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Abstract

The training process of ReLU neural networks often exhibits complicated nonlinear
phenomena. The nonlinearity of models and non-convexity of loss pose significant
challenges for theoretical analysis. Therefore, most previous theoretical works on
the optimization dynamics of neural networks focus either on local analysis (like the
end of training) or approximate linear models (like Neural Tangent Kernel). In this
work, we conduct a complete theoretical characterization of the training process
of a two-layer ReLU network trained by Gradient Flow on a linearly separable
data. In this specific setting, our analysis captures the whole optimization process
starting from random initialization to final convergence. Despite the relatively
simple model and data that we studied, we reveal four different phases from the
whole training process showing a general simplifying-to-complicating learning
trend. Specific nonlinear behaviors can also be precisely identified and captured
theoretically, such as initial condensation, saddle-to-plateau dynamics, plateau
escape, changes of activation patterns, learning with increasing complexity, etc.

1 Introduction

Deep learning shows its remarkable capabilities across various fields of applications. However, the
theoretical understanding of its great success still has a long way to go. Among all theoretical topics,
one of the most crucial aspect is the understanding of the optimization dynamics of deep neural
network (NN), particularly the dynamics produced by Gradient Descent (GD) and its variants. This
topic is highly challenging due to the highly non-convex loss landscape and existing works usually
work with settings that do not align well with realistic practices. For instance, the extensived studied
Neural Tangent Kernel (NTK) theory (Jacot et al., 2018; Du et al., 2018; 2019; Zou et al., 2018;
Allen-Zhu et al., 2019) proves the global convergence of Stochastic gradient descent (SGD) to zero
training error for highly over-parameterized neural networks; however, the optimization behaviors
are similar to kernel methods and do not exhibit nonlinear behaviors, because neurons remain close
to their initialization throughout training.

In reality, however, the training of practical networks can exhibit plenty of nonlinear behaviors (Chizat
and Bach, 2018; Mei et al., 2019; Woodworth et al., 2020). In the initial stage of the training, a
prevalent nonlinear phenomenon induced by small initialization is initial condensation (Maennel
etal., 2018; Luo et al., 2021), where neurons condense onto a few isolated orientations. At the end
of training, NNs trained by GD can directionally converge to the KKT points of some constrained
max-margin problem (Nacson et al., 2019; Lyu and Li, 2019; Ji and Telgarsky, 2020). However, KKT
points are not generally unique, and determining which direction GD converges to can be challenging.
Nonlinear training behaviors besides initial and terminating stages of optimization are also numerous.
For example, for square loss, Jacot et al. (2021) investigates the saddle-to-saddle dynamics where
GD traverses a sequence of saddles during training, but it is unclear whether similar behavior can
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occur for classification tasks using exp-tailed loss. Moreover, while in lazy regime, most activation
patterns do not change during training ReLU networks, it remains uncertain when and how activation
patterns evolve beyond lazy regime. Additionally, while it is generally conjectured that GD learns
functions of increasing complexity (Nakkiran et al., 2019), this perspective has yet to be proven.

As reviewed in Section 2, works have been done to analyze and explain the nonlinear training
behaviors listed above. However, due to the complexity of the training dynamics, most existing
works only focus on one phenomenon and conduct analysis on a certain stage of the training process.
Few attempts have been done to derive a full characterization of the whole training dynamics from
the initialization to convergence, and the settings adopted by these works are usually too simple to
capture many nonlinear behaviors (Phuong and Lampert, 2021; Lyu et al., 2021; Wang and Ma, 2022;
Boursier et al., 2022).

In this work, we make an attempt to theoretically describe the whole neural network training
dynamics beyond the linear regime, in a setting that many nonlinear behaviors manifest. Specifically,
We analyze the training process of a two-layer ReLU network trained by Gradient Flow (GF) on a
linearly separable data. In this setting, our analysis captures the whole optimization process starting
from random initialization to final convergence. Despite the relatively simple model and data that we
studied, we reveal multiple phases in training process, and show a general simplifying-to-complicating
learning trend by detailed analysis of each phase. Specifically, by our meticulous theoretical analysis
of the whole training process, we precisely identify four different phases that exhibit numerous
nonlinear behaviors. In Phase 1, initial condensation and simplification occur as living neurons
rapidly condense in two different directions. Meanwhile, GF escapes from the saddle around
initialization. In Phase II, GF gets stuck into the plateau of training accuracy for a long time, then
escapes. In Phase III, a significant number of neurons are deactivated, leading to self-simplification
of the network, then GF tries to learn using the almost simplest network. In Phase IV, a considerable
number of neurons are reactivated, causing self-complication of the network. Finally, GF converges
towards an initialization-dependent direction, and this direction is not even a local max margin
direction. Overall, the whole training process exhibits a remarkable simplifying-to-complicating
behavior.

2 Other Related Works

Initial condensation phenomenon are studied in (Maennel et al., 2018; Luo et al., 2021; Zhou et al.,
2022a;b; Abbe et al., 2022a;b; Chen et al., 2023). Theoretically, Lyu et al. (2021); Boursier et al.
(2022) analyze the condensation directions under their settings, which are some types of data average.
Additionally, Atanasov et al. (2022) demonstrates that NN in the rich feature learning regime learn a
kernel machine due to the silent alignment phenomenon, similar to the initial condensation.

The end of training is extensively studied for classification tasks. Specifically, for classification with
exponentially-tailed loss functions, if all the training data can be classified correctly, NNs trained by
GD converge to the KKT directions of some constrained max-margin problem (Nacson et al., 2019;
Lyu and Li, 2019; Chizat and Bach, 2020; Ji and Telgarsky, 2020; Kunin et al., 2023). In (Phuong and
Lampert, 2021; Lyu et al., 2021), they analyze entire training dynamics and derive specific convergent
directions that only depend on the data. Furthermore, another famous phenomenon in the end of
training is the neural collapse (Papyan et al., 2020; Fang et al., 2021; Zhu et al., 2021; Han et al.,
2021), which says the features represented by over-parameterized neural networks for data in a same
class will collapse to one point, and such points for all classes converge to a simplex equiangular
tight frame.

Saddle-to-saddle dynamics are explored for square loss in (Jacot et al., 2021; Zhang et al., 2022;
Boursier et al., 2022; Pesme and Flammarion, 2023; Abbe et al., 2023). Furthermore, learning of
increasing complexity, also called simplifying-to-complicating or frequency-principle, is investigated
in (Arpit et al., 2017; Nakkiran et al., 2019; Xu et al., 2019; Rahaman et al., 2019).

Beyond lazy regime and local analysis, Phuong and Lampert (2021); Lyu et al. (2021); Wang and
Ma (2022); Boursier et al. (2022) also characterize the whole training dynamics and exhibit a few of
nonlinear behaviors. Specifically, Lyu et al. (2021) studies the training dynamics of GF on Leaky
ReLU networks, which differ from ReL.U networks because Leaky ReL.U is always activated on
any data. In (Safran et al., 2022), they studies the dynamics of GF on one dimensional dataset, and
characterizes the effective number of linear regions. In (Brutzkus et al., 2017), they studies the



dynamics of SGD on Leaky ReLU networks and linearly separable dataset. Moreover, Boursier
et al. (2022) characterizes the dynamics on orthogonally data for square loss. The studies closest to
our work are Phuong and Lampert (2021); Wang and Ma (2022), exploring the complete dynamics
on classifying orthogonally separable data. However, this data is easy to learn, and all the features
can be learned rapidly (accuracy=100%) in initial training, followed by lazy training (activation
patterns do not change). Unfortunately, this simplicity does not hold true for actual tasks on much
more complex data, and NNs can only learn some features in initial training, which complicates the
overall learning process. Furthermore, we provide a detailed comparison between our results and
these works in Section 5. Another related work (Saxe et al., 2022) introduces a novel bias of learning
dynamics: toward shared representations. This idea and the view of gating networks are enlightening
for extending our two-layer theory to deep ReLU neural networks.

Our work also investigates the max-margin implicit bias of ReLU neural networks, and related works
have been listed above. Although in homogenized neural networks such as ReLU, GD implicitly
converges to a KKT point of the max-margin problem, it is still unclear where it is an actual optimum.
A recent work (Vardi et al., 2022) showed that in many cases, the converged KKT point is not even
a local optimum of the max margin problem. Besides, there are many other attempts to explain
the implicit bias of deep learning (Vardi, 2023). Another popular implicit bias is the flat minima
bias (Hochreiter and Schmidhuber, 1997; Keskar et al., 2016). Recent studies (Wu et al., 2018; Blanc
et al., 2020; Ma and Ying, 2021; Li et al., 2021; Mulayoff et al., 2021; Wu et al., 2022; Wu and Su,
2023) provided explanations for why SGD favors flat minima and flat minima generalize well.

3 Preliminaries

Basic Notations. We use bold letters for vectors or matrices and lowercase letters for scalars,
eg. = (v1, - ,2q)" € R¥and P = (Pij)m,xm, € R™>™2. We use (-, ) for the standard
Euclidean inner product between two vectors, and ||-|| for the I3 norm of a vector or the spectral norm
of a matrix. We use progressive representation O, 2, © to hide absolute positive constants. For any
positive integer n, let [n] = {1,--- ,n}. Denote by (1, ) the Gaussian distribution with mean p
and covariance matrix 3, U(S) the uniform distribution on a set S. Denote by I{ E'} the indicator
function for an event E.

3.1 Binary Classification with Two-layer ReL.U Networks

Binary classification. In this paper, we consider the binary classification problem. We are given n
training data S = {(z;,3;)}"; C R? x {£1}. Let f(-; 8) be a neural network model parameterized
by 6, and aim to minimize the empirical risk given by:

£O) = =3 S 0)) m

where £(-) : R — R is the exponential-type loss function (Soudry et al., 2018; Lyu and Li, 2019) for
classification tasks, including the most popular classification losses: exponential loss, logistic loss,
and cross-entropy loss. Our analysis focuses on the exponential loss £(z) = e~ %, while our method
can be extended to logistic loss and cross-entropy loss.

Two-layer ReLLU Network. Throughout the following sections, we consider two-layer ReLLU neural
networks comprising m neurons defined as

f(;0) =" aro(by x),
k=1

where o(z) = max{z,0} is the ReLU activation function, b; - - - , b,,, € R are the weights in the
first layer, ay, - - - , a,, are the weights in the second layer. And we consider the case that the weights
in the second layer are fixed, which is a common setting used in previous studies (Arora et al.,
2019; Chatterji et al., 2021). We use 8 = (b;r, cee b:;)—r € R™ to denote the concatenation of all
trainable weights.



3.2 Gradient Flow Starting from Random Initialization

Gradient Flow. As the limiting dynamics of (Stochastic) Gradient Descent with infinitesimal learning
rate (Li et al., 2017; 2019), we study the following Gradient Flow (GF) on the objective function (1):

de(t)
dt
Notice that the ReLU is not differentiable at 0, and therefore, the dynamics is defined as a subgra-
dient inclusion flow (Bolte et al., 2010). Here, 9° denotes the Clarke subdifferential, which is a
generalization of the derivative for non-differentiable functions. Additionally, to address the potential
non-uniqueness of gradient flow trajectories, we adopt the definition of solutions for discontinuous
systems (Filippov, 2013). For formal definitions, please refer to Appendix B, G, and H.

€ —9°L(8(t), t>0. )

Random Initialization. We consider GF (2) starting from the following initialization:

iid. R _ K
by, (0) & \/—%U(Sd ') and ay, :SkT%

sy = 1fork € [m/2]; s, = —1for k € [m] — [m/2].

for k € [m];

Here, 0 < k1 < k2 < 1 control the initialization scale. It is worth noting that since the distribution
N(0,1,/d) is close to U(S?!) in high-dimensional settings, our result can be extended to the

initialization by, "< A/ (0, k21 ;/md) with high probability guarantees.

3.3 Linearly Separable Data beyond Orthogonally Separable

In previous works (Phuong and Lampert, 2021; Wang and Ma, 2022), a special case of the linearly
separable dataset was investigated, namely “orthogonally separable”. A training dataset is orthog-
onally separable when (zx;, ;) > 0 for ¢, j in the same class, and (x;, ;) < 0 for 4, j in different
classes. As mentioned in Section 2, in this case, GF can learn all features and achieve 100% training
accuracy quickly, followed by lazy training. In this work, we consider data that is more difficult
to learn, which leads to more complicated optimization dynamics. Specifically, we consider the
following data.

Assumption 3.1. Consider the linearly separable dataset S = {(;, yi) }ie[n) C R? x R such that
x.,1), 1€ n
(%yv){( +1) . n+]
(@, 1), i € [n] - [ny]
angle A € (0,7/2), and ny, n_ are the numbers of positive and negative samples, respectively, with

n =n4 +n_. We also use p := n /n_ to denote the ratio of n,. and n_, which measures the class
imbalance. Furthermore, we assume pcos A > 1.

, where ,&_ € S?! are two data points with a small

Remark 3.2. We focus on the training dataset satisfying Assumption 3.1 with a small A < 1. The
margin of the dataset is sin(A/2), which implies that the separability of this data is much weaker
than that of orthogonal separable data. Additionally, the condition p cos A > 1 merely requires a
slight imbalance in the data. These two properties work together to produce rich nonlinear behaviors
during training.

4 Characterization of Four-phase Optimization Dynamics

In this section, we study the whole optimization dynamics of GF (2) starting from random initialization
when training the two-layer ReLU network on linearly separable dataset satisfying Assumption 3.1
and using the loss function (1). To begin with, we introduce some additional notations.

Additional Notations. First, we identify several crucial data-dependent directions under Assumption

3.1. These include two directions that are orthogonal to the data, defined as @7 := %
1. zi—(@p o)z ; ; 1\ 1\ e
and 1 = m, which satisfy (@, x 1) = (x_, @) = 0. Additionally, we define the

label-average data direction as p := ﬁ where z = £ 3" | y;x;. One can verify that (p, 1) > 0

n
and (g, ©_) > 0 under the condition p cos A > 1. In Figure 3, we visualize these directions.

Second, we use the following notations to denote important quantities during the GF training process.
We denote the prediction on x4 and x_ by f(t) := f(xy;0(t)), f—(t) := f(x_;0(t)). We use



Acc(t) := 13" {y; f(z;;6(t)) > 0} to denote the training accuracy at time ¢. For each neuron
k € [m], we use wy(t) := b(t)/||b(t)| and pr(t) := ||b(t)| to denote its direction and norm,
respectively. To capture the activation dynamics of each neuron k € [m] on each data, we use
sgn; (t) := sgn({bk(t), z)) to record whether the k-th neuron is activated with respect to ., and

sgn, (t) := sgn((bx(t),x_)) defined similarly, which we call ReLU activation patterns.

4.1 A Brief Overview of four-phase Optimization Dynamics

We illustrate different phases in the training dynamics by a numerical example. Specifically, we train
a network on the dataset that satisfies Assumption 3.1 with p = 4 and A = 7/15. The directions and
magnitudes of the neurons at some important times are shown in Figure 1, reflecting four different
phases on the training behavior and activation patterms. More experiment details and results can be
found in Appendix A.1.

(b) t = 200 (c) t = 50000 (d) ¢ = 60000 (e) t = 150000

Figure 1: These figures visualize (in polar coordinates) the projections of all neurons {bx (t) }re[m]
onto the 2d subspace span{x, z_} during training. Each purple star represents a positive neuron
(k € [m/2]), while each brown star represents a negative neuron (k € [m]—[m/2]). Additionally, the
directions of ¢, x_, a:i, xt, p are plotted in blue, orange, green, red and pink colors, respectively.
The complete version of these figures is Figure 4 in Appendix A.1.

From Fig 1(a) to (b) is the Phase I of the dynamics, marked by a condensation of neurons. Although
the initial directions are random, we see that all neurons are rapidly divided into three categories:
living positive neurons (k € K ) and living negative neurons (k € K_) condense in one direction
each (p and sci), while other neurons (k ¢ K U K_) are deactivated forever. From the perspective
of loss landscape, GF rapidly escapes from the saddle near O where the loss gradient vanishes.

From Fig 1(b) to (c) is the Phase II of the dynamics, in which GF gets stuck into a plateau with
training accuracy L’%p for a long time 7}, before escaping. Once the dynamics escapes from the

plateau, the training accuracy rises to a perfect 100%. Moreover, activation patterns do not change in
this phase.

From Fig 1(c) to (d) is the Phase III of the dynamics. The phase transition from phase II to phase
III sees a rapid deactivation of all the living positive neurons k& € KC, on a_ rapidly, while other
activation patterns are unchanged. This leads to a simpler network in phase III, in which only living
positive neurons (in X ) predict ., and only living negative neurons (in C_) predict &_. Hence, in
this phase the GF tries to learn the training data using almost the simplest network by only changing
the norms of the neurons.

Finally, Fig 1(d) to (e) shows Phase IV, starting from another “phase transition” when all the living
negative neurons (k € K_) reactivate simultaneously on x. This leads to a more complicated
network. After the phase transition, the activation patterns no longer change, and the neurons
eventually converges towards some specific directions dependent on both data and initialization.
Additionally, this direction is not even the local optimal max margin direction.

Overall, the whole dynamics exhibit a simplifying-to-complicating learning trend.

In the following four subsections, we present a meticulously detailed and comprehensive depiction of
the whole optimization dynamics and nonlinear behaviors. For clarity, in Figure 2, we first display
the timeline of our dynamics and some nonlinear behaviors.

In Appendix A.2, we further validate our theoretical bounds on the key time points in Figure 2
numerically. Additionally, in Appendix A.3, we relax the data Assumption 3.1 by perturbing the
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Figure 2: Timeline of the four-phase optimization dynamics, containing some key time points
11, Ti1, Tiir, Tp1at and their theoretical estimates, and some basic nonlinear behaviors: @ initial
condensation, @ saddle escape, ® getting stuck in plateau, @ plateau escape, ® neuron deactivation,
® neuron reactivation, @ initialization-dependent directional convergence. Notice ®~@ are only
some basic nonlinear behaviors. Moreover, @+® is saddle-to-plateau, ®+®+® is simplifying-to-
complicating.

data with random noise, and our experimental results illustrate that similar four-phase dynamics and
nonlinear behaviors persist.

4.2 Phase I. Initial Condensation and Saddle Escape

Let Ty = 10, /4%, and we call ¢ € [0, T1] Phase 1. The theorem below is our main result in Phase 1.

Theorem 4.1 (Initial Condensation). Let the width m = Q) (log(1/9)), the initialization k1, k2 =
O(1) and k1 /K2 = O(A®). Then with probability at least 1 — §, the following results hold at Ty:

(S1) Let K. be the index set of living positive neurons at Ty, i.e. K1 := {k € [m/2] : sgn} (T}) =
1 orsgn, (T1) = 1}. Then, (i) 0.21m < |K4(T1)| < 0.29m. Moreover, for any k € K, (ii) its
norm is small but significant: p,(T1) = O (, / ”i—r':?), (iii) /ts direction is strongly aligned with p:
(wi(T1), pu) > 1= O (VEikz) — O ((k1/K2)"); (v) sgny, (T1) = sgny, (T1) = 1.

(S2) Let K_ be the index set of living negative neurons at Ty, i.e. K_ := {k € [m] — [m/2] :
sgn; (I1) = lorsgn, (T1) = 1}. Then, (i) 0.075m < |[K_| < 0.205m. Moreover, for any

k € K_, (ii) its norm is tiny: pp(T7) = O (7“1\/%{2( ooy %)); (iii) its direction is aligned with

ot (wi(Ty),z3) >1-0 ((\/g%)m); (iv) sgn; (T1) = 1, but sgn (T1) = 0.

(S3) For other neuron k ¢ K1 U K_, it dies and remains unchanged during the remaining training
process: sgn} (t) < 0,sgn; (t) < 0,bk(t) = by(T1), V¢ > Th.

4. f+(T1) =0 (Hg\/m) ,f-(T1) =0 (Hgm), and Acc(Ty) = pr.

Initial condensation and simplification. Theorem 4.1 (S1)(S2)(S3) show that, after a short time

T1 = ©(y/K1/K2), all neurons are implicitly simplified to three categories: X, K_ and others. The
living positive neurons k € K align strongly with g, and the living negative neurons k € K_ align
with :ci and lie on the manifold orthogonal to = . Other neurons die and remain unchanged during
the remaining training process. Moreover, we also estimate tight bounds for [y | and |/C|. Actually,
k1/k2 = O(1) can ensure Theorem 4.1 and initial condensation hold (please refer to Appendix C),
and we write k1 /rk2 = O(A®) here to ensure that the dynamics of later phases hold. In Phase I, the
dynamics exhibit a fast condensation phenomenon, i.e., in addition to dead neurons, living positive
and negative neurons condense in one direction each.

Saddle-to-Plateau. The network is initially close to the saddle point at O (where the loss gradient
vanishes). However, Theorem 4.1 (S1) reveals that despite being small, there is a significant growth in
the norm of living positive neuron k& € K from ©(k;/y/m) to ©(,/k1k2/+/m) and the predictions
also experience substantial growth (S4). This means that GF escapes from this saddle rapidly.

Furthermore, it is worth noting that initial training accuracy can randomly be 0, ﬁ, ﬁ, or 1.
However, after Phase I, the training accuracy reaches Acc(7T7) = £ which we will prove as a

14+p
plateau in the next subsection. Therefore, Phase I exhibits saddle-to-plateau dynamics.

Remark 4.2. Throughout the following subsections, we call the neuron k& € K the “living positive
neuron”, the neuron k € K_ the “living negative neuron”, and the neuron k ¢ K, U K_ the

'
oo t



“dead neuron”. Moreover, we denote m, := |[K,|, m_ := |K_|, and o := % Notice that

Theorem 4.1(S1)(S2) guarantee that 0 < 0002795 <a< 002% < 1.

Remark 4.3. The results in the following subsections are all based on the occurrence of the events in

Theorem 4.1 and with the same settings as Theorem 4.1. So they all hold with probability at least
1-46.

Please refer to Appendix C for the proof of Phase I.

4.3 Phase II. Getting Stuck in and Escaping from Plateau

In this phase, we study the dynamics before the patterns of living neurons change again after Phase I.
Specifically, we define

Tiy == inf{t > T} : 3k € K+ UK_, sgn; (t) # sgn; (11) or sgn;, (t) # sen, (T1)},
and call t € (11, T11] Phase IL

1

Theorem 4.4 (End of Phase II). (S1) 7j; = © <I’KAA) (S2) £L(6(Ty)) = © ( f—miw)_
2

(S3) One of living positive neuron ky € Ky precisely changes its pattern on x_ at Tii:

lim sgn, (t) = 1land lim sgn (t) = 0, while all other activation patterns remain unchanged.
t—Ty taTII

Recalling the results in Theorem 4.1, during Phase II, the activation patterns do not change with
sgn; (t) = sgn; (t) = 1 for k € K, and sgn; (t) = 0,sgn; (t) = 1 for k € K_. Theorem 4.4
demonstrates that at the end of Phase II, except for one of living positive neuron kg € K. precisely
changes its pattern on x_, all other activation patterns remain unchanged.

Theorem 4.5 (Plateau). We define the hitting time Ty, := inf{t € [T1,T11] : Acc(t) = 1}. Then,
(S Tyt = © (5 ) (82 VE € [T3, Tyrarl, Ace(t) = 125 (83) ¥t € (Tyiae, Tht], Ace(t) = 1

Plateau of training accuracy According to Theorem 4.5, during Phase II, the training accuracy

gets stuck in a long plateau —— + , which lasts for @( 2 Az) time. However, once escaping from

this plateau, the training accuracy rises to 100%. It is worth noting that this plateau is essentially
induced by the dataset. All that’s required is only mild imbalance (p is slightly greater than 1 such
that pcos A > 1) and a small margin sin(A/2) of two data classes. Notably, if the dataset has
an extremely tiny margin (A — 0), then the length of this plateau will be significantly prolonged
(Tplay — +00), which implies how the data separation can affect the training dynamics. Additionally,
using a smaller initialization scale «; of the input layers cannot avoid this plateau.

Please refer to Appendix D for the proof of Phase II.

4.4 Phase III. Simplifying by Neuron Deactivation, and Trying to Learn by Simplest Network

Building upon Phase II, we demonstrate that within a short time, all the living positive neurons K
change their activation patterns, corresponding to a “phase transition”. Specifically, we define

TET :=inf{t > Tir : Vk € K4, sgn;, (t) = 0},
and we call t € (T71, T} 7] the phase transition from Phase II to Phase III.

Theorem 4.6 (Phase Transition). (S1) 75T = (1 +0 (\//ﬂ@)) Tii; (S2) sgn (THT) = 1 and
sgn, (THT) = 0 forany k € K, sgn; (ITF"Y) = 0 and sgn, (TEY) = 1 forany k € K_.

Neuron deactivation. As shown in Theorem 4.6 (S2), after the phase transition, all the living
positive neurons k£ € K, undergo deactivation for _, i.e., sgn, (¢) changes from 1 to 0, while
other activation patterns remain unchanged. Furthermore, Theorem 4.6 (S1) reveals that the phase
transition is completed quite quickly by using sufficiently small initialization value k1, k2. A smaller
initialization value leads to a more precise initial condensation wy (71) ~ p, causing all living positive
neurons to remain closer together before 771 and thus changing their patterns nearly simultaneously.



Self-simplifying. As a result, the network implicitly simplifies itself through the deactivation
behavior. At T{{, only living negative neurons k € K, are used for predicting on =_, i.e.,

f(TET) = % ke, o((br(T{T),x_)). In contrast, during Phase II, both living positive
and living negative neurons jointly predict on x_, i.e., f_(t) = % >k, o((bk(t), x-)) —
% Y kex. 0((br(t), z_)). Asindicated in Table 1, two classes of activation patterns are simplified
from (1, 0) to (0, 0), while others do not change.

After this phase transition, we study the dynamics before the patterns of living neurons change again.
Specifically, we define

T = inf{t > T : 3k € K1 UK, sgnf (¢) # sgn, (T1 ") or sgn;, () # sgn;, (T )},
and call ¢ € (711, Trr1] Phase IIL
Theorem 4.7 (End of Phase I1I). Ty = (1 + O(A2))Ti;.

Learning by simplest network. During ¢ € (TIITT7 Tinr), all activation patterns do not change. This

ensures that f(t) = % >orerc, 0({br(t), T4)), while f_(t) = —”—\/7% Yower. o((br(t), x_)).
Additionally, by using sufficiently small x1, the neurons in K and K_ keep close together re-
spectively before 7111, making the network close to a simple two-neuron network consisting of one
positive neuron and one negative neuron. Please refer to Appendix E for more details. Furthermore,
this pattern scheme is almost the "simplest"” way to ensure binary classification: the living positive
neurons only predict positive data ;. while the living negative neurons only predict negative data
x_. Therefore, GF tries to learn by this almost simplest network in this phase.

Please refer to Appendix E for the proof of Phase III.

4.5 Phase IV. Complicating by Neuron Reactivation, and Directional Convergence

Phase IV begins with an instantaneous phase transition at time 77yz.

Theorem 4.8 (Phase Transition). All living negative neuron k € K_ simultaneously change their

patterns on x4 at Tiyi: lim sgn; (t) =0, lim sgn} (t) = 1, while others remain unchanged.
I ‘ t—Th

Neuron reactivation. According to Theorem 4.8, all of living negative neurons k € KC_ reactivate
simultaneously on x_ at Tyr: sgn,:r (t) changes from O to 1, while other activation patterns remain
unchanged.

Self-Complicating. Along with the reactivation behavior, GF implicitly complicates itself. In
Phase III, only living negative neurons k¥ € K, are used to predict on x, ie., fi(t) =
% >rex, o((bk(t),x+)). In contrast, after the phase transition at iy, both living positive

and living negative neurons jointly predict on x, i.e. fi(¢) = % 2rer, o((br(t), x4)) —
W > kek. 0((br(t), z4)). As indicated in Table 1, two classes of activation patterns are compli-
cated from (0, 0) to (0, 1), while others do not change.

In this phase, we study the dynamics before activation patterns change again after the phase transition
in Theorem 4.8. We define the hitting time:

Tiy :=inf{t > Tip : 3k € K4 UK_, sgn; (t) # lim+ sgn; (s) or sgn, (t) # lirn+ sgn, (s)},

s—TH s—Ti
and we call ¢ € (111, Trv] Phase IV.

Theorem 4.9 (Phase IV). (S1) Tty = 400. Moreover, for any t > Tir1, (S2) all activation patterns
do not change; (S3) the loss converges with L(0(t)) = © ( 1 )

T
pl—acosA +I€§A2(t7THI)

Theorem 4.9 illustrates that all activation patterns never change again after the phase transition at
Tin with sgn; (t) = 1,sgn,, (t) = 0 forany k € K and sgn; (t) = sgn, (t) = 1 forany k € K_.
Additionally, the loss converges with the polynomial rate ©(1/x3A2t). Furthermore, we present the
following theorem about the convergent direction of each neuron.



Theorem 4.10 (Directional Convergence). The limit . 1121 % exists and denoted by 0 =
—+00 712

(BlT, e ,Bjn)—r € S™I=1. Moreover, (i) for any k ¢ K, UK_, by, = 0; (ii) forany k € Ky, by =

vy = C(w+ —x_ COSA); (iii) forany k € K_, b, = v_ = C((l + %)w, — w+), where

C > 0is a scaling constant such that H§H2 = 1. (iv) Additionally, f_(0) = —f(0) > 0.

Initialization-dependent Directional Convergence. As an asymptotic result, Theorem 4.10 provides
the final convergent direction of GF. All living positive neurons (k € K ) directionally converge
tovy || L with (vy,z,) > 0and (v,,z_) = 0, while all living negative neurons (k € K_)
directionally converge to v_ € span{x,x_} with (v_, ;) > 0and (v_,x_) > 0. It is worth
noting that v_ directly depends not only on the data but also on the ratio o = |K_|/|K | (defined
in Remark 4.2). Recalling the results in Phase I, « lies in a certain range with high probability; but
it is still a random variable due to its dependence on random initialization. Different initializations
may lead to different values |K_| /|| at the end of Phase I, eventually causing different convergent
directions in Phase I'V.

Non-(Local)-Max-Margin Direction. Lastly, we study the implicit bias of the final convergence rate.
According to Lyu and Li (2019); Ji and Telgarsky (2020) and our results above, 0 in Theorem 4.10
must be a KKT direction of some max-margin optimization problem. However, it is not clear whether
the direction @ is actually an actual optimum of this problem. Surprisingly, in next Theorem, we
demonstrate that the final convergent direction is not even a local optimal direction of this problem,
which enlightens us to rethink the max margin bias of ReL.U neural networks.

Theorem 4.11 (Implicit Bias). The final convergent direction 0 (in Theorem 4.10) is a KKT direction
of the max-margin problem min : § 10117 s.t. yif (xi;0) > 1,i € [n]. However; 8 is not even a local
optimal direction of this problem.

Please refer to Appendix F for the proof of Phase I'V.

5 Discussion and Comparison on Nonlinear Behaviors

Throughout the whole training process in Section 4, we divide the phases based on the evolution of
ReLU activation patterns. During Phase I, as well as the beginning of Phase II and III, numerous
activation patterns undergo rapid changes. Table 1 summarizes the evolution of activation patterns
for all living neurons after Phase I. These results are also numerically validated in Figure 1.

Table 1: The evolution of two classes of activation patterns of living neurons after Phase 1. As for
other two classes, sgn; (t) (k € K4) and sgn;, (t) (k € K_), they remain equal to 1 after Phase 1.

te(T,Tu) | te (Tu,TaY) | te (TFY, Tm) | t € (Tiu, +00)
sgn, () (k€ Ky) 1 lor0 0 0
sgn; (1) (k€ K_) 0 0 0 1

Simplifying-to-Complicating. In phase I, GF simplifies all the neurons from random directions
into three categories: living positive neurons K and living negative neurons K _ condense in one
direction each, which other neurons are deactivated forever. After Phase I, as shown in Table 1,

the two classes of activation patterns change from (1, 0) SRy (0,0) complicate (0,1), while other
patterns remain unchanged. Therefore, the evolution of activation patterns exhibits a simplifying-
to-complicating learning trend, which also implies that the network trained by GF learn features in
increasing complexity.

Comparison with NTK. In the lazy regime such as NTK, most neurons keep close to the initialization
and most activation patterns do not change during training. Specifically, for any training data x;,
L > repm) H{sgn((bk(t), @:)) # sgn((b(0),x;))} = o(1),vt > 0 (Du et al., 2018). However,
our work stands out from lazy regime as activation patterns undergo numerous changes during
training. In Phase I, initial condensation causes substantial changes in activation patterns, which
is similarly observed in (Phuong and Lampert, 2021). Furthermore, even after Phase I, there are
notable modifications in activation patterns. As shown in Table 1, the proportion of changes in



activation patterns for any given training data is the ©(1), as compared with the o(1) in NTK
regime. Specifically, at any ¢ > Ty, = > kelm] I{sgn/ (t) # sgn; (T1)} = L|K_| = ©(1) and
o okepm Hseny, () # sgny, (T1)} = +;[K+| = ©(1). On the other hand, in our analysis, the
requirement on the network’s width m is only m = Q(log(1/6)) (Theorem 4.1), regardless of data

parameters p, A, while NTK regime requires a much larger width m = Q(log(p/6)/A%) (Ji and
Telgarsky, 2019).

Comparison with Phuong and Lampert (2021); Lyu et al. (2021); Wang and Ma (2022); Boursier
et al. (2022). Beyond lazy regime and local analysis, these works also characterize the entire training
dynamics and analyze a few nonlinear behaviors. Now we compare our results with these works in
detail. (i) While Lyu et al. (2021) focuses on training Leaky ReLU NNs, our work and the other three
papers study ReLU NNs. It is worth noting that the dynamics of Leaky ReLU NN differ from ReLU
due to the permanent activation of Leaky ReLU (¢’(-) > « > 0). (ii) Initial condensation is also
proven in (Lyu et al., 2021; Boursier et al., 2022), and the condensation directions are some types
of data averages. In our work, neurons can aggregate towards not only the average direction , but
also another direction aci Moreover, we also estimate the number of neurons that condense into two
directions. (iii) Saddle-to-saddle dynamics are proven in (Phuong and Lampert, 2021) for square loss,
where the second saddle is about training loss and caused by incomplete fitting. However, our work
focus on classification with exponential loss and exhibit a similar saddle-to-plateau dynamics, where
the plateau is about training accuracy, caused by incomplete feature learning. (iv) Phased feature
learning. In (Phuong and Lampert, 2021; Wang and Ma, 2022), all features can be rapidly learned in
Phase I (accuracy= 100%), followed by lazy training. However, for practical tasks on more complex
data, NNs can hardly learn all features in such short time. In our work, the data is more difficult to
learn, resulting in incomplete feature learning in Phase I (accuracy< 100%). Subsequently, NNs
experience a long time to learn other features completely. Such multi-phase feature leaning dynamics
are closer to practical training process. (v) Neuron reactivation and deactivation. For ReLU NNs, The
evolution of activation patterns is one of the essential causes of nonlinear dynamics. In (Phuong and
Lampert, 2021; Wang and Ma, 2022), activation patterns only change rapidly in Phase I, after which
they remain unchanged. In (Boursier et al., 2022), their lemma 6 shows that their dynamics lack
neuron reactivation. However, in our dynamics, even after Phase I, our dynamics exhibit significant
neuron deactivation and reactivation as discussed in Table 1. (vi) The final convergent directions
are also derived in (Phuong and Lampert, 2021; Lyu et al., 2021; Boursier et al., 2022), which only
depend on the data. However, in our setting, the convergent direction is more complicated, determined
by both data and random initialization. (vii) Furthermore, our four-phase dynamics demonstrate the
whole evolution of activation patterns during training and reveal a general simplifying-to-complicating
learning trend.

In summary, our whole four-phase optimization dynamics capture more nonlinear behaviors than
these works. Furthermore, we conduct a more thorough and detailed theoretical analysis of these
nonlinear behaviors, providing a more systematic and comprehensive understanding.

6 Conclusion and Future Work

In this work, we study the optimization dynamics of ReLLU neural networks trained by GF on a
linearly separable data. Our analysis captures the whole optimization process starting from random
initialization to final convergence. Throughout the whole training process, we reveal four different
phases and identify rich nonlinear behaviors theoretically. However, theoretical understanding of the
training of NNis still has a long way to go. For instance, although we conduct a fine-grained analysis of
GF, the dynamics of GD are more complex and exhibit other nonlinear behaviors such as progressive
sharpening and edge of stability (Wu et al., 2018; Jastrzebski et al., 2019; Cohen et al., 2021; Ma
et al., 2022; Li et al., 2022; Damian et al., 2022; Zhu et al., 2022; Ahn et al., 2022a;b). Additionally,
unlike GD, SGD uses only mini-batches of data and injects noise (Zhu et al., 2019; Thomas et al.,
2020; Feng and Tu, 2021; Liu et al., 2021; Ziyin et al., 2022; Wu et al., 2022; Wojtowytsch, 2023;
Wang and Wu, 2023) in each iteration, which can have a pronounced impact on the optimization
dynamics and nonlinear behaviors. Better understanding of the nonlinear behaviors during GD or
SGD training is an important direction of future work.
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A Experimental Details

All experiments are conducted on a MacBook pro 13 (M2) only using CPU. See the code
athttps://github.com/wmz9/Understanding_Multi-phase_0Optimization_NeurIPS2023.

A.1 Experiments on standard Dataset

We train the two-layer network on the dataset that satisfies Assumption 3.1 with d = 20, p = 4
and A = 7/15. Specifically, we choose the network width m = 100; the initialization scale
k1 = 0.1, ko = 1; the small learning rate n = 0.01.

In Figure 3, we show some key data directions in this dataset, as well as the training accuracy, which
contains a long plateau. Furthermore, in Figure 4, we provide the evolution of all neurons during
training from ¢ = 0 to ¢ = 150000, which is a more complete version of Figure 1.

Data Directions Acc(t)
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°
)
;e
°
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g o0
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== training accuracy

20
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epoch
Figure 3: (left) Some key data directions: the directions of ., x_, a:i, x*, p are plotted in blue,
orange, green, red and pink colors, respectively; (right) The training accuracy.

90° 90°

270°

(b) t =200

(g) t = 80000 (h) ¢ = 120000 (i) t = 150000

Figure 4: (A more complete version of Figure 1) These figures visualize (in polar coordinates) the
projections of all neurons {bg () }.c[m] onto the 2d subspace span{z, , x_ } during training (from

t = 0 to t = 150000). Each purple star represents a positive neuron (k € [m/2]), while each brown
star represents a negative neuron (k € [m] — [m/2]).
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A.2 Numerical validation on our theoretical bounds

We conduct experiments to validate our theoretical bounds on T}, and Tirr under different p and A,
and the results are shown in 2.

In the first experiment (1st and 2nd subtable), we fix p = 4 for change A; in the second experiment
(3rd and 4th subtable), we fix A = 7/15 and change p. As for other hyperparameters (such as
K1, ke, d, m), we keep the same scales as our setups in Appendix A.1.

We have two main conclusions: (1) four training phases in our theory persistently exist; (the same as
Fig 1 in Appendix A, and be omitted due to the limited space) (2) our theoretical estimates on Tja¢
and T7py are relatively tight, basically in the same magnitude as the realistic time.

Table 2: The change of our theoretical bounds on T}, and Tirr under different p and A.

A I I 3 x| 3x . (3)2 I (33
45 45 4 15 45 4 45 4
Realistic Tpat 1.96 x 107 | 3.68 x 10" | 7.25 x 10" | 12.87 x 10?
Our estimate O(1/A%): 4 4 4 4
050/ A2 + 1520/ A — 9943 1.90 x 10* | 3.82 x 10* | 7.14 x 10* | 12.89 x 10
A i Ta=r| 2G| -G
Realistic 7711 4.98 x 107 | 6.14 x 107 | 9.18 x 107 | 15.63 x 107
Our estimate O(1/A?%): 4 4 4 4
1772/ A2 — 19218/ A + 67621 4.97 x 10* | 6.17 x 10* | 9.16 x 10* | 15.63 x 10
P 6 8 10 12

Realistic T}as 6.14 x 107 | 9.57 x 10 | 13.96 x 10* | 17.61 x 10?

Our estimate O(p): 4 4 4 4
19400p — 56400 6.00 x 10 9.88 x 10 13.76 x 10 17.64 x 10

p 6 8 10 12

Realistic 7111 892 < 107 | 13.40 x 105 [ 19.72 x 10% | 27.68 x 10%

Our estimate @(pm);
6912pt5 — 15897

8.59 x 10* | 14.05 x 10* | 20.27 x 10* | 27.14 x 10*

A.3 Experiments on Noisy Dataset

We conduct numerical experiments on the setting of adding small stochastic noise on top of x4 and
@ _, a little bit more realistic setting. Specifically, in span{x,x_}, we perturb the angles of n, — 1
instances of  and n_ — 1 instances of &_ using stochastic noise £ ~ Unif ([0, A/4]).

In Figure 5, we visualize (i) the evolution of each neuron throughout the training process; (ii) some
key data directions; (iii) the evolution of training accuracy.

From the numerical results in Figure 5, we have two main conclusions: (1) we ascertain that the same
four-phase optimization dynamics and nonlinear behaviors persist, even for our dataset with small
stochastic noise; (2) a slight difference is that there is more than one plateau of training accuracy in
Phase II. The reason is that for noisy data, GF needs to learn negative data one by one in Phase II. For
example, three distinct negative data are employed in this experiment, so three plateaus of training
accuracy emerge (12/15, 13/15, and 14/15).
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270° epoch

60

Acc

(a) key data directions (b) training acc

(1) £ = 200000 (j) t = 400000

Figure 5: The experimental results for noisy data with A = 7/15, n,. = 12, n_ = 3. Fig
(a): Some key data directions, including x, T +noise, x_, £_+noise, u, :ci, and L. Fig (b):
The evolution of training accuracy. Figs (c)~(j): the evolution of the projections of all neurons
{bx(t) }ke[m) onto the 2d subspace span{x , ¢} during training (from ¢ = 0 to ¢ = 400000). Each
purple star represents a positive neuron (k € [m/2]), while each brown star represents a negative
neuron (k € [m] — [m/2]). Four-phase dynamics: from Fig (c) to (d) is Phase I; from Fig (d) to (g)
is Phase II; from Fig (g) to (h) is Phase III; from Fig (h) to (j) is Phase IV. To compare these results
with noiseless data, please refer to Figures 3 and 4.
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B Proof Preparation

Selection of initialization parameters.

For the data satisfying Assumption 3.1, we consider the regime that A < 1 with pcos A > 1. During
the entire proof, we select the initialization scale k1, ko as follows:

Ko =0(1), L=0(Ar%). 3)

K2
Gradient Flow. In general, for any k& € [m], the GF dynamics of by (¢) can be written as

dbi(t) _ 0°L(0)  skkal~ yi a0 .
& S Tob, \/ﬁn;e o ((br (), i) )yi; o

_ Sgk2 P _fi(t)a0 . 1 f—(t) 90
_m(?pe P ((bi(t), e~ e aa(<bk(t),m,>)m,),

where 0° is Clarke’s subdifferential defined in Defnition G.1. Notice that if £ is continuously
differentiable at 0, then 9°L(0) = {V.L(0)} is unique.

However, for discontinuous differentiable points of £, the differential inclusion flow % € 0°L(0)
may not be unique. To study a more specific dynamics, we also utilize Definition H.1 to determine
GF at some of such points, which overcomes non-uniqueness of GF trajectories to some extent. It is
worth noting that Definition H.1 and Definition G.1 are compatible and specifically, the dynamics
defined in Definition H.1(Case I, III) lie in the convex hull defined in Definition G.1.

Remark B.1. In (Lyu et al., 2021), the non-branching starting point Assumption is employed to
address the technical challenge of non-uniqueness in GF trajectories. By comparison, in this work,
we do not need this assumption. We adopt Definition H.1 to uniquely determine the Gradient Flow
trajectories theoretically near some discontinuous differential regions, such as “Ridge”, “Valley”, and
“Refraction edge” discussed in Section 1.2 in (Lyu et al., 2021).

Additionally, in the following sections, we may rewrite this dynamics accordingly, such as specific
forms and dynamics decomposition.

Additional Notations. As a similar description to sgn; () and sgn; (-), we also employ the
following six manifolds to characterize activation patterns (by judging which manifold the neuron
wy, belongs to):

ML ={wesS" (w,zy) >0}, MI={weS"!: (w,z_) >0},
ML ={wesS™ ! (w,z ) =0}, M ={weS"!: (w,z_)=0},
M7 ={weST (w,z ) <0}, MZi={weS"!: (w,z_) <0}

As one of our interested manifolds, the border 8(Mi N M7) can be divided into
OMENME) ={we S (w,z;) =00r (w,z_) =0}
={wesS! (w,x) =0, (w,x_) >0} U{'w e ST (w,xy) >0, (w,x_) =0}
U{w e ST (w,xy ) =0, (w,x_) =0}
=M MU ML nME)u (MG NM2).
Furthermore, we also utilize the following notations:
Phi={beR’: (bzy) >0}, PT:={beR’:(bz_) >0},
PLi={beR’: (bxy) =0}, PL:={beR"":(bz_)=0},
P i={beR’: (bxy) <0}, P-:={beR%:(bxz_) <0}

Notice that for the direction of a neuron by, # 0, using Pi, ’P9r, P, P+, PO, P to describe by, is
equivalent to using Mi, MY, M, M, MO M to describe wy,.
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Lemma B.2 (Dead neurons keep dead). For the k-th neuron, if there exists a tg > 0, s.t. wg(to) €

M NMTZ, then it dies and remains unchanged during the remaining training: wy(t) € M7 NM”
and by, (t) = by (to) for any t > t.

Proof of Lemma B.2. A straightforward calculation. O

The above fact is a basic fact in our setting, which illustrates that if the neuron by, is deactivated for
both data  and _ at some time, then it remains “dead” forever.

It is worth mentioning that if the neuron by, is deactivated on x but activated on «_ at some time, it
can still reactivate on «_ later, which is one of the important reasons why our ReLU optimization
dynamics are complicated.
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C Proofs of Optimization Dynamics in Phase 1

In this section, we conduct a detailed analysis of the training dynamics of each neuron in Phase I. The
main proof idea is to decompose neurons’ dynamics into tangential and radial dynamics. For small
initialization, in Phase I, the radial increasing of neurons is much slower than their tangential velocity,
which can result in condensation. However, the main challenges arise from the initial direction’s
randomness and ReL.U’s discontinuous derivative, leading to eight categories of neuron dynamics.
Moreover, it is also nontrivial and requires meticulous analysis to estimate the number of two classes

of living neurons at the end of Phase I.
T =10, /2, )
K2
and call ¢t € [0, 71| “Phase I”.
Recall that the selection (3) about initialization parameters can guarantee the whole four-phase
optimization dynamics. Nevertheless, when we focus on Phase I, ko = O(1) and k1 /k2 = O(1)

suffice to ensure the dynamics in Phase I. Specifically, during the proof of Phase I, we can use the
following selection (6) on k1, ko, which is much weaker than (3):

We define the time

ke =0(1), L=0(1). ©)

K2

For simplicity, we assume A < % And for convenience, we assume p > 5. It is worth mentioning
that our proof approach also applies for p = 2, 3, 4, with at most one absolute constant difference.

Prepared for the analysis in Phase I, we decompose the dynamics of by (¢) into the radial movement
pr(t) € R and the tangential movement wy(t) € ST~ ! satisfied to by (t) = pr(t)wy(t).

Lemma C.1 (Dynamics decomposition). For any k € [m), the dynamics of by (t) can be decomposed
into the radial movement py(t) € R and the tangential movement wy,(t) € S~1:

dwy(t) Skk2
T € Ty (Felt) = (Fu(0), (1) we(1)). .
VelD) ¢ 222 (o), welo)
where py(t) = ||bi(t)|], wi(t) = br(t)/ [|bi(t)| and
Fu(t) = % e O (wi(0) @) s @®)
Proof of Lemma C. 1.
From the dynamics of by, (¢):
€ TR = TS () 20
we have )
dor(t) 1 dlee@)® 1 dby (1)
a 2@l At el <b’“(t>’ it >
1 Skk2  Spko "
Eku(t)” <bk(t)7 WFk(t)> - \/m <Fk(t)a k(t)>a
dwi(t) b)) 8 — By ) 1 b)) dpw(t)
e 6k ()] ~op(t) ( dt dt w’“(t))
1 Skk2 Sk K2 Sk K9
€ ( \k/ka(t) - kTﬁ <Fk(t),’lUk(t)>’wk(t)) - m(m(t) - (Fk(t),wk(t»wk(t))
O
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Prepared for the analysis of the neurons’ dynamics, we establish a rough estimate about the norm and
prediction growth of each neuron in Phase I, and we will improve it later.

Lemma C.2 (A Rough Estimate of Norm and Prediction in Phase I).
Foranyt < Ty, k € [m], and i € [n], we have the following estimates:

k1 + 1.1kot

< —=

pr(t) < N
Lfi(D)] < VEik2,

‘efyim) _ 1‘ < 1.1y/r1kz.

Proof of Lemma C.2.
First, we define the hitting time

T frimy o= inf {t >0: ?el?ﬁvi(t” > \/mnz}.

From | f;(0)] < m\/»\/» = r1k2 < y/K1k2 and the continuity of f;(-), we know T z7; > 0.
Then we will prove 71 = 10, /:—; <T e

For any k € [m], i € [n], and t < T /577, we have the following estimates.

Recalling the definition of F'(t) (8), we have

1 n
IFc@)] == e ¥ Wo°0 ((w(t), i) yiws| < max |e ¥l
n = i€[n]
<e max| fi (1)l < eVERE <11,
Recalling the dynamics (7), forany ¢t < T JRTRD>
dpk(t) 1.1%2
F < F .
o < T IF, w )] < )] < 7
Then combining py(0) = ;—:TL, forany t < T /rirs,
K1+ 1.1kot
) < ——MM=
pi(t) < NG
m )
Ko K1+ 1.1H2t
|er kZ: |ak|pk WT S K2 (:‘il + 11/"132t)

So for any ¢ < 77, we have
|fl(t)| < HQ(Kl + 1.1/432TI) < Ko (Kl + 11\//4,1/432) < 1269/ K1k < \/K1ko. (10)

From the definition of 7' SRRz We have proved 11 < T SRRz

Moreover, from this proof, we know (9) holds for any ¢ < T1. Moreover, by Mean Value Theorem,

‘e_yifi(t) - 1‘ < (ZE[gnalziﬁz] e)| —yifi(t)] < 11 f;(t)] < 1.1y/K1k2.

O

Now we delve into the optimization dynamics of all neurons in Phase I in the following Section C.1
and C.2.
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C.1 The Dynamics of Positive Neurons

According to the initial direction, all positive neurons (s = 1) can be divided into the following four
classes.

(m/2] = {k € [m/2] : w,(0) € ME A M} J{k € [m/2] : wi(0) € My N MT}
U {k € m/2] - wi(0) e MEN M} {k € [m/2]: wi(0) € My AMT}.
In the following four lemmas, we will prove the dynamics for these four classes of positive neurons.

In summary, in Phase I (¢ < T1), some of positive neurons align well with the direction g, and their
norms experiment a small but significant increase, while other positive neurons go dead.

Lemma C.3 (Positive, Mi nMD).
For positive neuron k € {k € [m/2] : wi(0) € MT N M™}, at the end of Phase 1, it holds that

(Direction). It is aligned with p : (wy(T1), ) > (1 - (’)(\/ﬁmg)) (1 - (’)((::)0.55)> ;

Jm

(Norm). It has a small but significant norm : py(T1) = @(

Proof of Lemma C.3.
We do the following analysis for any k € {k € [m/2] : w,(0) € ML N M}, ie. s, = 1,
(wg(0),z4) > 0, and (w(0),z_) > 0.

Step 1. The neuron stays in MI N MT forany t < Tj.

First, we define the hitting time
T = inf {t € (0,T) : wi(t) ¢ AMT N Mt)},

and we aim to prove that T,;; does not exist. From the definition of 73,5y and (4), the dynamics of the
neuron is:

dbi.(t) _ ﬂ(Lgn(t)m _ 1 eﬂ(t)m_)’ t< To.
dt vVm\l+p 1+p

From Ty < 7t and Lemma C.2, we have |e~v:/i(Y) — 1| < 1.1,/k1k3 for any t < Tp;i. Then we
have:

de(t), 1) _ Ko (pe*f+<f> L )
dt ym\ 1+p 1+p
>ﬂ(p(1 — 1.1 /Rikg) (1+1.1m)cow>>0
d{br(t), z—) _ ﬂ(pe‘f“t) cos A ef,(t)>
dt - Vm l+p 1+p
o k2 (p(l — 1.1\/k1k2) cos A 1+1.1m)>>0
—Vm L+p 1+p '

Hence, for any ¢ < Thit, (br(t),z4+) > (br(0),z4) > 0 and (by(t),xz_) > (bg(0),z_) > O.
According to the definition of T35, we have proved that Tj,;; does not exist, which means the neuron
stays in ./\/li N M forany t < Tj.

Step II. Estimate the evolution of (w(¢), w).

With the help of Step I, we were able to determine the dynamics for ¢t < 77. For any ¢t < 71, we can
do the following estimate.

24



From (7), the tangential dynamics of the neuron is

dwk( ) . Ko
= Ty (Fu0) — (P, welt) with)
whete  Fy(t) i= 7 —e Oz, ﬁef—(t)q;_.

Recalling the definitions of p and z, we can estimate the difference between Fi(t) and z

(Fi(t),z) = <z+ o7 (e +® —1)a, — 1+p(ef—(t) — 1)m_,z>

1 P 1
=|z||" + O 1), — e~ 1)z, - —x_
=21 <1Jr (e Jz+ 1+p( ) 1+p T 1+p

2P | f ’ i‘m ‘_pCOSA ‘—m)_ ’ ‘m)_ ‘
> +
e v CEE ity 1]+ e 1)
Lemma C P2 1 2p cos A 9
22 —nwlnz(( )2+(1+p)2+(1+p)2) > |l2]|* - 1.1/Rrr,
||Fk<t>—z=H1+ (7 = 1)a. - (f“)—l)w\
<||-2 (e — D || + . (e~ —1)a_
“1+p 1+p
Lemma C.2
S 1.1«//{1,‘{21 + 1. 1«/%1,‘@2 =1. 1\//*61%2.
The dynamics of (wy(t), ) is:
d<wk(t)al~l/> 1 d<wk7(t)az> K2
_— = — = F.(t —(F(t t t .
iy T 2T Ty k(0,2 = (Fult), wi(0) (1), 2) )

And it can be estimated by:
d <wk(t)7 N’>
dt
[12[] v/mpx (t)
K2
27
1Z[ v/mp(t)

NGO

— k2

Izl vmex(t)

~ 2 lE (1 .t - /R
Lem?”#“’;(t)( (wi(t), w)? ~ 11y (15 +15%) ) > 3\/2%2@) (1 - a2ymm — (wi(t), m)?)
Lemma C.2 2Ko (1 4.2/ - <wk(t),u>2) _ M(l 4.2/ — <wk(t),u>2).
: (11)

> - =
= At L.1rat
3y/mitakat ﬁm“

Noticing w(0) € MI N M7T, we have:

1 1 1
(w,(0), p) = <wk(0), 1ipac+ - 1+px_> > <wk(0), 1+pac_> > -1 (2

(Fi(t), 2) = (2, wi (1)) (wi(t), 2) = (Fi(t) = 2wy (1)) (wi(t), 2) )

2~ L1yEiRs — (wi(t), 2)° - L1y/FiRs |2

(

((Fi(t),2) = (wi(t), 2)” = |IFy(t) - Il |2 )

(

(=17 = =1 (wn(t), )* = 11mrRR (1 + |12]))




Now we consider the following auxiliary ODE:

we 2 )<1—-42Vﬂiﬁi-—Lﬂ(ﬂ)

3(:—;+1.1t
U0) = —

; (13)
1

1+p

and let U (t) is the solution of (13). Due to (11) (12), we know that {(wy(t), ) is an upper solution
of ODE (13). From the Comparison Principle of ODEs, we know this means:

(wg(t), w) > U(t), forany t < T7.

Hence, in order to estimate (wy(t), i), we only need to study the solution of ODE (13). It is easy to
verify that the solution of (13) satisfies

1g<142m+U(t)> 1g<1—42\/m ) 41— 42 /Fra) <1+11/€2>.

1—421/51I€2—U(t) 1—421/:‘{1/{24- 1+p 3.3 K1
Then we have:

o (1—4.21/H1/€2+U(t)> > 1o (1—42#/611%2—)_’_ (1—4.2\/,‘61%32)1 <1+11I€2 >
S\1-42ymme —U@®)) = B \1 12 /mmm + L

T.1ry \ 1P 1lky \ 1P
> log (0.7 <1+ : 2t> > > log <0.7 (1+ : 2t> )
K1 K1

which means

2
1.15
1+0.7 (1 + %t)

U(t) > (1 - 4.2@) 1-

Hence, we have the estimate of (wyg(t), ):

(wi (1), ) > (1 - 4.2\/@) 1 o (1 j %t)m . (14)

Specifically, we have:

2
1.15
1+o.7(1+11 g)

(wi(T), p) > (1 —4.2@) 1

Step IIL. A finer estimate of p(77).

In this step, we will estimate the lower bound and upper bound for py (77).
First, lemma C.2 gives us the upper bound for py (T7):

k1 + 1.1koT7 < K1+ 11/K1ka < 12\/k1Ko
N

Now we focus on the estimate of the lower bound. Recalling the dynamics of pg(t) (7), for any
t S ﬂ?

pr(T1) <

= T (Fu(0) wi(0) = T2 (G2 wn(0) + (Fa(t) = 2w (1) )
> ((zwn®) — I1Fe(t) - 21 ) = 2= (112 (wi (), 1) — 1.1k )
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2(1 - 4.2\/mir2
4 Koy ( 1 2) 2
> 1-— = — 1.1\/k1k2
1.15
3 1+0.7 (1 + i t)

(

3

1.278
>"2 [ 0.627 —= |-
Vm 140.7(1 + Llezg) ™
We denote Tj) = 12’;1 , and it is easy to verify:
1.278

0.627 — = > 0.53, forany ¢ € [Tp, Ti].
140.7(1 + Lo2g) ™

So we have:

Ty
Ko 1.278
pk(TI) Z Pk:(TO) +/ — 1 0.627 — 5 dt
T, VM 14 0.7(1+ Lleag) ™!

K1 10k1
o053k, OBU0VIL T TLR @ 5.3 0.9 iR ATT R
> 2 > .

m\/ﬁdt_ Vm vm

K2

>0+

Lemma C.4 (Positive, MI NMD).
For positive neuron k € {k € [m/2] : wy(0) € MI N MZ}, at the end of Phase 1, it holds that

(Direction). It is aligned with p : (wy, (1), p) > (1 - O(\/mm)) (1 — (9((2)0.55)) :

Jm

(Norm). It has a small but significant norm : py(T1) = @(

Proof of Lemma C.4.
We do the following analysis for any k € {k € [m/2] : w,(0) € MI N M}, ie. sp = 1,
(w(0),z4) > 0, and (wy(0),z_) <O0.

Step 1. The neuron must arrives in /\/li NM°in0O (%) time.

The case (wy(0),z_) = 0 is trivial. Then we only need to consider the case (w(0),z_) < 0.

First, we define the hitting time
Tie o= inf { € (0,71) : wi(t) ¢ MI M},

and we aim to estimate T},;; and prove wy (Thit) € Mi nM°.

We focus on the dynamics of (by(t), ) and (by (), x_).

From the definition of T},;; and (4), the dynamics of the neuron is:
dbp(t) K2 p

=2 T g < Ty
dt Jmltp’ Tty U= Shit

Then we have

d (bi(t), z+) < K2 P _pw > T
— = —=——c W,z )= — e+
dt vml+p vm(l+p)
d (bg(t),xz_) LT SO Kap cos A oI (0
+y L — .
dt vVml+p vm(1+p)

d(br(t),z4)

It is clear i

>0, 50 (br(t),z+) > (br(0), ;) > 0 for any t < Ty;;. If we denote

Thie,_ = inf{t € (0,T1] : (wi(t),z_) > o},
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then it holds:
Thit = Thit,—-

So we only need to estimate Ty, —. Due to Thiy < 17 < Tipi and Lemma C.2, for any ¢ < T, we
have |e’yif’?(t) — 1| < 0.11. Then for any ¢t < Ty, we have:
d (bg(t), x_) S 0.89kap cos A
dt ~— Vvm(1+p)

Recalling (w(0),24+) > 0 and (wy(0),z_) < 0, with the help of Lemma 1.2, we have
(wg(0),x_) > —sin A. Combining the two estimate, we have:

£0.89K49p cos Adt

(bx (1), ) > (br(0),2-) +

o vm(l+p)
. 0.89k9p cos A k1sin A 0.89k9pcos A
> — pi(0)sin A + t=— +
0) vm(1l+p) vm vm(l+p)
Hence,
1 A
Ty = Ty < (LHPIANARL ) KL
’ 089p K2 )

Step II. Dynamics after arriving in the manifold /\/li NMO.

In this step, we analyze the training dynamics after wy, (Thi) € MET N M.

First, we will prove wy(t) passes immediately from one side of the surface /\/li N MO to the other,
i.e. wy(t) enters into MT N M7 at time Tyt Equivalently, we only need to prove by (t) passes
immediately from one side of the surface 731' NPY to the other, i.e. by () enters into P_t NPT at
time 1.

For any b € Pjr" NPY and 0 < §p < 1, we know that PI NP separates its neighborhood B (l~7, 00)
into two domains G_ = {b € B(b,8) : (b,x_) < 0} and G, = {b € B(b,d) : (b,z_) > 0}.
Following Definition H.1, we calculate the limited vector field on b from G_and Gy.

(i) The limited vector field F~ on b (from G_):

db _ _ K2 P _
a =F 3 where F~ = ﬁ <1_|_p€ f+(t)$+> .

(ii) The limited vector field ™ on b (from G ):

db — Pt where Ft — 2 pe—F+ ) o, eff(t)mi .
dt ’ vm\ 1+p 1+p
(iii) Then we calculate the projections of '~ and F' onto _ (the normal to the surface PI NPY):
—f+(t)
— — RopE
Fy=(F ,x_) = ————cos A,
= ) vm(1+p)
_.f+(t) K ef*(t)
Fi=(F" ax_)= BoDC T osA - 28
= ) Vm(1+p) vm(1 +p)

From T} < Tini and Lemma C.2, we know |e~¥fi(Y) — 1] < 0.11, so pe=/+(®) cos A — e/~(*) >
0.89p cos A — 1.11>0, which means F; > 0. And it is clear that F'y; > 0. Hence, the dynamics
corresponds to Case (II) in Definition H.1 (Fy > 0 and F’ ; > 0).

(iv) Hence, by (t) passes immediately from one side of the surface P N PY to the other, i.e. by (t)
enters into PI NPT at time Thit.

Second, proceeding as in the proof of Step I~III of the Proof of Theorem C.3, we have the results:

(wi(Th), p) = (1 — 4.2\/@> (1 _ 2 )

1+ 0.7 (1+ LT} — Toe))

28



2
2(1 - 4.2\/@) 1- .15
1+0.7(1+11“2(10 2A”1))

2
1.15
14+0.7 (1 4+9.9 %)

Z(l - 4.2«/%1/@2) 1-—

pk(TI) < k1 + 1.1k9T17 < K1+ 11/K1k2 < 12\/kK1Kk2
ST Um ST Jm ST m

1.2
0.627 — [ = | dt
e NG 14+0.7(1+ —1;{52 t)

I (10+2A K
Ti 053k, . 0:53(104/52 “)R2 6) 5.3.0.88 FiFs _ 4.66/RiRs
>0 + dt = > v v
Th|c+wnl \% m vm A/m

T

pr(T1) = pr(To) +/

Thit+

O

Lemma C.5 (Positive, M N M),
For positive neuron k € {k € [m/2] : wi(0) € MT N MT}, after (’)(”}Q’;A) time, it goes dead:

fﬁpA)

K2

wi(t) € MTNMZ, foranyt > Tt > (9(

Proof of Lemma C.9.
We do the following analysis for any k € {k € [m/2] : w,(0) € MI N M}, ie. sp = 1,
(wg(0),xz4+) > 0, and (w(0),z_) < 0.

First, we define the hitting time
T = inf {t € (0,71 : w(t) & MT N Mt},

and we aim to estimate T},;; and prove wy (Thi) € M} N MZ.
From the definition of Ti,;; and (4), the dynamics of the neuron is:
dbp(t) ke 1
dt Jml+p

f (t)m—a t < Thlt

Then we have
d<bk(t)’m+>:<_'€2 1 ef(t)w7gj+> re 1 ef=® cos A,

dt vml+p T miltpt
di(t)z—) [ K2 1 g, o \__ ke 1 ff(t)
dt Vml+p T vml '

It is clear M < 0,50 (br(t),z4) < (br(0),z4+) <0 forany t < Ty If we denote

Thit,f := inf {t S (O,Tﬂ : (wk(t)7w,) < 0},

then it holds:
Thit = Thit,—-

So we only need to estimate Ty, —. Due to Thi, < T7 < Tipnie and Lemma C.2, for any ¢ < T, we
have [e~¥:/i() — 1| < 0.11. Then for any t < Ty, we have:
d<bk(t)7£lf,> < 0.89&2

dt - Vm(l+p)

29



Recalling (w(0),z4+) < 0 and (wy(0),z_) > 0, with the help of Lemma 1.2, we have
(wg(0),xz_) < sin A. Combining the two estimate, we have:

t
0.89%2
br(t), z_) < (by(0),z_) — ——=dt
(bi(t), z—) < (br(0), ) Tt p)
0.89k5 K1 sin A 0.89k49

<A = ey = T ym T Umien)

(1+p)sinA ky K1
Thit = Thi <— — — <T1 =10,/ —.
hit = “hit+ 0.89  ng o Ko

Moreover, the analysis gives us wy,(Thi,) € ML N MZ. By Lemma B.2, we obtain:

Hence,

wy(t) € ML NMCZ, forany t > Tiy.

O
Lemma C.6 (Positive, M, N MT).
For positive neuron k € {k € [m/2] : wi(0) € ML N MZ}, it keeps dead forever.
Proof of Lemma C.6. Due to Lemma B.2, this lemma is trivial. O
C.2 The Dynamics of Negative Neurons
According to the initial direction, all negative neurons (dx = —1) can be divided into the following

four classes.

[m] — [m/2]
={k € [m] — [m/2] : wy,(0) € MT A M} {k € [m] — [m/2] : wi(0) € My N MT}
U {k e m]—[m/2]: w,(0) e MI N M} U {k € [m] —[m/2] : w,(0) € ML N M_}.

In the following four lemmas, we will prove the dynamics of these four classes of negative neurons.
In summary, in Phase I (¢ < 71), some of the negative neurons move to the manifold ./\/13_ NMTina
shorter time and then remain on this manifold, and their norms grow slowly, while other negative
neurons go dead.

Lemma C.7 (Negative, Mj NM).

For negative neuron k € {k € [m] — [m/2] : wg(0) € MT N M}, in Phase I (t < T), it’s
dynamics must belong to one of the following two cases:

(i. Living). (S1). wy(t) € ./\/l?Ir NMT foranyt > (’)(ﬂ),

%)
v A
(S2). It has a small norm : p(T1) = (’)( K;’? ( % + ?))7
Y% 2

(S3). It is weakly aligned with x4 : {wy,(T1), x1) > 1 — (9((1 / ﬂ%)1'6);
K2

(ii. Dead). wy(t) € M7 N MZ foranyt > 0(%).
2

1+0 (k1K cos A—(1-0O(k1k .
Elfogmiﬁzgg_(HOEmm%‘130522 (wg(0), &), it must belongs to Case

@), if (wg(0),2,) > Eig%:i:z%%g;s;;(zg'fﬁ;zljzzg (wr(0), x_), it must belongs to Case (ii).

Moreover, if (wy(0),z_) >

Proof of Lemma C.7.
We do the following analysis for any k € {k € [m] — [m/2] : w;,(0) € MT N MT} ie. s, = —1,
(wg(0),z4) > 0, and (w(0),z_) > 0.
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Step I. Neuron must arrives in the border (MT N M™) in O(i1) time.

First, we define the hitting time
Ty = inf {1 € (0, T3] s wi(t) € O(ME N Mmh) ],

and we aim to prove Tj,;; exists and estimate T;s.

Recalling the decoupling d(MEI N ME) = (ML N ME)U (M2 N ME)u(MLNM2), we
only need to focus on the dynamics of (by(t), z,) and (b (t),x_).

From the definition of 7j,;; and (4), the dynamics of the neuron is:

dby(t) ko 1 i fi(t ( D -5 L0 )
:_77 e Ly = Paa— - B —7t<T1
dt Ze i \F 1+p° H 10 " hit
Then we have
dbr(t), z4) 7&( P o—feltg, _ 1 6f,(t)w_) -
dt m\1+p 1+p ’
ffﬂ(iem(t) 1 eﬁ(t)COSA)
m\l+p 14+p

dt vVm\l+p +p
_ "f2( P fe®) gog A — 2 f—(t))
= - — (& COSs — e .
Vm\l+p 1+p

Due to Ty < 11 < Tinie and Lemma C.2, for any ¢ < Ty, we have ’e yifi(t) _ 1‘ < 1.1,/Kk1K2.
Then for any ¢ < Tj;, we have:

d (bg(t), @) < _ﬂ((l — 1.1\/k1k2)p 1+ 1.1/Kiks COSA)

dt - \/ﬁ 1+p 1+0p
K9 ((1 — 1.1,//{1/‘62)]3 — (1 + 1.1\/;‘4,1/'62) COSA) /‘62(098]) _ 102)
S - S - 9
Vm(l+p) Vm(l+p)
d (by(t), z_) < _ﬁ((l —1.1\/kK1k2)p cos A — 1+ 1.1,/}@'1/@2)
dt - Jm 1+p 1+p
K2 ((1 —1.1\/kikg)pcos A — (1 + 1.11/%;1/12)) - 0.98k2(pcos A — 1)
- Vm(l+p) B 2ym(l+p)
Now we consider the time
3&1
Thest == —.
K2

If we assume T}os; < Thit, then we have the estimate:

Teest 155(0.98p — 1.02)

N I

(bi(Tiest), 1) < (b1 (0), ) _/0

K1 k2(0.98p — 1.02) 3K1
_\/> vVm(l+p) ke

which is contradict to the definition of T3,;;. Hence, we have:

L <o,

3;‘61
Thlt < Ttest < )
K2

which means neurons must arrive in the border (M N M7) in O(:2) time.
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Because I M NMT) = (ML NME)U (MO ML) U (MY NMY), the neuron must arrives
in M9 NMZF or M® N MTE or M9 NMO.. If the neuron arrives in MY N MY, it goes dead forever
(Lemma B.2). We will analyze the training dynamics after arriving in M9 N M* or M% N M7 in
the following Step II and Step III.

Step II. Dynamics after arriving in the manifold Mg nM*.

In this step, we will analyze the training dynamics after wy, (Thit) € Mi NMT,ie. after by, (Thit) €
PY NP

We first analysis the vector field around the manifold P?r NPT for Thi <t < Ti.

For any b € PN P* and 0 < §y < 1, we know that PO N P separates its neighborhood B(IN), 00)
into two domains G_ = {b € B(b,d) : (b,z,) < 0} and G, ={be B(b,d) : (b,z,) > 0}.
Following Definition H.1, we calculate the limited vector field on b from G_ and G .

(i) The limited vector field F~ on b (from G_):

b 1
L F~, where F~ = 22— /-y
dt vml+p
(i) The limited vector field ' on b (from G):
db —f+(®) f-@®
2 _ FT, where F* = — "2 (pe z, - - :c_) .
dt vm 1+p 1+p

(iii) Then we calculate the projections of '~ and F™ onto x4 (the normal to the surface 772 NPH):

Fo = (F~ rael~ A
v = Ty
f*(t) K 67f+(t)
Fi =(F" L Y L
V=) = ) VIR

From Ty < Tinic and Lemma C.2, we know |e~¥:/i(t) — 1| < 0.11, so pe~/+®) cos A — ef-(*) >
0.89p cos A — 1.11>0, which means F; < 0. And it is clear that F'y; > 0. Hence, the dynamics
corresponds to Case (I) in Definition H.1 (Fy, > 0 and F JJ\? < 0).

(iv) Hence, by (t) can not leave PJOF NPT for T, <t < Ti.

(v) Moreover, the dynamics of by on 793 NPT satisfies:

%:aF‘F—i—(l—a)F_, a:_f7N+,
dt n— Iy
which is
db}c (t) ligef’ ®)
a Vm(tp) (:c, T Ccos A).

By Lemma C.1, we know that the dynamics of wy,(t) on MY N M7 and the dynamics of py(t) are:

dwi(t) _ wgel®
dt pe(t)y/m(1+p) (”3— = (wi(t), @) wp — 4 cos A)- (15)
dpk(t) B Kzef*(t)
dt— m(1+p)

(vi) In this step, we aim to estimate py,(77) and (wy(t), z1).

From wy (Thit) € Mg N M™, it holds that (wy,(Thit), z+) = 0 and (wy(Thi), €_) > 0. Using
lemma 1.2, we have 0 < (wy(Thit), z—) < sinA.

(wi(t), x—) . (16)
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Recalling Lemma C.2 and the estimate of 7j,;; in Step I, we have:

0< pk(Th ) < K1 + 1~1’§2Thit
= it) > —

vm
and we can estimate the dynamics for T1;; < ¢t < T by (v)(vi):
do:(t () =)
0< prlt) _ _hae (wi(t),z_) < fr2c sin A,

=@ Vm(i+p) = Um(i+p)
e~ < 14011 =1.11.

Then we obtain the estimate of pg (¢) for any Ty, < t < T7:

t ) ()
dpr(s) K1+ 1.1koThie  keef-®sin A
t) = pi(Thi +/ ds < + t— T
P(t) = pi(Thi) . dt Jm g & D)
1.1koThie 1.11lkosinA K1+ 11k 1 11k, sin A
</<cl + 1.1K89Thit Ko Sin (T} = The) < 1 2%, Ko Sin (T} — 3/<;1)

=T Um Vm+p) S vmE)
<4.3/£1 + 1.11k9 sinAt
“vm o /m(1+p)

Specifically, we have:

4.3m1+1.11n2 sinAT < 4.3/¢1+11.1,//€1n2 sin A _ /F1k2 (43 ﬂ_’_ll.l sinA)
vm ' Vm(l+p) T Vm T Vm(l+p)  Vm N\ ke 14p

pr(T1) <

For any w € MY N M7, we have (w,z) =0, s0

I\ x_ —x cosA \ (w,z_) 1
(w,5) = <w, e —x cosA> |z —xycosA|  sinA (w,z-).

So we only need to focus on the dynamics of (wy(t),_) to derive the dynamics of (wy(t), z ).

By (15) and the estimate of py(t), for any Thi < ¢t < T1 we have:

d (wy(t), z—) _ - (1) |
dt - <Pk(t)\/M(1 ) (CIJ_ —(wg(t), x_) wi(t) — x4 cos A),ac_>
_ el sin? A — (w.(t). z_)? (1—0.11)k2 G2 A — (£ )
() ym(1 +p)( A — (w(t), z_) ) 2> 11p) (4.3’{1 N %0 ( A — (wi(t), z_) )
0.8952

> c oA 9 .
74-3(14‘1’)%1+1.11H2tsinA(Sm A <wk(t),:1:7> )

And we have 0 < <wk(%),w,> < sin A.

Now we consider the following auxiliary ODE:

() _ 0.89x 02
: dt 4.3(1+P)H1+1‘121n2tsinA <Sln A— Uz(t)) , (17)
U0) =0

and let U(t) is the solution of (13). We know that (wy(¢), x_) is an upper solution of ODE (17).
From the Comparison Principle of ODEs, we know this means:

(wg(t),x_) > U(t), forany ¢t < T1.

In order to estimate (wy(t), ), we only need to study the solution of ODE (17). It is easy to verify
that the solution of (17) satisfies

o sinA+U(t)\ o sin A\ 1.78kpA o 4.3(1 + p)k1 + 1.11kotsin A
sin A — U(t) sinA /) 1.1lkysin A 4.3(1+p)r1 + 3.33k1 sin A
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Then we have:

log <sinA + U(TI)) < 1.78 log (4.3(1 +p)k1 + 11.1\/K1R2 sinA)

sinA-U(T1) ) — 1.11 4.3(1 4 p)k1 + 3.33k1 sin A
K sin A K sin A
o1 (111,22 - 3.33) 982 oo [1s (111,22 - 3.33) 982
61lo : 61o
& 4.3+ 333528 & 46
10.7 [kasin A
1.61 14+ —/—
- og< 36\ 511+p)’
which means
2 .
ut)>|1- G sin A.
10.7 Ko sin A ’
(1 TRV e ) +1
Hence, we have the estimate of (w,(t), 1 ):
(i), wt) = — (wi(T).2_) > —U(T) > 1 ’
sy ) — ) — . X 1.6 :
sin A sin A (1 1939 %slliﬁ) 41

Step III. Dynamics after arriving in the manifold /\/li nM°.

In this step, we analyze the training dynamics after wy,(Thi) € MENMY, ie. by (Thi) € PLNPY.
Forany b € P} NPY and 0 < &y < 1, we know that P NP separates its neighborhood B(b, do)
into two domains G_ = {b € B(b,d) : (b,x_) < 0} and G, ={be B(b,d) : (b,z_) > 0}.
Following Definition H.1, we calculate the limited vector field on b from G_ and G .

Forany b € P NPY and 0 < §y < 1, we know that ;7 N PY separates its neighborhood B(b, do)
into two domains G = {b € B(b,d) : (b,x_) < 0} and G = {b € B(b,d) : (b,xz_) > 0}.
Following Definition H.1, we calculate the limited vector field on b from G_ and G .

(i) The limited vector field F~ on b (from G_):

db _ _ Ko p _
E:F , where F' :—ﬁl_’_pe f+(t)m+.
(ii) The limited vector field ' on b (from G ):
db —f+(®) f-@®
© _ FT, where F* = — "2 <pe z, — - :c_) .
dt vm 1+p 1+p

(iii) Then we calculate the projections of F~ and F™ onto a_ (the normal to the surface Pi NPY):

—f4(t)
_ _ Kope
Fy=(F ,z_)=—-"22_— _cosA
V=) = i
—fi(t) feoed— ()
Pt (g N = [ (Fepe Y A_z),
= (o) (fm(lm)“’s m(1+p)

From Ty < Ty and Lemma C.2, we know |e~¥/i(t) — 1| < 0.11, so pe—+®) cos A — e/~(®) >
0.89pcos A — 1.11>0, which means FJJ\} > 0. And it is clear that F'y; > 0. Hence, the dynamics
corresponds to Case (II) in Definition H.1 (Fy; > 0 and F; > 0).

(iv) Hence, by (t) passes immediately from one side of the surface Pi NP to the other, i.e. by (t)
enters into Pjr' NPT at time Ths.
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Then the dynamics of by, in Pi N P satisfies:

dbilt) _ K2 P —fig,

dt Cyml+p

(v) We define the following time, and our aim is to estimate Tiest,1:
Tyest1 : = inf {t € (Thie, T1] : (wi(t), 21) < Oor (wy(t),z_) > o},
Tiest,2 : = inf {t € (Thit, T1] : (wi(t), x4) < 0}

It is clear Tiest,1 < Tiest,2. Moreover, due to % = f\;—%ﬁe*ﬁ(t) cosA < 0 and

(b (Thit), z—) = 0, we know (by(t), z_) < 0 holds for any ¢ < Tiest,1. Hence, we have
Thest,1 = Thest,2, <wk(Ttest,1)7fI3+> =0, (Wr(Tiest,1),z—) <O.
And we only need to estimate Tieqt,2. For any Thiy, < t < Tiest,1 = Thest,2, We have

0.89k9p
Vvm(l+p)

dbelt) @) __F2 P g BT K2 P gy

dt N - vml+p
Recalling Lemma C.2 and the estimate of 7},;; in Step I, we have:

K1+ 11/62% 4.3k

VO

K1+ L1koThit

{0k (Thie), ®+) < [lpr ()] < N

< lpx(B)] <

Then for any it < t < Tiest,2, We have:

b 0.89kap 4.3rk1  0.89k9p(t — Thit)
s < _
The V(L +p) vm Vvm(1l+p)

<bk(t)>w+> < <bk(Thit)aw+> -
So we have the estimate

4.3k1(1 4.3-6 9
Trest,1 = Trest,2 < Thit + M < ( 7) M

0.89k9p 0.89-5
Recalling wy, (Tiest,1) € M3 N MZ and Lemma B.2, the neuron by, (t) keeps dead for any ¢ > T7.

R~ Rg

Step IV. Which subspace does the neuron select?

From Step II, we know that the neuron wy, () must arrives in M9 NMT or M% NMT or MG MO
In this step, we will analyze which subspace does the neuron select.

We only need to compare the following two times:
Thit,+ = inf {t € (0,71] : (b(t), z+) < 0}»
Thit,— = inf {t € (0,T1] : (br(t),z_) < O},

From the definition of T,;;, we know Thiy 4+ = Thi or Thig,— = Thi.

Recalling the proof in Step II, we compare the following two dynamics for ¢ < Tj;:

QO 22) 12 (D oot - Lot cosn)
dt VmAl+p T+p |
Qo)) _ K2 (P 1o gosp— L er-0)
dt VmAl+p Lty |

With the help of Lemma C.2 and the estimate of T},;¢, for any ¢ < Ty,
le™vifi) _ 1| < 1.1ko(k1 + 1.1koThit) < 1.1ko(k1 + 3.3k1) = 4.73kK1 Ko.

Hence, we have the estimate of the dynamics:

Ko ((1 + 4.73k1k2)p — (1 — 4.73Kk1K2) cos A) d (by(t), z) Ko ((1 — 4.73k1K2)p — (1 + 4.73K1K2) cos A)
< T <

vm(1l+p) dt - vm(1l+p)
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vm(1+p) - dt - Vvm(1+p)

(i) If the initialization satisfies (by(0), @) > HEpTamtealbees brLtlonre) (b, (0), a0, ), we will

prove that the neuron selects /\/lg N MT at Thie.

For any ¢ < T, we have the estimate:

Ko ((1 —4.73k1K2)p — (1 + 4.73K1K2) cos A)

(bi(t), +) < (br(0), 24) — NG t,
Ko ((1 +4.73k1Kk2)pcos A — (1 — 4.73/{1/12))
(be(t), ) > (Bi(0), ) — o t
(14 4.73k1k2)pcos A — (1 — 4.73Kk1K2) b (0 /@'2((1 — 4.73k1k2)p — (1 +4.T3k12) cos A) .
>(1 —4.73k1ka)p — (1 + 4.73K1K2) cos A (i (0), @) - Vm(1 +p) ’

Comparing these two inequalities, we have:
Thit,+ = Thiv < Thit,—,

which means
(b (Thit), z+) =0,  (bg(Thit), xz—) > 0.

So the neuron wy, (Thi) € MY N M.

(if) If the initialization satisfies (b (0), 1) > GEyTontesib(d-Brna 8% (. (0), @), we will

prove that the neuron selects /\/li N M at Tyt

For any ¢ < T, we have the estimate:

Ko ((1 — 4.73kik2)pcos A — (14 4.73/-;1;@2))

<bk(t)vw—> < <bk(0)7w—> - 2

Vvm(1+p)
Ko ((1 +4.73k1k2)p — (1 — 4.73K1K2) cos A)
(by(t), 1) > (B(0), w+) — N '

(1 + 4.73531,{2)2) _ (1 _ 4.73/@11€2) cos A 0 K9 ((1 — 4.73/‘61/4,2)]9 cos A — (1 + 4.73&1%2)) .

(1= 23m1ma)pcos & — (1 + 473y | (00 2-) J/m(1+p) ’
Comparing these two inequalities, we have:

Thit,— = Thit < Thit,+,
which means
(b (Thie), o) =0, (br(Thit), z4) > 0.
So the neuron wy, (Thit) € Mi MO,
O

Lemma C.8 (Negative, M, N M™).
For negative neuron k € {k € [m] — [m/2] : wi(0) € M, N MZ*}, in Phase I (t < Ty), we have:

(S1). wi(t) € MS N M foranyt < @(%pﬁ),
2

VEike . [k1 A
S2). It h 1 : T) = -
(S2). It has a small norm : py(17) (’)( - ( I£2_|_p))7
is ali i 1 1 K1 P16
(S3). It is aligned with x7 : (wi(T1),z3) > 1 — C’)((1 [—=) )
HQA
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Proof of Lemma C.8.
We do the following analysis for any k € {k € [m] — [m/2] : w;,(0) € M7 N ML} ie. sp = —1,
(wg(0),z4+) <0, and (wg(0),z_) > 0.

Step 1. The neuron must arrives in M9 N M7 in O ( %) time.

The case (wy(0), z4) = 0 is trivial. Then we only need to consider the case (w(0),z1) < 0.

First, we define the hitting time
Ty = inf {t € (0, T3] s wy(t) ¢ M 1 M*},

and we aim to estimate T},;; and prove wy,(Thit) € MY N M.
We focus on the dynamics of (by(t), z1) and (b (t),xz_).
From the definition of T};; and (4), the dynamics of the neuron is:

dbp(t) _ k2 1y
dt vml+p

z_, t < Th.

Then we have
d (b (t 1 A
d{br(t), z+) _ <“2€f(t)w7w+> _ _h200sA p ()

dt vVml+p vm(l+p) ’
d{bi(t),z-) _ <@1ef(t>w . > _ R
at it ) S Uit
It is clear % > 0,50 (b(t),x_) > (by(0),z_) > 0 for any ¢t < T;;. If we denote

Thit7+ ;= inf {t S (O,Tﬂ : <'U)k(t),$+> S 0},
then it holds:
Thit = Thit,+-

So we only need to estimate T 4. Due to Thiy < 17 < Tinic and Lemma C.2, for any ¢ < Tji¢, we
have [e~¥:/i() — 1| < 0.11. Then for any t < Ty, we have:

d(bp(t),z+) _ 0.89k3cos A

> :
dt vm(1+p)

Recalling (w;(0),z1) < 0 and (wg(0),xz_) > 0, with the help of Lemma 1.2, we have
(wg(0),z4) > —sin A and (wy(0),z_) < sin A . Combining the two estimate, we have:

£ 0.89K4 cos A

b.(t), > (b, (0), + ——dt
(bi(t), @+) = (br(0), T4) . mi 1)
. 0.89k5 cos A k1sin A 0.89k5 cos A
> — 0)sin A + t=— + t
o) 1+ ) Vi T m+p)

Hence,

(I1+p)tan A ky
Tise = Ths <7—<2A—<T_10
hET IR = TTT080 ke ! o

Moreover, we can estimate of pg (Thit ).

Since (wy(t), z+) < 0 and (wy(¢),z_) > 0 hold for any ¢t < Ty, with the help of Lemma 1.2, we
have (wy(t), z_) < sin A. Combining (7), for any ¢ < T};;, we have

Pr(t) < pi( / m T~ (wy (1), @) dt
1. 11/12 1 11k sin A
/ sin Adt < \F () —_— .
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Step II. Dynamics after arriving in the manifold Mg NnM*.

Proceeding as in the proof of Step II in the Proof of Theorem C.7, we have:

wy,(t) can not leave MY N M7 for Ty, < ¢ < Ty. Moreover, the dynamics of wy, on M9 N M7
satisfies:
dwy,(t) )
n :pk(t)\/ﬁ(l ) (:n, — (wg, x_) w — x4 cos A),
dow(t f-@®
pr(t) _ e (wk(t),:n_),

dt m(1+p)

dby(t)  keel-®
i 7\/rn(1+p)(a:_fa:+cosA>.

Recalling the estimate of T, in Step I, we have

K1 1.11k9 sin A

Thi — t+ ——Thit-
oullion) < b )
As the proof of Step II in the Proof of Theorem C.7, for any 71,5y < t < 11, we have
t () o
dpk(s) K1 1.11k9sin A Koel— (1) sin A
t) = pr(Thit) + ds < +—Thit + ———(t — T
o) = el | 5500 = e S e+ S )

K1 n 1.11k9 smAT n 1.11kosin A K1 n 1.11k9 sinAt
=< hi ——=t —t
«/ Vm(l+p) T /m(1+p) vm o /m(1+p)
Combining the estimate in Step I, for any 0 < ¢ < 77, we have:

oul(t) < K1 111/{2 smAt
Vm i+ p)

(t - T’hit) =

Specifically, we have:

i 111MSIHA m i
) < Tt ey mﬁgﬂ“ )

Similar to the proof of Step II in the Proof of Theorem C.7, we have the estimate of the dynamics of
(w(t), ®-):
d (wg(t),z_) < 0.89k2
dt ~ (1+p)k1 + 1.11kotsin A
0 < {(wg(0),z_) < sinA.

In the same way, we can derive

(sin2 A (wk(t),m_)z), 0<t<T,

2
(wp(TY),z_) > | 1— 16 sin A
K2 sin A
(14101, fema) g
Hence, we have the estimate of (w,(t), 1 ):
1 2
<wk(TI)7mi—> N (w(T1), z-) > 1— i 1.6 :
(14101, fmema)

Lemma C.9 (Negative, Mi NM2D).
For negative neuron k € {k € [m] — [m/2] : wi(0) € MI NMZ}, it keeps dead:

nlA>

()€M+ﬂ/\/l_,f0ranyt>TI>(’)( -
2
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Proof of Lemma C.9.
We do the following analysis for any k € {k € [m] — [m/2] : w;,(0) € MI N M_}, ie. sp = —1,
(wg(0),x4+) > 0, and (w(0),z_) <O0.

First, we define the hitting time
Ty = inf {t € (0, T3] s wy(t) ¢ ME M=},

and we aim to estimate T},;; and prove wy (Thi) € ML N MZ.

From the definition of T},;; and (4), the dynamics of the neuron is:

dbp(t) K2 p

2 —f+(®) t< Tt
at Jmltp.  Fh b hi

Then we have

d(be(t),z) _/ K2 P ;o —_f2 P -ne
N\ Vmitp.  TPE) T TUmiet

dbelt)@-) [ K2 P g p N2 P of0) o,
dt Vml+p ’ ml+p

It is clear % < 0,50 (b(t),x_) < (by(0),z_) <0 forany t < Ty;;. If we denote

Thios = inf{t € (0,T1] : (wi(t), z4) < o},

then it holds:

Thit = Thit,+-
So we only need to estimate T,i; 4. Due to Ty < 17 < Tinie and Lemma C.2, for any ¢ < Tj;¢, we
have |e~vifi(t) — 1 < 0.11. Then for any ¢t < Ty, we have:

d (b (t),x) < 0.89k9p

& = Vm+p)

Recalling (w(0),z4) > 0 and (wg(0),xz_) < 0, with the help of Lemma 1.2, we have
(wg(0),z4+) < sin A. Combining the two estimate, we have:

b 0.89kap
b (1), < (b (0), — ———dt
<k()m+>—<k()x+> O\/m(1+p)
0.89k9p K1 sin A 0.89k9p

< O)sin A = ) T T Vi)

(1+p)sinA ky K1
Thit = Thit 4+ LK ————— <T1 =10,/ —.
hit hit,+ 0.89p Ko ! K2

Hence,

Moreover, the analysis gives us wy(Thi;) € M N MZ. By Lemma B.2, we obtain:
wy(t) € ML NMZ, forany t > Thy.
O

Lemma C.10 (Negative, M, N MT).
For negative neuron k € {k € [m] — [m/2] : wi(0) € ML N ML}, it keeps dead: w(t) €
ML N M foranyt > 0.

Proof of Lemma C.10. Due to Lemma B.2, this lemma is trivial. O
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C.3 Initialization Estimation and Proof of Theorem 4.1

To get the number of neurons in the eight classes in the subsection above, we also need to estimate
the initial positions of these neurons under the random initialization.

Lemma C.11 (Initialization Estimation).
Ifm = Q(log(1/6)), then with probability at least 1 — 8, we have:

’#{k e [m/2] : (wi(0),z4) > o} - %‘ <0.04m,
#

{k e [m] — [m/2] : (wp(0),z_) > 0, (w(0),z_) > A (w(0), z) } >0.075m,
#{k € [m] — [m/2] : (wi(0),2_) > 0, (wy,(0), z,) < B (wy(0),z_) } <0.205m.

_ (144.73k1k2)pcos A—(1—4.73Kk1Kk2) _ (144.73k1K2)p—(1—4.73Kk1K2) cos A
where A = (1—4.73r1r2)p—(114.73r1r2) cos A and B = (1—4.73r1r2)pcos A—(1+4.73r1r2)
in Lemma C.7).

(mentioned

Proof of Lemma C.11.
(i) By Hoeffding’s Inequality (Lemma I.1), for any ¢ > 0 we have:

m me 2 1
: - > — | = — — = >
P(\#{k € m/2] : (wi(0),m4) > 0} - 7| = 2 ) P( = 3 {(wi0),z:)>0p - 5| >
ke[m/2]
2
- ( = Z I{ (w,(0), 1) > 0} —IE[]I{ (wi(0),y) > 0}} > e>
ke[m/2]
2(m 2.2
<2exp ( - %) = 2exp(—me?).
2
(ii) From wy (0) ~ U(S91), without loss of generality, we can let z_ = e; and ¢, = e; cos A +
essin A.
So we have:

{k € m) = m/2) : (wi(0), @) > 0, (wy(0),2-) > A(wy(0),24) }
:{k € [m] — [m/2] : wg,1(0) > 0, wy,1(0) > A(wk,l(O) cos A + wy, 2(0) sinA)}

:{k € [m] — [m/2] : w1 (0) > 0, (1 — Acos Aywy,1(0) > Awg 2(0) sinA}.

From (6), we have A > 0 and

((1 + 4.73k1Kk2) cos A — (1 — 4.7351,%2)) (p+1)

(1 —4.73k1Kk2)p — (1 + 4.73k1K2) cos A

K/IKQ( + cos ) p +10 S 1 + /fll’i2 —_ S 1 —+ 12.66&152,
1—4.73k1ky  p— 10 — 15 71

A=1+

<1+

((1 + 4.73k1R0) cos A — (1 — 4.73n1n2)) (p+1)
(1 —4.73k1K2)p — (1 + 4.73K1K2) cos A

oy ATrims (L4 cosA) 4 (L—cosA) p+l . FH+ A% 90

- 1-— 4.73:‘{1/4}2 p— %) B 1-—

2 41
>1-— 19+19%>078

= 18 = V.10,

A=1+
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1—AcosA 1-A 12.66/{1,‘{2 12.66%1&2 12.66/‘61%2 25.5!%1,‘62 1
> > — > — > — > — >
AsinA T AsinA T AsinA T 0.78sinA T 0.782A T A = 100

For simplicity, we denote the event

Ay o= {wia(0) > 0, fﬁwm(m > wia(0) ), k€ m] — [m/2]

Then we have the estimate:

#{/4; € [m] — [m/2] : wr,1(0) > 0, (1 — Acos A)wy,1(0) > Awy, 2(0) sinA}

>#{k € m] — [m/2] : wea(0) > 0, —ﬁwmm) Swo0)) = Y T4
ke[m]—[m/2]

We first estimate the lower bound for E[I{A,,}]:

E[H{Am}} = P(4,,) = P(wml(O) > 0, ——— w1 (0) > wm(o))

100
~ 1
gNOLdp (G g G 92 ) P<91 >0,q1 < —100g2) - P<g1 > 0,91 < 100g2)
lgll 100 figll = llgll
:P(10092 > g > O) > supIP’(gg > t,100t > g1 > O) g~ 0.1) supIP’(g > t)IP’(lOOt >g> 0)
>0 >0

ZP(g > %)P(m >g> o) > 0.23.

Secondly, by Hoeffding’s inequality (Lemma I.1), for any € > 0, we have

P( Y A} -0.115m < J;%) <IP’< > KA - ZE[{An}| < J;%)

ke[m]—[m/2] ke[m]—[m/2]

2 2(%)262 2
=Pl = — —el| < N2 ") o _
P(m Z I{Ax} E[H{Am}] < e) < exp( = ) exp(—me~)

ke[m]—[m/2]
(iii) This proof is similar to (ii). From w(0) ~ U(S%1), without loss of generality, we can let
x_ =ejand ¢, = ej cos A + egsin A,

so we have:
{k € tm] = m/2] : (wi(0),2-) > 0, (wi(0), @) < B (wy(0),2-) }
:{k € [m] — [m/2] : w1 (0) > 0, wp.1(0) cos A + wy 2(0) sin A < Bwk,l(O)}

:{k € [m] — [m/2] - w1 (0) > 0, (B — cos A)wy.1(0) > wg.2(0) sinA}.

From (6), we have B > 0 and
(14 4.73k1K2)p — (1 — 4.73K1K2) cos A
(1 —4.73k1K2)pcos A — (1 + 4.73k1K2)
(14+4.73k1K2)(p + cos A) — (1 — 4.73r1k2)(1 + pcos A) cos A
(1 —4.73k1K2)pcos A — (1 + 4.73K1K2)
p sin? A +4.73k1k2(p + 2cos A + pcos? A)  sin® A4 9.46k1k0 p+1

B —cosA = —cos A

(1 —4.73k1k2)pcos A — (1+4.73k1k2)  — 1 —4.T73k1k2  peosA — 2
A 06 Ay i1 _SntA L0465 poid
= I 9 0 = T 5 o
-1 0P~ 9 =15 00~ o
0315+ 2882 10 sin A
= 8 5T 10 sin A < ,
19 109
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For simplicity, we denote the event

By = {un1(0) > 0, %wk,l(o) > wis(0)}, k€ m] — [m/2]
Then we have the estimate:
#{k € [m] = m/2] : w1 (0) > 0, (B — cos AJwy1(0) > wy2(0) sin A }

<#{k e m] — [m/2] : wea(0) > 0, %wk,l(()) Swo0))= Y KB,
ke[m]—[m/2]

We first estimate the lower bound for E[I{B,, }]:

E{H{Bm}} — P(B,,) = P(wm,l(()) >0, %wm,l(()) > wk,Q(O))

. 1
g N(O’I“’)P<91 >0,- 9 > 92> =B(91> 0,01 > 202) =01 > 0,92 <0) + P2 > 202> 0)

gl = 7 21lgll = lgll
1 11 [ 2oz e 1 1 [t®g .2
=— ]P’( > 2 >0)<7 — —T/ “Tdydr < = + — Zem T d
g o> 2 Satag ), ¢ ) ¢ TwEE gt e T
L1
—4  Ax’

Secondly, by Hoeffding’s inequality (Lemma I.1), for any € > 0, we have

IP’( S B - (é + %)m > 7;%) < IP( Y B - %E[H{Bm}} > 7;%)
ke€[m]—[m/2] ke[m]—[m/2]

(23 s sl <on(- 1) onn

2

ke[m]—[m/2]

let € = 0.08 and § = 4 exp(—me?/2). Combining the uniform bounds in (i)(ii)(iii), we obtain this
theorem:

2log(4/6)
Ifm > o.gos2

, then with probability at least 1 — §, we have:
#{k € m/2) wi(0),24) > 0} = 7| <0.04m,
#{k € [m] — [m/2] : w1 (0) > 0, (1 — Acos Aywy,1(0) > Aw2(0) smA} >0.075m,
#{k € [m] — [m/2] : wi.1 (0) > 0, (B — cos A)wy.1(0) > wy,2(0) sinA} <0.205m.
O

So far, Lemma C.3, C.4, C.5, C.6, C.7, C.8, C.9, C.10 characterize the training dynamics of each
neuron in Phase I, and Lemma C.11 estimate the initial positions of the neurons. Now we can prove
our main theorem in Phase 1.

Theorem C.12 (Restatement of Theorem 4.1).
Under the data Assumption 3.1, let the two-layer network trained by Gradient Flow (2) starting from
random initialization. Let the width m = Q (log(1/4)), the initialization scales satisfy (6). Then with

probability at least 1 — 9§, the following results (S1)~(S5) hold at the end of Phase I (T} = 10 :—;)

(S1). For positive neurons k € [m/2] (s, = 1), let K4 be the index set of living neurons, i.e.
Ky == {k € [m/2] : wy,(T}) € ML UM} Then 0.21m < |K4| < 0.29m. Moreover, for any
neuron k € K, it has the following properties (P1)(P2).

4.66,//&21/{2 S pk(TI) S 12\/1431//»'2 )
Jm Jm

(P1). Its norm is small but significant :
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(P2). Its direction is strongly aligned with p :

9
1.15
14+0.7 (1 4+9.9 g)

(wi(Th), ) = (1 4.2y/mms) [ 1-

(S2). For negative neurons k € [m] — [m/2] (s, = —1), let K_ be the index set of living neurons, i.e.
K- :={k € [m] —[m/2] : wy(T7) € ML UM} Then 0.075m < |K_| < 0.205m. Moreover,
for any neuron k € K_, it has the following properties (N1)(N2)(N3).

VE1Ks (43 K1 n 11.1sinA)
vm N\ ke 1+p /°
(N2). It lies on a manifold perpendicular to . : wy,(t) € M5 N M*.

(N1). Its norm is tiny : pp(17) <

2

1.6 .
K2 sin A
(14232, [=3ma) " 11

(N3). Its direction is weakly aligned with :c+ <wk(TI) > >1-—

(S3). For other neurons k ¢ K U K_, it will remain dead forever:

wk(TI) € Mjr N M:, bk(t) = bk(TI), YVt € [TI7+OO)
(S4). The predictions for x and x_ have the estimate:

1
0.978@W1@((L)2 - 0.11) <fi(T}y) < 3.85ko\/Riz,

+1
1
0947<(p—|—1) cos A — 02) <f-(T1) < 3.85k2/K1K2,

and the training accuracy is Acc(T1) =

+
(SS)O<0258<0070<M§ 5 < 0.977 < 1.

Proof of Theorem C.12.
This theorem is a corollary of Lemma C.3, Lemma C.4, Lemma C.5, Lemma C.6, Lemma C.7, Lemma

C.8, Lemma C.9, Lemma C.10, and Lemma C.11. We focus on the end of Phase I: 171 = 10

Proof of (S1)(S2). From Lemma C.11, we know that: if m = €2 (log(1/0)), then with probability at
least 1 — 4, we have:

‘#{k e [m/2] : (wi(0), z4) > o} - %‘ <0.04m,
#{k € [m] — [m/2] : (wp(0),z_) > 0, (w(0),z_) > A (w(0), z) } >0.075m,
#{k € [m] — [m/2] : (wi(0),2_) > 0, (wy,(0), z4) < B (wy(0), z_) } <0.205m.

_ (144.73k1k2)pcos A—(1—4.73k1K2) and B — (144.73k1k2)p—(1—4.73Kk1 Kk2) cos A

where A = (1—4.73r1r2)p— (14 4.73r 1 r2) cos A = (1—4.73r1r2)p cos A— (11 4.73r1ra) "

Recalling the dynamics analysis in Lemma C.3, C.4, C.5, and C.6, we have:

0.21m < |K4| = #{k € [m/2) : (wi(0), ) > 0} < 0.29m.

Recalling the dynamics analysis in Lemma C.7, C.8 C.9, and C.10, we have:
| > #{k € [m] — [m/2] : (wi(0),z_) > 0, (wi(0), z_) > A (wy(0), ) } > 0.075m,

| < #{k € m) = [m/2) - (wi(0), @) > 0, (wi(0), 24) < B {wi(0), %) } < 0.205m.
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Moreover, the estimates in Lemma C.3, C.4, C.5, and C.6 ensure that for any k € K, the following
results hold:

2
1.15 ?
1407 (1 +9.9 g)

A60VERs _ g 12V
vm vm

Similarly, the estimates in Lemma C.7, C.8 C.9, and C.10 ensure that for any k € K_, the following
results hold:

(wi(T), 1) = (1 - 42y [ 1-

NG k1 1l.1sinA
Ti) < (4.3 — 4+ 7);
pk( I> - \/771 K2 1 —|—p
wyi(T7) € ./\/19|r nM*;
2

<wk(TI),wi> >1-— — 1% .
(1 4232 ?pr) +1
Proof of (S3). A direct corollary of Lemma C.3, C.4, C.5, C.6,C.7, C.8, C.9, C.10.

Proof of (S4). (S4) are direct corollaries of (S1)(S2).

For f (11), we have the following estimate:

f+(T) = Z a0 (bk(TI)T:B+) + Z ago (bk(TI)Tw+)

kel kek_
= Z axo (bk(TI)T;[:Jr) +0= Z %Pk(TI)U (wk(TI)TiB+>
keK ke
> k§+ \;%W (wi(T1), x4) > kgéf \;%466&/7217’{2(<M7m+> —wg(T7) — IJJH)

ko 4.66\/K1ko
= 2]l (z,24) — 24 2 (wk(T1), 1)
kEZK:Jr\/m \/* ( + kL1 “)

4.66k0\/Fiks (p—1p—cos A 2
>IK, ] K24/ K1K2 (P 1}? Coi ,2+2(1—4.2\//€1/€2* 1_15)>
m p+1l p+ 1+0.7(1+9.9 )
—1p— A 4
>0.21 - 4.66k0+/F1R2 <plpcoi — 8.4\/F1ks — 1.15>
ptl p+ 1+0.7(1+9.9\/§i§)
p—1\? 4
>0.978k2+/K1k2 1) 8.4\/K1ka — 1.15
P+ 1407 (1+9.9,/2)
Co.978 P=lyn g1,
>0. mM((m) : >,
Z —pi(Th)o (wi(T) "4
kE’C+ \/7
Ko 12\/K1kg Ko 12\/K1ks
< — - < L vV - _
< Y om e twT) ey < 3 SRS () + (T - )
keK keK
o 12@(
I L AV 2 — 2 (wi (T, )
kek vmo /m 2|l (2, 2) + (wi(T1), p)
+
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+ 2 — 2 + 8.4\//€1I{2 +

12K9+/K1FK2 p—cosA
IRy m - p+1

4

140.7 (1 + 9.9\/E)1‘15>
4

140.7 (1 n 9.9\/E)l'l5>

(6) 4
<3.4 \ﬁ(l 084 ) < 3.85ka\/F1Fa.
_3 8/12 R1K2 + 0 08 =+ 1 n 07(1 T 99)1_15 =~ 3 85/12 R1K2

cos A

<0.29 - 12k9\/F1rs <1 P— B2 | 84 /rirg +

Then we have:

1
0.978ko+/R1ka ((%)2 - 0.11) < fo(T1) < 3.85Ka\/R1ka.

In the same way, we can estimate f_(77):

F(@) =Y aro (be(T) Tz) + Y aro (be(Th) 'z-)

keK 4 kek
166 11.1sin A
S DL P o LRI PR i) (i (), -)
Jm Jm m \/m K2 1+p
keky kek—
Ko 466\/% K9 m ].
- LO0vRIRS (Y k(T — ) — 2 0.43 + A
,kezlc: NN ((u x_) — [Jwi(T1) #||) k; Jm Jm ( 12 )Sm
: g
4.66 —lpcosA—1 2
Sk koy/Kiky [ p —1pcos _2+2@_42WH@F- 1w)
m p+1 p+l 107 (1+99,/52)

- |IC_|¥ -1.355sin A

p—1pcosA—1
p+l p+1

>0.21 - 4.66K2+/K1K2 ( - O.ll) —0.205 - 1.355sin Ako+/K1K2

-1 -1
NG <0.978(p+1)2 cos A —0.11 — 0.28sin A) >kior/Rika (0.947(1”+1)2 cos A —0.11 — 0.07)
P P

>0.947 (( 1) cos A — 0. 2>
p+1

fo(m) = > axo (b(T) @) + Y aro (bp(Th) ")

keIC+ kek_

VR (1), ) — 0

< .
kE/C+ \/ﬁ \/>
JE@(
- =l 2 @) +2 = 2 (wi (1), ) )
ke \/m f
+
129\ /F1Rs A1 4
<|K4] foyiile (1 . pc0s+ 1 +2—2484\/K1Kko + 1.15)
m p 1+0.7(1+9.9 )
pcos A — 1 4
<0.29 - 12k9+/K1k2 | 1+ — 1 + 8.4\/K1k2 + 115
P+ 1+o.7(1+9.9 “2)

(©6)
<3485 /Rrrez (1+0.084 + 15 ) < 3.85ka/Fiks.

1+0.7(1 + 99)
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Them we have:

1
0.947 ((]’;)2 cos A — 0.2) < f_(T}) < 3.85kor/RiFs.

+1
Due to f4 (1) > 0 and f_(T1) > 0, we obtain ACC(T}) = %
Moreover, from Theorem C.12 (S1)(S2), we have
0.075m K- m_ _ 0.205m
0<0.258< <a=——=—X <0977 < 1. 18
=029m =TIk T my © 021m (1%
O

Remark C.13. The results in the following proofs are all based on the occurrence of the events in
Theorem C.12. All of these results use the same settings as Theorem 4.1, except using a stronger
condition on the initialization parameters (3) than (6) in Theorem C.12. So they all hold with
probability at least 1 — 6.
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D Proofs of Optimization Dynamics in Phase 11

In this phase, we study the dynamics before the patterns of living neurons change again after Phase I.
Specifically, we define

Tiy == inf{t > T} : 3k € K+ UK_, sgn; (t) # sgn; (11) or sgn;, (t) # segn, (T1)},
and call ¢ € (71, Ty1| Phase II.

Recalling the results in Theorem 4.1, during Phase II, the activation patterns do not change with
sgn; (t) = sgn; (t) = 1 for k € K, and sgnj (t) = 0,sgn; (t) = 1 for k € K_. Theorem 4.4
demonstrates that at the end of Phase II, except for one of living positive neuron kg € K. precisely
changes its pattern on x_, all other activation patterns remain unchanged.

Recall that at the end of Phase I, (i) the neuron k ¢ K, U K_ is dead forever; (ii) as for the living
neuron k € K4 U K_, the activation patterns are:

sgn/ (t) = sgn;, (t) = 1fork € K ;
sgn;‘(t) =0,sgn, (t) =1fork e KC_.
In this section, we will focus on the Phase when the negative neuron k£ € XC_ still stays on the

manifold M9 N M (hence is still dead for ) and the positive neuron k € K is still activated
for _. In general, we aim to estimate the

As stated in the main text, we define as following hitting time:
Tip := inf {t >Ty:3k € Ky UK_,sgn) () # sgn, (T1) or sgn;, (t) # sgn;, (TI)}
— inf {t > Ti:3k € Ky, st (wi(t), z1) < 0or (wy(t),z_) <0, (19)
or Ik € K_, st (wi(t), @) #0or (wi(t),z_) < o},

and we call 77 < ¢t < Ty “Phase 11",

First, we define a more relaxed hitting time than 771, only about the change of living positive neurons:

T = inf {t >Ti: 3k € Ky, st (wi(t), z4) < 0or (wy(t),z_) < 0}. (20)

Noticing that the changes in activation partitions are essentially caused by the change of discontinuous
vector fields, we first define the following auxiliary hitting time:

Ty =T Ainf {t > Ty : (F(t),x4) <0},

oty 1
1+p 1+p

21

where F, () = ef-Og_
We call Ty < ¢ < T3] “Phase IT*”.

In the subsequent proof, we first meticulously characterize the optimization dynamics in Phase IT*
and then prove 111 = Tﬁ' = T71. The crucial proof technique is fine-grained prior estimations for 2d
ODEs on f (t) and f_(t), leading to the vector field estimation.

To begin with, we establish the following lemma about the optimization dynamics of living neurons.

Lemma D.1 (Dynamics of living neurons in Phase II*).

In Phase IT*, t € [I1, T}, we have the following dynamics for each neuron k € K_ U K.

(S1) For positive neuron k € K, we have:

wi(t) € MT N MT,
dbgt(t) = %FJr(t) = % (1_1|)_pef+(t):c+ - 1ipef(t)w) .

(S2). For negative neuron k € K_, we have:
wy(t) € /\/19r nM=,
dby(t)  koel-®

dt - m(1+p)

(w, — Ty cos A).
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Proof of Lemma D. 1.

(S1) Let k € K. Recalling the definition of 77}, it holds that (w,(t), ) > 0 and (wy(t),x_) >0
for any Tt <t < Tj, so the dynamics holds.

(S2) Let k € K_. Recalling the definition of T}, it holds (F 4 (t),x4) > 0 for any 71 < t < Tf;.
Due to wy,(T7) € M9 N M™, we first analysis the vector field around the manifold 733_ NPT for
T <t <Tp.

Forany b € P NPT and 0 < 8§y < 1, we know that P N P separates its neighborhood B(b, do)
into two domains G = {b € B(b,dp) : (b,x4) < 0} and G = {b € B(b,d) : (b,z4) > 0}.
Following Definition H.1, we calculate the limited vector field on b from G_ and G .

(i) The limited vector field F~ on b (from G_):

db 1
— =F~, where F~ = B2 2 iy
dt vVml+p
(ii) The limited vector field F* on b (from G ):
@:F+ WhereFJr:—ﬂ pe*f+(t)x —ef_(t):c '
dt ’ vm\ 1+p T 14pT
(iii) Then we calculate the projections of F'~ and F'* onto 2. (the normal to the surface P?r NP
f-@)
_ _ KRo€
Fy=(F ,x,)=—————cosA,
v =) = )
f=(t) Kkope— I+ ()
Fy=(Ft o) =2 _cosA—22°  _
v +) vm(1+p) vm(L+p)

We further define the hitting time to check whether wy () € /\/13 NAMFEforTy <t < T
Hi=TiAnf{t > Ty : 3k € K_, s.t. (wi(t),z_) <0}.

From the definition of 7}, we know (F 4 (t),z) > 0 forany T} < t < T};, so F; < 0. And it is
clear that 'y > 0. Hence, the dynamics corresponds to Case (I) in Definition H.1 (F'y, > 0 and
Fy¥ < 0), which means by,(t) can not leave PY (i.e., (by(t),z4) = 0) for t € [T}, 7], and the
dynamics of by () satisfies:

db N
7:OZF++(170[)F7, a:_fiNatE[ThTi_]v
dt In =TI
which is
db(t) koel-® (
T_—x cosA), te [Ty, 7.
at /m(1+p) * 7,77
By Lemma C.1, we know that the dynamics of wy, () on M9 N M7 and the dynamics of py(t) are:

dwk(t) . /{2€f— (t) ‘
dt pr(t)vm(1 +p) (az_ — (wi(t), ) wi — a4 cos A)-
dpk(t) . n2€f7(t)

dt Vm(l1+p)

From this dynamics, for any ¢ € [17, Tf], we have

(br(t), z_) = (by(0), z_) + /Ot <db§8(3),m_> ds

t el ()
= (bk(O),w_> + m SiIl2 Ads > <bk(0),$_> > 0,
0

(wi(t),z-) .

which means that T = 77
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Noticing that Lemma D.1 determines the activation patterns for living neurons in Phase IT*, the next
lemma gives the first-order dynamics of f (¢t) and f_ (¢).

Lemma D.2 (First-order dynamics of predictions in Phase IT*).
In Phase IT* (T1 < t < T1}), we have the following dynamics for f.(t) and f_(t):

—fr ) Gf®)
df () _ Hzﬁ(pe _ e A>’

dt P m\ 1+4p 1+p
df (¢ —f+(®) =@ _ef-®
/ ()=H§%<LCOSA—6 )— gm—e sin? A
dt m 1+p 1+p m 1
Proof of Lemma D.2.

From the definition of TI"‘I, forany 71 <t < TI*I, we have

=3 5 = X oz = 3 b Dy,

kEK+ keIC_ ke
Ro .1 Ry . T
kEK:+ keK_ ke keK_

With the help of Lemma D.1, we have the dynamics of predictions:

df+(?) Ko/ dbg(t) K3 P _r L v
_— = _ = —= _— ) — - A
dt Z vm a0t m Z (1 +pe 1—|—pe €0 )

ke, kel
—f+(@) f-(t)
M+ g(pe ¢ COSA).
1+p 1+p
df-(t) _ )3 K2 <dbk(t) . > S K2 <dbk(t) o >
dt vl Vm dt ol vm dt
2 F+(t) =) 2 f-(@)
_ (pel cos A — el ) _n Z 61 (1 — cos? A)
m ke, - Tp M ex_ Tp
—f4(t) =@ -
*&ng (pe cos A — & ) - e %e sin? A
1+ 1+p m 1+p

Due to the specificity of the first-order dynamics, the following lemma gives an second-order
autonomous dynamics of predictions, which is is the core dynamics in this phase.

Lemma D.3 (Second-order Autonomous Dynamics of predictions in Phase I1¥).
Consider the following two variables:

Ut) = ﬂg%me f4(t )’
m t
V(t) KQ? 1+pef ®.
Then the following autonomous dynamics of U(t) and V(t) hold in Phase IT* (11 < t < T}}):
WO — U ()V(t) cos A — UA(L),
W) _ U)V(t) cos A = V2(t) (1 + asin® A) .

dt
Proof of Lemma D.3.
Recall the first-order dynamics in Lemma D.2:
dfs(@® _ 2my (pe O IO
dt =k Fp T CosA),
df_(t) _ o omy peif+(t) ef— () om_ ef=®) . 9
“@ =Ry (P c0s A - S ) - Ry Sy sin® A
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Then this proof is a straight-forward calculation:

dUu(t)  ,my p de S+ 2My P e_f+(t)df+(t)

& Pmil+p & 2Tm 1+p a
df(t
=—U(t) f gt( ) _ U)V(E) cos A — U (L),
dV(?) —2me 1 de/~ 2me 1 df-@®)
dt m 1+p dt m 1+p dt
=V(t) df-(t) =U)V(t)cos A — V(t) (1 + asin® A).

dt
O

Lemma D.3 enlighten us that we only need to study the dynamics of /(¢) and V(t) to study the
dynamics in Phase II, where U/ (t), V(t) satisfies the following autonomous dynamics:

au) _ _12(4)-
o U)V(t) cos A L{Q(t)7 L, > Ty
St =U@)V(E) cos A = V2(t) (1 + asin® A)
(22)
U(T) = K3 e )
V(Th) = H%%ﬁef*(ﬂ).

The next lemma provides a fine-grained prior estimate of the dynamics (22).

Lemma D.4 (Fine-grained prior estimate of the dynamics (22)).
For the dynamics (22), then we have the following results:

(S1). U(Ty) = O(x2) and V(T}) = @(%).
(S2). For any t > Ty, we have U(t) > V(t) > 0.
(S3). If we define the hitting time T, := inf {t >Tr:U(t)cos A < V(1) (1 + asin? A) }, then

1+ asin® A L
U(Tl) = WV(TI)’ V(Tl) =0 (,k;%p 1+cosA) ,

c{)SA] 1/A TFoss - oY
Tl:(,)<p1+ gg(/ )\ _ g AR Y P
Ky ) K3

(S4). For any t > 11, we have

m_ . Ut) 1+ 2asin? A
1 A <
* 2my A s V(t) cosA
1 1
Ut) =0 - , V(t)=6 T
DS sy ) PTEES A2y )
2 2

(S5). For any t > 71, we have U(t) — V(t) cos A = © (A?V(t)) > 0.
(S6). Foranyt > 1 =0 (W) > 271, we have
U(t)cos A —V(t) = —O (A*V(t)) < 0.

Proof of Lemma D.4.
For simplicity, in this proof, we denote

€:= asin?A.
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Step L. Preparation. From Theorem C.12 (S4), we know 0 < f, (T1), f—(T1) < 3.85k2\/K1k2 <
0.041og(1.1), so

1< ef-(T) <14 004108103 8540 /ie1rs < 1+ 1.004 - 3.85k0y/Rika < 1 + 3.87ko/R1kz,
1>e 4T > 1 0:0410e(lD)3 85,00 /reiks > 1 — 1.004 - 3.85ka+/K1ka > 1 — 3.87kKor/K1ka.

Notice that U (17) = n%%%e’ﬁm) and V(11) = %ﬁef (1), Then we have the estimate:
U(T
1 — 3.87ko\/R1kz < _% <1,
e 1+p
V(T
1 gﬁrzm# < 1+ 3.87ka\/Fiha.
2 m 14p

From Theorem C.12 (S1)(S2), we have

0.075m 0.205m

0.258 <
— 0.29m 0.21m

IN
o
IN

<0.977. (23)

For ¢t = 77, it holds that
U(TH)V(T}) cos A — U?(Ty) < 0,
U(TH)V(Ti) cos A — V2(Ty) (1 +¢€) > 0.

Step II. A rough estimate on /(¢) and V(¢). In this step, we aim to prove:
U)>V(E) >0, UL +V(E) <UT)+V(Ti), Vte[l1,0).

First, from the definition of Z/(¢) and V(t), we have U (t) > 0 and V(¢) > 0
Then we consider the dynamics of ¢ (t) + V(t). From

%(u@) + V(t)> = U(t)V(t) cos A —U(t) — V2(t) (1 +¢€)
=— U@t) = V(t)*cos A — (1 — cos AU (t) = V2(t) (1 4+ € — cos A) < 0
we have
Ut)+ V() <U(Tr) +V(Ty), Vt=>Ti.
Then we consider the dynamics of /(t) — V(t). We define the hitting time
Ty—y := inf {t >T:U(t) < V(t)}.

For any ¢ € [T1, 74—y, we have:

€ (U) ~ V(1)) = U0+ V(1) (14 ) = UL + VO)UD) V(D) + V(1)

(
>—U) + V() U) - V(t) = —U(T1) + V(T) U(t) = V(1))

We consider the auxiliary ODE: %P(t) = —U(T)+V(T1))P(t), where P(T1) = U(T1) —V(T1) >
0. From the Comparison Principle of ODEs, we have:

Ut) — V(t) > P(t) = (UTY) — V(T})) exp ( — (U(T}) + V(T1))(t — TI)) >0, V¢ € [T1, 7u_v).
From the definition of 7;,_y,, we have proved

Tu—v = +00;
U) > V(t), vt € [11, +00).

Step II1. Finer estimate in the early Phase ¢ € [T7, 71]. Define the following hitting time

7 = inf {t > Ty Ut)cos A < V(t) (1 +¢) }
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From Step I, we know 77 exists and 7; > 71. From (22), we have dlgit) < 0 and v > 0 when

d
t € [T1, 71). Moreover, we have the following dynamics for ¢ € [Ty, 71 ):

U — UVeosA-U* %COSA—(%)2
AV UVcosA—V2(1+e) YcosA—(1+e¢)

If we define Z(t) := %ﬁ;, then we have dif = ZdV + VdZ.

The dynamics above can be transformed to:

dz ZcosA — Z2

VW:ZCOSA*(1+E) —%

which means
1 1 1+e sin® A + €
—dV = Z
v ( Z +(1+COSA+6)Z(1+COSA))

% 1+ cosA fe

Integrating this equation from 77 to ¢ € [T1, 71 ), we have:

o (35) =~ e s (Zi)

N sin? A + e (I+cosA)Z(t) — (1 4+ cos A +¢) Le [Ty m)
(14 cosA +¢)(1+cosA) (1+cosA)Z(T1) — (1 +cosA+e) )’ LT
(24)
From the continuity of U(¢), V(t) and Z(t), we have
. 1+e
= > : < .
n 1nf{t >Ti:2(t) < — A} (25)

Combining (25) and (24), let ¢ — 7, . Then we have:

1+e€
Z(r) = — <.
(Tl) COSA7
Z(m)\ T s (14 cosA)Z 1+ cos A TR
cos A+e€ 3 — 14cos A+€)(14cos
V(m) = V(@) (20 (1 +c0s8)2(n) — (1+cos At e) -0,
Z(Ty) (I14+cosA)Z(T1) — (1 + cos A +¢)
where |37 T
— 0.8(K24/K1K2 pSZ(TI): ( I) Sp-
1+ 387:“&2\/% V(TI)
Therefore,
1+e sin Ate
V(1) < (Ppeos A TFeosaFe sin? A + e (TFoos ATo) (oo &)
V(T) — \  1+e ((L+cosA)p—(1+cosA+e€))cosA
V(1) > ((1 — 3.87Ka+/K1kK2)p cos A) Tcos Afe sin? A + €
V(T1) = \ (14 3.87Tka /k1k2)(1 +€) ((1_3??5.\8/:;:22-;(11::08 A)p —(1+cosA+ e)) cos A
and -
€
Ur) =~ v,

where 1 < % <1+ 3.87kay/K1R2 is estimated in Step L.

27m I+p

Step IV. Nearly tight bounds for 7;

From the definition of 74, we have dzgt) > 0 for any ¢t € [T1,71), thus V(T1) < V(t) < V(11),
vt € (T1,71). So we have

du(t)

U)V(TY) cos A —UA(t) < T

<U)V(11) cos A —U(t), Yt € (Ty, 7).
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We first estimate the upper bound for 7;. Consider the following dynamics and the hitting time

W0 — g(t)V(r1) cos A — ¢2(t), =T,
o(T1) = U(Ty).

i = inf {t >Ti:¢(t) < “(Tl)}

Then 77 < 7{'. From the dynamics of ¢(¢), for any ¢ € (11, 71!], it holds

= (t —T1)V(m1) cos A.

ox (s —viyems) T

Therefore,
_T = 1 o (1) (o(T1) — V(11) cos A)
moh V(7)) cos A g (¢(TI) (p(r}') — V(1) cos A))
= 1 log <U(Tl) (U(T7) — V(71) cos A))
V(71) cos A U(Tr) (U(T) —V(T1)cosA) )

With the help of Theorem C.12, we have =+ = ©(1) and = = O(1). From Step I, we have
=0 (Z—%), U(TY) = O(k3) and V(T7) = @(K ) Moreover, it holds

P
sin2 Ade
V(11) 1t (AP GremaTo(resa) cos A 25in? A N
=0 P THeos Ate (?) =0 pTHcos & A TFcosata(dteosd) | = O (p1+COSA) ,

V(Tl) — @ (V(T’I)p 1~C+0csusAA) — @ (/{%pfm) .
It is easy to verify

Um) _1+eV(m) _ o (VT _comn | T
U~ cosAu(m) ~° prrens _®(p ’ A)’

U(t)
1 L
U(TI)—V(Tl)CosA B H% <l—p 1+cosA) A l@'% (1_p 1+COSA> 6 pm
U(T) — V(1) cos A (L —cosA) ng—m B K%Agp_m = A )

Hence, we obtain the upper bound for 77 :

1
1 1+cos A
T STlu :TI+@ <2110g (p_1+closAp AQ >>
K;Qp 1+cos A

iy (\/?1> ‘o (pmtw lgg(l/A)> 6 (plﬂiw lgg(l/A)> _
K9 :“E2 /452

In a similar way, we can derive the lower bound for 7;. Consider the following dynamics and the
hitting time

B — Y(OV(Ty) cos A — ¢2(1), t> T,
Y(Tr) = U(Th).

71 := inf {t >Tr:p(t) < U(Tl)}
Then 7, > 7{. From the dynamics of ¢(t), for any t € (T3, 7], it holds

Y(t)
log (z/;(t) “V(T) cos A

t

) ‘ = (t —TY)V(T1) cos A.
Ty

Therefore,

T%—TIZ

1 log (¢(Tf) (¢(T1) — V(T7) cos A))
V(Ti) cos A 2\ ¢(T1) (g(r}') — V(T}) cos A)
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=————log |1+ (T3
V(T1) cos A Ut
It is easy to verify

V(TY) U(Ty) —U(r))cosA (1 w1 —p Tews) | —qsesa
U U(r) = V(T cos ) ~ 0 ( : ) =0 )

thus

V(T1) U(T1) —U(T1))cos A __cosa
U Um) — V(T cosA)) =0 (r ).

Hence, we obtain the lower bound for 7 :

1 1
]. cos K 1+cos A 1+cos A
7—1>7—i:TI+@<K2p1+C°?A):O< 1>+@<p D) >:®<p 2 )
2 K9 [4;2 /@2
p

Step V. Finer Estimate in the late Phase ¢t > 7.

In this step, we focus on the dynamics when ¢ > 7.
First, we will prove the following nearly tight bound about the ratio of U(¢) to V(¢):
€ _Ul) 142
1+ -< %< )
+ 2 V()  cosA

For the right inequality, we define the hitting time

- . 14 2¢
Ty = inf {t > Ut 2 V(t)}.

‘s : '
we know v exists and v > 7.

Yt € [y, +00).

U(r) _ 1+ 14+2¢

From V(11) = cosA < cos A”

Forany t € (11,7 ,,), consider

4 (L[(t) _ L 261/(7:)) - (1 L 26) UV(#) cos A — U(E) + %(1 + V(1)

a cos A cos A

:—(L{(t ttiﬁ (u (1+2e 1+1A)—COSA>V(1€))
+(COSA (1+26)(1 4 )+1C;;ZE( )>V2()

_ <u(t t*sie )(u <1+26 ;A)—COSA> V(t))
+<(COSA—1) (16;26 26)) 2(4)

<—(L{(t)— :;Ze )( +(1+2e 1+1A)—COSA> V(t))

Sepll <(1 +20(1 + ) — cos A> () (u(t) B t;;iev(t))
g <(1 +26)(1 4+ ——) — cos A) (T1) + V(1)) (u( )= to:ZEV(t)) '

For simplicity, we denote C := ((1 +2€)(1 + —tx) — cos A) (U(T1) + V(T1)) > 0. We consider
the auxiliary ODE: £P(t) = —C,P(t), where P(r1) = U(r1) — 22X V(1) < 0. From the
Comparison Principle of ODEs, we have:

1+ 2e¢
ut) - cos A

V(t) < P(t) =P(r)e” ™ <0, Vi € (r1,7,)-
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From the definition of T Jpe e have proved

T .
TZ/{/V = +OO,

1+ 2¢

Uit) < X V(t), Vt € [11,+00).

In the same way, it can be proved that
Ut) > (1+ %)V(t), Vit € 11, +00).

Moreover, we also need to derive a tight bound for /(¢) and V(¢) when ¢ > 7, respectively.

For any ¢ > 77, we have
dtV( ) = V() (u(t) cos A — (1+ e)V(t))
>V(t)<(1 + %)V(t) cosA — (1+ e)V(t)) = —((1 +e)—(1+ %) cos A)Vg(t).

We consider the auxiliary ODE: £P(t) = — ((1 +¢€)—(1+5)cos A) P2(t), where P(11) = V(11).
From the Comparison Principle of ODEs, we have the lower bound for V(¢):
1

V(t) 2 P(t) = — ) V€ (71, +00).
v+ (10— (1+ 5 cosA) (t—7)
In the same way, for any ¢ > 71, we have
d
SU® =U) (V(t) cos A — L{(t))
cos A cos A
_ =—(1- 2(t).
<UD (Ut c Ul )=-(1-3 ;)“ (t)
We consider the auxiliary ODE: £P(t) = — (1 - Cloj_eA)PQ( ), where P(11) = U(m1). From the
Comparison Principle of ODEs, we have the upper bound for U (¢):
1
U(t) <P(t) = , Vt € (11, +00).

cos A
w + (1 ~ s )(t—Tl)

The upper bound for V(¢) and the lower bound for {/(t) can be estimated by:
1 1
V(t) < 1—4(—)5 T3 3 3 , Yt € (11, +00),
2 2 M(T1)+(1—Cloj§>(t—T1)
14 ¢
ut) > (1 + %) V(t) > - , Vt € (11, +00).

sty + (1) = (1+ 5 cos A) (t =)

Hence, we obtain the tight bound for /(¢) and V(¢):
1
€ . cos A
g + (15— eosa) (- 7) iy (1522 (=)
1 1
1 € S V<t) < 1+35 €
vy T ((1 +e)—(1+ §)COSA>(t — 1) a5 + (1 +35 —COSA)(t —71)

1

<U(t) < , Vt € (71, +00);

, Yt € (11, +00).

It means

1 e log(1/A
p1+coqA +A2(t—7'1) Ry
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b6 1 UG (pucosa 1§g(1/A)> .
p1+cosA +A2(t—7’1) /4/2

Step VI. The tight bound for U(t) — V(¢) cos A.

From1+ § < ugg < H2¢ proved in Step V, the two-side bound is straight-forward: for any ¢ > 74,

Ut) — V(1) cos A > (1 + g — cos A)V(t) = 0 (A2V(1)),

L +Z€ —cos A)V(1) = © (A2V(1))

Ut) — V(t) cos A < (COS

Then we obtain

1
U(t) — V(t)cosA = 0O (A*V(t) = O - , Vt>T.
pl+cosA

mgAQ +(t_7—1)

Step VIL. The tight bound of U(¢) cos A — V(t).

If we follow the proof in Step VI, 1 + § < 8 < Cl(;gi can only gives us a loose two-side bound
forU(t) cos A —V(¢):

(23)

> -0 (A1),

m_
U(t)cosA = V(t) > (cosA + S

U(t) cos A — V(t) cos A < (1 2 1)V(t) =0 (A2V(1)).

cos A — 1>V( )

Hence, we need more fine-grained analysis to derive its sharper bounds.

We first focus on its sharper upper bound. From the dynamics (22), for any ¢ > 71, we have

%(ug) cos A — V(t))

- ((u(t) cos A — V(t)) (U(t) + (Coi +1- cosA)V(t)) - (COiA —cosA — e) v2(t))
- (—(u(t) cos A — V(t)) (U(t) g+l cosA)V(t)) - v%)(COiA - a) sin? A) .

We define the hitting time
TJ/V = inf {t > U) cos A = V() < 0}.

U(Tl) 1+€
From V(r1) = cosA?

+ : +
we know /v exists and Uy > 7.

Then for any ¢ € (71, TJ/V), we have U(t) cos A — V(t) > 0, so
d
5 (U(t) cos A — V(t))

< (Ll( t)cos A — V(t )(u
(o

Sleyv< ( (t)cosA = V(¢ ) +2+—cosA)V(t)—VQ(t)(COiA—a)sin2A>

[€0)]

+1—cos A)V(t)) - Vz(t)( 1A - a) sin? A>

CO

StegIV (SC‘;A +2+ ) U(t cosAfV(t)) (coiA*O‘) sin? A
sty (19 =0 eosh) =) (i (40— 1+ ema)t-m)
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For simplicity, we denote A = ﬁ, B=(14¢-(1+ %)cosA, C, = sinA 4 9 + 5,

cos A
Cy = (ﬁ — a) sin? A. And we consider the auxiliary ODE:

dE(t)  CiE) Cy

dt — A+B(t-m) (A+B({t-n))>
where £(71) = U(11) cos A — V(1) = V(7).

?

Its solution is

ey =(1+ g(t - 7'1))7% (5(71) - A(Ch@—fﬂ ((1 + g(t - ﬁ))%*l - 1)) .

From the Comparison Principle of ODEs, for any ¢ € (11,7, /v)’ we have

U(t) cos A —V(t) < E(t).

LetTe — 11 = % ((1 + ﬂ) P 1), it is easy to verify £(T¢) = 0. Moreover,

A 1 B 1 _ pTFSS |
B~ © (V(T1)<(1+6) -1+ ;)COSA)) =9 (K%p_uctsAA2> © ( K3A2 ) '
gl_ N log (l—i— (Clc_QB)e> =0 (AQ log <1+ @E22§)> = O(A?);

<1+(C102B)6)03111exp<%1 1log( (01023)6»1@(&).

Therefore,

@

1
p1+cos A

2
TU/V<T5—T1—|—®< /{%A2 A)

0 (p lgg(l/m) e (p) o (p k;g(l/m) .
) K3 K3

Then we define the next hitting time

T

1y = inf {t > TM/V U(t)cosA —V(t) > 0}.

From U(, exists

< 0, we know 7,

M/V) cos A —V(r, Z/{/V) =0and & (Z/{(t) cos A — V(t)) U

t:TL{/V

and TJ/V > Tu/v.

For any t € (TU/V’ Ty yp)» We have U(t) cos A — V(t) <0, so

di< U(t)cos A —V(t ))

( t)ycos A —V(t ) (Z/{ cosA + 1 —cos A)V(t)) —V3(t) (coiA - a) sin? A)
S[epw< t)ycosA —V(t )(1+ =5 Yi;COSA>U(t)V2(t)(COiA 704) sin2A)
Steglv (1 + ““AY_T_FCOSA) (L{(t )cos A —V(t )) (ﬁ - Oé) sin® A
- Tt +( ioi;A)(t—ﬁ) (V(ln) + ((1+6)—(1+§)COSA)(t—T1)>2

57



(1 + %COSA) (Z/I(t) cos A — V(t)) (CO;A - a) sin? A
< _
Tk (0 - (14 HeosA)(t—m) (ﬁ-l—((1+6)—(1+§)CosA>(t—Tl))2

- 3(1+°‘”A1++%€COSA) (U(t)cosAfV(t) (COiA ,a) sin? A

v+ (M +e = 1+ §)cosa) (t = m) (viy+ (140 = (14 5 eosa) (¢ =)

3"

For simplicity, we denote C5 = 3 (1 + ﬁi:cos 2 ) And we consider the auxiliary ODE:
2
dF(t)  GF@) s
dt A+B(t—-7m) (A+B(t—-mn))

where}"(TJ/v)ZU(TJ/V)CObA V(Tu/v) 0.

Its solution is

C B F-1
A(Cs —B)(1+ (t—Tl))
<_ Cy 1 1 —
ACs (14 B(t-m)) (1+8¢-m)"
Let7{ =71 +0 (W) > 271. Then for any ¢ > 77, it holds
1 1 C B
& < o = exp —(i—l)lg(l—l— (11 —71))
B B 1 B 1 B A
(1+Z(t_7-1)> (1+ ( _Tl)>

1 k3A? pTFesa log(1/A
A pm K/2

—exp <@ (;) log (1 + 6 (A log(l/A)))> — exp <® (;) o (A? log(l/A>)>

Cy
ACs(1+B(t—m)) (-3

e s log(1/A
Vi>1 =711+0 <p1+ gg( / )> > 271.
K3

F(t) < —

- -0 ,
p1+cosA +A2(t77_1)

1) A?

1
Ifwelet = 0O (pumi‘og(l/m) > 271, then we have:

K3

2
F(t) < -0 A , Vit > 7.

p1+co<A + A2(t . 7_1)

From the Comparison Principle of ODE:s, for any ¢ € (TJ /v N /v)’ we have

U(t)cos A —V(t) < F(t) <O.
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From the definition of Ty Jyr We obtain

TJ/V = +00.

Moreover,
U(t)cos A —V(t) < —O | —— A’ RS —- <p1+3°w 1;)g(1/A)> '
Pt ANt n) "2

Recalling the lower bound at the beginning of Step VII, we obtain the tight bound:
U(tyeos A~ V(1) = -6 | — — 0 (AM(Y), V=T =6 (P kgg(l/A)) .

p”,:gw +A2(t—7p) K3

O
Lemma D.5 (Hitting time relationship).
T =Ty =inf {t > Ty : 3k € K4, s.t. (b(t),z_) <0}
tv/m

=inf {t >Tr:3k e Ky, st (bp(T1),xz-) + (U(s) cos A — V(s))ds < 0} ,

where Ty} and Ty; are defined in (20)(21), and U(t), V(t) satisfy (22).

Ty K2y

Proof of Lemma D.5.
Recall the definitions of 77} and T};:

Tit = inf {t >Ty: 3k € Ky, st {(wi(t),xzy) <0or (wi(t),z_) < }

- 1
where F(t) = eI+, — f-Og
+( ) 1+p + 1+p
Notice
P - 1 m
(Fi(t),@y) = ﬁe ) ﬁef*(t) cos A = e (L[(t) — V(t) cos A).

And forany k € K,

wu0,2s) = (i) + [ (e as
‘v
T K24
(be(), ) = (bi(Ty), ) +/T <db§s(s),m_> ds
‘v

T 2

= (br(T1), z+) + (Ll(s) —V(s) cos A)ds;

= <bk(TI)7w*> +

(U(s) cos A — V(s))ds.

So we have

Ty = sup {t >T1:U(t) — V(t) cos A > 0;

t
(), w )+ [ T (L[(s) — V(s) cos A)ds >0,k € Ky
T K2
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<bkm>,x_>+/t vim

S <Ll(s) cos A — V(s))ds > 0,Vk € IC+}.

With the help of Lemma D.4, we know that 2/ () — V(t) cos A > 0 for any ¢ > T1. So (b, (T1), z+) +
f;l V/m (Z/{(s) —V(s) cos A)ds > (bg(T1),x+) > 0,Vk € K4,Vt > T1. Hence, we have the

K2 m+A
transformation of the hitting time:

Ti; = inf {t >Tr:3k e Ky, st (bp(Th),z_) + /t vm (Z,{(s) cos A — V(s))ds < O} )

T 2y
+
TII - TII'

Lemma D.6 (Time Estimate of Phase II).
1 L A
p —Q CcOos
Th=TF=T;=0 | ~—%—— |-
11 11 11 ( m% A2 >

Proof of Lemma D.6.
With the help of Theorem C.12 (S1), for any k € K, we have:

4.66\/}6152 < 12\//61%32
™ >

2O0VR1R2 T,

2

1.15
1+a7@+99 %)
9

(wi(Ty), ) = (1~ 42y ) | 1-

>1—4.2\/Kk1ko —

15

T1
1407 (1+9.9,/2)
With the help of Lemma 1.4, we have the estimate of (wy, (77), x_):

pcosA —1
VP2 +1—2pcosA

—2\esin A — € < (wi(T7),z_) < 2V/esin A,

where

€ = 4.2«/&1&2 +

2
1.15°
1407 (1 9.9, /%)
Then we have:

12,/ —
(b a_y < 2V [ peosAL Ly pgial,
vm VP2 +1—2pcos A

(bu(Th), ) > 4.66+/K1k2 pcosA —1 _oVesinA —e) .
vm VP2 +1—2pcos A

which means

(by(Ty),z_) = © (*{’;?)

From the dynamics (22), we have
U(t) cos A — V(1)
=MD () V(1) cos A +

_ My _ . 2
Cm_ +my m_ +my (U(t) cos A = V(t) (1 + asin® A))
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_ m_cosA dU(t) LM dV(t)
 om_+myU)dE  m_ +my V(E)dE

Taking integral, we obtain:

/Tt K\Q/T:Z (t(s) cos & = V(s) ) s
_Vm t( m_ cos A dU(s) - dV(s))

 kamy Jr Cm_+my U(s)  m_ +my V(s)

_cosA
_ vm (_m cos log(u(t) >+ my 1Og(V(t) ))
KoM m_ +my U(Ty) m_ +my V(T1)

U(t) =+ V(Ty)™=Fm+

7K2m+

From Lemma D.5, we have:

t

TiF = T}y = inf {t >Ty:3k e Ky, st (bp(T1), z_) +/ Vm (U(s) cos A — V(s))ds < 0} .
T K24

Recalling the definition of 7 in Lemma D.4, we know U(s) cos A — V(s) > 0 for any t < 79, so

TI*I > T1.

From Lemma D.4 (S4), we know

1 1
uit) =0 T , V()=96
TFcos &

piﬁg +A2(t—7'1) e P +A2(t—7'1)

From the proof of Lemma D.4, we know U (T}) = ©(x3) and V(1}) = @(”—g)

p

Therefore, solving

T
0= (by(Th), ) +/ vim

T K2y

(Z/l(s) cos A — V(s)>d5

m_ cos A my

m_ cos A L

vm KoMy U(T) =m0 V(T}) ™=
m_cosA my
_ VE1R2 o 1 log U(T;) T+ ' V(T) ™=
\/m HQ\/R m_ cos A m 5

U(T) T V(T

we obtain

my m_ cos A

V(IT)™ T U

= exp (=0 (rk2v/k1k2)) = O(1).

m_ cos A

™y
U(TI*I) m_Fmy V(I ™+

A straight-forward calculation gives us:

my m_ cos A
V(Tﬁ) m_+my U(T’I) (m_+my)
m_ cos A =y

U(Tﬁ)m V(Tl)m

m_ cos A

my +m _

[ (S]]
~—

1 (k

my—m_ cos A o

# my+m_ W
(pl-;g A +A2(TI*I _7_1)) < )

=0

= ‘wxw
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my
pm,++m,7

=0

my —m_ cos A

@m + KIA2(TY — 7_1)) My Tm_

Hence, we get

" 1 7m+ x 1 pm
T —n1 =06 @ prtTT- —@(p“’“"SA) =0 W )

Combining Lemma D.4 (S3), we obtain

P pm B pm log(l/A) pm B pm
TH - TH - Tl+@ (K}%AQ ) = O ( /Q% +@ /{%AQ - @ W .

Recall the relationship between 771 and Tﬁ' (19)(20):

Ty =T Ainf{t > Ty : 3k € K_, s.t. (wi(t),z4) # 0or (wi(t),z_) < 0}.

Then using Lemma D.1 (S2), we obtain:
1 L A
p — & COS
Thu=TF=0|"——|.
o < K2A? )

Lemma D.7 (Length of Plateau).

If we define the hitting time Ty, := inf {t € [T1, Tr1] = Acc(t) = 1}, then we have:
(S Tyrar = © (s )-

(S2). Vt € [TI, Tplat]) ACC(t) = 1pr

(83). Vt € (Tpiat, T11), Acc(t) = 1.

Proof of Lemma D.7.
It is easy to verify

Topae = inf {t € [T, Tu] : f4(t) < Oor f_(t) > o}.
From Theorem C.12 (S4), we know f (71) > 0 and f_(71) > 0. From Lemma D.3, we have

my p o _ my 1
U = 22 f+(t), V(t) = k22— =),
*) Kle—i—pe ®) @ml—i—pe

From the proof of Lemma D.4, we know %L{(t) <0, Vt € [T1, T11], so
U) <U(Tr), f+(t) > f+(T1) > 0, Vt € [T1, Ti].

Recall the definition of 71 and 72 in Lemma D.4. From the proof of Lemma D.4, we know %V(t) >
0, Vt € [TI,Tl), N¢j

V(t) > V(TI) ,f,(t) > f,(TI) >0, Vt € [TI7T1].
With the help of Lemma D.4 (S4), we know

1

1
p1+cosA —|—A2(t—7'1)

P
5]

V() =06 , Yt € (11, +00).
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2
Because V(Tplat) = Kt = = O (%), we have

plat - 7_1

p
Tplat_ﬁ*@(m‘z (1_ <p1r;z§A>>>_ﬁ+@ 2A2>
prEeEs log(l/A)

It is easy to verify Tpjat = © (KZ ) <Tn= ( — ;:;A )

Therefore,

H2
@<2) =0 , Vt € (11, +00).
P p1+coaA +A

p
k3A2

1

14cos A

Because 7o — 7 = © <;w> , forany t € (71, 72], we have
2

V(t) =0 ! —0 !

7pm+A2(t—Tl) pm-FAQ(TQ—Tl)

=0 + - >0 p = V(Tplat)-
p 1+cos

f ()>f ( plat) =0, VYt € (Tl,TQ].
av(t)

From Lemma D.4 (S6), we know that /(t) cos A — V(t) < 0, Vt € (72,T11]. Then =~ < 0,
Vt € (12, T11). Thus,

Thus,

f—(t) > f—(Tplat) =0, Vt € (7—27Tp1at)'
f-(@#) < f-(Tpiat) = 0, Vt € (Tprat, Ti)-
Hence, we know

f ( ) >0, vt € [TIanlat]'

f-(t) <0, Vt € (Tptat, Tu]-
In summary, we have proved (S1)(S2)(S3).

Lemma D.8 (Prediction at end of Phase II).
(S1) For the predictions, we have:

acos A

e~ /+(T) — g ( *ﬁ) , e~ =g ( *174005A) , L(6(Tn)) =0 (p*m) :

—f+(Tm) f—(Tr)
e ¢ cosA =0 (A%‘ﬁ) 7
p

1+p 1+

—f+(Tir) f-(Tn) )
P osA - =-0 (AQp_m).

1+p 1+p

(S2). For any k € K4, we have:

(by(Tir), z_) = O <\/\’;?)

(S3). Forany k € K_, we have (by.(T11),z4) = 0.
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Proof of Lemma D.8.
Proof of (S1). Recall the definitions in Lemma D.3:

U(t) = K35 oo eI+ 0
V(t) = k3 7k el =0

From Lemma D.4 (S4) and Lemma D.6, we have

1
Ut)=0 T V(t) =0
P”ﬁ;é’ﬁAJrAz(tfﬁ)

P log(1/A) prees
T — O < 5 TII = @ W .

2
K3

Therefore, we obtain the estimate:

_ 1 1 1 1 1
e f+(TH):@<2uT ) — — . — :@(p 17&005A>7
HZ ( II) KQ p1+c;)sA + A2p17;co;a
K3 KA
L | —e(p ),

I—acosA

p 1 D
=0 (;{QV(T )) R =
2 I 2 plfcos + A2P TA7

P
K3

Moreover, Lemma D.4 (S4)(S5)(S6) give us
U(Ty1) = V(Tir) cos A = © (A?V(T}y)) = © (k3A%p~ 75 )|

U(Tir) cos A — V(Tiy) = —0 (AV(Thy)) = —© (Kgypfm) _

Hence,
—f+(Tr) f—(Tur) 1
pe e 9 1
— COSA:—(Z/{T - V(T COSA):@(A lfawsA),
T T p (Tu) — V(Tu) P
—f+(Tr) f—(Tr) 1
Pe T cosA — 61 Y 2 (U(TH) cos A — V(TH)> =-0 (Azpfilwlcoﬂ) )

1+p
ke Ky {we(Thn),z-) = 0}. From the definition of 7}y and the

Proof of (S2). Denote K9 := {
proof in Phase II, we know that (wy,(7i), ¢—) > 0 holds for any k € K — KJ..

From the proof in Lemma D.5, for any k£ € K, it holds
t/db
(br(t),z_) = (bp(T7), x_) +/ < g(s),m>ds

T S

=(br(T1),x_) + t ﬂ(L{(s) cos A — V(S))ds, vt € [T1, Tl
Ty K2

Thus for any k € K, — K, we have
(b (Tin), ) — (br(T1), ) = (bi, (Th1), x—) — (bko(T1), x-) = — (by, (T1), ),
SO
(b (Tin), ) = (b(T1), ) — (bk, (T1), z-) .

From the proof of Lemma D.6, we know

12,/ A—-1
(br(T), z-) < e peos +2yesinA |,
vm VP2 +1—2pcos A
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(bu(T1), ) > 4.66,/K1kK2 pcosA —1 _oesinA—e) .
vm VP2 +1—2pcosA

2 .
where € = 4.2, /K12 + 5. This means
140.7(149.9, /%2 )

(be(T)), ) = © (\/\’;?)

Hence, for any k € K, — ICEL

0 < (bp(Tu), ) = [(br(T1), ) — (bry (T1), )| < [(br(T1), )| + (b, (T1), 2 )|
. A/ K1KR2 \/K1K2 i A/ K1KR2
@< m )*G)( Jm >@< v )

Proof of (S3). Due to the dynamics of the neuron k£ € K _ in Phase II, this conclusion is clear.

As simple corollaries of these lemmas, we can prove two theorems in Phase II.

Proof of Theorem 4.4 and 4.5.

Theorem 4.5 is Lemma D.7. Theorem 4.4 (S1) has been proven in Lemma D.6; Theorem 4.4 (S2)
has been proven in Lemma D.8. Additionally, combining (i) 711 = Tf{ in Lemma D.6, (ii) the
transformation in Lemma D.5, and (iii) the definition of T7;, we obtain Theorem 4.4 (S3).

O
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E Proofs of Optimization Dynamics in Phase 111

E.1 Optimization Dynamics during Phase Transition

Building upon Phase II, we will demonstrate that within a short time, all the living positive neurons
K+ change their activation patterns, corresponding to a “phase transition”. After the phase transition,
all the living positive neurons & € K undergo deactivation for «_, i.e., sgn, (¢) changes from 1 to
0, while other activation patterns remain unchanged.

Specifically, we define the hitting time

T :=inf{t > Tir : Vk € K, sgn;, (t) = 0}

26
:inf{t>TH:VlfelC+,<11)k(t),ﬂc,>ZO}7 (26)

and we call t € (Ty1, T);T] “Phase Transition” from Phase II to Phase III.

Notice that the dynamics during phase transition is highly nonlinear with || = ©(m) changes on
activation partitions. Fortunately, we can keep the neurons of K and K_ close enough respectively
in Phase I by using sufficiently small initialization ;. Moreover, their differences do not enlarge in
Phase II. As a result, the phase transition can be completed quickly without significant changes in the
vector field.

In order to analyze the dynamics of neurons and vector fields, we introduce the auxiliary hitting time:

TET* .= TPT A inf {t > T (Fy(t),z,) < 0or (Fo(t),z_) > 0};

1 (27)

where F(t) =—2 e f+Wg, of- g

14+p 14+0p
We call T1; < t < T{{™* “Phase Transition*”.

Lemma E.1 (Dynamics of living neurons during Phase Transition*).
In Phase Transition*, i.e., t € [Ty, Ti;**], we have the following dynamics for each neuron k €
K_UK;.

(S1). For living negative neuron k € KC_, we have:
wy(t) € MY N MT,
f-@®
db(];t(t) = \/H%?l ) (:c, — T4 cos A).
(S2) For living positive neuron k € K, we define the hitting time:
TIFI)’E* i=inf {¢t > Tir : (wy(t),w_) = 0}AInf {¢t > Tiy : (Fy(t),xy) < 0or (Fy(t),z_) > 0}.
Then it holds that:

PTx PTx
PO) T, = max T, ;
(PO) Tty hers ILk 5

(P1) For any t € [T11, TII;};*), we have
db(];t(t) = %F+(t);
(P2) Ilel?q,;* < TET* strictly, then for any t € [TII?E*, T{ ™), we have wi(t) € MT N M° and
dby(t)  kope I+
e S+ p) (33+ —x_ COSA).
(P3) Regardless of the relationship between TIPI)};* and TE*, for any t € [T11, T T*), we have
(wi(t),z4) >0, (wg(t),xz_)>0.

Proof of Lemma E. 1.
Proof of (S1). Recalling the definition of 7{;**, it holds (F 4 (t),z1) > 0 forany Ty < ¢t < T{ ™.
So (S1) can be proved in the same way as employed in the proof of Lemma D.1 (S2) and is omitted.
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Proof of (S2)(P0) and (S2)(P1). (S2)(PO0) is obvious. Moreover, for any k € Ky and ¢ € [T11, Tjy "),
we have (wy(t), z+) > 0 and (wy(t),z_) > 0 for any 71 < ¢ < T}}, so (S2)(P1) can be proved in
the same method as shown in the proof of Lemma D.1 (S1), and we have the dynamics:

dbk (t) %) PT
=—=F.(t), te|[hnTi)
dt \/TH +( ) [ I, L11,k )
Additionally, recalling the definition of Tﬁ};* we know (F (t),x+) > 0 holds for any ¢ €
[Tir, Ti7 }.*). Combining the dynamics of by (), we further have:

(br (1), z4) = (by(Tur), ) + ﬁ N

> <bk(TH),:c+> >0, Vte [TH,TIPI)};*].

(Fi(s), z4)ds

Proof of (S2)(P2). Let k € k1. If Tyy* < Ty ¥, we have the following results:

Step L wy,(T7[ ") € MEnMO.

Recalling the definition of TIPI)};* and THT, Tf;};* < TET* implies that <wk(T§};*), m_> =0.
Then recalling our proof of (S2)(P1), we obtain <bk (Tlli?c*)7 m+> > 0.

Hence, we obtain w(T}{ ") € MT N M.

Step II. Dynamics after ¢t = Tfﬁ*.

In this step, we will analyze the training dynamics after wy (Tf; ;") € MT N MY, ie. by (T ") €
Pi N PY. We first analysis the vector field around the manifold Pi NPY. Forany b € ”Pjrr NP
and 0 < 6y < 1, we know that P N Pt separates its neighborhood B(f), dp) into two domains
G_={beB(b,d): (bx_)<0}and G, = {be B(b,d) : (b,x_) > 0}. Following Definition
H.1, we calculate the limited vector field on b from G_ and g..

(i) The limited vector field F~ on b (from G_):

db _ _ K2 D _
a =F B where F'~ = ﬁm@ f+(t)w+.

(ii) The limited vector field F™ on b (from G ):

K9 (pef+(t) ef* (t) )

db o N
vm\ 1+p 7T 1+4p

— = F', where F* =
dt

(iii) Then we calculate the projections of F'~ and F™ onto _ (the normal to the surface ’PI NP2):

—fy(t)
_ _ Kape
Fe =(F Y= A
=) = T
F-(t) reope—t+(®)
Ft = F+ _ :L ‘A_L.
V= Fhe) = oy A T Um )

We further define the hitting time to check whether wy, () € MT N MO for Tf{ 1+ <t < T{{™.

Tivk = inf {t € [TIPI)E*’ T (wp(t), z4) < 0}

From the definition of 777", we know that (F 1 (), @) = ffoe /" cos A — e/~ (1) < 0 for
any t € [T, TET*], which means F' ]‘\”,' < 0. And it is clear that )y, > 0. Hence, the dynamics
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corresponds to Case (I) in Definition H.1 (Fy, > 0 and F]J\; < 0), which means that by (¢) can not
leave PO for any t € [T{{ ", 7} ], and the dynamics of by, for ¢ € [T}{}*, 7 ] satisfies:
db

_ Iy
—:OzF+—|—(1—OZ)F7 oO=——07,
dt In— JJ'\;
which is
db.(t —f+(t)
k() _ fape (sc+ —x_ cosA),t € [Y}I;E*,Tik]

dt vm(1l+p)

By Lemma C.1, we know that the dynamics of wy, () on M{ N M9 and the dynamics of py(t) are:

dwy(t) _ Kkope I+
At pr(t)y/m(1+p)
dor(t) Kkape I+
& = ymitp) w2

(:c+ —(wg, ) wy — xT_ COSA).

Moreover, The dynamics above also ensures that:

t —f+(s)
br(t), x.) = (bi(TEY), &) + f2PC T Gin? Ads
< k( ) +> < k( 11,k ) +> TI]?};* \/ﬁ(l +p)

> <bk(TIPI)}‘c*)7 $+> > 07 vt € [TII;}‘@*a Ti,k]'

+
Proof of (S2)(P3). Our proof for (S2)(P1) and (S2)(P2) imply this result directly.

which means 7}, = Tj;"*. Hence, we have proved (S2)(P2).

Lemma E.2 (Evolution of the prediction in Phase IIT*).
For any t € [T11, T}; ™), we have

—C
et <ef-O)—f-(T) < 1
14 Coef- (T (t — Typ) — = 1+ Coelf~(Tm)=C1) (¢ — Tyy)’
exp (—Cg(t — TH)) §€f+(TH)_f+(t) S 1,
where
K}%A2 f,(T ) _ _acosA 9 1

Co=06 , C1 = O (ko/Rika), /-1 Z@(p 1*‘”"“)» 022(9(“3227 “‘”"SA)-
Proof of Lemma E.2.

Step 1. Preparation. With the help of Lemma E.1(S1) and (S2)(P3), we know that
(i) For k € K_, we have

<wk(t)7w+> =0, <wk(t)7w—> >0, vt € [TH’TII;T*]'
(i) For k € ICt, we have

(wk(t),:v+> > 0, (wk(t),a:,> >0, Vt € [TH,TII;T*};

So f(t) and f_(t) have the following representation for any ¢ € [Ti1, T} T*]:

=3 %bmm,

k?EK+
Fo(t) = P2yl )z — 2 T ().
2o vt e 2

Step II. Evolution of f_(t).
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To begin with, we need to do a rough estimate of >, s, \ﬁb,C (t)x_. Let k € K,. For any
€ [T ", Ti; ], we have (by.(t),_) = 0. And for any ¢ € [Tiy, T{j "), we have:

d LemmaE.l K @

g (et ) TEE (), 2 <0,

Therefore, for any ¢ € [T11, T}, T*], we have 0 < (by, (t),:v,} < (bg(T11),z_), so

%\

0< Z _< bT (T,
ke/c+ keEK
Ko .1 Ko .1
- Z 7bk Jr_ < fo(t) < Z —=b; (Tu)x- — Z —=b, (t)z_.
kek_ kek, vm kek_ vm

According to Lemma E.1, it follows that for any k& € KC_, its dynamics is dbgt(t) = \';%6{11(:) (:c_ -

T Ccos A) , thus

t db . 2A t
b, (D& = b] (Ti)z— +/ <’“(5)x_> ds = by (Ti)z— + w/ ef-()ds,

i ds vm(l+p) Jn,
2 . QA t

Z -y Zb[ (T 4 omet D / I~ ds,
kek_ kek_ m(1+p) Jr,

Therefore, we have two-side bounds of f_ (¢):

m_r3sin® A [* Ko T T
f-(t) < —27/ ef-()ds — —= b, (Ti)z_ + —= b, (T1)x_,
m(1+p) Jr, g,; vm " ,g,; V"
m_r2sin? A [? Ko T
f-@) > —27/ ef-()ds — —=b, (Th)x—
m(l+p) Jr, kgcz_ vm "
For simplicity, we denote Cj := %, = Zkelc & (TH) _and C* =

Zkel@r %b;(TH)w_. Then we have:

t t
—C’O/ ef-ds —0Z < f_(t) < —Co/ ef-Ods —0- + Ot

T Tt
Let U(t) := f;ﬂ ef-(5)ds, then %Et) =e/~-®). So ¥(Ty;) = 0 and
—CoU(t) —C~ <log < > < —CoU(t)—C~ +CH,

efC:e—CO\I/(t) < —-c-+Cct e~ Co¥(t)

For the right hand, for any € € (0, 1), we consider the auxiliary ODE:

a ¢

dP(t) _ —C +(14+€)C 70073()
P(TH> =0.

The solution of this ODE is P(t) = C% log (1 + C’Oe_(’t'*'(l"'e)cj (t— TH)) From the Comparison
Principle of ODEs, we have the upper bound for ¥(¢):

1 _
U(t) <P(t) = & log (1 + Coe~ C= T+l (¢ _ TH)) .
Taking € — 0, we obtain

1 —
(1) < - log (1 + Coe~ =40 (¢ — Tn)) :
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In the similar way, we can derive the lower bound for W (¢):

U(t) > = log (1 F Coe O (1 — TH)) .

Co
Consequently, we infer that
Fo(t) < —CoW(t) — O~ + CF < —log (1 + Coe O (t — TH)) —C-+CH,
Fo(8) > ~Cow(t) — €= > ~log (14 Coe™ @+ (1~ Ty)) — €=
Noticing f—(T11) = C* — CZ, we obtain
—log (1 + Coe OO (¢ — Tn>) —CE < f(t) = [-(Tm) < —log (1 + Coe 9 (t — Tn>) :

Noticing f_(T11) = CT — C—, this inequality means

6701— 1
< ef- () —f-(Tn) <«
1+ Coef*(TU)(t —T1) T 14 Coe(f (Tun)—Ct )(t _ TII)

where Cy = m;:(%i;j 2-0 (ngy ) Moreover, according to Lemma D.8 (S1)(S2), we have

- — g (pf 1:‘;‘116A) ,
R /K1Kk2
Z bk TH =0 (m ) :O(ng/ﬁlﬂg).
v, Vm v ym
Step III. Evolution of f ().

Let £ € K. According to Lemma E.1 (S2)(P2) and (S2)(P3), it follows that for any k € K, its
dynamics during ¢ € [Ty, T3 7] is

dby(t K
gt( ) _ 7% (Fi(t),z4);
dbg(t) rope T+
or — = ) (:c+ w,cosA)

Notice that

Z Z TH :Ii++ Z HQ <dbk ) ZC+>d$
TII

keIC+ ke, kek,

db
keIC Tix

On the one hand, for any ¢ € [Ty, TIPI’T*], we have the lower bound:

K2 t e—f+(s)
Fe(t) 2 fo(T) + 2 3 / min { (F (), 24), 25— sin? Alds > £, (Th).

keky T I+p

On the other hand, for any ¢ € [T7y, TIPI)T*] we can derive an upper bound:
—fr(s)
Pe T in? A}ds
p

f()<f+TH+*Z maX (s),24), i

keky YT

p67f+(5) p€7f+(5)

<f+(Tn) + —= max , SiHQA}dS
kez,c Ty 1+p 1+p
f+(s 2 —f+(Tm)
pe I+ KM pe
<fi(Tu) + 2 / 5 < fp(Ty) + e T gy,
k;; ™ 1+Dp I+p
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Hence, we obtain

2 —f (T
exp _ kamy pe f+ (t—Ty) ) < ef+(Tm)—f+(1) < 1
m 14+p - -

where

Hngr p67f+ (Tir) Lemma D.8

. — 1

O
Lemma E.3 (Nearly fixed vector filed in Phase IIT*).

There exist absolute constants Q1, Q2 > 0, such that: For any time Ty € [T11, +00), if we choose
K1, K2 S.1.

W3 (T NI — T )™ v = O(8%), 3y [ = 0(a),

then for any t € [T11, Tax N T **], we have
<F+(t)7w+> Ql A2p 1— O‘COSA <F+(t),w7> 2 Q2A2p 1— acosA

Proof of Lemma E.3.

For simplicity, we denote o7 := Thy A T T* — Ti; From Lemma E.2, for any ¢ € [Ti1, Thix A T3 T*],
we have

1
f- (@)= f-(Tu) _ —
€ 1= 1+ Coelf-(Tm)=C1)§p 1<0,
J—fm s O 1= CoeTep Oy Coel Ty
1+ COef7 (TH)(ST 1+ Coef*(TU)(ST - 1+ Coef* (TII)(ST

eI+ Tm—1+(1) _ 1 <0,

ef+Tm)=F+(t) _ 1 > o=C2r _ | > o5,

Recalling Lemma D.8 (S1), there exists absolute constants ()1, Q2 > 0 such that
pe—f+(Tm)  of - (Tin)

F (T , T = — cos A\ > A2 71—0(}:0:;A’
(Fy(Th), @ 4) T T > Q1A%
—f+(Tr) f—(Tr)
pe € 9 1
F_ (T; V= A — < —0-A T-acos &,
(Fi(T),z_) T cos T = Q2A%p

Step L. Bounding the term (F' | (t), ).

(Fi(t), zq) — (Fy(Tu), )|

:Le—er(t)—Le_fJf(TH)—
1+p 1+p

ef-(®) ef—(Tin)
— cos A + cos A‘
p

ef-(®) ef—(Tin)

cos A —
1+0p 1+p

ef (T)

< Le—f+(t) _ Le—h(TH)
1+p 1+p

cos A

"

< P =1 (T) | o (Ti) = f1 (1) _ 1‘ +
1+p

p e~ I+(Tm s ef -1 i+ Coef— TH)(ST
1+p° L I G S T

To ensure |(F (), ;) —
such that

‘ F- (- (TH)_l‘

<—

(Fy(Tu),@q)| < Q1A% e s, we need only select parameters

€f_(TH) C + Coef_(TH)5T 1

p e M+ 0y 5 4 < inAQP—m_

14p 14+p 1+ Coef-Tép
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From Lemma E.2 and Lemma D.8, we have:
2A2
COZ@<K:2 )7 01:(9([.@2\/%)7 02:@(H§p_m),

e~ f+(Tm) — @ @—m) , e~ =g (p—lféofofa> .

Therefore, if we take

Coef—(TII)(ST =0 (lﬁ%A%ﬂiﬁéT) = 0(1),

then we have
(T (T
p 67f+(TII)C26T T ef (Tir) Cl + Coef ( II)5T
L+p 1+p 1+ Coef-Tgp

=0 (wgp =t 6r) + 6 (p =TS (Ol y/Fria) + K3 =i or )
-0 (H%p_l-alcow (&rp_l-“l““ +0( m)» :

K2

If we can take

W0rp TS = O(A%), k3 [T = O(A%),

then k2A2p~ a5 57 = O(1) and
S S 1 S S

(Fi(t),z+) — (F1(Tu),z4)| = O (AQP 1*‘”‘“) < §Q1A2P T-acosd

Hence,
(Fy(t),xy) 2(Fy(T),xy) — [(F1(t), ) — (Fy.(Tir), z4)|
1
Z§Q1A2p_m =Q (A%‘ﬁ) .Vt € [T, Tax AT ).

Step II. Bounding the term (F'; (t), x_).

The proof can be completed by the method analogous to that used in Step I, and we omit it. The
result is

(Fy(t),z—) =2 (Fy(Tu), @) + [(Fi(t),2y) — (F(T), x|

1
>_ 5QQA‘Zp—m =0 (Mp—m> .Vt € [Tin, Tae ATE™.

Lemma E.4 (The end of Phase Transition).
If we choose k1, ko 8.t ko = O(1) and 2—; =0 (A4) (3), then it holds that
(S1) (Time).

1
PT . PTx . K’l pl—acosA . 3 .
T’H =11 _7}1+O<1'/<‘;2A2> = <1+0<\/K§1K/2 ﬂla
(S2) (Prediction).
TN — g (pf—A) LT Z g (1,7 1:‘;‘126A) :

pe=f+(THY)  of-(TiT)

cosA =0 (A%‘ﬁ) ,

1+p  1+p
—f(TE") Fo(TH™)
Z%COSA — % ) (A%,‘ﬁ) .
p P

(S3) (Activation patterns).
<wk(TI§T>’m+> >0, <wk(TIPI)T)7m—> =0, Vk € IC-H
(wi(Ti "), @4 ) = 0, (wi(T ), &) >0, Vk e K_.
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Proof of Lemma E.4.
Step 1. Time Estimate. Let k € I, .

Recalling the definition of TIPI)};* in Lemma E.1, Lemma E.1 (S2)(PO0) also gives us
TPT* — TPT* .
I gg%’i 11k

From Lemma D.8 (S2), we know that there exists an absolute constant Q3 > 0, s.t.
(br(Th), z_) < Q3 7% And we let Q5 > 0 be the absolute constant (), in Lemma E.3.

3Q3 [k 1
Tax =T+ —— 0, DA —pl acos A

ko= O(1), /L=0(a%).

K2

First, we choose the time

then we choose k1, k2 S.t.

It can ensure
2
(T A TE™ - T et — 0 (52, /2] —own), i [T o),
K2
Then according to Lemma E.3, it follows that
Q2,2 1 PTx
<F+(t),ﬂ)_> < *7A T—oeosa V€ [THvTII,k /\Tﬁx)'

Now we consider the dynamics for ¢ € [Ty, TII;};* A Thy).

Recalling lemma E.1, we have

<bk(TIl;};* A Tﬁx), 113,> = <bk(TH), 1137> + / <dbk(8) s 513+> ds

T ds
<b ( ) > T 3" AThix < ( ) >d
= k T P . F s), x_ s
! \/> T *
_Qg\/j@ @ hLYN _m(TPT* A Tay —TH>
MR “Toacsa 3 Ky 1
<Q3\/\/? Qz Z2Ap TEea ((TIII,k —Tip) A QQA?)Z \/Tpl MosA)

. 1 .
We claim T 1* — Tip < QZAQ \/ BpT==<e=a . If otherwise, then

* R1K R1K
<bk(T11;,£ ATax), @—) < Qg\/\/? - Qg\/\/? =0.

From the definition of T}y }*, we know Ty 1* < Tj{ .* A Thy, which leads to a contradiction.

therefore, we have proved that for any k € IC+,

P+ _ PTs.
T N =Ty s

* QS Ky 1
TR < T+ oy [

With the help of Lemma E.1 (S2)(P0), we obtain

TPT* A Tﬁ PT*
< =
3 1
TPT* — max ’I’II;E* é TH + Q 5 T—acosA |
kel ’ QQA 532
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Recalling LemmaE.3, (F, (t),z4) > 0and (F(t),z_) < 0hold forany t € [Ti1, T{; ** A Thy] =
[Tiy, T 7). From the definitions of 73; and T35 T* (26)(27), we obtain

PT PTx
TII T .

In conclusion, we have proved:

m
TET — TP _ Ty + O ( :1 D — ) Lemma D.6 (1 Lo ( /m@)) T
V k2

Step II. Prediction Estimate. Step I gives us the result:

1— aLosA
S =TPT _ T — 0 K1p '
T 11 I1 ke A2

Recalling the proof of Lemma E.2, we know

T
Cl + Coel- oy <ef-M—F-(Ti) _
1+ Cgef (T1) or

—Codr §6f+(T11)—f+(t) —1<0.

1<0,

where
2 A2
K5A

Co=0 < > , C1 = O (kay/Kik2), C2 = © (n%pilwlcom) .

Then a straightforward calculation gives us:

0> el W1 _1_ _g <,,v§ “1) _ 0 (,ig m) _ 0 <,,v§ "“1)
K2 K9 Ko
Tir)— TPT B 2 K1 1
026f+( i) — f (Thr )1(9<,€2 /@Ag)'

With the help of Lemma D.8, we obtain the prediction estimate at the end of Phase III:
e~ TH(THT) o= F4(Tn) of+ (Ti) = F+(TiT) _ @ (e—f+(T11)) -0 (p—m)

)

F-(TET) _of = (Tu) - (TET) = - (Th) _ g (effmo) -0 ( - ﬁi‘iifA) ,

Moreover,

pe— I+ (THT)  of- (T pe~f+(Tm)  of—(Tin)
— cosA | — — cos A
1+p 14+p 1+p 1+p

pe= T+ (THD)

—f+(Ta) S (T) =D cos A
pe I+ p el =) cos A rp 1
1+p pe T+ M0 1+p /- cosn
1+p 1+p

ot 2 [F1 1 o [m
io (p 1 acosAK/Q AQ) +O<p 1— QCOSAKQ H2>
Ky A2

which means
pe—f+(Ti") o f-(Ti")

cosA =0 (AQp—m) '

1+p  1+4p
In the same way, we can obtain
—f+(TH™) F-(TH")
A — cos A — e e (A%‘ﬁ) )
L+p 1+p
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Step III. Activation Patterns.

Recall our proofs in Step I, we know that
<'wk(TIPI)T),a:_> =0, Vk e K;.
Moreover, from the dynamics in Lemma E.1 (S1) and (S2)(P3), we obtain:

(wi(T "), 21) >0, Vk € Ky;
(wi(Ti "), @4 ) = 0, (wi(T ), &) >0, Vk e K_.

Proof of Theorem 4.6.
Theorem 4.6 (S1) has been proven in Lemma E.4 (S1), and Theorem 4.6 (S2) has been proven in
Lemma E.4 (S3).

O

E.2 Optimization Dynamics after Phase Transition

After Phase Transition (¢t > T{;"), we study the dynamics before the patterns of living neurons
change again. Specifically, we define the following hitting time

Ty := inf {t >THY 3k € Ky UK_, sgnjf (t) # sgn} (T7) or sgn;, (t) # sgn;(TI)}
—inf {¢ > T3k € Ky, st (wy(t),@y) < Oor (wi(t),z) £0; (28)
or Ik € K_, st (wi(t), zy) £ 0or (wi(t),z_) < o},

and we call t € (T5™, Tiyr) “L-Phase I11”.

Moreover, we call t € [T11, Tir) “Phase III7, i.e.. “Phase Transition” + “L-Phase III”.

In order to analyze the dynamics of neurons and vector fields, we introduce the auxiliary hitting time:
Tjiy = Tiny A inf {t > TET (Fo(t),2.) <Oor (Fy(t),z_)> 0},

(29)

1
where  F (t) :ﬁ'%pgﬁ(t)w+ _ mef,(t)mi.

We call t € (TF™, Ty;;) “L-Phase I11*”.

Due to the almost simplest activation patterns, this phase is easier to analyze, and we only need to
estimate the time and size of the changes in the vector field. Nevertheless, our challenge is to prove
that all living negative neurons simultaneously change their activation patterns at 77};, which also
implies that Ty = ;.

Lemma E.5 (Dynamics of activate neurons during L-Phase IIT*).
In L-Phase IIT* (t € [TFY, Tyy;)), we have the following dynamics for each neuron k € K_ U K.

(S1). For negative neuron k € K_, we have:
wi(t) € MY N MT,
dby(t)  koel-®

dt  vm(l+p)

(S2) For positive neuron k € K1, we have:
wy(t) € /\/li nM°,
dby(t) Kkape I+

dt  /m(1+p)

(:v, — T4 cos A).

<w+ — x_ cos A).
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Proof of Lemma E.5.
From the definition of T7}j;, we know that (F(¢),x) > 0 and (F (¢ ) a:_> < 0 hold for any
t € [TF™, Tt;;). Moreover, Lemma E.4 ensures that for k € K4, wi(TfT) € M3 N MT; for

ke K_,wy(THTY) € ./\/l+ N M. Hence, this lemma can be proved in the same way as shown in
the proof of Lemma E.1 (S]) and (S2)(P2). We do not repeat it here.

O
Lemma E.6 (Time and prediction estimate at the end of L-Phase III*).
(S1) (Time).
m
T =Ty +© <pﬁ2 = (1+6(A%)) T = (1+6(A%) Ti;
2
(S2) (Prediction).
eI+ (T — g ( f—A) T — g (pf 135":03%) :
—f+(Tt) f—(T11)
be _C cos A =0,
1+p 1+p
—f+(THT) F-(Ti") 1
pe 7 cos A — S e (A2p_lfozcosﬁ> ]
1+p 1+p
Proof of Lemma E.6.

Step L. Explicit Solution to f (¢) and f_ ().

Forany t € [T T, T};), we have:

Let us consider the dynamics of f, (¢) and f_(¢). With the help of Lemma E.5, these two dynamics
are nearly independent:

d/+ () r2 reape” I+ k3mypsin® A
dt ::ﬁkgc: m(m+—m_cosA),m+ :We +(0),
f=(t) 9 N
df(;t(t) N \/» Z < /6261 - (:B_ -z cosA),sc_> — _%eﬁ(t).
kek_ p) m(1+ p)

Their solutions are:

e~ F+(TH™T)

e~ f+(®) —
—f4 (TPT) kZ2mpsin? A PTY
L4e™/+tn m(1+p) ( _T‘H )
F-(mi")
(&
ef_ ® = F_(TET) kZm_ sin? A PT\
l+e iy = T)

Step II. Time Estimate of T7j;.

ﬁgm, sin? A

2 .2
For simplicity, we denote G| := W& and G == =207

(1+p)

First, we consider the evolution of the vector field (F (t), z_):

pe—T+® ol

F )= ‘A_
(Fe(t) @) == —cosA—
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TTrp \ 1 e FEDG (- TET) 1+ el TEOG_(t— TET)
eff+(TII§T CcOS A — ef* (TIPI’T) ef* (TIFI’
(p )+
B L+ p)(L+e BN (= TET)) (L + e/~ TDG_(t — T]T))
() (P (TT) ) 4+ e T D (G cos A = G)( T _
() e NG (- TET) (1 + - TG (1 — THT)) '

1 < pe_f+(TIFI)T) COSA eff (TIFI’T) )

T fo (" )(pG cos A — G-‘,—)(t - TIPI)T)

Hence, the hitting time 775, can be converted to the following T7:%:
g 11 g 411

Tty = Ty = T A inf {t >THY (Fi(t),z4) < O}.

Then we consider (F | (t), x4 ):
—f+(@) f=(t)
pe e
Fi(t),xy) = -
(Felt)as) =" =
1 peff+(T§T)
Clp \ 1+ e TG (- TET)
(pe=F+ M) — ef~(Ti") cos A) + ef- (T —F+(TH) (pG_ — G cos A)(t — TET)
(14 p)(1+ e DG (¢ = THT) (1 + TG (¢ - THT))
(4 p) (Fo(TFT), &) + /- T =10 (pG_ — G cos A)(t — THT)
e HIOCL (- TR (1 S TG (- TET)

cos A

ef~ (") cos A
14 e-TENG_(t - TET)

From Lemma E.4, we know

—f4(t) =@
pe e o _ _acosa
1+ p) (Fo(TFT),2y) = (1+ - cosA ) = © (A% TS )
( P)< (T ) +> ( p)<1+p 1+p )
ef- (T = f+ (1" _ ) (ef—(TI+H)—f+(TI+H)) -0 (p_ =2 322) )

2,0 2A _ A
pG_ —GycosA = Hﬂl)jnp (m-_ TZLJF cosd) _ —0O (k3A%).

These imply the hitting time:

A2 _ jecosA B
PT « COS PT p — & COS
Thh=Th=T1 +0© Trawsa 5 o =Ty +O0|———]-

p 1— cx(,o:.AH A 52

Step III. Prediction estimate.
From the explicit solution in Step I and the time estimate in Step II, it is easy to verify

e~ F+(TH™T) 1
= @ (pilfacosA) ,
(Tfil - T T)

e—f+(T1*11) —
TET) K3mypsin? A

Lter /il m(1+p)

F_(TET
of - (Ti) — ef- () —0
sin? A * PT
(THI - TI )

TPT H"L

_ _acosA
I—acosA .

Recalling the calculation in Step II, we have:

—f+(Tf) = (Tiw)
e e
p — cosA =0

F.(T{y),xy) =
(Fi(Ti), @) 11 1+p

. pefeTiw S
,x_) = —— cos A —
(Fy(Tin), ) Ty o
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(1+p) (Fo(TFT), @) + /- =100 (pG _cos A — Gy )(Tyy — TFY)
PT

(14+p)(1+ €7f+(T£T)G+(TﬁI —TEM) (A + e/~ TG (T, — TET))

CA2) TSR A2y TSN .
=0 QA p 5 i -0 (A%fm) )
p(1+6(A2%))(1+6(A%)

Lemma E.7 (Hitting time relationship). If we define the following hitting time:
T = inf {t > T" : Vk € K_, (wy,(t),z1) > 0},
then it holds that Tiyy = Ty = Ty-

Proof of Lemma E.7.

We define the following hitting time:
T =inf {t > TE" : (Fy (1), 24) <0}
T =inf {t > T{{" : 3k € K_, s.t. (wy(t),z4) > 0},
T =inf {t > T : Vk € K_, (wi(t), x4) > 0},

From the proof in Lemma E.4, we know (F' (175;), z—) < 0. From the continuity of (F, (-),z_),
we know that there exists 71 > 0, such that (F' (t),x_) < 0holds for any ¢ € [T}, T{i; +71). Then
in the same way as the proof of Lemma E.5 (S2), we know that for k € K, w(t) € ./\/li N M2 for
any t € [Tyyy, Tiy + 71).-

Recalling that for any k € K_, (by(T7;;), z—) > 0, from the continuity, we know that there exists
7o > 0 such that (by(t),x_) > 0 holds for any ¢ € [T7};, T7i; + 72).
Hence, we have:

T =T AT =inf {t > T« (FL(t),z4) <0or 3k € K_, s.t. (wy(t),z4) #0}.

It is obvious that T3y, > Ty A T, = Tyip- Now we prove T}, = Tji;.

If we assume T3} > T, strictly, then the dynamics about f, () and f_(¢) in the proof (Step I) of
Lemma E.6 still hold for any ¢ € [T}, I1);). Using the same calculate about (F'; (t), ) in the
proof (Step IL, III) of Lemma E.6, we can obtain: (F, (t),z.) <0, t € [T}, TH)-

Then we consider the vector field around the manifold M9 N M7 for ¢ € [T};;, T1Y)). In the same
way as the proof of Lemma E.1 (S1), we can prove that the two-side projections onto x (the
normal to the surface M{ N M) satisfies f3; (t,w), f (t,w) > 0 for any t € [T7;;, T75; + 1),
which satisfies (Case II) in Definition H.1. This implies that wy(¢) enter the manifold M7, e,
(wi(t),x+) > 0 forany t € [T}y, T1Y;), which is contradict to the definition of T});. Hence, we
have proved

N _ N F o o
Tir = T A T = T

Noticing that the change of activation patterns of sgn; (t) (k € K_) is due to the change of the
vector field (F; (t),x ), it is easy to verify that T} = TN} A Tiip*. Then we have T, = T, =
I A Ty = T

Moreover, noticing that Ty;; < T} and Ty < Tipr, we obtain Ty = 175 = Ty = T

Lastly, noticing that all living negative neurons (k¥ € K_) belong to M& N M7 at time Ti. As
discussed above, for each living negative neuron k € K_, the vector field near by, (7111) is the same,
with fy > 0 and f; = 0 in Definition H.1 (Case II). Hence, each living positive neuron wy, leaves
from MY and enter M7 instantly at Tjy;, which means 17} = T}

— % _TW _ N _ 7F
Hence, we have proved 1111 = T7; = 11y = T = Thir- O

Proof of Theorem 4.7.
Combining Lemma E.6 and E.7, we obtain ;1 = (1 + @(A2)) Ti1. O
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F Proofs of Optimization Dynamics in Phase IV

Proof of Theorem 4.8.

From Lemma E.7, we know that all living negative neuron k£ € K_ simultaneously change their

patterns on x at Tii:  lim sgn; (t) = 0, lim sgnj (t) = 1. Moreover, from our proof of
t—T; t—Tph

Lemma E.7, we know that other activation patterns remain unchanged at 71z. O

In this phase, we study the dynamics before activation patterns change again after the phase transition
in Theorem 4.8. We define the hitting time:

Tiv == inf{t > Ty : Ik € Ky UK_, sgnf (t) # lirn+ sgn; (s) or sgn, (t) # lim sgn; (s)},

T
s—=Tp s—T1y

and we call ¢ € (1111, Trv ) Phase IV.

In order to analyze the dynamics of neurons and vector fields, we introduce the auxiliary hitting time:

TS, = inf{t > T (Fi(t),24) >0, or (Fy(t),z_)> o},
(30
_ P o 1w
where F, (t)=———e /*Wx, — ——¢ xr_,
+(0) Trp YTy
and we call ¢ € (T, T15,) Phase IV*.

First, we will provide meticulous prior estimations for 2d ODEs on f, () and f_(t), similar to Phase
II, which can imply 77y, = +o00. Additionally, we can prove 11y = T3,. Lastly, with the help of
our fine-grained analysis for the 2D dynamics and the results in (Lyu and Li, 2019; Ji and Telgarsky,
2020), we can determine the unique convergent direction from numerous KKT directions.

F.1 Non-asymptotic Analysis of Optimization Dynamics in Phase IV*

Lemma F.1 (Dynamics of activate neurons in Phase IV*).
In Phase IV* (t € (T11, T1y) ), we have the following dynamics for each neuron k € K_ U K.

(S1). For negative neuron k € K_, we have:
wi(t) € MENMT,

dbg (1) Ko Ko D _ 1
- 2 pFr t)=——2 £ ~F+WOp, _ F-®p ).
dt vm +() vm 1+pe T 1—|—p6 ¥

(S2) For positive neuron k € K, we have:

wi(t) e MEN M2,

—f+(t)
dbe(t) =l (az+ — T_ cos A).

dt vm(1+p)
Proof of Lemma F.1.
Using the definition of T3, this lemma can be proved in the same way as shown in the proof of
Lemma D.1, E.1 and E.5. O

The next lemma gives the first-order dynamics of f. (¢) and f_(¢).

Lemma F.2 (First-order Dynamics of predictions in Phase IV*).
In Phase IV* (Tin1 < t < T}%,), we have the following dynamics for f1(t) and f_(t):

dfy () Ron pe—f+®) ) R pe T+ of=(1) cos A
0 - H2W71+ sin® A + k5 — — ,
P m 1+p 1+p
df (¢ B —f+(®) f-@®)
f():/fgm— P cosA - .
dt m 1+p 1+p
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Proof of Lemma F.2.
From the definition of 17y, for any 7111 < ¢t < Ty, we have

- e Y 2l

kem kek_

Z

keK_

With the help of Lemma F.1, we have the dynamics of predictions:

%t(t): > j%<db§t(t)7w+>_ ) j%<db§t(t),w+>

ke keK_—
2
K3 Z —f+(t) (1-cos2A) — 22 3y (COSAef(w _ Pe—mt))
kEIC m keK_— 1 TP 1 TP
—f+ ()
M2 P gn? A o2 (B o 0sA s
m 14+p m 14+p 14+p

df-(t) Ko/ dbg(t) K3 P 1 s
a Z\/ﬁ< a _EZ 1+p° N

kek

L By O P N S R OA
m 14+p 1+p
=

Following the proof in Phase II, we focus on the dynamics about predictions. Due to the specificity
of the first-order dynamics, the following lemma gives an second-order autonomous dynamics of
predictions.

Lemma F.3 (Second-order Autonomous Dynamics of predictions in Phase IV*).
If we consider the following two variables:

I(t) == k32~ L 1+,,€ -+
T(t) = w3 e,

then the following autonomous dynamics of U(t) and V(t) hold in Phase IV* (Ttr1 < t < T,):

{dﬁg) Z(t)J(t) cos A — I2(t) (1 + 7 sin A)

470 — ()T (1) cos A — T2(t).

Proof of Lemma F.3.
With the help of the first-order dynamics in Lemma F.2, the proof is straight-forward. O

Lemma E.3 enlighten us that we only need to study the dynamics of Z(¢) and 7 (¢) to study the
dynamics in Phase IV*, where Z(t), J (t) satisfies the following autonomous dynamics:

{dﬁt) Z(t)J () cos A — I2(t) (1 + M sin? A) ,

ATW — 7(1) T () cos A — T2(t),

I(Tin) = k375 phpe I+ (),
j(TIH) li% poas 1+pef (TIII)

t > T
3D

The next lemma studies the dynamics (31) for any ¢ € [Ty, +00).
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Lemma F.4 (Fine-grained analysis of the dynamics (31)).
For the dynamics (31), we have the following results:

(S1). Initialization.
I(Tim) = © (ng_l"’l“’“) , J(Tm) =06 (Kzgp_m) ,
Z(Tir) — J (Tin) cosA =0,  Z(Tirr) cos A — J(Tip) = —© (,g%Azp*m) .

(S2). Fine-grained two-side bound for Z(t)/J (t).

1+ cosA - Z(t)
1—|—cosA—|—%sin2A J(¢)

< cosA, Vte [T, +00).

(S3). The limit of Z(t)/ T (t).

. I 1+cosA
lim = o -
t=o0 J(t)  1+cos A+ ot sin® A

(S4). Tight estimate of Z(t) and J (t).

1
I(t)=o I , Yt € [T, +00);
l1—acosA
- —+ A2(t — Tin)
1
J(t) =0 fo— ,  Vt e [T, +00).
1—a cos
Pﬁig + AQ(t — TIII)
Proof of Lemma F4.

For simplicity, in this proof, we denote

m .
€= —F sin? A,
m

Step 1. Preparation. Recalling Lemma E.6, we have:

I(Tm) = © (ngfm) , J(Tm) =0© (m%pfm) :

I(THI) — j(TIH) COSA = 0, I(THI) COSA — j(TIH) = 7@ (HgAzpilff"leA) .

Step II. A rough estimate on Z(t) and 7 (¢). In this step, we aim to prove:

J)>I()>0, Z@t)+IT) <I(Twn)+J(Tm), Vte [T, o).
First, from the definition of Z(¢) and 7 (¢), we have Z(t) > 0 and J (¢) > 0.
Then we consider the dynamics of Z(t) + J (¢). From

d

= (I(t) n j(t)) = 9T(£)T(t) cos A — T2(t) (1 + €) — T2(t)

= — (Z(t) — T(t))*cos A — (1 — cos A)T2(t) — Z?(t) (1 + € — cos A) < 0,

we have
)+ J(¢) <I(Tm) + J(Tn), Vt> T

Then we consider the dynamics of [ (t) — Z(¢). We define the hitting time
TT—7 ‘= inf {t Z TIII : j(t) S I(t)}

From Step I, we know J (T111) — Z(T111) = (1 — cos A)J (T1r1) > 0. From the continuity, 77 _7
exists and 77_7 > Tii;.
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For any t € [Ti11, 77—1), we have J (t) — Z(t) > 0 and

(T ~1)) = ~720) + T2(0) (1 + ) = ~(T () + TONT (1)~ T()) +22(1)

>— (T +IZONT () - Z(1) = =(J (Tr) + Z(Ti)) (T () — Z(1)),

We consider the auxiliary ODE: £P(t) = —(J (Tiu) + Z(Tin))P(t), where P(Tinr) = J (Tiu) —
Z(Trr) > 0. From the Comparison Principle of ODEs, we have:

J(t) = T() = P(t) = (I (Tin) = Z(Tw)) exp (= (T (Tin) + Z(Tin)) (¢ = Tiwr) ) > 0, Ve € [Th, 7).
From the definition of 77_7z, we have proved
Tg—1 = +00;
J(t) > I(t), Vt € [T, +00).
Step III. A rough two-side bound for Z(¢)/J (t).

In Step II, we have given a rough upper bound for Z(¢)/J (t): Z(t)/J(t) < 1, V¢ > Tir1. And we
want to derive a lower bound for Z(t)/J (¢) in this step. We aim to prove:

1+ cos A

ZW/T®) > T s AT e

Vt € [TIID +OO).
First, we define the hitting time:

1+ cosA

l .

= f{t>T I < — t}
17 m = ()_1+COSA+6 ()

From Step I, we know

14 cos A 14 cos A
Z(Ti) — ——J (13 A — T
(Tin) 1+cosA+ej( in) > <COS 1+COSA+6) J (Tin)
2t cosA—1 sin® A cos A _ 1) gin2 A
:( - ) j(TIH)Z(O.QW ) j(TIII)
14+ cosA+e 1+ cosA+e
(980 _ 1) sin2 A
< 0977 .
1+ cosA+e J (Tin) > 0
From the continuity, 7} /7 exists and L s > T
For any t € [Tin, 71, ;). we have Z(t) — s 8- 7 (t) > O and
d 1+ cos A
Sy - B2
dt( ®) 1+CosA+ej(t)>
1+ cosA 14 cos A
=7(t t All - —— ) — (1 T2 (t = Tt
(1) T (t) cos ( 1+COSA—|—6) (I+¢) ()+1+COSA+GJ()
1+ cos A
— - (20 - 2570 (14920 + T ()
1+ cosA
— (1 (t)— —mTJ(t Z(t t
> (140 (20 - %5 7)) @)+ T0)
1+ cosA
> (1 Z(T; T (t)— ———J(t) ).
> = (14 0 (T(Tin) + T (T)) (20 - 1oy 7))

We consider the auxiliary ODE: £ 0(t) = —(1 + €)(Z(Ti1) + J (Ti1)) Q(t), where Q(Tin1) =

I(Tm) — ﬁ%‘ﬁj (Ti11) > 0. From the Comparison Principle of ODEs, we have:

1+ cos A

() - mj(t) > Q(t)
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1+ cosA
= | Z(T; -
<(IH) 1+cosA+e

From the definition of 77_z, we have proved
1
TI)7 = +00;

14 cos A
Z(t t _
0)/T() > 14+ cosA+¢€’

Hence, we obtain the two-side bound for Z(t) /7 (¢):
1+ cosA < Z(t)
1+cosA+e  J(t)

Vt € [TIH, +OO).

<1, Vte [TIH,—FOO).

Step IV. Z(t) cos A — J(t) and Z(t) — J (t) cos A are both negative.

The estimate on Z(t) cos A — J (t) is straight-forward:
Z(t)cosA — J(t) < Z(t)cosA —I(t) <O.

As for Z(t) — J (t) cos A, we will actually prove a tighter upper bound:

Z(t)

—= < cosA.

J(t)
We need to do finer analysis using the specific dynamics (31). First, we define the following hitting
time:
Define the following hitting time

74z o= inf {t > T Z(t) — J(t) cos A > 0}

From Z(T111) — J (Tiir) cos A = 0, %(I(TIH) — J(T11) cos A) < 0 and the continuity, we know
T%/J exists and 7'7;/3 > T11.

Recalling Z(t) cos A — J(t) < 0, we have

%j(t) =J() (Z(t)cosA —T(t)) <0, Vt>Tur.

So we can consider the following dynamics for ¢ € [Ti, 73 / j]:

dZ  ZJcosA—T%*(1+e¢) %COSA*(%)2(1+6)

d7 = IJcosA—J2 - %cosA—l

If we define Z(t) := %, then we have dZ = Z2dJ + JdZ.

The dynamics above can be transformed to:
jg _ ZcosA—Z*(1+e) oz Z(1+cosA) — Z2(1 +cos A +¢)
d7 ZcosA—1 N ZcosA -1

Recalling the result in Step III, we have (1 + cos A) — (1 4+ cos A + €)Z(t) < 0 holds for any
t > Ti11. So the dynamics is equal to:

d7 ZcosA—1 1z
J  \Z(1+cosA)— 2Z2(1 4+ cos A +¢)
1 1 sin? A + ¢ 4z
1+cosA\Z 1+4+cosA—Z(1+cosA+e)

Integrating this equation from Ty to ¢ € [Tirr, 74 / j), we have:

o (51 ) =~ Treoes (201

sin? A 4 ¢ (I4+cosA+e€)Z(t) — (1+cosA)
+ (14 cosA +¢€)(1+ cosA) © (14+cosA+e)Z(T) — (1+cosA) )
(32)
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If we assume 77 17 < oo, the continuity gives us

lim Z( ) = hin B I(t)/j(t) =cos A = I(TIH)/j(TIH) = Z(TIH).

t—>T /j —)TI/j

Then letting ¢t — 7/ / 7 in(32), we have

) J(t) )
1 I =04+0=0
tomir — 0B (j(TIII) * ’

/7

which means j(T%/j) = J(Tin).
But on the other hand, we have:

) =TT + [ @00 c0s s - F0)ar

T

— 7 (Tur) + /T T T cos A — T())dt
<7 (Tyur) + (cos A — 1) / " Tz < 7 (T,

T
which leads to a contradiction. Hence, we have proved

1) = +00;
I(t) —J(t)cosA <0, Vte [T, +00).
Moreover, we obtain a sharper two-side bound for Z(t) /7 (t):

14+ cosA Z(t)

T+cosAte J(t) <cosA, Vit € [T, +00). (33)

Step V. Tight bound for Z(¢) and J (t).

In this step, we aim to give a tight bound for Z(¢) + 7 (¢). With the help of the two-side bound (33),
we have

C(20) + (W) =TT (1) cos &~ T(1) (1 +¢) — (1)
=—(Z(t) — T())? cos A — (1 — cos A) T2(t) — Z%(t) (1 + € — cos A)
(1 —cosA)(Z(t)+T(t )) A2

— (1 —cosA) (T2(t) + T%(t)) < — 5 <-4 @)+ T ()2,

%(Z(t) n j(t)) — 2T(£)T(t) cos A — T2(t) (1 + €) — T2(t)
=—(Z(t) — T())? cos A — (1 — cos A) T2(t) — Z?(t) (1 + € — cos A)

1 1 +cosA ajzt 1 AT ) —T%(t) (1 A
> = T 1t cosAte (t) = (1 —cos A)J=(t) = Z°(t) (1 + € — cos A)

—(1+e—cosA) (Z2(t) + T*(t)) > — (3, + ﬂm;) A2 (Z(t) + T () > — 202 (Z(t) + T (1))

For the first inequality, we consider the auxiliary ODE: %P(t) [ %2 P2(t), where P (i) =
Z(Ti) + J(Tir) > 0. From the Comparison Principle of ODEs, we have:
1
Z(t)+ T <P(t)= s T
T e (- Tin)

In the same way, we can obtain the lower bound:

1
I(t)+J(t) > -
Ty T 2A% (= Tm)’

vt > T
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Recalling Step I, we have m =0 (p e A / H%) Hence, we obtain the tight bound:

1
I(t) + j(t) =0 T , Vte [TIIIa +OO)
%ﬁ + A2(t — THI)

Taking (33) into the equation above, we have:

1

Z(t)=6 :
% + A2(t _ THI)

, Vte [TIHa -‘r-OO);

1

J(t) =0 , Vit € [Tin, +00).

P —
P o A2(t — i)

Step VL. The limit of Z(¢)/J ().

By Step V and the proof of Step IV, we know tlggo J(t) = 0and & 7(t) < 0holds for any ¢ > Tiyr.

Then for any € > 0, there exists 77 > T7y1 such that

J(t) ) 1000 9 ,
1 < log(1000eA=), VWVt >T".
Og (j(THI) AQ Og( € )

Taking it into (32), we obtain that for any ¢ > T,
0<(l4+cosA+e)Z(t)—(1+cosA) <€
By the definition of the limit, we get

Z(t) 1+ cos A 1+ cos A
1m = = .
t—oo J(t) 1+cosA+e 1+COSA+%SiH2A

Lemma F.5 (Time and prediction estimate).
(S1). For any t € (111, +00)

pe—t+® Z 0 1 1 g 1 1 :
praee s 4 k3A%(t — Tin) praee s 4 k3A%(t — Tin)

L(6(t)) =© T : '
pi=acoss + xZA2(t — Tiyp)

(S2). For any t € (Tq11, +00),

1+ cos A
1+COSA+%sin2A

- pe_(f+(t)+f7(t)) < cos A.

—(f+(Tin)+f-(Tn)) — 3 i —(f+(O)+f-(1) — 1+cos A
Moreover, pe~ "+ cos A and tllglope + Troos A+ Tt sn? A

(S3). Forany t € (11, +00),
(br(t), 1) >0, (by(t),m—) =0, k € Ky;
(bp(t), zy) >0, (br(t),z_) >0, ke K_.
(S4) (Time).
Tiv = T1y = +oo.
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Proof of Lemma F.5.
Notice the relationships: pe=/+®) = n%%%, ef-() = m%%% and pe~(F+(O+/-(1) —
Z(t)/J(t). Then Lemma F.4 implies that T};, = +o00. Recalling the dynamics in Lemma F.1, then

lemma (S3)(S4) hold. Then using Lemma F.4 again, we obtain (S1)(S2). O]

Proof of Theorem 4.9.
Theorem 4.9 (S1), (S2), and (S3) are obtained in Lemma E.5 (S4), (S3), and (S1), respectively. [

F.2 Asymptotic Directional Convergence

In this section, we will study the final convergence direction in our setting. It mainly depends on our
prior fine-grained analysis of the training dynamics in Phase IV and the following result about the
final convergence direction at the end of training.

Lemma F.6. Ler f(-; 0) be a homogeneous neural network parameterized by 0. Consider minimizing
the exponential loss over a binary classification dataset {(x;,y;) }7— (||@:|y < 1,y; € {£1}) using

Gradient Flow. Assume that there exists time to such that L(6(to)) < . Then,
(I) (Paraphrased from (Lyu and Li, 2019; Ji and Telgarsky, 2020)). 0(t) converges in direction to a
KKT point (Definition G.3) of the following maximum margin problem:
R S
min - 6]
s.t.yi f(xi;0) > 1.
(1) (Lyu and Li, 2019; Ji and Telgarsky, 2020)). ||6(t)||, — oo and L(0(t)) — 0.

(III) (Ji and Telgarsky (2020)). —N L(0(t)) and 0(t) converge to the same direction, meaning the
angle between 0(t) and —V L(0(t)) converges to 0.

o(t)

Lemma F.7 (Final Convergence Direction). The limit lim <2 exists, and denoted by 8 =
totoo 10y
(B;r, e ,B;,Z)T € S™=1 then it satisfies

b, =0, Vk¢K;UK_;
by :C(a}+ —T_ cosA), Vk e Ky

.2
_ m4 sin® A
b. = 1+ — _ - k _:
k C(( er(l—l—cosA))m a:+>, Vk e K_;

where C' > 0 is a scaling constant such that H§H2 = 1. Moreover, f(x1;0) = —f(x_;0) > 0.

Proof of Lemma F.7.
Let9 = (B, ,b,,)T € 5™~ be the limits point of { ol ¢ > to | From Lemma E6 (),
2

o m

we know that there exists a scaling factor o > 0 such that 8 satisfies KKT conditions (Definition
G.3) of the maximum-margin problem

(34)

For simplicity, we denote 8 := a0, where
0 = (b;T,... ’b;Tﬂ,

Moreover, let A% , \* > 0 be the corresponding Lagrange multipliers (with respect to ") in Definition
G.3.

Step I. The rough direction of each neuron.

Recalling the training dynamics about the dead neurons in Theorem 4.1 (S3),

by (t) =by(Th), (bi(t), @) <0, (bi(t), ) <0, k € [m/2] = Ky;
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bi(t) =bk(T1), (bi(t),@4) <0, (bi(t), ) <0, k € [m] — [m/2] — K_.
Noticing Lemma F.6 (Il) or Lemma E.5 (S1),

0(t)|, — oo, so

b, =0, Vk¢KL UK_.
Then we only need to focus on 85, for k € Ky UK _.
Recalling in Lemma E.5 (S3), for any ¢ > T1v,

(bi(t),@4) >0, (bi(t),z_) =0, k € Ky;
(br(t),xy) >0, (bp(t),xz_) >0, ke K_.

then we have

(b, @y) >0, (bf,@ ) =0, keky;
(br,xy) >0, (by,xz_) >0, keKk_.
Moreover,
f@e:0) =2 (Y o (i) = Y o (b)) ).
kEK kek_
flw_;07) =2 o (b)) - 3 o(bpa))=—2 Y o(bL,z)).
(X o@ha - 3 o(ehan)=-J5 3 ool

Step II. Determine the direction of the neurons k € .

Since 6™ is a possible point, f(x;0*) > 1, which gives us

> 0.

3 o((bi2) >

ke

2[5

Hence, there exists k; € K4, s.t. <bzl,m+> > 0 strictly.
Then we study the neuron ko € Ky (ko # k7). Lemma F.1 and Lemma E.5 (S3) give use that

—f+@)
Rape . 2
+ —————sin“ Ad¢
Trv V m(]' + p)

—f+ (1)
Kope . 9
—_ Adt + | (b, (1 — (bg, (1 x
* Trv \/771(1 +p) o (< kl( IV)7$+> < k2( IV)7 +>)

= (b (8), 1) + ((be, (Tiv), ) = (b (Thv). 24) ).

(bg, (1), z+) = (bk, (T1v), T+)

= (b, (T1v), T+)

Multiplying the above formula by ¢/ ||@(t)||, and taking ¢ go to infinity, we obtain

<bzl, m+> = <b;::2, $+> > 0.
Due to the arbitrariness of ko, we know
2#07 <bltvx+> >O7 < Z,$_>:O7 Vkelc-‘r'
Then we can write the KKT condition about the gradient of by, (k € K ) of Problem (34):
* « R2 « K2 a0
0 S bk — >\+ﬁm+ —+ )\_ﬁa 0(0):13_
It is clear that by, € span{@,x_}. Then combining two formulations above, we obtain:

« K2
+\/m

Step III. Determine the direction of the neurons k € _.

b, =X (xy —x_cosA), Vkelky.
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Since 6™ is a possible point, f(x_;0") < —1, which gives us
Z o((by,x_)) > vm > 0.
kek_ Rz

Hence, there exists k; € K_, s.t. <b;;1 , a:_> > 0 strictly.
Then we study the neuron ko € K_ (k3 # k1). Lemma F.1 and Lemma E.5 (S3) give use that

t
Ko 1 P B
b (). ) = (b (T f-(t) _ f+(@) dt
(br, (1), ) = (b, ( Iv),$+>+/TIV Jm (1 pe 1 pe cos A

= (by, (T1v), z_) +/t f2 <1ef(t) I P N0 COSA) dt + ((bkl (Trv), z_) — (by, (TIV),w,>)

Trv VI \1+p 1+p
= (i (8), @) + (b, (Tiv), @) = (B (Tiv) @) )
Multiplying the above formula by ¢/ ||@(t)||, and taking ¢ go to infinity, we obtain
(by,,xz_) = (by,,x_) > 0.
Due to the arbitrariness of ko, we know

b, #0, (bp,xz_)>0, (b, zy)>0, VkeK_.

The next difficulty in this step is to determine whether (b, ) can be 0. To prove this, we will use
our fine-grained analysis of training dynamics (Lemma F.5) and Lemma F.6 (III).

Let k € K_. Recalling the dynamics of b (¢) in Lemma F.1, we know

_OLew) _ ke <pe—f+(t)w+ ot ef(t)w)
by, vm \1l+p 1+p
f-(®)
Ko € _
=T (m, —pe (f+(t)+ff(t))w+) .
i i —(f+(O+F- () = ltcos A i
Recalling Lemma Lemma E.5 (S2), tlggo pe M+ = Treosat Tt sz A" Then using Lemma

m_

F.6 (III), there exists ¢; > 0, s.t.

b 1+ cos A
=c |z — x. |.
k ! 1+COSA+%SiH2A +

Hence, we have proved
(by,xy) >0, VkeK_.

Then writing the KKT condition about the gradient of b, of Problem (34):
* « K2 « R2
O:bk+)\+ﬁw+—)\fﬁ$,, Vk‘E/C,

Combining the two equations about by, we obatin

% K2 1+ cosA
by =\ — |z_ — x|, VkeK_;
k ﬁ( 1+COSA+%Sin2A +>
AL 14 cosA
A 14cosA+ Tt sin? A
In summary, we have proved the final convergence direction 8 = (b; ,--- ,b, )T € S™4~1 satisfies

b, =0, Vk¢K,UK_;
by, :C(w+ —x_ COSA), Yk € Ky
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- my sin® A
= 1 _— — e
by C’(( + (1+COSA)) :1:+>, Vk e K_;

where C' > 0 is a scaling constant such that ||§||2 =1

Moreover, a straight-forward calculation gives us that

f(x4;0) = —f(z-;0) > 0.

O
Proof of Theorem 4.10.
Lemma F.7 implies Theorem 4.10 directly. O
Proof of Theorem 4.11.
From Lemma F.7, the final convergence direction 6 = (EI, e, l_)l;)—r € S™4=1 satisfies
Ek :0, Yk ¢ IC+ @] K:77
by, :C(m+ —x_ COSA), Vk e Ky
.2
- my sin® A
by =C |1+ —————= | x— — Vk e K_;
‘ (( " m<1+cosA>) v "”*) THERs
where C' > 0 is a scaling constant such that ||6]|, = 1 and f,.(6) = —f_(6) >
It is easy to verify that There exists a scaling factor C; > 0 such that f,(8) = —f_(0) = 1, where
6 = C1 8. For simplicity, we denote Q := C'C}, then 6 = (b1 S m)T € R™4 satisfies
b, =0, Vk¢ K, UK_;
b, =Q (:I)+ — & _ cos A) Vk € Ky
. m4 sin® A
b, = 1+ —mMmMm— - Vk e K_;
() e e
f+(8) =~ f-(0) =
Therefore, 0 is a feasible point of Problem (34). Moreover, from
K9 ~
—1=- Z — bk, €T _
ot vm < >
K2 my sin® A
= 2 14—t = - _
(e i ) e o) o)
K2 my sin® A
=—Q—m_|1l—cosA+ —F———
\/an ( o8 +m_(1+cosA)>
.2
K2 sin® A
—— 02 (m_(1—-cosA A
Q\/rT”L(m (1 = cos )+m+1—|—COSA>’
we have
20= 1
VM m_ (1= cos A) +my AL
For any € > 0, now we consider another solution 6(e) near 0: 8(¢) = (ElT(e), RN B;(e))T, where

be(e) =0, Vk &K, UK_;
b(c) :Q(m+ — T _ cos A) - Qe(w+ — & _ cos A), Vk € Ky
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b(€) :Q(<1+%) :c+) +Qe(a:+—ac_cosA), Yk e K_.

and it holds that 8(0) = 6. Moreover, it is easy to verify that 6(e) is also a feasible point of
Problem (34).

f-(6(e) =f- (9(0))=—1;
F+(8(e)) =£+(6(0))

Then we compare the norm of 6(e) and 6(0).

2 =m <Q<m+ —x_ cosA) - Q€($+ - COSA))Q
2

. 2A
+m_ (Q((l—i—m) w—w+>+Qe(w+—wcosA)) ,

At e = 0, we can calculate that

l6e©

d Hé(e)
2m4 Q%de

1 in” A
:m7+ (—m+ |zy — @ cos A||* +m_ <<1 + m_m(JlrjincosA)) T — Ty, Ty —T_ COSA>)

<2
<<m+SHlA+COSA>w_<1+m)$+,m+m_COSA>
my

1+ cosA
Denote o« = <
m+

1+c —i—cosA) :B—(1+a):c+,:v+—:ccosA>

( sin® A +COSA> cosA — (14 «)
(1

+ cos A) cos A + (1 + a)cos* A

+ )sm A <0
P 2
Then combining the continuity of M, there exists § > 0 such that the following inequality
holds:
R 2 R 2
(o) < 0(0)] , Ve € (0,0).

Hence, we have proved that @ is not a local optimal direction of the max-margin problem (34).
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G Clarke Subdifferential and KKT Conditions for Non-smooth Optimization

Definition G.1 (Clarke’s Subdifferential (Clarke et al., 2008)). For a locally Lipschitz function
L : Q — R, the Clarke’s subdifferential at @ € €2 is the convex set

Wﬁwyzwm{mnvcwg;mnm:aﬁmmﬁmmMmm}
71— 00

71— 00

Remark G.2. Notice that if £ is continuously differentiable at 8, then 9°L(6) = {V.L(0)} is unique.

However, for discontinuous differentiable points of £, the differential inclusion flow % € 0°L(0)
defined by Definition G.1 may not be unique. To study a more specific dynamics, we also utilize

Definition H.1 to determine GF at some of such points.

Now we review the definition of Karush-Kuhn-Tucker (KKT) conditions for non-smooth optimization
problems (Dutta et al., 2013). Consider the following constrained optimization problem (P):

min :f(x
min, f(x)

s.t. gi(x) <0, Vie|[N]
where f, g1, -+ ,gn : R — R are locally Lipschitz functions. We say that € R is a feasible point
of (P) if x satisfies g;(x) < 0 forall i € [N].

Definition G.3 (KKT Point for Non-smooth Optimization). We say that a feasible point of (P) is a
KKT point if there exists Ay, -+, Ay > 0 such that

LO€d f(x)+ Y Nd°gi(x);
1€[N]
2.Vi € [N], )\igi(az) =0.
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H Solution of Discontinuous System

In this section, we add some supplements about the definitions of solutions of discontinuous systems,
which can overcomes non-uniqueness of GF trajectories (2) to some extent. Many definitions of
solutions of differential equations with discontinuous systems have been proposed. In this paper, we
adopt a widely used definition of the solutions in Chapter 2.4 in (Filippov, 2013).

Definition H.1 (Solutions of Discontinuous Systems, Chapter 2.4 in (Filippov, 2013)). Consider a
n-dimensional equation or a system (x € R"): % = f(x) with a piecewise continuous function f
in a domain G. We aim to define the dynamics near some discontinuous regions.

Let the function f be discontinuous on a smooth surface S given by the equation ¢(x) = 0. Let
x* € S and the surface S separate the neighborhood of x* into domains G~ and GT. Let the
function f(x) have the limit values:

() = li , T(x*) = li .
Fra)=__Jmn f@, f@)=_ ln  [f&
Here one should distinguish between two main cases. Let fy (z*) and f3; (z*) be projections of the
vectors f~ (x*) and £ (x*) onto the normal to the surface S at the point «*, where the normal is
directed towards the domain G™.
(Case I). If the vectors f(zx*) are directed to the surface S on both sides, i.e. fy(z*) > 0,

f; (z*) < 0, then the solution the solution starting from x* can not leave .S for some time. Moreover,
its dynamics on S can be defined in the following way:

dx

E:.fo(w)a
i@
fn(@) = fa(z)

(Case IN). If f (x*) > 0, fx(z*) > 0, but f5(z*) and f5;(z*) are not both 0, then the solution
starting from a* passes from one side of the surface S to the other instantly.

where f°(z) = af () + (1 - a)f (@),

(Case ID). If fx (x*) <0, f3(x*) > 0, then the dynamics is defined in the similar way as (Case I).

(Case IV). If f5(z*) <0, fi(x*) < 0,but f5,(x*) and f3;(z*) are not both 0, then the dynamics
is defined in the similar way as (Case II).

Remark H.2. Notice that Definition H.1 overcomes non-uniqueness of GF trajectories to some
extent. It is worth noting that Definition H.1 and Definition G.1 are compatible and specifically, the
dynamics defined in Definition H.1(Case I, III) lie in the convex hull defined in Definition G.1.

Remark H.3. In (Lyu et al., 2021), the non-branching starting point Assumption is employed to
address the technical challenge of non-uniqueness in GF trajectories. By comparison, in this work,
we do not need this assumption. We adopt Definition H.1 to uniquely determine the Gradient Flow
trajectories theoretically near some discontinuous differential regions, such as “Ridge”, “Valley”, and
“Refraction edge” discussed in Section 1.2 in (Lyu et al., 2021).
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I Some Basic Inequalities

Lemma I.1 (Hoeffding’s Inequality). Let X,,---,X,, are independent random variables, and
X; € [a;,b;] for any i € [n]. Define X = 23" | X;. Then for any € > 0, we have the following
probability inequalities:

P(X -E[X]>¢) <exp( - Z"_f(feja)?)
wd )
S (b —a;)?

Lemma L.2. Consider x1, T2,y € S¥ 1, where (x1,x2) = cos A (A € (0,7/2)). If (y,z1) >0
and (y,x2) <0, then we have 0 < (y,x1) < sinA and —sin A < (y,x3) < 0.

]P’()_( —-E[X] < —e) < exp(—

Proof of Lemma 1.2.
Denote M, := span{x1, €2 }. We can do the orthogonal decomposition of y:

Y=Y+ Yh

where y . € Mg and yx, L M. From y € span{z, x>}, there exist a, B € R, s.t. Y =
axry + ﬂfbg.

Due to the orthogonal decomposition, we know ||y || < 1, which means o + 3% + 2a8 cos A < 1.
Noticing o + 52 4 2af cos A = (a + fcos A)? + o sin? A, we know a? sin® A < 1.

Due to (y, 1) > 0 and (y, x2) < 0, we have (y (, 1) > 0 and (y,,, 2) < 0, which means
a+ BcosA >0, acosA+pS<0.

Soa > 0and asin A > 0. Recalling o cos? A < 1, we know 0 < asin A < 1. Hence, we have
a+BcosA<a—acos?A=asin®A <sinA, ie. (y, 1) <sinA.

In the same way, we have —sin A < (y, x2) < 0.

O
Lemma L3. Ifp > 5, we have ||z| > Z;Jri > 2,
Proof of Lemma I.3.
n 2 2 2 2
g -l 2 o)
z = || — i L = —x - 7x — T + o T ,iI}_
Iz ||n§y 1+p =~ 1+p 1+p 1+p (1+p)2< @)

D 1) 2p 2p p—1\°
= + - cosA+1)>1— —L o (22 |
(1+p 1+p) (1+p)2( )2 (p+1)2 (p+1)

O

Lemma L4. Letw € S If (w,u) > 1 —e€ (e € (0,1)), p > 5and cos A > 4/5, then we have
pcosA —1
\/p2 +1—2pcosA

—2\esinA —e < (w,z_) — < 2v/esin A.

Proof of Lemma 1.4.
(wz_) = (w,p) +(w,z_ — p) = (w,p) + (g, z— —p) + (W —p,xz_ —p).

It is easy to verify

1.

)

Py —T_ pcosA —1
<u7w——u>=<u,w—>—1:<,w—>— = -
lpzy — || VP2 +1—2pcosA

A—-1
- — ull = V2 -2 (poa_) =, [2 - 222

VP2 +1 —2pcosA’
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[w—pl=v2-2(w,p).

Thus,

(w—pz =] <|w—pllz - p|

A1 A1
:\/2—2 PO V22w, pm) < |2 - 2L

Vp?+1—2pcos A

< \/i pQSiHQA \/5
< €
V/p2+1—2pcosA\ /p2+1—2pcosA+pcosA—1
2 in A
< Ve ps < 2y/esin A.
Vp—1+vp—1+pcosA—1
Then we have the bound:
pcosA —1
w,x_) < — 1+ (w,p) + [(w—p,x_ —p
( ) NCESELTITN (w, ) + [{ )|
A-1
< pcos + 2V/esin A,
VP2 +1—2pcosA
pcosA —1
w,T— > -1+ w,p) — |\ W=, T — [
) 2 R ) ]
sA —1
peos — € —2y/esin A.

T V/p?+1—2pcosA
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