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Abstract

Synthetic control methods (SCMs) are a canonical approach used to estimate treatment
effects from panel data in the internet economy. We shed light on a frequently overlooked
but ubiquitous assumption made in SCMs of “overlap”: a treated unit can be written as
some combination—typically, convex or linear—of the units that remain under control. We
show that if units select their own interventions, and there is sufficiently large heterogeneity
between units that prefer different interventions, overlap will not hold. We address this
issue by proposing a recommender system which incentivizes units with different preferences
to take interventions they would not normally consider. Specifically, leveraging tools from
information design and online learning, we propose an SCM that incentivizes exploration
in panel data settings by providing incentive-compatible intervention recommendations
to units. We establish this estimator obtains valid counterfactual estimates without the
need for an a priori overlap assumption. We extend our results to the setting of synthetic
interventions, where the goal is to produce counterfactual outcomes under all interventions,
not just control. Finally, we provide two hypothesis tests for determining whether unit
overlap holds for a given panel dataset.

1 Introduction

A ubiquitous task in the internet economy is to estimate counterfactual outcomes for a group of units (e.g.
people, products, geographic regions) under different interventions (e.g. marketing campaigns, discount
levels, legal regulations) over time. Such multi-dimensional data are often referred to as panel data, where
the different units may be thought of as rows of a matrix and the time-steps as columns. A prominent
framework for counterfactual inference using panel data is that of synthetic control methods (SCMs) [Abadie
& Gardeazabal (2003); |Abadie et al.| (2010)), which aim to estimate the counterfactual outcome under
control, i.e. no treatment, for units that were treated.

In the SCM framework, there is a pre-intervention time period, during which all units are under control.
After which, each unit is given exactly one intervention from a set of possible interventions, which includes
control, and they remain under that intervention for the remaining time steps, i.e. the post-intervention
time period. To estimate the counterfactual under control for a treated unit during the post-intervention
period, SCMs broadly follow two steps: (i) during the pre-intervention period, linearly regress the outcomes
of a treated unit against the outcomes of the units that remain under control, i.e. the donor units; (ii) use
the learned linear model and the outcomes of the donor units during the post-intervention period to produce
a counterfactual trajectory of the treated unit under control. The way the linear model is learned can vary
across different SCM estimators. While SCMs were originally applied to public policy domains Mourtgos
et al.| (2022); Freire| (2018), they are now often used to estimate counterfactuals in various internet domains,
ranging from surge pricing for ride-sharing applications Uber| (2019)) to the effectiveness of advertisements
across different geographic regions [EBay| (2022).

From the description of SCMs laid out above, it is clear that for the counterfactual estimate to be valid,
the treated unit’s potential outcomes under control should be linearly expressible by the observed outcomes
of the donor units. To provide statistical guarantees on the performance of SCMs, such intuition has
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traditionally been made formal by making an overlap assumption on the relationship between the outcomes
of the donor units and the test unit; for instance of the following form:

Unit Overlap Assumption. Denote the potential outcome for unit i under intervention d at time t by

ygf? € R. For a gwen unit i and intervention d, there exists a set of weights w®% € RN4 such that

E[yz(c?] =2 jelN w®D[4] 'E[yj(-,dt)] for allt € [T], where T is the number of time-steps, Ng is the number
of donor units who have received intervention d. The expectation is taken with respect to the randomness in
the unit outcomes.

More broadly, previous works that provide theoretical guarantees for SCMs assume there exists some
underlying mapping w(*% (e.g. linear or convex) through which the outcomes of a treated unit (unit i) may
be expressed by the outcomes of the N; donor units. Since such a condition appears to be necessary in order
to make valid counterfactual inference, assumptions of this nature are ubiquitous when proving statistical
guarantees about SCMs (e.g. |Abadie et al| (2010); |Amjad et al.|(2018); |Agarwal et al.| (2020b; 2023))E|

However, despite their ubiquity, such overlap assumptions may not hold in all domains in which one would
like to apply SCMs. For example, consider a streaming service with two service plans: a yearly subscription
(treatment) and a pay-as-you-go model (control), and suppose that the streaming service wants to determine
the effectiveness of its subscription program on user engagement (the unit outcome of interest). Under this
setting, the subpopulation of streamers who self-select the subscription plan is most likely those who believe
they will consume large amounts of content on the platform. In contrast, those who pay-as-they-go most
likely believe they will consume less content. The two subpopulations may have very different experiences
under the two business plans (due to their differing viewing habits), leading to two different sets of potential
outcomes that may not overlap, i.e., are not linearly expressible in terms of each other. This could make
it difficult to draw conclusions about the counterfactual user engagement levels of one subpopulation using
the realized engagement levels of the other.

In this work, our goal is to leverage tools from information design to incentivize the exploration of different
treatments by non-overlapping unit subpopulations in order to obtain valid counterfactual estimates using
SCMs. Specifically, we adopt tools and techniques from the literature on incentivizing exploration in multi-
armed bandits (e.g. Mansour et al. (2015; |2020); [Slivkins| (2021))) to show how the principal—the platform
running the SCM—can leverage knowledge gained from previous interactions with similar units to persuade
the current unit to take an intervention they would not normally take. The principal achieves this by
sending a signal or recommendation to the unit with information about which intervention is best for them.
The principal’s recommendation policy is designed to be incentive-compatible, i.e. it is in the unit’s best
interests to follow the intervention recommended to them by the policy. In our streaming service example,
incentive-compatible signalling may correspond to recommending a service plan for each user based on their
usage of the platform in a way that guarantees that units are better off in expectation when purchasing
the recommended service plan. Our procedure ensures that the [Unit Overlap Assumption| becomes satisfied
over time, which enables the principal to do valid counterfactual inference using off-the-shelf SCMs after
they have interacted with sufficiently many units.

Overview of paper. We introduce an online learning model where the principal observes panel data from
a population of units with differing preferences. We show that the [Unit Overlap Assumption|is indeed a
necessary condition to obtain valid counterfactual estimates in our setting. To achieve overlap, we introduce
a recommender system for incentivizing exploration when there are two interventions: treatment and control.
At a high level, we adapt the “hidden exploration” paradigm from incentivized exploration in bandits to
the panel data setting: First, randomly divide units into “exploit” units and “explore” units. For all exploit
units, recommend the intervention that maximizes their estimated expected utility, given the data seen so
far. For every explore unit, recommend the intervention for which the principal would like the
to be satisfied. Units are not aware of their exploit/explore designation by the algorithm,
and the explore probability is chosen to be low enough such that the units have an incentive to follow the
principal’s recommendations. After recommendations have been made to sufficiently-many units, we show
that with high probability, the [Unit Overlap Assumptionl|is satisfied for all units and either intervention of

1Similar assumptions are also prevalent in the literature on other matching-based estimators such as difference-in-
differences \Donald & Lang| (2007)) or clustering-based methods|Zhang et al.| (2019).
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our choosing. This enables the use of existing SCMs to obtain finite sample guarantees for counterfactual
estimation for all units under control after running Algorithm

We extend our methods to the setting of synthetic interventions Agarwal et al| (2020b), in which the
principal may wish to estimate counterfactual outcomes under different treatments in addition to control
(Appendix @[) We also provide two hypothesis tests for checking whether the [Unit Overlap Assumption|
holds for a given treated unit and set of donor units. Finally, we empirically evaluate the performance of our
recommender system. We find that it enables consistent counterfactual outcome estimation when the
[Overlap Assumption| does not hold a priori while existing SCMs alone do not.

1.1 Related work

Causal inference and synthetic control methods. Popular methods for counterfactual inference using
panel data include SCMs|Abadie & Gardeazabal (2003); Abadie et al.| (2010), difference-in-differences/Angrist
& Pischke (2009); |Ashenfelter & Card| (1984); Bertrand et al.| (2004)), and clustering-based methods |Zhang
et al. (2019); Dwivedi et al| (2022). Within the literature on synthetic control, our work builds off of
the line of work on robust synthetic control |Amjad et al. (2018} 2019); |Agarwal et al.| (2020ajb; 2023]),
which assumes outcomes are generated via a latent factor model (e.g. |Chamberlain| (1984); [Liang & Zeger]|
(1986); [Arellano & Honore| (2000)) and leverages principal component regression (PCR) Jolliffe] (1982);
Massy| (1965)); Agarwal et al. (2019; 2020a) to estimate unit counterfactual outcomes. Our work falls in
the small-but-growing line of work at the intersection of SCMs and online learning |Chen| (2023); Farias|
let al| (2022)); |Agarwal et al.| (2023)), although we are the first to consider unit incentives in this setting.
Particularly relevant to our work is the model used by [Agarwal et al| (2023), which extends the finite
sample guarantees from PCR in the panel data setting to online settings. While [Harris et al.| (2022)) also
consider incentives in SCMs (albeit in an offline setting), they only allow for a principal who can assign
interventions to units (e.g. can force compliance). As a result, the strategizing they consider is that of
units who modify their pre-intervention outcomes in order to be assigned a more desirable intervention. In
contrast, we consider a principal who cannot assign interventions to units but instead must persuade units
to take different interventions by providing them with incentive-compatible recommendations.

Incentivized exploration. Our work draws on techniques from the growing literature on incentivizing
exploration (IE) (Kremer et al.l [2014; Mansour et al.| [2019; [2021} [Sellke & Slivkins| 2022} Tmmorlica et al.,
[2023; [Sellke|, 2023; [Hu et al.), 2022} Ngo et al. [2021).In IE, a principal interacts with a sequence of myopic
agents over time. Each agent takes an action, and the principal can observe the outcome of each action.
While each individual agent would prefer to take the action which appears to be utility-maximizing (i.e. to
exploit), the principal would like to incentivize agents to explore different actions in order to benefit the
population in aggregate. Motivation for IE includes online rating platforms and recommendation systems
which rely on information collected by users to provide informed recommendations about various products
and services.

2  Our model

Notation. Subscripts are used to index the unit and time-step, while superscripts are reserved for
interventions. We use i to index units, ¢ to index time-steps, and d to index interventions. For xz € N,
we use the shorthand [z] := {1,2,...,2} and [z]o := {0,1,...,2 — 1}. y[i] denotes the i-th component of
vector y, where indexing starts at 1. We sometimes use the shorthand 77 := T — T for T, Ty € N5 such
that T > Tp. A(X) denotes the set of possible probability distributions over X. 04 is shorthand for the
vector [0,0,...,0] € R%. Finally, we use the notation a A b := min{a, b} and a V b := max{a, b}.

Our panel data setting. We consider an online setting in which the principal interacts with a sequence of
n units one-by-one for T time steps each. We assume that there is a pre-intervention period of Tj time-steps,
for which each unit ¢ € [n] is under the same intervention, i.e., under control. After the pre-intervention
period, the principal either recommends the treatment to the unit or suggests that they remain under
control (possibly using knowledge of the outcomes for units j < 7). We denote the principal’s recommended
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Protocol: Incentivizing Exploration for Synthetic Control
For each unit ¢ € [n]:

1. Principal observes pre-intervention outcomes y; pre
2. Principal recommends an intervention d; € {0,1}
3. Unit ¢ chooses intervention d; € {0,1}

4 (dy)

. Principal observes post-intervention outcomes y; ',
,

Figure 1: Summary of our setting.

intervention to unit ¢ by d; € {0,1}, where 1 denotes the treatment and 0 the control. After receiving
the recommendation, unit ¢ chooses an intervention d; € {0,1} and remains under intervention d; for the
remaining T — Ty time—steps We use yipre = [yf(Jl), . ,yZ(OT)O}

outcomes under control, and yl(-fgost : [yz(dq)woﬂ, o ,yl(dT)] € RT=To to refer to unit i’s post-intervention

potential outcomes under intervention d. We denote the set of possible pre-treatment outcomes by V..
See Figure [1] for a summary of the setting we consider.

€ R™ to denote unit i’s pre-treatment

In order to impose structure on how unit outcomes are related for different units, time-steps, and interven-
tions, we assume that outcomes are generated via the following latent factor model, a popular assumption
in the literature (see references in Section [1.1)).

Assumption 2.1 (Latent Factor Model). Suppose the outcome for unit i at time t under treatment d € {0,1}
takes the factorized form ]E[yl(‘?} = (ugd) i) yz(t? [yl(c?] + D where ugd) € R” is a latent vector which

2, 7
depends only on the time-step t and intervention d, v; € R" is a latent vector which only depends on unit 7,

and 5( ) is zero-mean sub-Gaussian random noise with variance at most o*. For simplicity, we assume that

IE [y§‘§>]|<1 Vie[n],te[T],de {0,1}.

While we assume the existence of such structure in the data, we do mot assume that the principal knows
or gets to observe ugd), V;, Or sl(»fit). In the literature on synthetic control, the goal of the principal is to
estimate unit-specific counterfactual outcomes under different interventions. Specifically, our target causal
parameter is the (counterfactual) average expected post-intervention outcomeﬂ

Definition 2.2. (Average expected post- inzﬁerventz’on outcome) The average expected post-intervention out-
d) E

come of unit i under intervention d is B[y, q

= %1 ZtT:TOH E[yfi)], where the expectation is taken with

d
respect to (ez(v’t))TOQST.
2.1 Recommendations and beliefs

The data generated by the interaction between the principal and a unit ¢ i may be characterized by the tuple

(¥i,pres dl, di,y; post) where y; pre are unit i’s pre-treatment outcomes, d is the intervention recommended
(di)

to unit ¢, d; is the intervention taken by unit ¢, and y; ,;

intervention d;.

are unit ¢’s post-intervention outcomes under

Definition 2.3 (Interaction History). The interaction history at unit i is the sequence of outcomes, recom-

mendations, and interventions for all units j € [i — 1]. Formally, H; := {(y; pr&d d],ygdpgst)};;ll. We
denote the set of all possible histories at unit i as H;.

We refer to the way the principal assigns interventions to units as a recommendation policy.

Definition 2.4 (Recommendation Policy). A recommendation policy m; @ Hi X Vpre — A({0,1}) is a
(possibly stochastic) mapping from histories and pre-treatment outcomes to interventions.

2We envision a scenario where both interventions are available to units and they can choose between them.
30ur results hold in the more general setting where the target causal parameter is any linear function of the vector of
expected post-intervention outcomes. We focus on the average as it is a common quantity of interest.
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We assume that before the first unit arrives, the principal commits to a method for computing the sequence
of recommendation policies {m;}_; which is fully known to all units. Whenever =; is clear from the context,
we use the shorthand d; = m;(H;, ¥i pre) to denote the recommendation of policy 7; to unit .

In addition to having a corresponding latent factor, each unit has an associated belief over the effectiveness
of each intervention. This is made formal through the following definitions.

Definition 2.5 (Unit Belief). Unit i has prior belief Py, which is a joint distribution over potential post-

intervention outcomes {E[yg?;ost],E[yfgost]}. We use the shorthand p'? = Ep,, [gEfgost

expected average post-intervention outcome, with respect to their prior Py, .

] to refer to a unit’s

Definition 2.6 (Unit Type). Unit i is of type T € {0,1} if T = argmaxgego,13 ,ugff). We denote the set of all
units of type T as T7) and the dimension of the latent subspace spanned by type T units as r, = span(v; :

jeTm).

In other words, a unit’s type is the intervention they would take according to their prior without any
additional information about the effectiveness of each intervention. We consider the setting in which the
possible latent factors associated with each type lie in mutually orthogonal subspaces (i.e. the
is not satisfied).See Section [3|for a simple theoretical example of such a data-generating process
and Section [f]for an empirical example. If the principal could get the[Unit Overlap Assumption]to be satisfied,
they could use existing synthetic control methods off-the-shelf to obtain valid finite sample guarantees.

As is standard in the literature on IE, we assume that units are Bayesian-rational and each unit knows its
place in the sequence of n units (i.e., their index ¢ € [n]).Thus given recommendation d;, unit i selects

their intervention d; such that d; € argmaxge(o,1y Ep,, [ggf?ost@}, i.e. they select the intervention d; which
maximizes their utility in expectation over their prior Py,, conditioned on receiving recommendation (Z from

the principal.

Definition 2.7 (Bayesian Incentive-Compatibility). We say that a recommendation d is Bayesian
incentive-compatible (BIC) for wnit i if, conditional on receiving intervention recommendation

d; = d, unit i’s average expected post-intervention outcome wunder intervention d is at least as
large as their average expected post-intervention outcome under any other intervention.  Formally,
Ep,, [gz(fgost — ggigstui =d] > 0 foreveryd €{0,1}. A recommendation policy is BIC if the above

condition holds for every intervention which is recommended with non-zero probability.

3 The necessity of overlap

Suppose that the principal would like to estimate counterfactuals for some unit under intervention d. We
begin by showing that the [Unit Overlap Assumption| must be satisfied for this unit under intervention d in
order for any algorithm to obtain consistent counterfactual estimates under the setting described in Section[2]

Theorem 3.1. Fiz a time horizon T, pre-intervention time period Ty, and number of donor units n(9). For
any algorithm used to estimate the average post-intervention outcome under control for a test unit, there
exists a_problem instance such that the produced estimate has constant error whenever the
is not satisfied for the test unit under control, even as T, Ty, n{®) — oo.

The proof of Theorem [3.1] proceeds by constructing a family of problem instances under which the
(0) ]

n(0)+1,post

|Overlap Assumption|is not satisfied, before showing that no algorithm can consistently estimate E[y

on all instances in the family.

Proof. Consider the setting in which all type 0 units have latent factor vo = [0 1]T and all type 1 units have
latent factor v; = [1 0]T. Suppose that ugo) =[10]"T ift mod 2 =0 and ugo) =[01]7T ift mod 2 =1 if
t < Tp. For all t > Tp, let u§°) = [H 1]T for some H in range [—c,c|, where ¢ > 0. Furthermore, suppose
that there is no noise in the unit outcomes. Under this setting, the (expected) outcomes for type 0 units
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under control are
0if ¢t mod2=0,t<Ty
Ely)] =41 if t mod2=1,6<T,
1if t>Tp

and the outcomes for type 1 units under control are

1if ¢t mod2=0,t<Ty
E[?Aot)] =4q0if t mod2=1,t<Tj
H if t > Ty.

Suppose that H ~ Unif[—¢, ¢|] and consider a principal who wants to estimate E[gjﬁ)mt] using just the set of

0
outcomes E[yg pre], E[Yé,;ost

0)
,post

], and E[y1 pre]. Since these outcomes do not contain any information about H,

] cannot be a function of H and thus will be at least a constant distance away from
(0)

1,post

any estimator E [gﬁ

the true average post-intervention outcome E[y ] in expectation over H. That is,

—(0 =r—(0
Ext [E[7ost] — E[7 sost]

,post

=0
= EH ‘H - ]E[yi;z))ost}
1

= 52(E + Bl o)) 2

N o

Note that our choice of T and Ty was arbitrary, and that estimation does not improve as the number of
donor units increases since (1) there is no noise in the outcomes and (2) all type 0 units have the same latent
factor. Therefore any estimator for ]E[gfz)mt] is inconsistent in expectation over H as n(®), T, Ty — co. This
implies our desired result because if estimation error is constant in expectation over problem instances, there

must exist at least one problem instance with constant estimation error. O

3.1 On estimating unit-specific counterfactual outcomes

To infer the unit outcomes in the post-intervention period from outcomes in the pre-intervention period, we
require the following linear span inclusion condition to hold on the latent factors associated with the pre-
and post-intervention time-steps:

Assumption 3.2 (Linear Span Inclusion). For each intervention d € {0,1} and time t > Ty, we assume

that ugd) € span{ugo), ugo)’ T “g)}'

Much like the [Unit Overlap Assumption Assumption [3.2]is ubiquitous in the literature on robust synthetic
control (see, e.g. |Agarwal et al.| (2020b; [2023); [Harris et al.| (2022)). In essence, Assumption requires
that the pre-intervention period be “sufficiently informative” about the post-intervention period. Indeed, As-
sumption [3.2] may be thought of as the “transpose” of the [Unit Overlap Assumption} where the “overlap”
condition is required to hold on the time-steps instead of on the unitsﬁ To gain intuition for why such
an assumption is necessary, consider the limiting case in which uEO) = 0, for all ¢t < Ty. Under such a
setting, all expected unit outcomes in the pre-intervention time period will be 0, regardless of the underlying
unit latent factors, which makes it impossible for the principal to infer anything non-trivial about a unit’s

post-intervention outcomes from looking at their pre-intervention outcomes alone.

Vertical vs. horizontal regression. The following proposition is an important structural result for our
main algorithm, as it will allow us to transform the problem of estimating unit counterfactual outcomes from
a regression over donor units (vertical regression) to a regression over pre-intervention outcomes (horizontal
regression). While Proposition is known in the literature on learning from panel data (e.g., (Agarwal
et al., 2023} |Harris et al., [2022))), we state it here for completeness.

4Note that Assumption is not a substitute for the |Unit Overlap Assumpti0n| by Theorem (3.1
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ALGORITHM 1: Incentivizing Exploration for Synthetic Control: Type 1 units

Input: First stage length Ny, batch size L, number of batches B, failure probability d§, gap C € (0,1)
Provide no recommendation to first Ny units.
for batch b=1,2,...,B do

Select an explore index 4, € [L] uniformly at random.

for j=1,2,...,L do

if j =i, then
Recommend intervention C/i\N0+(b—1)~L+j =0tounit Ng+(b—1)-L+j.
else
if p(OL0 — E[Q;}gost] >C then
Recommend intervention dy, 1 (p—1).+; = 0 to unit No + (b —1) - L + j.
else

Recommend intervention JN0+(b71)<L+j =1tounit Ng+ (b—1)-L+j.

Proposition 3.3. Under Assumption and there exists a slope vector 0D € R™ such that the average

expected post-intervention outcome of unit i under intervention d is given by E[gjfi}ost] = %(0@,1[*3[%,”6]).

We assume that the principal has knowledge of a valid upper-bound T’ on the £>-norm of 0D e ||0(d) lo<T
for d € {0,1}.

R ~(d
Given historical data of the form {yj,pre,yf;gst ;;11, we can estimate 8% as 05 ) using some estimation
~ ~(d
procedure, which in turn allows us to estimate E[gjffip)ost] as E[ggi)ost] = T%(OE ), Yipre) for d € {0,1}. While

this is not a synthetic control method in the traditional sense, as it does not construct a “synthetic control”
trajectory from the trajectories of the donor units, it turns out that the point estimate it produces (and
assumptions it requires) are equivalent to that of a vertical regression-based SCM in many settings (including
ours). See[Shen et al.| (2022)) for more background on the similarities and differences between using horizontal
regression-based approaches (like ours) and vertical regression-based approaches (like traditional SCMs) in
panel data settings. We choose to use a horizontal regression-based approach because it is easier to work with
in our setting, where units arrive sequentially (recall Figure [1)). Importantly, we would still need the
[Overlap Assumption|to be satisfied for intervention d if we used a vertical regression-based method.

For the reader familiar with bandit algorithms, it may be useful to draw the following connection between our
setting and that of linear contextual bandits. In particular, it is sometimes helpful to think of E[y; ,re] as the

“context” of unit 7, and E[gj,fflp)ost] as the principal’s expected reward of assigning intervention d given E[y; pre].
Since we observe y; pre instead of E[y; ,re] we cannot apply linear contextual bandit algorithms to our panel
data setting out-of-the-box. However as we will show in Section [4 one can combine ideas from incentivizing
exploration in contextual bandits with principled ways of handling the noise in the pre-intervention outcomes
to incentivize exploration in panel data settings.

4 Incentivized exploration for synthetic control

In this section, we turn our focus to incentivizing type 1 units (i.e. units who a priori prefer the treatment)
to remain under control in the post-intervention period. The methods we present may also be applied to
incentivize type 0 units (i.e. units who a priori prefer the control) to take the treatment. We focus on
incentivizing control amongst type 1 units in order to be in line with the literature on synthetic control,
which aims to estimate counterfactual unit outcomes under control.

The goal of the principal is to design a sequence of recommendation policies that convinces enough units of
type 1 to select the control in the post-treatment period, such that the |[Unit Overlap Assumption|is satisfied
for both interventions for all units of type 1. At a high level, the principal is able to incentivize units to
explore because they have more information than any one particular unit (as they view the realized history
H; before making a recommendation), and so they can selectively reveal information in order to persuade
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units to take interventions which they would not normally take. Our algorithm (Algorithm [1)) is inspired
by the “detail free” algorithm for incentivizing exploration in multi-armed bandits in Mansour et al.| (2015)).
Furthermore, through our discussion in Section[3} one may view Algorithm I]as an algorithm for incentivizing
exploration in linear contextual bandit settings with measurement error in the context.

The recommendation policy in Algorithm [I]is split into two stages. In the first stage, the principal provides
no recommendations to the first Ny units. Left to their own devices, these units take their preferred
intervention according to their prior belief: type 0 units take control, and type 1 units take the treatment.
We choose Ny such that it is large enough for the [Unit Overlap Assumption| to be satisfied for all units of
type 1 under the treatment with high probabilityﬂ

In the second stage, we use the initial data collected during the first stage to construct an estimator of
the average expected post-intervention outcome for type 1 units under treatment using PCR, as described
in Section By dividing the total number of units in the second stage into phases of L rounds each, the
principal can randomly “hide” one explore recommendation amongst L — 1 exploit recommendations. When
the principal sends an exploit recommendation to unit ¢, they recommend the intervention which would
result in the highest estimated average post-intervention outcome for unit 7, where unit i’s post-intervention
outcomes under treatment are estimated using the data collected during the first stage. On the other hand,
the principal recommends that unit ¢ take the control whenever they send an explore recommendation.

Thus under Algorithm [I] if a type 1 unit receives a recommendation to take the treatment, they will always
follow the recommendation since they can infer they must have received an exploit recommendation. However
if a type 1 unit receives a recommendation to take the control, they will be unsure if they have received an
explore or an exploit recommendation, and can therefore be incentivized to follow the recommendation as
long as L is set to be large enough (i.e. the probability of an explore recommendation is sufficiently low).
This works because the sender’s estimate of E[gjgzost} is more informed than unit ¢’s prior belief, due to the
history of outcomes H; that the principal has observed.

Our algorithm requires that bounds on various aggregate statistics about the underlying unit population are
common knowledge amongst the principal and all units. Such assumptions are standard in the literature on
incentivized exploration.

We are now ready to present our main result: a way to initialize Algorithm [I]to ensure that the
is satisfied with high probability.

Theorem 4.1 (Informal; detailed version in Theorem [C.5)). Under Assumption if the number of initial
units No and the batch size L are chosen to be sufficiently large, then Algorithm[]] satisfies the BIC property

(Definition[2.7).

Moreover, if the number of batches B is chosen to be sufficiently large, then the conditions of the
[Overlap Assumption| will be satisfied simultaneously for all type 1 units under control w.h.p.

Proof Sketch. See Appendix [C] for complete proof details. At a high level, the analysis follows by expressing
the compliance condition for type 1 units as different cases depending on the principal’s recommendation.
In particular, a type 1 unit could receive recommendation d; = 0 for two reasons: (1) Under event {c; when
control is indeed the better intervention according to the prior and the observed outcomes of previous units,
or (2) when the unit is randomly selected as an explore unit. Using bounds on the probabilities of these
two events occurring, we can derive a condition on the minimum phase length L such that a unit’s expected
gain from exploiting (when the event {c; happens) exceeds the expected (unit) loss from exploring. We
then further simplify the condition on the phase length L so that it is computable by the principal by
leveraging existing finite sample guarantees for PCR using the samples collected in the first stage when no
recommendations are given. O

5The |[Unit Overlap Assumption| will always be satisfied w.h.p. for type 1 units under the treatment after seeing sufficiently-
many type 1 units. The hard part is convincing enough type 1 units to remain under control so that the

is also satisfied for control.
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Theorem says that after running Algorithm [I] with optimally-chosen parameters, the
will be satisfied for all type 1 units under both interventions with high probability. Therefore
after running Algorithm [I on sufficiently-many units, the principal can use off-the-shelf SCMs (e.g. |[Agarwal
et al.| (2020b; 2023)) to obtain counterfactual estimates with valid confidence intervals for all type 1 units
under control (w.h.p.). Note that all parameters required to run Algorithm [l| are computable by the
principal in polynomial time. See Example [C.0] for a concrete instantiation of Algorithm [I]

5 Testing whether the Unit Overlap Assumption holds

So far, our focus has been on designing algorithms to incentivize subpopulations of units to take interventions
for which the |[Unit Overlap Assumption| does not initially hold. In this section we study the complementary
problem of designing a procedure for determining whether the [Unit Overlap Assumption| holds for a given
test unit and set of donor units. In particular, we provide two simple hypothesis tests for deciding whether
the [Unit Overlap Assumption| holds, by leveraging existing finite sample guarantees for PCR. Our first
hypothesis test is non-asymptotic, and thus is valid under any amount of data. While our second hypothesis
test is asymptotic and therefore valid only in the limit, we anticipate that it may be of more practical use.

5.1 A non-asymptotic hypothesis test

Our first hypothesis test proceeds as follows: Using the PCR techniques described in Appendix [B], we learn
a linear relationship between the first Ty/2 time-steps in the pre-intervention time period and the average
outcome in the second half of the pre-intervention time period using data from the donor units. Using this
learned relationship, we then compare our estimate for the test unit with their ¢true average outcome in the
second half of the pre-intervention time period. If the difference between the two is larger than the confidence
interval given by PCR (plus an additional term to account for the noise), we can conclude that the
[Overlap Assumption| is not satisfied with high probability.

In order for our hypothesis test to be valid we require the following assumption, which is analogous to As-
sumption [3.2]

Assumption 5.1 (Linear Span Inclusion, revisited). For every time-step t such that Tp/2 < t < Ty, we

(0) (0) (0)

assume that uy~’ € span{u; ’,... ,uTO/Q},

While Assumption [3.2] requires that the post-intervention latent factors for any intervention fall within
the linear span of the pre-intervention latent factors, Assumption [6.1] requires that the second half of the
pre-intervention latent factors fall within the linear span of the first half. This assumption allows us to
obtain valid confidence bounds when regressing the second half of the pre-intervention outcomes on the

0 0 0 0 _ T 0
first half. Let y; prer 1= [y§,1)7 e ,ygﬂ)ﬂo/z], Yiprer = [yz(,’_l)"o/QJrl’ R y;%o], and ¥ prer = T%] ZtiTO/QH yit).
Under Assumption ﬂ we can estimate E[y; pre] as B[ prev] = (05, Yi pre’), Where 0; is computed using

the PCR techniques in Appendix [B]

We are now ready to introduce our hypothesis test. In what follows, we will leverage the high-probability
confidence interval of |Agarwal et al| (2023) (Theorem [C.1). Under Assumption we can apply Theo-
rem out-of-the-box to estimate E[y; prer] using the first T/2 time-steps as the pre-intervention period
and the next Tp/2 time-steps as the post-intervention period.

Hypothesis test. Consider the hypothesis that |[Unit Overlap Assumption|is not satisfied for test unit n.

1. Using donor units Z and test unit n, compute Iﬁ[gjn,preu] via the PCR method of Appendix

2. Let «a(d) be the confidence bound given in Theorem st |E[Giprer] — Elfnprer]] < a(d)with
probability at least 1 — §. Specifically, compute «(d) + 20 log(TM for confidence level § by apply-

0

ing Theorem with the first T/2 time-steps as the pre-intervention period and the next Tp/2
time-steps as the post-intervention period.

3. If \E[gjn,meu] — Ynprer| > a(d) + 204/ % then accept the hypothesis. Otherwise, reject.
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Theorem 5.2. Under Assumption if the |Unit Quverlap Assumption| is satisfied for unit n, then
|E[gn’pre,,] — Ynprer| < a(0) + 204/ % with probability 1 — O(§), where «(d) is the high-probability confi-
dence interval which is defined in Theorem when using the first Ty/2 time-steps as the pre-intervention
period and the next Ty/2 time-steps as the post-intervention period.

Therefore we can conclude that if |E[§z‘,pre~] — Yiprer| > a6) + 20 loggpﬂ, then the [Unit Overlap,

0
will not be satisfied for unit ¢ w.h.p.

5.2 An asymptotic hypothesis test

Next we present a hypothesis test which, while only valid in the limit, may be of more practical use
when compared to the non-asymptotic hypothesis test of Section [5.1] At a high level, our asymptotic
hypothesis test leverages Assumption and the guarantees for synthetic interventions (SI) in
to determine whether the[Unit Overlap Assumption|holds for a given test unit n. In particular,
their results imply that under Assumption and the [Unit Overlap Assumption] a rescaled version of
Elyn pre] — E[Yn prev] converges in distribution to the standard normal distribution as |Z|,Tp,Th — oo.
While the rescaling amount depends on quantities which are not computable, a relatively simple application
of the continuous mapping theorem and Slutsky’s theorem imply that we can compute a valid test statistic
which converges in distribution to the standard normal.

Notation. In what follows, let w(™? e RIZl be the linear relationship between the test unit n and donor
units Z which is known to exist under the |Unit Overlap Assumptionl, ie. E[yflo,)f] =3z w™Ofi] - E[yl(i)]
Let @(™9 be the projection of w(™? onto the subspace spanned by the latent factors of the Z test units.
Let @(™0 be the estimate of @(™? and & be the estimate of the standard deviation of the noise terms
{eix : 1 € I,t € [T]} given by SC. Finally, let z, be the z score at significance level a € (0,1), i.e.
a=P(z < z,), where z ~ N(0,1).

Hypothesis test. Consider the hypothesis that the [Unit Overlap Assumption|is not satisfied for a test unit
n.

1. Using donor units Z and test unit n, compute ]E[gjn)preu] and ©(™9 using SI.

2. Accept the hypothesis only if = VTi

M‘E[gn,prd’] — Un.pre| > 20.95-

Theorem 5.3 (Informal; detailed version in Theorem|[F.1)). Under Assumption if @™ || is sufficiently
large and @™ — 50 ot o sufficiently fast rate, then as |Z|, Ty, Ty — oo the Asymptotic Hypothesis Test
falsely accepts the hypothesis with probability at most 5%.

6 Numerical simulations

In this section, we complement our theoretical results with a numerical comparison to standard SCMs which
do not take incentives into consideration.

Experiment Setup. We consider the setting of Section |[4f There are two interventions and two unit types.
Type 1 units prefer the treatment and type 0 units prefer the control. Our goal is to incentivize type
1 units to take the control so we can obtain accurate counterfactual estimates of all units under control.
See Appendix [G] for details about our data-generating process.

We apply the asymptotic hypothesis test of Section [5.2] using all type 0 units as the donor units and a single
type 1 unit as the test unit. We accept the null hypothesis, as the test statistic ~ YT |E[Un,pre”’| —Un,pre | &

o Jw0)l;
2.24, which is much larger than the value of zg 95 =~ 1.96 needed for acceptance. That is, the asymptotic test

(correctly) returns that the [Unit Overlap Assumption|is not satisfied for a test unit of type 1 under control.

Using Theorem (the formal version of Theorem [{.1)), we can calculate a lower bound on the phase
length L of Algorithm [I] such that the BIC condition (Definition is satisfied for units of type 1 who

10
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Figure 2: Counterfactual estimation error for units of type 1 under control using Algorithm |1| (blue) and
synthetic control without incentives (orange) with different gaps between the prior mean reward of control

and treatment. Results are averaged over 50 runs, with the shaded regions representing one standard
deviation.

are recommended the control. We run three different sets of simulations and compare the estimation error
|Egjf,?;,ost — Egi,?;,osﬁ for a new type 1 unit n under control when incentivizing exploration using Algorithm
(blue) to the estimation error without incentivizing exploration (orange). For both our method and
the incentive-unaware ablation, we use the adaptive PCR method of |Agarwal et al| (2023 to estimate
counterfactuals. All experiments are repeated 50 times and we report both the average prediction error and
the standard deviation for estimating the post-treatment outcome of type 1 units under control.

Varying Strength of Belief. In Figure[2] we explore the effects of changing the units’ “strength of beliefs”.
Specifically, we vary the gap between the prior mean outcome under control and treatment for type 1 units
by setting uz(-l) — u§0> € {0.2,0.4,0.6,0.8}. As the gap decreases it becomes easier to persuade units to
explore, and therefore our counterfactual estimates improve.

Varying Latent Factor Size. In Figure 3| we vary r € {2,4,6,8} while keeping all other parameters

of the problem instance constant. Increasing r increases the batch size L, so we see a modest decrease in
performance as r increases.

11
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6.1 Hypothesis test

In order to test the validity of the asymptotic hypothesis test in Section[5.2] we use synthetic data for which
we know the underlying data-generating process.

Specifically, we create two types of synthetic datasets: one where the|Unit Overlap Assumption|holds (“UOA
data”), and one where it does not (“non-UOA data”). For simplicity, we consider a setting where there are
two interventions and two unit types.

For non-UOA data, we use the same data-generating process as described above, where if unit i is of
type 1 (resp. type 0), we generate a latent vector v; = [0 --- 0 wl] --- wvr/2]] (resp. v; =
[v;[1] -+ wv[r/2] O --- 0]), where ¥j € [r/2] : v;[j] ~ Unif(0,1). This dataset then contains 500 units
of each type. On the other hand, UOA data contains 1000 Type 0 units only, where the latent vector is
generated the same way as Type 0 units in non-UOA data. The pre-treatment and post-treatment latent
factors are generated in the same manner as above.

Using this data-generating process, we generate 500 datasets of each type (for a total of 1000 datasets),
and run the asymptotic hypothesis test in Section for each dataset. If we accept the null hypothesis,
i.e., the [Unit Overlap Assumption|is predicted not to be satisfied according to our test, then we say the
'predicted’ label of the dataset is 1; otherwise, the 'predicted’ label is 0. We say that a dataset has (true)
label 1 if the [Unit Overlap Assumption|is not satisfied, and label 0 if it is.

We report the true positive rate (TPR) and false positive rate (FPR) for this experiment. The resulting
confusion matrix is:

475 25
22 478

with the TPR = 0.956 and FPR = 0.05. This experimental result supports Theorem [5.3] where the FPR is
at most 0.05.

7 Conclusion

We study the problem of non-compliance when estimating counterfactual outcomes using panel data. Our
focus is on synthetic control methods, which canonically require an overlap assumption on the unit outcomes
in order to provide valid finite sample guarantees. We shed light on this often overlooked assumption, and
provide an algorithm for incentivizing units to explore different interventions using tools from information
design and online learning. After running our algorithm, the [Unit Overlap Assumption] will be satisfied
with high probability, which allows for the principal to obtain valid finite sample guarantees for all units
when using off-the-shelf SCMs to estimate counterfactual outcomes under control. We also extend our
algorithm to satisfy the [Unit Overlap Assumption| for all units and all interventions when there are more
than two interventions, and we provide two hypothesis tests for determining if the |[Unit Overlap Assumption|
hold for a given test unit and set of donor units. Finally, we complement our theoretical findings with
numerical simulations, and observe that our procedure for estimating counterfactual outcomes produces
significantly more accurate estimates when compared to existing methods which do not take unit incentives
into consideration.

There are several exciting directions for future research. In some multi-armed bandit settings, lower bounds
are known on the sample complexity of incentivizing exploration (Sellke & Slivkins| (2022)); [Sellke| (2023))).
It would be interesting to prove analogous bounds on the number of units required to incentivize sufficient
exploration for the [Unit Overlap Assumption|to be satisfied for all units and all interventions in our setting.
Another avenue for future research is to design difference-in-differences or clustering-based algorithms for
incentivizing exploration in other causal inference settings. Finally it would be interesting to relax other
assumptions typically needed for synthetic control, such as the linear span inclusion assumption on the
time-step latent factors.

12
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A Additional related work

There has been recent interest in causal inference on characterizing optimal treatment policies which must
satisfy some additional constraint(s). For example, Luedtke & van der Laan| (2016) study a setting in which
the treatment supply is limited. Much like us, |Qiu et al.| (2021)) consider a setting in which intervening on
the treatment is not possible, but encouraging treatment is feasible. However their focus is on the setting
in which the treatment is a limited resource, so their goal is to encourage treatment to those who would
benefit from it the most. Since they do not consider panel data and place different behavioral assumptions
on the individuals under intervention, the tools and techniques we use to persuade units in our setting differ
significantly from theirs. Finally, |Qiu et al.| (2022); |Sun et al. (2021) consider settings where there is some
uncertain cost associated with treatment.

Within the literature on IE, the work most related to ours on a conceptual level is that of [Li & Slivkins
(2022), who consider the problem of incentivizing exploration in clinical trial settings. Like us, |Li & Slivkins
(2022)) study a setting in which the principal would like to incentivize agents to explore different treatments.
However, their goal is to estimate population-level statistics about each intervention, while we are interested
in estimating wunit-specific counterfactuals under different interventions using panel data. As a result, while
our high-level motivations are somewhat similar, the tools and techniques we use to obtain our results differ
significantly. On a technical level, our mechanisms are somewhat similar to the initial exploration phase
in |Mansour et al.| (2019), although we consider a more general setting where unit outcomes may vary over
time, in contrast to the simpler multi-armed bandit setting they consider.

B Background on principal component regression

The specific algorithm we use to estimate 04V is called principal component regression (PCR). At a high level,
PCR “de-noises” the matrix of covariates (in our case, the set of all pre-treatment outcomes for all donor
units seen so far who underwent intervention d) using hard singular value thresholding, before regressing the
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(now-denoised) covariates on the outcomes of interest (in our case, the average post-intervention outcome
under intervention d).

Let Ii(d) be the set of units who have received intervention d before unit ¢ arrives, and let ngd) be the number
of such units. We use

v, L j ez ernXT

pre,t = [yj,pre

to denote the matrix of pre-treatment outcomes corresponding to the subset of units who have undergone
intervention d before unit ¢ arrives, and

pOSt i = [ Z y(d) J c I,L(d)

t=To+1

c Rngd) x1

be the vector of the sum of post-intervention outcomes for the subset of units who have undergone intervention
y (@

d before unit ¢ arrives. We denote the singular value decomposition of Y. ; as
n,(id)/\To
@ _ () (d) (S(DNT
Yorei = Z sp g (V)
=1
()
where {séd)}Z;l/\ ? are the singular values of p(r e) ;> and ﬁﬁd) and Géd) are orthonormal column vectors. We
assume that the singular values are ordered such that sl(Yp(i),i) = N (Yp(i),i) > 0. For some

threshold value r, we use

7@ st) 80 @)

to refer to the truncation of Y%

ore,i b0 its top 7 singular values. We define the projection matrix onto the

. T
subspace spanned by the top r right singular vectors as PST) € R™*" given by ngir) = Agd) (véd)) .

Equipped with this notation, we are now ready to define the procedure for estimating oY using (regularized)
principal component regression.

Definition B.1 (Regularized Principal Component Regression). Given regulam'zation parameter p > 0 and

~ T ~
truncation level r € N, for d € {0,1} and i > 1, let Vi(d) = (Y(d) ) Yp(de) + pP . Then, regularized PCR

pre,t

estimates 0'? as .
0" . (v“)) P 3@

pre 1" 1,post’

where 09 s defined as in Proposition . The average post-intervention outcome for unit i under inter-

~(d
vention d may then be estimated as E[yz(cgost] = T%(BZ( ),yi7pre).

pre,i pre,i

Under the [Unit Overlap Assumption|and Assumptlon work on robust synthetic control (see Section
uses (regularized) PCR to obtain consistent estimates for counterfactual post-intervention outcomes under
different interventions. Intuitively, the|Unit Overlap Assumptionlis required for consistent estimation because
there needs to be sufficient information about the test unit contained in the data from donor units in order
to accurately make predictions about the test unit using a model learned from the donor units’ data.

Observe that if p = 0, then Vi(d) (Y(d) ) Y9 and we recover the non-regularized version of PCR.

C Appendix for Section [4; Incentivized exploration for synthetic control

C.1 Causal parameter recovery

Theorem C.1 (Theorem G.3 of |Agarwal et al|(2023))). Let é € (0,1) be an arbitrary confidence parameter
and p > 0 be chosen to be sufficiently small. Further, assume that Assumption and

I6 |
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are satisfied, there is some iy > 1 such that rank(X;,](d)) = r, and snr;(d) > 2 for all i > iy.
Then, with probability at least 1 — O(kd), simultaneously for all interventions d € [k]o,

B posd] — Ely e

yi,post 1,post

< a(9),
_ VT [ L(VT4+12V6k(Zi(d))) N \V/2err;(d)
sur; (d) (T' = Tp) - snti(d) VT =T - 00(Zi(d))

L. 2LYTy 12Lk(Z:(d))v/3To 2, /err;(d)
(T —To) -sury(d) (T —To)-sury(d) VT —Tp - 0r(Zi(d))

where a(9) :

N Lo+/2log(k/9) N Lo+/1481log(k/4) N 240k(Zi(d))+/6log(k /o)
T-1T snr; (d)(T' — To) snr; (d)(T — To
20+/err;(d) log(k/9)
UT(Z’L(d)) \% T— TO
where E[yjlgf?ost] = T_lTO . ((Z-(d),yi,m) is the estimated average post-intervention outcome for unit i under

intervention d and Hﬂgd)H < L.

Corollary C.2. Given a gap € and the same assumptions as in Theorem the probability that
E[5 post] — El51 post]

Yi post ipost]| < € is at least 1 — &, where

log(n'D) v k

0 <
- 2
[e2S i €e— n(d) a a
exp ((\/ 2 (Zi(d) (A;F)(\/ D +/Tp) + 452 _ 2D) >

with
. A- 3\/270( Hid)\\<m;j;;/€n(zi<d))) N ¢fTO)’
. P 2”"5;)_HTVOM N UH"V)HT*{ZTZWDM ok,
. D= H“’Ed)ﬂ‘;o I | 2ton(@ @G | 20

a=A+F+DNnd + Ty) + 0,,(Z;(d)E

Proof. We begin by setting the right-hand side of Theorem [C.I] to be e. The goal is to write the failure
probability § as a function of €. Then, using the notations above, we can write

o (sﬁv:-?d))2 i sﬁf(d) = S%Z’iﬁﬁ/é) + E/log(k/6)

First, we take a look at the signal-to-noise ratio snr;(d). By definition, we have:

st (d) = 70’”(3@)

_ or(Z;(d))
V@ + /Ty 4 /log(log(n(@)/8)
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Hence,

1 Va4 Ty + /log(log(n(@)/3)
sori(d) o, (Zi(d))

Observe that since snt;(d) > 2, we have —* g
(snr;(d))? snr; (d)

. Hence, we can write an upper bound on € as:

AFle5
- V"g/wm

- snrl(d) snr; (d)
(A+ F)(Vn@ + Tp) L A+ F)y/log(log(n(D)/9)
o Urd(z(d)) O-Td(z(d))
D (Vi + v+ log(log(n®)/3) ) /1og(k/5)
+ 72 (Z:(d) EVios(h/0)

Since log(z) is a strictly increasing function for > 0, we can simplify the above expression as:

AT P(a@ + VT A+ F) log los(n')Vk/5)
- ory(Zi(d)) ory(Zi(d))

(\/>+ \f) log(log n(d))vk/ﬁ) Dlog(log(n(d))\/k/(;) P
0. (Z:(d)) ) + B/ log(1o5n)vi/s)

Subtracting the first term from both sides and multiplying by o..(Z;(d)), we have:

Oy (Zi(d))e — (A + F)(Vn(D + /Tp)
< (A+ F)y/log((osw)¥k/s) + D(v/n + Vd)ylog (0s(r)¥#/s) + D log (o) v/3)
+ Eo,,(Z;(d))y\/log(los(n'®)Vk/s)

= (A+F + D(Vn+ Vd) + Eor,(Zq(d)))/log(1os()V¥/s) + D log(1os(n ) VK/s)

Let « = A+ F + D(\/n+Vd) + Eo,,(Z;(d)), we can rewrite the inequality above as:

0 (Zi(d))e — (A + F)(VnD + /Ty) < ay/log(loeg(n'®)VE/s) + Dlog(log(n'?)Vk/s)

18



Under review as submission to TMLR

Then, we can complete the square and obtain:

o _ 0r,(Zi(d)e — (A+ F)(VolD + VTo)
4D? — D 4D2
— < 10g(log(n<d))vk/5)+o‘D> > ory(Zi (d))é—(A—gF)(\/T-F\/]TO) -

log(log(n(d))vk/(;) + % ]Og(log(n(d))vk/g) +

— \/m (d) /
= 10g(10g( ( )WVE/s) + 2> ora(Zi(d))e = (A+ F)(Vn'D + V) +
2D — D 4D?
(Z;(

P - —(A+ F)(Vn (d) +VTh) «Q
— log(n(® )Wk > g d 6 (
V Tog(ls(rr=vE/s) —\/ D 402 2D

lOg(log(n(d))vk/(;) > \/Urd( (d))e — (A + F)(m—‘,— m) . .

D 4D2 2D

log(n @) vk _ 0 (Z(D)e — (A+ Y@ 4 VTy) | o> a
5 = P D iD? 2D

log(n¥) v k

2
ory(Zi(d))e— (A+F)(V (d) +F) a2 o
€Xp ((\/ ‘ +apz — 20) )

— 6 <

C.2 Proof of Theorem [4.1]

Assumption C.3. [Unit Knowledge for Synthetic Control] We assume that the following are common know!l-
edge among all units and the principal:

1. Valid upper- and lower-bounds on the fraction of type 1 units in the population, i.e. if the true proportion
of type 1 units is p1 € (0,1), the principal and units know pr,pm € (0,1) such that pr, < p1 < pgy.

2. Valid upper- and lower-bounds on the prior mean for each receiver type and intervention, i.e. wvalues
pldmh) () e R such that p(4mh < u,(,i.l) < p' ™R for all units i € [N], receiver types T € {0,1}, and
interventions d € {0,1}.

3. For some C € (0,1), a lower bound on the smallest probability of the event {c; over the prz’ors and latent
factors of type 1 units, denoted by min;cyu) Prp,[Eci] > (o > 0, where & := {MEO) > yl pogf + C} and

1 . . .. . .
yl( p)ost is the average post-intervention outcome for unit i under intervention 1.

4. A sufficient number of observations Ny needed such that the [Unit Overlap Assumption| is satisfied for
type 1 units under the treatment with probability at least 1 — &, for some ¢ € (0,1).

At a high level, part (3) requires that (i) there is a non-zero probability under each unit ¢’s prior that

yz(g))ost > yz(lp)ost and (ii) the principal will be able to infer a lower bound on this probability given the set of

observed outcomes for units in the first phase[f]

6Such “fighting chance” assumptions are very common (and are necessary) in the literature on incentivized exploration in
bandits.
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Validity of Assumption[C.3}3 First, we note that in the first stage of Algorithm[I] the principal does not
provide any recommendation to the units and instead lets them pick their preferred intervention. The goal
of this first stage is to ensure the linear span inclusion assumption (Unit Overlap Assumption) is satisfied for
type 1 units and intervention 1. This condition is equivalent to having enough samples of type 1 units such
that the set of latent vectors {v; };cz1) spans the latent vector space S;. We invoke the following theorem
from [Vershynin| (2018)) that shows span({v; };cza)) = S1 with high probability:

Theorem C.4 (Theorem 4.6.1 of [Vershynin| (2018))). Let A be an m X n matriz whose rows A; are indepen-
dent, mean zero, sub-gaussian isotropic random vectors in R™. Then for any t > 0 we have with probability
at least 1 — 2 exp(—t?):

m_ CV@TKQ(\/E'i't) < Sn(A) < SI(A) < \/%"i'cVerKQ(\/ﬁ_‘_t) (1)

where K = max; [|4;|,,, and cver is an absolute constant.

Hence, after observing Nél) samples of type 1 units taking intervention 1, the linear span inclusion assumption
2
/ND
is satisfied with probability at least 1 — 2 exp <— < No > — ,/7'1> )

cver K

Theorem C.5. Suppose the there are two interventions, and assume that Assumption [C.3 holds for some
constant gap C € (0,1). If Ny is chosen to be large enough such that [Unit Overlap Assumption) is satisfied
for all units of type 1 under treatment with probability at least 1 — 0y, then Algorithm |1| with parameters
0, B, C is BIC for all units of type 1 if

(v _ 0
L > 1+ max Hog — B,

ieT M) lo Se., _ lo Se.
© <C’ —a(dpcr) — a\/i 2g%/)> Pr [MSJ?) — i > C — a(dpcr) — oy 22 g(Tll/ ’1)} - 25

where a(dpcr) is the high-probability confidence bound defined in Theorem 0 = 0., + 90+ dpcr and
de; € (0,1) is the failure probability of the Chernoff-Hoeffding bound on the average of sub-Gaussian random

; OGS
noise {€; ; }i—p 41, and

log(NV) v k
dpcr < 2

o (Y C/2)—(A+F)(/ NV +VT,
exp \/ (Yo ng)(C/2) (D+ YV Ny ' +vTo) +4§2 _a

and Kk (Yzfrle),No) = a1 (Vi g )/a,«1 (Y3 n,) i the condition number of the matriz of observed pre-intervention

outcomes for the subset of the first Ny units who have taken the treatment. The remaining variables in

D(VTI+12v6r(Y,}) o) are | 120w(Y,) y VBT
dpcr are defined as A = 3v/Ty ( T, SO \/T\/ETD , P = 21;_2;0% + T_’}\;O 2 \/T27T0’

- 240k(Y,\ 1) IV " " 1 1
D = Lg/IE UL e Y2 and o = A+ F + D(\/N§ + VTo) + 0, (Y1) ) E-

Moreover if the number of batches B is chosen to be large enough such that with probability at least 1 — 6,
rank([E[y; pre] " : d; = 0,7 € TW)NoFBLy — rank([E[y; pre] ' lje7m), then the|Unit Overlap Assumptionl will
be satisfied for all type 1 units under control with probability at least 1 — 2.

jO g o

Proof. At a particular time step ¢, unit ¢ of type 1 can be convinced to pick control if E,, [yi,post = Ui post

~

0] Pr[d = 0] > 0. There are two possible disjoint events under which unit ¢ is recommended intervention 0:
(1)

either intervention 0 is better empirically, i.e. ug,?) > I/[*i[gji’post

] + C, or intervention 1 is better and unit i is
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chosen for exploration. Hence, we have

0 1 T
Ev, [0 post — 8 postld = 0] Prld = 0]
0 (1 1 ~io(1 1 1 (0 _(1
= E[yz( p)ost yz( p)oat‘/u’ 0) > E[yz( p)ost] + C] PI‘[/L&)) Z E[yz( p)ost] + C] (1 - L) + ZEm [yi(,p)ost yz( ;0)0515}
=~ 1 1
= (/L?)Z - Evz [yz7post|:u(0 ]E[yz( post] + O]) [ 0) > E[yz post] + C] (1 - L> + = L (:U%()?) - Mg;}))

Rearranging the terms and taking the maximum over all units of type 1 gives the lower bound on phase
length L:

0 )

L>1+ — .
(IJ"Ui - ]Evi []E[yi,post] |§C,z]) PrUi [50,1'])

To complete the analysis, we want to find a lower bound for the terms in the denominator. That is, we want
to lower bound

(:LLSJO) ]EUz [yz post‘uvl Z E[yz(lz))oat] + C]) ];ir[p“'g?) Z E[yz(lp)o.st] + C}

Let &y denote the event that [Unit Overlap Assumption|is satisfied for type 1 units under treatment. From
Assumption we know that event £ occurs with probability at least 1 — g for some 0y € (0,1). Let Eper
denote the event that the high-probability concentration bound holds for units of type 1 and intervention 1.
Finally, let &, denote the event where the Chernoff-Hoeffding bound holds on the average of the sub-Gaussian

(1)
noise €; /,

that is with probability at least 1 — d,, we have:

T
1 (1) 21log(1/d,)
il E (| < 2o\ Tei)
T )= Ty
t=To+1

Define another clean event & where the events &y, &, and {pcr happen simultaneously with probability at
least 1 — §, where § = dp + dpcr + d¢,. Then, we have:

(1 —Ey, [70) 1 |€c.i]) PrlEc.]
:WQ—M%M®%W%MG<M B [l ) PrfEc ]
> (/‘5}?) — E,, [yi,post|fc,i7f]) Pr[fqi,{] - (since Pr[=€] < and Mq(f:) _ EUL[yz(lp)ost] > _9)

We proceed to lower bound the expression above as follows:

:LLE)?) Uq [yz ,post ‘SC iy ﬂ
T
_ 0 —(1) 0) < & (1) 1 1) 2log(1/4,)
- /U‘EM) - Evi yz,p05t|u( Z E[yz ,post + C ‘E yz poat] E[yz,po.st] S a((SPCR)’ ?1 , TZ+1 eivt S T
=10

2log(1/5.,)

— 10 — By, |g) p@ —E[g) > C - aldpor), = T

Vi yz,post yz,post -

1 T
(1)

T1 Z €it
=To+1

2108(1/0.,)
T

- E[vl] yz post|:u’ 0 — yz(lp)ost >C- O‘((SPCR) -0

2log(1/0,)

>C —a(épcr) — T,
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Furthermore, we can write the probability of the joint event EC,Z,g as:

Pr[éc., €]
[ T
~ ~ _ 1 2log(1/4,
= P | W 2 Bl O B o] — Bl ]| < alOrom) |7 30 ] <oy [2REL/ )
t=To+1
o 2log(1/3.)

=Pr MS}?) — Uy post >C—aldpcr)—0o T

Hence, we can derive the following lower bound on the denominator of L:
—(1 -
i) = B [ ourlEci]

21log(1/d,)
Ty

2log(1/dc;)

Pr MS;?) g > C— a((SPCR) — 0 T
1

> | C- a((SPCR) -0 ~ Yipost —20

Applying this lower bound to the expression of L and taking the maximum over type 1 units, we have:

(1) (0)

L Z 1 + ma(x) Ho;” — o,
i 1 ) .
< <C — a(Gpor) — o) 2B log(T11/561)> Pr [Mgoi) — Ui post = C — al0pon) — o/ == 1ogg}1/551)} —20

O

Example C.6. Consider the following data-generating process: Suppose there are two receiver types,
each with equal probability; type 1 units prefer the treatment and type 0 units prefer control. Let v; ~
Unif[0.25,0.75]. If unit ¢ is a type 1 unit, they have latent factor v; = [v; 0]. Otherwise they have latent
factor v; = [0 v;]. Suppose that the pre-intervention period is of length Ty = 2 and the post-intervention
period is of length T1 = 1. We leave ugo),ugo)’ ugo)’ u:(gl)
Since r1 = 1, we only need to incentivize a single type 1 unit to take the control in order for the[Unit Overlap]
to be satisfied for type 1 units under control. Therefore, for a given confidence level §, it suffices

to set Ngo = B = l(ii(;(éf) . After the first Ny time-steps, the principal will know all of the parameters necessary

to compute the batch size L.

unspecified.

Since Ty = 1, unit ©’s prior is over {E[yl(og)],E[yl(lg)]} For simplicity, suppose that (1) all type 1 units believe

that E[yl(og)] ~ Unif[0, 0.5] and E[yl(lg)] ~ Unif[0,1] and (2) there is no noise in the post-intervention outcome.
Under this setting, the event £c; simplifies to {c; = {0.25 < E[yflﬂ + C} for any unit i and constant
C € (0,1). Therefore

(o= grm[yg}g] < 0.25 — C] = max{0,0.25 — C}.

D Extension to synthetic interventions

Our focus so far has been to incentivize units who a priori prefer the (single) treatment to take the control in
order to obtain accurate counterfactual estimates for all units under control. In this section, we extend Algo-
rithm [I] to the setting where there are multiple treatments. Now our goal is to incentivize enough exploration
across all interventions such that the |[Unit Overlap Assumption|is satisfied for every intervention and thus
our counterfactual estimates are valid simultaneously for all units in the population under every intervention.
In order to do so, we use tools from the literature on synthetic interventions, which is a generalization of the
synthetic control framework to allows for counterfactual estimation under different treatments, in addition
to control |Agarwal et al.| (2020b; 2023).
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ALGORITHM 2: Incentivizing Exploration for Synthetic Interventions: sub-type 7 units

Input: Group size L, number of batches B, failure probability ¢, fixed gap C € (0,1)
Provide no recommendation to first Ny units.
// Loop through explore interventions
for ¢ = T[k], 7]k —1],...,7[2] do
for batch b=1,2,---,B do
Select an explore index 4, € [L] uniformly at random.
for j=1,2,--- ,L do

if j = ib then
Recommend intervention C/l\No+(b*1)'L+j =/
else
if IE[@E;ES]Z] +C < I@[gjgi)ost} < pl&m8) —C for every intervention d € {£—1,...,T[k]} then
Recommend intervention gNpofl)-Lﬂ' =/
else

Recommend intervention EN0+(b*1)-L+j =T1[1]

Our setup is the same as in Section [d with the only difference being that each unit may choose one of k > 2
interventions after the pre-treatment period. We assume that Assumption Definition [2.4] Definition
and Assumption [3.2] are all extended to hold under k interventions. Under this setting, a unit’s beliefs
induce a preference ordering over different interventions. We capture this through the notion of a unit
sub-type, which is a generalization of our definition of unit type to the setting with k interventions.

Definition D.1 (Unit Sub-type). A unit sub-type T € [k]§ is a preference ordering over interventions. Unit
i 1is of sub-type T if for every k < k,
(d)

TR = arg A A

Unit i’s type is T[1]. We denote the set of all units of sub-type T as T™) and the dimension of the latent
subspace spanned by sub-type T units as v :=span(v; : j € 7'(7')).

Intuitively, a unit sub-type 7 is just the preference ordering over interventions such that intervention 7[a]
is preferred to intervention 7[b] for a < b. Since different unit sub-types have different preference orderings
over interventions, we design our algorithm (Algorithm [2)) to be BIC for all units of a given sub-type (in
contrast to Algorithm [I} which is BIC for all units of a given type). Note that can be up to k! possible
sub-types, but the principal will only have to run Algorithm [2[ on at most r different sub-types in order
to ensure that the [Unit Overlap Assumption| is satisfied for all units under all interventions with high
probability, as long as they know which unit sub-populations overlap and which do not. This is because
if the [Unit Overlap Assumption] is satisfied for a specific unit sub-type whose latent factors lie within a
particular subspace, it is also satisfied for all other units whose latent factors lie within the same subspace,
and there are of course at most r different subspaces by Assumption [2.1

For a given sub-type 7, the goal of Algorithm [2]is to incentivize sufficient exploration for the
to be satisfied for all interventions with high probability. As was the case in Section [d] the
algorithm will still be split into two phases, and units will not be given any recommendation in the first
phase. The main difference compared to Algorithm [I]is how the principal chooses the exploit intervention
in the second phase.

When there are only two interventions, the principal can compare their estimate of the average counterfactual
outcome under treatment to the lower bound on the prior-mean average counterfactual outcome for control
for type 1 units (and vice versa for type 0 units). However, a more complicated procedure is required to
maintain Bayesian incentive-compatibility when there are more than two interventions.

Instead, in Algorithm [2] the principal will set the exploit intervention as follows: For receiver sub-type
7, Algorithm [2] sets intervention ¢ to be the exploit intervention for unit ¢ only if the sample average of all
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interventions d € {¢ — 1,...,7[k]} are both (1) larger than the sample average of intervention 7[1] by some

constant gap C and (2) less than the lower bound on the prior-mean average counterfactual outcome uy) by

C'. If no such intervention satisfies both conditions, intervention 7[1] is chosen to be the exploit intervention.

We require the following “common knowledge” assumption for Algorithm [2] which is analogous to Assump-
tion

Assumption D.2. We assume that the following are common knowledge among all units and the principal:

1. Valid upper- and lower-bounds on the fraction of sub-type T units in the population, i.e. if the true
proportion of sub-type T units is pr € (0,1), the principal knows pr 1, pr.a € (0,1) such that

p‘r,L S Dr S p‘r,H-

2. Valid upper- and lower-bounds on the prior mean for each receiver sub-type and intervention, i.e.
values p(H™M  p(4TD € R such that

T d T
pEmD < ™ <

for all receiver sub-types T, interventions d € [k]o and all units i € T,

3. For some C € (0,1), a lower bound on the smallest probability of the event Ec,; over the prior and
latent factors of sub-type T units, denoted by min;cr) Prp,[Eci] > (c > 0, where

Eci = {vj € [Rlo\{r (1, 7[K]} : 5700 + C <39, < Wl — ¢}

and gffgost is the average post-intervention outcome for unit i under intervention ¢ € [k]o.

4. A sufficient number of observations Ny meeded such that the [Unit Overlap Assumption] is satisfied
for sub-type T units under intervention (1] with probability at least 1 — 4, for some 6 € (0,1).

Theorem D.3 (Informal; detailed version in Theorem [E.1)). Under Assumption if the number of initial
units Ny and batch size L are chosen to be sufficiently large, then Algorithm [J satisfies the BIC property

(Definition[2.7).

Moreover, if the number of batches B is chosen to be sufficiently large, then the [Unit Overlap Assumption)]
will be satisfied for all units of sub-type T under all interventions with high probability.

See Appendix [E] for the proof. The main difference compared to the analysis of Algorithm [I] is in the
definition of the “exploit” intervention: First, when there are k interventions, an intervention ¢ is chosen
as the exploit intervention only when the sample average of each intervention d € {¢ —1,...,7[k]} is (i)
larger than the sample average of intervention 7[1], and (ii) smaller than the prior-mean average outcome of
intervention ¢ (with some margin C'). Second, instead of choosing between a “previously best” intervention
(i.e., an intervention 7[j] < ¢ with the highest sample average) and intervention ¢ to be the ’exploit’ inter-
vention, Algorithm [2 always choose between 7[1] and ¢. This is because in the former case, conditional on
any given intervention being chosen as the exploit intervention, it is an open technical challenge to show that
the exploit intervention will have a higher average expected outcome compared to all other interventionsm

E Appendix for Section D} Extension to synthetic interventions

Theorem E.1. Suppose that Assumption holds for some constant gap C € (0,1). If the number of
initial units Ny is chosen to be large enough such that|[Unit Overlap Assumption| is satisfied for all units of

"This observation is in line with work on frequentist-based BIC algorithms for incentivizing exploration in bandits. See
Section 6.2 of Mansour et al.| (2015]) for more details.
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subtype T under intervention T[1] with probability 1 — §, then Algom'thm with parameters 6, L, B,C is BIC
for all units of subtype T if:

(i) _  (r[kD
L >14+ max ] ad

ieT (™) <C — 2a(6pcr) — 20 21OE(T11/561-)> (1—=96)Pri€c,] —260

Moreover, if the number of batches B is chosen to be large enough such that with probability at least 1 — 0

we have rank([E[y; pre] "+ di = £ # 7(1],i € TOINGP L) = vank([Ely,; pre] |jer), then the

will be satisfied for all units of subtype T under all interventions with probability at least 1—O(kJ).

Proof. According to our recommendation policy, unit ¢ is either recommended intervention 7[1] or interven-
tion ¢. We will prove that in either case, unit ¢ will comply with the principal’s recommendation.

Let gg )Z denote the event that the exploit intervention for unit ¢ is intervention ¢. Formally, we have

gg,)i { [yz(;,[ols]Z] < min E[ T ]-C and Jmax E[y(:;[ojiz] < MS,{-) _ C}

Y
1<j<p ‘Thpost <j<t

When unit i is recommended intervention ¢: When a unit i € 7(7) is recommended intervention ¢,
we argue that this unit will not switch to any other intervention j # £. Because of our ordering of the prior
mean reward, any intervention j > ¢ has had no sample collected by a type 7 unit and M(T[] D &jm).
Hence, we only need to focus on the cases where j < £. For the recommendation policy to be BIC7 we need
to show that

Bl — 5 ponld = A Prld = >0

There are two possible disjoint events under which unit ¢ is recommended intervention ¢: either £ is de-
termined to be the ’exploit’ intervention or unit ¢ is chosen as an ’explore’ unit. Since being chosen as an
explore unit does not imply any information about the rewards, we can derive that conditional on being in
an ’explore’ unit, the expected gain for unit ¢ to switch to intervention j is simply M(Z) uq(;[] D On the other
hand, if intervention ¢ is the ’exploit’ intervention, then event g'( ) has happened. Hence, we can rewrite the
left-hand side of the BIC condition above as:

1] 80 ¢ 1
Bl — 5 ponld = 0 Prld = 0] = E[ul) — 57000 c,}Pr[sél]( L)+L(u5f) ni)

Rearranging the terms, we have the following lower bound on the phase length L for the algorithm to be

BIC for type 1 units:
(13D ()

Ho; ™ — Mo,
L>1+
— ¢ _ 4 &l
Elul) — g 00ED PriES)]

To complete the analysis, we need to lower bound the denominator of the expression above. Consider the
following event C:

C={vjek: EF " -EFT| < aldpcr)}

i,post

Let & denote the event that [Unit Overlap Assumption| is satisfied for units of type 7 under intervention
7[1]. From Assumption we know that event & occurs with probability at least 1 — §y for some §y €
(0,1). Furthermore, let &, denote the event where the Chernoff-Hoeffding bound on the noise sequences

{6(7[7])}t:T0+1 holds, that is with probability at least 1 — d,, we have:

T

i,}:fgm

T
t=To+1

2log(1/0,)
Ty
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Then, we can define a clean event £ where the events C, & and &, happens simultaneously with probability
at least 1 — &, where § = 67CF 4+ 6. + d.

=(Tl5])

Note that since |y; 55| < 1, we can rewrite the denominator as:
T L
Elul) — 5170 |Ec i PriES))
_ ¢ ¢ - [ [
= E[ul?) — 508G E PrES €] + Elul) — 517 0IEG 1 ~€) PrEC ), €]
—(T J4 £
> Blpi) — 5,700 €6, EIPHES, €] - 20

Define an event Si(é) on the true average expected post-intervention outcome of each intervention as follows:

1)) T 21log(1/é,)

e {520 < g 52 - €~ 2ainen)— 2251/
e L) IO NP B 2log(1/4e,)

and 108X Ui post = C —2a(dpcr) — 20 T

We can observe that under event &, event é’\g )Z is implied by event 51-(6). Hence, we have:
Prle, &) < Pr[g,EY)]
We can rewrite the left-hand side as:
Pr[C, &) = Prc|e?) PriElD] > (1 — 6) P[]
Substituting these expressions using 51-([) for the ones using gC,i in the denominator gives:

2log(1/0,)

_ (0 _
B (1—6)Prle®] — 25

]E[p“m Y; post| /\(Z)] PI'[ } > | C- 2a(5PCR) —20

Applying this lower bound to the expression of L and taking the maximum over type 1 units, we have:

(1)) _  (T[k])
L>1+4 max Hros Ho,

ez (C —2a(dpcr) — 20 210g(1/0,) log(;l/&‘i)> (1-0)P {5(2)} — 26

When unit i is recommended intervention 7[1]: When unit ¢ gets recommended intervention 7[1],
they know that they are not in the explore group. Hence, the event £c; did not happen, and the BIC
condition, in this case, can be written as: for any intervention 7[j] # 7[1],
(i), _ g A
E[; post — Js pant | ~ECl] PI=EE)] 2 0
Similar to the previous analysis on the recommendation of intervention ¢, it suffices to only consider inter-
ventions 7[j] < £. We have:
T[1 (T[4 £) £) T[1 T T (T £) o
Bt — Ui port| ~EC PHEC] = Bl Gt = Uipon] = B0t — 0150l EC2] PrEC)
T - T —(r[1 l Y4
= uiT — uT 1 BT — g DIES ) PrES)
By definition, we have u,f,j“” > ,u(Tm) Hence, it suffices to show that for any intervention 1 < 7[j] < ¢, we
have: .
E[—(T[J]) =(r[1]) ‘g(f ]Pr[g(z)] >0

yz,post yz ,post
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Observe that with the event £ defined above, we can write:

E[y (v _ = A(e)] Pr[e(‘

Yi ,post —Y; post|

]
=E[y () _ (=[] |/\g)175] Pr[g(

Y; ,post —Y; ,post

1) B — 0 0n EC ), ~CI PHED), €]
0

_ Z
> B[ — g UDIES, €] Pr[EL), €] - 26

When event 5 happens we know that E[yfgb ])} > E[yl(;[olit] + C. Furthermore, when event £ happens, we
T T o 5 T (T o, Oe,
know that Efli > Bl ih] — a(0per) — oy =5 and Eigl 0] = 9l — aldpor) — o/ 2.
Hence, when these two events 5é)1 and & happen &multaneously, we have y( E)S]z > gf’;{)gt +C —2a(dpcr) —
20 %11/5). Therefore, the lower bound can be written as:
r _ o) 0) 2log(1/de,) A
E[7i post = ipont ECAI PHEEN) 2 | C = 2a(0per) = 20y | =205 | PIIE), €] - 26

Similar to the previous analysis when unit 7 gets recommended intervention ¢, we have:

2log(1/0,)

E["0) — g 1 Pr[Eea] = | € = 20(5pcr) — 20 T

yz,post Y; ,post

(1—68)Prie] — 26
Choosing a large enough C' such that the right-hand side is non-negative, we conclude the proof. O

F Appendix for Section [5} Testing whether the Unit Overlap Assumption holds

Theorem 5.2. Under Assumption 5.1, if the [Unit Overlap Assumption| is satisfied for unit n, then

|I/[-f[gn7pre,,] — Unprer| < a(d) +204/ log(l/é) with probability 1 — O(8), where a(d) is the high-probability confi-
dence interval which is defined in Theoremn when using the first Ty/2 time-steps as the pre-intervention
period and the next Ty /2 time-steps as the post-intervention period.

Proof.
“E[?ji,pre”] - gi,pre”l < |E[gi7pr6”] - E[gi,pre”H + |E[C’7i,pr6”] - gi,pT@”I
2 O
©
<a@)+|m > Al
t=To/2+1
with probability at least 1 — O(d), where the second inequality follows from Theorem The result follows
from a Hoeffding bound. O

Theorem F.1. Under Assumption[5.1] if

r3/2, flog(To|Z])
@05 - min{Ty, ], Ty *|Z|1/2}

=o(1) (2)
and
Ely;y] - @™ O[i] = 5" [i]) = 0,(1) (3)
vT1||W”O||2t%+UEZZ ¢ :
then as |Z|,To, T1 — oo the Asymptotic Hypothesis Test falsely accepts the hypothesis with probability at most
5%, where 62 is defined as in Equation (4) and &™) is defined as in Equation (5) in|Agarwal et al. (20200).

Condition (2) requires that the ¢5 norm of @™ is sufficiently large, and condition (EI) requires that the
estlmatlon error of @™9 decreases sufficiently fast. See Section 5.3 of |Agarwal et al. (2020b) for more
details.
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Proof. We use © 2y (resp. « KA y) if & converges in probability (resp. distribution) to y. Let ¢’ denote the
true standard deviation of ¢; ;. By Theorem 3 of |[Agarwal et al.| (2020b) we know that as |Z|, Ty, Th — oo,

Sr— _ d
L. L(E[yn,pre”] - E[yn,pre”]) — N(Oa 1)

o' w0
~ P
2. 7 > ¢’ and

3. B0 2 (o),

By the continuous mapping theorem, we know that X RN % and —— P L We can rewrite
o [lew(:0)]]2 [lew (0|2

Elyn,pre] — ElYn,pre7] as Elyn prer] — Yn,prer + €npre, and we know that €, prer % 0. Applying Slutksy’s

theorem several times obtains the desired result. O

G Appendix for Section [6f Numerical simulations

Experimental Setup. If unit ¢ is of type 1 (resp. type 0), we generate a latent factor v, =
[0 -+ 0 wl] -+ v[r/2]] (resp. v; = [v;[1] -+ v[r/2) 0 --- 0]), where Vj € [r/2] : v;[j] ~ Unif(0,1).
We consider an online setting where 500 units of alternating types arrive sequentially]®| We consider a
pre-intervention time period of length T = 100 with latent factors as follows:

e If ¢ mod 2 = 0, generate latent factor
uﬁo) =[0---0 uﬁo)[l} - ugo) [r/2]], where V¢ € [r/2] : uio) [¢] ~ Unif[0.25,0.75].

e If t mod 2 =1, generate latent factor
ul” = [WO7] - ul”r/2] 0---0], where V¢ € [r/2] : u{” [¢] ~ Unif[0.25,0.75].

We consider a post-intervention period of length 77 = 100 and generate the following post-intervention latent
factors:

e Ifd=0, weset ul” = [\V[1] -+ W\V[]) : t € [Ty + 1,T), where V¢ € [r] : ul”[¢] ~ Unif[0, 1].
e Id=1, weset ul” = [\V[1] -+ W\V[]) : t € [Ty + 1,T), where V¢ € [] : u{[¢] ~ Unif[—1,0].

Finally, outcomes are generated by adding independent Gaussian noise egi) ~ N(0,0.01) to each inner

product of latent factors.

8The alternating arrival of different unit types is done only for convenience. The order of unit arrival is unknown to the
algorithms.
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Figure 3: Counterfactual estimation error for units of type 1 under control using Algorithm |1| (blue) and
synthetic control without incentives (orange) with increasing number of units and different lengths of the
latent factors. Results are averaged over 50 runs, with the shaded regions representing one standard deviation.
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