is particularly striking, as EPNN
only stores node representations while BasisNet stores a
representation for each 3-tuple (i, u,v) € [m] x Vg x Vg,
whose memory complexity scales like O(|Vg|?). (ii) Com-
bined with Corollary 4.5, we conclude that the expressive
power of BasisNet is also strictly bounded by 3-WL.

Discussions with SPE. We next turn to the SPE architecture
(Huang et al., 2024). Surprisingly, while SPE was origi-
nally designed to improve the stability and generalization
of spectral invariant GNNs (see Section 2.1), we found the
soft aggregation across different eigenspaces simultaneously
enhances the network’s expressive power. Indeed, we have:

Proposition 6.5. When 2-IGN is used to generate node fea-
tures in SPE and the top graph encoder is a message-passing
GNN, the expressive power of the whole SPE architecture is
as expressive as Spectral IGN.

This holds when using multi-layer message-passing graph
encoder by following the construction in Theorem 6.4.

Proposition 6.5 theoretically justifies the design of SPE.
Combined with previous results, we conclude that SPE is
strictly more expressive than BasisNet when using the same
2-IGN backbone, while being strictly bounded by 3-WL.

Delving more into the gap. We remark that the gap between
Siamese IGN and Spectral IGN is not just theoretical; it
also reveals significant limitations of the siamese design in
practical aspects. Specifically, we identify that both Siamese
IGN and Weak Spectral IGN cannot fully encode any graph
distance listed in Section 5 (even the basic SPD), as stated
in the following theorem:

Theorem 6.6. For any distance listed in Section 5, there
exist two non-isomorphic graphs which GD-WL can distin-
guish but Weak Spectral IGN (applied to matrix L) cannot.

On the other hand, we have proved that EPNN applied to ma-
trix L is more powerful than GD-WL. This contrast reveals
the crucial role of allowing interaction between eigenspaces
for enhancing model’s expressiveness.

6.3. Extending to higher-order spectral invariant GNNs

The DSS framework presented in Section 6.1 is quite gen-
eral. In principle, any S,,-equivariant graph layer F can be
used to build a GNN model f invariant to S,,, X S,,. This can
be achieved by making igl), f/(zl) in Equation (9) two instan-
tiations of E. In this subsection, we will study higher-order
spectral invariant GNNs where the used graph encoders are
beyond 2-IGN. We consider two standard settings for choos-
ing highly expressive graph encoders: the k-IGN and the
k-order Folklore GNN (Maron et al., 2019b;a; Azizian et al.,
2021). We call the resulting models Spectral k-IGN and
Spectral k-FGNN, respectively. Unfortunately, our results
are negative for all of these higher-order spectral invariant
GNNGs:

Proposition 6.7. For all k > 2, Spectral k-IGN is as expres-
sive as k-WL. Similarly, for all k > 2, Spectral k-FGNN is
as expressive as k-FWL.

We give a proof in Appendix A.7. Combined with the
results that k-IGN is already as expressive as k-WL and
k-FGNN is already as expressive as k-FWL (Maron et al.,
2019a; Azizian et al., 2021; Geerts & Reutter, 2022), we
conclude that commonly-used spectral information does not
help when combined with highly powerful GNN designs.

Discussions on higher-order spectral features. The above
negative result further inspires us to think about the follow-
ing question: is it still possible to use spectral information to
enhance the expressive power of higher-order GNNs? Here,
we offer some possible directions towards this goal. The
crux here is to use higher-order spectral features. Specif-
ically, all the spectral information considered in previous
sections (e.g., distance or projection matrices) is at most
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2-dimensional. Can we generalize these spectral features
into multi-dimensional tensors? This is indeed possible: for
example, a simple approach is to use symmetric powers
of a graph (also called the token graph), which has been
widely studied in literature (Audenaert et al., 2007; Alzaga
et al., 2010; Barghi & Ponomarenko, 2009; Fabila-Monroy
et al., 2012). The k-th symmetric power of graph G, de-
noted by G1#}, is the graph formed by vertex set Vi) :=
{8 C Vg : |S] = k} and edge set Eq sy := {{S1,52} :
51,82 € Vg, S1ASy € Eg}. Here, each element in
Voixy 1s a multiset of cardinality &, and two multisets are
connected if their symmetric difference is an edge. In this
way, one can easily define higher-order spectral information
(A, P;) € R x R"™" based on PXL = {(\i, P}, (the
eigenspace projection invariant associated with the k-th to-
ken graph), e.g., by setting P;(uy, - ,ug, vy, -+ ,05) =
P;({u1, - ,ur}, {v1,- -+ ,vx}}). The higher-order spec-
tral information can then serve as initial features of any
higher-order GNN that computes representations for each
vertex tuple, such as 2k-IGN.

Several works have pointed out the strong expressive power
of higher-order spectral features. Audenaert et al. (2007)
verified that the spectra of the 3rd symmetric power are al-
ready not less expressive than 3-WL. Moreover, Alzaga et al.
(2010); Barghi & Ponomarenko (2009) upper bounds the
expressive power of the spectra of the k-th symmetric power
by 2k-FWL. These results imply that using higher-order
projection tensors is a promising approach to further boost-
ing the expressive power of higher-order GNNs. We leave
the corresponding architectural design and expressiveness
analysis as an open direction for future study.

7. Experiments

In this section, we empirically evaluate the expressive power
of various GNN architectures studied in this paper. We adopt
the BREC benchmark (Wang & Zhang, 2023), a comprehen-
sive dataset for comparing the expressive power of GNNs.
We focus on the following GNNis that are closely related to
this paper: (i) Graphormer (Ying et al., 2021) (a distance-
based GNN that uses SPD, see Section 5); (ii) NGNN
(Zhang & Li, 2021) (a variant of subgraph GNN, see Sec-
tion 4.1); (ii) ESAN (Bevilacqua et al., 2022) (an advanced
subgraph GNN that adds cross-graph aggregations, see Sec-
tion 4.1); (iv) PPGN (Maron et al., 2019a) (a higher-order
GNN, see Section 6.3); (v) EPNN (this paper). We follow
the same setup as in Wang & Zhang (2023) in both training
and evaluation. For all baseline GNNs, the reported num-
bers are directly borrowed from Wang & Zhang (2023); For
EPNN, we run the model 10 times with different seeds and
report the average performance?.

30ur code can be found in the following github repo:
https://github.com/LingxiaoShawn/EPNN-Experiments

Table 1. Empirical performance of different GNNs on BREC.

Model WL class | Basic Reg Ext CFI | Total
Graphormer SPD-WL | 26.7 10.0 41.0 10.0| 19.8

NGNN SWL 983 343 590 0 | 415
ESAN GSWL | 96.7 343 1000 15.0| 55.2
PPGN 3-WL | 100.0 35.7 100.0 23.0| 58.2
EPNN EPWL |100.0 357 100.0 5.0 | 53.8

The results are presented in Table 1. From these results, one
can see that the empirical performance of EPNN matches its
theoretical expressivity in our established hierarchy. Con-
cretely, EPNN performs much better than Graphormer (SPD-
WL) and NGNN (SWL), while underperforming ESAN
(GS-WL) and PPGN (3-WL).

8. Conclusion

This paper investigates the expressive power of spectral
invariant GNNs and related models. It establishes an expres-
siveness hierarchy between current models using a unifying
framework we propose. We also draw a surprising con-
nection to a recently proposed class of highly expressive
GNNs, demonstrating that specific instances from this class
(e.g., PSWL) upper bound all spectral invariant GNNs. This
implies spectral invariant GNNSs are strictly less expressive
than the 3-WL test. Furthermore, we show spectral projec-
tion features and spectral distances do not provide additional
expressivity benefits when combined with more powerful
high-order architectures. We give a graphical illustration of
all of these results in Figure 1.

Open questions. There are still several promising direc-
tions that are not fully explored in this paper. First, an
interesting question lies in how the choice of graph matrix
M affects the expressive power of spectral invariant GNNs.
We suspect that using (normalized) Laplacian matrix can
be more beneficial than using the adjacency matrix, and the
former is strictly more expressive. We have given implicit
evidence showing that EPNN with matrix L can encode all
distances studied in this paper; however, we were unable
to demonstrate the same result for other graph matrices.
Besides, another important open question is the expressive
power of higher-order spectral features, such as the one
obtained by using token graphs. It is still unknown about
a tight lower/upper bound of their expressive power in re-
lation to higher-order WL tests. Moreover, investigating
the refinements over higher-order spectral features and the
corresponding GNNss could be a fantastic open direction.

Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none of which we feel must be
specifically highlighted here.
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A. Proofs

This section presents all the missing proofs in this paper. First, Appendix A.1 defines basic concepts and introduces our
proof technique that will be frequently used in subsequent analysis. Then, Appendix A.2 gives several basic results and
proves Proposition 4.2. The formal proofs of our main theorems, including Theorems 4.3, 5.1 and 6.1 and Proposition 6.3,
are presented in Appendices A.3 to A.6, respectively. Discussion with other architectures, such as GRIT, PEG, Spectral
PPGN, and Spectral k-IGN are presented in Appendix A.7. Finally, Appendix A.8 reveals the gaps between each pair of
architectures in our paper, leading to the proofs of Theorems 6.4 and 6.6.

A.1. Preliminary
We first introduce some basic terminologies and concepts for general color refinement algorithms.

Color mapping. Any graph invariant over Gy, is called a k-dimensional color mapping. We use M}, to denote the family
of all k-dimensional color mappings. For a color mapping x € My, our interest lies not in the specific values of the
function (say x¢(u) for some u € VC’;‘“), but in the equivalence relations among different values. Formally, each color
mapping x € My defines an equivalence relation A between rooted graphs G*, HY marking k vertices, where G* A Hv
iff xo(w) = Xz (v). For any graph G € G, the equivalence relation ~ induces a partition Q¢ () over the set V.

Given two color mappings x1, Y2 € M, we say 1 is equivalent to o, denoted as y1 = xo, if G* X HY «— G* X H?
for all graphs G, H € G and vertices u € V%, v € V. One can see that “=" forms an equivalence relation over M. We
say x1 is finer than Yo, denoted as y; < xq, if G* X HY — G* X HY for all graphs GG, H and vertices u € VC’;“,
v E VI’}. One can see that “<” forms a partial relation on M. We say x; is strictly finer than x2, denoted as x1 < xa2, if

X1 = xz2 and X1 Z Xa.

Color refinement. A function 7" : My, — M that maps from one color mapping to another is called a color transformation.
Throughout this paper, we assume that all color transformations are order-preserving, i.e., for all x1, x2 € My, T(x1) =X
T(x2) if x1 =< Xx2. An order-preserving color transformation 7' : My — My is further called a color refinement if
T(x) < x forall x € M. For any color refinement 7', we denote by T* the t-th function power of T', i.e., the function
composition T' o - - - o T with ¢ occurrences of T'. Note that if T is a color refinement, so is 7" for all t > 0.

Given two color transformations 77,75 : My — My, we say T is as expressive as 15, denoted by 77 = Ty, if
T1(x) = Tz(x) for all x € Mj. We say T} is more expressive than T5, denoted by 77 < T, if T1(x) =X Ta(x) for all
X € Mj. We say T is strictly more expressive than 75, denoted by 17 < T3, if T is more expressive than 75 and not
as expressive as 1. As will be clear in our subsequent proofs, the expressive power of GNNs is compared through an
examination of their color transformations.

For any color refinement T : My — My, we define the corresponding stable refinement 7°° : M — M, as follows.
For any x € My, define the color mapping T°°() such that G* T g g T Y where ¢ > 0 is the

minimum integer satisfying Q¢ (T%(x)) = Qc (T (x)) and Qx (T (x)) = Qu(T*1(x)). Note that T is well-defined
since ¢ always exists (one can see that Q¢ (T (x)) = Qc (T (x)) and Qu (Tt (x)) = Qu(T* (X)) holds for all
t > max(|Vg|¥,|Ve|*) when T is a color refinement), and it is easy to see that T is a color refinement. We call 7>
stable because (T o T°°)(x) = T°°(x) holds for all x € My, ie.,T oT>® =T,

A color refinement algorithm A is formed by the composition of a stable refinement 7°° : M — M} with a color
transformation U : M}, — My, called the pooling transformation. It can be formally written as A := U o T°°. Below, we
will derive several useful properties for general color refinement algorithms. These properties will be frequently used to
compare the expressive power of different algorithms.

Proposition A.1. Let Ty,T5 : My, — My,, Uy, Uz : My, = My, be color transformations. If T1 < T5 and Uy = Uy,
thenUy o1y = Uz 0 Ts.

Proof. Since T1 = Ty, T1(x) = T2(x) holds for all x € My, . Since Us is order-preserving, Usz(T31(x)) = Ua2(T2(x))
holds for all x € My, . Finally, since Uy < Us, U1(T1(x)) = U2(T1(x)) holds for all x € My,. Combining the above
inequalities yields the desired result. O

Proposition A.2. Let T} : My, — My, and Ty : My, — My, be color refinements, and let Uy : My, — My, and
Us : My, — My, be color transformations. If To o Uy 0 T o Uy = Uy 0 T7° 0 Uy, then Uy 0 T 0 Uy X T5° 0 Ug o Uy.
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Proof. If T5 00Uy 0T° oUy = Uy o T7° o Uy, then by definition of stable refinement, 75° o Us o T° o Uy = U 0 TT° o Uj.
Since T7° is a refinement, Uy o TT° o U; = T5° o Uy o U; according to Proposition A.1. We thus obtain the desired
result. O]

Corollary A.3. Let T1,Ts : My, — My, be color refinements. Then, T1 =< Ty implies that Ty o T7° = TT°.

Proof. Since T < Ty, Ty oT® = ThoT® by Proposition A.1. Namely, T9° < TooT°. On the other hand, Tho T < T
since 15 is a color refinement. Combined the two directions yields the desired result. O

The above two propositions will play a crucial role in our subsequent proofs. Below, we give a simple example to
illustrate how these results can be used to give a proof that a GNN model M is more expressive than another model
Ms. Suppose Ty, T : My, — My, are color refinements corresponding to one GNN layer of M7 and Ms, respectively,
and let U : M — M be the color transformation corresponding to the final pooling layer in M; and M5. Then,
the color refinement algorithms associated with A; and M5 can be represented by U o T and U o T5°, respectively.
Concretely, denote by x° the initial color mapping in the two algorithms, e.g., the constant mapping where 2 (u) is
the same for all G* € Gj. It follows that the graph representation of a graph G computed by the two algorithms is
[U(Ty(x")](G) and [U(T(x°))](G), respectively. Then, The statement “M; is more expressive than M>” means that
UG = [UTEOH) = [UT0)IG) = [U(To(x°)))(H) for all graphs G, H € G.

To prove that M, is more expressive than M, it suffices to prove that T3 o T7° is as expressive as T7°. Indeed, this is
actually a simple consequence of Propositions A.1 and A.2. If T, o T is as expressive as T7°, then 77 is more expressive
than 75° (Proposition A.2), and thus U o TT° is more expressive than U o T (Proposition A.1), yielding the desired result.

A.2. Basic results

This subsection proves several basic results for EPWL. We begin by proving that EPWL is strictly more expressive than 1-WL
(Proposition 4.2). We will first restate Proposition 4.2 using the color refinement terminologies defined in Appendix A.1.
We need the following color transformations:

* EPWL color refinement. Define Tgp ps : M1 — M; such that for any color mapping x € M; and rooted graph G,
[Tep, ()] (1) = hash(xa (u), {(xa(v), P& (u,0)) : v € Va}}). (10)
¢ 1-WL color refinement. Define Tiy_ : M1 — M such that for any color mapping xy € M and rooted graph G*,
[Twe(X)]a(u) = hash(xa(w), {(xa(v), atpg(u, v)) - v € Va}). (11)
¢ Global pooling. Define Tgp : M1 — My such that for any color mapping xy € M and graph G,
[Ter ()I(G) = hash({xa(u) : u € Ve }). (12)
Equipped with the above color transformations, Proposition 4.2 is equivalent to the following:
Proposition A.4. For any graph matrix M € {A, L, I:} Tep o Tgp pr = Tap o Tijj -

Based on Propositions A.1 and A.2, it suffices to prove that Tgp pr = Ty

Lemma A.5. For any graph matrix M € {A, L, i/}, PM < atp. Here, the atomic type operator atp € Mo is regarded as
a 2-dimensional color mapping. This readily implies that Tep pr < Twi.

Proof. 1t suffices to prove that, for any two graphs G, H € G and vertices u, v € Vg, 7,y € Vp, if PM (u,v) = PM(z,y),
then () u =v <= z =y; (b) {u,v} € B¢ < {z,y} € Ex.

Item (a) simply follows from the fact that v = v iff Z(A,P(u,v))epgﬂ(u,v) P(u,v) = 1 (by definition of eigen-
decomposition). Item (b) simply follows from the fact that {u, v} € Eq iff 3\ py.v))eps (uv) AP(u,v) # 0 and
u # v (which holds for all matrices M € {A, L, L}). O
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Strict sepatation. It is easy to give a pair of counterexample graphs G, H
that are indistinguishable by 1-WL but can be distinguished via EPWL. We
give such a pair of graphs in Figure 2. One can check that the two graphs has
difference set of eigenvalues no matter what graph matrix M € {A, L, ﬁ} is

used in EPWL. Figure 2. A pair of counterexample graphs

We next show that EPWL is more expressive than spectral positional encoding ~ that are indistinguishable by 1-WL but can
using Laplacian eigenvectors. We will prove the following result: be distinguished via EPWL.

Proposition A.6. Given any graph matrix M € {A, L, f/} and any initial color mapping x° € M, let x* = Tep a1 (X°)
be the EPWL color mapping after the first iteration. Then, for any graphs G, H € G and vertices u € Vg, xz € Vy, if
X6 (u) = xjy (v), then PE (u, u) = Pif (w, ).

Proof. Let G, H € G and vertices u € Vg, x € Vyy satisfy that x5 (u) = xk(v). Then,

L& (), P& (u,0) v e Vel = {(Xu ), PH (z,9)) :y € Vu }- (13)
Note that for any u,v € Vg and z,y € Vg, if Pé‘;/[(u, v) = 7?11}/1(33, y),thenu =v <= x =y (Lemma A.5). Therefore,
Equation (13) implies that P2 (u,u) = PM (z, z). O

A.3. Proof of Theorem 4.3

This subsection aims to prove Theorem 4.3. We will first restate Theorem 4.3 using the color refinement terminologies
defined in Appendix A.1. We need the following color transformations:

* EPWL color refinement. Define Tgp ps : My — M, such that for any color mapping x € M, and rooted graph G*,
[Tep.n1 ()]a(u) = hash(xa(u), {{(xa(v), P& (u,v)) : v € Ve }}). (14)
* SWL color refinement. Define 75 : My — M5 such that for any color mapping x € M and rooted graph G**,
[Ts(X)]a(u,v) = hash(xc (u,v), { (xa(u, w), atpa(v,w)) : w € Vg ). (15)
¢ PSWL color refinement. Define Tps : My — M5 such that for any color mapping x € M and rooted graph G*?,
[Tes ()] a(u, v) = hash(xa(u, v), xa (v, v), {(xa(u, w), atpg (v, w)) : w € Va ). (16)
* Global refinement. Define T, T, : Ma — M such that for any color mapping x € M and rooted graph G**,

[TGU(X)}G('LL; U) = haSh(XG(u7U)7 {{Xg(u,’ZU) Tw e VG}})v an
[Tov(X)]G (u, v) = hash(xa(u,v), {xc(w,v) : w € Vg }}). (18)

 Diagonal refinement. Define Tp,, Tp, : My — M such that for any color mapping x € M- and rooted graph G**,

[TDU<X)]G(1’L7U> = haSh(XG(u7v)7XG(u7u)>7 (19)
[TDV(X)]G(ua U) = haSh(XG(u7U)aXG(U7U))~ (20)

* Node marking refinement. Define Tyv : Mo — M such that for any color mapping x € My and rooted graph
GU'U’

[Tam (0] (u, v) = hash(xe(u, v), Ilu = v]). 21

* Lift transformation. Define T : M; — M3 such that for any color mapping x € M/ and rooted graph G*,
[Tt ()]e(u, v) = xa(v). (22)
* Subgraph pooling. Define Tsp : My — M such that for any color mapping x € M and rooted graph G*,
[Tsp ()l (u) = hash({{xc (u,v) : v € Vo). (23)
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* Global pooling. Define Tgp : M1 — M such that for any color mapping x € M and graph G,
[Tep ()N(G) = hash({{xc(u) : u € Vo }}). (24)

Note that Tps =X Ts, Tps = TGy, and Tps = Tp,. Equipped with the above color transformations, Theorem 4.3 is equivalent
to the following:

Theorem A.7. For any graph matrix M € {A, L, ﬁ} Tgp o Tsp o T5S o Tnm © Ty = Tap o TS ar-

We will decompose the proof into a set of lemmas. First, we leverage a recent breakthrough in graph theory established by
Rattan & Seppelt (2023). We restate their result in our context as follows.

Definition A.8. Define a family of graph matrices € as follows, called equitable matrices:

a) Base matrices: the identify matrix I, all-one matrix J, adjacency matrix A, degree matrix D are all equitable;

b) Algebraic property: for any equitable matrices M1, My € &, My + My, cMy, M1 Ms € €, where ¢ € C can be any
constant.

c) Spectral property: for any M € & and A € C, let P>{VI be the projection onto the eigenspace spanned by the
eigenvectors of M with eigenvalue A (PM = O if ) is not an eigenvalue of M). Then, PM € ¢.

Based on Definition A.8, we readily have the following proposition:

Proposition A.9. The Laplacian matrix L and the normalized Laplacian matrix L are equitable.

Rattan & Seppelt (2023) proved the following main result:
Theorem A.10. For any M € & T&°(Tum(x©)) =< M, where X© € Ms is the constant color mapping.

Corollary A.11. For any symmetric equitable matrix M € € and initial color mapping x° € My, (TgS o Tam o Tt) (x°) <
PM,

Proof. For any symmetric equitable matrix M € € and any A € R, P/{VI € € holds by Definition A.8(c). Therefore,
Theorem A.10 implies that 75°(Tam(x©)) = PM, ie., To2(Tam(XC)) < PM. Next, note that PM £ O iff A is an
eigenvalue of M. Therefore, the graph invariant A over G» defined by A (u,v) = I[A is an eigenvalue of M| satisfies that
(TeuoTpyoTguoTpe oThm)(x)) < A. Since Tg, 0 Tpy 0 T, © Tpe = T5¢ (based on the facts Tps =< T, and Tps = Tpy
and Corollary A.3), we have 758 (Tum(x©)) < A. By considering all A € R, we obtain that 75 (Tm (x©)) < PM. Finally,
noting that 7355 o Ty is order-preserving and T4 (x°) < x©, we have (7338 o Tim o T4)(X°) < PM forall x° € M;. O

We are now ready to prove Theorem A.7.

Proof of Theorem A.7. Note that Tsp o Tyym o T4 is a color refinement, and thus Tgg ;0 Tsp o Tm o Ty <X TEp pr. To prove
that Tgp o Tsp o T5s o Tnm o Ty = Tp o TEp - it suffices to prove that Tsp o Ti5S o Tnm = Tgp a4 © Tsp o Tm according to
Proposition A.1. Moreover, based on Proposition A.2, it suffices to prove that Tgp pg 0 Tsp 0 Ti5g o ITnm = Tsp 0 TS 0 Thm.-

Let x° € M be any initial color mapping and let x = T (Twm(x0))- Pick any graphs G, H and vertices u € Vg, x € Vg
such that [Tsp(x)]c(u) = [Tsp(X)]m(2), i-e.,

fixa(w,v) v e Vol = fxulz,y) :y € Vi }. (25)
Invoking Corollary A.11 obtains that
{(xe(w,0), PE (u,0) sv € Vo lt = {(xm(z.y), P (z.y)) - y € Vi }}- (26)
Since Tps = Tpy, based on Corollary A.3 we have Tp, o T3¢ = Tge, i.e., x = Tpy(x). Therefore,
fxc(v,0), PE (u,0)) v € Vel = {(xu(y.y). Py (2,9)) 1 y € Vir}}- 27)

Since Tps = Tgy, we similarly have x = T, (). Therefore,

{(fixc(v,w)  w e Vel PE (u,v)) rv € Vol = {({xu(y,2) 1 2 € Ve Pif (w,9) ry € Vi }}. (28)

Combining with Equations (25) and (28), we have Tep ps(Tsp(x)) = Tsp(x). Finally, noting that XV is arbitrary, we
conclude that Tgp, ps © Tsp 0 15 0 Tym = Tsp o T5E o Tm. O
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A.4. Proof of Theorem 5.1

This subsection aims to prove Theorem 5.1. We will first restate Theorem 5.1 using the color refinement terminologies
defined in Appendix A.l. Similarly to Appendix A.3, we define the following color transformations:

* EPWL color refinement. Define Tgp ps : M1 — M, such that for any color mapping x € M; and rooted graph G*,
[Tep a1 (X)) 6 () = hash(xa (u), {(xc(v), P& (u,0)) 1 v € Va }}). (29)

* GD-WL color refinement. Define T¢p as : M1 — M, such that for any color mapping x € M; and rooted graph
G",
[Tep,m (X))a(u) = hash(xa(uw), {(xa(v), Mg (u,v)) : v € Vo). (30)

* Global pooling. Define T¢p : M; — M, such that for any color mapping x € M; and graph G,

[Tep COI(G) = hash({{xa(u) : u € Va}). (31)

Theorem 5.1 is equivalent to the following:

Theorem A.12. For any graph distance matrix M listed in Section 5, Tgp o ng i <T1gp o Tg,‘SVM.

In this subsection, let Y¢ € M be the constant color mapping and let y = TS & (x©). Define a color mapping y € Mo

such that yg(u,v) = (Xg(u), xa(v), PGf‘(u, v)) for all graph G and vertices u, v € V. The following proposition will
play a central role in our subsequent proofs:

Proposition A.13. For any graph matrix M, if x <= M, then Tgp o TE‘); = Tep o TGo mr-

Proof. Based on Propositions A.1 and A.2, it suffices to prove that Tcp ar © TEOS i = TE’; i Pick any x° € M; and let
X = ngi(xo). Since x' = Tip 1 (X'), we have

/

Xe(u) = X (y) = Xa(u) = X (y) A (e©), PEu,v) v e Vel = {0n®), PE(@.y) 1y € Vir}
— {0 (w), X (), PE(u,v)) v € Vol = {(Xu(@), Xi (v), PE(@,9) : y € Vir}

for all graphs G, H € G and vertices u € Vg, x € V. Moreover, since x’ < x and Y < M, we have

xo(w) =xuy) = {(xa), Mg(u,v)) :v e Vol = {(xuW), Mu(z,y)) :y € Vi }

for all graphs G, H € G and vertices u € Vg, x € V. Therefore, X’ = Tep,a(x'). Finally, by noting that ' = T i(XO)

and xo is arbitrary, we obtain that Tgp ps © TE; i = T as desired. ]

EP. L
We next present several basic facts about EP-WL stable colors .
Proposition A.14. For any graphs G, H € G and vertices u € Vg, x € Vi, if xa(u) = x g (x), then
a) degg(u) = degy (z);
b) ’PGfJ(u,u) = 7)[’:‘,(37, x).
Proof. Since Tep ps = Twie (Lemma A.S), we have x < TV?,"L(XC). Item (a) follows from the fact that the 1-WL stable

color can encode the vertex degree, i.e., TV?,OL(XC) = deg. To prove item (b), note that xy < x*, where x! is defined in
Proposition A.6. Therefore, item (b) readily follows from Proposition A.6. O

Below, we will separately consider each of the distances listed in Section 5.

Lemma A.15. Let M be the shortest path distance matrix. Then, ¥ < M.
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Proof. We will prove a stronger result that pL =< M. Note that there is a relation between M and the normalized adjacency
matrix A :== D~'/2AD~'/2 = T — L, which can be expressed as follows:

Mg (u,v) = min{i € N: A% (u,v) > 0} VG € G,u,v € V. (32)

The above relation can be interpreted as follows: A% (u,v) = > pi(u,w) W (Piu,v)) where p;(u,v) ranges over all

walks of length i from u to v, and w(p;(u,v)) := (degq(u) degg(v)) /2 (I degG(wi)Y1 for a walk p;(u,v) =
(u,wy, -+ ,w;_1,v), which is always positive.

Based on the property of eigen-decomposition, we have

Ajwv)y= Y NPg(uv) = > (1= \)'Pg(u,v). (33)
(\Pg(uv)ePE (A Pg (u,0)) €PE (u,0)
This implies that M (u, v) can be purely determined by PG’i(u, v), i.e., PL < M. O

Lemma A.16. Let M be the resistance distance matrix. Then, ¥ =< M.

Proof. We first consider the case of connected graphs. We leverage a celebrated result established in Klein & Randic (1993),
which builds connections between resistance distance and graph Laplacian. Specifically, for any connected graph G € G
and vertices u, v € Vg,

Mg (u,v) = LT (u,u) + LT (v,v) — 2L (u, v), (34)

where T denotes the matrix Moore—Penrose inversion. Substituting L = D'/2LD'/2 into Equation (34), we obtain
M (u,v) = (degg(u)) ™ L (u,u) + (degg (v)) ' Li(v,v) — 2(deg (u) degg(v)) "> Ll (u, v), (35)

Moreover, we have LT = D a0 A; ' P; where 3°; \; P, is the eigen-decomposition of L. Combining all these relations,
one can see that M (u, v) is purely determined by the tuple (deg(u), degq(v), Pg(u, w), Pcfj (v,v), PGf“ (u,v)). Based on
Proposition A.14, ¢ (u) determines deg(u) and PZ (u,u), and x¢(v) determines deg; (v) and P (v, v). Consequently,
X =X M.

We next consider the general case where the graph G is disconnected. In this case, L is a block diagonal matrix. It is
straightforward to see that

Lt (u,u) + LT (v,v) — 2L (u,v) if u and v are in the same connected component,

00 otherwise. (36)

Me(u,v) = {

Since we have proved that P can encode the shortest path distance (Lemma A.15), PGf‘ (u,v) can encode whether u and v
are in the same connected component. So we still have Yy < M. O

Lemma A.17. Let M be the hitting-time distance matrix. Then, ¥ < M.

Proof. Without loss of generality, we only consider connected graphs as in Lemma A.16. According to the definition of
hitting-time distance, for any connected graph G € G and vertices u,v € Vi, we have the following recursive relation:

0 ifu=u,

i 37
1+ m > weNe () Ma(u,v)  otherwise. (37)

.
Now define a new graph matrix R R R
H=11" + D' A(H — diag(H)) (38)

where djag(ff ) is the diagonal matrix obtained from H by zeroing out all non-diagonal elements of H. It follows that
M = H — diag(H).

We first calculate diag(H). Left-multiplying Equation (38) by 17 A yields that
1TAH =1"A11T + 1TAD'A(H — diag(H)) = 1T A11"7 + 1T A(H — diag(H)),
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where we use the fact that 1T AD~' = 1T. Therefore, 1" Adiag(H) = 1" A11", namely, Hg(u,u) =
2| Fg|(deg ().

We next compute the full matrix M. Based on Equation (38), we have
(I -D'A)M =11" — diag(H). (39)
Left-multiplying Equation (39) by D leads to the fundamental equation
LM = D11" — 2|E¢|I. (40)

When the graph G is connected, the eigenspace of L associated with eigenvalue A = 0 only has one dimension, and any
eigenvector b satisfying Lb = 0 has the form b = c1 for some c. This implies that all solutions to Equation (40) has the
form

M =L'DJ+JS —2|Eg|L! (41)

where S is a diagonal matrix and J = 11". Noting that diag(M) = O, we have O = diag(LTDJ) + diag(JS) —
2| Eg|diag(L"). Since diag(JS) = S for any diagonal matrix S and Jdiag(LTDJ) = JDL', we final obtain

M = L'DJ + J (2|Eg|diag(L") — diag(LTDJ)) — 2|E¢|L!
= L'DJ — JDL' 4 2|E¢|Jdiag(L") — 2|E¢|LT. (2
Below, we will prove that ¥ < M. Noting that LT = D~1/2LTD~1/2 we have

M =D Y2LIDY2J — JDY2LTD™Y? 4 2|Eq|I D~ 2diag(LY)D~/% — 2|Eq|D~Y2LTD~Y/2.  (43)
Equivalently, for any graph G € G and vertices u,v € Vg,

Mg (u,v) = DG (u,u) 3 L (u,w)DY? (w,w) — DG (v,0) Y L (w,0) D (w, w)
weVg weVg (44)
£ —1 —1/2 it —1/2
+ 2|Eg|L(v,v)Dg (v,v) = 2|Eg|Dg ™ " (u, u) L (u,v)Dg '~ (v,v).

From the above equation, one can see that M (u, v) is fully determined by the following tuple:
(1Eal, degg(w), dege (v), L (v,0), L (u,v), (L] (u, w), degg(w)) : w € Ve, {(Eh(w,v), degg(w)) : w € V) -

According to the eigen-decomposition, Lt = Do A0 N ! P, where >_; AiP; is the eigen-decomposition of L. Therefore,

L' < PL. Besides, based on Proposition A.14 we have that deg (u) is determined by x¢(u), degs (v) is determined by
xc(v), and P& (v, v) is determined by x ¢ (v). It follows that | E| is determined by ¢ (u), because by x = Tgp ; () we

have for all graphs G, H € G and vertices u € Vg, x € Vy,
xa(u) = xu(z) = {{xe):veValt ={xuy) :y e Va}

= {{degg(v) v € Vel = {{degy(v) 1y € Vu }}
= |Eg| = |EHul.

We next prove that {{(ig(u, w), degg(w)) : w € Vgl is determined by x(u). Again by using x = Tip 1 (), we have
for all graphs G, H € G and vertices u € Vg, x € Vjg,

xe(w) = xu(z) = {(xa(), PEu,v)) :ve Vel = {xuy), Pﬁ( Y):y € Vi)
— {(degg(v), L (u,0)) v € Vo) = {(degy (), Ll (z,y)) -y € Vir}.

Using the same analysis and noting that Mé(w,v) = Mg(v,w) for any symmetric matrix M, we can prove that

{{(f/TG(w v),dega(w)) : w € Vg }} is determined by x(v). Combining all these relations leads to the conclusion that
X X M. O
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Corollary A.18. Let M be the commute-time distance matrix. Then, Y = M.

Proof. This is a simple consequence of Lemma A.17. Denoting by H the hitting-time distance matrix, we have M =

H +HT. Since Yy < H, Y < H' (because PG (u,v) = PL (v, u) for any graph G and vertices u,v € V). Therefore,
X =M. O

Lemma A.19. Let M be the PageRank distance matrix associated with weight sequence o, 71, --. Then, X = M.

Proof. By definition of PageRank distance, M = Y ;7 v, (D 1A)*. Let 3, \; P; be the eigen-decomposition of L.
Then, A = D~Y2AD~'/2 =T — L =Y ,(1 — \;) P,. Therefore,

(D™'A)* = D7'/2A*DY/? = Z(l - \)*D"YV2p,D'/?, (45)

i

Plugging the above equation into the definition of PageRank distance, we have for any graph G € G and vertices u, v € Vg,

Mg (u,v) = (Z (1 — ) P;(u, v)(degg () /3 (degg (v)) /2. (46)

%

One can see that M (u, v) is purely determined by the tuple (deg.(u), degq(v), 73(’—;1 (u,v)). Based on Proposition A.14,
X¢ (u) determines deg (u) and x¢(v) determines deg (v). Consequently, ¥ < M. O

We next study the (normalized) diffusion distance. Consider the continuous graph diffusion process defined as follows.
Given time ¢ > 0, let p};(u) be the probability “mass” of particles at position u. The particles will move following the
differential equation given below:

d
=T 4
dtp P’ 47)

where T is the transition matrix. For example, when T' = AD~! — I, the differential equation essentially characterizes
a random walk diffusion process. In this paper, we consider the normalized diffusion distance, which corresponds to
T =A—1I=—L. Given hyperparameter 7 > 0, denote by (p|g« )™ be the probability “mass” vector at time 7 with the
initial configuration (p|g«)°(u) = 1 and (p|g«)°(v) = 0 for all v # u. Then, the diffusion distance matrix M is defined as

Me(u,v) = [|(plaw)” = (Plew) [l - (48)

Lemma A.20. Let M be the normalized diffusion distance defined above. Then, X = M.

Proof. Since Equation (47) is a linear differential equation, we can solve it and obtain (p|g.)” = exp(7T)(p|c«)".
Therefore,

Mg (u,v) = [lexp(rT) ((plc+)" — (Plav)") ], » (49)
where exp(T) is the matrix exponential of T'. Equivalently,
ME(u,0) = ((ples)” = (Plae)”) " exp(2rT) ((plae)’ = (Pler)") - (50)
Let > . A\; P; be the eigen-decomposition of L. Then, exp(27T) = exp(—27L) = >, exp(—27);) P;. Therefore,
ME (u,v) Zexp =27X:) (P (u, u) + P;(v,v) — 2P;(u,v)). (51)

This implies that Mg (u, v) is purely determined by the tuple (P(I;’ (u,u), 795 (v,v), Pg(u, v)). We conclude that Yy < M
by using Proposition A.14. O

We finally study the biharmonic distance.
Lemma A.21. Let M be the biharmonic distance defined in Lipman et al. (2010). Then, X = M.

20



On the Expressive Power of Spectral Invariant Graph Neural Networks

Proof. Without loss of generality, we only consider connected graphs. According to Wei et al. (2021), the biharmonic
distance for a connected graph can be equivalently written as

Mg (u,v) = (L) (u,u) + (L) (v,v) — 2(L?)T(u,v). (52)

The subsequent proof is almost the same as in Lemma A.16 and we omit it for clarity. O

A.5. Proof of Theorem 6.1

This section aims to prove Theorem 6.1. Below, we will decompose the proof into three parts. First, we will describe the
color refinement algorithm corresponding to Spectral IGN, which is equivalent to Spectral IGN in terms of distinguishing
non-isomorphic graphs. Then, we will prove that this color refinement algorithm is more expressive than EPWL using the
color refinement terminologies defined in Appendix A.1. Finally, we will prove the other direction, i.e., EPWL is more
expressive than the color refinement algorithm of Spectral IGN, thus concluding the proof of Theorem 6.1.

Color refinement algorithm for Spectral IGN. To define the algorithm, we first need to extend several concepts defined
in Appendix A.I to incorporate eigenvalues. Formally, let AM be the graph spectrum invariant representing the set of
eigenvalues for graph matrix M, i.e., AM(G) := {\ : \is an eigenvalue of Mg} for G € G. Define

GPY = {(G™,\) 1 G* € Gi, ) € AM(G)). (53)

We can then define color mappings over Q,fM. Formally, a function x defined over domain g,fM is called a color mapping if
X(G™, \) = x(H?, ) holds for all (G*, ), (H”, ) € g]jM satisfying G* ~ H" and A = p. Without ambiguity, we will
use the notation (A, u) to refer to x(G*, \) for (G*, ) € g]jM. Define MEM to be the family of all color mappings

s

M .. . . . C v e . . M
over GI' . We can similarly define equivalence relation “=" and partial relation “=<" between color mappings in M}, . In
addition, the color transformation can also be extended in a similar manner.

Throughout this section, we use the notation XPM € M%DM to represent the initial color mapping in Spectral IGN, which is
defined as x5 (A, u,v) = (A, PM (u,v)) for all (G*, ) € GI'™", where P is the projection matrix associated with
eigenvalue \. We then define the following color transformations:

¢ 2-IGN color refinement. Define Tigy : My — M such that for any color mapping x € My and G** € G,

[Tien ()] (u, v) = hash(xc(u, v), xa(u, w), xa(v,v), xa (v, w), Suv(Xa (u, w)),
{ixe(u,w) - w e Vol {xa(w, u) : w e Val,
xa(v,w) s w € Vol fxe(w,v) s w € Vel
ixe(w,w) :w e Vel {{xa(w, 2) s w,x € Vol
Suv({{xc (u, w) 2 w € Ve ), dun({{xa(w,u) s w € Val}),
duv(fxa(w, w) r w € Vo), duo(xc(w,2) : w,x € Ve }})).
Here, the function ¢, satisfies that d,,,(¢) = cif v = v and ., (c) = 0 otherwise (0 is a special element that differs

from all x(u,v)). One can see that Equation (54) has 15 aggregations inside the hash function, which matches the
number of orthogonal bases for a 2-IGN layer (Maron et al., 2019b).

(54)

 Spectral pooling. Define Tsp : M%)M — M such that for any color mapping y € MQ’M and G*¥ € Ga,
[Tsp (x))c(u,v) = hash({{xa(A,u,v) : X € AM(G) ). (55)

« Spectral IGN color refinement. Define Tsicn : MP™ — MP™ such that for any color mapping y € MZ"" and
M
(Gw, ) egl,

[Tsien(X)]a (A u, v) = hash([Tien (X (A, -5 )]l (u, v), [Tien (Tsp (X))] 6 (u, v)). (56)

« Spectral IGN final pooling. Define Tip : M%"" — M such that for any color mapping x € MZ"" and G € G,
[Tep (x)(G) = hash({xc (A u,v) : A € AM(G),u,v € Ve }). (57)
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* Joint pooling. Define T)p : My — My such that for any color mapping x € Mz and G € G,
[Top ()(G) = hash({xc(u,v) : u,v € Vo }}). (58)
¢ 2-dimensional Pooling. Define Tp, : My — M such that for any color mapping x € M and G € G,

[Te2(X)]c (u) = hash({xc(u,v) 1 v € Ve }). (59)
* EPWL color refinement. Define Tgp ps : M1 — M, such that for any color mapping x € M; and G* € G,
[Tep,n1 ()]c (1) = hash(xa (u), {(xa(v), P& (u,v)) : v € Va}}). (60)

* Global pooling. Define Tgp : M; — M such that for any color mapping x € M and graph G,

[Tep COI(G) = hash({{xa(u) : u € VG }). (61)

We now related the expressive power of Spectral IGN to the corresponding color refinement algorithm. The proof is
straightforward following standard techniques, see e.g., Zhang et al. (2023a).

Proposition A.22. The expressive power of Spectral IGN is bounded by the color mapping (Tgp o Tsol%N)(XPM) in
distinguishing non-isomorphic graphs. Moreover, with sufficient layers and proper network parameters, Spectral IGN can
be as expressive as the above color mapping in distinguishing non-isomorphic graphs.

Equivalently, the pooling Trp can be decomposed into three pooling transformations Tgp o Tpy o Tsp, as stated below:

Lemma A.23. TGP o Tp2 o Tsp o] Tgl.oGN = TFP o TSOI%N

Proof. First, it is clear that Tgp o Tpy o Tsp o TGy = Trp o T gy- Thus, it suffices to prove that Tip o TGy =

Tep o Tpy o Tsp o Ty - Pick any initial color mapping X0 e M;)M and let y = Tg"OGN(XO). Note that x = Tgign(x). We
will prove that (Trp)(x) < (Tgp © Tp2 o Tsp)(x). Pick any graphs G, H € G. We have

[Ter (OI(G) = [Trr (X)](H)
Ixa\u,v) A€ AM(G),u,v € Vel = {xu(p,x,y) :p€ AM(H), z,y € Vg '}
Ixa\u,u) - A€ AM(G),u e Vel = {xu(pz,z):pc AM(H),z eV}
{xaeOu,v) i v eVel : A e AM(G),ue Vel = {fxu(pz,y):yeVul:pnec AMH), zc Vi)
{Hxa N, u,v) : N e AMO) B v e Vgl : A e AM(G),uecVe}
= {{lxu (W a,y) € AM(H) Y iy € Vir} s pe AM(H),z € Vi)
— {{{xc\V,u,v): N e AM(G)}:veVe)}:uecVe)
= {({lxu (' zy) 0 e AMH) Yy €V} iw eV}
= [(Tep o Thz 0 Tsp) (X)|(G) = [(Tep o Tr2 © Tsp ) (X)](H),

Ll

where the second, third, and fourth steps in the above derivation are based on Equations (54) to (56). We have obtained the
desired result. O

In the subsequent proof, we will show that (Tgp o Tpa o Tsp © Ts",‘(’;N)(XPM) = (Tep o Tep a1 ) (x°), where X° € M, is the

constant mapping.
M

Lemma A.24. Let X° € M; be the constant mapping. Then, (Tgp o Tpz 0 Tsp o TSen) (XT ) = (Tep © T$7M)(XO).

Proof. Define an auxiliary color transformation Ty : M; — M such that for any color mapping x € M and rooted
graph G*” € Gy,
[T« (X)) (u; v) = hash(xa(u), xa(v))- (62)
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We first prove that Tgp = Tgp o Tpo o T . Pick any color mapping x € M and graphs G, H € G,

[Ter (X)I(G) = [Ter(X)](H)
= {{xc(w):ue Vel ={xu() v €Vy}
= {xe(w):f{xc) :veVel) ue Vel ={(xu(@),{xu(y) :y€Vul) :z €V}
—

(i (xo (). x6() v e Va) - ue Vel = {{(xu(@).xuw) v € Vi) - v € Vir}
= [(Tap 0 Trz 0 TX)()I(G) = [(Tep © Toz 0 To) (0] (H).

Based on the equivalence, it suffices to prove that (Tgp o Tpp 0 Tsp © Tg’,%N)(XPM) < (TgpoTppoTx o T§§7M)(XO). Since
M

Tep o Tpy is order-preserving by definition, it suffices to prove that (Tsp o TSy ) (X* ) < (T © Tes ) (X0).

We will prove the following stronger result: for all ¢ € N, (Tsp o Tg,GN)(XPM) = (Tx o Tgp pr)(x"). The proof is based
on induction. For the base case of ¢ = 0, since (Tx o TER ) (XY) is a constant mapping, the result clearly holds. Now

assume that the result holds for ¢ = ' and consider the case of ¢ = ' + 1. Denote x = Téen (X" )s X = Tep mr(X°)s

and note that Tsp(y) =< TSP(XPM) = PM  Pick any graphs G, H € G and vertices u,v € Vg, z,y € Vj. Based on the
induction hypothesis, [Tsp (x)]c(u, v) = [Tsp(x)]m (z,y) implies that Y (u) = Xm(x) and X¢(v) = Xm(y). We have

[Tsp(Tsien (X)) 6 (u, v) = [Tsp(Tsien (X)) (2, )

= {{[Tien(Tse ())la(u, v) = A € AM(G)} = {[Tion (Tsp (X)) ar (. y) - p € AM(H)}

= [Tien(Tsp (X))l 6 (u,v) = [Tien (Tsp (X)) (2, y)

= [Tsp(X)]a(u,v) = [Tsp ()] a (2, y) A [Tsp ()]a (v, w) : w € Vel = {([Tsp(X)]a (2, 2) : 2 € Vi }
AN Tse(O]a(v,w) rw e Vel = {[Tse()]a (v, 2) : 2 € Va }}

= Xc(u) = Xu (@) A (Re(w), PE (u,0) s w € Vol = {(Ru(2), P (x,2)) : 2 € Vir}y
ARG () = xXm ) AM(Re(w), PE (v,w)) w € Vel = {(xu(2), PiY (y.2)) : 2 € Vi }

= [Tep,m (W)l (w) = [Tep,p ()] (%) A [Tep,m (Ve (v) = [Tepr,nm (X)]a (y)

= (T o Ter,m) (X)) e (u, v) = [(Tx o Tep,ar) ()] 1 (2, y)

where in the first step we use the definition of Spectral IGN (Equation (56)) and spectral pooling (Equation (55)); in the

third step we use the definition of 2-IGN (Equation (54)); in the fourth step we use the induction hypothesis and the fact that
Tsp(x) < PM. This concludes the induction step. O

Lemma A.25. Define an auxiliary color transformation Ty pm : My — My such that for any color mapping x € M,
and rooted graph G** € G,

[Ty prr(X)]a(u,v) = hash(xg(u),Xg(v),'l)g[(u,v)). (63)

M

Then, (T par 0 Tgg pr)(X°) = (Tsp o Tgign) (X7 ).
Proof. We will prove the following stronger result: for any ¢ > 0, (Ty pm o Tgh 7r)(X°) = (Tsp © T§|GN)(XPM). The
proof is based on induction. For the base case of ¢ = 0, since (T pnm o Tgp pr) (X°) = T pm(x?) = Tsp 0 P, the
result clearly holds. Now assume that the result holds for ¢ = ¢’ and consider the case of ¢ = ¢ 4 1. Denote x = TE2|§: (X%
and Yy = Tg;GN(XPM). Pick any graphs G, H € G and vertices u,v € Vg, x,y € V. Based on the induction hypothesis,
Ty s (0]t 0) = [T s ()] 1, ) imnplies that [Tsp ()] (1, 0) = [Tsp ()] 11 (). We have
(T pre 0 T ar) (0] (w,v) = (T pr © Tep ap) (X)] 1 (2,)
- [TEQP,M(X)]G(U) = [TEP,M(X)]H(»T) A [TEZP,M(X)]G(U) = [TEP,M(X)]H(@/) APH (u,v) = PH (. y)
= xa(u) = xu(®) A xa(v) = xu(y) A PMe(u,v) = PMp(z,y)
APE (u,u) = P (2, 2) APE (v,0) = Pl (y,y) Alu = 0] = Iz = y]
M ([Ter.ae (0] (w), PE (w,w) s w € Vel = {([Tep,ma ()] (2), P (2, 2)) = 2 € Ve
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A {([Tepna (X)) (w), PE (v, w)) s w € Vol = {{([TEP M) (2), Pif (y,2)) - 2 € Vo }
— xo(u) = xu (@) A xe(v) = xu(y) APE (u,v) = P (z,y)

APE (u,u) = PR (x,2) A PY (v,0) = Pi (v, y)/\ﬂ[ =v] =[x =y]

A {(xe(u), xa(w), PE (u,w)) s w € Vot = {(xu(2), xu(2), Pi (z,2)) : z € Va}

AN{(xa(v), xa(w), P (v,w)) : w € Vol = {(xu(y), xu(2), Pi (y,2) : 2 € Vo }

A (xa(w), P& (w,w)) : w e Vol = {(xu(2), P (2,2)) : 2 € Va }}

A {(xe(w), xa(w'), P (w,w") s w,w’ € Vol = {(xu(2), xu(2), Pi (2,2) 1 2, 2" € Vel
= [Tsp(X)]c(u,v) = [Tsp (X)]r (2, y) A [Tsp (X)) (us u) = [Tsp (X)]m (2, )

A [Tsp(X)]a (v, v) = [Tsp ()] u (y, y) A [Tsp(X)]a (v, w) = [Tsp (X)) (v, 2) Alu = v] =1z = y]

fé
AM[Tse (e (v, w) :w € Vel = {([Tsp(X)]a (2, 2) : 2 € Vi }
AM{Tsp (Ve (v,w) :w € Vel = {[Tsp(]u(y, 2) 1 2 € Vi }
AM{Tse (Ve (w,u) :w € Vel = {[Tsp(X)]u(z,2) : 2 € Vi B
AM{Tse (e (w,v) w e Vel = {[Tsp()]u(z,9) 1 2 € Vi }
AM{Tse (e (w,w) cw € Vel = {[Tsp(V)]u(2,2) - 2 € Vi }
AN Tse (V] e(w,w') cw,w' € Vel = {[Tsp(V)]u(z,2') : 2,2 € Vi }
= [(Tien © Tsp) (X)] e (u, v) = [(Tien © Tsp) (X)] u (=, y)

where in the second step we use the definition of Tgp a7 and also Lemma A.5 and Proposition A.6; in the third step we use
the definition of Tgp ps again; in the fourth step we use the induction hypothesis and the fact that Pé"‘ (u,v) = P& (v, u)
for all G € G and u, v € Vg; in the last step we use the definition of 2-IGN (Equation (54)).

We next prove that [(Tien © Tsp)(X)]a(u,v) = [(Tien © Tsp)(V)]a(z,y) = [(Tsp o Tsien) (Xl (u,v) = [(Tsp o
Tsien) (X)) (2, y). This is because

[(Tien © Tsp) (X)] e (u, v) = [(Tien © Tsp) (X)) (2, y)
— AM(G) = AM(H) A [Tion(X(A, - ))]a(w,0) = [Tan (XA, )]a(z,y) YA € AM(G)
= [(Tsp o Tsion) (V)] (u, v) = [(Tsp o Tsion) (X)) 1 (2, y),

where in the first step we use the followmg observations: (i) x < XPM, which implies that Yo (\, u,v) = xg(p, x,y) =
A= p; (ii) (Tign 0 Tsp)(X) = Tsp o x¥ = PM and thus AM(G) = AM (H). We thus conclude the induction step. [

Lemma A.26. Let X" € M be the constant mapping. Then, (Tgp o T§§7M)(X0) =< (Tgp o Tpp 0 Tsp o TS"IOGN)(XPM).

Proof. Based on Lemma A.25, it suffices to prove that (Tgp o Tgs 5r)(X°) = (Tap © Tpa © Ty prr 0 Tgs pr)(X°), where
T, pm is defined in Lemma A.25. Denote x = T§§7M(XO). Let G, H € G be any graphs such that [Tgp(x)](G) =
[Tep(x)](H). By definition of Tgp,

fixc(w) :ue Vel ={{xu(z):z€Vul (64)
Since x = Tep,nm 0 X
f{(xa(u), {(xa(v), P (w,0)) s v € Va}) s we Vel = {(xu(2), {(xu (v), PE (z,y)) s y € Vir}}) : 2w € Vi }}.

(65)
Equivalently,

(e, xc(0), P& (u,v)) rv € Vel ru e Vol = {f{(xu (@), xu (), P (z.y) :y € Va} 1w € V). (66)

This implies that [(Tgp o Tp2 0 Ty pam ) (X)](G) = [(Tep © Tp2 o Tk pa )(X)](H ), concluding the proof. O
Combining Proposition A.22 and Lemmas A.23, A.24 and A.26, we conclude the proof of Theorem 6.1.
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A.6. Proof of Propositions 6.3 and 6.5

This sections aims to prove Propositions 6.3 and 6.5. We will first give a brief introduction of BasisNet. The BasisNet
architecture is composed of two parts: an eigenspace encoder ® : R”*"*" — R"*4 and a top graph encoder p : R"*?¢ —
R, Here, we consider the standard setting where p is a messgage-passing GNN that takes node features as inputs and
outputs a graph representation invariant to node permutation. We assume that the expressive power of p is bounded by the
classic 1-WL test.

We next describe the design of the eigenspace encoder ®. Given graph matrix M and graph G, let Mg = ;" | A\, P; be
the eigen-decomposition of M, where \; < --- < )\, are eigenvalues of M. For each eigenspace, BasisNet processes
the projection matrix P; using a 2-IGN IGN(@) : Rnxn _y R™ where d; is the multiplicity of eigenvalue \;. The output of
& is then defined as

(@) = IGN@(Py), .- IGN)(P,),0,---,0] € R"*% (67)

where [ | denotes the concatenation. When the number of eigenspaces is less than the output dimension d, zero-padding is
applied. Note that BasisNet processes different projections using different IGNSs if their multiplicities differ.

Color refinement algorithms for Siamese IGN and BasisNet. Similar to Spectral IGN, we can write the corresponding

color refinement algorithms for the two GNN architectures. We first define the initial color mapping XBaSiS”PM € M;’M

as follows: XgaSis"PM (A u,0) = (dy, PM (u,v)) for all (G*”, ) € GI'™", where PM is the projection matrix associated

with eigenvalue A and d is the multiplicity of eigenvalue A. Here, we encode the multiplicity in XBaSiSVPM because BasisNet
uses different IGNs for different eigenvalue multiplicities. We then define several color transformations:

« Siamese IGN color refinement. Define Tsam : ME™ — MP™ such that for any color mapping x € MZP™ and
(Guu7>\) c g;;,M’
[TSiam (X)]G(A7 u, U) = [,I‘lGN (X()\7 * ))]G(’LL7 U)7 (68)

where Tigy is defined in Equation (54).
« BasisNet pooling. Define Tgp : M5 — M7P™ such that for any color mapping x € MZF"" and (G*,\) € P,

[TBP(X)}G()VU) = haSh(XG()‘vu’u)7 {{XG(/\’u’ U) HICAS VG’}}? {{XG(/\’ v, u) HICAS. Vg}},

{xaA v,0) v e Vel {ixa(M v, w) cv,w € Vg }i). (69)

One can see that Equation (69) has 5 aggregations inside the hash function, which matches the number of orthogonal
bases in Maron et al. (2019b).

 Spectral pooling. Define Tspy : /\/lfM — M such that for any color mapping x € MfM and G* € Gy,
[Tsp1(x)]c(u) = hash({{xc (A, u) : A € AM(G)}). (70)
Similarly, define Tsp; : M;DM — M such that for any color mapping x € MEM and G*¥ € Go,

[Tspa(x)]a(u,v) = hash({xa (N, u,v) : A € AM(G)R). (71)

* Joint pooling. This has been defined in Equation (58).
* Diagonal pooling. Define Tp : Mo — M such that for any color mapping x € M3 and rooted graph G*,

[To(X)]a(u) = xa(u,w). (72)

¢ 1-WL refinement. This has been defined in Equation (11).
* Global pooling. This has been defined in Equation (61).
We are ready to define the color mappings corresponding to the whole algorithms:
* Weak Spectral IGN: the color mapping is defined as (T)p o Tsps © Tsoi‘;m)(xpM).

* BasisNet: the color mapping is defined as (Tgp o Ty © Tspy o Tgp © Tsogm)(XBaSi577’M).
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Similar to the previous analysis, we can prove that the above two color mappings upper bound the expressive power of the
corresponding GNN models. Below, it suffices to prove the following key lemma:

Lemma A.27. For any graph matrix M, (Tp o Tspy o Tsoi?im)(XPM) = (Tgp o T 0 Tspy 0 Tgp © Tsoigm)(XBaSi'S’pM).

Proof. The proof will be decomposed into a series of steps. We first prove that T2, (x”" ) = T2, (xB*=P™"). It suffices
to prove that Tsiam(x” ) < yB*P™ . Pick any graphs G, H € G, eigenvalues A\ € AM(G), u € AM (H), and vertices
u,v € Vg, z,y € Vig. Then, by definition of Tsiam, [Tsiam (X" )X 1, v) = [Tsiam (X7 )] (11, , y) implies that

M( M()\,w,w) cwe Vgl = {{XZM (u,2,2): 2z € Vg }}. (73)

M
xa Auv)=xg (moy) AMXE

Therefore, tr([PM]g) = tr([PJVI 121), where tr(-) denotes the matrix trace. Noting that tr([PM]) is exactly the multiplic-

. M - M
ity of eigenvalue \ for graph matrix M, we have XZQS'S’P (A u,v) = XZ&'S'S’P (1, 2, ).

We then prove that Tp o Tspp 0 TS, = Tgp o Ty o Tp o Tspa o TS, Pick any initial color mapping XO S M;DM and
let y = Tsoi‘;m(xo). Note that x = Tsiam(x). We will prove that (Tp o Tsp2)(x) = (Tep © Twir © Tp o Tsp2)(x). Pick any
graphs G, H € G. We have

[(Thp o Tsp2) (X)I(G) = [(Thp o Tsp2) (X)](H)
= {{xe\wv): A e AM(@)Y w0 e Vol = {(Hxu(pz,y) : pe AMH) Y 2y € Vi)
= {{({ixa\w,v) : A e AM(G) Y, atpg(u,v)) s u,v € Vol
= {({xu(w,z,y) - pe AM(H) Y, atpg(2,y)) 2,y € Vir }
= {{({ixa(\,v,0) : X € AM(G)}, atpg (u, v)) = u,v € Vol
= {({xu(py,y)  p € AM(H) B atpy (2,y)) : 2,y € Vi )}
= [(Tcp o Twi o Tp o Tsp2) (X))(G) = [(Tap © Twe © Tb o Tsp2) (X)](H),

where the second step is based on Lemma A.5, and the third step is based on the definition of T5s;,r,. This proves that
TypodsproTg,,, = Tep oTwL o1Ip o Tspa o Tgy ..

We next prove that Tp o Tspy 0 T, = Tspy o Tgp o T2, Pick any graphs G, H € G and vertices u € Vg, © € V. We
have

[(To 0 Tsp2) (X)I(G) = [(Tb © Tsp2) (x)](H)
= fxeu,u): A e AM(G)Y = {xu(p,z,2) : p € AM(H)}
= {fxe\u,v) v e Vel : A e AM(G)} = {lixm(u,2.y) 1y € Vi) - e AM(H)}
= [(Tsp1 0 Tep) ()I(G) = [(Tsp1 © Ter) (0] (H),

where the second step is based on the definition of Ts;am. This proves that Tp o Tspy 0 75 = Tspy o Tp 0 TS0,

We conclude the proof by combining the above relations with Propositions A.1 and A.2. O

We next turn to the proof of Proposition 6.5, which is almost the same as the case of BasisNet. Below, we will define
the equivalent color refinement algorithm for SPE. The initial color mapping associated with SPE is simply P™. Then,
the architecture refines P by using color transformation Tigy defined in Equation (54). The remaining procedure is
the same as BasisNet. Combined these together, the color mapping corresponding to the whole algorithm can be written
as (Tap o Ty © Tpa o Tigy ) (PM). Then, it suffices to prove the following two equivalence relations: (i) Tig (PM) =
(Tspp o T%N)(XPM); (i) T 0 Tpa 0 Tspa 0 Tggn = Tp2 © Tspa 0 Tgy- The proof procedure is alomst the same as in
Appendices A.5 and A.6 and we omit it here.

A.7. Discussions with other architectures

Graphormer (Ying et al., 2021), Graphormer-GD (Zhang et al., 2023b), and GraphiT (Mialon et al., 2021). Zhang
et al. (2023b) has shown that the expressive power of these architectures is inherently bounded by GD-WL with different
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distances. Here, Graphormer uses SPD, Graphormer-GD uses both SPD and RD, while the distance used in GraphiT has the
form de (u, v) = 37| ¢(\i) Pi(u, v), where P is the projection matrix associated with eigenvalue A for graph matrix L,
and ¢ : R — R is a general function. Therefore, based on Theorem 5.1 and the proof, it is straightforward to see that all
these architectures are bounded by EPWL.

PEG (Wang et al., 2022). Given graph G, PEG maintains a feature vector h(Y)(u) € R¢ for each node u € V¢ in each
layer [, and the feature is updated by the following formula:

WDy =y | 3 d(lza(w) — za@))WhO () | , 74

vENgG(u)

where ¢ : R — R and ¢ : R — R are arbitrary functions, W € R%*9 is a parameterized weight matrix, and zg(u) € R*
is the positional encoding corresponding to the top k eigenvectors at node u. Here, we assume that the number & is chosen
such that ||zg(u) — z¢(v)|| is unique for all graphs G of interest (i.e., no ambiguity problem).

We will show that the expressive power of PEG is bounded by EPWL. To obtain this result, note that ||zg(u) — zg(v)||* =
Zle(zc;,i(u))2 + (26,i(v))? — 2zg,i(u)zg i (v). Since ||zg(u) — zg(v)]| is unique, the span of top k eigenvectors must
be equivalent to the direct sum of the eigenspaces corresponding to top k' eigenvalues A\ > Ay > --- > \p for some
k" < k. It follows that || zg(u) — zg(v)||? = 25;1 P;(u,u) + P;(v,v) — 2P;(u,v) where P is the projection onto the
eigenspace corresponding to eigenvalue );. Therefore, the expressive power of PEG is bounded by the color refinement
algorithm (Tgp o TSEG)(XO) with x© the initial color mapping and Tpgg the color transformation defined below:

[TPEG(X)]G(U) = hash ({{(XG(U),'Péw(u,u),Péw(U,U),PéW(QL,U)) SRS VG}}) : (75)
We will prove that (Tgp o T§§7M)(X0) =< (Tgpo T,S’EG)(XO). Based on Propositions A.1 and A.2, it suffices to prove that
Tgp ar = Thec o Tgp pr- Denote x = TES,M(XO) and note that x = Tgp »,(x)- Pick any graphs G, H € G and vertices
u € Vg, x € V. We have
xe(u) = xu(w)

= PH (u,u) = P (z,2) A {(xa(0), P& (u,0)) : v € Vol = {(xu(v), PH (2,9)) 1y € Vi }

= {{(Xg(v),ng(u,u),PgI(uv),PgI(u,u)) ‘ve VG}} = {{(XH(y),P%(x,x),’]?;\;[(y’y),'Pﬁl(x,y)) ‘Y e VH}}

= [Trec(X)lc(u) = [Trec ()] u (2),

where in the first and second steps we use Proposition A.14. This concludes the proof that the expressive power of PEG is
bounded by EPWL.

GIRT (Ma et al., 2023b). Given graph G, GIRT maintains a feature vector for both vertices and vertex pairs. Denote by
h®)(u) € RY the feature of node u € V in layer [, and denote by h(!) (u,v) € R?" the feature of node pair (u,v) € V2 in
layer [. The features are updated by the following formula:

he v) = o (o (Waha () + Wiche(v)) © Wewhg (u,v)) + Weshg (1.v)) 7o

angl)(U,v) = Softmaxjevc(WAh(céH)(Uv'U))’ "

R )= 3l (,0) - (WAD (1) + We bl (u, 1)), 78)
vEVG

where the initial feature is defined as
R (u,v) = (D™ A)% (u,v), (D A) 5 (u,v), -, (D~ A)E (u, )],
& (u) = b (u,u).

One can easily write the corresponding color refinement algorithm that upper bounds of the expressive power of GIRT.
Formally, it can be expressed as (Tgp o Tp o T&kt)(X®'RT), where Tp is defined in Equation (72), the initial color mapping
XG'RT is simply the multi-dimensional PageRank distance, and T gt : M2 — M is the color refinement defined below:
hash(xq (u, v), xa(u,u), xa(v,v)) if u # v,
T u,v) = . 79
Teirr Ol (1, 0) { hash(xc (u, u), §(xc(u v), xG(1,v)) s v € V&) ifu=w. 79
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We will prove that (Tep o Tgs pr)(X°) = (Tep 0 Tp © T&ixr)(x®'RT). Define color transformation T par : My — Mo
such that for any color mapping x € M and rooted graph G** € Go,

[TX ,pM (X)]G(ua U) = haSh(XG(u)7 XG (U)v Péw(uv U)7 PIGVI (uv u)v Péf(”) U)) (80)

Note that Tgp o Tgs py = Tap 0 Tp 0 Ty pre 0 Tgg p4 by Proposition A.14. Also, Ty pa (x°) =< xC'RT due to Lemma A.16.
Therefore, it suffices to prove that T pa o Tgp pp = TQrt © T, pm. Based on Proposition A.2, it suffices to prove that
Toirt 0 T pm 0 Tgp g =T paa 0 Tgp - Denote x = TES,M(XO)’ where X € M is any initial color mapping. Pick
any graphs G, H € G and vertices u,v € Vg, x,y € Vg such that [T\ pnm(x)]a(u,v) = [Ty pm(x)| (2, y). We have:

e If u =w, then x = y.

[T pra (X)) (w, u) = [T pra (X)] 1 (2, 2)
= xa(u) = xu(2), P& (u,u) = PH (2, z)
= {{(xe(u), xa(v), P& (u,0)) : v € Val} = {xu (@), xu(y), Py (z,9)) : y € Va }
— {{(xa(w), P& (u,u), xa(v), PE (v, 0), PE (u,0)) : v € Vo)
= {(xn (@), PH (. 2), xmr (v), PR (4, 9), Pif (2.9)) :y € Vir}y
= {([Txpm(x )]G( ;0), M( )] (v,v)) s v € Vah
= {([T% pre () (2, y), [Tx pra ()] (y,9)) 1y € Vi }
= [(TerT o T pm) (X)) (u, ) [(TeirT © T pra ) (X)]c (2, 7).

@

[T

e If u # v, then x # y.

[T pra (X)]a(u; v) = [T pae ()] 1 (%, y)
g XG(U) = XH(x)aXG(v) = XH(y),PgI(u,v) (l’, )a é\/I( ) = P}LI\/I(I',.%),,P%/I(U,U) = ’P%(yvy)
= [(Tert o T pra) (X)lc(uw,v) = [(TarT OTX,'PM)( ez, y).

Here, in the above derivations we use Proposition A.14. We have concluded the proof that the expressive power of GIRT is
bounded by EPWL.

Spectral PPGN and Spectral £-IGN. Based on Maron et al. (2019a), PPGN can mimic the 2-FWL test (Cai et al., 1992),
and Spectral k-IGN can mimic the k-WL test (Grohe, 2017). Let Ty x) : My — My and Trwi(x) : My — M be
the color refinements associated with k-WL and k-FWL, respectively, and let x) € M, be the initial color mapping
in k-WL and k-FWL. The color refinement algorithms corresponding to k-WL and k-FWL can then be described as
(Typ(y © WL(lc))<Xk) and (Typ() o T, FWL( ))(Xg), respectively, where T)p;,) is defined in Equation (84). Maron et al.
(2019a) proved that with sufficiently layers, the features of vertex k-tuples computed by k-IGN is finer than Ti37 (k) (),
and the features of vertex pairs computed by PPGN is finer than TE’@,L(Q)( X3). Later, Azizian et al. (2021) proved that the
features of vertex pairs computed by PPGN is also bounded by (and thus as fine as) 7, FWL(2) (x3) (see Lemma 12 in their
paper). Finally, Geerts & Reutter (2022) proved that the features of vertex k-tuples computed by k-IGN is bounded by (and
thus as fine as) T\j'vol_( %) (x?) (see Lemma E.1 in their paper).

We now define the color refinement algorithms for Spectral PPGN and Spectral k-IGN, which are as expressive as the
corresponding GNN architectures based on the results of Maron et al. (2019a); Azizian et al. (2021); Geerts & Reutter
(2022). First define the following color transformations:

* Spectral k-IGN color refinement. Define Ts gy (k) : MP™ — MP™ such that for any color mapping y € MP™
M
and (G*,\) € G,

[Tsionk) ()] (A, ) = hash([TwL k) (X(A, - Dla (@), [Twe ey (Tspr) (X)) (w))- (81

« Spectral PPGN color refinement. Define Tppen : M% " — MEP™ such that for any color mapping x € MZ%"" and
M
(G¥,\) egl™,

[Tsppen(X)]a (A, u) = hash([Trwi(2) (X (A - -+ )la(w), [Trwiie) (Tspe2) (X))]a (). (82)
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* Spectral pooling. Define Tsp ;) : MEM — M, such that for any color mapping x € M?:M and GY € G,
[Tsp () ()] (u) = hash({{xa (A, u) : A € AM(G)}). (83)
* Joint pooling. Define T'jp () : M} — M such that for any color mapping x € My and G € G,
[Tip o) ()](G) = hash({xc (u) : w € VER). (84)
Define the initial color mapping X7 € MZT"" such that for any graph G, vertices u € V£, and A € AM(G),

E e\ w) = hash(\, [PM]a(ur,wr), -+ [PM(ur, up), - [PM]a(ug,w), - [PM] (ug, ug)),  (85)

where P/\M is the projection onto eigenspace associated with eigenvalue A for graph matrix M. The color refinement
algorithm for Spectral PPGN is then defined as (T)jp(2) © Tsp(2) © T§8pan)( X%’M). Similarly, the color refinement algorithm
for Spectral k-IGN is then defined as (Typ(x) © Tsp(x) © Tgjan k))(XgM ). We aim to prove that following two results:

oy o) M, __ 00
Proposition A.28. (Tp(2) © Tsp(2) © TSppen) (X5 ) = (Thp2) © TFWL(Q))(Xg)'

oy o) M 0o
Proposition A.29. (Typk) © Tspr) © Tsigne) XE ) = (Topery © T 1)) (XR)-

We will only prove Proposition A.28, as the proof of Proposition A.29 is almost the same.

Proof of Proposition A.28. We first prove that (T)p(a) o Tsp(a) © TSOF?PGN)(X;’M) = (Typ(z) © T€\7VL(2))(X(2))' Since
Tsp(2) (X;DM) =< x9 (Lemma A.5), it suffices to prove that Tsp(2) © Tsppen = T}?\‘/’VL(Q) o Tsp(2)- Based on Proposi-
tion A.2, it suffices to prove that Trwi (2) © Tsp2) © Tsppen = Tsp(2) © Tsppen- Denote x = TSSpen (), where
{0 € MP™ is any initial color mapping. Pick any graphs G, H € G and vertices u,v € Vg, @,y € Vi such that
[Tsp(2) (X)) (u,v) = [Tsp2)(X)|u (2, y). We have:
(Tsp(2) ()] (u, v) = [Tsp(2) (X)]m (2, y)

= fxeAu,v) : A e AMG)) = {xu(p,z,y) : p€ AM(H) Y

= {[(Trwi(2) © Tsp(2) ()] (u,0) : A € AM(G) ) = {{(Trwi(2) © Top(2)) 0O)ar(2,y) - p € AM(H) Y

= [(TrwL(2) © Tsp(2)) () ]a (w;v) = [(Trwi(2) © Tsp2)) (X)] (2, Y)-

where in the second step we use the definition of Tsppgn and the fact that x = Tsppan ().

We next prove that (T)p 2y © T;@VL@))(XQ) = (Typ(2) © Tsp(2) © TSCEPGN)(X%)M)- Based on Zhang et al. (2023a), we have
TE\‘,’VL(Q) =TS oInm and T5S = Tp, o Tpy 0 Tge, where Tps, Tnm, Tpu, Tpy are defined in Appendix A.3. On the other

hand, we have proved in Corollary A.11 that (75 o Tym) (x3) =< PM. Therefore, (755 o Tum) (x3) = (Tby o Toy) (PM) <
Tsp(2)(x% ). This finally implies that T35, (o) (x3) = Tsp(2) (X3 )-

It thus suffices to prove that (T,?\‘,’VL(Q) o Tsp(g))(X;DM) = (Tsp(z) © T§,§PGN)(X;’M ). We will prove the following stronger

result: for any ¢ > 0, (Tgy (o) © TSP(Q))(X;DM)) = (Tsp(2y © TgPPGN)(X%DM). The proof is based on induction. For the
base case of ¢ = 0, the result clearly holds. Now assume that the result holds for ¢ = ¢’ and consider the case of t = ¢’ + 1.
Denote x = TStPPGN(XgM). Pick any graphs G, H € G and vertices u,v € Vg, x,y € V. We have

(T8 © Top@) & Ma(w,v) = (T © Tsp)6E )l (@,y)
= [(Trwi(2) © TRwi(2) © TSP(2))(X§M))]G(% v) = [(TrwiL(2) © Tew(2) © TSP(2))(X§M))]H(%Z/)
= [(Trwi(2) © Tsp(2)) ()]a(u,v) = [(Trwiiz) © Tsp(2)) ()] a (2, )
= AM(G) = AM(H) A [(TFWL(Q)(X()\a - Ne(u,v) = [(TFWL(z) XA D]a(z,y) VA€ AM(G)~
Combining the last two steps implies that [(Tsp(2y © Tspran)(X)]a(u,v) = [(Tsp(2) © Tsppen)(X)]u (2, y). We thus

conclude the induction step. O
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A.8. Counterexamples

In this subsection, we aim to reveal the expressivity gaps between different GNN models. This is achieved by constructing a
pair of counterexample graphs G, H € G such that one GNN can distinguish while the other cannot. Here, we will leverage
an important theoretical tool to construct counterexamples, known as Fiirer graphs Fiirer (2001). An in-depth introduction of
Fiirer graphs can be found in Zhang et al. (2023a).

Definition A.30 (Fiirer graphs). Given any connected graph F' = (Vp, Er), the Fiirer graph G(F') = (V(r), Eq(r)) is
constructed as follows:

Vo = {(2,X) : 2 € Vp, X C Np(2),|X| mod 2 = 0},
Eory ={{(z,X),(y,Y)} C Vo : {z,y} € Ep,(z €Y <3y € X)}.

Here, 2 € Y <> y € X holds when either (x € Y andy € X) or (x ¢ Y and y ¢ X) holds. For each x € Vg, denote the
set
Metap(z) := {(z,X) : X C Np(x),|X| mod 2 = 0}, (86)

which is called the meta vertices of G(F) associated to . Note that Vi) = [ Metap(z).

z€VR

‘We next define an operation called “twist”:

Definition A.31 (Twisted Fiirer graphs). Let G(F') = (V(r), Eg(r)) be the Fiirer graph of F' = (Vp, Ep), and let {z,y} €
Er be an edge of F. The twisted Fiirer graph of G(F) for edge {x, y}, is constructed as follows: twist(G(F), {z,y}) :=
(Va(r), Buist(G(F) {z.y}))> Where

Buist((F) fz,y}) = EaryD{E 1} - § € Metap(x),n € Metar(y)},

and A is the symmetric difference operator, i.e., AAB = (A\B) U (B\A). For anedge set S = {e1,--- ,ex} C Ep, we
further define

twist(G(F), S) := twist(- - - twist(G(F'), e1) - - - , €x)- 87
Note that Equation (87) is well-defined as the resulting graph does not depend on the order of edges ey, - - - , e for twisting.

The following result is well-known (see e.g., Zhang et al., 2023a, Corollary 1.5 and Lemma 1.7)):

Theorem A.32. For any graph F and any set S1,52 C Ep, twist(G(F'),S1) ~ twist(G(F'), S2) iff |S1| mod 2 =
|S2| mod 2.

Below, we will prove Proposition A.33 using Fiirer graphs. Note that it can be easily checked via a computer program
whether a pair of graphs can be distinguished by a given color refinement algorithm. However, an in-depth understanding of
why a given color refinement algorithm can/cannot distinguish these (twisted) Fiirer graphs is beyond the scope of this paper
and is left for future work.

Proposition A.33. The following hold:

a) There exists a pair of graphs G, H such that SWL cannot distinguish them but Siamese IGN, Spectral IGN, and EPWL
with any graph matrix M € {A, L, L} can distinguish them;

b) Forany M € {A, L, i/}, there exists a pair of graphs G, H such that Weak Spectral IGN cannot distinguish them but
Spectral IGN can distinguish them;

¢) There exists a pair of graphs G, H such that Weak Spectral IGN cannot distinguish them with any M € {A, L, IA/}
but GD-WL with any distance listed in Section 5 can distinguish them;

d) There exists a pair of graphs G, H such that Spectral IGN and EPWL with any graph matrix M € {A, L, f/} cannot
distinguish them, but SWL can distinguish them.

Proof. For Proposition A.33(a,b,c,d), the counterexample graphs are the Fiirer graph and twisted Fiirer graph for base graph
F defined in Figure 3(a,b,c,d), respectively. O
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(a)

Figure 3. Illustrations of base graphs used to construct Fiirer graph and twisted Fiirer graph for proving Proposition A.33.
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