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Abstract

We propose Equivariance by Contrast (EbC) to learn equivariant embeddings from
observation pairs (y, g - y), where g is drawn from a finite group acting on the data.
Our method jointly learns a latent space and a group representation in which group
actions correspond to invertible linear maps—without relying on group-specific
inductive biases. We validate our approach on the infinite dSprites dataset with
structured transformations defined by the finite group G := (R, X Zy, X Zy,),
combining discrete rotations and periodic translations. The resulting embeddings
exhibit high-fidelity equivariance, with group operations faithfully reproduced
in latent space. On synthetic data, we further validate the approach on the non-
abelian orthogonal group O(n) and the general linear group GL(n). We also
provide a theoretical proof for identifiability. While broad evaluation across diverse
group types on real-world data remains future work, our results constitute the first
successful demonstration of general-purpose encoder-only equivariant learning
from group action observations alone, including non-trivial non-abelian groups and
a product group motivated by modeling affine equivariances in computer vision.

1 Introduction

In many real-world inference problems, the relationship between obser-
vations is governed by structured transformations. The same sample may
be observed before and after an “action” has been applied. In computer
vision, an object may be observed in the form of an image before and after
rotations, translations, or other types of transformations have been applied
[6,111}132]. In biology, large-scale single-cell transcriptomic datasets in-
creasingly contain observations of cells before and after perturbations in
the form of gene knockouts [[17] or pharmacological intervention [41]]. In
neuroscience, neural activity reflects changing brain states under sensory
input or behavioral output [45]. In all these cases, the key to understand-
ing the data lies not only in modeling individual observations but also in
capturing the structured relationships between them.

This motivates the goal of learning equivariant embeddings. In this em-
bedding space, actions are represented by linear transformations. To
address this challenge in a theoretically grounded way, we adopt a per-

Figure 1: Commutative
diagram showing data
and model for EbC.

spective rooted in nonlinear Independent Component Analysis (ICA) and group theory. Suppose that
each observation y € Y arises from a latent representation € X through an unknown, injective
nonlinear mixing function f, i.e., y = f(x). Nonlinear ICA aims to invert this process: to learn an

encoder ¢ ~ f~! that recovers the latent structure from the observed data.
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Figure 2: Overview of the approach. Left to right: One batch of observed sample consists of n + 1
paired samples {(y;, y;)}"Jrl where y; are related to y; via an unkown  group action g such that
Y, = g - y;. Anencoder ¢ maps these observations into latent space {(&;, }) }/!;', where n samples
are used to estimate a representation R of the group.

The nonlinear ICA problem becomes tractable by additional assumptions about the structure of the
data-generating process [[18}[19 21} 22| |56]. Here, we leverage the property that many datasets do
not consist of isolated samples but of pairs (y,y’), where y’ is a transformed version of y. Group
theory provides a formalism to describe these transformations as the elements of a group G.

Each group element g € G can acton alatent x € X, yielding a transformed latent gx. This operation
is known as a group action. In observation space, we introduce the shorthand y’ := g - y to denote
the respective relation between y’ = f(gx) and y = f(x). In the latent space, these group actions
have a particularly simple form: they correspond to linear maps. Formally, a group representation is
a homomorphism R : G — GL(X) which maps each group element to an invertible matrix acting
on the vector space X. Thus, while the transformation g - y may have complicated non-linear effects
in observation space, in a suitable latent space it can be reduced to a linear relationship of the form:

v’ =gz = R(g)w. @)

Our goal is to infer this relation directly from pairs (y, g - y) of observable data and learn an encoder
¢ : Y — X’ and a representation R’ of the group such that

o(g-y) = R'(9)6(y), 2)

and R’ : G — GL(X') is a representation of G (potentially different from R) on the vector space X
Learning such representations directly from data is difficult. A growing body of work has approached
this problem by leveraging pairs (y, g - y) even when the specific group element g is unknown
[150 1281 152]), with varying constraints: CARE [[15]] restricts itself to orthogonal representations on the
hypersphere, STL [52] allows nonlinear equivariant relations in latent space, and the neural fourier
transform [NFT; 28] requires to learn a generative model of the data.

Here, we propose Equivariance by Contrast (EbC), to the best of our knowledge the first encoder-only
method that learns general linear group representations from group action observations with a formal
identifiability guarantee. In § 2] we present the algorithm which jointly learns the encoder ¢ and an
implicit group representation via contrastive learning, without generative modeling or group-specific
architectural biases. In § [3] we show that EbC recovers the true latent space and the underlying group
representation up to a linear transformation. In §§ BH6| we evaluate EbC on synthetic and structured
vision datasets, including finite product groups G := (R, X Z,, X Z,) and non-abelian groups such
as O(n) and GL(n). EbC achieves high-fidelity equivariant embeddings across diverse settings.

2 Learning group-equivariant representations with contrastive learning

Figure [2] outlines our approach: Similar to previous work [[15} 28} 136, 52]], we assume that data come
in the form of batches, which are grouped into n + 1 pairs undergoing the same action g. This form
of data is common in various scientific fields, for example, in neuroscience and biology. Pairs can
also be derived from time-series data under the assumption that nearby points are governed by a
shared action [“slowness prior”; [20]].

The intuition behind our objective function is depicted in Figure[3} The model has access to a set of
mixed samples related via the group action (Y and YY), along with a query sample y. The objective



is to infer the group action from the examples Y and Y, apply it to the query, and select the correct
answer y’ among a set of options that include the correct answer alongside negative samples y” € S.
In our case, the set .S contains negative samples randomly selected from the dataset, which cover all
potential mismatches (different content, different group action, etc.) alongside the positive sample.
We use contrastive learning to encode this objective in the likelihood

exp (— [lue(y, Y, Y') — o(y)|?)
>yres xp (= lug(y, YY) — o(y")]2)

The shorthand u denotes the operation of inferring the linear representation of the group element,
R(4(Y), ¢(Y")), and then applying it to the feature vector of the reference sample ¢(y):

Py |y, Y, Y, S) = 3)

us(y, Y, Y') = R($(Y), o(Y"))(y) )
R(X,X') = L oin X' — XR"|%. )
cGL(d)

To find the optimal feature encoder ¢, we optimize the likelihood across all pairs of samples and
uniformly sampled negative examples,

m(;nﬁ[(b} = _Ey,y’,Y,Y’,S [IOgP¢(y/ | Y, Y7Y/7 S)] 9 (6)

which is related to the InfoNCE loss [37]] with the additional structure required for group learning.

Separating content and style In many cases, we want to produce embedding spaces in which
we can separate what is transformed from how it is transformed. Intuitively, we consider these
aspects of the latent representation to encode content and style. The content is the part of the
representation that is expected to be invariant w.r.t. the group action g, whereas the style is expected
to be equivariant w.r.t. the group action. In practice, it is therefore useful to split the vector space
induced by ¢ into an equivariant and invariant part. Algorithmically, this is done by imposing
additional structure on the matrix in Eq. (5), constraining the minimization across matrices of the
form diag(G Ly, I,,) C GL(m + n). The representation we learn then has the form

; » ’
R7L+7n. (X, X/)/ = <Rn(gX><7 X ) Orjxm) . (7)

This results in an encoder ¢ with a n-dimensional equivariant subspace, and a m-dimensional
invariant subspace. We discuss the theoretical properties of this parametrization below. Note the
conceptual similarity to subspace contrastive learning discussed in [44]. The difference here is that
we do not use multiple instances of the contrastive loss but a single contrastive loss that directly
learns a structured feature space.

3 Equivariance by Contrast is identifiable

By formalizing assumptions about the data-generating process, we can derive identifiability guarantees
for the algorithm described in the previous section.

Dataset. We define the dataset in terms of the underlying data-generating process: Let x € V' C R?
be a vector describing the ground truth latent components, let g be an element of a group G, and let
f : V — RP be an injective map. Assume that for each group element g, we have at least M pairs of
samples (y;, y}) with

where R : G — GL(d, R) is a representation of G on V. If R is structured accordingly (Eq. , T
can be decomposed into an equivariant style and an invariant content, which is denoted as c further
below in the experimental sections.

Implicit group representations. We model the group representation using the non-parametric
approach outlined in Eq.[5] Assume that for each group element g € G, we are given two matrices
X, X' € RM*d M > d, where the row vectors (z;, x}) are related via the group element as
x, =gx;, i € {1,...,M}. As ashorthand, we write X’ = g X. Then, the expression

R(X,X')= min | X'-XR"|2e RX,X)=(X"X)"}(X"X") )
ReGL(d)



Y soee] [e0ee Y[eeee
(XX X o000 (X X X
0000 /0000 (XX X
o000 9000 0000 0000 0000 0000 00O0CO
0000 0000 0000 0000
0000 0000 0000 0000
o000 000 0000 0000 0000 0000
o000 ‘ecoo ?
0000 0000 !
v’ [e0ee ° S (¥ €89

Figure 3: Intuitive explanation of the training objective. Given pairs of samples (Y, Y”) connected
by an action g, infer the most likely action, and apply it to a novel sample y with different content.
The training objective is contrastive, and aims to select the correct matching sample y’ from a
selection of positive/negative samples S.

is a representation of @ with R(g) = R(X, g X)) for each g € G. In practice, we do not have access
to (X, X) directly, but to a nonlinear projection of these points via the mixing function f, denoted
as (f(X),f(X")) = (Y,Y’). We map these mixed samples to a feature space using a learnable
encoder ¢ : RP — R? and insert the resulting matrices into Eq. @ Our goal is to optimize ¢ such
that R(¢(Y"), ¢(Y")) becomes a representation of G. An advantage of this approach is that both the
feature space and the group representation are fully defined via the feature encoder ¢.

Equivariance by Contrast learns group representations. Our theory builds on the canonical
discriminative form discussed by Roeder et al. [40], which requires conditions on the diversity of
the dataset to be fulfilled. Specifically, the latents and feature spaces of ¢ need to “sufficiently vary”
across the points in S. In addition, the vectors of differences ¢(y 1) — ¢(yp) with y 4, y 5 columns of
S need to span a d-dimensional feature space. The conditions are discussed in detail in Appendix [A]
This gives the following main results for our model:

Theorem 1 (Identitiability of the Group Representation; informal). Assume that py = pg-1, and let
the dataset satisfy the diversity conditions mentioned above. Define h := ¢ o f. Then, for all points x
in the support of the dataset:

(a) We recover the original vector space h(x) = La, up to an ambiguity L € GL(d).
(b) We recover a representation of the group, R(h(X),h(9X)) = LR(g)L™".

Proof sketch. With a minor modification, Eq. [3| follows the canonical discriminative form for
which Roeder et al. [40|] proved linear identifiability. Due to the use of the more flexible Euclidean
loss, we instead obtain affine identifiability for h(x) = Lx + b. The second condition requires
qu)(m) = LRz and implies b = 0. From these two conditions and the specific definition of our
model, we can derive the results (a) and (b). The full proof is given in Appendix[A]

Corollary 1 (Equivariance). We have x € V, R(g) is a representation of the group in V; we have
h: V — W where we define h := ¢ o f, and R'(g) = R(h(X),h(gX)) is the representation on
W. Then, we have

h(gx) = gh(z) (10)

Proof. The result follows from Theorenfl] For all  we have h(gxz) = gh(x). We insert the
representation of g on V on the LHS, and on W on the RHS, to obtain h(R(g)z) = R'(g)h(x). We
insert Thm. |1k to obtain LR(g)x = R’(g)Lx. From here we obtain LR(g)L~'x = R/(g)x which
we showed in Thm. [Tb. O

4 Experiment Setup
We validate our proposed model on a set of diverse datasets with different underlying groups.

Synthetic Group Datasets We first consider three types of synthetic datasets following the data-
generating process in Eq. [§] matching the assumptions required for Theorem [I] Group elements
are taken from a subgroup of special orthogonal group SO(n), the orthogonal group O(n) and
the general linear group GL(n). We start by sampling random group elements g ~ pg(g) from
G € {S0(n),0(n),GL(n)}. We sample at least m (with m > d) random vectors x € S" from
the unit sphere and sample a content component ¢ € C from a finite set of vectors C' C S?. From



(R(g),{z:}™,c) we generate Y = {y;,y;}™, where y; = f(x;,c) and y; = f(R(g)x;,c). We
repeat this sampling procedure until we reach the desired dataset size. The nonlinear injective mixing
function f is parameterized by a random 3-layer MLP [18]] followed by a random linear map to a
50-dimensional space. For the full dataset we sample a maximum of 1000 matrices R(g) and a total
of 1M pairs (y, y’). Unless stated otherwise, we choose n = 3, d = 3, |C| = 100. In Appendix
we show additional results for n € 3,5, 7,9 and in Appendix [C.2] we report results on data efficiency.
According to the assumptions of Theorem the relationship R(g)x; in the data-generating process
does not include noise. But we show a variation of this experiment In Appendix [C.3|that includes
noise in the application of the group action.

Infinite dSprites We leverage infinite dSprites [8 idSprites], an extension of dSprites [33] for
validation on more diverse visual data. We subsample all images to a resolution of 64 x 64 The
dataset allows for rich variations in the content and ensures that the resulting objects do not have any
symmetries. By default, we use the same number of varying factors as in dSprites, namely 3 random
shapes of 6 different sizes. For our purposes, we consider the combination of shape and size to be the
content. Each of these objects may then be oriented in 40 different ways or have one of 32 x 32 x or
y position translations. We consider the orientations and translations to be our groups of interest and
sample the data such that we obtain closed groups. By default, we sample the dataset such that any
paired sample (y, y’) undergoes a combination of these three types of transformations.

Training Protocol We use a three layer MLP with 512 hidden units for ¢. We fit the implicit

representation R(Y, Y") using the gels least squares solver in PyTorch. By default, we use 84
sample pairs for idSprites and 12 for the synthetic data in Y. Each batch has 1024 positive and 16k
negative samples. We train the model for 20k with Adam [25]] with learning rate 10~2. We perform
80/10/10 train/valid/test splits. Metrics are computed out-of-sample, by fitting on one part of the
valid split, and reporting on the other. Unless stated otherwise, standard deviations and confidence
intervals are reported across three dataset and three model seeds. More details in Appendix

Baselines We leverage standard InfoNCE [37] training as a baseline (amounting to setting R = I),
similar to SImCLR [2]]. We also consider dynamics contrastive learning [30] using a linear dynamical
system (LDS) or a switching linear dynamical system (SLDS). We use the same training protocol
for the baselines as we do for our own EbC model (same encoder, batch size, training iterations,
optimizer, and data loader).

Metrics Our metrics aim to quantify the representation of the content, the quality of the group
representation, and the linear identifiability of the latent space. To measure the quality of the
representation of the content we fit a Logistic Regression (W, b) and predict the class label j € K
of content c;:

Acc(C, K) := TopK-Acc(o(Wh(z) + b) | Y') o(+) := softmax(+) (11)

Likewise, to quantify the linear identifiability of the embedding space (Theorem[T), we measure:
R*(z) = R%(Lh . 12
() = max R}(Lh(z).) (12)

To measure the quality of the group representation we introduce two different metrics. First we
introduce an R? based metric which we derive from Theorem [1b:

R?*(G) := R2[L*Rh(x), Rx], L*= arg max || X — (X)L ||% (13)

To measure the group representation without access to the ground truth latent representation x, we
introduce an Accuracy over the KNN lookup of the transformed input vector y':

Acc(G, K) := TopK-Acc(kKNN(Y)|Y”) kNN(y) := arg I;lea3<||¢(j) — Rqﬁ(y)”2 (14)

To compute this metric, we sample 20k random pairs y, y’ to solve a 20k-class classification problem.
We compute the accuracy cross-validation across every of the 20k samples.

The metrics defined above can be split into two categories: R?(z) and R?(G) require access to the
ground truth latents and hence can only be computed on synthetic toy datasets for which we have full
knowledge about the data-generating process. In practice, this is not the case. Therefore, we defined
a second group of metrics, including Acc(G, K) and Acc(C), that are applicable in the case where
there is no access to the ground truth latents. We refer to appendix [C.4] for a study on the relationship
of R?(G) and Acc(G, K), which suggests we can use Acc(G, K) as a proxy of R?(G).



Table 1: Overview. We vary the group G used for the data-generating process, and consider a
non-linear mixing through a neural network (“non-linear”) as well as the infinite dSprites dataset. We
report the R? on the equivariant part of the embedding, and the Accuracy (in %) on the invariant part
of the embedding for identifying the content information.
Group (G) SOs3 O3 GL3 Ry X Zipy X Uiy
Obs. (f) non-linear non-linear non-linear indSprites
Metric R*(z) R?*(G) Acc(C) R*(z) R*(G) Acc(C) R*(z) R*(G) Acc(C) Acc(G,5) Acc(C)

InfoNCE 0.0:002 0.0:000 98.9:083 0.0:001 0.0:001 99.1:055 0.1:015 0.0:000 98.5:056 0.36:008 99.97:003
+LDS 0.0:005 0.0:000 99.0:051 0.0:011 0.0:000 99.0:065 0.1:006 0.0:000 98.4:050 0.31:005 99.96:004
+SLDS 0.0:001 0.0:000 98.9:079 0.0:00z 0.0:001 98.7:096 0.2:024 0.0:000 97.7:095 0.28:002 99.81:027

EbC (lin.) 70.9:260 54.1:463 20.2:194 70.8:262 54.0:466 19.8:214 59.7:810 39.8+1366 22.3 463 - -
EbC 99.7:022 99.7:025 99.1:072 99.8:005 99.7:004 99.2:069 99.8:003 99.7:006 98.5:069 99.91:005 74.04:1.91

5 Empirical Results

We apply EbC on a variety of group learning settings, summarized in Table[I} EbC is effective at
recovering group structure both in a setting where we have precise access of the latent space (for
verification), and scales to benchmarking datasets used in objective-centric learning. Across all
baselines, only EbC is able to recover the structure with high fidelity: We reach an R? of > 99%
in recovering the ground truth latent space on synthetic data, validating Thm [Th and substantially
outperforming a linear baseline (60-70%). This result verifies that indeed h(x) = La up to a
linear indeterminacy in practice. We verify the group structure through an R? between the projected
sample and the ground-truth for synthetic data with perfect recovery of >98% (Thm [Ib). As a
verification, we compare to existing contrastive learning baselines which are well established at
learning invariant representations, i.e., the content. Indeed, all considered baselines are effective at
recovering the content information with accuracies typically >98%. On synthetic data, EbC matches
this performance (>98%); on idSprites we encounter a trade-off and accuracy drops to 75%.

EbC learns a representation of (R,, X Z, x Z,) from image data. We next evaluate EbC on
idSprites. An optimal embedding space for the R,,, X Z,, X Z,, is a 3-torus, with the three individual
groups represented along the three circular coordinates. Fig|4h depicts this (assumed) underlying
structure of the latent space (which is not enforced in the real dataset or during training), along with
the reconstructed embedding space of EbC. Note that the dimensions are related to each other; in
Fig. @b we show the dependency based on the y-, x- coordinate for a fixed angle. Qualitatively, this
embedding space was stable also under variations of the content (shape and size of the object).

EbC learns faithful representations of content and style under diverse conditions. Next, we
perform a fine-grained quantitative evaluation of the embedding space. In particular, we vary the
properties of the indSprites dataset by varying the number of options for the content (shape and
size) and the number of variations to learn from (translation and rotation) while keeping the overall
dataset fixed. In Figure 4t we outline these options, reporting both the classification accuracy of the
content, and the quality of the representation using our kNN metric. EbC recovers the group structure
with high Top-5 accuracy close to 100% when performing an 1-over-20k kNN lookup for a range of
number of contents. However, we notice that the content classification declines from around 80% to
20%. We report qualitative results of the KNN prediction in Appendix [C.4]

EbC is robust to over-parameterization In Figure[dd, we vary the output dimension of the encoder
(divided into 2 dimensions for the content, and 47 for the group). We observe that the group
structure preserves a high predictive kNN above 99% and a stable content classification performance
above 80%. However, this requires a sufficient number of samples for estimating the implicit
representation: For 4x the group dimensionality is required when single transitions are observed, and
8% is required in the case of compound actions. Note that in practice, it is possible to even inform
model hyperparameters on this metric, as it is available without any knowledge of the underlying
ground truth structure of the data.

EbC identifies group representations of O(n), GL(n), and SO(n). Next, we investigate the
applicability to more general group structures. For this, we generate additional synthetic data from
more complex groups. SO(n) is close to our example on idSprites, which is extended by O(n) and
GL(n, R) as a fairly general and challenging example (Figure . Here we report results for n = 3,
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Figure 4: EbC learns faithful representations of group actions. A, a possible ground-truth latent
space for idSprites. Depicted is Z,, x Z,,. B, the actual embedding obtained by EbC, plotted for a
fixed value of the orientation angle and colored in two views for variations in x- and y- direction. C,
evaluation of representation quality and content accuracy across an increasing amount of classes. D,
impact of observing the single groups (ind.) vs. a combination at each step in training (com.) across
different output dimensions. Number in brackets is the number of samples in Y per output dim.
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Figure 5: Verification on simulated data. A, traversals through the ground-truth latent space of our
synthetic datasets. We manually constructed two orthogonal transformations Q.., Q, perpendicular
to each other to obtain a sphere. B, recovered latent space after non-linear demixing and optimal
linear alignment. C, comparisons of EbC (green) against a linear baseline (gray) and an InfoNCE
baseline (black) across an increasing number of mixing layers.

in Appendix [C.I| we show additional results for higher dimensions. The complexity of the problem
is additionally varied by generating increasingly non-linear datasets. This is expected to eventually
degrade performance when a fixed-size dataset is used. We vary the number of mixing layers from
n=2 to higher dimensions.

EbC is able to recover both a suitable vector space and an implicit group representation on these
datasets with high fidelity. Figure [5h shows the ground truth latents, and Figure[5p shows a qualitative
impression how the spherical latent space is recovered after unmixing. Quantatively, the R2(x)
metric in Fig. 5k confirms the quality of this mapping up to n=4 mixing layers before we obtain
degradation. Likewise, forward prediction through the group representation obtains high R2(G) up
to 4 mixing layers, substantially outperforming the linear baseline. A relevant metric in practice is
Acc(G) measuring forward prediction through a KNN based metric. In comparision to the InfoNCE
baseline, we perform comparatively in identifying the class content across all group types (Acc(C)).

6 Further Analysis, Ablations, and Modeling Choices

Following experimental validation of our model and applicability to image data, we are interested
in analyzing the empirical behavior of the loss function in more detail. In practice, an important
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Figure 6: Robustness to model misspecification. In the ground-truth process, we allocate 3 dimensions
to coordinates affected by the group action, and 3 dimensions to to content. Note, R? metrics reported
here are not observable on real data, while Acc(G) is observable and Acc(C) is observable if a labeled
test set is given.

hyperparameter is the parameterization of the embedding space, as well as the setup of the loss
function. Further validation and ablation experiments can also be found in Appendix [C]

Identification of the correct latent dimensionality In practice, the true dimensionality of the latent
vector space is not known, or even ambiguous. Algorithms for learning group structure should
be ideally (1) robust to model misspecification and (2) provide a clear hyperparameter validation
protocol for choosing the correct dimensionality. In Fig.[6] we report the properties of EbC under
model misspecification. Both for the content and groups, we consider a 3d ground truth latent space,
resulting in a total of six latent factors. In Figure[6] second row, we show performance variations as
we specify the wrong content dimension. Except for a degenerative case for d=1, we obtain close to
perfect recovery of both group structure and content.

In the first row of Figure [6] we misspecify the group dimensionality, which is more critical. We see a
clear peak in 1-NN lookup performance (Acc(G)) as well as saturation for R2(x)/R2(G) prediction
performance for d>3. Very crucially, the practically observable metric for hyperparameter selection,
Acc(G), shows a clear peak at the correct dimensionality (d=3), making it a prime target for model
selection (which we indeed did in the experiments showed so far, cf. the discussion in Appendix [B.
As before, with the correctly selected dimension, we obtain a close-to-perfect performance in both
recovery of the latent space and the representation of the group.

Analysis of optimal model parameters and hyperparameter selection With our fixed selection
protocol, we finally consider model choices for the implementation of the algorithm outlined in Sec. 2}
In particular, the choice of negatives for the set S is relevant for satisfying the diversity conditions
required for Theorem 1. Furthermore, we can extend the loss function to consider the property of an
inverse element, i.e., that both the action R(X, X’) and R(X’, X) are valid representations. Note,
we do not explicitly force the constraint that the respective matrices should be inverses of each other,
making our approach still potentially applicable to structures not fulfilling all group axioms.

Table 2] depicts the different choices for both a symmetric loss and different negative distributions.
On simpler groups, SO(n) and O(n), when our input vectors are normalized, the co-domain of the
action will still be the sphere, making it less crucial to consider both y and ¢’ as negative samples. In
contrast, as we move to GL(n), it is crucial to use both samples for training to avoid a performance
drop. On O(n), GL(n), a symmetric loss additionally improves the performance.

7 Limitations

Accuracy trade-off for many classes While EbC is able to convincingly estimate both the latent
space and the group actions, we could construct a failure case in idSprites when class dimensions



Table 2: Model variations across different loss functions, negative samples, and groups.
Sym. S SO, On GL,
Acc(G, 1) Acc(G,5) Acc(G, 1) Acc(G,5) Acc(G,1) Acc(G,5)
both  56.23:26c  77.38:2435  86.53:135  89.75:165  93.14:1080  99.98:001

Yy 28.77:2188  83.65:607  85.49:130  53.23:376  99.91:018  99.98:001
vy’ 7344500  T79.52+1817  87.08:149  9591:149  96.83:9015  99.98:001

94.70+1.23 86.95:1.08 85.59:604  99.83:0.11 99.98:0.01 99.93:0.16
Yy 58.55:2011  85.54:25:  85.70:488  87.77:673  99.97:002  99.95:0.10
y’ 9444106  84.31:00  83.61:788  99.84:000  99.89:025  99.85:035

AN
o
o)
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increases to multiple hundreds or more. While we continue to estimate the group representation, the
classification performance of the content decreases in these cases, even if the dimensionality of the
latent space is matched to our baseline. A possible explanation is that EbC needs to implicitly learn
a prototype of each class to estimate the coordinates affected by the group action, which might be
harder to embed in the network than a classification objective alone.

Style vs. content subspaces identifiability Our proposed prior to separate content and style also
has limitations. A clear separation can only be expected if the group dimensionality is chosen to be
minimal. While we demonstrated that such a minimal dimensionality can be computed on real-world
datasets, it comes with the additional computational burden of hyperparameter estimation, which
might be prohibitive in practice. Future work might consider improved versions of our content/style
subspace prior and provide theoretical guarantees on the optimal separation. Within the scope of this
work, we showed a practical way to estimate the hyperparameters using the Acc(G) metric in the
analysis section.

Real-world data and baselines Although we are the first to show that identifiable group repre-
sentation learning from unlabeled observational data is feasible at all, our empirical analysis can
be substantially extended. Firstly, on selected previous setups, more baseline comparisons could
be conducted which is here limited due to the lack of extensive benchmarks. It will be particulary
interesting to see how the algorithm scales to to full-scale image datasets like 3DIdent [56]. However,
we do report additional experiments on real-world data in Appendix [C.5]

Scaling properties, empirical vs. theoretical Our theoretical result mandates the use of d +
1 examples for estimation of the embedding space, and currently does not make a claim how
convergence is influenced by limited data. In practice we observed that substantially more than d + 1
samples are required (about 6-8x gave good empirical results). In this light, our theoretical results
can be extended to include bounds on the behavior with limited samples, although challenging and
not every common in existing identifiability work. On the other hand, replacing our out-of-the-box
least squares estimator by more stable and more adapted algorithms might further close the gap to the
theoretical optimum. We report additional results on data efficiency in Appendix [C.2]

8 Related Work

Learning equivariant representations Early work in equivariant representation learning focused
on designing neural network architectures that are explicitly equivariant to a predefined class of
transformations [3, [10} 27, 31}, 42, 53]]. These methods were powerful but require expert knowledge
to design an inductive bias specific to particular groups. Inspired by the success of invariant self-
supervised learning (I-SSL) methods [12} [13 37, 54], a new paradigm emerged that sought to learn
equivariant representations directly from data. The first wave of SSL-based methods assumed
full knowledge of the group actions. Latent representations were learned either via encoder-only
frameworks [4} [7, [12] 38]] or via autoencoder-based frameworks [23| 24} 39]. Equivariance was
encouraged either by predicting the parameters of the group action [4] or enforced by explicitly
modeling the effects of group actions in latent space [[7, 1223} 24,138 139]. The most recent advances
tackle the more challenging problem of learning equivariance without explicit knowledge of the group
actions. Both encoder-only approaches [[15, 151 152]] and autoencoder-based approaches [28] 35} 136]
have been proposed. The central innovation of these methods is that the representation of group
actions R(g) is learned directly from data pairs (y, g-y). For example, CARE [[13]] is an encoder-only,
contrastive learning based approach with implicit R(g) € O(n). STL [52] also uses an encoder-only



approach but enforces non-linear equivariant relationships ¢(g - y) = u(é(y), R(g)). NFT [28]
adopts an auto-encoder framework with explicit linear group representations R(g) € GL(n). While
these methods mark important progress, they each leave open critical challenges: some are restricted
to special classes of group representations, some require generative modeling of the input space, and
none provide formal identifiability guarantees of the applied algorithm. While Koyama et al. [28] are
the first to show that the problem itself is identifiable (i.e., there exists a non-trivial G-equivariant map
¢ 'Y — X unique up to G-isomorphisms of the embedding space), they do not provide identifiability
guarantees for the learning method itself.

Identifiable nonlinear ICA In nonlinear ICA, observed variables y are assumed to be generated
from latent variables  via an unknown nonlinear "mixing" function f. The goal is to recover
f~1, or equivalently, estimate the latent variables « from the observed variables y. Hyvirinen
and Pajunen [20]] showed that in contrast to linear ICA, the nonlinear ICA problem is, in general,
unidentifiable. Subsequent work has established that identifiability can be recovered by making
additional assumptions about the data-generating process [[18, [19} 21]]. More recently, this theory has
been connected to contrastive learning [40l 56]], demonstrating that: (a) the choice of the conditional
distribution of positive samples encodes the assumptions about the data-generating process, and
(b) optimizing the InfoNCE loss [16} [37] recovers a solution to the nonlinear ICA problem. The
identified representation is unique up to an indeterminacy that is directly determined by the assumed
conditional distribution. Building on these advances, Laiz et al. [30] proposed DCL, which identifies
latent representations under the assumption of linear or switching linear dynamical systems. Since
G-equivariant representations also rely on a linear relationship between (x, ') or (x4, 141)) in
sequential data, there exists a natural connection between DCL and the equivariant representation
learning methods discussed above. Our work leverages this connection, combining the identifiability
guarantees of nonlinear ICA with the goals of equivariant representation learning.

9 Conclusion

We proposed the first identifiable learning algorithm for group representations from unlabeled
data without relying on generative models. We demonstrated, theoretically and empirically, that
latent spaces of datasets with underlying group structure can be estimated from observational data.
Crucially, the assumptions of our algorithms match datasets encountered in engineering and science.
The supervisory signal merely requires knowledge that “the same” action is applied to a collection
of samples. We confirmed that under these settings and mild overall assumptions on sufficient
variety in the dataset, few of such pairs are sufficient to estimate the underlying ground truth latent
space in which the group actions are faithfully represented as a linear transformation. We see wide
applicability of this approach especially in computer vision (e.g., for figure-ground segmentation),
robotics (for learning affordances and planning), and biology and biomedicine (for modeling the
effects of longitudinal data and perturbation effects), among other fields.
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A Proof of Theorem 1
In this chapter, we provide a proof for Theorem|I]in the main paper. We assume the following data
generating process:

Definition 1 (Data generating process). Let € V' C R< be a vector describing the ground truth
latent components, let g be an element of a group G, and let f : V' — RP be an injective map.
Assume that for each group element g, we have at least M pairs of samples (y;, y;) with

where R : G — GL(d,R) is a representation of G on V.

If we think of x containing an invariant part (the content), the theory by Von Kiigelgen et al. [47]]
already covers the case for identifying the content component of & when considering the group
actions as augmentations. We will therefore not explicitly discuss the discovery of the invariant part
of the embedding, but focus our following statements on learning equivariant representations.

We extend the canonical discriminative form introduced by Roeder et al. [40] to arrive at the form
exp (u(x) "v(y) + alz) + B(y))

Dyesexp (u(@)Tv(y) + alz) + Ay'))

The functions u,v : R — R?, o, : R? — R can have shared underlying structure (e.g., are

parameterized by the same neural network) and are not necessarily independent. We extend the
diversity conditions [40]:

(16)

pu,v,a,ﬂ(y ‘ .'c,S) =

Definition 2 (Diversity Conditions, adapted from Roeder et al. [40]). Assume a dataset of tuples
(x,y,S) and let paata(x, y, S) be a distribution over this (possibly discrete) dataset. We then require
the following properties:

1. For any «, S we can find at least IV pairs of points (y4,yp) With pgata (€, ya,S) > 0 and
Pdata (T, Yp,S) > 0such that the finite differences v(y’y) —v(y’) are linearly independent.

2. For any y, we can find at least [V pairs of points & 4, g and their sets of negative samples
Sa,Sp such that y € S4 N Sp is in the negative sets for both examples, and the finite
differences u(x’y) — u(x’z) are linearly independent.

Both assumptions need to be assured through design of the sampling procedure and initialization
of the networks. In particular, the first condition requires that sufficient variation is present among
negative examples. Similar to Roeder et al. [40]], since v is a randomly initialized neural network, it
is expected that the variability is met as long as variability in the ground truth factors is given. The
second condition requires that negative samples sufficiently often co-occur with enough variation in
the reference examples. In addition, this condition requires R to be full-rank, which we ensure by
adding at least d samples for estimating a d X d matrix.

We can now re-state the theorem and discuss the proof strategy. Please note that we relate the
embedding space according to the commutative diagram in Figure 1: We consider the relations
between samples in the original vector space V' vs. the recovered factor space, which is the co-domain
of first applying the mixing and then the de-mixing functions, h := ¢ o f, h : V' — V. We can state:

Theorem 1 (Identifiability of the Group Representation). Assume the following:

(1) £ is an injective mixing function, g € G is a group element according to Def. 3.

(2) The model ¢ : RP — V satisfies the diversity conditions in Def. 4.

(3) R is a representation of G, and R is the implicit representation of the group (Eq. 2) such
that R(X,9X) = R(g) for pairs of transformed samples (X, gX) and group actions
g€a@q.

Define h := ¢ o f. Then, for matching conditional distributions py = pg-1, for all points x and
group actions g in the dataset:

(a) We recover the original vector space h(x) = L, up to an ambiguity L € GL(d).
(b) We recover a representation of the group, R(h(X),h(¢9X)) = LR(g)L™ L.
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As outlined in the main paper, the proof proceeds as follows: First, we extend the canonical dis-
criminative form of Roeder et al. [40] towards a more general setting, giving affine instead of linear
identifiability (§A.TI). Then, we show that our implicit group representation admits (§A.2). Finally,
we leverage these results to arrive at the indeterminacies reported in the theorem (§A.3).

A.1 Extended canonical discriminative form

The following proposition is only a slight modification from Eq. 1 in Roeder et al. [40]. The
key difference is the introduction of the scalar potential functions « and 3, making the canonical
discriminative form more flexible. In particular, it now admits a mean squared error loss function.

Under these assumptions, we can state:

Theorem 2 (Generalized Canonical Discriminative Form). Let u, v : R® — R% o, 8 : R — R be
functions satisfying Def.[2| In particular, w, v, «, 8 can have shared underlying structure and are not
necessarily independent. Then, the probabilistic model of the form

exp (u(x) Tv(y) + a(z) + B(y))
Syes exp (w(@)To(y) + a(z) + B(y"))

with y € S is identifiable up to an affine indeterminacy, i.e., for two models (u',v', o', 8') and
(u*,v*, a*, B*) and their respective distributions (p’, p*), we have for all ¢,y with paa.sa(x,y, S) >
0,

Puv,as(y |, S) = (17)

P u'(x) = Au*(x)+c
rer = {U’(y) = Buv(y) +d

for two invertible d x d matrices A and B and vectors ¢, d € R%.

(18)

Proof. The proof technique adopts the strategy from Roeder et al. [40]] for the indeterminacy of w,
and re-applies this to the indeterminacy of v. The approach considers finite differences on the log
probabilities for p, p* with

logp(ylz, S) = u(z) "v(y) + a(z) + By) — Z(, S) (19)
= u(z) v(y) + a(z, ) + B(y). (20)

Part 1: Affine identifiability of . For any x in the data distribution, and corresponding .S, select
two points y4,yp € S. For the points, it holds that

logp(yalx, S) —logp(yslx, S) = logp™(yalx, S) — logp* (yslx, S) 20
Let Avap :=v(ya) — v(yp), Afap = B(yA) — B(yp) to obtain
Avjpu(x) + ABap = (Avip) v (x) + ABhp (22)

By assumption (1), we can find N such pairs with linearly independent Av 4 g, Av’ 5, which lets us
re-write the equation using the full-rank matrices L, L*

LTu(x)+c= (L") Tu*(x) + c* (23)
u(z) = (L'L7") Tu*(z) + (¢ o) (24)
which requires the map from u to u* to be affine, concluding the first part of the proof.

Part 2: Affine identifiability of v. For a given y, find x 4, x5, S, Sp such thaty € S4 N Sp, and
note that S4 = Sp is possible but not required. Then we consider the finite differences:

logp(ylxa, Sa) —logp(y|lxp, Sp) = logp*(ylra, Sa) —logp™ (y|x s, SB) (25)
Let Auap :=u(xza) —u(xp), Adap = a(xa,S) — &(xp,S) to obtain

Auypo(y) + Adap = (Auip) v (y) + Adlp (26)
Stacking multiple conditions gives
LTo(y) +ec= (L") v (y) + ¢ 27)
v(y) = (L L) " (y) + (e — o) (28)
which requires the map from v to v* to be affine, concluding the proof. O
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A.2 Properties of the implicit group representations

We next consider properties of the implicit group representation defined in Sec. 2] given by

R(X,X)= min |[X'-XR"|2 e RX,X)=(X"X)"H(X"X). (9
ReGL(d)

Lemma 1 (Equivariance of implicit group representations). Let X, X' € R™*", m > n have rank
n. Define R : R™*™ x R™*™ — R"*" gs

R(X,X') = arg min | X' XLT|% (30)

andlet f(X) = X AT +1,,b" be an invertible affine transform applied to each row of X, then we
have

R(f(X),f(X')) = AR(X,X")A™". (31)
Proof. The solution to the least squares problem can be re-written using the normal equations,

R(X,X') =arg min || X" — XL} & X'X)RX,XN"=X"X" (32

Let X = XAT and X’ = X’ A . Then, inserting the definition of f gives

R(f(X),f(X')) = arg min X' +1,0" = XLT —1,,0"||% (33)
:argmgn||)~(’ - XL"|% (34)
which is equivalent to solving the normal equations
(XTX) R(E(X),£(X")T = XTX' (35)
Substituting back in terms of X and A:
AXTXATRE(X),f(X') T =AXTX'AT (36)
A is invertible by assumption and it follows
XTx ATR(f(X),f(X'))TA—T} - Xx'x' 37)
Note that X " X € R™*™ has full rank by the assumption on X. Then, we get
ATREX),f(X'NTATT =(XTX)"'XTX' = R(X,X")" (38)
Taking the transpose and re-arranging yields
R(f(X),f(X')) = AR(X,X")A™! (39)
concluding the proof. O

A.3 Proof of Theorem 1

Proof. We have p, = pg-1. After rewriting Eq. in terms of ¢, X, X' instead of y = f(x),Y =
f(X),Y’ =£(X’), our model follows the generalized canonical discriminative form (Proposition 2)
with the following parametrization for the data likelihood pg-1:

u(z, X,X') = R(X,X")x = R(g)x (40)
v*(gx) = gx. 41)

To specify the model likelihood pg, we introduce the shorthand h := ¢ o f which maps samples
from the ground truth latent space to the recovered latent space (e.g., the composition of the data
generating process and feature encoder) and obtain

u'(z, X, X") = R(h(X),h(X'))h(x) (42)
v' (') = h(z) (43)
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By assumption py = pg-1. From Proposition[2)it then follows that

uw(z, X, X")= Au*(z, X, X') +c (44)
v'(z') = Bv*(z') +d. (45)
where A, B € GL(d) and ¢, d € R?. Inserting model and data generating process yields
h(z') = Bz’ +d (46)
R(h(X),h(X'))h(z) = AR(X,X")x + ¢ (47)
Since h is affine, we insert the first into the second equation and invoke Lemma [I]to arrive at
BR(X,X')B™'(Bx+d) = AR(X, X"z +c (48)
and re-arranging yields
BR(X,X")z + BR(X,X')d= AR(X,X")x + ¢ (49)
(B-— A)R(X,X")z =c— BR(X,X')d (50)

This is an equation of the form Ux = v. Assuming that we observe a such that matrix collecting all
x has full rank, i.e. all latent dimensions vary, it follows that U = 0, v = 0, hence

(B—AR(X,X")=0 (51
BR(X,X\d=c (52)
and inserting R(X, X’) = R(g) gives
(B-—A)R(g)=0 (33)
c= BR(g)d (54)

Since R(g) has full rank, from the first equation it follows that A = B. For the second equation,
since the left hand side is independent of g and all matrices have full rank, we can only admit the
trivial solution where ¢ = d = 0. It follows that

h(x)=Bx VxeS (55)
R(h(X),h(X')) = BR(X,X")B™! (56)
for an invertible matrix B, which concludes the proof. O
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B Additional Experimental Details

In this section, we provide further details on the algorithm and other experimental details.
As an extension of this section, we would like to point to our figure and results repository
(https://github.com/dynamical-inference/NeurIPS2025_Schmidt) as well as to our code repository
(https://github.com/dynamical-inference/ebc) as the reference for all experimental details. The figure
repository contains the code to plot the figures, but more importantly, it also contains all the raw
results and all training and data generation parameters of all model runs that went into the respective
figures. Each of those parameters can easily be traced back to their definition in the main code base
repository.

B.1 Experimental protocol

Here we describe the default dataset generation and training protocol of our experiments first, and
then provide additional details for any deviation from these default parameters that may exist in any
of the figures.

B.1.1 Dataset Generation

Synthetic Group Data We consider three types of synthetic datasets following the data generating
process of Theorem [I] Group elements are taken from a subgroup of the special orthogonal group
SO(n), the orthogonal group O(n) and the general linear group GL(n):

. We sample a random group elements R(g) ~ pg(g) from G € {SO(n),O0(n), GL(n)}.

. We sample m (with m > n) random vectors € S™ from the n-dimensional unit sphere.

. We sample the content component ¢ € C from a finite set of vectors C' C S%.

A W N =

. From (R(g), {z;}™, c) we generate Y = {y;,y;}",
where y; = f(x;, ¢) and y} = f(R(g)x;, ¢).

5. We repeat this sampling procedure until we reach the desired dataset size.

To sample from the O(n) and SO(n) group, we sample from the Haar distribution [34]], making use
of the SciPy, [46] package. To sample from G L(n) we implement a rejection sampling procedure.
We first generate a random A € R™*™ matrix with values a; ; from a standard normal distribution.
Then we compute the determinant det(A) & the "identity error" I, = |[I — AA~!|¥ and we reject
Aif |det(A)| < 0.2 or det(A) > 10 or I, > 1073, otherwise we accept. The nonlinear injective
mixing function f is parameterized by a random 3-layer MLP and sampled via rejection sampling to
fulfill the injectivity assumption as is done in [18} 30]. The MLP is followed by a random linear map
to a 50-dimensional space. For the full dataset, we sample a maximum of 1000 matrices R(g) and a
total of 1M pairs (y,y’). Unless stated otherwise, we choose n = 3, d = 3, |C| = 100.

Infinite dSprites We leverage infinite dSprites [8, idSprites], an extension of dSprites [33] for
validation on more diverse visual data. infinite dSprites is an extension of the original dSprites dataset,
which allows to generate variations of dSprites dataset. We subsample all images to a resolution of
64 x 64. The dataset allows rich variations of the content and ensures that the resulting objects do not
have any symmetries. By default we use the same number of varying factors as in dSprites, namely 3
random shapes of 6 different sizes. For our purposes we consider the combination of shape and size
the content. Each of these objects may then be oriented in 40 different ways or have one of 32 x 32 x
or y position translations. We consider the orientations and translations to be our groups of interest
and sample the data such that we get closed groups. By default, we sample the dataset such that any
paired sample (y, y/) is undergoing a combination of these three types of transformations.

B.1.2 Dataset Split

Before training on the synthetic group dataset, we perform a hold-out split in terms of the group
actions g; into a training, validation, and test dataset such that we get a 80/10/10 split of the group
actions. For idSprites, we randomly sample approx. 20k group actions during training and sample
another approx. 90k group actions for validation and test respectively. When computing metrics that
require to fit another model, such as a KNN, Linear Regression or Logistic Regression model, we
split the validation or test dataset again 50/50 and report the metric on the hold-out set.
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B.1.3 Model Training

Estimating R(g) To estimate R(X, X’) we use k - n additional samples where n is the assumed

group dimensionality of the embedding space and k is the samples per action factor. We fit R(X, X”)
via linear least squares (PyTorch’s "gels" solver). By default, we do not compute gradients through
the linear least squares estimation to save on compute time. By default for idSprites we use k = 12
and for the synthetic group dataset we use k = 4.

Encoder Model For the feature encoder ¢ we use an MLP with three layers and hidden unit size
of 512 for idSprites and 128 for the synthetic group dataset. The output dimension of the MLP is
n + d where n is the assumed group dimensionality of the embedding space and d the assumed
content dimensionality. Before passing the idSprites images to the MLP we scale them to [—1, 1]
and flatten the image. By default for idSprites we assume group dimensionality n = 7 and content
dimensionality d = 2. For the synthetic group dataset we use the same dimensionalities n and d as
are used for the data generation.

Loss Function & Optimizer As loss we minimize the negative mean likelihood (Eq. [3)) and for
each sample compute the loss in both directions L(y, y’) and L(y’, y). As negatives S, we sample
uniformly from all available samples in the dataset. We use 1024 positive pairs and 16k (2'2) negative
samples in each batch and train each model for 20k iterations. We train the encoder via gradient
descent using the Adam optimizer [23] with a learning rate of 1 x 1073,

Error bounds For our main results, to compute error bounds or standard deviation across our
metrics, we generate each dataset with three different seeds and fit each model three times with
different seeds during training. For variations and ablation experiments extending our main results,
we only fit a single model across the three different dataset seeds. We refer to the Figure & Results
repository for details on the exact number of seeds for every experiment.

B.2 Hyperparameter Selection

We use the Acc(G, 1) metric for any and all hyperparameter selection, since this is an observable
metric and a good proxy for the identifiability metrics R?(G) (see Figure [8) and, by extension,
for R?(x). Additionally, when we perform explicit hyperparameter selection and do not present
results from experimental variations or ablation studies, we display the metrics computed on the
test set instead of the metrics from the validation set, which were used for hyperparameter selection.
Otherwise, we show the metrics on the validation set. Again, we refer to the Figure and Results
repository for more details.

B.3 Third-Party License Information

We used the infinite dSprites (idSprites; [8) dataset available at https://github.com/sbdzdz/
idsprites in the pip-installable version v1.0.1 (MIT License).

B.4 Compute Resources

Experiments were carried out on a compute cluster with A100 cards with 40Gb VRAM. On each card,
we ran 2—-6 experiments simultaneously, depending on the dataset size. The run time for individual
experiments trained for 20k steps varied between approximately 10 minutes and one hour depending
on the experiment configuration, the most important factors that impact the train time being batch
sizes, specifically the number of negative samples, and the k& - n number of samples used to fit the
linear least squares estimator.
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C Additional Experimental Results

C.1 Recovery of group structure for n > 3.

We extend our results from the paper towards higher dimensions, and consider SO(n), O(n), GL(n)
for n = 3,5,7,9. Results are depicted in Fig. [/| We mirror the main paper results with close to
perfect reconstruction scores both for the latent space and the group representation for SO(n), O(n),
but notice a drop in performance for GL(n) as dimensionality increases beyond 5. In this case, we
can recover the performance for n = 7 if we allow to backpropagate through the least-squares solver.
As the dimension grows to n = 9, the model is no longer able to discover the full group structure,
likely due to a mismatch between the complexity of GL(9) and the size of the dataset/variation
present.

R2(x) R%(G) Acc(G, 1) Acc(C)
1.0 1 R R R
9)
0.5 4 E E E =
2
OO -I T T 1 -I T T 1 -I T T 1 -I T T 1
3 57 9 3 5 7 9 3 5 7 9 3 5 7 9
1.0 1 R R B
o
0.5 4 E E E 5
00 -I T T 1 -I T T 1 -I T T 1 -I T T 1
3 57 9 3 5 7 9 3 5 7 9 3 5 7 9
1.0 1 R R R
wn
0.5 . . . e
2
0.0 -I T T 1 -I T T 1 -I T T 1 -I T T 1
3 57 9 3 5 7 9 3 5 7 9 3 5 7 9
data dim data dim data dim data dim
(group) (group) (group) (group)
w/ gradients w/o gradients

Figure 7: Higher Latent Dimensions for Synthetic Group Data. Comparison of EbC across an
increasing number of true latent dimensions of the synthetic group dataset. We show results for all
group types GL(n), O(n), SO(n) with n being on the x axis and fixed content dimension d = 5.
Additionally, we indicate whether we compute gradients through the linear least squares estimator or
not.

C.2 Data efficiency

We analyze the data efficiency of our method by varying three key hyperparameters while keeping all
other settings identical to those for n = 3 in Table|I|of the main paper. We test across SO(3), O(3),
and GL(3) by:

1. Varying the total dataset size.
2. Varying the number of negative samples used in the contrastive loss.

3. Varying the number of samples per action (k) used for the linear least-squares fit of Ifl( g)-

Discussion (Dataset Size): The results in Table [3|show that our method is highly robust to smaller
dataset sizes. Even with 20x less data (50k vs 1000k), the identifiability of the equivariant representa-
tion (R?(z) and R%(G)) remains nearly perfect, staying above 99.6% for all groups. The primary
effect of smaller datasets is a moderate drop in accuracy for the invariant part of the embedding

(Ace(C)).
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Table 3: Data efficiency: Reduced dataset size. We evaluate EbC trained on datasets ranging from
50k to 1M samples (1000k). The 1000k setting replicates the main paper’s results. We report mean
and standard deviation over 5 runs for n = 3.

Dataset Size 1000k 100k 500k 50k
Group Type  Metric
SO(n) R2(x) 99.81:004  99.79:006  99.75:022  99.80-0.03
R%(G) 99.75:004  99.71:007  99.66:028  99.72:005
Acc(C) 99.19:060  97.30:211  98.97:072  95.25:19
O(n) R2(x) 99.80:006  99.81:005  99.79:012  99.73:0.15
R%(G) 99.73:006  99.74:005  99.72:014  99.65+0.19
Acc(C) 99.06:087  97.90:146 98.92:076  94.57 1168
GL(n) R2(x) 99.83:002  99.82:005  99.82:002  99.82:002
R%(G) 99.72:005  99.71:005  99.71:004  99.68:005
Acc(C) 98.42:072  96.42:127  98.37:0e8  92.02:253

Table 4: Data efficiency: Reduced number of negative samples. We vary the number of negative
samples per batch from 1024 to 16384. The 16384 setting replicates the results of table[T} We report
mean and standard deviation over 5 runs for n = 3.

Neg. sample batch size 1024 2048 4096 8192 16384
Group Type  Metric
SO(n) R2(x) 99.51:026  99.66:000 99.48:071  99.77:004  99.81 004
R%(G) 99.28:038  99.52:011  99.30:091  99.67:00¢  99.75:004
Acc(C) 98.23:135  98.78:076  98.60:132  99.13:06e  99.19:069
O(n) R2(x) 99.55:007  99.63:011  99.62:026  99.75:010  99.80:0.06
R%(G) 99.37:010  99.49:013  99.49:036  99.64:014  99.73:006
Acc(C) 98.49:081  98.90:050 98.97:057 99.09:062  99.06:057
GL(n) R%(x) 99.70:004  99.72:008  99.76:006  99.79:005  99.83:002
R%(G) 99.53:007  99.56:008  99.61:0.10 99.65:008  99.72:005
Acc(C) 98.92:055  99.09:058  99.11:055 98.76:063 98.42:072

Discussion (Negatives): As shown in Table ] reducing the number of negative samples has a
minimal effect on performance. While there is a slight, consistent downward trend in the equivariant
metrics (R?(x), R?(G)) as negatives decrease, the changes are very small and performance remains
high (> 99.2%) even with 16x fewer negatives.

Table 5: Data efficiency: Reduced number of samples per action (k) for fitting R(g) We vary k
from the theoretical minimum n = 3 up to 3n = 9. Table[TJuses k = 12 (4n). We report mean and
standard deviation over 5 runs for n = 3.

Samples per Action 3 4 5 6 7 8 9

Group Type ~ Metric

SO(n) R%(x) 99.71+0.06 6.86+7.87 89.12+32.03 99.85+0.01 99.83:0.06 99.83:0.04 99.77+0.11
R2%(G) -8.77+8.56 -9.59+28.67 88.16+33.06 99.63+0.05 99.66+0.13 99.70+0.07 99.66+0.16
Acc(C) 99.20+0.52 51.17+19.08 97.47 +453 99.40+0.47 99.30+0.74 99.07+0.94 99.10+0.68

O(n) R2(x) 99.65+0.10 4.68+5.56 99.77 +0.09 99.84+0.03 99.83+0.05 99.23+1.60 99.39+1.21
R%G) -118.25+308.67 -0.03+0.09 99.09:0.35 99.59:0.09 99.67:0.10 98.75+2.56 98.95:2.15
Acc(C) 99.00+0.82 54.32+12.03 98.88+0.81 99.18+0.50 99.13+0.90 97.58 +4.59 97.94+3.98

GL(n) R2(x) 98.46+1.13 5.56+9.94 89.63+28.86 99.63+0.03 99.76+0.09 99.80+0.04 99.80+0.07
R%(G) -0.28+0.47 -0.07:0.26 77.00+28.83 93.25+1.49 98.93+0.92 99.48+0.20 99.56+0.18
Acc(C) 99.11:0.32 35.38+26.81 98.36+0.38 98.70+0.57 98.42:0.81 98.56+0.82 98.37+0.51

Discussion (Samples per Action): Table[5]confirms that the theoretical minimum of k = n = 3
samples is insufficient in practice. This is expected, as £ = n samples must form a full-rank system
in latent space to uniquely identify R( g), which is unlikely to occur consistently. Using k& = 4 also
leads to instability. However, performance rapidly recovers. With k = 6 (2n), R?(G) is > 99% for
SO(3)/0(3) and > 93% for GL(3). Using k = 9 (3n) yields near-perfect identifiability (> 99.5%)
for R?(G) across all groups, demonstrating practical applicability with a modest number of samples.
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C.3 Robustness to noise

To study the effect of noise, we adjust our data-generating process. We introduce a Gaussian noise
term € ~ N (0, 02) to the group action relationship in the latent space: ©’ = R(g;)x + €. We test this
for GL(3), varying the noise standard deviation ¢ from 0.0 to 0.1 and the number of samples per
action (k) from 3 to 12. All other parameters follow the setup of Tablem

Table 6: Robustness to noise for GL(3). We add Gaussian noise ¢ ~ N(0,0?) to the latent
transformation =’ = R(g)x + €. We vary the noise standard deviation o and the number of samples

per action k (3 = n, 6 = 2n, 9 = 3n, 12 = 4n) used to fit R(g) We report mean and standard
deviation over 5 runs.

Group Type GL(n)
Metric R2(x) R2(G) Acc(C)
Noise Std.  Samples/Action
0.0e+00 3 98.46:115  -0.28:047 99.11+032
6 99.63:003  93.25:1.49 98.70057
9 99.80:007  99.56:0.15 98.37 <051
12 99.83:002  99.72:005 98.42 072
1.0e-05 3 97.89 188 -0.30:0.64 98.89:0.36
6 99.62:006  93.24 120 98.68 :0.7
9 99.82:00s  99.65 007 98.60 0564
12 99.82:005  99.70:0.06 98.48 :0561
1.0e-04 3 98.14:117  -28.47:555  99.00:036
6 99.64.007  93.78:207 98.73 068
9 99.83:002  99.65:0.05 98.45 :0.47
12 99.83:004  99.71 007 98.60 060
1.0e-03 3 98.58 028 -50.29 12705 98.98 051
6 99.58:011  93.33.17% 98.51 067
9 99.81:005  99.61 009 98.58 0.8
12 99.81:00¢  99.68 008 98.50:070
1.0e-02 3 88.58:3063  -1.02:108 98.98 1050
6 99.58 005  93.05:127 98.61 070
9 99.81:004  99.59 008 98.46 051
12 99.83:004  99.69 007 98.54 1085
1.0e-01 3 94.56 41134 -27.93 5545 98.97 s0.37
6 99.58:006  91.76:023 99.04 :055
9 99.77 004 96.98 1024 99.05 1040
12 99.82:00s  97.98:0.13 98.94 :074

Discussion (Noise): The results in Tab1e|§| show that the R?(z) and Acc(C') metrics are highly robust
to noise, remaining stable even at o = 0.1. As expected, noise primarily affects the identifiability
of the group representation (R?(G)). This effect is strongly dependent on the number of samples
(k) used for the least-squares fit. With k = 6 (2n), R?(G) drops from 93.25% (no noise) to 91.76%
(0 = 0.1). However, increasing the samples completely mitigates this. With k& = 9 (3n), R?(G) only
drops from 99.56% to 96.98%. With k = 12 (4n), the performance remains excellent, dropping from
99.72% to 97.98%. This demonstrates that the noise in the least-squares problem can be effectively
averaged out by using more sample pairs, confirming the method’s robustness.

25



C.4 Infinite dSprites

Linear Regression R%(G) vs Acc(G, 1): Linear Regression R?(G) vs Acc(G, 1):
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Figure 8: Acc(G,1) as observable proxy for RZ(G). Comparison of our Top-1 NN-Lookup
Acc(G, 1) and group action identifiability metric R%(G) across EbC models trained on synthetic
group datasets with varying samples per action factor k. Left: Results for the selected dataset
configurations (n = 5, d = 5, |C'| = 1000). Right: Filtered results for Acc(G,1) > 0.6.

The Acc(G) metric is suitable for practical hyperparameter selection. In the main paper, we
described the R2(G) metric to measure the quality of the group representation with respect to the
ground truth group representation and latent factors. On practical experiments, this metric is not
observable. Instead, on infinite dSprites but also for hyperparameter selection on the toy dataset, we
consider the Acc(G, n) metric which performs a kNN lookup only in the reconstructed embedding
space. Intuitively, this metric uses the computed embedding, and is a measure of self-consistency of
the representation. As a validation for this choice, we varied the number of samples per action (one
hyperparameter in the fitting procedure) and visualize the correleation between the observable Acc(G,
1) metric and the unobservable, but desired, R2(G) metric in Figure[8] On the full hyperparameter
sweep, the metrics are significantly correlated with R2=93.6 (p<le-10; Figure §|left). When treating
unsuccessful hyperparameter configurations as outliers, i.e., discarding models with Acc(G, 1) < 0.6,
this correlation gets even more clear at R2=97.8 (p<le-10; Figure §]right).

Hyperparameter selection indicates suitable group dimension on idSprites We now leverage
the Ace(G, -) metric to perform hyperparameter selection on the idSprites dataset. To provide a full
picture, Figure [0]shows 10 variants of the metrics with differently strict criteria, considering top-1 to
top-10 accuracies during the NN-lookup.

For 18 and 144 classes, we observe a clear increase in performance in all metrics at d=4 for the
least conservative Acc(G, 10) metric, however, the most conservative Acc(G, 1) metric still indicates
subpar performance at this dimensionality (below 50%). All metrics start saturating around a
dimensionality of d=6, which would allow an embedding of R,,, X Z,, X Z,, into 3 circular dimensions.

Figure [I0] shows example transitions at this hyperparameter point, which show close-to-perfect
recovery of the group structure. However, as we overparameterize the model in terms of the group
dimensions, the Acc(G, -) metrics improve slightly while the qualitative evaluation shows a noticeable
decline in embedding and representation quality (Figure[IT). In contrast to the results from Figure 8]
this suggests a mismatch of the Acc(G, -) metric and the R?(G) metric which is unknown for this
dataset.

We hypothesize that this is because the Acc(G, -) metrics a) are not able to measure the group action
prediction exclusively, but instead also measure misclassification of the content, and b) don’t measure
the degree of the prediction error. Instead any type of classification error is counted with the same
weight, no matter if the prediction was off by a small or large amount.
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Figure 9: Embedding Dimension Hyperparameter Sweep for idSprites dataset. Comparison of
EbC for the idSprites dataset across embedding dimensions for the group n € [2, .., 10] and for the
content d € [2, 9] showing the observable Top-K NN-lookup metric Acc(G, k) for k € [1,..,10] as
well as unobservable content classification accuracy Acc(C'). We show the comparison across two
configurations of the idSprites dataset. Left: original dSprites configuration, Right: 16x #shapes,
0.5x #scales #rotations #translationsX #translationsY

27



posX 0 posX 2 posX 4 posX 6 posX8  posX10  posX12  posX14  posX16  posX18  posX20  posX22  posX24  posX26  posX28  posX 31

posY 0 posY 2 posY 4 posY 6 posY8  posY10  posY12  posY1d4  posY16  posY18  posY20  posY22  posY24  posY26  posY28  posY3l

Reference

Target
Edit Distance (lower is better)

3
8
z
H

Reference

Target
Edit Distance (lower is better)

NN Top-1

rotation 0 rotation 2 rotation 5 rotation 7  rotation 10 rotation 13 rotation 15 rotation 18 rotation 20 rotation 23 rotation 26 rotation 28 rotation 31 rotation 33 rotation 36 rotation 39

Figure 10: Top-1 Nearest Neighbor Lookup based on EbC with 6D group dimensions. For the
idSprites dataset configuration with |C | = 18, we sample a random reference image y and generate
a sequence of transformed images y’ (targets) accordmg to the different types of possible group
actions. We estimate R from the embeddlngs compute Rz and perform a top-1 NN lookup across
all embeddings to get a prediction in image space. In the three blocks of images we show action
traces across posX translation (top), posY translations (middle), and rotations (bottom). Within each
block we show the reference image (first row), the target images (second row), the top-1 NN image
prediction (third row). We color the images in the third row according to the Manhattan distance
between the associated true latent factors of the target and predicted image.
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Figure 11: Top-1 Nearest Neighbor Lookup based on EbC with 8D group dimensions. Just like
Figure[T0|but for EbC with n = 8.
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C.5 Application to real-world data

Here, we demonstrate how EbC can be used on a real-world time series dataset to find group
equivariant embedding spaces. We apply EbC to the rat hippocampus dataset recorded by Grosmark
and Buzsdki [14]. We use the data as preprocessed by Zhou and Wei [55]. In this dataset, neural
activity from CA1 neurons in hippocampus of multiple rats was recorded via implanted silicon probes.
During the recordings of each session, the rats moved on a 1.6m long linear track. Neural activity, the
position on the track, and the movement direction of the rat was recorded (see Figure[T2JA). We apply
EbC to the data of the following three rats: “Achilles”, “Buddy” and “Gatsby”.

Using EbC for data analysis requires to specify how positive pairs are sampled and how positive pairs
are grouped together into the same group action. This is conceptually close to CEBRA [43]], where
auxiliary variables are used to resample the dataset to encode particular neuroscientific hypotheses.
Asin CEBRA, we leverage the behavioral variables of position and movement direction, but discretize
the position variable with a bin size of 1cm.

We propose three different sampling strategies, depicted in Figure [[2B:

1. Group=Position: We consider all possible pairs of data points to be positive pairs and group
positive pairs based on the difference in position regardless of the movement direction.

2. Group=Position & Direction: We consider all possible pairs data points to be positive pairs
and group positive pairs based on the difference in position and difference in movement
direction.

3. Group=Position, Content=Direction: We consider only those pairs of data points where the
movement direction does not change and we group positive pairs based on the difference in
position.

We compare our method to CEBRA-behavior [43] which is a state-of-the-art method on this dataset
and closely related to EbC in the sense that is also an encoder-only representation learning method
with identifiability guarantees. We compare both against CEBRA-Behavior using only the position
variable and the variant using both position and movement direction as label information. We follow
the same dataset split into train, validation and test used in [43]], and leverage consistency across
runs for selecting the best hyperparameters for each model. To match the “offset10-model” used by
CEBRA as best as possible, we leverage a time-delay embedding for EbC with receptive field 10.

For the CEBRA models, we run a hyperparameter sweep over latent dimensions of d €
{6,8,12,16,32} and train for 10k steps. For the remaining parameters, we use the default pa-
rameters specified via CEBRA’s sklearn API. In particular, this means using the cosine distance in
the loss (restricting embeddings to the hypersphere), using the "offset10-model" (CNN based model
with embeddings normalized to the hypersphere), and "time offset"=10 specifying how positive pairs
are related in terms of the time offset between them.

For EbC, we run a hyperparameter sweep across group (2 or 3) and content dimensions (0, 1, or 4),
as well as over the number of samples per action &k for which we run experiments with (k = 4d,
k = 8d). We use a three layer MLP with 128 hidden units per layer for the encoder. We compute the
gradients through the linear regression modeling fitting as done in Appendix[C.1I] As for CEBRA, we
train for 10k steps.

We compute the following three types of metrics:

1. Decoding metrics: We follow CEBRA’s decoding setup using a KNN (with K=3) both for
decoding the position and direction from the embeddings.

2. Consistency metrics: We use the consistency metrics across runs defined by CEBRA to
measure how well different embedding spaces can be aligned to each other. This metric fits
an affine transform to map from one embedding space to another and measures the R? score
of the prediction. We use this on 5 runs of the same model with different seeds and compute
the consistency between every resulting embedding space with every other embedding space
of those runs.

3. Linear Group Action (Position): To measure how well a given embedding space is linearly
structured with regard to the position variable, we collect all embedding points related by
a specific difference in the position variable (here: Scm) and fit a linear model for which
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we measure the R? score of the prediction. To make this metric fairer, we fit two separate
models for pairs based on the direction label. The metric value we report is the average of
these two individual R? scores.

A
B
Group=Position Group=Position & Direction Group=Position
= I —— S
8 / /7 Content=None Content=None Content=Direction
-3 s A ey O
32 A &> > P o) P =Y >
P = = P P
g R = R O
® Opgrgoiompe oz mmmrsmmesie. ) ey e | seeceseeeesseesssessseecsscasee:
8 =
5 B > = N = = N
3 2o ' - P =N m
0 10 20 30 40 feeeeeeeeeeeeeeeeeeeeee-es--al temesmsmesessssmesssmesesssssee: leeeeeemeeeeeeeeeeemmeeeme—eaal
Time (s)
Cc . . A . D . .
Position Decoding Direction Decoding Train (Delta 5¢cm) Train (Delta 50cm)  Test (Delta 5cm)  Test (Delta 50cm)
CEBRA pos | e= eymes CEBRA pos e 0 * (] £ S =
P ar] o% .y CEBRA pos-+dir { =eews « B -~ o o
EbC G=pos, C=dir{ ¢ = oo -
EbC G=pos+dir{ ® @ T EbC G=pos - ° - Cad o0 o -
EbC G=pos (Ctrl.) L - EbC G=pos, C=dir [ ] o eeg ®e o [ d
EbC G=pos, C=dir (Ctrl.) [ d -~ .
EbC g:poﬁdir (Ctrl.) -, § = - § ; EbC G=pos+dir °o o ‘o o ‘o o 0 L4
000 025 030 30 > 400 00 05 1.0 00 05 10 00 05 10 00 05 1.0
Median Decoding Error (cm) Accuracy % R? R? R? R?
* achilles buddy ° gatsby e achilles buddy e gatshy
E Group=Position  Group=Position & Direction Group=Position F Rat “Achilles” Rat “Gatsby” Rat “Buddy”
Content=None Content=None Content=Direction

Train
EbC

Cebra-Behavior

Figure 12: Application to neural time series data. (A) We used recordings from the hippocampus
of rats running on a 1.6m long linear track. This yields two time series: neural activity y,; and
behavior (position p; and direction d;). We use EbC to encode the neural activity with the behavior
labels acting as labels determining the positive pairs and thereby the group structure. (B) Illustration
of the different sampling strategies employed with EbC. (C) KNN-Decoding performance on the
test set for decoding the position and direction label. We compare EbC to CEBRA and include
a label shuffle control (D) Measure of linearity (for train and test set) of the embedding spaces
conditioned on the difference in the position variable. Reporting the R? score of linear regression
models trained on predicting the next point in latent space for pairs of data where the difference in
position is Scm. We also report the R? of using the same Scm model on predicting 50cm ahead, i.e.
10 forward predictions in latent space. (E) EbC embeddings of the neural activity of the rat "Buddy"
with different variations on how the behavior labels are used to determine positive pairs (F) EbC
& CEBRA-Behavior Embeddings on rats Achilles, Gatsby and Buddy. Showing EbC model with
group=position and content=direction, and CEBRA model with behavior labels position & direction.

EbC reliably encodes position and direction. Similar to CEBRA-behavior, EbC produces latent
spaces from which both the position and movement direction of the rats can be decoded (Figure[T2[C).
For position decoding, EbC and CEBRA-Behavior achieve comparable test performance: median
errors of approximately 6 cm for “Achilles”, ~12-14 cm (EbC) and ~11 cm (CEBRA-behavior)
for “Gatsby”, and ~13—-15cm (EbC) and ~12 cm (CEBRA-behavior) for “Buddy”. In contrast,
models trained with shuffled labels yield errors of ~40-50 cm, confirming that both methods leverage
meaningful neural-behavioral relationships for decoding.

For direction decoding, the EbC variant trained with direction as part of the content performs on par
with CEBRA-behavior. As expected, the EbC model trained with both position and direction as group
variables performs worse—particularly for “Buddy”—because this formulation enforces invariance
to direction. Consistently, EbC models using only position as the group variable (no content) perform
close to the shuffle baseline for direction, reflecting the intended invariance.
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EbC recovers latent linear group actions. EbC reveals highly linear relationships in the latent
space with respect to position (Figure[I2D). At a local scale (5 cm position differences), the recovered
embeddings exhibit near-perfect linear structure across all three rats. Notably, a linear model fitted
only on 5 cm transitions generalizes well to a more global scale: predicting 50 cm ahead (10 steps)
while retaining most of its predictive performance. In contrast, CEBRA-behavior does not consistently
capture such linear group structure. At the 5 cm scale, performance is comparable for “Achilles” but
weaker for “Buddy” and “Gatsby”. At 50 cm, the linear trend largely disappears for “Buddy” and
“Gatsby”’; for “Achilles”, the R? drops below 75%, whereas EbC remains at ~80-100%. However,
for both methods, linear models fitted on the train embeddings do not systematically generalize to the
test embeddings, potentially due to the limited data size. For “Achilles” which has roughly twice as
many neurons recorded as in other sessions, predictive performance generalizes to the test set for
EbC.

Sampling strategy induces structured representations. As described above, EbC allows explicit
control over the structure of the latent space through the sampling strategy defining positive pairs.
For “Buddy”, using Group = Position (direction ignored) yields embeddings that are equivariant
to position and invariant to direction (Figure[I2E). When Group = Position+Direction, the latent
space organizes position as an approximately circular linear trajectory, while direction is encoded
as orthogonal movement towards or away from the center of this “position circle”. When grouping
by position difference while holding direction fixed within a group (Group = Position, Content
= Direction), EbC separates the two behavioral variables: direction is encoded along the content
dimensions, while the group (style) dimensions capture the linear equivariant structure of position.

Limitations and interpretation of model assumptions. Both CEBRA-behavior and EbC provide
identifiability guarantees (recovering the latent space up to a linear/affine transformation) under
specific assumptions about the data-generating process. Violations of these assumptions break
identifiability, and thus each method can be interpreted as testing a specific hypothesis on the structure
of the neural-behavioral mapping. For CEBRA-behavior (Pos+Dir), nearby latent points correspond
to samples that are close in time, position, and direction, with latent trajectories constrained to the
hypersphere. For EbC, pairs of samples are related through a general linear group action in Euclidean
space, where the group action is defined by the sampling strategy (as described above).

Three key differences follow: (1) CEBRA-behavior incorporates temporal proximity into the hypoth-
esis; (2) CEBRA-behavior constrains samples to be close in latent space, whereas EbC enforces the
existence of linear relations between groups of pairs; and (3) in our experiments, CEBRA-behavior
restricts representations to the hypersphere, while EbC does not. In this sense, EbC imposes a stronger
structural hypothesis on the data, particularly through the assumption of linear group actions.

Model Consistency
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Figure 13: Consistency on the test set across model runs measured via the R? as defined by Schneider
et al. [43].

Consistency across runs. Within this hypothesis-testing view, we assess whether embeddings from
multiple runs (different random seeds) of the same model are linearly related, as predicted by the
identifiability guarantees. For both EbC and CEBRA-behavior, we test whether a linear map exists
that aligns embeddings across runs.
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As shown in Figure[T3] the highest consistency is observed for EbC (Group = Position and Group
= Position+Direction) on “Achilles” (=97-100%). For “Buddy”, EbC reaches ~70-75%, and for
“Gatsby”, ~40-60%. In contrast, CEBRA-behavior achieves higher average consistency across
rats: ~~85-93% (Achilles), ~82-88% (Buddy), and ~79-84% (Gatsby), although for Achilles, EbC
exceeds CEBRA-behavior.
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Figure 14: Embeddings of EbC label shuffle control experiments. Shows the same experimental setup
as EbC experiments in Figure @but with the behavior labels randomly permuted before training.

Shuffle control: importance of held-out evaluation. The shuffled-label control highlights the
necessity of train/(val)/test splits and cautions against interpreting structure from train embeddings
alone. Even with randomized behavior labels, EbC imposes its specified group structure on the
training latent space, producing structured embeddings across all rats (Figure [[4). However, this
structure differs from the non-shuffled embeddings in its general geometry and does not generalize
to the test set when the neural-behavioral relationship is destroyed. When interpreting embeddings,
it is hence important to consider that the mere linear arrangement of points in the embedding
is consistently visible in the shuffled embeddings, but additional geometry in the non-shuffled
embedding (e.g. alignment of positional information across directions; circular structure for some of
the rats) is visible and non-trivial. On top, the observed structure in the non-shuffled embeddings
transfers to the test set as an additional control to rule out the possibility of overfitting.
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D Additional Literature Discussion and Related Work

Equivariant representation learning has been a prominent topic in machine learning research from
different angles. Below we denote observed data as y € Y, with y’ = ¢ - y as short-hand for the
transformed data. Embeddings of the observed data are denoted as x, ' € X, where X is a vector
space. Representations of the group are denoted as R : G — GL(n, X),and ' = g - = R(g)x.
We focus on methods for learning vector embeddings x of the data y, which are equivariant and/or
invariant to group actions g. In contrast, orthogonal related work focuses on learning representations of
the group given X, Y [29,/50]]. Another rich area of literature focuses on neural network architectures
which are invariant or equivariant to specific predefined groups [3\ |5} 10} 127} 42].

Non-Invariant Methods. Invariance to all possible group actions (augmentations) may hinder
downstream tasks (e.g. color-invariance for flower-type classification). Xiao et al. [49] propose to use
a contrastive learning framework to learn representation space in which every subspace is invariant to
only one type of augmentation. Eastwood et al. [9] extend this by introducing a second entropy loss
to encourage subspaces to become disentangled.

Equivariant and Invariant Representation with known group action g (explicitly observing g in
a parameterized form). Several encoder-based algorithms building on contrastive learning exist:
E-SSL [4] embeds a reference sample of y and multiple transformed samples y; = g; - y into a latent
space x, x; which is split into an invariant and equivariant subspace. Invariant parts are learned via
SimCLR [2]] and equivariant parts through an auxiliary task that predicts the parametrized group
action g; from ;. EquiMod [[7]] achieves equivariance by embedding pairs of y, g - y by explicitly
modeling the group action in latent space via a neural network u,,(x, g) = &’ and minimizing the
distance between &’ and «’. Park et al. [38]] additionally parameterize the encoder and latent group
action prediction model as G-equivariant neural networks. Garrido et al. [12] propose a variant using
non-contrastive SSL losses.

Beyond contrastive learning, several approaches leverage (variational) autoencoders. Qi et al. [39] en-
code pairs of ¢, ¢’ into latent space and decode the group action g from the concatenated embeddings
@, x’. Jin et al. [23] embed y into latent space, model the latent space group action as ' = R(g)x
and decode y’ from the predicted &’ assuming full knowledge of R(g). Keurti et al. [24] use a
linear prediction ' = R(g)x where R(g) is predicted by a neural network from the observed and
parametrized g, essentially an auto-encoding variant of Garrido et al. [12]].

Equivariant & Invariant Representation with unknown group g (implicitly observing g) Al-
though the aforementioned approaches share conceptual similarity in their goal of learning invariant
and equivariant embeddings of data by modeling linear relations in latent space, EbC does not assume
knowledge of the parametrized form of group actions g. Instead of observing information about g
directly, a second class of methods assumes that two or more pairs of data share the same underlying
action, y;, g - y;. This is a key assumption we also require for EbC.

Encoder-only methods include CARE [15], a contrastive learning framework to learn invariant
an locally equivariant representations. CARE encodes two pairs of observations (y1,¢ - y1) and
(y2, g-y2) with the same group action ¢ into a latent space such that the embeddings are related by the
same matrix R, € O(d) through ) = R,x; and ), = R,x5. CARE achieves this by introducing
an additional loss term to the InfoNCE loss, which maximizes the similarity between the dot products
¥z and 1 ). Instead of applying this to a subspace of the embedding space, they apply both
the invariant loss term of InfoNCE and their new equivariant loss term to the full embedding space
and use a weighting factor to control the trade-off between invariant and equivariant representations.
Yerxa et al. [S1] propose a variation of CARE in which the embedding space is split into an invariant
and equivariant subspace. Group actions are encoded as ¢} = x1 + b, and x5, = x2 + b,. STL
[52] learns representations of (a) y, 4’ such that &, " are equivariant to the group action g and (b)
the group action g itself, again from two pairs of data. Similar to EquiMod [7]], the latent group
action is parameterized by a neural network. However, instead of assuming knowledge about g, they
use a learned representation R, as the second input to the neural network: ] = wuy (a1, R,) where
R, is predicted by another network Ry (z2, x5) = R, from the latent representations of the second
observed pair (Y2, g - y2). To learn the correct representation of R,, EquiMod is extended by a third
loss term that maximizes the similarity of Ry (1, 2}) and Rg(x2, z5). Like CARE, they don’t learn
separate subspaces and instead use weighting factors for the invariant and equivariant loss terms to
control the trade-off between invariant and equivariant representations in X.
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The problem can also be approached with auto-encoding approaches: Winter et al. [48] learn
embeddings of y and g in which the factorize 4y’ = ¢ - y into an representation & of ¢y which is
invariant to g and a representation Ry (g) that represents the action g in the data space Y, such that
y' = Ry (g)d(&) with § being the decoder.

The Unsupervised Neural Fourier Transform (U-NFT) [28,|36]] is an auto-encoder framework with a
linear group action model in latent space. For their learning setup, Koyama et al. 28] assume access
to multiple sequences of data points {y(*) := ( (()Z), s y(T’)}ZN:0 with yt(i)l =g;- yt(l), one sequence
for each implicitly observed, but unknown group action g; € GG. An autoencoder reconstructs yt(i)l

from the predicted igl, which in turn is predicted from :&Ele = R( gi)wgi). The representation from

these examples is estimated using least squares and a post-hoc basis transformation on the set of
R(g;) to find a block diagonal representation B(g;) to facilitate disentanglement of the irreducible
components of R(g;). Mitchel et al. [35] propose a variation of NFT, where the learning setup is
restricted to directly produce a block-diagonal representation R(g;), avoiding the need for a post-hoc
basis transformation. However, to achieve this, they also restrict R(g;) to be orthogonal.

Winter et al. [48] and Allingham et al. [1] only recover an invariant representation and model the
group action separately in the data space. All other the methods in this section try to solve the
same general task of learning equivariant and invariant representations of the data without explicit
knowledge of the underlying group actions. CARE (Gupta et al., 2023) is the closest encoder-only
(contrastive) approach to EbC, but constrains the embedding to the hypersphere, which imposes
additional structure on the learned representation, while EbC can learn different topologies (e.g.,
torus in Fig. 4, hypersphere in Fig. 5). In terms of function and data requirements, U-NFT (Miyato et
al., 2022; Koyama et al., 2023) is the conceptually closest work, but requires to learn a full generative
model of the data.

34



E NeurIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: Our key theoretical claim is identifiability, which we proof through Theorem 1.
Our empirical claim is validated on synthetic datasets as well as infinite dSprites.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: Limitations are discussed in Section[7l
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: The full proof for Theorem|T]is given in Appendix [A] The proof for Corollary|T]
is given directly in the main paper. The full definition of assumptions is stated in the
Appendix, and informally outlined in the main paper.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: The key components of the algorithm are outlined in Section 2] Experimental
details are given in Section[d Additional experimental details are provided in Appendix

Guidelines:

The answer NA means that the paper does not include experiments.
If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: The code for our paper is available at https://github.com/dynamical-
inference/ebc. During the phase of double-blind review, we provided an anonymized
version of the codebase. For additional pointers, see Appendix B}

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: The most important details are outlined in Section[d} The full details are given
in Appendix B}
Guidelines:
» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: We run all experiments across dataset and model seeds, see Section [Z_f] for
details.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.
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8.

10.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: Appendix [B|contains a list of compute resources used for the paper.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: The paper conforms with the NeurIPS Code of Ethics in every regard.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: As noted in the guidelines, our method is a general-purpose approach for esti-
mating the effect of actions/interventions from observable data. There is broad applicability
of such an algorithm, but no specific societal impacts that are particularly tied to the paper.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.
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11.

12.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: We report results on small-scale synthetic datasets.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?
Answer: [Yes]
Justification: Appendix [B]outlines all relevant license information.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

¢ For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.
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13.

14.

15.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: We do not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.
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* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
16. Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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