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Abstract

Dueling bandits are widely used to model pref-
erential feedback prevalent in many applications
such as recommendation systems and ranking. In
this paper, we study the Borda regret minimiza-
tion problem for dueling bandits, which aims to
identify the item with the highest Borda score
while minimizing the cumulative regret. We pro-
pose a rich class of generalized linear dueling
bandit models, which cover many existing mod-
els. We first prove a regret lower bound of or-
der Q(d?/3T?/3) for the Borda regret minimiza-
tion problem, where d is the dimension of contex-
tual vectors and T’ is the time horizon. To attain
this lower bound, we propose an explore-then-
commit type algorithm for the stochastic setting,
which has a nearly matching regret upper bound
O(d?/3T?/3). We also propose an EXP3-type
algorithm for the adversarial setting, where the
underlying model parameter can change at each
round. Our algorithm achieves an O(d?/3T%/3)
regret, which is also optimal. Empirical evalua-
tions on both synthetic data and a simulated real-
world environment are conducted to corroborate
our theoretical analysis.

1. Introduction

Preference-based bandits have gained much attention in
recent years as the preferential feedback is more natural than
numerical feedback as in various online learning tasks(Yue
& Joachims, 2009; Sui & Burdick, 2014; Minka et al., 2018;
Chen et al., 2013). In preference-based bandits (or, dueling
bandits), the agent repeatedly pulls two arms at a time and is
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provided with feedback being the binary outcome of “duels”
between the two arms.

In dueling bandits problems, the outcome of duels is com-
monly modeled as Bernoulli random variables due to their
binary nature. At each round, suppose the agent chooses to
compare arm ¢ and j, then the binary feedback is assumed
to be sampled independently from a Bernoulli distribution.
For a dueling bandits instance with K arms, the probabilis-
tic model of the instance can be fully characterized by a
K x K preference probability matrix with each entry being:
pi,; = P (arm 4 is chosen over arm j) .

In a broader range of applications such as ranking, “arms”
are often referred to as “items”. We will use these two
terms interchangeably in the rest of this paper. One central
goal of dueling bandits is to devise a strategy to identify
the “optimal” item as quickly as possible, measured by
either sample complexity or cumulative regret. However,
the notion of optimality for dueling bandits is way harder to
define than for multi-armed bandits. The latter can simply
define the arm with the highest numerical feedback as the
optimal arm, while for dueling bandits there is no obvious
definition solely dependent on {p; ;|i,j € [K]}.

The first few works on dueling bandits imposed strong as-
sumptions on p; ;. For example, Yue et al. (2012) assumed
that there exists a true ranking that is coherent among all
items, and the preference probabilities must satisfy both
strong stochastic transitivity (SST) and stochastic triangle
inequality (STI). While relaxations like weak stochastic
transitivity (Falahatgar et al., 2018) or relaxed stochastic
transitivity (Yue & Joachims, 2011) exist, they typically still
assume the true ranking exists and the preference probabil-
ities are consistent, i.e., p; ; > % if and only if ¢ is ranked
higher than j. In reality, the existence of such coherent
ranking aligned with item preferences is rarely the case. For
example, p; ; may be interpreted as the probability of one
basketball team ¢ beating another team j, and there can be a
circle among the match advantage relations.

In this paper, we do not assume such coherent ranking exists
and solely rely on the Borda score based on preference
probabilities. The Borda score B(i) of an item i is the
probability that it is preferred when compared with another
random item, namely B(i) := 1 > j4iPij- The item
with the highest Borda score is called the Borda winner.
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The Borda winner is intuitively appealing and always well-
defined for any set of preferential probabilities. The Borda
score also does not require the problem instance to obey any
consistency or transitivity, and it is considered one of the
most general criteria.

To identify the Borda winner, estimations of the Borda
scores are needed. Since estimating the Borda score for
one item requires comparing it with every other items, the
sample complexity is prohibitively high when there are nu-
merous items. On the other hand, in many real-world ap-
plications, the agent has access to side information that can
assist the evaluation of p; ;. For instance, an e-commerce
item carries its category as well as many other attributes,
and the user might have a preference for a certain category
(Wang et al., 2018). For a movie, the genre and the plot
as well as the directors and actors can also be taken into
consideration when making choices (Liu et al., 2017).

Based on the above motivation, we consider Generalized
Linear Dueling Bandits. At each round, the agent selects
two items from a finite set of items and receives a compari-
son result of the preferred item. The comparisons depend on
known intrinsic contexts/features associated with each pair
of items. The contexts can be obtained from upstream tasks,
such as topic modeling (Zhu et al., 2012) or embedding
(Vasile et al., 2016). Our goal is to adaptively select items
and minimize the regret with respect to the optimal item (i.e.,
Borda winner). Our main contributions are summarized as
follows:

* We show a hardness result regarding the Borda regret
minimization for the (generalized) linear model. We
prove a worst-case regret lower bound Q(d?/3T2/3) for
our dueling bandit model, showing that even in the
stochastic setting, minimizing the Borda regret is dif-
ficult. The construction and proof of the lower bound are
new and might be of independent interest.

* We propose an explore-then-commit type algorithm un-
der the stochastic setting, which can achieve a nearly
matching upper bound O(d?/3T?/3). When the number
of items K is small, the algorithm can also be configured
to achieve a smaller regret O ((d log K)'/3T72/3).

* We propose an EXP3 type algorithm for linear dueling
bandits under the adversarial setting, which can achieve
a nearly matching upper bound O ((d log K)1/3T2/3).

* We conduct empirical studies to verify the correctness
of our theoretical claims. Under both synthetic and real-
world data settings, our algorithms can outperform all
the baselines in terms of cumulative regret.

Notation In this paper, we use normal letters to denote
scalars, lowercase bold letters to denote vectors, and upper-
case bold letters to denote matrices. For a vector x, ||x||
denotes its £2-norm. The weighted ¢5-norm associated with

a positive-definite matrix A is defined as ||x||a = Vx T Ax.
The minimum eigenvalue of a matrix A is written as
Amin (A). We use standard asymptotic notations including
O(),Q(-),0(:), and O(-), Q(-), O(-) will hide logarithmic
factors. For a positive integer N, [N] := {1,2,...,N}.

2. Backgrounds and Preliminaries
2.1. Problem Setting

We first consider the stochastic preferential feedback model
with K items in the fixed time horizon setting. We denote
the item set by [K] and let T be the total number of rounds.
At each round ¢, the agent can pick any pair of items (i, j;)
to compare and receive stochastic feedback about whether
item %; is preferred over item j;, (denoted by 7; > ji).
We denote the probability of seeing the event ¢ > j as
pi,; € [0,1]. Naturally, we assume p; ; + p;; = 1, and
Pii =1/2.

In this paper, we are concerned with the generalized linear
model (GLM), where there is assumed to exist an unknown
parameter 8* € R?, and each pair of items (4, 5) has its own
known contextual/feature vector ¢; ; € R with ||, ;|| < 1.
There is also a fixed known link function (sometimes called
comparison function) y(-) that is monotonically increasing
and satisfies p1(x) + pu(—2x) = 1, e.g. a linear function or
the logistic function p(z) = 1/(1 + e~"). The preference
probability is defined as p; ; = u(qﬁz ;07). Ateach round,
denote r; = 1{é; > j:}, then we have

E[Tt|7;t7jt] = DPiv,je = :u( Z7jt0*)'

Then our model can also be written as

ry = ,u(d)iTt,th*) + €,

where the noises {¢; }¢[7] are zero-mean, 1-sub-Gaussian
and assumed independent from each other. Note that, given
the constraint p; ;+p;; = 1, itis implied that ¢; ; = —; ;
forany i € K], j € [K].

The agent’s goal is to maximize the cumulative Borda
score. The (slightly modified ') Borda score of item 4
is defined as B(i) = + Zfﬂpi,j’ and the Borda win-
ner is defined as i* = argmax;c (g B(i). The problem
of merely identifying the Borda winner was deemed triv-
ial (Zoghi et al., 2014a; Busa-Fekete et al., 2018) because
for a fixed item %, uniformly random sampling j and re-
ceiving feedback r; ; = Bernoulli(p; ;) yield a Bernoulli

'Previous works define Borda score as Bf = -5 >, Pi.j»
excluding the diagonal term p; ; = 1/2. Our definition is equiva-
lent since the difference between two items satisfies B(i) — B; =
E-1(B] — B). Therefore, the regret will be in the same order
for both definitions.
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random variable with its expectation being the Borda score
B(i). This so-called Borda reduction trick makes identify-
ing the Borda winner as easy as the best-arm identification
for K-armed bandits. Moreover, if the regret is defined
as Regret(T) = Z;(B(i*) — B(it)), then any optimal
algorithms for multi-arm bandits can achieve O(v/T) regret.

However, the above definition of regret does not respect the
fact that a pair of items are selected at each round. When
the agent chooses two items to compare, it is natural to
define the regret so that both items contribute equally. A
commonly used regret, e.g., in Saha et al. (2021a), has the
following form:

Regret(T) = Y1, (2B(#*) — B(ir) — B(j,)), (1)

where the regret is defined as the sum of the sub-optimality
of both selected arms. Sub-optimality is measured by the
gap between the Borda scores of the compared items and the
Borda winner. This form of regret deems any classical multi-
arm bandit algorithm with Borda reduction vacuous because
taking j; into consideration will invoke ©(T") regret.

Adversarial Setting Saha et al. (2021b) considered an
adversarial setting for the multi-armed case, where at each
round ¢, the comparison follows a potentially different prob-
ability model, denoted by {p} ; }; je(x]- In this paper, we
consider its contextual counterpart. Formally, we assume
there is an underlying parameter 8}, and at round ¢, the

preference probability is defined as p! ; = (o] ;07).

The Borda score of item ¢ € [K] at round ¢ is defined as
By(i) = % Zj{zl P} ;» and the Borda winner at round 7'
is defined as i* = argmax;¢ Z;le B4 (). The T-round
regret is thus defined as Regret(T') = Zthl (2B, (i*) —
By(iy) — Bi(jir))-

2.2. Assumptions

In this section, we present the assumptions required for
establishing theoretical guarantees. Due to the fact that
the analysis technique is largely extracted from Li et al.
(2017), we follow them to make assumptions to enable
regret minimization for generalized linear dueling bandits.

We make a regularity assumption about the distribution of
the contextual vectors:

Assumption 2.1. There exists a constant Ag > 0 such that
1 K K T
)‘min(ﬁ Zi:l Zj:l ¢i,j 2]) > Ao.

This assumption is only utilized to initialize the design ma-
trix V. = > &, d);:,jf, so that the minimum eigen-
value is large enough. We follow Li et al. (2017) to deem
Ao as a constant.

We also need the following assumption regarding the link
function p(-):

Assumption 2.2. Let /i be the first-order derivative of u.
We have k := inf x||<1,j0—0+||<1 (x"9) > 0.

Assuming x > 0 is necessary to ensure the maximum log-
likelihood estimator can converge to the true parameter 6*
(Li et al., 2017, Section 3). This type of assumption is
commonly made in previous works for generalized linear
models (Filippi et al., 2010; Li et al., 2017; Faury et al.,
2020).

Another common assumption is regarding the continuity
and smoothness of the link function.

Assumption 2.3. p is twice differentiable. Its first and
second-order derivatives are upper-bounded by constants
L,, and M, respectively.

This is a very mild assumption. For example, it is easy to
verify that the logistic link function satisfies Assumption 2.3
with L, = M, =1/4.

3. The Hardness Result

This section presents Theorem 3.1, a worst-case regret lower
bound for the stochastic linear dueling bandits. The proof
of Theorem 3.1 relies on a class of hard instances, as shown
in Figure 1. We show that any algorithm will incur a certain
amount of regret when applied to this hard instance class.
The constructed hard instances follow a stochastic linear
model, which is a sub-class of the generalized linear model.
Saha et al. (2021b) first proposed a similar construction for
finite many arms with no contexts. Our construction is for a
contextual setting and the proof of the lower bound takes a
rather different route.

For any d > 0, we construct the class of hard instances as
shown in Figure 1. An instance is specified by a vector 8 €
{—A,+A}4. The instance contains 2¢*! items (indexed
from 0 to 24t1 — 1). See the more formal definition in
Appendix B.

Intuitively, the former half of items (those indexed from 0
to 2¢ — 1) are “good” items (one among them is optimal,
others are close to optimal), while the latter half of items
are “bad” items. Under such hard instances, every time one
of the two pulled items is a “bad” item, then a one-step
regret B%(i*) — BY(i) > 1/4 is incurred. To minimize
regret, we should thus try to avoid pulling “bad” items.
However, in order to identify the best item among all “good”
items, comparisons between “good” and “bad” items are
necessary. The reason is simply that comparisons between
“good” items give no information about the Borda scores
as the comparison probabilities are p¢ ; = § for all i,j <
2¢. Hence, any algorithm that can decently distinguish
among the “good” items has to pull “bad” ones for a fair
amount of times, and large regret is thus incurred. A similar
observation is also made by Saha et al. (2021a).
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Figure 1. Illustration of the hard-to-learn preference probability matrix {p?, i Yielx),jelx]- There are K

= 291 jtems in total. The first

24 items are “good” items with higher Borda scores, and the last 2¢ items are “bad” items. The upper right block {p; ; }; <2d j>od 1S
defined as shown in the blue bubble. The lower left block satisfies p; ; = 1 — p;,;. For any 8, there exist one and only best item % such

that bit(z) = sign(0).

This specific construction emphasizes the intrinsic hardness
of Borda regret minimization: to differentiate the best item
from its close competitors, the algorithm must query the bad
items to gain information.

Formally, this class of hard instances leads to the follow-
ing regret lower bound for both stochastic and adversarial
settings:

Theorem 3.1. For any algorithm A, there exists a hard in-
stance {p? ;} with T > 4d?, such that A will incur expected

regret at least Q(d?/3T2/3).

The construction of this hard instance for linear dueling
bandits is inspired by the worst-case lower bound for the
stochastic linear bandit (Dani et al., 2008), which has the
order Q(d+/T), while ours is Q(d?/3T?/3). The difference
is that for the linear or multi-armed stochastic bandit, elimi-
nating bad arms can make further exploration less expensive.
But in our case, any amount of exploration will not reduce
the cost of further exploration. This essentially means that
exploration and exploitation must be separate, which is also
supported by the fact that a simple explore-then-commit
algorithm shown in Section 4 can be nearly optimal.

4. Stochastic Contextual Dueling Bandit
4.1. Algorithm Description

We propose an algorithm named Borda Explore-Then-
Commit for Generalized Linear Models (BETC-GLM),
presented in Algorithm 1. Our algorithm is inspired by the
algorithm for generalized linear models proposed by Li et al.
(2017).

At the high level, Algorithm 1 can be divided into two
phases: the exploration phase (Line 2-11) and the exploita-
tion phase (Line 12-14). The exploration phase ensures that
the MLE estimator 0 is accurate enough so that the esti-
mated Borda score is within O(e)-range of the true Borda

score (ignoring other quantities). Then the exploitation
phase simply chooses the empirical Borda winner to incur
small regret.

During the exploration phase, the algorithm first performs
“pure exploration” (Line 2-5), which can be seen as an ini-
tialization step for the algorithm. The purpose of this step is
to ensure the design matrix V, y = ZZLN it Z’jt is
positive definite.

After that, the algorithm will perform the “designed explo-
ration”. Line 6 will find the G-optimal design, which mini-
mizes the objective function g(7) = max; ; || ; H%(W),l ,
where V(7) := 3, . 7(i, )i j¢; ;- The G-optimal de-
sign 7*(-) satisfies Hgbi,j”%,(ﬁ*),l < d, and can be effi-
ciently approximated by the Frank-Wolfe algorithm (See
Remark 4.4 for a detailed discussion). Then the algorithm
will follow 7(-) found at Line 6 to determine how many
samples (Line 7) are needed. At Line 8-11, there are in
total N = 21[{:1 25{:1 N (i, j) samples queried, and the
algorithm shall index themby ¢t =74+ 1,7+ 2,...,7+ N.

At Line 12, the algorithm collects all the 7 + N samples
and performs the maximum likelihood estimation (MLE).
For the generalized linear model, the MLE estimator §T+ N
satisfies:

T+N N T+N
Z (@] ;.0-4n)Pi j, = Z TtDiy i » (2)
t=1 t=1

or equivalently, it can be determined by solving a strongly
concave optimization problem:

T+N

) T T

0.4N € argénax ; (Tt@t,jta — m(d)l-t’jtﬂ)),
where 7h(+) = pu(+). For the logistic link function, m(z) =
log(1 + e%). As a special case of our generalized linear
model, the linear model has a closed-form solution for (2).
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Algorithm 1 BETC-GLM

1: Input: time horizon 7', number of items K, feature
dimension d, feature vectors ¢, ; for i € (K], j €
[K], exploration rounds T, error tolerance e, failure
probability 4.
fort=1,2,...,7do
sample i; ~ Uniform([K]), j; ~ Uniform([K])
query pair (i, j;) and receive feedback r,
end for
Find the G-optimal design (¢, j) based on ¢; ; for
i€ [K],j€[K]
7. Let N(i, j) = {M] for any (i, 7) € supp() ,

AN AR

denote N = Zfil 25{:1 N(i,j)

8: fori € [K|,j€[K],s€[N(ij)] do

9:  sett <« t—+1,set(ig,5:) = (4,4)

10:  query pair (i, j;) and receive feedback r;

11: end for R

12: Calculate the empirical MLE estimator 6. ; based on
all 7 + N samples via (2)

13: Estimate the Borda score for each item:

i = argmax B(i)
1€[K]

K

—~ 1 ~

B(i) = K ZH(@T,J‘@HN)’
j=1

o~ ~

14: Keep querying (4, ¢) for the rest of the time.

For example, if pu(x) = % +a,ie pij= % + ¢Zj9*, then
(2) becomes:
T+N

0, Nn= V:iN (re — 1/2)(75%7]'”

t=1
where V., n = ZZ;N i, Z.Tt)jt.
After the MLE estimator is obAtained, Line 13 will calculate
the estimated Borda score B(i) for each item based on

~

0. N, and pick the empirically best one.

4.2. A Matching Regret Upper Bound

Algorithm 1 can be configured to tightly match the worst-
case lower bound. The configuration and performance are
described as follows:

Theorem 4.1. Suppose Assumption 2.1-2.3 hold and T' =
Q(d?). Forany § > 0, if we set 7 = Cy)\y (d + log(1/9))
(Cy is a universal constant) and € = d*/ST /3 then with
probability at least 1 — 20, Algorithm 1 will incur regret
bounded by:

O(k~1a2* %% f1og (T/dv) ).

By setting § = T, the expected regret is bounded as
O(K_1d2/3T2/3).

For linear bandit models, such as the hard-to-learn instances
in Section 3, x is a universal constant. Therefore, Theo-
rem 4.1 tightly matches the lower bound in Theorem 3.1, up
to logarithmic factors.

Remark 4.2 (Regret for Fewer Arms). In typical scenar-
ios, the number of items K is not exponentially large in
the dimension d. In this case, we can choose a differ-
ent parameter set of 7 and € such that Algorithm 1 can
achieve a smaller regret bound O (k~!(dlog K)/3T?/3)
with smaller dependence on the dimension d. See Theo-
rem A.1 in Appendix A.3.

Remark 4.3 (Regret for Infinitely Many Arms). In most
practical scenarios of dueling bandits, it is adequate to
consider a finite number K of items (e.g., ranking items).
Nonetheless, BETC-GLM can be easily adapted to accom-
modate infinitely many arms in terms of regret. We can
construct a covering over all ¢; ; and perform optimal de-
sign and exploration on the covering set. The resulting regret
will be the same as our upper bound, i.e., O(d?/3T2/3) up
to some error caused by the epsilon net argument.

Remark 4.4 (Approximate G-optimal Design). Algorithm 1
assumes an exact G-optimal design 7 is obtained. In the
experiments, we use the Frank-Wolfe algorithm to solve
the constraint optimization problem (See Algorithm 5, Ap-
pendix G.3). To find a policy 7 such that g(w) < (1 +
€)g(m*), roughly O(d/c) optimization steps are needed.
Such a near-optimal design will introduce a factor of
(14 ¢)'/3 into the upper bounds.

5. Adversarial Contextual Dueling Bandit

This section addresses Borda regret minimization under the
adversarial setting. As we introduced in Section 2.1, the
unknown parameter 8, can vary for each round ¢, while the
contextual vectors ¢; ; are fixed.

Our proposed algorithm, BEXP3, is designed for the contex-
tual linear model. Formally, at round ¢ and given pair (i, j),
we have pﬁ)j = % + (i ;. 07).

5.1. Algorithm Description

Algorithm 2 is adapted from the DEXP3 algorithm in Saha
et al. (2021b), which deals with the adversarial multi-armed
dueling bandit. Algorithm 2 maintains a distribution g (-)
over [K], initialized as uniform distribution (Line 2). At
every round ¢, two items are chosen following ¢; indepen-
dently. Then Line 6 calculates the one-sample unbiased
estimate ét of the true underlying parameter 8;. Line 7
further calculates the unbiased estimate of the (shifted)
Borda score. Note that the true Borda score at round ¢
satisfies By(i) = 1 + (% > jelk) Pig»07). By instead
only estimates the second term of the Borda score. This is
a choice to simplify the proof. The cumulative estimated
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Algorithm 2 BEXP3
1: Input: time horizon 7', number of items K, feature
dimension d, feature vectors ¢; ; for i € [K], j € [K],
learning rate 7, exploration parameter 7.
Initialize: ¢ (i) = %.
fort=1,...,7T do
Sample items ¢4 ~ q¢, jt ~ G-
Query pair (i, j;) and receive feedback r;
Calculate Q; = Zie[K] Zje[K] Qt(i)Qt(j)d)i,j(ﬁzj’
at = Q;ld)it’jtrt'
7: CAalculate the (shifted) Borgl\a score estimates
Bt(i) = <% Zje[K] ¢i,j70t>-
8:  Update for all i € [K], set

exp(n iy Bu(i))
Eje[K] exp(n 25:1 Bi(4)) 7

qr+1(8) = (1 = 7)1 (8) + %

AN AN

qry1(1) =

9: end for

score Zle By(i) can be seen as the estimated cumulative
reward of item ¢ at round ¢. In Line 8, ¢y is defined by
the classic exponential weight update, along with a uniform
exploration policy controlled by 7.

5.2. Upper Bounds

Algorithm 2 can also be configured to tightly match the
worst-case lower bound:

Theorem 5.1. Suppose Assumption 2.1 holds. If we
set n = (log K)?/3d=Y3T=2/3 and v = /nd/)o =
(log K)1/3d1/3T—1/3A61/2, then the expected regret is
upper-bounded by

O((dlog K)'/312/3).

Note that the lower bound construction is for the linear
model and has K = O(2%), thus exactly matching the upper
bound.

6. Experiments

This section compares the proposed algorithm BETC-GLM
with existing ones that are capable of minimizing Borda
regret. We use random responses (generated from fixed pref-
erential matrices) to interact with all tested algorithms. Each
algorithm is run for 50 times over a time horizon of 7' = 10°.
We report both the mean and the standard deviation of the
cumulative Borda regret and supply some analysis. The
following list summarizes all methods we studies in this sec-
tion, a more complete description of the methods and param-

x10* x10*

—— UCB-Borda 3.5 7 —— UCB-Borda
5
2.5 DEXP3 DEXP3

3.0
—— ETC-Borda —— ETC-Borda
2.0 4 —— BETC-GLM 2.5 4 —— BETC-GLM

—— BETC-GLM-Match — —— BETC-GLM-Match

S E 204
% 1.54 — BEXP3 %= 201 — BEXP3
o o —
& & 1.5
& 1.0 o«
1.0
05 0.5
0.0 1 0.0

0 25000 50000 75000 100000 0 25000 50000 75000 100000
T T

(a) Generated Hard Case (b) EventTime

Figure 2. The regret of the proposed algorithms (BETC-GLM,
BEXP3) and the baseline algorithms (UCB-BORDA, DEXP3,
ETC-BORDA).

eters are available in Appendix E: BETC-GLM(-MATCH):
Algorithm 1 proposed in this paper with different parame-
ters. UCB-BORDA: The UCB algorithm (Auer et al., 2002)
using Borda reduction. DEXP3: Dueling-Exp3 developed
by Saha et al. (2021a). ETC-BORDA: A simple explore-
then-commit algorithm that does not take any contextual
information into account. BEXP3: The proposed method
for adversarial Borda bandits displayed in Algorithm 2.

Generated Hard Case We first test the algorithms on the
hard instances constructed in Section 3.

As depicted in Figure 2a, the proposed algorithms (BETC-
GLM, BEXP3) outperform the baseline algorithms in terms
of cumulative regret when reaching the end of time horizon
T. For UCB-BORDA, since it is not tailored for the dueling
regret definition, it suffers from a linear regret as its second
arm is always sampled uniformly at random, leading to a
constant regret per round. DEXP3 and ETC-BORDA are
two algorithms designed for K -armed dueling bandits. Both
are unable to utilize contextual information and thus demand
more exploration. As expected, their regrets are higher than
BETC-GLM or BEXP3.

Real-world Dataset To showcase the performance of the
algorithms in a real-world setting, we use EventTime dataset
(Zhang et al., 2016). In this dataset, K = 100 historical
events are compared in a pairwise fashion by crowd-sourced
workers. The algorithms are tested under a simulated envi-
ronment where the generalized linear model is constructed
based on the dataset. See more details at Appendix F.

As depicted in Figure 2b, the proposed algorithm BETC-
GLM outperforms the baseline algorithms in terms of cu-
mulative regret when reaching the end of time horizon T'.
The other proposed algorithm BEXP3 performs equally
well even when misspecified (the algorithm is designed for
linear setting, while the comparison probability follows a
logistic model).



Borda Regret Minimization for Generalized Linear Dueling Bandits

References

Abbasi-Yadkori, Y., Pal, D., and Szepesvari, C. Improved
algorithms for linear stochastic bandits. In NIPS, 2011.

Auer, P., Cesa-Bianchi, N., and Fischer, P. Finite-time
analysis of the multiarmed bandit problem. Machine
Learning, 47:235-256, 2002.

Balsubramani, A., Karnin, Z., Schapire, R. E., and Zoghi,
M. Instance-dependent regret bounds for dueling bandits.
In Conference on Learning Theory, pp. 336-360. PMLR,
2016.

Bengs, V., Busa-Fekete, R., El Mesaoudi-Paul, A., and
Hiillermeier, E. Preference-based online learning with

dueling bandits: A survey. Journal of Machine Learning
Research, 22:7-1, 2021.

Busa-Fekete, R., Hiillermeier, E., and Mesaoudi-Paul, A. E.
Preference-based online learning with dueling bandits: A
survey. ArXiv, abs/1807.11398, 2018.

Chen, X., Bennett, P. N., Collins-Thompson, K., and
Horvitz, E. Pairwise ranking aggregation in a crowd-
sourced setting. In Proceedings of the sixth ACM inter-

national conference on Web search and data mining, pp.
193-202, 2013.

Dani, V., Hayes, T. P., and Kakade, S. M. Stochastic linear
optimization under bandit feedback. In Annual Confer-
ence Computational Learning Theory, 2008.

Dudik, M., Hofmann, K., Schapire, R. E., Slivkins, A.,
and Zoghi, M. Contextual dueling bandits. ArXiv,
abs/1502.06362, 2015.

Even-Dar, E., Mannor, S., and Mansour, Y. Pac bounds
for multi-armed bandit and markov decision processes.

In Annual Conference Computational Learning Theory,
2002.

Falahatgar, M., Hao, Y., Orlitsky, A., Pichapati, V., and
Ravindrakumar, V. Maxing and ranking with few as-
sumptions. Advances in Neural Information Processing
Systems, 30, 2017a.

Falahatgar, M., Orlitsky, A., Pichapati, V., and Suresh, A. T.
Maximum selection and ranking under noisy compar-
isons. In International Conference on Machine Learning,
pp- 1088-1096. PMLR, 2017b.

Falahatgar, M., Jain, A., Orlitsky, A., Pichapati, V., and
Ravindrakumar, V. The limits of maxing, ranking, and
preference learning. In International conference on ma-
chine learning, pp. 1427-1436. PMLR, 2018.

Faury, L., Abeille, M., Calauzenes, C., and Fercoq, O. Im-
proved optimistic algorithms for logistic bandits. In In-
ternational Conference on Machine Learning, pp. 3052—
3060. PMLR, 2020.

Filippi, S., Cappe, O., Garivier, A., and Szepesvari, C. Para-
metric bandits: The generalized linear case. Advances in
Neural Information Processing Systems, 23, 2010.

Heckel, R., Simchowitz, M., Ramchandran, K., and Wain-
wright, M. Approximate ranking from pairwise compar-
isons. In International Conference on Artificial Intelli-
gence and Statistics, pp. 1057-1066. PMLR, 2018.

Jamieson, K., Katariya, S., Deshpande, A., and Nowak,
R. Sparse dueling bandits. In Artificial Intelligence and
Statistics, pp. 416-424. PMLR, 2015.

Jun, K.-S., Bhargava, A., Nowak, R., and Willett, R. Scal-
able generalized linear bandits: Online computation and
hashing. Advances in Neural Information Processing
Systems, 30, 2017.

Komiyama, J., Honda, J., and Nakagawa, H. Copeland
dueling bandit problem: Regret lower bound, optimal
algorithm, and computationally efficient algorithm. In
International Conference on Machine Learning, pp. 1235—
1244. PMLR, 2016.

Kuleshov, V. and Precup, D. Algorithms for multi-armed
bandit problems. arXiv preprint arXiv:1402.6028, 2014.

Lai, T. L., Robbins, H., et al. Asymptotically efficient adap-
tive allocation rules. Advances in applied mathematics, 6
(1):4-22, 1985.

Lattimore, T. and Szepesvari, C. Bandit Algorithms.
Cambridge University Press, 2020. doi: 10.1017/
9781108571401.

Li, L., Lu, Y., and Zhou, D. Provably optimal algorithms
for generalized linear contextual bandits. In Interna-
tional Conference on Machine Learning, pp. 2071-2080.
PMLR, 2017.

Liu, C., Jin, T., Hoi, S. C. H., Zhao, P., and Sun, J. Collabo-
rative topic regression for online recommender systems:
an online and bayesian approach. Machine Learning, 106:
651-670, 2017.

Lou, H., Jin, T., Wu, Y., Xu, P.,, Gu, Q., and Farnoud, F.
Active ranking without strong stochastic transitivity. Ad-
vances in neural information processing systems, 2022.

Minka, T. P,, Cleven, R., and Zaykov, Y. Trueskill 2: An
improved bayesian skill rating system. 2018.



Borda Regret Minimization for Generalized Linear Dueling Bandits

Ramamohan, S., Rajkumar, A., and Agarwal, S. Dueling
bandits: Beyond condorcet winners to general tournament
solutions. In NIPS, 2016.

Ren, W, Liu, J. K., and Shroff, N. On sample complexity
upper and lower bounds for exact ranking from noisy
comparisons. Advances in Neural Information Processing
Systems, 32, 2019.

Rusmevichientong, P. and Tsitsiklis, J. N. Linearly parame-
terized bandits. Mathematics of Operations Research, 35
(2):395-411, 2010.

Saha, A. Optimal algorithms for stochastic contextual prefer-
ence bandits. Advances in Neural Information Processing
Systems, 34:30050-30062, 2021.

Saha, A., Koren, T., and Mansour, Y. Adversarial dueling
bandits. ArXiv, abs/2010.14563, 2021a.

Saha, A., Koren, T., and Mansour, Y. Adversarial duel-
ing bandits. In International Conference on Machine
Learning, pp. 9235-9244. PMLR, 2021b.

Sui, Y. and Burdick, J. Clinical online recommendation
with subgroup rank feedback. In Proceedings of the 8th
ACM conference on recommender systems, pp. 289-292,
2014.

Urvoy, T., Clérot, F., Féraud, R., and Naamane, S. Generic
exploration and k-armed voting bandits. In /ICML, 2013.

Vasile, F., Smirnova, E., and Conneau, A. Meta-prod2vec:
Product embeddings using side-information for recom-
mendation. In Proceedings of the 10th ACM conference
on recommender systems, pp. 225-232, 2016.

Wang, J., Huang, P., Zhao, H., Zhang, Z., Zhao, B., and Lee.
Billion-scale commodity embedding for e-commerce rec-
ommendation in alibaba. Proceedings of the 24th ACM
SIGKDD International Conference on Knowledge Dis-
covery & Data Mining, 2018.

Wu, H. and Liu, X. Double thompson sampling for dueling
bandits. ArXiv, abs/1604.07101, 2016.

Wu, Y., Jin, T., Lou, H., Xu, P., Farnoud, F., and Gu, Q.
Adaptive sampling for heterogeneous rank aggregation
from noisy pairwise comparisons. In International Con-
ference on Artificial Intelligence and Statistics, pp. 11014—
11036. PMLR, 2022.

Yue, Y. and Joachims, T. Interactively optimizing informa-
tion retrieval systems as a dueling bandits problem. In
Proceedings of the 26th Annual International Conference
on Machine Learning, pp. 1201-1208, 2009.

Yue, Y. and Joachims, T. Beat the mean bandit. In Interna-
tional Conference on Machine Learning, 2011.

Yue, Y., Broder, J., Kleinberg, R. D., and Joachims, T. The
k-armed dueling bandits problem. J. Comput. Syst. Sci.,
78:1538-1556, 2012.

Zhang, X., Li, G., and Feng, J. Crowdsourced top-k algo-
rithms: An experimental evaluation. Proc. VLDB Endow.,
9:612-623, 2016.

Zhu, J., Ahmed, A., and Xing, E. P. Medlda: maximum
margin supervised topic models. J. Mach. Learn. Res.,
13:2237-2278, 2012.

Zoghi, M., Whiteson, S., Munos, R., and de Rijke, M. Rel-
ative upper confidence bound for the k-armed dueling
bandit problem. ArXiv, abs/1312.3393, 2014a.

Zoghi, M., Whiteson, S., Munos, R., and Rijke, M. Rel-
ative upper confidence bound for the k-armed dueling
bandit problem. In International conference on machine
learning, pp. 10-18. PMLR, 2014b.

Zoghi, M., Karnin, Z. S., Whiteson, S., and de Rijke, M.
Copeland dueling bandits. In NIPS, 2015.



Borda Regret Minimization for Generalized Linear Dueling Bandits

A. Additional Discussions and Results
A.1. Related Work

Multi-armed and Contextual Bandits Multi-armed bandit is a problem of identifying the best choice in a sequential
decision-making system. It has been studied in numerous ways with a wide range of applications (Even-Dar et al.,
2002; Lai et al., 1985; Kuleshov & Precup, 2014). Contextual linear bandit is a special type of bandit problem where
the agent is provided with side information, i.e., contexts, and rewards are assumed to have a linear structure. Various
algorithms (Rusmevichientong & Tsitsiklis, 2010; Filippi et al., 2010; Abbasi-Yadkori et al., 2011; Li et al., 2017; Jun et al.,
2017) have been proposed to utilize this contextual information.

Dueling Bandits and Its Performance Metrics Dueling bandits is a variant of MAB with preferential feedback (Yue et al.,
2012; Zoghi et al., 2014a; 2015). A comprehensive survey can be found at Bengs et al. (2021). As discussed previously, the
probabilistic structure of a dueling bandits problem is governed by the preference probabilities, over which an optimal item
needs to be defined. Optimality under the Borda score criteria has been adopted by several previous works (Jamieson et al.,
2015; Falahatgar et al., 2017a; Heckel et al., 2018; Saha et al., 2021a). The most relevant work to ours is Saha et al. (2021a),
where they studied the problem of regret minimization for adversarial dueling bandits and proved a T-round Borda regret
upper bound O(K/3T2/3). They also provide an Q(K'/3T2/3) lower bound for stationary dueling bandits using Borda
regret.

Apart from the Borda score, Copeland score is also a widely used criteria (Urvoy et al., 2013; Zoghi et al., 2015; 2014b; Wu
& Liu, 2016; Komiyama et al., 2016). It is defined as C(i) := 1~ > H{pij > 1/2}. A Copeland winner is the item
that beats the most number of other items. It can be viewed as a “thresholded” version of Borda winner. In addition to Borda
and Copeland winners, optimality notions such as a von Neumann winner were also studied in Ramamohan et al. (2016);
Dudik et al. (2015); Balsubramani et al. (2016).

Another line of work focuses on identifying the optimal item or the total ranking, assuming the preference probabilities
are consistent. Common consistency conditions include Strong Stochastic Transitivity (Yue et al., 2012; Falahatgar et al.,
2017a;b), Weak Stochastic Transitivity (Falahatgar et al., 2018; Ren et al., 2019; Wu et al., 2022; Lou et al., 2022),
Relaxed Stochastic Transitivity (Yue & Joachims, 2011) and Stochastic Triangle Inequality. Sometimes the aforementioned
transitivity can also be implied by some structured models like the Bradley—Terry model. We emphasize that these
consistency conditions are not assumed or implicitly implied in our setting.

Contextual Dueling Bandits In Dudik et al. (2015), contextual information is incorporated in the dueling bandits framework.
Later, Saha (2021) studied a structured contextual dueling bandits setting where each item ¢ has its own contextual vector x;
(sometimes called Linear Stochastic Transitivity). Each item then has an intrinsic score v; equal to the linear product of an
unknown parameter vector 8* and its contextual vector x;. The preference probability between two items ¢ and j is assumed
to be i (v; — v;) where pu(+) is the logistic function. These intrinsic scores of items naturally define a ranking over items.
The regret is also computed as the gap between the scores of pulled items and the best item. While in this paper, we assume
that the contextual vectors are associated with item pairs and define regret on the Borda score. In Section A.2, we provide a
more detailed discussion showing that the setting considered in Saha (2021) can be viewed as a special case of our model.

A.2. Existing Results for Structured Contexts

A structural assumption made by some previous works (Saha, 2021) is that ¢; ; = x; — x;, where x; can be seen as
some feature vectors tied to the item. In this work, we do not consider minimizing the Borda regret under the structural
assumption.

The immediate reason is that, when p; ; = u(x, 0* — XTO*) with p(+) being the logistic function, the probability model
p;.,; effectively becomes (a linear version of) the well- known Bradley -Terry model. Namely, each item is tied to a value
v; = XTB* and the comparison probability follows p; ; = m More importantly, this kind of model satisfies both the
strong stochastlc transitivity (SST) and the stochastic triangle inequality (STI), which are unlikely to satisfy in reality.

Furthermore, when stochastic transitivity holds, there is a true ranking among the items, determined by x, 6*. A true
ranking renders concepts like the Borda winner or Copeland winner redundant because the rank-one item will always be
the winner in every sense. When ¢; ; = X; — X;, Saha (2021) proposed algorithms that can achieve nearly optimal regret
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5(d\/f ), with regret being defined as

Regret(T) = > 2(x;-,0%) — (x;,,0%) — (x;,,0"), 3)

t=1

where i* = argmax;(x;, 8*), which also happens to be the Borda winner. Meanwhile, by Assumption 2.3,

K

B(i*) = B(j) = 72 > [nl({xir =i, 07)) = u({x; = x5.0")] < Ly~ (xie = x;,0%),
k=1

where L,, is the upper bound on the derivative of x(-). For logistic function L,, = 1/4. The Borda regret (1) is thus at

most a constant multiple of (3). This shows Borda regret minimization can be sufficiently solved by Saha (2021) when

structured contexts are present. We consider the most general case where the only restriction is the implicit assumption that

bij = —Pji-

A.3. Regret Bound for Fewer Arms

In typical scenarios, the number of items K is not exponentially large in the dimension d. If this is the case, then we can
choose a different parameter set of 7 and e such that Algorithm 1 can achieve a regret bound depending on log K, and
reduce the dependence on d. The performance can be characterized by the following theorem:

Theorem A.1. Forany § > 0, suppose the number of total rounds T satisfies,

log(K?
Tz%max{d5/27w}7 )
KSAG Vd
where Cs is some large enough universal constant. Then if we set 7 = (dlog(K/§))'/3T?/3 and ¢ =

dV/3T=1/310g(3K?/8)~1/S, Algorithm 1 will incur regret bounded by:
O(k™!(dlog(K/5))'/3T?/3).

By setting § = T, the expected regret is bounded as 5(&‘1(dlog K)1/3T2/3).

B. Omitted Proof in Section 3

The proof relies on a class of hard-to-learn instances. We first present the construction again for completeness.

For any d > 0, we construct a hard instance with 2¢*! items (indexed from 0 to 2¢*1 — 1). We construct the hard instance
p?; forany 6 € {—A, +A} as:

1

5, if 1 <24, j < 24

1 s d d

0 _ 5, if1>2%72>2 _— 5

P =N 2 ifi <24 j > 2d (@05 0), ©)
1. ifi>24 5 <24

where the feature vectors ¢; ; and the parameter 6 are of dimension d, and have the following forms:

0, ifi < 24,5 < 2¢

0, ifi >24,5 > 24
bit(i), if i < 29,5 > 2¢
—bit(5), ifi > 24 j < 24,

bij =

where bit(-) is the (shifted) bit representation of non-negative integers, i.e., suppose & = by x 204+by x 2! +- - - +bg_1 x 2471,
then bit(z) = 2b — 1. Note that bit(-) € {—1,+1}%, and ¢; ; = —¢; ;.
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Remark B.1 (d + 1-dimensional instance). The hard instance described above does not strictly satisfy the assumption
that pg i= (6, @; ;), but can be easily fixed by appending an additional dimension to address the bias term defined in (5).

More specifically, we can set Fi(z) = L +z and p?; = F((¢;,;,0)), where 8 € {~A, +A}¢ x {1} C R*! and ¢;; =
0, ifi <27 5 < 2¢
0, ifi > 24,5 > 24
1,ifi < 2% 4> 24
—1, ifi > 24 j < 24,

(¢ij,cij), withe; j = To ensure ||$”H2 < 1, we can further set &U — (d+ 1)*1/2@7]- and

6 « (d+1)'/280.

We rewrite (5) as:

1ifi <275 < 2 0, ifi < 24,5 < 2¢
o - Jpifiz2hzat o Jo iz 2022 ©)
W78 <24 j >0 (bit(i), 0), if i < 27,j > 27

1, ifi>24 j <24 —(bit(5), 0), ifi > 24 j < 29,

and the Borda scores are:
5 1 1iphit(s e d
BO(i) = g + §‘<blt(;),0>, if ¢ < 29,
5 if 7 > 2¢,
Intuitively, the former half arms indexed from 0 to 2¢ — 1 are “good” arms (one among them is optimal), while the latter
half arms are “bad” arms. It is clear that choosing a “bad” arm ¢ will incur regret B(i*) — B(i) > 1/4.

Now we are ready to present the proof.

Proof of Theorem 3.1. First, we present the following lemma:

Lemma B.2. Under the hard instance we constructed above, for any algorithm A that ever makes queries i; > 29, there
exists another algorithm A’ that only makes queries i; < 2% for every t > 0 and always achieves no larger regret than A.

Proof of Lemma B.2. The proof is done by reduction. For any algorithm A, we wrap A with such a agent A’

1. If A queries (i, j;) with 4, < 27, the agent A’ will pass the same query (i, j;) to the environment and send the
feedback r; to A;

2. If A queries (iy, j;) with i; > 2%, j; < 2%, the agent A’ will pass the query (jy, %) to the environment and send the
feedback 1 — r; to A;

3. If A queries (i, j;) with i; > 2%, j; > 29, the agent A’ will uniform-randomly choose i} from 0 to 2¢ — 1, pass the
query (},4;) to the environment and send the feedback r; to A.

For each of the cases defined above, the probabilistic model of bandit feedback for A is the same as if A is directly interacting
with the original environment. For Case 1, the claim is trivial. For Case 2, the claim holds because of the symmetry of our
model, that is pﬁ ;=1- pjg-’i. For Case 3, both will return r; following Bernoulli(1/2). Therefore, the expected regret of A
in this environment wrapped by A’ is equal to the regret of .4 in the original environment.

Meanwhile, we will show A’ will incur no larger regret than A. For the first two cases, A’ will incur the same one-step regret
as A. For the third case, we know that B (i;) = B®(j;) = £, while E[B® (i})] = 3 + 5 (E; [bit(i})],0) = 3+3(0,0) = 2,
meaning that the one-step regret is smaller. [

Lemma B.2 ensures it is safe to assume i; < 2. For any 0 and k € [d], define

T
Pos = Po (Y- 10bit"i) £ sien(6)) > 3 )

t=1
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where the superscript [¥] over a vector denotes taking the k-th entry of the vector. Meanwhile, we define 8\ to satisfy
(0\F)IF] = _gl*] and be the same as @ at all other entries. We have

T
Fovs = Fov (Z 1 {bit")(i,) # sign((6'F))} >

t=1

=Py (Z 1{bit*(i,) = sign(6*))} >
t=1

S ~
NN
2| N
~——

. . . T
=Po\» (; 1{bit*(i,) # sign(0)} < 2)
By the Bretagnolle-Huber inequality and the decomposition of the relative entropy, we have

Poi + Powr j, > — KL(Pg, 4[|Pg\x 4))

- T

~Eq| D_KL(p!, pﬁ}k)])
-t=1

-ZC<¢itijt70 - 0\k>2:|)

-t=1

>

vV
|
o)
>
ke}
/N TN TN T
I
=
Y

- T
— Ko |40A%) " 1{i; < 24 A jy > 2d}D,

t=1

where the first inequality comes from the Bretagnolle—Huber inequality; the second inequality is the decomposition of the
relative entropy; the third inequality holds because the Bernoulli KL divergence K L(p||p + «) is 10-strongly convex in z
for any fixed p € [1/8,7/8], and indeed p‘Zj € [1/8,7/8] as long as dA < 1/8; the last equation holds because ¢;, ;, has
non-zero entries only when (4., j;) belongs to that specific regions.

From now on, we denote N (T') := Zthl 1{i, < 2% A j; > 27}. Further averaging over all € {—1,+1}4, we have

1 11
9d Z Po > 194 Z exp ( - 40A2E9[N(T)])
Oc{—1,+1}d 0c{—1,+1}4
1 1
> exp ( - 40A227 > EB[N(T)}>,

Oc{—1,+1}4

where the first inequality is from averaging over all @; the second inequality is from Jensen’s inequality.
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Utilizing the inequality above, we establish that

1 1
X Z Regret (756, A) > — Z Eg

e

B) - %)

0c{—1,+1}4 2 Oc{—1,4+1}4 -t=1
1 r T
=5 > Ee|)> (0,sign(6) — bit(it))]
oc{—1,+1}¢  Lt=1
1 r T d
=5 > Ee| YD 2A1{bit(,) # sign(o[kl)}}
0c{—1,+1}¢  “t=1k

M= L

:22% ) zdng{

Oe{—1,+1}d k=1

1{bit™ (i,) # sign(e[kl)}}

t=1

d
2A T
>S5 2 X Pery
0c{—1,+1}d k=1
AdT ,1
> & exp(—40A2d 3 Ee[mm) @
0e{—1,+1}4

where the first inequality comes from the Borda regret; the second inequality comes from the inequality E[X] > aP(X > a)
for any non-negative random variable; the last inequality is from rearranging terms and invoking the results above.

Meanwhile, we have (remember N (T) := Zthl 1{i, < 24 A Gy > 29

T

1 1 1 Z ) )

ﬁ E Regret(T, 0, A) Z 27d E ]Eg |:4 ]l{lt < 2d /\jt Z Qd}:|
0c{—1,+1}4 6c{—1,+1}4 t=1

=i Y EelN(T)) ®)

6e{—1,+1}4
where the first inequality comes from that any items i > 2¢ will incur at least 1/4 regret.

Combining (7) and (8) together and denoting that X = 55 > 4. (~1,+13¢ Eo[N(T)], we have that for any algorithm A,

. g3 p-1/3
there exists some 6, such that (set A = T )
AdT X
Regret(T;0,.A) > max { exp(—40A%X), 4}
d/372/3 : X
= max {exp(d2/3T2/3X), }
440 4
d?/372/3 : , , ;
> ———— max { exp(—d 2317723 X), d2/‘3T2/‘3X}
4/40
J2/372/3
2~
8v40
where the first inequality is the combination of (7) and (8); the second inequality is a rearrangement and loosely lower
bounds the constant; the last is due to max{e~¥,y} > 1/2 for any y. O

C. Omitted Proof in Section 4

We first introduce the lemma about the theoretical guarantee of G-optimal design: given an action set X C R< that is compact
and span(X) = R%. A fixed design 7(-) : X — [0, 1] satisfies Y .y m(x) = 1. Define V(r) := > o m(x)xx " and
9(m) = maxxez [x/IZ py--
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Lemma C.1 (The Kiefer—Wolfowitz Theorem, Section 21.1, Lattimore & Szepesvari (2020)). There exists an optimal
design 7*(+) such that |supp(n)| < d(d + 1)/2, and satisfies:

1. g(7*) =d.
2. 7* is the minimizer of g(+).

The following lemma is also useful to show that under mild conditions, the minimum eigenvalue of the design matrix can be
lower-bounded:

Lemma C.2 (Proposition 1, Li et al. 2017). Define V. =>_,_, Z-Tt_’jt i, j,» where each (iy, j;) is drawn i.i.d. from some
distribution v. Suppose Apin (]E(M)Nl,[d); ¢”]) > Ao, and

. <C1\/E+sz/log(1/6)>2 L

o o

where Cy and Cs are some universal constants. Then with probability at least 1 — 6,

)\min(Vr) Z B.

C.1. Proof of Theorem 4.1

The proof relies on the following lemma to establish an upper bound on |{¢; ;, 57-4— N — 0%)|.

Lemma C.3 (extracted from Lemma 3, Li et al. (2017)). Suppose Amin(V-4n) > 1. For any § > 0, with probability at
least 1 — 9, we have

~ 1 /d
10-4n = O0"[lv, .,y < H\/2 log(1+2(7 4 N)/d) +log(1/9).

Proof of Theorem 4.1. The proof can be divided into three steps: 1. invoke Lemma C.2 to show that the initial 7 rounds for
exploration will guarantee A, (V) > 1; 2. invoke Lemma C.1 to obtain an optimal design 7 and utilize Cauchy-Schwartz

~

inequality to show that [(8,+n — 0, ¢; ;)| < 3€¢/k; 3. balance the not yet determined e to obtain the regret upper bound.

Since we set 7 such that
7 = Cy)y 2(d + log(1/9))

. (01\/8+02\/W)2+2

Ao Ao’

with a large enough universal constant Cy, by Lemma C.2 to obtain that with probability at least 1 — 4,
Amin(V) > 1. ©)

From now on, we assume (9) always holds.

Define N := Zi}j N(,5), Viglran = Z;rﬁl iTtyjt ®bi,.5.» Vr+N = V- + V1.4 n. Given the optimal design
7(i, ), the algorithm queries the pair (i, j) € supp(n) for exactly N (i, j) = [dn(i,j)/e?] times. Therefore, the design

matrix V4 v satisfies

VT+N = VT+1:T+N

=Y NG i) 8l

irj
= Z dw(ld)(ﬁi,j({sz
"j

€2
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where V(7) = >, (i, j)(bi,jqsz. The first inequality holds because V, is positive semi-definite, and the second
inequality holds due to the choice of N (i, 7).

When (9) holds, from Lemma C.3, we have with probability at least 1 — ¢, that for each ¢; ;,

(0 =07, ij)| < 0rsn = O [lvoyw - 1Digllv-r,

s dlgilvins
S ||07’+N - 0 HV-,—+N : jT()
<[ — Ol -
< €\ [Fro(1 + 2(r + 3)/d) + g (1/5) (10)

where the first inequality is due to the Cauchy-Schwartz inequality; the second inequality holds because V .y >~ E%V(w);
the third inequality holds because 7 is an optimal design and by Lemma C.1, ||¢; ;|13, (m-1 < d; the last inequality comes
from Lemma C.3.

To summarize, we have that with probability at least 1 — 24, for every i € [K],

j=1
1 K
< =3 |ul@l;6%) — n(e!,0)
j=1
I K
< ?HZ‘ zT,J(a* _0)‘
j=1
< T \/g log(1 + 2(7 + N)/d) + log(1/0), (n

where the first equality is by the definition of the empirical/true Borda score; the first inequality is due to the triangle
inequality; the second inequality is from the Lipschitz-ness of p(-) (L, = 1/4 for the logistic function); the last inequality
holds due to (10). This further implies the gap between the empirical Borda winner and the true Borda winner is bounded
by:

(i*) + B(&") - B()
(i) + B - B{)

-B
-B
\/g log(1+ 2(7 + N)/d) + log(1/9),

where the first inequality holds due to the definition of 4, i.c., é( ) > > B (4) for any 4; the last inequality holds due to (11).
Meanwhile, since N := 3, o oo N (4, 7) and supp(m) < d(d + 1)/2 from Lemma C.1, we have that

d
N <d(d+1)/2+ 5,
€

because [z] < x + 1.
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Therefore, with probability at least 1 — 24, the regret is bounded by:

Regret(T') = Regret,., + Regret, ..y + Regret,  n 1.1

<r+N+ % : \/;llog(l +2( + N)/d) + log(1/6)

12L,€T T
§T+d(d+1)/2+(i+:e-0<dl/2 10g<))
€

dd
T
_ —142/372/3 [} 1
O(Ii og 5

where the first equation is simply dividing the regret into 3 stages: 1to 7,7+ 1to7 4+ N, and 7 + N + 1 to T'; the
second inequality is simply bounding the one-step regret from 1 to 7 + NN by 1, while for ¢ > 7 4+ N, we have shown that
the one-step regret is guaranteed to be smaller than 12L,,6+/dlog(1 + 2(7 + N)/d) + log(1/5)/+/2x. The last line holds
because we set 7 = O(d + log(1/6)) and € = d*/6T~1/3, Note that to ensure 7 + N < T, it suffices to assume T = Q(d?).

By setting § = 7!, we can show that the expected regret of Algorithm 1 is bounded by

5(/{_1(d2/3T2/3)).

C.2. Proof of Theorem A.1

The following lemma characterizes the non-asymptotic behavior of the MLE estimator. It is extracted from Li et al. (2017).

Lemma C.4 (Theorem 1, Li et al. 2017). Define V4 = Ele ¢Z’jt i, .5,» and 53 as the MLE estimator (2) at round s. If
V. satisfies

12M32(d? +1
A (V) > 22l 1 108(3/0)) (12)

K

then for any fixed x € R, with probability at least 1 — 9,

. . 3
(05 = 07, x)| < — [IX[[5, 1 1og(3/0)-

Proof of Theorem A.1. The proof can be essentially divided into three steps: 1. invoke Lemma C.2 to show that the initial
7 rounds for exploration will guarantee (12) is satisfied; 2. invoke Lemma C.1 to obtain an optimal design 7 and utilize

Lemma C.4 to show that [(8,+n — 0, ¢; ;)| < 3€¢/k; 3. balance the not yet determined € to obtain the regret upper bound.

First, we explain why we assume

Cs 5/2 log(K?/9)
/{6)\8/2 max{d , Nz }

To ensure (12) in Lemma C.4 can hold, we resort to Lemma C.2, that is

. (clﬁ+02\/1og(1/5))2 L 2B

Ao Ao’
B 512M7(d* 4 log(3/6))

1 .

K

Since we set 7 = (dlog(K?/58))'/3T?/3, this means T should be large enough, so that

(dlog(K2/5))1/3T2/3 > <C1\/Cj+02\/m>2 . 1024M3(d2 +10g(3K2/5))'

Ao 54)\0
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With a large enough universal constant C's, it is easy to verify that the inequality above will hold as long as

2
T> %max{dsgw},
/{6)\0/ Vd

By Lemma C.2, we have that with probability at least 1 — §,

512M32(d? + log(3K2/6
Ain (V) > 22U 1og(3K7/0)) (13)
K

From now on, we assume (13) always holds.

Define N := Z” N(i,5), Vigtran = Z;;Ail Z,jt ®bi,.5,» Vr+N = V- + V1.4 n. Given the optimal design

(i, ), the algorithm queries each pair (i, j) € supp(r) for exactly N (i,5) = [dr (i, j)/€?] times. Therefore, the design
matrix V4 satisfies

VT+N = VT+1:T+N

= Y N1,
i
dm (i, j) T
- Z —a Pt
,]

d
= ?V(ﬂ-)a

where V(7)) = >, . m(i, j)(bl-,jqsz. The first inequality holds because V, is positive semi-definite, and the second
inequality holds due to the choice of N (i, 7).

To invoke Lemma C.4, notice that Apmin (V) > Amin (V). Along with (13), by Lemma C.4, we have for any fixed ¢; ;, with
probability at least 1 — §/K?2, that

o 3 =
60700l < -\ léisT, ., 105GK7/6)

3 /€2
NG

3e ||¢m| %/(,T)—l
= 2 [V fioa(BR/5)
< 5. Vo (R2D), (14)

where the first inequality comes from Lemma C.4; the second inequality holds because V4 n = 6%V(W); the last inequality
holds because 7 is an optimal design and by Lemma C.1, ||¢; ; ||%,(7r),1 <d.

Taking union bound for each (7, j) € [K] x [K], we have that with probability at least 1 — ¢, for every i € [K],

1 & ~
B0) -~ BG) = |5 D (1(@],6°) ~ u(e],0)
=1
1 ;( ~
< ?; ’N((ﬁi,je*) = u( i,ja)’
I K
<Ly oo -0)
j=1

SLu€ .\ Jlog(BR2]3), (15)

IN
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where the first equality is by the definition of the empirical/true Borda score; the first inequality is due to the triangle
inequality; the second inequality is from the Lipschitz-ness of x(-) (L, = 1/4 for the logistic function); the last inequality
holds due to (14). This further implies the gap between the empirical Borda winner and the true Borda winner is bounded
by:

L
< 0L iog(3K2/5),

K
where the first inequality holds due to the definition of 7, i.e., B(i) > B(i) for any i; the last inequality holds due to (15).
Meanwhile, since N := >~ ; o000 N (4, j) and supp(m) < d(d + 1)/2 from Lemma C.1, we have that

d
N <d(d+1)/2+ =,
€
because [z] < x + 1.
Therefore, with probability at least 1 — 24, the regret is bounded by:

Regret(T') = Regret, ., + Regret, .. v + Regret  n 1.7
12L ¢
K

<74+ N+ T - +/log(3K2/4)

RLue .\ flogBR2]5)

d
< —
<T+dd+1)/2+ 2t
= O(r(dlog(K/8))/3T%/3),

where the first equation is simply dividing the regret into 3 stages: 1to7, 7+ 1to7+ N,and 7+ N + 1 to T. the
second inequality is simply bounding the one-step regret from 1 to 7 + N by 1, while for ¢ > 7 + N, we have shown
that the one-step regret is guaranteed to be smaller than 12L,e+/log(3K?2/5)/k. The last line holds because we set
7 = (dlog(3K2/58))/3T?/3 and € = d'/*T~"/3 log(3K?/8)~ /5,

By setting § = T, we can show that the expected regret of Algorithm 1 is bounded by
O(k™!(dlog(KT))'/3T?/3)).

Note that if there are exponentially many contextual vectors (K ~ 2%), the upper bound becomes O(d2/3T2/3). O

D. Omitted Proof in Section 5

We make the following notation. Let H;—1 := (q1, P, (i1,41),71, - - -, ¢, P ) denotes the history up to time ¢. Here P;
means the comparison probability p‘; ; atround ¢. The following lemmas are used in the proof. We first bound the estimate

By(i).
Lemma D.1. Forallt € [T}, i € [K], it holds that B, (i) < A5 /7>

Proof of Lemma D.1. Using our choice of ¢; > /K, we have the following result for the matrix Q;:
. ) 1
Qe = Z Z Qt(l)Qt(J)ﬁbi,ijZj EVQE Z Z d)i,jd);,rj' (16)
ie[K] je[K] i€[K] je[K]
Furthermore, we can use the definition of the estimate §f(z) to show that

By(i) = <Il{ > ¢i,j7§t> = <Il< > ¢>z’,j,Qt_1¢it,j,,>Tt(it,jt)

JElK] JelK]

1 2
<= 3 160l

JE[K]
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where we use the fact that |r;| < 1. Let ¥ = 25 ZZ 1 ZJ 1 quqﬁ . With (16) we have Q; = v2X. Therefore, we can
further bound Bt( /) with

Bi(i) < & e > llbillz-

JE[K]

IN

1

— max || ;|51
,]

Ao

<’}/2’

where the first inequality holds due to (16) and that ||x||3 _, < [|x[|%_, if A = B; the third inequality holds because we
assume Ao < Amin (7= Zfil Zszl Gi b ;) and [ 5] < 1. O
The following lemma proves that our (shifted) estimate is unbiased.
Lemma D.2. Forallt € [T), i € [K], the following equality holds:
~ . 1
E[B:(7)] = Bt(i) — =.

Proof of Lemma D.2. Using our definition of Et(z’), we have

- <[];' Z ¢i’j’§t> = <I];' Z ¢i7j7Q;1¢it7jt>Tt(itvjt)-

JE[K] JE[K]

Therefore, by the law of total expectation (tower rule), we have

]E[Et(l)] = ]EHt,—l _E(it,jt,rt) |:< Z ¢1]7Qt ¢lf,]t>rt(7't7]t)|Ht 1]:|
- JE[K]
= ]E?-[t,l -E(it D) |:< Z d’z]th d)zt ]t> Ty [Tt(ltvjt Zh]t ‘Ht 1:|:|
) JE[K]
:]EHt,I E(it Jt) |:< Z d)l,j?Qt ¢lt,]t>pt gy Jt ’/Ht 1:|:|
- JE[K]

Then we use the definition of p; and the expectation. We can further get the equality

E[§t<z)] = EHt—l E(ityjt) [< Z ¢Z7J7 Qt d)’bt,Jt ¢’Lt,jt >‘Ht1:|:|

- JE[K]

=Ex, , < > ¢i Q1 ( S ali)a() i Zj>9*>’Ht—1:|
- JEIK] i€[K] jE[K]

:E”Hz 1 <7 Z (blj’ >’Ht—1:|
- JE[K]

= By(i) — %

Therefore, we have completed the proof of Lemma D.2. O

The following lemma is similar to Lemma 5 in Saha et al. (2021b).
Lemma D.3. By, [q] Bi] = By, , [Eqg, [Bi(2)[Hi—1]] — 3, Yt € [T).
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Proof of Lemma D.3. Taking conditional expectation, we have
K ~
> qi(i)By(i)
i=1
MK
= Eny |2 0BG, jir [B(i)\w_lﬂ
Li=1

=Ey,_, é qe (i) (Bt(i) - ;)1

=Exn,_, :Elwqt [Bt(x)’Ht—lﬂ — %7

EHt [q;rét] = EHt

where we use the law of total expectation again as well as Lemma D.2. O

The last lemma bounds a summation }_, ¢ | Gt (i) B, (i)2, which will be important in our proof.

Lemma D.4. At any time t, [}, ¢ @ (1) By (1)2] < d/~.

Proof of Lemma D.4. Let P,(i, j) = (¢ij, ) Using the definition of B, and P, (i, ), we have the following inequality:

2
E Y a)B)?| =E | al Z P,(i, )
ie[K] i€[K] K e
1 ol
<E Z Qt(Z)E Z PE(i, 5)
ielK] jelK]
N Y B2, -
=E| ) qt(z); > b ()
i€lK] jelK]

<1B| S Y wia()P26, )

i€[K] jE[K]

\g

The first inequality holds due to the Cauchy-Schwartz inequality; the second inequality holds because the definition of ¢,
satisfies ¢; > v/K.

Expanding the definition of P2(i, 5), we have

PB2(i,j) = r(ie. o) (61,0 b1,
¢1, ],Qt ¢1]¢ Qt ¢’Lt7]n

where we use 0 < 72(iy, j;) < 1. Therefore, the following inequality holds,

SN a@a()PGH < Y. D ala()el ;,Q dibl ,Qr bii,

i€[K] je[K] i€[K] je[K]

= Q| D0 D al)a(i)diibl; | Q' i,

i€[K] jJE[K]
T -1
= d)it,tht d)itajt
T -1
:trace(¢it,jt¢i“‘tht )-
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Using the property of trace, we have

E| > N a@a()PAig)| <tace [ > 3" a(i)a()ei 0,0 | =d

ie[K] je[K] i€[K] jEe[K]

Therefore, we finish the proof of Lemma D.4. O

Proof of Theorem 5.1. Our regret is defined as follows,

T
By [Rr] = Z 2B4(i") — Bi(ir) — Be(jt)]
T
= lrgz}?] Eqy, Z 2B4(i) — Bi(it) — Bi(jt)]
=1

The second equality holds because B; and ¢* are independent of the randomness of the algorithm. Furthermore, we can
write the expectation of the regret as

T T
Botr r] = 210 3 Br(9) = 3 B [Buli) + Bio)]

T
= 2 max ZBt ~23 " En,_, [Eong, [Bi(@)/ M)

i€ K] =

T

1 .

— 2 max (Bt(i) — ) — 2Ry, [qut} : (17)
i€[K] 2

where the last equality is due to Lemma D.3.

Then we follow the standard proof of EXP3 algorithm (Lattimore & Szepesvari, 2020). Let S, = >0_, (Bs(k) — 3),

§t’k =y By(k), w =D ke[ eXP( n§t,k) and wg = K. We have Va € [K],
exp(—nSra) < Y exp(—nSri) = wr =wp - H - (18)
ke [K] t=1 Ut~ a
For each term in the product, we have
Wi+1 eXP(*Ugt—l k) -
— = —_— —nB(k
o kz - exp(—nB(k))
€[K]
= > G@(k)exp(—nBi(k)), (19)
kE[K]

where the second equality holds because of the definition of §;. For any 7 < A\g~y?, Lemma D.1 presents |n§f(k)| <1
Thus, using the basic inequality exp(x) < 1+ + 2%/2 when 2 < 1, and exp(z) > 1 + z, we have

UL S Glk) (1 ~nBu(k) + n* B3 (k) )

Wi

ke[K]
=1-n Y Gk +17 Y G(k)B} (k)
k€[K] ke[K]
<exp | —n > Gk)Bik) +0* > G(k)BE(K) | . (20)

kE[K] ke[K]
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Combining (18), (19) and (20), we have

T
exp(—nSr.a) < Kexp [ Y |=n > @(k)Bu(k) +1* > @ulk :

t=1 ke[K] ke[K]

and therefore

U:J>

Zf: logK+ ZZ%

t=1 ke[K]

38

e /K
Since ¢; = %, we have

N a ~ logK
D ILIURD Sy P L b pE L
t=1 t=1

t=1 ke[K]

Choosing a = 7*, changing the summation index to ¢ and taking expectation on both sides, we have

T T
Brey 30 Bui) = 3 oty [a Be] < 55 + By 23S wlh
t=1

t=1 t=1i€[K]

Substituting the above inequality into (17) and using Lemma D.2, D.3, we can bound the regret as

E[Ry] < 24T + 2085 1 o) Z]EHT D aili)si(i)?
1€[K]

log K 2ndT

og *nT

2(log K)Y3d'/3T2/3\/1/ X + 2(log K)Y3d'/3T2/3 4 2(log K)Y/3d'/3T2/3\/ )\,

<29T +2

where the second inequality holds due to Lemma D.4. In the last inequality, we put in our choice of parameters =
(log K)?/3d=/3T=2/3 and v = \/nd/Xg = (log K)Y/3d*/3T~ 1/3/\_1/2 This finishes our proof of Theorem 5.1. O
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E. Detailed Explanation of Studied Algorithms in Experiments
The following list summarizes all methods we implemented:

BETC-GLM(-MATCH): Algorithm 1 proposed in this paper. For general link function, to find 0 by MLE in (2), 100 rounds
of gradient descent are performed. The failure probability is set to § = 1/7. Parameters 7 and € are set to values listed in
Theorem A.1. For BETC-GLM-MATCH, we use the 7 and ¢ outlined in Theorem 4.1.

UCB-BoORDA: The UCB algorithm (Auer et al., 2002) using Borda reduction technique mentioned by Busa-Fekete et al.
(2018). The complete listing is displayed in Algorithm 3.

DEXP3: Dueling-Exp3 is an adversarial Borda bandit algorithm developed by Saha et al. (2021a), which also applies to our
stationary bandit case. Relevant tuning parameters are set according to their upper-bound proof.

ETC-BORDA: We devise a simple explore-then-commit algorithm, named ETC-BORDA. Like DEXP3, ETC-BORDA does
not take any contextual information into account. The complete procedure of ETC-BORDA is displayed in Algorithm 4,
Appendix G.2. The failure probability 0 is optimized as 1/7".

BEXP3: The proposed method for adversarial Borda bandits displayed in Algorithm 2. n and ~ are chosen to be the value
stated in Theorem 5.1.

F. Real-world Data Experiments

To showcase the performance of the algorithms in a real-world setting, we use EventTime dataset (Zhang et al., 2016). In
this dataset, ' = 100 historical events are compared in a pairwise fashion by crowd-sourced workers.

We first calculate the empirical preference probabilities p; ; from the collected responses. A visualized preferential matrix
consisting of p; ; is shown in Figure 5 in Appendix F.1, which demonstrates that STI and SST conditions hardly hold
in reality. During simulation, p; ; is the parameter of the Bernoulli distribution that is used to generate the responses
whenever a pair (4, ) is queried. The contextual vectors ¢; ; are generated randomly from {—1,+1}°. For simplicity,
we assign the item pairs that have the same probability value with the same contextual vector, i.e., if p; ; = pi,; then
®i; = ¢r,1. The MLE estimator 6 in (2) is obtained to construct the recovered preference probability p; ; = u( ZT] 5)
where p1(x) = 1/(1 + e *) is the logistic function. We ensure that the recovered preference probability p; ; is close to p; ;,
so that ¢; ; are informative enough. As shown in Figure 3, our algorithm outperforms the baseline methods as expected. In
particular, the gap between our algorithm and the baselines is even larger than that under the generated hard case. In both
settings, our algorithms demonstrated a stable performance with negligible variance.

x10*

3.5 7 —— UCB-Borda
304 DEXP3
—— ETC-Borda
2.5 4 —— BETC-GLM
— —— BETC-GLM-Match
E 204
% 207 — BEXP3

] |
& 1.5
o

1.0 4

0.5

0.0 A

T T T T T
0 25000 50000 75000 100000
T

Figure 3. EventTime

Figure 4. The regret of the proposed algorithm (BETC-GLM,BEXP3) and the baseline algorithms (UCB-BORDA, DEXP3, ETC-
BORDA).

F.1. Data Visualization

The events in EventTime dataset are ordered by the time they occurred. In Figure 5, the magnitude of each p; ; is color
coded. It is apparent that there is no total/consistent ordering (i.e., p; j > % & 4 > j) can be inferred from this matrix due
to inconsistencies in the ordering and many potential paradoxes. Hence STI and SST can hardly hold in this case.
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Figure 5. Estimated preferential matrix consists of p; ; from the EventTime dataset.

G. Additional Information for Experiments
G.1. The UCB-BORDA Algorithm

The UCB-BORDA procedure, displayed in Algorithm 3 is a UCB algorithm with Borda reduction only capable of
minimization of regret in the following form:

Regret(T) = Z (B(i*) — B(iy)).

t=1

Let n; be the number of times arm i € [K] has been queried. Let w; be the number of times arm i wins the duel. B(i) is the
estimated Borda score. « is set to 0.3 in all experiments.

Algorithm 3 UCB-BORDA
1: Input: time horizon 7', number of items K, exploration parameter c.
: Initialize: n=w = {0}, B(i) = 1,i € [K]
cfort=1,2,...,7Tdo

it = argmaxye g (Ek + \/%‘i(t))

2
3
4
5: sample j; ~ Uniform([K])
6:
7
8

query pair (i, j;) and receive feedback r; ~ Bernoulli(p;, ;,)
n;, = n;, + 1, wi, = wy, + 1y, B(iy) = 3+

nit

: end for

G.2. The ETC-BORDA Algorithm

The ETC-BORDA procedure, displayed in Algorithm 4 is an explore-then-commit type algorithm capable of minimizing the
Borda dueling regret. It can be shown that the regret of Algorithm 4 is O(K/3T2/3).
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Algorithm 4 ETC-BORDA

1:

2: Initialize: n = w = {0}%, B(i) = 1,i € [K]

3.

. Set N = [K~2/3T2/3log(K/6)'/?]

4: fort=1,2,...,T do

.. 1+ (t—1)mod K, ift < KN,
5:  Choose action 7 < ~
argmax;e (g B(i), if t > KN.
Unif K]), ift < KN,
6:  Choose action j; = niform(| DA 1. -
argmax; ¢ gy B(i), if t > KN.
7:  query pair (4, j;) and receive feedback r, ~ Bernoulli(p;, ;,)
8: ift < N then R
9: n;, =n; + L, Wi, = W;, + Ty, B(Zt) = %
10:  endif
11: end for
G.3. FRANK-WOLFE algorithm used to find approximate solution for G-optimal design

In

on

do

In

20

order to find a solution for the G-optimal design problem, we resort to Frank-Wolfe algorithm to find an approximate
solution. The detailed procedure is listed in Algorithm 5. In Line 4, each outer product costs d*> multiplications, K2
such matrices are scaled and summed into a d-by-d matrix V (7), which costs O(K?2d?) operations in total. In Line 5,
e matrix inversion costs approximately O(d?). The weighted norm requires O(d?) and the maximum is taken over K2
such calculated values. The scaling and update in the following lines only requires O(K?2). In summary, the algorithm is

minated by the calculation in Line 5 which costs O(d>K?).

experiments, the G-optimal design 7 (3, §) is approximated by running 20 iterations of Frank-Wolfe algorithm, which is
more than enough for its convergence given our particular problem instance. (See Note 21.2 in (Lattimore & Szepesvari,

20)).

Al

gorithm 5 G-OPTIMAL DESIGN BY FRANK-WOLFE

10

1
2
3
4:
5:
6
7
8
9

: Initialize: m(i,j) =1/K?
:forr=1,2,--- ,Rdo

: V(m) = Zi,j 777’(Z.aj)¢i7j¢;fj

iy, Jr = argmax(; jei)x k] |9l v(m)-1

9r = @iz j: [V ()1
.—1/d
Yr = ggT_I{
s o6 5) = (U= ye)me (4, 5) + 9 100 = ) 1057 = J)
: end for
: Output: Approximate G-optimal design solution 7z41(%, 7)

Input: time horizon 7', number of items K, target failure probability §

: Input: number of items K, contextual vectors ¢; ;,i € [K]|, j € [K], number of iterations R



