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ABSTRACT

Dense associative memories (DAMs) store and retrieve patterns via energy-function
based fixed points, but existing models are limited to vector representations. We
extend DAMs to Gaussian densities equipped with the 2-Wasserstein distance. Our
framework defines a log-sum-exp energy over stored distributions and a retrieval
dynamics aggregating optimal transport maps in a Gibbs-weighted manner. Sta-
tionary points correspond to self-consistent Wasserstein barycenters, generalizing
classical DAM fixed points. We prove exponential storage capacity and provide
quantitative retrieval guarantees under Wasserstein perturbations. We validate the
method on synthetic and real-world image (CelebA and CIFAR-10 datasets) and
text (text8 and NLI corpus) datasets. By generalizing from vectors to distributions,
our work bridges classical DAMs with modern generative modeling and paves way
for distributional storage and retrieval in memory-augmented learning.

1 INTRODUCTION

Associative memories are a foundational paradigm for robust storage and retrieval of structured
information. Classical models, such as the Hopfield network (Hopfield, |1982a) and its modern
high-capacity extensions (Krotov & Hopfield, 2016; |[Ramsauer et al.||2020), demonstrate that high-
dimensional patterns can be stored in distributed representations and retrieved accurately under partial
or corrupted queries. These models formalize the principle that memory retrieval can be framed as a
dynamical system evolving toward energy minima corresponding to stored patterns.

While prior work on associative memory has focused on vector-valued data, many modern applica-
tions involve probability distributions as fundamental objects. Gaussian embeddings, in particular,
have become a versatile framework for capturing uncertainty: words (Vilnis & McCallum, [2014]),
graph nodes (Bojchevski & Giinnemann, |2018), documents (Gourru et al., [2021), and sentences
(Yoda et al.,|2024)) have all been embedded as Gaussian distributions. These Gaussian representa-
tions naturally admit similarity measures via Wasserstein distance, yet existing associative memory
frameworks cannot operate on them directly. More recently, results on Joint-Embedding Predictive
Architectures (JEPAs) show that the anti-collapse (diversity) regularization term in JEPA explicitly
drives a self-supervised encoder to produce Gaussian embeddings, implying that the encoder necessar-
ily internalizes the data density (Balestriero et al., [2025). This provides further evidence suggesting
that Gaussian embeddings arises naturally in modern representation learning and motivates the need
for memory architectures that can operate directly on distributional representations.

More generally, uncertainty-aware generative modeling relies on probabilistic models such as varia-
tional autoencoders (Kingma & Welling}, 2013)), normalizing flows (Rezende & Mohamed, [2015]),
and diffusion models (Sohl-Dickstein et al.,|2015; |Ho et al.,2020) learn distributions over complex
modalities including images, text, and 3D point-clouds. Similarly, in Bayesian inference, posterior be-
liefs about latent variables are encoded as probability densities (often Gaussian or Gaussian mixtures)
where updating or recalling these beliefs corresponds to operations directly on distributions (Bernardo
& Smith, 2009; | Khan & Rue, 2023)). In these contexts, it is natural to treat entire distributions, rather
than individual samples, as primary computational units.

The aforementioned considerations motivate the following question:

Can associative memories be generalized to store and retrieve probability
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distributions, rather than deterministic vectors?

We address this question in the setting of Gaussian distributions. Let M (u;,3;), 7 =1,..., N, be
the target distributions. Endowed with the Bures—Wasserstein geometry (Asukal 2011} Lambert;
et al., 2022 [Diao et al.l 2023)), Gaussians inherit a Riemannian structure from the Wasserstein-2
distance that captures both mean and covariance, providing a natural notion of similarity. Our goal
is to design a dense associative memory (DAM) that robustly stores {\(u;, ¥;)}}V, and retrieves
the correct distribution from noisy or partial queries, thus extending classical DAMs from R¢ to the
non-Euclidean space of probability measures while retaining high capacity and robust retrieval.

Toward that end, we make the following contributions in this work:

1. Wasserstein LSE energy functional. We propose a novel energy formulation defined
directly on the (Bures)-Wasserstein space, generalizing classical DAM energies to probability
densities (see Section [2). We provide detailed theoretical comparisons between Bures-
Wasserstein DAM and a natural baseline—performing Euclidean DAM on the mean and
covariance matrix stacked as a vector—highlighting differences in separation conditions,
fixed-point analysis, and basin geometry (see Remarks[T]and 2)).

2. Exponential storage capacity. We prove that our model achieves storage capacity exponen-
tial in the dimensionality of the ambient space, extending classical vectorial results to the
Gaussian distribution setting (see Theorem [T).

3. Retrieval guarantees. We establish bounds on the fidelity of retrieval under noisy query
distributions, providing explicit dependence on the Wasserstein distance between stored and
perturbed densities (see Section [3.2).

4. Empirical validation. Through experiments on synthetic Gaussian datasets and real-data
experiments on Gaussian word, sentence, and image Gaussian embeddings applied to
standard benchmark datasets, we demonstrate that the proposed model achieves accurate
retrieval and exhibits the robustness predicted by our theoretical analysis. (see Section [4)

By extending dense associative memories from vectors to probability densities, our work lays a
foundation for distributional memory architectures in generative Al. Such memories can store,
recall, and manipulate probabilistic objects, enabling memory-augmented probabilistic reasoning and
uncertainty-aware generative computation.

Notation and definitions. For a positive integer N, define [N] := {1,2,...,N}. We write
|| - || for the Euclidean norm and (,-) ;> for the L? inner product between probability measures.
Throughout, we work in the space P5(R?) of probability measures with finite second moment,

1/2
equipped with the 2-Wasserstein distance Wy (p1,v) = inf,cp(,,.) (fRdXRd | =yl dy(z, y)) ,

where I'(y, v) is the set of couplings with marginals y1, v. For a functional F : Py(R?) — R, its first
variation at yu is 6, F (p) (), defined via £ F (p + e(p’ — M))‘s:() = [6,F(p)(z) (1 — p)(x)da.
The Wasserstein gradient is Vyy F(u)(z) := V50, F (x, 1), and the associated (negative) gradient
flow is the continuity equation Opir + V- (o) = 0,  wve(x) = =V F(ue)(z), often written
fir = —VwF(pe). For a measurable T : X — Y and p on X, the push-forward is T p(B) =

w(T~1(B)) for measurable B C Y.

The squared 2-Wasserstein distance between two Gaussians is given by
WEW (a1, T1), N (2, B2)) = la = g2+ tr (1 + T3 = 2012531/ %)12)

where tr(3) is the trace of the matrix 3. The Bures-Wasserstein gradient at A/(p, ) becomes the
projection of the Wasserstein gradient to the tangent space at N (u, 22) (Lambert et al., 2022} page 22)
and it further reduces to finite-dimensional gradients: VyyF(m, X) = (V,,F(m, X), Vs F(m,)).
Moreover, if X ~ N(mg, %) and Y ~ N(my,%;) with 30,5, € S%_, the unique optimal
transport map 7" : R — R? pushing X to Y under quadratic cost is affine: 7'(x) = my + A(x —my),
where A = 21/2(21/22021/2)_1/221/2. See|Ambrosio et al.[(2003); [Asukal (2011); Lambert et al.
(2022) for additional details.
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2 ENERGY FUNCTIONAL IN WASSERSTEIN SPACE

The key design choice in associative memories is the energy function that drives retrieval dynamics.
Classical Hopfield networks use a quadratic energy, yielding only O(d) storage capacity in dimension
d. By contrast, the log-sum-exp (LSE) energy of | Krotov & Hopfield| (2016) introduces a sharper
nonlinearity and dramatically improves efficiency. For a query ¢ € R? and stored patterns { X;}2¥ |,
the energy is E(§) = —B 'log(XN, exp(—B Xi — €]/%)), with temperature parameter § > 0.
As B — oo, this approaches the negative maximum similarity, yielding a smooth approximation to
hard maximum retrieval. The induced energy landscape produces well-separated attractor basins,
supports exponential storage capacity, and admits a probabilistic view where retrieval corresponds to
Gibbs-type aggregation with weights exponentially concentrated on the nearest stored pattern.

A natural first attempt at storing and retrieving Gaussian distributions is to ignore their geometric
structure entirely. One can vectorize each Gaussian N (11, ©) by concatenating the mean ;. € R?

with the 4D upper-triangular entries of ¥, yielding a representation in R%+4(¢+1)/2 " Standard
Euclidean Dense Associative Memory can then applied using the update rule of Ramsauer et al.

(2020, Equation 3): &pew = Zi\; w; (€ ):ch , where {x; } V| are the vectorized stored patterns, ¢ is the
vectorized query, and the weights are given by w;(§) o exp (5(z;, £)). We refer to this baseline as
Euclidean DAM (Eu-DAM). However, this approach leads to retrieval failures. Figure []illustrates
this: we store five well- separated Gaussian measures (see Assumption [T for the separatlon condition)
in R? and initialize queries at Wasserstein distance 0.5 from each target, where  is the radius of the
contractive ball established in Section [A.3|(see Lemma ). While our proposed BW-DAM correctly
retrieves all five stored Gaussians (Column 2), Eu-DAM fails on two of five retrievals (Column 3),
converging instead to incorrect attractors despite identical initialization; see Remarks [1| and [2| for
further explanations.

This motivates extending extending associative memory directly to the space of probability distribu-
tions, replacing Euclidean distance with a geometry-preserving similarity measure. Specifically, we
work directly in the Wasserstein space (P2(R%), W5) and define the Log-Sum-Exp (LSE) energy for
stored patterns X1, ..., Xy € P2(R?) and query & € Py(R?) as

B(¢) == —4log (Zexp —BW5 Xl,f))> (1)

As [ — oo, this reduces to the negative minimum Wasserstein distance, implementing a soft-min
retrieval rule with a clear probabilistic interpretation: stored distributions are weighted by their
Wasserstein proximity to the query. Importantly, this extension preserves the exponential storage
capacity of the vector case while operating in a non-Euclidean probability space, making the LSE
energy a natural choice for distributional associative memory F1gureE] shows the log-sum-exp energy
(D) for five one-dimensional Gaussian measures {X;}?_;. As j increases from 0.1 to 1000, the
landscape evolves from nearly flat with overlapping basins to sharp, well-separated minima. For
small /3, discrimination between {XZ} _, is weak, while large 3 yields pronounced attractors. Thus,
E induces a multi-modal structure in the Bures—Wasserstein geometry, with each X; serving as an
attractor, which is central to our definition of storage in Section

The variational structure of our model is encoded through the Wasserstein gradient of the energy
functional E. By direct differentiation, one obtains Vyy E(§) = 2 Zfil w;(§) (Id — T;) , where T;

denotes the optimal transport map from & to the stored distribution X;, Id : R — R? is the identity
map, and

exp(—BW3(X;,€)) _
SN exp(—BWE(X;,€))

The weights w; (£) define a Gibbs-type distribution that assigns higher influence to memories closer
to ¢ in Wasserstein distance. Thus, the gradient aggregates transport directions from & to all stored
distributions, with distant contributions exponentially suppressed. The log-sum-exp weighting
introduces a smooth competitive mechanism, ensuring both robustness of recall and sensitivity to
the underlying geometry of the memory ensemble. This formulation directly extends the classical
log-sum-exp energy functions of dense associative memories from vectors to the Wasserstein space
of probability measures.

w;(§) := (2
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The retrieval mechanism corresponds to finding stationary points of the energy functional E in the
Wasserstein geometry. Setting Vyy E(€,) = 0 yields Zf\; w;(&)(Id — T;) = 0 or equivalently
Ziil w;(&«)T; = Id. In other words, the stationary condition can be written as

N
=1 #

showing that £, is invariant under the weighted barycentric transport determined by the stored
memories. Defining the operator ® : Py(R?) — Py (R?) by

N

o) = (Z w; (5)72) £, “
=1 #

retrieval is characterized by the fixed points of ®. In this way, memory recall is expressed as the self-

consistency condition ®(£,) = &, which generalizes fixed-point equations from classical associative
memories to Wasserstein spaces.

3 DAM IN BURES-WASSERSTEIN SPACE: STORAGE AND RETRIEVAL

We now specialize our framework to Gaussian distributions, a natural and tractable family for
distributional associative memories. Gaussians admit a closed-form expression for the 2-Wasserstein
distance (Lemma [I), affine optimal transport maps, and broad applicability in machine learning
(Section[I). The key challenge is obtaining bounds on errors, which we refer to as the mean error and
covariance error (Lemma[3] Lemmafd). We assume that the eigenvalues of the covariance matrices
of stored Gaussian measures lie in the bounded interval [Apin, Amax] With 0 < Apin < Amax-

3.1 STORAGE CAPACITY

First, we introduce a notion of storage of Gaussian measures in the following definition.

Definition 1 (Storage of a Gaussian measure). For a Gaussian measure X;, for i € [N], consider a
Wasserstein ball B; = {V S ’Pg(Rd) s Wh(X,,v) < r} of radius r. The Gaussian measure X; is
defined to be stored if there exists a unique fixed point X} € B; to which all £ € B, converge and
Bi ﬂBj = @foralli # j

Next, we prove that exponentially (in dimension d) many Gaussian measures can be stored, with high
probability, when they are randomly sampled from a Wasserstein sphere.

Assumption 1 (Separation condition). Let X; = N (i, ), fori € [N|, be d-dimensional Gaussian
measures and suppose the eigenvalues of ; lie in the bounded interval [Amin, Amax)- Define k :=
Amax/Amin. Suppose (3 is the inverse temperature parameter from the definition of the energy
functional in (T). Let 0 < p < 1 be a constant. Further, define

(1 + logk)?
=22 +1 max ; Q1= )
c:=+/2(2+logk)A a 131 2logn)?
24 max
7 (d) = (40@—1— M) X

2)\min
[1ev/d + 453 + V) (Vin +20Vd) ]
1 48V drAS . 48K Amax
Y2(d) = 9/2 + A |
)\ 3 )\min

2>\min min
. 3 logp + ad + log(71(d) +72(d)) + 2
0= 2)\mind -1 '

Assume the Gaussian measures {X;}N | satisfy the following separation in L*-inner product:
min#j(— 10g<Xi7 Xj>L2) > % 10g(47r)\max) +d.
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Theorem 1. Let 0 < p < 1 be a constant, and let \pin, Amax, K, @ be constants as defined in
Assumption Consider a Wasserstein sphere S, of radius R = \/ 2dAmax (2 + log k) centered at d,
and let N = [\/p e | Gaussian measures be randomly sampled from Sg, using Algorithm Then:

1. For all d > 4, the separation condition in Assumption[l|is satisfied with probability at least
1—p

2. There exists dy_€ Zy such that for all d > dy and > max{1, By}, where By is defined
in Assumption the energy functional in (1)) stores all N = LvP e®®| randomly sampled
Gaussian measures with probability at least 1 — p.

Remark 1. Theorem|l|extends the exponential storage capacity results of Ramsauer et al.|(2020)[The-
orem 3] from Euclidean space to the Bures—Wasserstein space. In the Euclidean setting, separation is
measured via inner products A\; := x:xl — maxj;,gizrlT x;, and exponential capacity follows from stan-
dard concentration arguments on the sphere. In the Bures—Wasserstein setting, we instead measure
separation through the L? inner product between Gaussian measures, which depends non-linearly
on means and covariances. To establish high-probability separation, we sample Gaussian measures
on a Wasserstein sphere, where the mean directions are uniform on the Euclidean sphere S*~* and
the covariance eigenvalues lie in [Amin, Amax|- Concentration of measure on the sphere ensures that
the mean directions remain nearly orthogonal across all pairs with high probability, which in turn
implies the required L? separation.

However, separation alone does not guarantee storage; we must also show that each stored Gaussian
admits a unique fixed point of ® in its Wasserstein neighborhood. In Euclidean DAM, the update
rule £"" = vazl w;(§)x; is a weighted average, and proving the existence of fixed points reduces

to showing that the weights concentrate on the nearest pattern. In contrast, the BW-DAM update
N

D& = (Z o wi(& )ﬂ) 4 & is a weighted average of optimal transport maps, each of which depends
on both the query and the target distribution. Proving the existence of fixed points of ® requires
bounding Wo(® (), ®(n)), which involves separately controlling how the means and covariances of
® (&) and ©(n) differ as the query measures varies. This analysis is carried out in Lemmas[3|and{]in
the Appendix. Moreover, unlike the Euclidean case where exponential storage capacity was proved
only for a fixed 5 (8 = 1), Theoremestablishes exponential capacity for any B > max{1, 5o}

Remark 2. 7o prove Theorem we set the basin radius in Deﬁnition tor = \/Amin, a choice
that yields basins whose size is independent of the number of stored Gaussian measures N. This
contrasts sharply with the Euclidean setting of Ramsauer et al.|(2020), where the basin radius scales
as 1/+/BN and thus shrinks as more Gaussians are stored. In particular, when N is exponential in d,
the Euclidean basins become exponentially (in dimension d) small, whereas our basins remain of
constant size. This represents an improvement in the capacity-robustness tradeoff: BW-DAM achieves
exponential storage capacity while maintaining retrieval robustness that does not degrade with the
number of stored Gaussian measures.

3.2 RETRIEVAL GUARANTEES

Having established storage capacity, we turn to retrieval. Algorithm [I] can be used iteratively to
retrieve the stored Gaussian distribution given a query Gaussian distribution within a Wasserstein ball
around the stored Gaussian distribution.

Algorithm [T] operationalizes the BW-DAM update rule in four steps. First, it computes the pair-
wise Wasserstein distances between the query measure and each stored Gaussian using the Bures—
Wasserstein metric. These distances are then used to construct softmax weights that quantify the
influence of each stored pattern. Next, the algorithm determines the optimal transport maps for the
covariance matrices, represented by the matrices A;, which specify the linear transformation required
to align each stored covariance with the query. Finally, both the mean and covariance of the query
measure are updated via a weighted combination of these transport maps, effectively performing a
single-step retrieval towards the attractor associated with the most relevant stored pattern.

This procedure can be viewed as a natural generalization of the simple weighted averaging used in
the Euclidean dense associative memory case, extended to a transport-based aggregation that respects
the geometry of probability distributions. Concretely, the energy functional £ in induces the
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Algorithm 1 One step of BW-DAM update (® operator)

Require: Current state £ = A'(m,(2), stored Gaussian measures {X,}¥ ,, inverse temperature
parameter 3
Ensure: Updated state ' = ®(&) = N (m/, )
. Step 1: Compute Wasserstein distances to all stored patterns
fori=1to N do
D; ¢ |lpi —ml)? +tr(; + Q — 2(5)/2Q%/%)1/2)
end for
Step 2: Compute softmax weights

for i = 1t0N?0ﬁD)
. exp(=pD;
Wi >3, exp(—BDy)

® AU h

end for
Step 3: Compute transport map coefficients
fori=1to [N do
A; + S(mi2ani/?)-12nl/?
. end for
: Step 4: Update means and covariances
:m Zf\il w; b
C QY AQAT
: Return the Gaussian measure &' = N (m/, Q')

—_— = = = =

—_—
N

following Wasserstein gradient at a Gaussian measure y € Po(R?):
N
VwE()(x) =2 wi(€)(Ti(x) — )
i=1

= ini(g) (,ui + Aij(x —m) — m) ,
i=1

where A; = 2;/2(2;/QQE§/2)*1/221/2 and the weights w; (&) are as in (2) which has an explicit
form due to closed form availability of the Wasserstein-2 metric between Gaussians. Furthermore,
as the Bures-Wasserstein gradient is the projection of the Wasserstein gradient to the tangent space
at u, we can simply set the Wasserstein gradient to zero. Rather than explicitly simulating the
Wasserstein gradient flow %ut = —VwE(u), Algorithm solves the implicit fixed-point equation

&V = @(¢) with ¢(¢) = (vaz Lwi(€ )E) #f . This approach is motivated by efficiency and

stability: solving the implicit equation directly moves the query measure closer to a stationary point
of E in a single step, effectively ’jumping” to the basin of attraction of the most relevant stored
pattern. By contrast, an explicit discretization of the Wasserstein gradient flow may require many
small steps and careful tuning of step sizes, while still potentially under-shooting or oscillating around
the fixed point.

Next, we establish the rate of convergence in 2-Wasserstein distance for retrieving a stored Gaussian
measure from a query within its basin of attraction. Toward that end, Theorem [2] guarantees that
iterating the update rule in Algorithm [1{from any query £(%) within the basin of attraction of a stored
Gaussian yields geometric convergence to a unique fixed point in the same basin of attraction. In
particular, achieving e-accuracy in W5 distance requires at most O(log(1/¢)) iterations, with the
constant depending on the contraction constant L and the radius » = /A, of the basin.

Theorem 2 (Retrieval Guarantee). Let {X; = N (i, ;) Y., be Gaussian measures satisfying the
separation condition in Assumption with eigenvalues of ¥; in [Amin, Amax)- Suppose 2 mind > 1
and 3 > max{1, By}. Define the Wasserstein ball B; := {v € Po(R?) : Wa(X;,v) < v Amin}-
Then for any query £©) € B;, the iterates €#+1) = ®(£®)) satisfy:

1. £%) e B; forall k > 0.
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2. There exists a unique fixed point X} € B; such that
W2 (6™, X7) < L Wo(€9, X7) < 29/ Ain - L*
where L < 1 is the contraction constant from Lemma

3. Consequently, £F) — X} as k — oo, and the number of iterations required to achieve

Wz(é(k),X;‘) < eisatmostk > logggi (?7;)/6) .
Theorem [2| guarantees convergence to a unique fixed point X;* within the basin B; of the Gaussian
measure X;, but does not quantify how close X" is to the actual stored Gaussian measure X;. Indeed
X} = X only in the limit 3 — oo; for finite 3, the fixed point generally differs from X; due to the
influence of other stored Gaussian measures. Theorem [3| addresses this gap by showing that after a
single application of the map @, the retrieval error decays exponentially in dimension d.

Theorem 3 (Retrieval Error). Let 0 < p < 1 be a constant, and let Ain, Amax, &, @, Bo be as defined
in Assumption Consider N = L\/f)eo‘dj Gaussian measures sampled from a Wasserstein sphere of

radius R = \/2d\max(2 + log k) using Algorithm Assume the separation condition in Assump-
tionholds, 2dAmin > 1, and B > {1, Bo, ﬁ} Then for any query £©) = N(m, Q) € B; with

eigenvalues of Q) in [Amin, Amax|, the one-step retrieval error decays exponentially in dimension d:

Wo (X, @) < CVde ¢,

where C := p1/4\//\ma>< [8(2 +log k) + (3K2 4 2)] and v := SAmin — §-

4 NUMERICAL EXPERIMENTS

Having established the theoretical foundations we now turn to empirical validation. We refer to
the dense associative memory framework developed in this paper, which operates on the Bures-
Wasserstein space using Algorithm[I|as Bures-Wasserstein Dense Associative Memory (BW-DAM).
Additional experiments are provided in Section

First, we evaluate on real-world image data using CelebA face images. Image pixel values are
normalized to the interval [—1, 1] and encoded via a Variational Auto-Encoder (VAE) that outputs a
Gaussian NV (i, X) with full covariance in a 32-dimensional latent space. For each trial, we randomly
sample 100 CelebA images, encode them as Gaussians, and test retrieval by masking 20% of randomly
chosen pixels (set to gray) in the original images. We do not verify whether the encoded Gaussians
satisfy the separation condition in Assumption[I] nor whether the masked perturbations lie within the
contractive balls of Lemma[d} this experiment probes empirical performance beyond our theoretical
assumptions. For BW-DAM, we iterate Algorithm [TJuntil convergence. For Eu-DAM, we vectorize
the Gaussian parameters (u, ) as in the synthetic experiments and iterate until convergence. As an
additional baseline, we also consider a pixel-space DAM (Pixel-DAM), which bypasses the Gaussian
representation entirely and operates the Euclidean update rule (Ramsauer et al.| (2020, Equation 3))
directly on flattened pixel vectors. After convergence, we decode the retrieved Gaussian’s mean
through the VAE decoder to visualize the result. Results are averaged over five independent trials.

As shown in Figure I, BW-DAM substantially outperforms both baselines across all values of 5. We
attribute this to two factors. First, Eu-DAM treats the Gaussian parameters (u, ) as a flat vector
in R4+4(4+1)/2 jonoring the Riemannian structure of the Bures-Wasserstein manifold. Consider
two Gaussians N (p1, 1) and A (ue, 32). The squared Euclidean distance between vectorized
parameters is |1 — p2||? + |21 — Sa||Z whereas the squared 2-Wasserstein distance between the
two Gaussians is |1 — p2||* + d%(1,X2), where dp is the Bures metric. So, while the mean
contributions ||11 — u2||? coincide, the Frobenius norm ||¥; — ¥s||r need not equal the Bures
metric dp (X1, X2), causing queries to converge to incorrect attractors. Second, Pixel-DAM operates
directly on flattened pixel vectors in R?, where Euclidean distance again does not reflect semantic
similarity between images. In contrast, the VAE maps images to a low-dimensional latent space
where semantically similar images lie nearby. Consequently, the Gaussian encoding of a masked
image remains within the basin of attraction of the original, while the pixel-space encoding need not.
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Figure 1: Memory retrieval on CelebA images. (Top) Qualitative results for five randomly chosen
images with 20% of pixels masked in gray (8 = 0.6). Rows from top to bottom: (1) original images,
(2) masked images, (3) BW-DAM retrieval, (4) Eu-DAM retrieval, (5) Pixel-DAM retrieval. (Bottom)
Retrieval accuracy as a function of inverse temperature 3 for BW-DAM, Eu-DAM, and Pixel-DAM,
evaluated on 100 randomly chosen images. Error bars indicate standard deviation over 5 trials of 100
randomly chosen images each.

We further evaluate BW-DAM on real-world Gaussian word embeddings trained using
Word2Gauss (Vilnis & McCallum), 2014) on the text8 corpus, which contains approximately 17
million tokens from Wikipedia. After filtering words with fewer than 100 occurrences, we obtain a
vocabulary of N = 11,815 words. Each word is represented as a 50 dimensional Gaussian distribu-
tion with diagonal covariance, trained using the KL-divergence energy function. To test retrieval, we
perturb each word’s Gaussian embedding by a W5 distance of v/ Anin, Where Apiy is the minimum
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eigenvalue across all covariance matrices, yielding a query distribution &;. We then apply AlgorithmT]
iteratively until convergence, and check whether the nearest (in W5 distance) Gaussian to the final
iterate matches the original word. The results in Figure [2b|demonstrate a phase transition: for small
B, retrieval accuracy remains low, while for large /3, accuracy approaches 100%, confirming that
sufficiently large 3 is necessary to create well-separated energy basins for successful retrieval. We do
not verify whether the Gaussian embeddings satisfy the separation condition in Assumption [I} we
conjecture that retrieval failures at high 5 are due to some Gaussian pairs violating this condition.

100

Retrieval Accuracy (%)

Original | Tter 0 Iter 1 Iter 2 I
the at the the
anarchism | anarchism anarchism anarchism ana
abuse abuse abuse abuse a
0
0 wﬁ (inverse temperature)m w
(a) Word evolution at 5 = 10 (b) Retrieval accuracy vs /3

Figure 2: BW-DAM retrieval on Word2Gauss embeddings trained on text8 corpus. Each word’s
Gaussian embedding is perturbed by W distance v/ Anmin and recovered using Algorithm (a) Word
evolution showing the nearest word to the current iterate at each step for § = 10; Iter O corresponds
to the perturbed query before any updates. (b) Retrieval accuracy as a function of inverse temperature

B.

5 CONCLUSION

In this work, we extended dense associative memories from the Euclidean space to the Bures—
Wasserstein space. We proposed a Wasserstein-energy-based memory, derived explicit retrieval maps,
and established theoretical guarantees including high-probability retrieval bounds, and exponential
storage capacity. Empirically, our Gaussian DAM achieves robust retrieval under perturbations,
demonstrating the utility of transport-based aggregation. Conceptually, this framework enables
principled reasoning over probability distributions rather than vectors in the Euclidean space, bridging
classical associative memories with modern distributional representations. Future directions include
extending to broader probability distribution families (in particular point-cloud data represented as
empirical measures), developing particle-based retrieval algorithms, and exploring applications in
generative modeling and probabilistic reasoning.
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Figure 3: Energy landscape E(¢) (Equation for query one-dimensional Gaussians & = N (1, 0%)
evaluated on a 200 x 200 grid with u € [—4,4] and o € [0.01, 2]. Red dots indicate N = 5 stored
Gaussian measures sampled uniformly at random with means in [—3, 3] and standard deviations in
[0.2,1.0]. As § increases from 0.1 to 1000, the energy transitions from nearly flat with overlapping
basins to sharp, well-separated minima.

A ADDITIONAL FIGURES

A.1 RELATED WORK

The study of associative memory begins with Hopfield’s seminal model which
framed memory recall as gradient descent on a quadratic energy landscape. While conceptually

foundational, the quadratic Hopfield energy yields only linear storage capacity in the ambient
dimension and suffers from spurious attractors at scale. Recent work revived and substantially
extended this line of research by introducing highly nonlinear energy functions that dramatically
increase capacity. In particular (Krotov & Hopfield| [2016) proposed log-sum-exp style energies and
showed that dense associative memories (DAMs) can realize exponentially many stable patterns
relative to dimension. Subsequent developments formalized the exponential capacity rigorously and
established connections between modern attention/associative recall mechanisms and Hopfield-style
energy landscapes (see, for e.g.,[Demircigil et al| (2017); Ramsauer et al.|(2020); Lucibello & Mézard|
(2024)), showing both practical and theoretical equivalences between attention-like updates and
energy-based recall. We also refer the interested reader to recent works (Krotov & Hopfield,
Krotovl, dos Santos et all, 2024} [Hoover et al, 2024b} [Hu et al.}, 2023} [Hoover et al., [2024a;

et al.} 2024}, [Hoover et al.} 2025)), including the survey by [Krotov et al.| (2023) for the state-of-the-art
on modern associative memories.

Optimal transport, Wasserstein geometry and barycenters. Optimal transport has emerged as a
central tool to compare and interpolate probability measures; the Wasserstein-2 metric in particular
induces a rich geometric structure that is especially well behaved on Gaussian families (the so-
called Bures—Wasserstein geometry). The mathematical theory of Wasserstein barycenters and
their computation was significantly advanced by Agueh & Carlier|(2011), and efficient numerical
algorithms, including entropic regularization approaches, have been developed by
(2014) and others. The computational and theoretical foundations of optimal transport are now well-
summarized in recent treatments (Peyré & Cuturi, 2019). Our work leverages these results: stationary
points of our distributional log-sum-exp energy are self-consistent barycenters in Wasserstein space,
and we exploit closed-form formulas and fixed-point iterations available for Gaussian barycenters to
derive concrete retrieval dynamics and guarantees.
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Figure 4: Comparison of BW-DAM and Euclidean-DAM dynamics for retrieving stored Gaussian
measures. Each row corresponds to perturbing a different stored Gaussian X; (: = 1,...,5). Column
1: sampled Gaussians with the target highlighted. Columns 2-3: retrieval dynamics showing the
query & (green), fixed point £* (red), and target (dashed). Parameters: d = 2, N = 5, Apin = 0.8,
Amax = 1.0, 8 = 2, Ws(&, X;) = 0.5r where r = v/Amin.

Very recently, the generative modeling community has increasingly focused on models and archi-
tectures that operate over probability distributions. Rectified Point Flow learns continuous velocity
fields for point-cloud registration and assembly 2025)), Wasserstein Flow Matching
generalizes flow matching to families of distributions via optimal transport geometry
2025)), and [Bonet et al.| (2025) propose flowing measures for distributional generation tasks. These
approaches emphasize generative modeling or alignment, whereas our work develops a dense asso-
ciative memory over probability measures with rigorous capacity and retrieval guarantees, thereby
complementing flow-based paradigms. Our approach can be seen as an energy-based generative
mechanism in the space of probability measures: fixed points of our Wasserstein log-sum-exp energy
yield full probability laws that serve as generative attractors. This perspective unifies associative mem-
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ory and generative modeling, and suggests novel ways to incorporate memory into uncertainty-aware
generative pipelines.

A.2 ADDITIONAL NUMERICAL EXPERIMENTS

A.2.1 SYNTHETIC DATA

To further investigate the role of the inverse temperature parameter 3 in high-dimensions, we evaluate
the retrieval dynamics of BW-DAM on synthetic Gaussian measures sampled from a Wasserstein
sphere of radius R = /2d. Specifically, we sample N = 1000 Gaussian measures with eigenvalues
uniformly distributed in the interval [0.8, 1.2] and mean vectors sampled uniformly on a Euclidean

sphere of radius /R? — tr(3;), ensuring that each Gaussian measure lies exactly on the Wasserstein

sphere of radius R = v/2d centered at 6. We perturb 750 of the sampled Gaussian measures by
a Wasserstein distance of v/ A, affecting both the mean and covariance, and run the BW-DAM
dynamics to test retrieval. As shown in Figure[5] the results reveal a sharp dependence on /3. For
B = 2, the retrieval is both rapid and accurate: the dynamics converge to the original Gaussian
measure in a single iteration across both d = 10 and d = 20, with negligible variance. In contrast, for
B = 0.1, retrieval fails entirely: the W5 distance increases monotonically, and the dynamics converge
to an incorrect Gaussian measure. These findings corroborate our theoretical analysis: sufficiently
large (3 ensures that the softmax weights concentrate on the nearest stored pattern, enabling successful
retrieval.

—— Mean W, distance —— Mean W; distance
e 1std s 1std

W; distance to original pattern

W; distance to original pattern

2 3
Iteration Number

(a)d =10,8=0.1

2 3
Iteration Number

(byd=10,5=2

—— Mean W, distance

— Mean W; distance

s 1std o 1std

W, distance to original pattern
W, distance to original pattern

2 H
Iteration Number

dd=20,=2

2 3
Iteration Number

(c)d=20,8=0.1

Figure 5: Convergence of BW-DAM retrieval dynamics for varying dimension d and temperature (.

We sample N = 1000 Gaussians from a Wasserstein sphere of radius R = /2d with eigenvalues
in [0.8,1.2], perturb 75% of the Gaussians to distance Wo = +/Anin, and run the dynamics in
Algorithmm Shaded regions show +1 standard deviation.
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A.2.2 REAL-WORLD DATA

100% 50% retrieval
90% retrieval
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-l Euclidean DAM
80% | —&- Pixel DAM

_
60% - I,

40% A

Retrieval Accuracy (%)

20% A

0% L& =
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Figure 6: Memory retrieval on CIFAR-10 images. (Left) Qualitative results for five randomly chosen
images with 20% of pixels masked in gray (8 = 0.6). Rows from top to bottom: (1) original images,
(2) masked images, (3) BW-DAM retrieval, (4) Eu-DAM retrieval, (5) Pixel-DAM retrieval. (Right)
Retrieval accuracy as a function of inverse temperature 3 for BW-DAM, Eu-DAM, and Pixel-DAM,
evaluated on 100 randomly chosen images. Error bars indicate standard deviation over 5 trials of 100
randomly chosen images each.

We repeat the experimental setup of Figure[TJon CIFAR-10 images, with results shown in Figure|[6]
Consistent with the CelebA experiments, BW-DAM substantially outperforms both Eu-DAM and
Pixel-DAM across all values of 5. The qualitative results (left panel) demonstrate that BW-DAM
successfully retrieves the original images from masked queries, while Eu-DAM baseline converges
to incorrect attractors in all the cases. The quantitative results (right panel) show that BW-DAM
achieves near-perfect retrieval accuracy for § > 1, whereas Eu-DAM and Pixel-DAM plateau at
significantly lower accuracy levels. These findings on a more diverse object recognition dataset
further validate that respecting the Bures-Wasserstein geometry of Gaussian embeddings is essential
for reliable distributional memory retrieval.
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Figure 7: Retrieval accuracy of BW-DAM on GaussCSE sentence embeddings as a function of inverse
temperature 5. Accuracy is evaluated over 5 trials of 100 randomly chosen sentences each, with
perturbations at W5, distance v/ A, Error bars indicate standard deviation.

Next, we evaluate BW-DAM on sentence embeddings obtained from GaussCSE (Yoda et al., 2024)), a
Gaussian embedding model for sentences. We train GaussCSE on 10,000 sentence pairs sampled from
the NLI dataset used in SImCSE (Gao et al., 2021), which combines entailment and contradiction
pairs from SNLI (Bowman et al., | 2015) and MNLI (Williams et al.| 2018). The model uses BERT-
base-uncased (Devlin et al.,[2019) as its backbone and is trained for 3 epochs with a learning rate of
3 x 10~° and batch size of 32. Each sentence is embedded as a Gaussian distribution in R7%® with a
diagonal covariance matrix. We encode /N = 1000 unique sentences as stored patterns and compute
Amin, the smallest eigenvalue across all covariance matrices. For each trial, we sample 100 sentences,
perturb their Gaussian embeddings by W5 distance v/ Anin, and run BW-DAM until convergence
(i.e., until consecutive iterates differ by less than e = 0.001 in W distance). In Figure[7] we report
retrieval accuracy as the fraction of trials where the original sentence is recovered, averaged over 5
independent trials with different random seeds.

A.3 PRELIMINARY RESULTS

Before presenting the formal results, we provide a visual illustration of the ® operator’s behavior
in Figure [8] which is defined in (@). Panel (a) and (b) shows W5 (&, ®(€)) as a heatmap: dark
regions near the means of the five Gaussians mark fixed-point neighborhoods, while bright regions
indicate strong transformations. Panels (c) and (d) depict the weight functions w; (), with bright
regions where a Gaussian X; dominates (w;(£) ~ 1) and dark regions where other patterns are closer
(w;(§) = 0). Equationhas a clear geometric meaning: stationary distributions are precisely those
invariant under the weighted barycentric transport field of the stored memories. The fixed point
&, is a Wasserstein barycenter with self-consistent weights w; (€, ), ensuring retrieval identifies a
distribution that balances the geometric pull of all memories. This implicit barycentric structure
directly connects to generative modeling: as in energy-based models, convergence proceeds by
descending an energy landscape, but here in Wasserstein space, where attractors are full probability
laws satisfying barycentric invariance. Retrieval thus becomes a generative mechanism synthesizing
distributions consistent with the stored ensemble, elevating associative memory from pointwise to
distributional recall and aligning it with modern generative Al

In this section, we establish the following three fundamental results which are crucial to prove our
results on storage capacity and retrieval rates:

1. The operator ¢ defined by weighted transport maps in @) preserves Gaussian structure
(Lemma 2).

2. For sufficiently separated patterns, & maps Wasserstein balls around patterns to themselves
(Lemma [3)).
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Figure 8: Visualization of the ® operator and weight functions for two values of the temperature
parameter 3. (a,b) Heatmaps show Wy (&, ®(€)) computed on a 20 x 20 grid and interpolated for
smooth visualization. Blue arrows indicate mean displacement vectors from £ to ® (&), displayed at
every second grid point. Contour lines represent level curves of constant W5 (£, ®(€)). Red ellipses
show 20 contours of stored patterns X, ..., X5 with means at (0,0), (2, +2) and anisotropic
covariances. (c,d) Weight functions w; (£) showing the influence of each stored pattern across the
space, evaluated on the same 20 x 20 grid. Query distributions have fixed covariance 0.5]. Parameters:
N =5, with 8 = 0.1 (diffused retrieval) and 3 = 1 (sharp retrieval).

3. Within these balls, the operator ® is a contraction, guaranteeing convergence to unique fixed
points (Lemma ).

Lemma 1. Let X1 = N (p1,%1) and Xo = N (g, X2). Then
W3 (X1, Xa) = [l — pa[* + tr(Z + 2 — 2(2)°5:5,%)72).

Proof of Lemmal[l] This is[Lambert et al.| (2022)[Equation 5]. O
Lemma 2. Let X; = N (p13,%;) fori = 1,2,..., N be the stored patterns. If ¢ = N'(m, Xy), then
B(&) = N(m/, A% AT),

where m’ = ZZ\; w; (&) s and A = vazl w;(§) A;.
Proof of Lemma[2] By|Asuka|(2011)[Lemma 2.3], the optimal transport map from & = N (m, X)

to X; = M(p, ;) is given by
Ti(z) = p; + Ai(x —m),
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where A4; = 23/2(23/22023/2)_1/22;/2. Therefore, the weighted sum of transport maps 7’ is:

N N
sz'(f)Ti(x) = Zwi(f) (i + Ai(z —m))
= m, + ‘Zl('r - m) 5

where A := Zi\;l w;(§)A; and m' := Zi\;l w; (&) ;. Thus, the weighted sum of transport maps is
an affine map. From the definition of operator ® in , we have

() = S4¢,
where S = vazl wi(§)Ti. I X ~ & = N(m,Xo), then S(X) = m + A(X — m). Hence,
E[S(X)] = m’ and Var(S(X)) = ACov(X)AT = AX AT and
©(§) = N(m/, AT A7),
where m’ = Zi\]:l w; (&) p; and A = Zf\]:l w; (&) A;.
O
The idea is to apply Banach’s fixed point theorem to prove the existence of a unique fixed point

around each pattern. To that end, first we prove that ® is a self-map in a neighborhood around each
pattern.

Lemma 3. Let X1, Xs,..., Xy € Po(R?) be Gaussian distributions with X; = N (u;, ;) where
the eigenvalues of all 3; lie in [Amin, Amax)- Let k 1= )’\\& Define My := max;Wa(X;, o) where
0o is the delta measure at the origin. Assume the separation condition

d
A; = min(—log(X;, X;)r2) > 3 log(4mAmax) + d .

i#]

Assume d > max {2/\%,4}, and B > Bél), where

log N + log (% + 2dk(3K% + 2))
2)\mind -

Define the radius v := \/Amin and the Wasserstein ball B; = {v € Pa(R?) : Wy(X;,v) < r}. Let
& = N(m, Q) € B; with eigenvalues of Q in [Amin, Amax)- Then

() €B;.

(1) ._
0 =

Proof of Lemma|[3} By definition of L? inner product, we have:
d 1 1 _
—log(Xi, Xj) 12 == 7 log(2m) + 5 log | + X[ + o (ki — 1) (B +55) " i — ) - 5)

Since all eigenvalues of X;, ¥; are in [Amin, Amax], the eigenvalues of X; + X; are in [2Amin, 2Amax],
and the eigenvalues of (X; + ;)" are in [1/2A\min, 1/2Amax]. Thus

1 _ 1
(2Amin)* < 20+ 3] < 2Amax)®s 5yl = sl* < (i = )" (B 4+ 5) i = py) < 55—
max
(6)
By plugging (6) into () we get
d 1
—log(X;, Xj)r2 < 3 log (47 Amax) + THM — il @)

From the L? separation condition in the statement of this lemma, we have that for all i # j,

d
—log(X;, Xj)r2 > A; > §log(4ﬂ')\max) +d.
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Therefore, by plugging the bound in (7) into the above inequality, we obtain
Hﬂi - NJ'H2 > 4Amind - ®)

In the next steps of the proof, we provide bounds on the weights w; (&), which are used in the
operation ®. From Lemma|I]and the bound in (8)), for i # j:

1/2 2
W3 (X0 X5) =l = > 408+ 55 = 257887%)%) 2 s = s 2 Ahind . 9)
For £ € B; and i # j, by triangle inequality and by using the bound in (9)), we obtain:
WQ(Xj’£) 2 WQ(Xi7Xj) - WQ(XZag) > 2\/)\mind - \/)\min = \/)\min(Z\/g — 1) .

By squaring and subtracting W2 (X;, £) on both the sides of the above inequality, using Wo(X;, &) <
r, and that for d > 4: 2d — 2v/d > d, we get that for ¢ £ j:

W22(X17§) - W22(X17£) 2 Amin(2\/g - 1)2 - )\min = Amin(4d - 4\/&) 2 2)\mind- (10)

Next, by definition of the weight w;(£) and the bound in (I0), and by using ﬁ >1—zforz >0,
we obtain

exp(—fW3(Xi,¢))

wle) = SN exp(—AWE(Xp€) L+ S oxp (=B (WE (X, €) — WE (X, )
1
=1+ (N . 1)6—2,8>\mmd
S1oc (11)

where ¢ := Ne 26 mind,

Next, by again using the definition of the weights, the bound in (T0), and the definition of ¢, we get
that for j # i:

() — CPEBWEG,0) _ exp(-BWR(X;,6))
TSN exp(—BWE(X, ) T exp(—AWE(X.£))

< exp (—B(W3(X;,€) — W3(X3,9)))

S exp (_2ﬁ>\mind)
€
= . 12
N (12)
The next steps of the proof are toward obtaining an upper bound on Wa(® (&), X;). Using Lemmal]
and Lemma[2] we get
W3(D(£), X;) = [|m’ — pa]|* + tr(AQAT 4+ 5; — 2((AQAT)'/25,(AQAT)V/2)1/2) - (13)

where m’ = Zi\;l w;(&)p; and A := Zf\;l w; (&) A;. We refer to the above first term as the mean
error and the second term as the covariance error.

First, we bound the mean error. Using ||ux| < Wa(Xy,do) < My for all k, w;(§) = 1 —
> ji wj(€), Jensen’s inequality, and the bound in (TI), we get the following bound on the mean
error:

I — aill* = 1 (wi(€) = D+ Y wi( @l = 11D wi (€)wg = m)l* < D - wi (Ol — pal® < deMy
J#i J#i J#i
(14)
Second, we bound the covariance error. Note that the definition of the transport map A; :=

s 2axl?) 1281 vields

4;04T = 2135120zl 2wPan A (nl2ax /A T2 el? = (15)
where in the first equality we’ve used A; = A]T. Since A = Z;yzl w;(§)A; and w;(€) > 1 — ¢,

we write A = w;(€)A; + R, where R := >z wi(§)A;. Since A;, R are symmetric, and since
A;QA; =%, from (13), we obtain
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= (wi(§)A; + R)QUw;(§)Ai + R)
= w;i(€)?%; + wi(€)(A;QR + RQA;) + RQR. (16)

Next, we find bounds on operator norms of the matrices in @) By definition of A;, and since the
eigenvalues of X,  lie in the interval [Amin, Amax], We get

1/2 1/2 1/2\— 1/2
145llop = IZ52 (=} 208}/ %) 12802,
1/2 1/2 1/2\— 1/2
<112 2 opll (22985 %) V2 |op 1S5 o
1
S V )\max ° )\7 “V )\max

=K, (17)

for all j € [N], where  := $==_ Using (7)), the definition of R, and the fact that w;(§) < 1=
obtained in (TT)), we get:

[Rllop <D wi (€)1 4;llop < e (18)
J#i
Using (T8), we get
IRQRop < IRII3, - 190lop < €26 Amax , |Ai2Rlop < | Aillop - [lop - [1Rllop < £ Amax - (19)
By plugging the bounds in (19) into (T6), and using w; (&) < 1, we get
IAQAT — w? (€)Sillop < 2w;(€)er® Amax + €K Amax < £ Amax(26 + €7) (20)
and
[AQAT [|op < Amax + 5% Amax(26 +€2) . 21)
Next, since w;(§) > 1 —e:
[w? (€)8i = Billop = 11— wi (E)[Sillop < 26 Amax-

Using the above inequality, along with the bound in (20), by applying triangle inequality, using the
bound in (ZI), and using € < 1, we get

[AQAT — %illop < K2 Amax(26 + %) + 26 Amax < Amax€(352 +2). (22)

Finally, we bound the covariance error. By definition of the Frobenius norm inBhatia et al.|(2019)[The-
orem 1],

O -~ -~ 1/2 O
(tr(AQAT T 2((AQAT)1/QEZ-(AQAT)l/Q)l/Q)) = min, I(AQATYY2 — (2)Y2U g |
€

where U(d) is the group of all d x d unitary matrices. Taking U = I yields
tr(AQAT + %, — 2((AQAT)Y/25,(AQAT)Y/2)1/2) < ||(AQAT)Y? — (2)1/2) 2. (23)

Next, by using the fact that for any two d-dimensional positive definite matrices P, Q: ||P — Q||r <

VA||P = Q|op. using [ PY/? — QV/2|lop < ||P — Q|of” for any two positive definite matrices P, Q
from Bhatia (2013)[Theorem X.1.1], and using the bound in (22)), we get

iy i 1/2 iy i 1/2
|(AQAT)? — 1|2 < dl|(AQAT)V2 — 5173,
< d||AQAT — 5| lop
< d(3k% + 2)eAmax - (24)
By plugging the bound in (24) into (23)) gives the following bound on the covariance error:
tr(AQAT + %, — 2((AQAT)Y/25,(AQAT)Y?) < d(3K2 + 2)eAmax - (25)
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Finally, adding the bound on the mean error in (T4) and the bound on the covariance error in (23), we
obtain the following bound on the 2-Wasserstein distance:

WE(®(€), X;) < 4eME, + d(3k% + 2)eAmax - (26)
log N+log <7iM‘2’V + 720[“1‘(%2“) >
Since 3 > T from the assumption in this lemma, we have
e = Ne_gﬂ)\mmd < @ (27)
~ 8M3,
Therefore, from (27), we obtain
)\min
4eM3E, < 5 (28)
log N+log <7iM‘2’V + 72M’“§X(?.m2+2) )
Next, note that 5 > S also implies
2dAmax (36242
B> ;
2)\mind
and e = Ne 2Fmind < m Hence,
)\min
d(35% + 2)eAmax < 5 (29)
By plugging and into (26), we get
Wg(@(f),X,) < Amin =7
This finishes the proof. O

The following lemma proves a contractive property for the operator ®.

Lemma 4. Let X1, Xs,..., Xn € Pa(R?) be Gaussian distributions with X; = N (u;, ;) where
the eigenvalues of all 3; lie in [Amin, Amax]- Let k := dnac - Define Myy = max; W (X5, d0) where

Amin

dg is the delta measure at the origin. Assume the separation condition

A; :=min(—log(X;, X;)2) > glog(élw)\max) +d.

i#]

Assume d > max {36, 2/\1 —, (2?;';11':1)5 } and that § > max{1, 682)}, where

£ Amax 48VdrAS 2 Amax
g N -+ log ( (M + 21530058) (40w + 46(3 + V) (3R + 20w) ) + ks (20 4 2520 ) )
2)\mind -1

B =
(30)

Define the radius v := \/Amin. Then for any £,n € B.(X;), where & = N (m¢,X¢) and n =

N (my,, X)) with eigenvalues in [Amin, Amax), the operator ® satisfies

where L < 1.

Proof. By definition of L? inner product, we have:
d 1 1 _
—log(X;, Xj) 12 := 5 log(2m) + 5 log % + X[ + 5 (i — ) (B + 55) " (i — ) - 3D

Since all eigenvalues of X;, ¥; are in [Anin, Amax], the eigenvalues of X; + X; are in [2Anin, 2Amax]s
and the eigenvalues of (; + ;) ™! are in [1/2Amin, 1/2Amax]. Thus

1

L 112
T s — g || .

B 1
lpts = 117 < (i = )™ (s 25) 7 (= 115) < 55—

(32)

(2)\min)d S |Ez + 2j| S (2)\max)da
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By plugging (32) into (3T)) we get

d 1
—log(Xi, X;) 12 < 3 log (47 Amax) + ﬁ\\m 1 (33)

From the separation condition, we have that for all ¢, j € [N],
—log(X;, X;)p2 > A; > glog(éhn\max) +d.
Therefore, by plugging the bound in (33) into the above inequality, we obtain
i = 13 )1* = AAmind . (34)
Next, for j # i, Wao(Xs, X;) > [|iti — g1 = 2v/Amind. So, for j # 4, by triangle inequality:
Wa(X;,€) > Wa(Xy, X;) — Wa(Xi, ) > 29/ Amind — 7 = V Amin(2Vd — 1) ,

and for d > 4:

WE(X;,€) = WE(Xi,€) = Ain |2V = 1)2 = 1] = Ain(4d — 4Vd) = 20ind. (35

Next, we obtain bounds on the weights wy, (§) for all & € [N]. By definition of the weight w; (&), by
the bound in (33), and by using H% > 1 — 2 for all z > 0, we obtain

wn(€) = exp(—BW3(Xi,6)
’ SN exp(—BWE(Xy, €))L+ D exp (=8 (W3 (X, §) — WE(Xi,€)))
1
T E (N = 1) op(—28rmmd)
> 1 — Ne 2PAmind
e, (36)

where ¢ := Ne282mind_ Note that by the constraint on /3 in the statement of this lemma, we get

log(N) _ log(N)
Amind —1 = 2Amind

This yields N < ¢2#*mind and hence ¢ = Ne~28Amind < 1

ﬂ22

Similarly, by using the definition of the weight w; (), for j # 4, and the bound in (33)), we get
eXp(_BW22(Xj7€)) < exp(—ﬁWQQ(X],f))

) = S 28 © e AWE(K,g) = P A0 T )
< e_QBAmind
5
= 37
N (37
. exp(—BW2(X;,
Now, since w;(§) = B lBATE s and WE(X,€) = [l — me|® + (S + B —
2(22/22]-22/2)1/2), we get that the gradient of w;(£) with respect to my is
vﬁL& Wy &) = Wiy (§)v7rLg log w; €3]
= 28w, (&) | > wi(€)(me — ) — (me — p5) | - (38)
k

By triangle inequality: ||me — | < ||me — will + |s — 1451 < 3v/Amind. This means

Dok We(&§)(me — pi) < maxg||me — x|l < 3v/Amind. By plugging this bound along with the
upper bound in (37) into (38)), we obtain that for j # i:

[Vimew; (€)]| < 12Bw; (&) Amind < 128e™2PAmind (/X d. (39)
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From Lemma [2[ for ®(§) = WN(m{, ;) where m; = vazl wi(§)pi and ¥y =

O wi(§)A) Xe (O, wi (©)A;)". Also, from Lemma |1/ for Gaussian measures ®(¢), ®(n), we
get

1/2 1/2
W2(D(), (n)) = [mf —ml|> + tr (2’5 I YRR Tl 8 Yl )1/2) . (40)
Next, we bound the two terms in @) For the first term, by definition of m’g, m%, and the fact that
ZkN:1 wi(§) = 1, we get
N
mg —mly = [w;(€) —w; ()]s =Y _[w; (&) — w;(m)] (s — psa) (41)
i=1 i
By Asuka (201 1)[Lemma 2.3], the optimal transport map from the Gaussian measure £ = N (mg¢, X¢)
to the Gaussian measure 7 = N (m,,,%,) is given by T'(z) = m, + A(z — mg¢), where A =
E}]/ 2(2:,/ 22523,/ 2)’1/ 22}]/ ®. Next, the geodesic interpolation (in the Wasserstein space) & =
((1—t)I+tT") 4£ is the pushforward of £ via the map Sy (x) = ((1—t)I+tA)x+(tm,—tAme). Since
the pushforward of a Gaussian N (m, ¥) through an affine map z — Cz +d is N (Cm +d, CXCT),
we get that for 0 < ¢ < 1: the geodesic interpolation &; between Gaussian measures & and 7 is given
by & = N (mg,, 3¢, ), where me, = (1 — t)mg + tm,, and
Ye, = (1= ) +tA)Se((1 — ) +tA)T
=(1—1)28 +t(1 — ) A% + t(1 — )2 AT + 245 AT
= (1 —1)*%¢ + 2t(1 — t)Sym(AS¢) + 2%, . (42)
The next steps of the proof are directed toward obtaining a bound on |w;(£) — w;(n)| using the
mean-value theorem so that m; — m;, can be bounded in @I).

Define g(t) := %, where a;(t) :== W3(X;,&) and & = ((1 — ¢)I +tT) & again be the
k=1

geodesic interpolation of &, 17 in the Wasserstein space, where 1" is the optimal transport map from &
to 7). By the mean-value theorem, there exists a t* € [0, 1] such that:

w;(n) —w;(§) = g(1) — g(0) = g'(t") . (43)

Note that for any ¢ € [0, 1], using the definition of g(t), and differentiating g(¢) with respect to ¢, we
get:

N
g'(t) = w;(&)B [Z wi (&) aj(t) — a;<t>]
k=1

= w;(&)6

> wi(&)(ak(t) — (t))] : (44)
k=1

Next, for Gaussian measures X, = N (uy, Xx) and & = N (mg,, ¢, ), by Lemma we have:
ar(t) = W3 (X, &) = ik — me, |* + dj (S, Be,)

where d% (%, Q) := tr(Z + Q — 2(X/2Q%1/2)1/2) is the squared Bures metric. By differentiating

ak(t), we get

d d
a;c(t) = 2<%m£t ) Mg, — /,Lk) + %dzB(Ek’ th) .

Since mg, = (1 — t)mg + tm,, we have -£m¢, = m, — me. Plugging this into the above equation
yields

d
ai(t) = 2(my —me , me, — pu) + %d%(zkv Xe,)
and therefore

SISk Te) - (55,5 @49)

ay(t) — aj(t) = 2(my —me, pj — px) +
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By plugging @3] into the expression for ¢’(t) in [@4), we obtain:

710) = wy(@)8 S (6 20, .y = ) + 15 (B D) - dB(55, B

N

= 2w; (&) B{my —me , pj — Zwk Eur) +wi (6B w (ft) [dB(Ek’EEt) A5 (55, %, )] -
k=1 k=1
(46)

By the triangle inequality, for any ¢ € [0, 1], using W5 (&, &) = tWa(n, £), we get:
Wa (&, Xi) < Wa(&e, §) + Wa(€, Xy) = tWa(€,m) + Wa(€, X;) <2tr+7r <3r.  (47)
Next, by triangle inequality and the above bound, we obtain:
Wo (X, &) > Wa(X5, Xj) — Wa(X5, &) > / Amin (2Vd — 3) .
By squaring and using ([@7) again, we get
W3 (X5, 60) = WE(Xi, &) 2 Anin(4d — 12Vd).

For d > 36, we have Apin (4d — 12v/d) > 2\pind. Since (36). provide bounds on the weights
for any £ € B; such that (33) holds, we get that for j #
€
wz‘(ﬁt*)Zl—fva‘(ft*)Sﬁ- (48)

By plugging (8) into (6) with ¢t = ¢* and for a fixed j # i yields

g'(t*) = 2w; (&) Blmy — me , pj — Zwk € Vi) + wj (& ﬂZwk &) [d2 (Zk, Be,) — dB (25, 5¢,)]

k=1 t=t*

d
< 7‘? e = 3 ) + S S L 55k (55,5, 3
k=1 k#i =t*
5

Wil ) [ (8 Be,) — (55, B, (49)

t=t*

Now we obtain bounds on the different terms in (9). For the first term, by the Cauchy-Schwarz
inequality, using ||m,, — m¢|| < Wa (€, n), triangle inequality, the definition My, = max;||u;]|, and
the bounds on weights in (36), (37), we obtain

2 2
2Dty =y — S (e dan) < 2 g — el sy — 3wl o
2e
< WBW2 (&)l — wi(&e s — Zwk(ft*)MkH
leti
2ef3
< S W& | llwi€e) (g — )l + (11 = wi(€e))ms = Y wn(er)on |
k#1
< ZPwyeon) [2M + M+ (N 1) S0 ]
< Al +e)fMw Wa(E,m). (50)

- N
Next, we bound the second and third terms in (@9). First, consider % zd 2 (Zk, B¢, ) Denote 2 T e

for element wise derivative of X¢,. By chain rule, cyclic property of trace, and the definition of the
optimal transport map A (t), from &, to Xy, in Algorithm l we have
d

d
2 g2 -2 _ 1/2 1/2y1/2
dtd 5(Xk, X¢,) dttr (Zk—i—Egt 2(3, 3,3, 7) )
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d 2 2\ _1/21/2 4 2
=tr (dtzzt - (575 5/ %2&2}/
S AL 21/2)—1/221/2i2
dt =& k ko 6k kg s
d d
=tr| =g — A(t) =X
(G5 - A0
d
=tr (I - Ax(t) 5, | - (51)
Therefore, from (31)), we get:
d d
G e) - (55 5e)] = v (4,0 — Au(0) 555, ) - 52)
Differentiating the formula for the covariance matrix of the geodesic interpolation between & and 7 in
@2), we get
d
- 56 = —2(1 — )T +2(1 — 2t)Sym(A%¢) + 243,

( )
=2t(%, — Z¢) — 2(1 — 2¢)8¢ + 2(1 — 2t)Sym(AX¢)
=2t(5, — Z¢) — 2(1 — 2¢)Sym(Z¢) + 2(1 — 2¢)Sym(AX;)
= 24(3,) — S¢) +2(1 — 26)Sym((A — ) %) . (53)
From|Asuka) (2011)[Lemma 2.3] the optimal transport map from { = N (me¢, X¢) to n = N (m,;, £y)
is given by T(z) = m, + A(z — m¢) where A = £1/*(S1/25¢51/?)=1/25)/?_ Therefore, 3, =
A AT, we obtain

Sy =S = AT AT - S = (A- DY+ S(A-DT +(A-DZe(A-DT. (59
Next, using the fact that the matrix A is symmetric and %, = AEgAT, we get
(52 Ax)%)? = 52 AxeAny? = 57w, 5.

Since (Eé/ 2A22/ 2)2 and Eé/ 22,722/ % are symmetric positive definite, they have unique square roots
o)

1/2 4 l1/2y _ [(w1/2 1/2\1/2
(£ 45, )_<EE 5,5k ) . (55)

Now by definition of the Bures distance, using (53)), the cyclic property of trace, X¢ = Amin/, and
the fact that A is symmetric, we get

4% (S, %) = tr(Se) + tr(S,) — 2tr ((zg/zznzéﬂ)l/?)
= tr(Se) + tr(ANeAT) — 2tr ((zg/QAzg/“'))
= tr(Xg) + tr(A%5e) — 2tr (A%)
=tr((A—1)"%)
> Amintr((A = 1)?)

— Al A = I|I2. (56)
From (56)), we infer
1
A—TIllp < ——dp(Se,5,) . 57

By using || X¢|[r = || Xy |lF = Amax. plugging (37) into (54), and using dp (¢, 2,)) < Wa(€,n) < 2r,
we get
12 = Syllr < 2Amaxl| A = Illr + Amax]| A — 1|7
2)\m x /\m X
Zdp(Te, By) + T dB (D¢, B)

min >\m1n

<
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2)\max 2r
< 1 W-
< m( * Amm) 2(6m)

_ 6Ama><
B \% Amin
By plugging (58) and (37) into (33)), we get

Wa(&,m) .- (58)

d
72&

|| < 20, el 20 -2 symia - g

[

1+ ) Wa(&;m) + 2 |[(A = D)l

Amax

+VAWa(€,7) . (59)

Amax (1 >W2 &m) + 2| A = Ilg [1Z]lop
3

By applying trace inequality and plugging (39) into (32), using triangle inequality, plugging
into (52)), using the definition My, := max; W2 (8o, X;), using the fact Wo (&, X;) < Wa(&, X;) +
Wa (X5, X ) < r + 2Myy, and using the definition of the radius of the Wasserstein ball r = /Ay,
we get

B Te) — 32,56 =t (4,00 - Au(0) 56,

a — e,

< 14;(8) - Au(O)le | 5

F

< 1A, (0) — Tl + [ Ax(t) — T[] - Az

min

(3 + VA)Wa(€,m)

1 2)\max

< m(dB(Eguzj) +dp(Ze,, Zk)) - m(?)—k Vd)Wa (&, n)
< 2)\)\m.ax (3+ \/g) (Wa (&, X;5) + Wa(&e, Xi)) Wa(&,m)

< 4)\)‘m.a>< (3+ \/g)(;),r + 2Mw )Wa(€,n)

_ 4:\m.ax (3 + \/&) (3\/@ + 2MW> W2(€7 77) : (60)

Note that the above bound holds uniformly for all ¢ € [0, 1] (including ¢*). To simplify notation in
subsequent steps define Cy (d) := %(3 +v/d) (3y/Amin + 2Myy). By plugging the bound in (50)
and (60) into (@9), and using e < 1, we get
. 4e(1 + &)BM e2BC(d

90y < 20T ey g S gy
8eBMw 2¢BC, (d
N 2(§m) + Tl()
2e3

= 5 (4Mw + C1(d))Wa(€, 7). (61)

By plugging the bound in (61) into [#3)), we get that for all j # i
< 2ep

%MWZ (5; 77)

IN

WQ(&, 77)

|w; (€) —w; ()| < 19'(17)] < 7 (4Mw + CL(d))Wa (&, 1) (62)
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Next, by plugging the bound in (62)) into (@I}, and using ||k || < Mw for all k, we get the following
bound:

[ —mi || < |w;(€) — w;(n)] - 2Mw
Jj#i
< 4defMw (4Mw + C1(d))W2(€,m) - (63)

This yields the bound on the first term in #0). The next steps of the proof provide a bound on the
second term in (@0).

We recall the transport map coefficient A = Z;\;l w;(£)A; from Lemma where A; is the transport

map coefficient from £ to X;. Since, we have two Gaussian distributions £, 7 in this lemma, in order
to distinguish between the transport map coefficients corresponding to £, 7, we use the notation

At = Zjvzl w; (§)A§ and A" := Zjvzl w;(n) A7, where A?, Al are the transport map coefficients
from £ and 7 to X;, respectively.
Recall the definition A5 1= 5/2(S1/?5,51/2)=1/25/2 A7 .= x1/2(52/2%, w11/2)-1/251/2 o

simplify notation in the next steps, we define M 1§ = E,lf/ 225 Ei/ % and M J = Z,lc/ 227,2,1/ ?. Note
that

Af = AL =7 ()72 - ()R] 2y

= 32 [ ™) = () )] 3 (64)

By applying Bhatia|(2013)[Theorem X.3.8] with f(¢) = t}/2 and using (Mé)_l =1L (M)~ =

2
/\max
1
ax

s2—1, (M}")™' < 53—1, and using the bound in (58),

2
/\max

s Lousing || - [lop < || - [l using (M) ~! <
we get

HME) Y2 = (M) Y2 < 2721 — (M)l

2
Amax - _
= S5 N ME) T (M = MY (M) ™ oy
Amax §y—1 n < ny—1
< 5 IOE) ™ lopll My — M llop 1 (M) llop
Amax
< oy 1M = Ml
Amax |{ga1/2 1/2
< oy 120 — 2% op
Amax 1/22
< oM\ : ”Zk ||0p||277 _Zﬁ‘IOP
bY: 6
< max | max W
> 2)\§1in )\min 2(6777)
3A§nax
= NE Wa(€,m) - (65)

By plugging the bound in (63) into (64)), we get

14§ — A7llop < 1=/ 2112, - (M) Y2 — (M) 1) Y2op
4

3)‘max
< (e, ). (66)

min

The final steps of the proof provide an upper bound on the second term in [@0). We write AS =
AS + RE, where RS = P w; (€)(AS — A3). Since 3y = AL AT and X, = A%, AT, we get

St = (Af + R%)Se(AS + RS)T
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= ASB(AD)T + ASEe (RS)T + REDe(A5)T + REE¢(RS)T

=% + A8 (RE)T + RS (A5)T + RES(R)T, (67)
and
St - 3 = (AFSe(RE)T = ATS,(RNT) + (RESe(ADT = RIS, (A7) + (RS¢(RE)T - R7Z,(R)T) .
(68)

Note that by triangle inequality and (T7),

N —1)
1B oy = |y €45 — 49| < T (A 1 148 op) < 225 (69
J#i op
Also,
(BT = R®, (70)

because (A5)T = A for all k. Additionally,

RS — R =3 [ (€)(A5 — AF) — w;(n)(4] — AD)]
=D [y (&) — wy ) (A5 = AD)] + 37 ) (45 — 4D — (47— AD) | . 1)

For the first term in (7T), by using (T7) and (62), and using || A||r < V/d||A||op for any matrix A, we
obtain

; {(wj(i) — w;(n))(AS - Af)} <(N-1)- %(zuww + C1(d))Wal(€, ) - 2V dr
< 4eBVdr(AMy + Cy(d)Wa(&,7) . (72)

For the second term in (7I), by using >_.; w;(n) < e, the fact that [|Allr < V|| Allop for any
matrix A, and the bound in (66), we get

> Jwn) (A5 = 45 = (47 —AD) || <D wim) 1045 = AN e+ (A5 = AD)le]
j#i g J#
A Vd
Shma v EZ{WQ(&U) ;wj(n)
4
“Tg/ﬁg Wa(&,m) . 73

min

By plugging and into (71), we get

62V de
RS — Rl < [wﬁn(ww +C1(d)) + —"g— | Wa(&,m). (74)
Now consider the first term in (68). By using (69), (70), (74) along with submultiplicativity of the
Frobenius norm, the bounds in (58) and (66), we obtain

|ASEe(RET = ATE, (RN [l = [[(AF — ADZe(RT + A (S — B,) ()T + AT, (RS — BT

< 1145 = A7llENZelopll (RS llop + 1147 lop IS — Sl ll (RE) T llop
+ A7 lopl1 B llop | (B — BT

6V ek 126 Amax k>
TWQ(& n) + T”@(f, n)

min
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4
+ K Amax [w\/&ﬁ(ww +Ci(d) + W] Wa(&,m).-

min

(75)

Next, consider the second term in (68). Since the transpose of the second term in (68) is equal to the
first term in (68)), we obtain from (73) the following bound

6Vd\2 ek 126 A max k>

W2 (fa 77) + \/m WZ (ga 77)

|REze (AT - Rz, (an” | < N

min

4
+ KAmax [455\/&H(4MW +Cy(d)) + W] Wa(&,m) -

min

(76)

Finally consider the third term in (68). By using the bounds in (74), (T7), (18), (38), (69), (70), and
the fact that || A[|r < V/d||A|lop for any matrix A, we get

IR Se(RS)T = R7S,(R")T [lp = [[(R® = R")Ze(RS)T + R™(S¢ — 8) (R + RS, (RS — R")" |y
< (RS = RMSe(RS) |le + 1B (S — ) (B |lp + |1 R7Sy (RS — R") |y
< RS = Rle ] e llop 1B llop + IR lopll B¢ — Sl | B lop
+ 1R opllZn llop | RS — R"le

6)‘ilnax\/gg
< [4epVdr(4My + Ci(d)) + 9/2] AAmaxeW2 (€, 1)
242 k% Amax
———W5(&, 7). 77
o 2(€,m) (7)
By plugging the bounds in (73)), (76), (77) into (68), we get
12VdN2 ek 248 Amaxk> 6AL  de
! ! max max max
[ — 3 llr < )\?n/iia + N + 2K A max [455\/&/1(4MW +Ci(d)) + ﬁ Wa(&,n)
6L Vde 2462 K2 A max
+ 45ﬁ\/;i/€(4MW + Ci(d)) + ?)/2] 2Amaxek + Wma Wa(&,n).
min (78)
To simplify notation in the next steps, define
62V d
Cr(d) := 4ﬁ\/gﬁ(4MW + C1(d)) + ;193;(2\[ .
12VdN3 ek 248N maxk? 24K% Amax
0271(61) = )\?n/li + \/m + QKAmaXCR(d) , 0272 = 4H>\maxOR(d) + ﬁ .
Using this notation we rewrite the bound in (78) as
158 = 27 llp < (eCsa(d) + 2Cx 2 (d))Wal(€,m) . (79)
By definition of the Bures distance in|Bhatia et al.|(2019)[Theorem 1],
dp(2¢, %)) < (Z)Y2 = () e, (80)
and by Bhatial (2013)[Theorem X.3.8], we have
1
1(26)"2 = (=) 2l < 1% — 5l (81)

2 V Ai’nin

where \[;, is the lower bound on the eigenvalues of XX, 3 . In the next few steps of the proof we
show that \/ . > % By Bhatia (2013)[Corollary II1.2.6], we have that for Hermitian matrices
A, B:

max;|A;(A) = A (B)| < [|A = Bllop -
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Since E’f = AE§ AT and 3; are symmetric, from the above inequality, we obtain
|Amin(2/§) - )\mm(EL” S Hzlg - Ei”opv

and therefore, A[;;, > Amin — || 3% — Xi|op- Next, the bound in (22) yields

min

!/
A1’1’111’1

> Amin — Amax€(36% 4 2) = Amin (1 — (367 +2)) . (82)

Now, the constraint 8 > max{1, 5(()2)} in the statement of the lemma implies re(3x% + 2) < 1/2

for d > (2‘;';6:21)0 By plugging this into (82), we get X/ .. > Ayin/2, which when applied to the
inequality in @ yields

I(Z)12 = (=) 2 < \/7H2£ DA (83)
Hence by using the bounds in (79) and (80), we get
1
dp (3¢, %)) < T(ECE’l(d) +&%Cs 2(d))Wo(€,n) . (84)
By plugging the bounds in (63) and (84) into a? + b2 < ,and using € < 1, we
get
eCx1(d) + 2Cx 2(d
Wa(B(€), 8(0) < [sC;, + EED L2y e
Cs1(d)+ Cx2(d
<e [Cm(d) 4 Gzl );; Am( )] Wa(€,m)
where Cy, (d) = 48Mw (4Mw + C1(d)) and L := ¢ [Cm(d) + %} We introduce
more notation to simplify the next steps:
24K AmaxVd(4 My + C1(d)) 1 48V dr\? 48K% Amax
d) =AMy (AMw+C1(d))+ , m2(d) = max
771( ) W( v 1( )) 2)\min 772( ) 2>\min )‘rgn/i \/m

With this notation note that C,,,(d) + Cx,1(d) + Cx 2(d) = Bn1(d) + n2(d). For 8 > 1, we have
B (d) + n2(d) < B(mi(d) + n2(d)). This means L < €B(n1(d) + n2(d)). Finally, we show that
eB(m(d) + n2(d)) < 1 which would imply L < 1. In the statement of the lemma, we assumed
B> By = e N+1°g(’71(d)+’72( D+2 For B > fo, this constraint on 3 implies Qﬁ)\mmd B8 >
log N (n1(d)+n2(d))+2. Next, flogﬂ > —fimplies 28Anind—1log 8 > log N ( 771 )+772(d))+2
Takmg exponentials and rearranging terms of this inequality, we get Ne ~2BAmind B( m &d +na(d

. Since e72 < 1 we have Ne~2/Amind (), (d) + no(d)) < 1. Since & = Ne~2FAmind we have
shown that e3(1(d) + n2(d)) < 1, and therefore L < £8(n1(d) + n2(d)) < 1. This finishes the
proof.

O

Remark 3. Lemmal[3|proves that the map ® is a self-map and LemmaH]proves that ® is a contractive
map. The following lemma puts these two facts together to prove the existence of a unique fixed point
in a neighborhood of the Gaussian measure X; for all i € [N].

Lemma 5. Let {X; = N (u;, Zi)}i[il be N d-dimensional Gaussian measures such that 3; > 0
and the eigenvalues of ¥; lie in the bounded interval [Amin, Amax| for all i € [N]. De-
fine the Wasserstein balls B; around the Gaussian measure X;, for i € [N], as B; =
{V € Po(RY) : Wo(Xy,v) </ mm} Let ﬁol), ) be as defined in Lemma (3| and Lemma
respectively. Assume the separation condition

A; = min(—log(X;, X;)r2) >

i#]

Ifd > 36,2 mind > 1, and B > max{1, ﬁ61)7 582)}, then the map ® has a unique fixed point in B;
foralli € [N].

0g(4mAmax) + d.

| Q.
—
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Proof. Since B; is a closed subset of P»(R?) and since (P2(R?),W>) is a complete metric
space, we have that (B;, W) is a complete metric space. Finally, since for 2\pind > 1 and

£ > max{1, ,8(()1), 652)}, we have that ® is a self-map by Lemma |3| and a contractive map by
LemmaE], we conclude that ® has a unique fixed point theorem in B;, for i € [N], by Banach’s fixed
point theorem. O

The next steps are to prove storage capacity of the energy functional defined in (I). We begin by
providing an algorithm to sample Gaussian measures from a Wasserstein sphere.

Algorithm 2 Sampling Gaussian Measures from a Wasserstein Sphere

Require: Dimension d, spectral bounds 0 < Apin < Amax < 00, number of samples N
Ensure: Set of Gaussian measures {X; = N (u;,2;)}Y; on a Wasserstein sphere of radius R
centered at dg
1: fori=1,...,N do
Sample eigenvalues: Generate Aﬁ”, o AE;) iLd- Uniform([Amin, Amax))
Compute trace 7; < S¢_ A
Sample orthogonal matrix from the Haar measure:
Generate Z € R%? with entries Z;;, '~ N(0,1)
Compute () R decomposition of Z, i.e., Z = QR
Q; + Q- diag(sign(R11), ... ,sign(Ryq)) _ _
Construct covariance matrix: ¥; < Q; diag()\gl), . )\g)) 5
9:  Sample mean:
10:  Sample Z ~ N (0, I)
11: Mg < R2—7i~ HZH
12: X; (—N(,UZ,EZ)
13: end for
14: Return the Gaussian measures { X; }1¥ ;

AT A

Remark 4. Note that QR decomposition of the real matrix Z in Algorithm2]implies Q is orthogonal.
The proof of the claim in Algorithm 2| that the matrices Q;, defined in line 7 of Algorithm 2| are
distributed according to the Haar measure on the space of orthogonal matrices O(d) is provided in
Mezzadri (2006)[ Theorem 1].

A.4 PROOF OF THEOREMII]

Proof of Theorem[I} Let X; = N(p;,%;) and X; = N(pj, ;). By definition of the L?-inner
product between Gaussian measures, we have

d 1 1 _
— 10g<Xz y Xj>L2 = § 10g(2ﬂ') + 5 log ‘Zz + 27| + 5(/,[,1 — /LJ)T(Zz + 27) 1(/,(,z — ,U,]) . (86)
By construction in Algorithm the eigenvalues of ¥;, for all ¢ € [N], lie in the bounded interval
[Amin, Amax] almost surely. Therefore, for any pair ¢, j, the eigenvalues of the sum 3; + X, lie in
[2Amin, 2Amax] almost surely, and we obtain |3; + X;| > (2Amin)? and (Z; + ;)71 = (2Amax) 71
almost surely. Applying these to (86), we get, almost surely

o s = P
4)\max ’

To establish the desired separation condition in the statement of this theorem, it suffices to show that
for all i # j:

d d
—log(X;, X;)r2 > B log(2m) + 5 log(2Amin)

d i — pill> _ d
Zog(4m M) + ML S 200 (47 Amay) + .
20g(7r )+ D 2<>g(7T ax) +

Rearranging this inequality and using £ = Amax/Amin, We get

1 — py 12 > 2dAmax(log & + 2) . (87)
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By Algorithm 2| we have that for all i: y1; = r;u; where u; is uniform on the unit sphere S~ and
r; = vV R? — 7; with ; = tr(3;). Since each eigenvalue lies in the interval [Amin, Amax], the trace
satisfies 7; € [dAmin, dAmax] almost surely. Using R? = 2dAmax(2 + log k), we get the following
bound on 7;:

7 = R? = 7; > 2d)Amax(2 + 108 £) — dAmax = dAmax(3 + 2log k) as..

Define rmin = \/dAmax(3 +2log k). Next, We claim that ||p; — p;]|? > 22, (1 — (u;,u;))

almost surely. To verify this, fix ¢ < 1 and consider the function f(r;,7;) = r? + 7“]2 — 2rr;t
over the region D := [Fiin, 00) X [Fmin, 00). We will show that f(r;,r;) > 2r2. (1 —t) for all

(ri,75) € [Fmin, 00) X [Fmin,00). Fort =1, f(r;,r;) = (r; — rj)2 >0=2r2, (1—t).Fort <1,

the Hessian of f is {_2215 221 , which has eigenvalues 2(1 — ¢) > 0 and 2(1 4 ¢) > 0. Thus f is

strictly convex. The unique critical point, found by setting V f = 0is (r;,r;) = (0, 0) lies outside
the domain of f. Since f is strictly convex and D is a convex set, the minimum of f is attained at
(Tmin, "min) and hence f(r;,7;) > 2r2. (1 —t) forall ¢ < 1. By noting (u;, u;) < |Ju;]| - ||u;]| = 1
and |1 — 1 ||* = r7 4+ 77 — 2(u;, u;), and plugging ¢ = (u;, u;) in the function f, we get the claim:
i — 1 = 202, (1= (s, 15)) almost surely.

From it follows that it suffices to prove 272, (1— (u;,u;)) > 2dAmax(log £+ 2), for all i # i, to
establish that the desired separation condition in the statement of this theorem holds. This inequality
is equivalent to

2+ logk
Lug) <1 — Lo
(i ) < 3+2logk
To simplify notation in the next steps, we define § := 32;;1‘1’5;&.

By [Vershynin| (2009)[Theorem 3.4.5], we have that for independent random vectors u, v on a unit
sphere S*~! and ¢t > 0:

P({u,v) > t) < 2exp(—t3d/2). (88)
Since u;, u; are independent random vectors by Algorithm 2} by (88), we get
P((us, uz) > 1—68) < 2exp(—(1 — 6)%d/2).

Since there are (g ) < NTQ pairs of distinct indices i, j, by the union bound, we obtain

P(3i# 5 ¢ (us,uj) >1—68) < N2exp(—(1—0)%d/2). (89)
With N = | \/pexp ((1 — 8§)?d/4) | we have N < p-exp (2(1 — 6)%d/4) = p-exp (d(1 — §)?/2).
By plugging this bound on N? in (89), we get

P(3i#j : (us,uj) > 1—08) < pexp (d(1—6)*/2) - exp(—(1 — §)*d/2) = p.

The above inequality proves that with probability at least 1 — p, all pairs of sampled Gaussian
measures using Algorithm [2]satisfy the separation condition defined in the statement of this theorem.

Next, by using the definition of My, and by observing that all the sampled Gaussian measures are on
the Wasserstein sphere of radius R, we obtain

My, = maxie(n)Wa (60, Xi) = R = /2dAmax(2 + log 1), (90)

The final steps of the proof are aimed toward showing ﬁél), as defined in Lemma and [3(()2), as

defined in Lemma satisfy Bél) < ﬁéz) for all d > dg and My, = \/Qd)\max(2 + log k), where
2

dy := Lmax{36, 2Ai;n , late)” logél/p) }J +1and

etc?
c1:=16k(2 +log k), ¢z := 2k(3k* +2), c3 := %%\/m
To simplify notation in the next steps, define o
Ay(d) := SAM?V + 2dK(3K% + 2),
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2)\min 2>\min )\9/2 Vv )\min

min

24K Amax Vd 1 48\/dK D 48K% Amax
AQ(d) = <4MW + M) (4MW —|—4K)(3 + \/&) <m+2MW>) + < fﬁ max + K ) '

Since My, = \/2d)\max(2 + log k) from (90), we have
Al(d) = (61 + Cg)d. ©n

Since all the terms in A5(d) are positive, using My, = ¢v/d, and using the notation 7 (d), n2(d)
from Lemma ] we get

24K AmaxVd
Ag(d) = ni(d) + n2(d) = mi(d) > (8ked) - # > c3d®/?, (92)
where ¢z := % Combining and (92)), we get
A2 (d) C3 f
d. 93
Al(d) —c1+tco ( )
Using d > dg > % in (O3)), we get
3
A2(d))
lo +2>0. 94
(%0 oY

Now, by definition of ﬁél) in Lemmaand 652) in Lemma@ the condition B((Jl) < ,6’82) is equivalent

to
log N + log A (d) < log N +log A2(d) + 2

2Amind 2Amin — 1
Rearranging the above terms, we get
As(d
—(log N + log A1(d)) < 2Amind (log ( 2( )) + 2) . (95)
Ai(d)

Note that N = /pe®® > 1for d > dy > 8L/2)  Also, by definition A, (d) > 1. By using
these two facts, we have that —(log N + log A c%) < 0, and by using the bound in (94)), we have

2 mind (log (fﬁgjg) + 2) > 0. Therefore, (93] holds for all d > dy and consequently, él) < 652)

for all d > dj.

Finally, by noting that the value of (3; in the statement of this theorem is equal to the value of B(()Z)
in Lemmawith N = {\/ﬁeo‘ﬂ and My = \/Qd)\maX(Q + log k), by noting that the separation
condition in the statement of this theorem is satisfied with probability 1 — p, and by using Lemma 5}
we get that for all 8 > [, there exists a unique fixed point in a neighborhood of X;. Moreover, since
Wa (X5, X;) > 2v/Amind > 2¢/Amin, for d > 1, from (34), the Wasserstein balls 53; are pairwise
disjoint, satisfying the second condition in Definition[T} Consequently, by the definition of storage of
a Gaussian measure in Deﬁnition we can store N = L\/ﬁeo‘dj Gaussian measures with probability
1 —pforall 8 > Sp. O

A.5 PROOF OF THEOREM[2|

Proof of Theorem Part (1) follows from Lemma@ which shows that & maps B; to itself under the
assumptions stated in this theorem.

For part (2), Lemma ] establishes that ® is a contraction on 3; with constant L < 1. By Banach’s
fixed point theorem, there exists a unique fixed point X} € B;. Since X = ®(X /), we have

Wa(eF, X7) = Wa(@(€™), (7)) < L-Wa(e™, X)),
Applying this inequality inductively yields
Wa(eW, X7) < L* - Wa (€, X7).

The bound W5 (£ ), X7) < 24/ Amin follows from the triangle inequality: since £ 0, X} e B;, we
have Wy (60, X7) < Wo (6O, X;) + Wa(Xi, X7) < 2¢/ Amin-

Part (3) follows by solving 2v/ A, - L¥ < ¢ for k, which gives k > log(2r/¢)/log(1/L). O

34



New Frontiers in Associative Memory workshop at ICLR 2026

A.6  PROOF OF THEOREM 3]
Proof. From in the proof of Lemma [3}
W2(®(6D), X;) < 4e M2, + d(36% + 2)eAmax »

where ¢ = Ne~28*nmind_ Since the Gaussian measures are sampled from a Wasserstein sphere of
radius R = \/ 2dAmax(2 + log k), we have My, = R. Plugging this into the above equation yields

W2((ED), X;) < edAmax - [8(2 +log k) + (362 +2)] .
Since N = L\/ﬁe"‘dj < \/f)ead, we have
£ = Ne 2Amind < \/]Se(aflé’)\m;n)d.
Plugging the above bound into the previous inequality yields

WZ(®(ED), X;) < /pel@™2rminddgy - [8(2 + log k) + (3% +2)] .

Finally, taking square roots of both the sides of the above inequality and using 3 > 55*— proves this

theorem. 0

35



	Introduction
	Energy Functional in Wasserstein Space
	DAM in Bures-Wasserstein Space: Storage and Retrieval
	Storage Capacity
	Retrieval Guarantees

	Numerical Experiments
	Conclusion
	Additional Figures
	Related Work
	Additional Numerical Experiments
	Synthetic Data
	Real-World Data

	Preliminary Results
	Proof of Theorem 1
	Proof of Theorem 2
	Proof of Theorem 3


