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Figure 1: NABirds and MNIST stimuli sorted from low to high salience (Equation 2) in
TverskyResNet-50. More salient stimuli exhibit more object features and greater informational
content, familiarity, and goodness of form, in alignment with human judgment (Tversky, 1977).

ABSTRACT

Work in psychology has highlighted that the geometric model of similarity standard
in deep learning is not psychologically plausible because its metric properties such
as symmetry do not align with human perception of similarity. In contrast, Tversky
(1977) proposed an axiomatic theory of similarity with psychological plausibility
based on a representation of objects as sets of features, and their similarity as a
function of their common and distinctive features. This model of similarity has
not been incorporated as a general-purpose building block in deep learning, in part
because of the challenge of incorporating discrete set operations. In this paper, we
develop a differentiable parameterization of Tversky’s similarity that is learnable
through gradient descent, and derive basic neural network building blocks such as
the Tversky projection layer, which unlike the linear projection layer can model
non-linear functions such as XOR. Through experiments with image recognition
and language modeling neural networks, we show that the Tversky projection layer
is a beneficial replacement for the linear projection layer. For instance, on the
NABirds image classification task, a ResNet-50 with a Tversky projection layer
trained from scratch achieves a 2.36 percentage point accuracy improvement over
the linear layer baseline. With Tversky projection layers, GPT-2’s perplexity on
PTB decreases by 7.8%, and its parameter count by 34.8%. Finally, we propose a
unified interpretation of both projection layer types as computing similarities of
inputs to learned prototypes, along with a novel visualization technique. Crucially,
Tversky’s set-based representation enables the algebraic specification of semantic
fields, which we illustrate with lexical and visual stimuli. Our work offers a new
paradigm for neural networks that are not only more accurate and efficient, but also
interpretable under an established theory of psychological similarity.'
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1 INTRODUCTION

The geometric model of similarity is ubiquitously used in modern neural networks. Their architectures
include operations that assess the similarity between objects using metric similarity functions such
as the vector dot product or cosine similarity. For instance, linear projection layers, also known as
dense, or fully connected, output the dot-product similarity of the input vector with the columns of
its weight matrix, which are concept prototypes. Classification modules typically normalize these
similarities with SOFTMAX to form valid probability distributions (Bridle, 1990; LeCun et al., 1998).
Convolution layers of image recognition neural networks compute the dot product of image regions
and convolution kernels, which represent prototypical patterns. LSTM gates compute dot product
similarities of combinations of inputs, hidden states, and cell states with prototypical input, forget,
and output gating patterns (Hochreiter and Schmidhuber, 1997; Graves et al., 2005; Graves, 2013).
Semantic word embedding models such as word2vec (Mikolov et al., 2013a) and GloVe (Pennington
et al., 2014) compute the dot-product and cosine similarity of word representations with prototypical
embeddings to predict words. Neural language models apply the same classification mechanism
to output discrete words or subwords at each time step (Bengio et al., 2003; Sutskever et al., 2014;
Devlin et al., 2019; Radford et al., 2018; OpenAl et al., 2024). Attention weights (Bahdanau et al.,
2015; Vaswani et al., 2017) are the normalized dot-product similarity of queries and keys, which are
themselves obtained using linear projection layers. Geometric similarity representations have also
been widely used in machine learning objective function design for over 200 years, from least squares
methods (Legendre, 1806) to modern approaches such as L2 loss (Hadsell et al., 2006), Large Margin
Cosine Loss (Wang et al., 2018), and Noise Contrastive Estimation (van den Oord et al., 2018; Chen
et al., 2020), spanning both supervised and self-supervised learning paradigms.

However, Tversky (1977) famously challenged this geometric representation of similarity, showing
its psychological implausibility due to its fundamental inability to model phenomena such as humans’
asymmetric judgment of similarity. For instance, “We say that ‘the son resembles the father’ rather
than ‘the father resembles the son’.” He addressed this problem with his axiomatic theory based on a
feature matching process in which objects are represented as sets of features and their similarity is
measured as a linear combination of measures of their common and distinctive features. Tversky’s
similarity has been shown to model human judgment more accurately than metric similarity measures
in various empirical studies (Gati and Tversky, 1984; Ritov et al., 1990; Siegel et al., 1982; Rorissa,
2007). Moreover, over the past decade, several works have highlighted the limitations of the geometric
model of similarity and related parallelogram model of semantic relations (Garg et al., 2015; Chen
et al., 2017; Peterson et al., 2020; Zhou et al., 2022), and advocated for more psychologically
principled similarity measures such as Tversky’s model, which has strong empirical support.

Nevertheless, a differentiable expression of Tversky’s similarity suitable as a general-purpose neural
network building block has not been proposed to date, preventing its ubiquitous integration in gradient-
based machine learning (Rumelhart et al., 1986; LeCun et al., 1998; Hochreiter and Schmidhuber,
1997; Vaswani et al., 2017; He et al., 2016; Radford et al., 2018; OpenAl et al., 2024). The
formulation of a differentiable Tversky similarity function is non-trivial because it employs measures
of set intersections and differences, which are not differentiable with respect to object features
comprising those sets. To address this gap, we propose a novel representation of features as vectors
of the same dimensionality as object vectors, and a dual representation of objects both as vectors
and as sets, such that an object is the set of features with which it has a positive dot product. This
representation of objects and features enables us to define differentiable measures of set intersections
and differences, which we use to construct a differentiable Tversky similarity function suitable for
deep learning. We also propose the Tversky Projection neural layer, analogous to the linear projection
layer but computing Tversky rather than dot-product similarities of their input to prototypes.

We introduce our proposed differentiable similarity function, and basic neural network modules, along
with a novel method for interpreting and visualizing deep projection layers in Section 3. Section 4
demonstrates the effectiveness of Tversky Projection layers in state-of-the-art architectures, including
ResNet-50 and GPT-2, on image recognition and language modeling tasks. Our experiments show
that the use of Tversky projection layers can lead to significant improvements in both accuracy and
parameter efficiency. In particular, we show that the use of a Tversky Projection layer instead of
the final linear projection layer in ResNet-50 can result in up to 2.36 percentage points accuracy
improvement in image recognition tasks. We also show that replacing linear projection layers in the
language modeling head, and attention blocks in GPT-2 can result in a 7.8% reduction in perplexity
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and 34.8% reduction in parameter count. Section 4.4 provides qualitative analyses of Tversky
projection layers, including results highlighting their principled explainability under Tversky’s theory
of similarity, which enables the algebraic specification of human-interpretable semantic fields. Overall
the main contribution of this work is to provide a foundation for efficient and interpretable neural
networks based on an established theory of psychological similarity.

2 RELATED WORK

Here we briefly discuss prior work related to Tversky neural networks.

Tversky Loss for Semantic Segmentation: Salehi et al. (2017) propose a Tversky-based loss for 3D
image segmentation, treating voxel predictions and ground truths as features. Unlike their approach,
our definition of features is not restricted to pixels or voxels, and is applicable in any data modality
and any neural network layer.

Semantic Similarity Networks: Rahnama and Hiillermeier (2020) learn a semantic similarity
network via a two-level architecture of binary feature extractors followed by a Tversky similarity
layer, but their approach is limited to similarity learning and requires stimulus pairs annotated with
similarity scores and fine-grained feature annotations. Our method uses a learnable feature bank to
measure feature presence and salience, requires no such annotations, and serves as a general-purpose
building block usable in any neural network.

Mixture-of-Expert Networks: Tversky layer indicator functions act as hard routers, making Tversky
layers sparsely activated modules analogous to Mixture-of-Experts (MoE) gating networks (Jacobs
et al., 1991; Shazeer et al., 2017; Fedus et al., 2022; Hwang et al., 2026). We discuss the related
“dead feature” issue in Section 5.

Prototype Visualization: ProtoPNet (Chen et al., 2019) and ProtoTree (Nauta et al., 2021) learn
latent patch representations compared against convolutional feature maps to infer classification
evidence, but are restricted to convolutional patches and cannot visualize fully connected layer
parameters. Our method visualizes the parameters of any projection layer, fully connected or Tversky,
directly in input space at any network depth.

Algebraic Semantic Fields: Vector arithmetic over word representations can probe semantic concepts
such as analogies (Mikolov et al., 2013b; Molino et al., 2019), but has limited expressivity, notably
failing to characterize antonyms (Ali et al., 2024; Faruqui et al., 2015; Mrksic et al., 2016; Ono et al.,
2015). In contrast, our set-based representations enable the specification of arbitrary semantic fields
using set-algebraic expressions in any domain and modality (Section 4.4).

3 METHODS

3.1 TVERSKY’S SIMILARITY

Tversky’s model of similarity (Tversky, 1977) has emerged as an influential theoretical representation
of human similarity judgment, supported by extensive empirical evidence from cognitive psychology
(Tversky and Gati, 1982; Gati and Tversky, 1984; Goldstone, 1994; Medin et al., 1993; Rorissa, 2007).
His work challenged the geometric model of similarity by demonstrating that humans systematically
violate metric axioms such as minimality, symmetry, and triangle inequality when assessing similarity,
and proposed a theoretical framework in which objects are represented as sets of features and their
similarity assessment as a feature matching process. Formally, Tversky’s asymmetric model of
similarity of object a to object b defined as feature sets A and B is a function F' of their common
and distinctive features. Tversky showed in his axiomatic framework that F' is a linear combination
of measures of its set parameters, namely: the common features of a and b, the distinctive features
of a, and the distinctive features of b (Equation 1). In Section 3.2, we introduce a differentiable
parameterization of this function, making it suitable for gradient-based machine learning.

S(a,b) = F(ANB,A—B,B— A)=0f(ANB) —af(A— B)—Bf(B—A) (1)
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3.2 DIFFERENTIABLE TVERSKY SIMILARITY

This section presents our proposed differentiable parameterization of Tversky’s similarity function,
which is constructed with a representation of features as vectors of the same dimensionality as objects,
and a dual representation of objects as vectors and as sets.

Dual Representation of Objects as Vectors and as Sets: Given the learnable finite universe €2 of
feature vectors f,, € R?, and an object represented as the vector z € R?, we propose x - f3, to be the
scalar measure of feature f, in x, and a second representation of x as the set X = {fi, € Q|z- fi > 0}
of features with which z has a positive dot product.

Salience: Tversky hypothesized that the relative salience of stimuli, or prominence of their features,
determines the direction of asymmetry in human’s judgment of similarity. The less salient stimulus
(e.g. the son) is assessed to be more similar to the more salient stimulus (e.g. the father) than vice
versa. Following Tversky’s theory and our proposed representation, the salience of features in an
object A, which is the sum of the measures of all features present in the object is f(A) (Equation 2).

FA =" i 1a- >0 @

Feature Set Intersections: To measure the common features of objects A and B, f(A N B)
(Equation 3), we propose a function ¥ to aggregate measures of the features present in both a and b,
and experiment with values min, max, product, mean, gmean and softmin. This function corresponds
to the intersection reduction hyperparameter of Tversky neural modules.

FANB) =" W(a- fub- fi) < Ua- fi > 0AD- fi > 0] 3)

Feature Set Difference: f(A — B) is a measure of features present in A but not present in B
(Equation 4). We propose an alternate form of this measure that accounts for features that are present
in both A and B, but in greater amount in A (Equation 5). These two measures of set difference
respectively correspond to the values ignorematch and substractmatch of the difference reduction
hyperparameter of Tversky neural modules.

fi(A—B):ZLQ:‘l(G'fk)Xl[a'fk>0/\b'fk§0] 4)
, 12|
fs(A—B)Zfz(A—B)‘i'Z (a-fu—0b-fr) x1[b-fu >0Nna-fr>b-fi] (5

k=1
3.3 TVERSKY NEURAL NETWORK MODULES

We propose two basic building blocks for Tversky neural networks, the Tversky Similarity Layer,
which is analogous to metric similarity functions such as dot product or cosine similarity, and the
Tversky Projection Layer, analogous to the contemporary fully connected layer.

Tversky Similarity Layer: This layer, formalized in Equation 6, calculates the similarity of object
a € R? to object b € R%. Its learnable parameters are a feature bank (2, and the a, 3 and 6 scalar
parameters of Tverky’s contrast model of similarity (Equation 1).

RIxRT — R

S50 (q,b): (a.b) . _Ga . ;giﬁg)) (©)
-] Lf(B-A4)

Tversky Projection Layer: This non-linear projection (Equation 7), calculates the similarity of its
input a € R? to each prototype in the ordered set of p prototypes II; € R, yielding a vector in RP.
R? — RP

S50 (g, Tl
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a
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3.4 INTERPRETATION OF PROJECTION LAYERS

Both the linear and Tversky projection layers output vectors in which each dimension is the similarity
of the input to a prototype; however, they differ in the employed similarity function. Linear projection
layers compute dot-product similarities. This is an application of the geometric model of similarity, in
which the features of objects and prototypes are scalar values arranged in a Cartesian coordinate space
and similarity is measured as the oriented length of the object vector’s projection onto the prototype
vector. Dot product similarity satisfies metric axioms such as symmetry and triangle inequality
that have been empirically shown to not align with human perception, and is provably incapable of
modeling asymmetric relations. Tversky projection layers compute Tversky similarity with learnable
parameters prototype vectors II, feature vectors €2, and Tversky’s contrast model’s weights a, 3, and
6. The number of features |€2| can be varied without affecting the output dimensionality p = |TI].

3.5 TVERSKY FEATURE SHARING

Tversky feature banks and prototype banks can be shared across various layers in a neural network
in semantically justifiable ways. For instance, in a Tversky GPT-2, the output projection layers
in attention blocks, and the final language modeling head can all share the same feature bank (2
as this parameter is semantically compatible across all those layers: it represents token features.
Tversky projection layers that are language modeling heads can also use token embeddings as token
prototypes. This parameter sharing strategy is similar to weight tying widely used in language models
employing a linear projection layer to classify output tokens (Inan et al., 2017). Multiple Tversky
similarity or projection layers can share their feature or prototype bank if semantically compatible.
They can also share the same feature bank while maintaining separate prototypes, or keep all their
parameters separate. Our results in Section 4.2 show that Tversky feature sharing can result in a
dramatic reduction of neural network parameter count while improving their performance.

3.6 DATA-DOMAIN VISUALIZATION OF PROJECTION LAYERS

We introduce a novel method of visualizing projection layer parameters such as the weights of
fully connected layers, and the prototypes and features of Tversky projection layers to enable their
interpretation in the same domain as data stimuli. Our method is based on the hypothesis that those
prototypes and features are concepts that should be recognizable in the data domain, and is applicable
regardless of the depth at which those projection layers are employed in deep neural networks. Our
proposed visualization method consists of specifying the projection parameters as tensors of the same
shape as the input data. These input-domain-specified parameters are forwarded through the neural
network just like data stimuli up to the layer prior to the layer in which they are used. Their obtained
vector representation is subsequently used to perform the projection. This approach significantly
differs from prior approaches of interpreting neural network parameters and decisions based on the
visualization of activations, optimization of input stimuli, or construction of adversarial examples
(Zeiler and Fergus, 2014; Mordvintsev et al., 2015; Zhang and Zhu, 2018; Selvaraju et al., 2020;
Zhang and Liang, 2020; Fan et al., 2021). While our proposed method offers the clear advantage of
visualizing projection parameters, it comes with the limitation that parameters specified in data-space
are typically larger in size than their original counterparts, which increases the effective number
of trainable parameters. These parameters also need to be forwarded along with every data batch,
which induces additional training-time computation cost (See Figure 5 in Appendix A). We use
this technique to qualitatively compare the parameters of a linear projection layer and a Tversky
projection layer of neural networks trained to recognize handwritten digits in our qualitative analysis
experiment presented in Section 4.4, which revealed that Tversky Projection layers’ parameters are
far more interpretable than the ones of the contemporary fully connected layer (see Figure 3).

4 EXPERIMENTS

Here we demonstrate the utility of our proposed differentiable Tversky similarity function in machine
learning. First, we show by construction that a single Tversky projection layer can model the XOR
function and report empirical results on the same learning task (Section 4.1). Then, in Sections 4.2 and
4.3, we conduct empirical experiments with state-of-the-art neural networks for language modeling
and image recognition in which we compare baseline neural networks with their counterparts
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employing Tversky projection layers. Finally, in Section 4.4, we conduct qualitative analyses
demonstrating the interpretability of Tversky neural networks.

4.1 MODELING XOR WITH A SINGLE TVERSKY PROJECTION LAYER

As a first experiment, we construct a single Tversky projection layer that computes the XOR func-
tion, which is not computable by a single linear projection due to the required non-linear decision
boundary. Figure 2 shows the constructed projection, and its data and parameter vectors along with
their set-centric interpretation. In empirical experiments in which we train a Tversky projection
to learn XOR with gradient descent under various hyperparameter conditions, we find that: Some
initializations of prototypes and features lead to convergence failure; Initializing those parameters
from a uniform distribution leads to higher convergence probability compared to normal and orthog-
onal initialization; Normalizing prototype and object vectors deteriorates convergence probability;
product and substractmatch work best as values of the intersection reduction and difference reduction
hyperparameters; Convergence probability doesn’t increase monotonically with the feature bank size;
and finally, Tversky projection can model XOR with as little as one feature. See Appendix C.

DRSS TRl o
3 =[5, p%), s(x', p')] MM

Figure 2: (left) A Tversky projection layer with 11 learnable parameters that computes the XOR
function. The input is one of the four 2-digit binary numbers encoded as z* € R2. The output vector
9° = [9¢, 9%] contains the Tversky similarity of 2 to prototypes p° and p! computed using features
f° and f1, and coefficients 6, o and 3, such that §1 > § <= zor(z') = 1. (middle) Vector
representation of data x* (with 20 not marked in the figure but at the origin), prototypes p‘, and
features f*. Notice positive dot-products: z!- f1, 22- fO, p'- fO and p! - f1. (right) Set representation
and Tversky feature matching. Objects are represented as the subset of features with which they have
a positive dot product: 2° = {}, z1 = {f1}, 22 = {f°}, 23 = {}, p® = {}, p' = {f°, f'}. 2° and
x® are more similar to p° than to p!, which has two distinctive features penalizing similarity; thus
zor([0,0]) = 0 and zor([1,1]) = 0. z' and ? are more similar to p!, with which they each share
one feature; thus zor([0,1]) = 1 and zor([1,0]) = 1.

4.2 LANGUAGE MODELING WITH TVERSKYGPT-2

Table 1: Perplexity (PPL) and parameter counts (Params) of GPT2 and TverskyGPT?2 trained for the
language modeling task on the PTB dataset. Perplexities are reported on the held out test split.

Model Init Tied Proto  Features Params PPL AParams APPL
baseline finetuned N 163037 184 30.52
tversky-head finetuned N 16384 175620099  28.33 +7.7% -7.2%
baseline finetuned Y 124 439 808 18.31
tversky-head finetuned Y 32768 149605 635 18.62 +202%  +1.7%
baseline scratch N 163037184 111.79
tversky-all-1layer scratch N 4096 116591655  98.22 -285% -12.1 %
baseline scratch Y 124439808 112.81
tversky-all-1layer scratch Y 8192 81140007 103.99 -348% 718 %
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4.2.1 TASK AND DATA

We compare the baseline GPT-2 small (Radford et al., 2019) model with its Tversky variants on the
Penn Treebank (PTB) language modeling benchmark (Marcus et al., 1993).

4.2.2 METHOD

The following TverskyGPT-2 variants were considered: fversky-head, which replaces GPT-2’s
language modeling head’s stack of linear layers with a Tversky projection layer, and tversky-all, which
also replaces GPT-2’s intermediate attention blocks’ output projections with Tversky projections.
Tversky feature sharing is employed across all Tversky projection layers. For all models, we
experiment with prototype tying (tied vs not tied) and initialization (random vs OpenAl’s released
weights) while training for 50 epochs on PTB’s training set, and validating on PTB validation set.
The baseline models, and best Tversky models are evaluated on PTB’s held-out test set.

4.2.3 RESULTS

Tversky language models matched or surpassed baseline perplexity in all settings except the one
in which pre-trained weights and prototype tying are employed (Table 1). In that setting, Tversky
prototypes and features are still randomly initialized, while the baseline fully connected layers are
initialized from the pretrained token embedding matrix. The perplexity gap between the best Tversky
neural network and baseline was higher in the tversky-all configuration trained from scratch, with a
7.8% reduction in perplexity when prototypes are tied to input embeddings, and a 12.1% reduction
when they are not. In the tied prototype setting, the best Tversky model also has 34.8% fewer
parameters. See Appendix B for validation results.

4.3 IMAGE RECOGNITION WITH TVERSKYRESNET-50
4.3.1 TASK AND DATA

We experiment with replacing the final linear projection layer in ResNet-50 (He et al., 2016) with
a Tversky projection and report the accuracy of the baseline and Tversky variants on the MNIST
(LeCun et al., 1998) handwritten digit classification task and the NABirds (Van Horn et al., 2015)
bird species classification task.

4.3.2 METHOD

We compare the baseline ResNet-50 to TverskyResNet-50, which replaces the fully connected layer
with a Tversky projection layer. Both models are evaluated under different training conditions. In the
Pretrained Backbone setting, convolutional weights are initialized from ImageNet; otherwise they are
randomly initialized. In the Frozen Backbone setting, backbone parameters are fixed and only the
final projection module is optimized. Tversky prototype and feature banks are randomly initialized in
all cases, and multiple feature bank sizes are explored. Because MNIST and NABirds do not provide
official three-way splits, we randomly sample 10% of the training data to construct a validation set
and reserve the official test splits for final evaluation. Each configuration is trained with multiple
random seeds, affecting parameter initialization and train/validation partitioning. Model selection is
performed using mean validation accuracy across seeds, and the selected configuration is evaluated
on the held-out standard test set. Experimental details, including hyperparameter grids, optimization
settings, data preprocessing, augmentation, model selection protocol, and final evaluation results are
provided in Appendix Sections E and F.

4.3.3 RESULTS

Classification accuracies reported in Table 2 show that Tversky vision models can match or surpass
baseline accuracy under the specified experimental conditions. The exception is the frozen backbone
setting on NABirds, where the baseline marginally outperforms TverskyResNet-50. In particular,
when trained from scratch, TverskyResNet-50 improves test accuracy by 2.36 percentage points.

In this experiment, TverskyResNet-50 has more parameters than the baseline because, in addition
to the prototype bank (analogous to the fully connected layer weights), it also includes a feature
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Table 2: Accuracy of ResNet-50 (Baseline) and TverskyResNet-50 (Tversky) on the tasks of MNIST
handwritten digit classification and NABirds bird species classification. Pretrained (True when
weights are initialized from ResNet-50/ImageNet, False when they are randomly initialized). Frozen
(True when only the final projection layer is finetuned, False when the entire model is finetuned)

MNIST NABirds
Pretrained Frozen Tversky Baseline \ Tversky Baseline
False False 99.56 £0.06 99.54+0.04 | 65.20+0.26 62.84 +0.45
True False 99.60+0.05 99.56+0.04 | 82.96 =0.07 82.37+0.25
True True 86.66 +-0.17 86.644+0.14 | 38.73+0.20 40.25+0.28

bank. While the increased parameter count of TverskyResNet-50 could contribute to the observed
accuracy improvement, our results in Section 4.2 show that the use of Tversky neural networks can
simultaneously result in decreased parameter count and increased performance compared to baseline.

4.4 QUALITATIVE ANALYSIS OF TVERSKY NEURAL NETWORKS

Here we present results showing the interpretability of Tversky neural networks. We discuss the
explainability of learned prototypes, the quantification of salience, and the algebraic specification of
semantic fields enabled by Tversky neural networks.

4.4.1 METHOD

Salience Measure: To assess whether salience, as computed using Equation 2, is intelligible to
humans, we rank MNIST and NABirds examples by their salience score.

Prototype Visualization: To visually compare the prototypes learned by Tversky Neural Networks
and classical neural networks, we employ the prototype visualization method described in Section 3.6
and illustrated in Appendix A. This method is used to display the handwritten digit prototypes learned
by VisualMNISTNet and VisualTverskyMNISTNet, two neural networks inspired by LeNet-5 (LeCun
et al., 1998). Further details are provided in Appendix D.

Semantic Fields: Tversky Neural Networks’ representation of objects as sets of features allows the
algebraic specification of interpretable semantic fields. A semantic field is a subset of features resulting
from set expressions that are interpretable by humans. For instance, AN B — C describes the semantic
field capturing the common features of A and B that are absent from C'. To visualize a semantic field
F, we retrieve examples x; with the highest scores in that semantic field: s = > freF fr - x;.

4.4.2 RESULTS

Salience: Figure 1 shows MNIST and NABirds examples ranked from low to high salience according
to Equation 2. Higher-ranked stimuli exhibit more object features and greater informational content,
Sfamiliarity, and goodness of form, consistent with Tversky (1977)’s theory.

Prototypes: Figure 3 shows that Tversky prototypes exhibit stroke patterns similar to human
handwriting, such as lines and curves, more clearly than those learned by linear projection layers,
which exhibit texture patterns that are difficult to interpret. This lack of interpretability, even in this
simple domain without background textures, represents a significant limitation of prior approaches.
Tversky prototypes are also more salient than individual instances: they exhibit more features and
appear to combine the features of all possible instances of their class. For example, the prototype for
the handwritten “7” has both an upper-left serif and a middle horizontal stroke. The prototypes for
the digit “1” and “9” include vertical lines slanted to the right and to the left. The prototype for class
“9” combines both open and closed top loops. Figure 16 shows the evolution of learned prototypes
over training epochs for both VisualMNISTNet and Tversky VisualMNISTNet. We observed oo > 3
in several, but not all, trained Tversky neural networks (see Appendix F.4), indicating that they weigh
the distinctive features of individual instances more heavily than those of prototypes when assessing
the similarity of instances to prototypes, which is in line with Tversky’s theory.
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Visualization of Projection Parameters in Data-Domain
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Figure 3: Visualization of prototypes using our input domain projection parameter specification
method. Top: 3 examples for each class. Bottom: 10 columns of the final linear projection layer of
VisualMNISTNet, and 10 prototype vectors of the Tversky Projection Layer of TverskyMNISTNet.
Both models achieve 99% accuracy on the validation set. Handwritten digit features are more
perceptible to humans in Tversky prototypes compared to the linear projection prototypes.

Semantic Fields: Tversky Neural Networks’ set-based representation enables the algebraic specifi-
cation of semantic fields, which we illustrate in Figure 4 across three modalities. Lexical stimuli
(A:love, B:like): A N B captures shared evaluative sentiment; A — B captures romance and un-
conditional love; and B — A captures similarity and comparison. Handwritten digits: Common
features of two eights retrieve other eights; distinctive features capture a six-like lower stroke and
an upper arch prominent in twos, respectively. Bird species: Common features of a Least and a
Semipalmated Sandpiper retrieve both species; distinctive features retrieve species sharing relevant
visual traits (yellow vs. black legs, drooped vs. straight bill). Table 3 and Appendix B.4, B.5 show
that semantic fields spanning adjective degree (positive, comparative, superlative), word senses
(plant, sanction), morphology (past tense, plural, progressive), metonymy (White House, Pentagon),
analogy (king:man::?:woman), sentiment, polarity and antonymy are all expressible as concise,
human-readable algebraic set expressions over TverskyGPT-2 token representations.

Figure 4: Semantic fields defined as common (A N B) and distinctive (A — B, B — A) features of
lexical and visual stimuli. left: TverskyGPT-2 tokens love and like. Distinctively, love is associated
with romance and unconditional love, while like is associated with similarity and comparison. Their
common features capture shared evaluative sentiment. middle: Two handwritten eights (A) and (B)
from MNIST. Their common features retrieve other eights similar to both. A’s distinctive features
capture a six-like lower stroke, while B’s capture an upper right arch, also prominent in twos. right:
A Least Sandpiper (A) and a Semipalmated Sandpiper (B) from NABirds. Their common features
retrieve other sandpipers. A’s distinctive features capture its yellow legs and fine drooped bill, while
B’s capture its black legs and blunt straight black bill.

5 DISCUSSION

Hyperparameter Tuning: Our experiments suggest the existence of an optimal feature bank
size for Tversky projection layers for a given learning task, though determining this value a priori
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Table 3: Semantic concepts, their algebraic specification using set operations on TverskyGPT-2
tokens, and top tokens ranked by semantic score in the resulting semantic field. Tversky neural
networks enable the algebraic specification of interpretable semantic concepts. (Also see Tables 8—12)

Concept | Semantic Expression | Top-scoring tokens
Adjective bad N good — worse — | lousy, evil, crappy, poor, shitty, nice,
better — worst — best terrible, horrible, decent, mediocre, valid,

great, excellent

Comparative worse N better — bad — | sharper, nicer, clearer, smarter, wiser,
good — worst — best smoother, safer, hotter, happier, tighter,
louder, preferable
Superlative worst N best — worse — | happiest, safest, quickest, deadliest, finest,
better — bad — good hottest, busiest, toughest, darkest, fastest,
brightest, holiest
Industrial Plant plant — aceae — | facility, stall, brate, factory, Laboratories,
vegetation — vegetable — | Shed, implant, Berm, Sew, Manufacturing,
planting — flower — | reactor, Diesel, refinery, strain, distribut,
herb — wvine — crop — | planting, Industrial, microbial, actory,
tree — mushroom — | reactors, Unit, Install, depot, spill, Cutter,
plantation — leaves Indust, Bot, Nuclear, ineries

remains an open question. We encourage practitioners to apply standard hyperparameter tuning to
further improve performance, especially since Tversky networks are a novel architecture, whereas the
baselines we compare against have benefited from years of community-driven refinement.

Convergence: Under particular conditions, some features or prototypes may remain permanently
inactive and receive zero gradient throughout training. This phenomenon is analogous to the “dead
expert” issue in MoEs (Dai et al., 2024). We illustrated this issue in the XOR domain, which
contains only four data points (see Figure 13, bottom row). However, we did not observe this issue
in our language modeling experiments, or our image recognition models which showed consistent
convergence over several random seeds (Appendix E and F).

Interpretation of Weight Tying in Language Models: Our experiments with GPT-2 on PTB
showed that weight tying can be beneficial in language modeling heads employing both Tversky and
linear projections. Our interpretation of projection layers as measuring similarity between stimuli
and prototypes explains the adequacy of weight tying in language models: token embeddings are
prototypes, and the language modeling head predicts output tokens by measuring the similarity of
output representations to these prototypes.

CONCLUSION

This work introduces a differentiable similarity function based on Tversky’s theory of psychological
similarity, and derives basic neural network building blocks, specifically the Tversky similarity and
projection layers, offering an alternative to the geometric similarity functions that underlie most
modern neural architectures. Our experiments show that Tversky projection layers can improve
over linear projection layers in performance and parameter efficiency in image recognition and
language modeling tasks. Tversky’s set-based representation also enables the algebraic specification
of semantic fields, which are human-interpretable feature subsets that support fine-grained analysis of
learned representations in any modality. For instance, querying the distinctive features of a Least
Sandpiper and a Semipalmated Sandpiper retrieves birds with yellow legs and drooped bill, and
birds with black legs and straight black bill, respectively. We also propose a novel data-domain
visualization method enabling interpretation of learned prototypes and features directly in input space
at any network depth. Taken together, these contributions suggest a shift in the similarity paradigm
underlying deep learning: from geometric comparison toward explicit feature-matching grounded in
an established theory of psychological similarity.
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A TLLUSTRATION OF DATA-DOMAIN VISUALIZATION OF PROJECTION
LAYERS

Projection Parameters
Specified in input Domain

g(.)

Layer n-1

Projection

Parameters

Output Projection

Computed
Projection Parameters

Figure 5: Illustration of our proposed data-domain visualization of projection parameters. Left:
Classical deep neural network with a deep projection layer (Layer n) and its projection parameters
illustrated as blue vectors. Right: Our proposed method. Projection parameters are specified as
tensors of the same shape as the input data (p?), and forwarded through the neural network up to
layer n-1 (the g(.) sub-network). The obtained vectors p; = g(p?) are used as projection parameters
in Layer n. Using this method, the effective neural network parameter count is larger because p? is
typically larger than p;. However, this method enables visualizing the projection parameters in the
input domain.
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B EXPERIMENT 006: [TVERSKY]GPT-2 LANGUAGE MODEL ON PTB

B.1 INITIALIZATION: OPENAI RELEASED WEIGHTS
Validation Perplexity
difference — ignorematch substractmatch

intersection —  gmean max mean min  product gmean max mean min  product
Init model tie-proto features params PPL PPL PPL PPL PPL PPL PPL PPL PPL PPL
finetuned  baseline N 163037184 3485 3485 3485 34.85 3485 3485 3485 3485 34.85 34.85
finetuned  tversky-head N 1024 163823619 5242 70.11 5180  57.66 7673 6159 5190 5815 8537 120.22
finetuned  tversky-head N 2048 164610051 4092 5444 4123 46.79 53.00 4871 4128 4791 66.95 86.26
finetuned  tversky-head N 4096 166182915 3447 3852 3444 4032 4032 42.82 3454 4189  64.80 57.10
finetuned  tversky-head N 8192 169328643  32.56  32.80  32.53  38.80 3450 3889 3249  39.09  61.66 48.72
finetuned  tversky-head N 12288 172474371 32.84 32.92 32.82 40.82 3232 41.18 32.81 41.29 70.24 52.26
finetuned  tversky-head N 16384 175620099  33.62 3633  33.62 3975 *3231  40.71 33.63 4067  77.18 52.32
finetuned  tversky-head N 32768 188203011 3836 4034 3898 4935 33.94 4948  38.79  47.17 109.10 62.37
finetuned  tversky-all-1layer N 1024 114232359 14550 208.61 142.82 154.14  219.63 172.13 14459 155.65 63828  297.61
finetuned  tversky-all-llayer N 2048 115018791 11823 172,70 115.15 120.06 16649 121.00 114.88 119.46 257.80  253.91
finetuned  tversky-all-1layer N 4096 116591655 95.65 143.67 9551 121.13 12450 12275 9579 121.51 15791 203.54
finetuned  tversky-all-llayer N 8192 119737383  91.40 9486 9144  93.09 99.75  93.14 9145 9353 149.20  142.79
finetuned  tversky-all-llayer N 12288 122883111 90.39 9449  90.79  92.54 94.00 9298  90.74 9240 147.16  133.41
finetuned  tversky-all-1layer N 16384 126028839  90.51 96.41 9122 9539 91.08 9564 9123 9506 156.30 -
finetuned  tversky-all-llayer N 32768 138611751 96.00 101.08  96.44 100.78 92.68 - - - - -

Table 4: Validation perplexity comparison with init=finetuned and tie-proto=N.
‘Validation Perplexity
difference — ignorematch substractmatch

intersection —  gmean max mean min  product gmean max mean min  product
Init model tie-proto features params PPL PPL PPL PPL PPL PPL PPL PPL PPL PPL
finetuned  baseline Y 124439808  “19.99 *19.99 *19.99 *19.99  *19.99 1999 “19.99 *19.99 *19.99  *19.99
finetuned  tversky-head Y 1024 125226243 9022 3928 8630 6122 69.68 6129 87.64 61.08  81.07 9478
finetuned  tversky-head Y 2048 126012675  59.95  28.69  56.18  67.96 4319 71.83 5738  68.19  46.20 58.08
finetuned  tversky-head Y 4096 127585539 2326  27.15  24.01 24.54 2891 2337 2408 2322  30.84 35.15
finetuned  tversky-head Y 8192 130731267 21.17 22.31 21.25 21.44 22.37 21.43 21.23 21.50 22.03 23.24
finetuned  tversky-head Y 12288 133876995  21.07  22.64  21.09 2133 2099 2132 21.08 2135  21.98 21.81
finetuned  tversky-head Y 16384 137022723 2086  21.86 2085  21.12 2077 21.14 2085  21.12  22.88 -
finetuned  tversky-head Y 32768 149605635 20.70 21.33 20.68 20.82 20.46 - - - - -
finetuned  tversky-all-llayer Y 1024 75634983  134.68 188.07 13279 17471  212.09 166.07 13221 17475 74172 321.28
finetuned  tversky-all-1layer Y 2048 76421415 101.62 182.26  102.64 131.28  164.13 134.14 103.46 130.69 23555 228.58
finetuned  tversky-all-1layer Y 4096 77994279  77.13  87.87 7687  96.56  109.65  97.91 76.94 10072 19839  190.20
finetuned  tversky-all-llayer Y 8192 81140007  70.07  88.16  69.75  80.32 83.06 79.63  69.71  79.65 9748  117.50
finetuned  tversky-all-1layer Y 12288 84285735 67.61 79.07 66.50 76.51 73.95 76.66 66.51 7585 101.56 97.24
finetuned  tversky-all-llayer Y 16384 87431463  69.54  79.76 6922  78.32 73.03 7933 6922 7885 100.12 -
finetuned  tversky-all-llayer Y 32768 100014375  73.33  99.82  73.12  84.67 67.19 - - - - -

Table 5: Validation perplexity comparison with init=finetuned and tie-proto=Y.
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B.2 INITIALIZATION: RANDOM WEIGHTS

Validation Perplexity

difference — ignorematch substractmatch
intersection —  gmean max mean min  product gmean max mean min  product
Init model tie-proto features params PPL PPL PPL PPL PPL PPL PPL PPL PPL PPL
scratch  baseline N 163037184  134.06  134.06  134.06  134.06 13406 134.06 134.06 134.06 134.06  134.06
scratch  tversky-head N 1024 163823619 146.74 218.66 146.10 157.30 18436 15574 14565 15821 496.50  168.50
scratch  tversky-head N 2048 164610051 147.92 19212 148.02 145.72 171.54  155.64 147.64 14566 32049 14048
scratch  tversky-head N 4096 166182915 168.12  161.04 167.65 176.67 162,97 15744 167.05 15593 147.83 13347
scratch  tversky-head N 8192 169328643 210.03 20428 217.75 182.50 173.63  182.08 21571 18247 20587  154.21
scratch  tversky-head N 12288 172474371  227.69 17852 24149 212.82 186.98 21226 23639 212.04 203.83 163.90
scratch  tversky-head N 16384 175620099 229.84 20226 250.62 228.47  213.86 231.28 248.62 23149 22831  200.96
scratch  tversky-head N 32768 188203011 18245 162.13 190.04 190.92 25201 198.72 187.12 197.99 223.08 218.13
scratch  tversky-all-llayer N 1024 114232359 nan 173.25 126.67 138.92 169.06 nan 127.19 139.09 271.09  347.79
scratch  tversky-all-llayer N 2048 115018791 121.06 13585 120.29 123.94 130.72  126.68 120.58 124.17 163.99  249.04
scratch  tversky-all-llayer N 4096 116591655 120.89 127.62 121.11 12397 *117.59 12416 12126 123.86 13627 22591
scratch  tversky-all-1layer N 8192 119737383 12832 13491 129.87 126.38 118.06 12672 12945 12631 15586  140.68
scratch  tversky-all-llayer N 12288 122883111 130.54 13129 13246 127.68 12503 127.69 13242 12772 159.30  137.27
scratch  tversky-all-llayer N 16384 126028839 129.24 131.03 131.82 128.37 13229 12833 13194 128.01 163.26 -
scratch  tversky-all-llayer N 32768 138611751 129.11 13233 13026 129.51 136.46 - - - - -

Table 6: Validation perplexity comparison with init=scratch and tie-proto=N.

Validation Perplexity

difference — ignorematch substractmatch
intersection —  gmean max mean min  product gmean max mean min  product
Init model tie-proto features params PPL PPL PPL PPL PPL PPL PPL PPL PPL PPL
scratch  baseline Y 124439808 136.04 136.04 136.04  136.04  136.04 136.04 136.04 136.04 136.04  136.04
scratch  tversky-head Y 1024 125226243  149.22 213.67 14881 15598 19372 15313 149.07 15629 36026 271.20
scratch  tversky-head Y 2048 126012675 14791 179.89 148.12 14580  169.92 155.16 147.83 14583 17595 154.26
scratch  tversky-head Y 4096 127585539  167.44 168.53  168.55 150.11  161.85 151.59 168.02 149.89 152.11  145.52
scratch  tversky-head Y 8192 130731267 197.06 207.89  204.79 181.21 16829 179.76  201.95 180.99 183.96  156.37
scratch  tversky-head Y 12288 133876995 21250 211.17 22391 202.83  179.87 20457 221.02 202.63 214.04 165.64
scratch  tversky-head Y 16384 137022723 21090 152.18 227.04  217.16  204.58 214.09 226.02 21678 238.05 -
scratch  tversky-head Y 32768 149605635 16249 151.23 171.88 176.74  216.54 - - - - -
scratch  tversky-all-llayer Y 1024 75634983  142.00 174.76  138.77 152.44 18222 154.00 138.65 15231 25044  389.16
scratch  tversky-all-llayer Y 2048 76421415 13241 14177 130.55 136.88  146.27 14429 130.69 137.51 180.40 33245
scratch  tversky-all-llayer Y 4096 77994279 12946 137.46 129.64 130.57  128.84 13026 129.66 130.61 14693  175.75
scratch  tversky-all-llayer Y 8192 81140007 136.73 14534 139.16 ~"125.86 128.05 12598 139.13 12596 151.85 151.07
scratch  tversky-all-llayer Y 12288 84285735 140.86 156.21 144.50 12838 13498 12785 144.61 12845 156.44  140.26
scratch  tversky-all-llayer Y 16384 87431463 14359 160.09 148.72 130.69  140.38 129.88 148.77 130.50 153.77 -
scratch  tversky-all-1layer Y 32768 100014375  154.05 - - 140.73 150.33 - - - - -

Table 7: Validation perplexity comparison with init=scratch and tie-proto=Y.
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B.3 COMPUTATION TIMES AND RESOURCES

Relative Time (Process) v. tversky_lmhead_feature_count
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Figure 6: Sample of wall-clock times in seconds for TverskyGPT2 experiments on PTB as a function
of the feature bank size. 2 GPUs were used for each run. GPU models varied. They included NVIDIA
A100-SXM4-40GB, NVIDIA H100 80GB HBM3, and NVIDIA RTX 6000 Ada Generation.
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B.4 VISUALIZATION OF SEMANTIC FIELDS IN TVERSKYGPT?2’Ss SET-CENTRIC TOKEN
REPRESENTATION

Figures 7,8 ,9,10 and 11 show examples of visualizations of semantic fields formed using set
expressions on TverskyGPT?2 tokens represented as sets. For each token, the top 1000 features (sorted
by dot-product with the token) are considered, and represented as the smallest colored circles. Tokens
are represented as yellow circles, and connected to the features they comprise with grey lines. All
distinct intersections of features are colored in the same color, and connected to a circle of the same
color representing a distinctive semantic field. Semantic fields of interest are annotated with a text
box listing the top 50 tokens by semantic score (See Section 4.4) in that semantic field, permitting
its visualization. A force-directed graph layout is employed to position the circles corresponding to
tokens, features, and semantic fields. Note that the G character (U+0120) represents space in GPT2
tokenization, distinguishing tokens that appear at the beginning of words from other tokens.

TverskyGPT2 Tokens: Orthographic Markings, Homophony, Polysemy

Bound Morpheme (e.g. baking,
Royalty, Upper Case baked, bakers, baker, bakes)

c_w_2677 .. cw3364
GKing, King, GQueen, GKings, GKING, Queen,  King, ked, kers, KING, ker, ks, kens, kes, KEN,
GEmperor, GKingdoms, GPrince, Kings, GSultan, ken, KER, ching, kin, kins, kies, piring, ky, nets,
Gking, KING, Prince, Gkings, GMajesty, GPrincess, lords, kson, kish, ksh, breeding, chuk, geries,
GDuke, GPope, GLama, GRuler, GEmpress, GJub, b staking, stones, lings, fing, poke, GNanto, fires,
(AT (e ey Ty (e y D | doms, King, liest, ciating, kered, thing, ngth, kiss,
| GBastard, GMonarch, GAlchemist, GKingdom, lled, KS, finder, tsky, hner, lling, hing, pires,
GSummoner, GLord, GPharaoh, Pope, GKraken, leader, fat T on T3 H0G, BESS,

Gdistingu, GMonkey, Master, GChronicles, N
GSorcerer, lander, GPatriarch, GLORD, illin, Gng .
GKnight, GKingston, GSlave, GHercules ° [ ] ° klng
Y/ °
7+ 8

Royalty, Lower Case

c_w_5822 T e
Gking, Gkings, Gqueen, Gmonarch, Gprince, o,

Religious Royalty

c_w_15708 X
King, Kings, KING, Pope, Queen, GKING,

Gemperor, Gthrone, Gmonarchy, Gruler, Gprinces,

Gpope, Gaueens, araoh, Gkingdom, Glords, ** Reloaded, Sov, merce, Prince, Son, Winged,

GKing, Knight, Saint, Saudi, judicial, Maker,

N R LA G Sy T o Magikarp, Wan, Church, Prin, GKingdom, estial,
Gmajesty, Gbishop, jriwal, Groyal, bishop, ... 3 3 , Prin, ! J
GArchdemon, Gmarqu, Gprincess, 1J, GSeym, Ki Reference, Justice, Lenin, Carter, Lake, States,
ija€«, ieft, Grulers, King, GLann, GKING, Grook, lng Roberts, Lear, Billy, GKings, tsky, lah, orgetown,

Shin, Lord, Born, Mah, eatures, GKingdoms,
Lady, York, GStrongh, Ire, Legend, Revolution,
GCheong

Kings, GSultan, Gpatriarch, Groyalty, Gheir,
Gdynasty, peror, Gez, GShogun, achus, ultan,
aeus

Gking
Figure 7: Visualization of the semantic fields formed by the distinctive features of related tokens.
Notice that TverskyGPT2 tokens capture semantics related to orthographic markings, and morpho-
logical function. The king token (as in baking) is related to other suffixes such as ked, ker and kes
(as in baked, baker and bakes)
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TverskyGPT2 Tokens: Polysemy

Glove

“c_w_588

Glike, GLIKE, like, GLike, Like, Gakin, Gagre,
Gallke Glikes, Gunllke Gsuspic ccording, Gnodd,
Gceonvol, Gmathemat Gllked Gchalleng, such,
Ghorizont,
Gproble, Gincent, 0'/., Gdestro Gtraged esque,

- Unlike, ttes, Gtyr, Gsuch, Gdescrib, Gdefic, ak-,

Gvulner Gresembllng Gsacrific, Ganalogous
Greminiscent, Gpromot ikes, Glaun, Gcomr,
Gdisadvant, Georrid, f, thumbnails, Gdistingu,
Gjuven

c_w_1842

Glove, GLOVE, love, Love, GLove, Gloves, Gadore,
Gloving, GLoving, Gloved, Gaffection, Gpassion,
Glover, hate, Gdespise, Gromance, Ghate, Glovers,
Ghates, GRomantic, loving, Greverence, Ghatred,
Gcherish, Gkisses, G]ealousy, Gdevotion, Ghating,

.. xual, Gdislike, GaL:, GHate, Gcrave, Gfascination,

Gadultery, lesslng, Gpassmns Genvy, Glov,

' Glonging, Gadmiration, GLover, Gkiss, Glust,

Gfriendship, GDesire, marriage, Ggratitude,
Gpatriotism, Gtrave

Figure 8: Visualization of the semantic fields formed by the distinctive features of tokens like
(like — love) and love (love — like). like, distinctively from love, which also captures the sense of
sentiment, captures the sense of similarity, with tokens such as akin, alike, unlike and reminiscent.

TverskyGPT2 Tokens: Verb Forms

Past Participle
©.w_3750
Ggone, GGone, gone, Ggotten, been, aults, |,
Gundone, GGoodbye, Gshenan,
inventoryQuantity, vez, Reloaded, Gridden,
Grisen, Gvanished, Haunted, Geaten, Gflown,
emetery, Gforgotten, gotten, ©a¥y, aan,
Gsnatched, Glaun, Gfallen, SPONSORED, Gawa,
lost, GBeen, seen, espie, Gdisadvant, ¥l, artney,
glers, ahvahi, GAway, done, Gawoken, ADRA,
taboola, Gtrave, querque, merce, Garisen,
Geontrace, ModLoader, GSeym

Past Tense

c_w_1816

Gwent, went, Gundertook, Gblew, Gunderwent,
Became, Gflew, Gsprang, Gfroze, Govercame,
Gproceeded, Gwandered, GWent, Gbecame, Gdrew,
took, Gflowed, Gmathemat, Ggoes, Gensued,
drove, Gwore, Glasted, accompan, Gthrew,
Gtranspired, Gerawled, Gbelonged, Gdrank,
Gdanced, Goversaw, Gtravelled, Gwithdrew, Ggave,
Garose, Gdidnt, Gdisappeared, didn, Gstayed,
Ggrew, Gbegan, wrote, Gate, Gtoured, Graged,
Gerept, Gswore, Gran, Geame, Glaun

Infinitive

c_w_a67
Ggo, Go, go, 6Go, 6GO, Grul, Gdestro,
Gmathemat, Gtrave, Ggoes, GO, Gwander,
Gtraged, Gglim, Gtherap, Gproceed, Gtake,
Gwelf, Gget, Try, Gstay, Geryst, Gdo, Gescalate,
Grevert, gob, Geome, Gfly, Gchalleng Gweap,
Gagre, Gadvoc, Gmosqu, Ggoto, Gdisappear,
Genter, Gdelve, Ghaunt, Gundermin, Gkeep, Gtry,
Genthusi, Gdistingu, Gscrut, Gbe, Gsee Gmake,
Grotate, Gaccompany, Ghappen

Ggoing, Ggonna, going, GGoing, Going,
Gmathemat, soDeliveryDate, Gincent,
Ghappening, Genthusi, Garrang, Gbothering,
Gdestro, Gtrave, getting, Geontrace, Gdisadvant,
Gshenan, hitting, Ggetting, Geondem, Gheading,
bringing, Geonvol, Gnodd, doing, Gstopping,
Gdefic, Goceurring, Geoming,
ing, Gneeding, Gsuscept, GComing
- Gtoile, Gsacrific, Coming, Gexha, Ghitting,
Geonduc, Gstreng, GDoing, Gliking, Gtyr, bryce,
Gadvoc, Gsubmar, Glaun

Figure 9: Visualization of the semantic fields formed by the distinctive features of tokens go (go —
gone — went — going), gone (gone — go — went — going), went (went — gone — go — going),
and going (going — gone — went — go), respectively specifying the concept of verb forms infinitive,
past participle, past tense and present participle.

22



Published as a conference paper at ICLR 2026

TverskyGPT2 Tokens: Degrees of Comparison of Adjectives

Adjective
Cc_w_2089_w_922
Gbad, Ggood bad, good, 6GOOD, Good, GGood,
GBAD, Bad, GBad, Glousy, Evil, Grul, Gerappy,
Gnodd, Gtherap Geondem, Poor, Gshitty, cellent,
Gevil, Gnewsp, Gnice, Gterrible, Gpoor, Gnotor,
Excellent, Gencour, GEvil, 36°, Gnaughty,
Genthusi, Gfortun, GExcellent, Gingred, Gsugg,
Gdecent, Grotten, Gmisunder, Gtrave, Gmediocre,
Gthous, Gunbeliev, Ghorrible, Valid, Geonfir,
Ggreat, Gexcellent, Gsuspic, x1J

Superlative

©_w_1266_w_5290
Gworst, Gbest, worst, best, GBEST, GWorst,
Ghappiest, Gsafest, Gquickest, Best, Gdeadliest,
GBest, Gfinest, Gbusiest, Gtoughest, Ghottest,
Gdarkest, Gfastest, Ghardest, Ggreatest,
Geasiest, Gbrightest, Gdeepest, Glongest,
Geoolest, Gstrongest, Geheapest, Gheaviest,
Gweakest, highest, Gelosest, orst, Gpoorest,
Gwidest, Gsmartest, ottest, Gshortest, Gtallest,
Glowest, Gbiggest, Goldest, Ghighest, largest,

" Ghars, same, Gsimplest, iest, Gholiest,

Ginfamous, Gwealthiest

Comparative

c_w_1365_w_4785
Gworse, better, Gbetter, GWorse, Better,
Gsharper, Gnicer, Gelearer, Gsmarter, Gwiser, .
Gsmoother, GBetter, Gsafer, Ghotter, Ghappier, -
Gquicker, Gtighter, Gstronger, Gpoorer, Glouder,
Downloadha, Ghealthier, Gharsher, Gcheaper,
Gworsened, arser, Gtaller, Gbigger, Gpreferable,
Geleaner, Gbrighter, Gharder, Gsimpler, Gricher,

. GFaster, Gfiner, oother, Gwealthier, Gthicker,
Gtougher, Gweaker, Gquieter, Gstricter, raq,
GBET, Geasier, Gworsen, ModLoader, Gfaster,
Gnarrower

Gworse *

Gbetter

Figure 10: Visualization of the semantic fields formed by the distinctive features of the common
features of tokens bad and good (bad N good — worse — better — worst — best), worse and better
(worse Nbetter — bad — good — worst — best), and worst and best (worst Nbest — bad — good —
worse — better). These semantic fields algebraically specify the concepts of adjective, comparative,
and superlative.

c_w_4701
Gteacher, GTeacher, Gteachers, GTeachers,
Geducator, Geducators, Ginstructor, Gpupil,

TverskyGPT2 Tokens: Distinctive Features of Synonyms

Gteacher H Gelassmate, student, Student, Gelassrooms,
. GTeaching, Students, Gclassroom, Ginstructors,
H Glecturer, Gtutor, GInstructor, GStudents, intendent,
GcoaCh - GEduc GTeach School, Gprofessars Gpupils,
c_w_3985 2 Parents,
Geoach, Coach, GCoach, Geoaches, Geoaching, i ten, Gpi , Geurriculum,
Gcoached, Gtrainer, Gteammate, Football, % chool, Glear, GFaculty, GSuperintendent, GSchools,
Gteammates, ESPN, ichick, Sport, Train, GHarbaugh, — G 1 G uperi Educ,.' i 0
GTrainer, Gtrainers, Players, Gfullback, Gathlet, i Gfaculty, Gkit

GAthlet, Gtutor, GGaal, arsl(y train, Ggoaltender

Gstudents, Gtherapist

Gcaptain, |ur|es Glinem, Gcoordmator, GTeams,
Gdrummer,
Greferee, Sports, lain, Ggoalle Ggoalkeeper
Gscorer, Gberth, letes, GPlayoff, GJaneiro, lopp,
GSPORTS, GTours, cheat, Gdefenseman

c_w_22387

c_w_5698 5 5 N N
Gmentor, Gmentors, Gtutor, Gment, kI,

Gguide, Gguides, guide, GGuide, Guide, GGuides,
Gguided, guided, Gguiding, Gguideline, GHandbook,

conservancy, ahime, Gmuse, Gapprentice,
Gadvisor, avorite, GMent, DragonMagazine,
Gadvoc, GLeilan, Glinem,
BuyablelnstoreAndOnline, urus, Gguru,
Groommate, soDeliveryDate, rentices, Gresil, 4§«,
cius, hetti, GIndO |HUD Gconfid, Gmosqu, tackle,

Je, Xus, »J peer,
Gnurture, ortlum, nen, G]uven Gunemploy, uncle,
Gcomrade, ModLoader, GMiko

Gcehecklist, Groadmap Gbroch, Gguld GManuaI
. Gtutorial, GGuid,
DragonMagazme Gpamphlet GFAQ, iquette, rule,
FAQ endium, Gexplan Gprimer, Recommended
ines, Genlight, Gtrave,

finder, Gencyclopedla Gescort Gmanual,
Gaccompany, Glnstructions, Gdirections, escription,
Spoiler, Gcompanion

Gmentor

Gguide

Figure 11: Visualization of the semantic fields capturing the distinctive senses of close synomyms
coach, teacher, mentor, and guide. Notice that the distinctive features of coach (coach—teacher—
mentor — guide) shows terms related to sport such as trainer, teammate, Football and ESPN whereas
the distinctive features of teacher (teacher — coach — mentor — guide) show terms related to
formal education such as educator, classroom, instructor, lecturer and professor.
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c_w_582_w_5822
Gmen, GMAN, man, Gmans, Gking, Gman, GArchdemon, Gkings, Gprince,

uy, Ggentleman, Gboy, Gsacrific, romeda, Ghum- k)m'l GProl, Gprinces,
Gmathemat, Gmonarct 'd, oAtan, Gweap,
WARD, tmum u.gm ¢a-m un:h

‘men, Grul, ModLoader, GGuys, Gdefic, Gfortun,

guy, GMankind, GMEN,
mercial, Grall, GMIH, Gsusﬁll: 19,
GDise, Gnep, velt, Gyr, Geonduc, llah,
Glmrilnm. Glaun

 elman, maxwell, Gfortun,
- Gskelet, asser, Gkingdoms, owered, arth, doms.

=
. Giing, Gkings, GKing, King, Gmenarch, Gprinc,
Gman— &~
©_w_2415_w_582
Guoman, Grman,Woman, Goman, xal, Glldy,
woman, GWOM, Women, GMan,
\en, Ggentleman, GWomen, qum
, GMen, emale, Men, Gmans,

Gaynasty, ehun.sw, KING, GSultan, bishop,
cxear i rds parce Ok Coahoe
Gemperor, ueehdemon, Gorod

linity, Female, Grapist, Girl, Gmother,
Gfeminine, Gbearded, Gtoddler, Gbabe, Male,
Gladies, Gfemin

©_w_16599_w_5822
Gaueen, Gking, Gqueens, Queen, Gkings,
Gmonarch, GQueen, Gthrone, King, Gprincess,
Gmonarchy, GKing, Gemperor, GMonarch,
Gpope, Gprince, Grook, Kings, GArchdemon,
GDuchess, &|lélJ, Gprinces, GSultan, GThrone,
tial, Gkingdom,
(GKING, Gmarqu, araoh,
doms, GSeym, Royal,
ror, asus, ¢,

ishop, Prince, Glords

&

DragonMagazine,

females, GFemales, gir, wite, GFeminist,
GFemale, GFemin, emale, femin, Guterus,

2, Guranssexual, Gwom, Glaies,
Gleminists, Gfeminis, Glesbians, Gvagina,

e

, Gleminine,
e

©_w 16599
Gqueen, Gqueens, Queen, GQueen, Gprincess,
BDuchess, Gbrood, GEmpress, GQueens, Ghive,
oldown, GHive, Gmistress, &lé1J, Ggoddess,

interstitial, i
GBuckingham, GGaga, conservancy, Gbitch, 14 Gharone, g, avn, Clomint Gioopt,

GThrone, Ghorm, querade, Winged Gaueen

Figure 12: Visualization of the semantic fields capturing the distinctive feature of tokens

man,

woman, king and queen, and the distinctive semantics of the common features of man and king,

man and woman, woman and queen, queen and king, and man and woman
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B.5 ALGEBRAIC LEXICAL SEMANTIC EXPRESSIONS OVER TVERSKYGPT2’S TOKENS

Tables 8—12 present semantic fields spanning a broad taxonomy of concept types, algebraically
specified as set expressions over TverskyGPT-2 token representations.

Table 8: Examples of semantic fields TverskyGPT-2. Part 1/5: Morphology and Lexical sense

Category \ Concept & Expression \ Top-scoring tokens

Past tense walked, ran, wandered, crawled,

ran N walked — run — walk — | Became, smelled, stumbled, persisted,
Morphology

running — walking

danced, prevailed, sprang, resided,
risked, exited, sailed, overcame, froze,
toured, apologized, leapt

Progressive
runningNwalking—ran—walked—
run — walk

walking, running, running, Running,
Running, wandering, walking, crawling,
Walking, marching, barking, rocking,
whining, campaigning, kicking,
stumbling, driving, hiking, touring,
hopping

Plural noun
dogs N cats — dog — cat

cats, dogs, puppies, kittens, Dogs, dogs,
pets, tigers, pige, Cats, chimpanzees,
lions, goats, cats, Animals, Horses,
reptiles, wolves, dolphins, wolves

Negation prefix
(unlikely — likely) N (unfair —
fair) N (unusual — usual)

improbable, misunder, unfair, unlikely,
suspic, unethical, unusual, unsus, Seym,
ModLoader, unexpected, uthor,
unforeseen, theless, aution, unorthodox,
untled, icult, cffff, unnatural

Lexical sense

Like (comparison)
unlike N like — dislike

unlike, like, LIKE, Like, like, Like,
Unlike, Unlike, ccording, akin,
reminiscent, agre, incent, whereas,
eatures, ecause, Seym, nodd, sacrific,
tery

Like (Evaluation)
like N dislike — unlike

dislike, LIKE, disliked, liking, like, like,
reluct, mathemat, Like, Like, despise,
disdain, suspic, blat, agre, comr, hating,
disapprove, disadvant, ometimes

Sanction (permit)

sanction —  punishments —
Prosecut —  disapproval —
shaming — disband

sanction, sanctioned, sanctions, enance,
sponsorship, sponsoring, spons, Grant,
ction, displayText, legitim, , ¢, , sponsor,
BCC, authorizing, decree, patronage,
awarding

Sanction (punish)
sanction — approve — permit —
allow — authorize

sanction, sanctioned, sanctions,
punishments, displayText, , Prosecut,
discipl, disadvant, disapproval, sovere, ¢,
condem, shaming, reperc, tsky, disband,
ENDED, enance, retribution
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Table 9: Examples of semantic fields TverskyGPT-2. Part 2/5: Metonymy and Analogy

Category \ Concept & Expression \ Top-scoring tokens
White House (government) House, White, White, House, WHITE,
Metonymy W hiteN House —building — home— | Senate, Houses, Senate, HOUSE, Oval,
residence — architecture Congressional, Speaker, artisan,
Democrats, Capitol, Commons,
congressional, Republican, Democratic,
Congress
Hollywood (film industry) Hollywood, ollywood, Film, Spielberg,
Hollywood — California — city — | Actor, Movie, movie, Movies, Movie,
neighborhood — suburb Disney, Celeb, MGM, filmmaking,
cinematic, TMZ, Kubrick, Cannes,
filmmakers, Oscars, actresses
Pentagon (military) Pentagon, DOD, Military, Mattis, USAF,
Pentagon — shape — geometry — | Lockheed, Kremlin, Guant, neocons,
building — architecture Defense, CIA, psey, CLASSIFIED,
anamo, Petraeus, FBI, Defense, Clapper,
Army, Kissinger
king:man :: ?:woman king, Woman, queen, Queen, Duchess,
(king — man) Nwoman princess, woman, Woman, Queen, Lady,
Analogy ournal, woman, queens, women,

goddess, female, Women, foundland,
kings, heroine

Cairo:Egypt :: ?:China
(Cairo — Egypt) N China

Cairo, Beijing, China, Shanghai, China,
Chinese, ijing, Chinatown, Manila,
stanbul, Sina, Riyadh, Beirut, Xin,
ongyang, Havana, Guang, Islamabad,
Moscow, atown

Cairo:Egypt :: ?:Brazil
(Cairo — Egypt) N Brazil

Brazil, Cairo, Brazil, Janeiro, Rio,
Brazilian, Sao, querque, Spain, Lisbon,
Uruguay, Buenos, Paulo, iago, razil,
Paris, Mexico, Bras, Urug, Manila

actor:man :: ?:woman
(actor — man) N woman

actress, actresses, Actress, actor, Actor,
Woman, Actor, woman, heroine,
prostitute, vati, comedian, dancer,
filmmaker, actors, emale, woman,
contrace, xual, girlfriend

doctor:hospital :: ?:school
(doctor — hospital) N school

doctor, doctor, school, school, School,
teacher, psychiatrist, dentist, physician,
veterinarian, educator, mathemat,
SCHOOL, Doctors, soDeliveryDate,
chool, Teacher, tutor, Doctors, teachers
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Table 10: Examples of semantic fields TverskyGPT-2. Part 3/5: Domain, Relation and Sentiment

Category \ Concept & Expression \ Top-scoring tokens
Academic title professor, doctor, doctor, psychiatrist,
Domain professor N doctor — student — | Professor, lecturer, Professor, physicist,
hospital — medicine Doctor, scientist, iologist, professors,
physician, veterinarian, rabbi,
mathematician, dentist, psychologist,
Doctor, biologist
Legal language court, law, law, Court, Court, Law, Law,
courtNlaw—judge—sports—game— | COURT, courts, court, LAW, laws,
play — field Courts, statute, Lawyers, Justice,
courthouse, Attorney, Legal, lawy
Programming Python, Java, Python, Java, Django,
PythonN Java — snake — cof fee — | python, ython, Clojure, python, Scala,
antmal — drink PHP, Lua, Ad, Drupal, Lua, java, Jakarta,
Unix, Lisp, Haskell
Relation Sibling sister, brot.her, sisters, sibling, brother,.
brotherNsister — father —mother— | Brother, Sister, brothers, Brother, cousin,
son — daughter — family siblings, cousins, Sisters, comrade, niece,
brethren, Brothers, nephew, neighbour,
friend
Spouse husband, wife, Wife, husband, husbands,
husband Nwife — man —woman — | wife, wives, spouse, fian, spouses, fiance,
partner — family — child bride, Mrs, widow, wives, marital, Bride,
granddaughter, niece, boyfriend
Negative emotion sadness, anger,
Sentiment anger N sadness — happy — joy — | BuyablelnstoreAndOnline, Anger,

fear — anziety

terness, fury, bitterness, sorrow,
indignation, oneliness, resentment,
cynicism, mourning, disgust, loneliness,
engeance, remorse, grief, saddened,
anguish

Mild positive
good N nice — great — excellent —
per fect — best — wonder ful

nice, good, nice, good, Good, Nice,
Good, Nice, nicer, GOOD, bad, nifty,
romeda, sane, pleasant, decent, Friendly,
osuke, positives, shitty

Surprise
surprise N shock — fear — anger —
sadness — disgust

shock, surprise, shock, shocks, surprises,
Surprise, Shock, Shock, aston, surpr,
shocked, surprised, surprising, shocking,
bombshell, aback, miracle, stunned,
dazz, startled
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Table 11: Examples of semantic fields TverskyGPT-2. Part 4/5: Polarity

Category | Concept & Expression | Top-scoring tokens
Bravery (positive) brave, courageous, isSpecialOrderable,
(brave U afraid) N (good — bad U | mathemat, trave, advoc, misunder,
positive — negative) suspic, streng, challeng, comr, toget,
Polarity enthusi, bravery, psychiat, valiant, dilig,

successfully, Honest, redes

Bravery (negative)
(brave U afraid) N (bad — good U
negative — positive)

afraid, destro, ModLoader, ashamed,
fearful, disadvant, defic, misunder, BAD,
reluct, isSpecialOrderable, scared,
psychiat, suspic, Fear, terrified,
inventoryQuantity, trave, frightened, bad

Usefulness (positive)
(useful U useless) N (good — bad)

useful, good, good, Useful, GOOD,
worthwhile, helpful, Good, usefulness,
cellent, mathemat, fruitful, valuable,
challeng, indispensable, invaluable, ngth,
Excellent, useless, usable

Usefulness (negative)
(useful Uuseless) N (bad — good)

useless, bad, BAD, disadvant, worthless,
bad, ineffective, unus, unemploy, defic,
Bad, pointless, lousy, Worse, faulty,
superflu, undesirable, counterproductive,
destro, Evil

Temperature (cold)
(cold @ hot) N (small — big U low —
high)

cold, cold, Cold, Low, chilly, LOW,
colder, low, Cold, misunder, Small, nodd,
small, Low, small, shallow, Small, defic,
horizont, low

Temperature (hot)
(cold & hot) N (big — small U high —
low)

hot, mathemat, hotter, Hot, big, HOT,
Hot, cryst, hot, HUGE, hots, Big, dirty,
contrace, cold, misunder, hots, hottest,
confir, BIG

Wealth poor, rich, poor, Poor, Poor, richer,

rich & poor poorer, Rich, defic, rich, wealthier,
impoverished, richest, wealthy, Rich,
poorest, needy, affluent, mathemat,
wealthiest

Antiquity modern, Modern, Ancient, cients,

ancient @ modern

ancient, antiquity, modern, Ancient,
prehistoric, medieval, Antiqu, ieval,
archaic, Modern, historic, Medieval,
mathemat, contemporary, indo, millennia
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Table 12: Examples of semantic fields TverskyGPT-2. Part 5/5: Antonymy. While unhappy appears
in the semantic field of happy (highlighted in red), set difference isolates the distinct senses of each
pole: happy — unhappy and unhappy — happy.

Category \ Concept & Expression

Top-scoring tokens

(semantic field of happy) happy, happy, Happy, happiest, happier,
happy Happy, pleased, unhappy, ecstatic,
thrilled, satisfied, joyful, delighted, glad,
happiness, grateful, thankful, Happiness,
happily, cheerful, amused, joy, proud,
merry, jealous, Honest, reluct, rejoice,
honoured, triumphant

Antonymy

(semantic field of unhappy) unhappy, dissatisfied, discont, untled,
unhappy dissatisf, disple, dissatisfaction, happy,
happiest, disgruntled, unsatisf, reluct,
happier, discontent, displeasure,
miserable, unlucky, Seym, disillusion,
uneasy, appiness, distraught, undesirable,
Rebell, contrace, unemploy, disadvant,
suspic, annoyed, irritated

(happy in contrast to unhappy) happy, happy, Happy, Happy, happiest,
happy — unhappy happier, pleased, thrilled, ecstatic, glad,
delighted, satisfied, joyful, grateful,
thankful, proud, happily, happiness,
amused, cheerful, Happiness, joy, Merry,
honoured, smiles, Honest, stoked,
pleasant, rejoice, merry

(unhappy in contrast to happy) unhappy, dissatisfied, untled, dissatisf,
unhappy — happy discont, disple, dissatisfaction, unsatisf,
disgruntled, displeasure, discontent,
reluct, unlucky, disillusion, undesirable,
unemploy, disadvant, miserable,
contrace, unwelcome, Seym, intolerable,
unworthy, defic, distraught, demoral,
irritated, Rebell, uneasy, estranged
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C EXPERIMENT 007: TVERSKYXORNET ON XOR

C.1 TASK AND DATA

In this experiment, we train a single Tversky projection layer to learn the XOR function via gradient
descent under various hyper-parameter conditions. Figure 13 shows that some initializations of Tver-
sky projection layers may lead to gradient descent optimization failure. This experiment empirically
analyses its sensitivity to hyperparameters when trained to model the XOR function.

C.2 METHOD

To empirically estimate the sensitivity of Tversky projection layer’s convergence to its hyperparame-
ters, we train 12 960 xor models consisting of the following combinations of hyperparameters:

* 6 intersection reduction methods {min, max, product, mean, gmean, softmin};
« 2 difference reduction methods {ignorematch, substractmatch};

¢ 2 normalization modes: {false, true};

* 6 feature counts: {1, 2,4, 8, 16, 32};

* 3 prototype initialization distributions {uniform, normal, orthogonal };

* 3 feature bank initialization distributions {uniform, normal, and orthogonal };

¢ 9 random seeds.

Each model is trained for 1000 epochs. Tables 13, 14, 15, and 16 reports the average and standard
error of the convergence indicator (whether accuracy is 100%) of the trained models marginalized
by various combinations of hyperparameters. We refer to this variable as convergence probability
p(conv) in our results.

C.3 RESULTS

Initialization of prototypes and features Initializing both features and prototypes by sampling
from the uniform distribution resulted in the highest convergence probability (Table 14).

Reduction of measures of intersections and differences Using product and substractmatch
resulted in the highest convergence probability. (Table 13)

Normalization In this experiment, normalizing prototype and object vectors prior to calculating
Tversky similarity decreased the convergence probability. (Table 15)

Feature count Tversky projection layer successfully modeled xor with as little as 1 feature.
p(conv) was maximal with 16 features, but not did monotonously increase with feature count.

While linear projection layers cannot learn non-linear decision boundaries without composition with
non-linear activation functions, Figure 14 shows that a single Tversky projection layers can learn
complex non-linear decision boundaries even in low-dimensional vector space.
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TverskyXORNet Decision Boundaries in successful (top) and failed (bottom) cases

Figure 13: Example of learned TverskyProjection layers optimized to model the xor function. While
multiple solutions are possible (top row), some initializations do not lead to convergence (bottom
row). The decision boundaries were drawn as follows. Random input vectors [x,y] are uniformly
sampled in the range [-2,-2] to [2,2] the tip of each vector is ploted as a colored dot, with the color
representing the trained Tversky Projection layer’s output. Tversky projection layers modeling the
zor function, which has a boolean domain and range extend zor to the real vector space. Successful
models should show data points [0,0] and [1,1] in purple (class 0), and [0,1] and [1,0] in yellow (class
1)

Successful TverskyXORNet Decision Boundaries with various number of features

ER o5 20 s o w5 oo a5 1o 15 20

2 features 4 features 8 features 16 features

To s do os %0 E 7% 5 <o 5 oo e 10 15 20

32 features 64 features 128 features 256 features
Figure 14: Example of successful Tversky decision boundaries modeling the XOR function with

2,4, 8, 16, 32, 64, 128 and 256 features. The presence of clusters of features are frequent in
overparameterized models.
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Table 13: Mean = std error of loss and accuracy for TverskyXORNet with 6 intersection reduction
methods (AN B) and 2 difference reduction methods (A — B). Each row corresponds to the aggregate
of 3x3x2x6x9 = 972 training sessions with: 3 fbank and prototype initialization methods(orthogonal,
normal, uniform), 2 normalization modes (normalized, and not normalized), 6 feature bank sizes (1,
2,4, 8,16, 32), and 9 random seeds. In each case, models were trained for 1000 epochs

ANB A-B n loss acc Dbestacc p(conv)
product substractmatch 972 0.27+0.01 0.83 +£0.01 1.0 0.53+£0.02
mean substractmatch 972 0.28 £0.01 0.82£0.01 1.0 0.51+£0.02
max ignorematch 972 0.35+0.01 0.78£0.01 1.0 0.47+£0.02
max substractmatch 972  0.32+0.01 0.80 £ 0.01 1.0 0.44 £0.02
softmin  substractmatch 972 0.35+0.01 0.80=£0.01 1.0 0.42+£0.02
min ignorematch 972 0.314+0.01 0.78+0.01 1.0 0.42+£0.02
softmin  ignorematch 972 0.34+0.01 0.78+0.01 1.0 0.38+£0.02
mean ignorematch 972 0.42+0.01 0.73+0.01 1.0 0.26£0.01
product ignorematch 972 0.41+0.01 0.75+£0.01 1.0 0.23+£0.01
min substractmatch 972 0.50 £0.00 0.68 £ 0.00 1.0 0.02+0.00
gmean  ignorematch 972 nan £nan 0.50 £ 0.00 0.5 0.00+£0.00
gmean  substractmatch 972 nan £nan 0.50 £0.00 0.5 0.00+£0.00

Table 14: Mean =+ std error of loss and accuracy for TverskyXORNet with 3 fbank and prototype
initialization methods (fbank init, and proto init). Each row corresponds to the aggreate of 6x2x2x6x9
= 1,296 training sessions with: 6 intersection reduction methods (min, max, product, mean, gmean,
softmin) and 2 difference reduction methods (ignorematch, substractmatch), 2 normalization modes
(normalized, and not normalized), 6 feature bank sizes (1, 2, 4, 8, 16, 32), and 9 random seeds. In
each case, models were trained for 1000 epochs.

fbank init  proto init n loss acc  bestacc p(conv)
uniform uniform 1296 0.27+0.01 0.78£0.01 1.0 0.41+0.01
uniform normal 1296 0.36 £0.01 0.724+0.01 1.0 0.34+0.01
normal uniform 1296 0.34£0.01 0.74£0.01 1.0 0.32+£0.01
normal normal 1296 0.35+0.01 0.74+£0.01 1.0 0.31+0.01
uniform orthogonal 1296 0.39+£0.01 0.70+0.01 1.0 0.30+0.01
orthogonal uniform 1296 0.37+£0.01 0.72+0.01 1.0 0.29+0.01
normal orthogonal 1296 0.37+£0.01 0.73 £0.01 1.0 0.28+0.01
orthogonal normal 1296 0.37£0.01 0.734+0.01 1.0 0.26 £ 0.01
orthogonal orthogonal 1296 0.39+0.01 0.71£0.01 1.0 0.24+0.01

Table 15: Mean = std error of loss and accuracy for TverskyXORNet with 2 normalization modes
(normalized, and not normalized). Each row corresponds to the aggreate of 3x3x6x2x6x9 = 5832
training sessions with: 3 fbank and prototype initialization methods(orthogonal, normal, uniform). 6
intersection reduction methods (min, max, product, mean, gmean, softmin) and 2 difference reduction
methods (ignorematch, substractmatch), 6 feature bank sizes (1, 2, 4, 8, 16, 32), and 9 random seeds.
In each case, models were trained for 1000 epochs.

normalize n loss acc  bestacc p(conv)
False 5832 0.33+£0.00 0.74+£0.00 1.0 0.34+£0.01
True 5832 0.384+0.00 0.7240.00 1.0 0.27+0.01
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Table 16: Mean = std error of loss and accuracy for TverskyXORNet with 6 feature bank sizes
(1,2,4,8, 16, 32). Each row corresponds to the aggreate of 3x3x6x2x2x9 = 1944 training sessions
with: 3 fbank and prototype initialization methods(orthogonal, normal, uniform). 6 intersection
reduction methods (min, max, product, mean, gmean, softmin) and 2 difference reduction methods
(ignorematch, substractmatch), 2 normalization modes (normalized, and not normalized), and 9
random seeds. In each case, models were trained for 1000 epochs.

fbank size n loss acc bestacc p(conv)
16.0 1944  0.25+0.01 0.79 +0.00 1.0 0.42+£0.01
8.0 1944 0.28 £0.01 0.78 £0.00 1.0 0.39+0.01
4.0 1944 0.30+£0.01 0.76 & 0.00 1.0 0.38+0.01
32.0 1944 0.31 £0.01 0.76 & 0.00 1.0 0.33+£0.01
2.0 1944 0.45+0.01 0.67+0.00 1.0 0.20+0.01
1.0 1944 0.54+0.01 0.6140.00 1.0 0.12£0.01
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D EXPERIMENT 009: [VISUAL][TVERSKY]|MNISTNET

Two neural networks, VisuaMNISTNet, and VisualTverskyMNISTNet (Figure 15) are trained to
perform MNIST handwritten digit classification. The two neural network architectures share the
same convolutional feature extraction stack yielding a 36-dimensional vector representation of the
input image. They differ in how those vectors are projected onto the 10-dimensional output vectors
corresponding to 10 digit classes. VisuaMNISTNet employs a stack of 120, 84, and 10 unit linear
projection layers following LeCun et al. (1998). However, the ReLU activation function is used
instead of the logistic sigmoid. VisualTverskyMNISTNet employs a single Tversky Projection layer
with 10 prototypes and 20 features. Both neural networks employ the method described in Section 3.6,
facillitating our qualitative analysis of the learned prototypes and features.

Two additional neural networks, MNISTNet and TverskyMNISTNet, which are identical to their
Visual counterparts, but do not employ our parameter visualization method are also trained to serve
as baseline for accuracy. These neural networks have fewer parameters as the projection parameters
are specified in their vector form, which is more compact.

MNISTNet is three times smaller than LeNet-5 due to the design of its convolution stack, which
outputs a 36-dimensional vector which are the concatenation of three 12-dimensional vectors obtained
by averaging 3 convolutional feature maps across their spatial dimensions.

TverskyMNISTNet, with only 7K parameters is also 3 times smaller than MNISTNet because it
employs a single Tversky Projection layer instead of a stack linear projection layers and non-linear
activation functions. All 4 neural networks are trained for 1000 epochs with a batch size of 500.
Dropout is applied to the output of the convolution stack at the rate of 0.05. Adam optimizer is used
with learning rate 0.002, and weight decay rate 0.00001.

Projection Params 28x28x1

Specified in input Domain

. conv 3x3, 12
10x28x28
Visual FC3

\_ Prototypes )
( \ conv 3x3, 12

10x28x28
Visual Tversky

\_ Prototypes )

T B
-

20x28x28

Visual Tversky spatial mean

\ Features )

spatial mean

conv 3x3, 12

spatial mean

conv 3x3, 12

conv 2x2, 12

fcl, 120 Tversky Proj.

10

Figure 15: The neural network architecture used in our qualitative analysis experiments.
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Table 17: Parameter count and accuracy of baseline and tversky convolutional neural networks trained
for MNIST handwritten digit classification. The "visual" variants specify tversky prototypes and
features, and the third fully connected layer’s parameters in the input space as 28x28 matrices. All
models were trained for 1000 epochs.

Model Params  Valid ACC
MNISTNet 21394 99.1%
VisualMNISTNet 28394 99.1%
TverskyMNISTNet 7023 98.7%
VisualTverskyMNISTNet 29463 98.7%

FC3 Projection Tversky Projection

outputs-oldfvainisual baseline mnist seed 1 siepoch OimodelVisualBaselineCiasifer_<pochonono.pt 1 _Trseidumpsfepoch_0jmodelisualTversiyClassifer_epc
Vi oehdo000 haooio

trainvisualtversky-mnist e _-bsz_100-bs2_40-red product.red.
e VaarTverskyCh:

Proto 0 Proto 1 Prota 0 Proto 1

epoch 200

i 1 P
outputs.oldtrain visusl baseline mnst seed_1 bsz_100.1z_S/curmpsiepoch 400/mose NisualBaseineCiassfer_epoch00400.pt ain visual versky. mnist seed 7 bsz_100.1bs7_40.ed_product cred | 2
VistalBase inéClassier epochdoa00 TisuarTverskyClassfer epochocios

o Proto 1 proto 2 Proto 0 proto 1 Proto 2 Proto 3

epoch 400

\ 600/modelNisualaaselineClassifer epoch0600.ot
100600

Prota 0 Proto 2 Proto &

epoch 600

Figure 16: Learned visual prototypes in the baseline and tversky variants of the neural network
described in Figure 15 after epochs 0, 200, 400 and 600.
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E EXPERIMENT 101: [TVERSKY]RESNET-50 ON MNIST

Models cross a variety of hyperparameters (batch size, grad norm clipping threshold) and model
initialization (random/image net weights) and param update (update/freeze back one) strategies were
trained with 5 random seeds. Each seed corresponds to a different model initial initialization, and
a different train/val splits of the training sets (See Section E.1) All models were trained for 200
epochs. The SGD optimizer was applied with learning rate 0.03, momentum 0.9, weight decay
0.0001. MNIST images were also up sampled to 56 x 56 input size.

The mean and standard deviation of model accuracies in the train and validation portions are used for
model selection. (See Section E.2)

The best Tversky and baseline models in each model initial and parameter update strategy were
selected and evaluated on the test set to produce the final mean and standard deviation of model
accuracies on the test set. (See Section E.3)

E.1 HYPERPARAMETER SEARCH

Results are organized by batch size and gradient clipping combinations. Bold entries indicate the best
performing model within each (Pretrained, Freeze) condition. Accuracies are shown as mean = std.

Table 18: Results for Batch Size=32, Gradient Clipping=1

Pretrained Freeze Model Seeds Train Acc (%) Valid Acc (%)
True False  baseline 5 100.00 £0.00  99.50 + 0.08
True False  tversky (fbank=2) 5 64.59 £17.82 63.70 £17.64
True False  tversky (fbank=3) 5 76.65 +£13.52 76.00 + 13.28
True False  tversky (fbank=5) 5 96.20 £5.21  95.80 £ 5.07
True False  tversky (fbank=8) 5 98.06 + 4.32 97.38 £4.70
True False tversky (fbank=13) 5 100.00 £0.00  99.52 £ 0.09
True False  tversky (fbank=21) 5 100.00 £0.00  99.48 £ 0.06
True False  tversky (fbank=34) 5 100.00 £0.00  99.47 4+ 0.07
True False  tversky (fbank=55) 5 100.00 £0.00  99.51 £ 0.08
True True  baseline 5 84.87 +0.13 84.42 +0.30
True True  tversky (fbank=2) 5 20.37 £ 7.09 19.78 = 6.78
True True  tversky (fbank=3) 5 33.37+£8.99  33.08 £8.97
True True  tversky (fbank=5) 5 51.57 +£11.78 51.86 + 12.02
True True  tversky (fbank=8) 5 73.40 £ 6.94 73.14 £ 7.11
True True  tversky (fbank=13) 5 72.51 +£19.63 71.65+ 19.82
True True  tversky (fbank=21) 5 81.44 £+ 7.65 80.46 £+ 7.62
True True  tversky (fbank=34) 6 86.89 + 1.48 84.73 £0.82
True True tversky (fbank=55) 5 88.12 £+ 2.47 85.58 £ 1.91
False False  baseline 5 100.00 £0.00  99.52 4+ 0.07
False False  tversky (fbank=2) 5 13.95 £ 5.60 13.69 £ 5.63
False False  tversky (fbank=3) 5 9.89 +0.04 9.68 +0.32
False False tversky (fbank=5) 5 20.45 £ 7.55 19.94 +7.45
False False  tversky (fbank==8) 5 56.46 +31.47 55.95 £ 31.38
False False  tversky (fbank=13) 5 60.64 £ 25.37 60.23 £ 25.37
False False  tversky (fbank=21) 5 100.00 £0.00  99.47 £+ 0.08
False False  tversky (fbank=34) 5 100.00 = 0.00  99.48 +0.09
False False tversky (fbank=55) 5 100.00 = 0.00  99.54 +0.09
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Table 19: Results for Batch Size=32, Gradient Clipping=10

Pretrained Freeze Model Seeds Train Acc (%) Valid Acc (%)
True False  baseline 5 100.00 £ 0.00  99.51 + 0.07
True False  tversky (fbank=2) 5 45.18 £14.84 44.28 £14.45
True False  tversky (fbank=3) 5 60.70 £12.54 60.06 £ 13.00
True False  tversky (fbank=5) 5 86.50 £ 5.37 86.12 £ 5.11
True False  tversky (fbank=8) 5 97.96 + 4.56 97.44 + 4.61
True False tversky (fbank=13) 5 100.00 £0.00  99.48 +0.05
True False tversky (fbank=21) 5 100.00 £ 0.00  99.51 +0.08
True False  tversky (fbank=34) 5 100.00 £0.00  99.49 4+ 0.06
True False  tversky (fbank=55) 5 100.00 £0.00  99.50 £+ 0.05
True True baseline 5 84.87+£0.14  84.31 +£0.37
True True  tversky (fbank=2) 5 18.24 4+ 8.47 17.66 &+ 8.29
True True  tversky (fbank=3) 5 19.86 +11.48 19.54 + 11.60
True True  tversky (fbank=5) 5 18.53 +4.83 18.15 +4.72
True True  tversky (fbank=8) 5 31.474+29.29 31.41 +29.62
True True  tversky (fbank=13) 5 59.10 £ 35.04  58.56 £ 34.78
True True  tversky (fbank=21) 5 39.88 £41.09 39.44 +40.59
True True  tversky (fbank=34) 5 42.30 £39.70  41.78 +39.19
True True  tversky (fbank=55) 5 41.11£42.76 39.92 +£41.30
False False baseline 5 100.00 £0.00 99.47 £ 0.01
False False  tversky (fbank=2) 5 9.89 +£0.04 9.68 £ 0.32
False False  tversky (fbank=3) 5 9.89 4+ 0.04 9.68 +0.32
False False  tversky (fbank=5) 5 9.89 +0.03 9.68 £ 0.32
False False  tversky (fbank==8) 5 29.84 +£30.70  29.59 + 30.68
False False  tversky (fbank=13) 5 45.66 £40.90 45.12 £40.52
False False  tversky (fbank=21) 5 49.55 +46.21  49.18 +46.00
False False  tversky (fbank=34) 5 66.46 +46.06 66.23 £ 45.60
False False  tversky (fbank=55) 5 64.07 £49.20 63.66 £ 48.97
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Table 20: Results for Batch Size=256, Gradient Clipping=1

Pretrained Freeze Model Seeds Train Acc (%) Valid Acc (%)
True False  baseline 5 100.00 £ 0.00  99.61 £ 0.06
True False  tversky (fbank=2) 5 41.14 £17.28 40.66 £17.05
True False  tversky (fbank=3) 5 48.55 £12.96 48.07 £12.93
True False  tversky (fbank=5) 5 88.23 +£10.96 87.96 £+ 10.89
True False  tversky (fbank=8) 5 94.18 + 8.69 93.55 £ 8.79
True False tversky (fbank=13) 5 100.00 £0.00  99.58 £0.11
True False  tversky (fbank=21) 5 100.00 = 0.00  99.59 +0.09
True False tversky (fbank=34) 5 100.00 £ 0.00  99.62 +0.06
True False  tversky (fbank=55) 5 100.00 £0.00  99.61 £+ 0.06
True True  baseline 5 87.35 £ 0.15 86.02 £ 0.56
True True  tversky (fbank=2) 5 37.59 £ 1.61 37.46 £1.42
True True  tversky (fbank=3) 5 50.81 +4.25 50.79 + 4.15
True True  tversky (fbank=5) 5 70.79 £ 3.38 70.75 £ 3.77
True True  tversky (fbank=8) 5 83.31 £ 2.68 82.32 £ 2.57
True True  tversky (fbank=13) 5 87.81 £0.25 86.01 £ 0.42
True True  tversky (fbank=21) 5 89.47 £+ 0.43 85.99 £+ 0.65
True True  tversky (fbank=34) 5 92.36 £0.13 86.72 £0.18
True True tversky (fbank=55) 5 94.67 £0.17  86.85£0.20
False False  baseline 5 100.00 £0.00  99.34 +0.07
False False  tversky (fbank=2) 5 24.69 £11.52 24.194+11.06
False False  tversky (fbank=3) 5 20.42 +12.33 20.13+12.13
False False  tversky (fbank=5) 5 26.43 £19.91 26.31 +19.87
False False  tversky (fbank==8) 5 57.04 £ 31.77  56.33 £ 31.57
False False  tversky (fbank=13) 5 88.32 £12.56 87.73 £12.22
False False  tversky (fbank=21) 5 94.26 + 8.47 93.69 £ 8.38
False False  tversky (fbank=34) 5 100.00 £0.00 99.33 £0.11
False False tversky (fbank=55) 5 100.00 = 0.00  99.34 +0.06

38



Published as a conference paper at ICLR 2026

Table 21: Results for Batch Size=256, Gradient Clipping=10

Pretrained Freeze Model Seeds Train Acc (%) Valid Acc (%)
True False baseline 5 100.00 £ 0.00  99.61 £ 0.05
True False  tversky (fbank=2) 5 36.98 + 5.49 36.54 £+ 5.68
True False  tversky (fbank=3) 5 50.81 £11.99 49.92 +12.54
True False  tversky (fbank=5) 5 94.09 + 5.41 93.91 £ 5.22
True False  tversky (fbank=8) 5 100.00 £0.00  99.55 4+ 0.06
True False tversky (fbank=13) 5 100.00 £0.00  99.59 £0.11
True False  tversky (fbank=21) 5 100.00 = 0.00  99.58 +0.08
True False  tversky (fbank=34) 5 100.00 £0.00  99.58 4+ 0.07
True False  tversky (fbank=55) 5 100.00 £0.00  99.57 +0.04
True True  baseline 5 87.35 £0.11 86.05 £ 0.54
True True  tversky (fbank=2) 5 36.14£1.69  36.09£2.19
True True  tversky (fbank=3) 5 51.82 £ 6.07 51.92 + 6.48
True True  tversky (fbank=5) 5 69.91 +4.43 69.68 £4.72
True True  tversky (fbank=8) 5 82.00 £ 2.80 81.04 £2.72
True True  tversky (fbank=13) 5 87.86 £0.17  86.17 £ 0.48
True True  tversky (fbank=21) 5 89.42 + 0.07 85.96 £ 0.53
True True  tversky (fbank=34) 5 92.31 £0.17 86.80 £ 0.37
True True tversky (fbank=55) 5 94.66 £+ 0.07 86.81 £0.41
False False baseline 5 100.00 £0.00  99.28 £ 0.09
False False  tversky (fbank=2) 5 10.41 + 0.71 10.44 £1.13
False False  tversky (fbank=3) 5 10.15 4+ 0.57 10.10 + 1.00
False False  tversky (fbank=5) 5 12.69 +4.81 12.47 + 4.36
False False  tversky (fbank=8) 5 30.80 £+ 9.63 30.43 £ 9.64
False False  tversky (fbank=13) 5 34.91 £18.04 34.71 £17.82
False False  tversky (fbank=21) 5 52.81 £16.38 52.36 +16.47
False False  tversky (fbank=34) 5 72.70 £ 20.23 71.42 4+ 20.85
False False  tversky (fbank=55) 5 96.24 + 8.41 95.34 £ 8.70
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E.2 MODEL SELECTION

Table 22: Summary: Best Baseline and Tversky Models for Each Configuration

Best Baseline Best Tversky

Pretrained Freeze | Valid Acc (%) Batch Clip | Valid Acc (%) Batch Clip FBank

True False | 99.61 +£0.05 256 10 99.62 £ 0.06 256 1
True True 86.05 = 0.54 256 10 86.85 +=0.20 256 1
False False | 99.52+0.07 32 1 99.54 £ 0.09 32 1

34
55
55

E.3 EVALUATION OF BEST MODELS

Table 23: Summary: Best Baseline and Tversky Models for Each Configuration

Best Baseline
Train Acc (%) Valid Acc (%) Test Acc (%) Batch Clip N

Best Tversky

Pretrained  Freeze

Train Acc (%) Valid Acc (%) Test Acc (%) Batch Clip FBank

True False | 100.00+£0.00  99.61£0.05 99.56 +£0.04 256 10 5| 100.00£0.00  99.6240.06 99.60£0.05 256 1
True True 90.24+0.27 86.08+0.49 86.64+0.14 256 10 5 98.18 £0.26  86.80 £0.23 86.66 £0.17 256 1
False False | 100.00£0.00  99.52+£0.07 99.54 4 0.04 32 1 5| 100.00£0.00  99.54£0.09 99.56 £ 0.06 32 1

34
55
55
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F EXPERIMENT 103: [TVERSKY]RESNET-50 ON NABIRDS

ResNet-50 and TverskyResNet-50 were trained for 600 epochs with SGD (learning rate 0.03, mo-
mentum 0.9, weight decay 10~#, gradient clipping threshold 10) and a cosine annealing learning rate
schedule. We used a batch size of 256 and dropout of 0.3. Input images were resized to 600 x 600
pixels and randomly cropped to 448 x 448 during training; at test time, a center crop of 448 x 448 was
used. Training images were augmented with random horizontal flips, and all images were normalized
using ImageNet mean and standard deviation. The Tversky projection layer used product and
ignorematch as the intersection and difference reduction hyperparameters respectively, with
feature bank sizes drawn from the Fibonacci sequence: 610, 987, 1597, 2584, 4181, 6765, and 10946.
Each configuration was trained with multiple seeds, corresponding to different initializations of model
parameters, shuffling of training data, and partitioning of train/validation data. 10% of the training
split was used as a validation set. Test results are reported on the held-out standard NABirds test set.
All accuracies are reported as mean = std.

F.1 HYPER-PARAMETER SEARCH

Table 24: Results for Batch Size=256, Gradient Clipping=10

Pretrained Freeze Model Seeds Train Acc (%) Valid Acc (%)
True False  baseline 3 99.97+0.01 86.71£1.13
True False  tversky (fbank=610) 2 99.96 + 0.01 85.83 £1.19
True False tversky (fbank=987) 2 99.97 £ 0.01 86.71 £0.49
True False  tversky (fbank=1597) 3 99.97+0.02 86.18 +0.72
True False  tversky (fbank=2584) 3 99.98 + 0.01 86.12 £0.51
True False  tversky (fbank=4181) 3 99.98 £+ 0.01 86.50 £ 0.43
True False tversky (fbank=6765) 2 99.97+0.02 87.03+1.35
True False  tversky (fbank=10946) 3 99.96 +£0.02  86.22 +0.64
True True  baseline 3 79.33 £0.25 51.88+0.44
True True  tversky (fbank=610) 3 96.40 + 0.42 48.21 £1.27
True True  tversky (fbank=987) 3 98.67 £0.34  48.23 £ 0.50
True True  tversky (fbank=1597) 2 99.20+0.29  50.24 +0.99
True True  tversky (fbank=2584) 2 99.30 £+ 0.06 51.52 + 0.02
True True  tversky (fbank=4181) 3 99.49 + 0.08 50.93 + 2.09
True True  tversky (fbank=6765) 3 99.56 + 0.08 51.37 +1.33
True True  tversky (fbank=10946) 3 99.49 + 0.10 50.74 + 0.77
False False  baseline 3 99.99 £0.01 68.67£1.19
False False  tversky (fbank=610) 3 99.89 + 0.05 70.41 +0.73
False False  tversky (fbank=987) 3 99.92 £+ 0.05 70.55 + 0.74
False False tversky (fbank=1597) 3 99.93 £+ 0.04 71.14 + 0.86
False False  tversky (fbank=2584) 3 99.93 £+ 0.00 71.12+0.79
False False  tversky (fbank=4181) 3 99.89 + 0.02 70.53 +1.20
False False  tversky (fbank=6765) 2 99.91 + 0.02 71.09 + 1.57
False False  tversky (fbank=10946) 3 99.91 +£0.06 69.07+1.12
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F.2 MODEL SELECTION

Table 25: Summary: Best Baseline and Tversky Models for Each Configuration

Best Baseline Best Tversky
Valid Acc (%) Batch Clip | Valid Acc (%) Batch Clip FBank

Pretrained Freeze

True True 51.88 £0.44 256 10 51.52 £0.02 256 10 2584

True False | 86.71+1.13 256 10 87.03 £1.35 256 10 6765
False False | 68.67+1.19 256 10 71.14 + 0.86 256 10 1597

F.3 EVALUATION OF BEST MODELS

Table 26: Summary: Best Baseline and Tversky Models for Each Configuration

Best Baseline Best Tversky

Pretrained  Freeze | Train Acc (%) Valid Acc (%) Test Acc (%) Batch Clip N | Train Acc (%) Valid Acc (%) Test Acc (%) Batch Clip FBank N
True False 99.99+£0.01 86.71+1.13 82.37+0.25 256 10 3] 100.004+0.01  87.03+1.35 82.96+0.07 256 10 6765 2
True True 90.92+0.24 51.884+0.44 40.25+0.28 256 10 3] 99944002 51.47+0.10 38.73+£0.20 256 10 2584 2
False False 99.99 £0.01 68.67+£1.19 6284045 256 10 3 99.97 £0.01 71.144+0.86 65.20£0.26 256 10 1597 3
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F.4 EXAMPLE OF LEARNED «, 8 AND 6

diagnostics/theta diagnostics/beta diagnostics/alpha
'ed_False-freeze_False-fbank_1597-batch_256-gradclip_10-seed_3-tv 1ed_False-freeze_False-fbank_1597-batch_256-gradclip_10-seed_3-tw 1ed_False-freeze_False-fbank_1597-batch_256-gradclip_10-seed_3-tw

diagnostics/alpha and valid/epoch_acc v. diagnostics/beta
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Figure 17: Top: Example of learned «, 8 and € values over training iterations of a TverskyResNet-50
on NABirds trained from scratch. These parameters are learned via gradient descent alongside all
other model parameters. Bottom: Comparison of final learned « (x-axis) and 3 (y-axis) across 3 runs
of the same configuration with different seeds; point color represents validation accuracy. In all three
models « > 3, consistent with Tversky’s theory that the distinctive features of instances are weighted
more heavily than those of prototypes. While we observed o > [ in several successful models, not
all accurate models had this property.
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F.5 COMPUTATION RESOURCES

Table 27: Duration of model training sessions in wall-clock time (h:mm:ss), grouped by model type,

GPU type, GPU count, and feature bank size (Tversky only). Note that the measured durations

depend on various factors external to the architecture and hyperparameters of models, including I/O

access time to network drives, which fluctuates with cluster usage. Std is reported as — when N = 1.
Model GPU #GPU  fbank N Mean Std Min Max

Baseline NVIDIA A100-SXM4-40GB 28:32:18  15:55:15 10:09:22 37:56:42
Baseline NVIDIA A100-SXM4-80GB 10:00:14 0:29:02 9:15:07 10:28:44

|
— W

Baseline NVIDIA RTX A6000 - 10:45:45 - 10:45:45 10:45:45
Tversky  NVIDIA A100-SXM4-40GB 4181 9:14:14 - 9:14:14  9:14:14
Tversky NVIDIA A100-SXM4-40GB 6765 9:24:51 - 9:24:51 9:24:51
Tversky NVIDIA A100-SXM4-40GB 2584 9:57:01 - 9:57:01 9:57:01
Tversky NVIDIA A100-SXM4-40GB 4181 10:00:42 - 10:00:42 10:00:42
Tversky NVIDIA A100-SXM4-40GB 6765 10:11:54 - 10:11:54 10:11:54
Tversky  NVIDIA A100-SXM4-40GB 10946 10:01:52 - 10:01:52  10:01:52
Tversky NVIDIA A100-SXM4-80GB 610 9:12:21 0:27:41 8:52:46  9:31:56
Tversky ~ NVIDIA A100-SXM4-80GB 987 9:46:35 - 9:46:35  9:46:35
Tversky NVIDIA A100-SXM4-80GB 8:34:17 - 8:34:17  8:34:17
Tversky NVIDIA A100-SXM4-80GB 2584 9:31:55 - 93155 9:31:55
Tversky NVIDIA A100-SXM4-80GB 10946 8:24:21 8:24:21  8:24:21

9:34:20 0:24:56 9:12:26  10:08:32
9:41:57  0:35:41 9:12:16  10:25:39
9:21:46 0:28:12 8:40:10 9:52:03
9:46:25 0:29:38 9:11:34  10:20:07
9:27:43  0:27:41 8:45:03 10:09:11
9:28:17  0:33:22  8:56:45 10:08:13
9:26:21 0:43:17 8:38:53  10:28:57
6:25:57 - 6:25:57 6:25:57

Tversky NVIDIA A100-SXM4-80GB
Tversky ~ NVIDIA A100-SXM4-80GB
Tversky NVIDIA A100-SXM4-80GB
Tversky NVIDIA A100-SXM4-80GB
Tversky NVIDIA A100-SXM4-80GB
Tversky NVIDIA A100-SXM4-80GB
Tversky NVIDIA A100-SXM4-80GB
Tversky NVIDIA H200
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