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ABSTRACT

Modeling stiff partial differential equations (PDEs) with sharp gradients remains
a significant challenge for scientific machine learning. While Physics-Informed
Neural Networks (PINNs) struggle with spectral bias and slow training times,
Physics-Informed Extreme Learning Machines (PIELMs) offer a rapid, closed-
form linear solution but are fundamentally limited by physics-agnostic, ran-
dom initialization. We introduce the Gaussian Mixture Model Adaptive PIELM
(GMM-PIELM), a probabilistic framework that learns a probability density func-
tion representing the “location of physics” for adaptively sampling kernels of
PIELMs. By employing a weighted EM algorithm, GMM-PIELM autonomously
concentrates radial basis function centers in regions of high numerical error,
such as shock fronts and boundary layers. This approach dynamically improves
the conditioning of the hidden layer without the expensive gradient-based opti-
mization(of PINNs) or Bayesian search. We evaluate our methodology on 1D
singularly perturbed convection-diffusion equations with diffusion coefficients
v = 10~%. Our method achieves Ly errors up to 7 orders of magnitude lower
than baseline RBF-PIELMs, successfully resolving exponentially thin boundary
layers while retaining the orders-of-magnitude speed advantage of the ELM ar-
chitecture.

1 INTRODUCTION

Modeling stiff ODEs/PDEs with sharp gradients poses severe resolution challenges (Madhavi et al.,
2025)). While high-fidelity classical methods exist, they are often cost-prohibitive due to stability
constraints and complex meshing requirements (Yagawa & Okuda, [2011). This motivates the devel-
opment of mesh-free, model-based solvers to efficiently resolve stiff dynamics. Physics-Informed
Neural Networks (PINNs) (Raissi et al., 2019) offer a versatile mesh-free framework but suffer from
slow training and hyperparameter sensitivity. Recent benchmarks indicate they often require sig-
nificantly more wall-clock time than classical solvers to reach comparable accuracy, particularly
for stiff PDEs (McGreivy & Hakim)| 2024} Karnakov et al.| [2024). Furthermore, spectral bias and
optimization pathologies frequently lead to the under-resolution of sharp gradients, even in overpa-
rameterized networks (Krishnapriyan et al., [2021))

Physics-Informed Extreme Learning Machines (PIELMs) (Dwivedi & Srinivasan, 2020) substi-
tute iterative backpropagation with a closed-form linear least-squares solution, achieving orders-of-
magnitude acceleration. Yet, the efficacy of PIELMs is fundamentally limited by their initialization:
random, physics-agnostic hidden features often suffer from spectral mismatch with the underly-
ing stiff dynamics, leading to ill-conditioned representations (Huang et al., 2006; Dwivedi et al.,
2025b). Although Radial Basis Function variants like RBF-PIELMs (Dwivedi et al., [2025a}; |Srini-
vasan et al., |2025) introduce interpretable, localized receptivity, they typically rely on static node
allocations that lack the flexibility to track evolving discontinuities and require manually designed
problem-specific heuristics. Consequently, there remains a critical need for principled, data-driven
adaptation mechanisms that can dynamically align basis functions with the moving wavefronts of
singular perturbation problems while retaining the computational efficiency of linear solvers.
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To tackle these challenges, this work introduces the Gaussian Mixture Model Adaptive PIELM
(GMM-PIELM), a probabilistic training framework that treats the PDE residual field as an error
density over the computational domain. We postulate that the log(1 + |residual|) field can be inter-
preted as unnormalized probability density function representing the “location of physics”. We then
learn this distribution using an Expectation—Maximisation (E-M) based algorithm. GMM-PIELM
concentrates hidden-unit centers in regions of high numerical error. This adaptive redistribution
improves the conditioning of the hidden-layer system and enhances expressivity exactly where the
solution exhibits stiff behavior, while retaining the linear least-squares solve of the ELM architecture
(unlike |Tang et al.| (2023))). Compared to KAPI-ELM (Dwivedi et al., 2025b)), that relies on itera-
tive Bayesian optimization for center placement, our method relies on unsupervised learning of the
probability density of the residual field. As demonstrated on 1D singularly perturbed convection—
diffusion equations, the proposed method attains much lower Ly errors than RBF-PIELM while
capturing the complex boundary layer.

Contributions This paper presents a EM-based algorithm to adaptively sample kernels for
PIELMs. Specifically:

* We present a fast and interpretable residual field based expectation maximization algorithm
to adaptively sample kernels for solving stiff PDEs using RBF-PIELMs

* We evaluate the capability and efficiency of the algorithm against RBF-PIELMs using a 1D
boundary layer problem with a single and double boundary layer as benchmark.

2 MATHEMATICAL FORMULATION

We consider a stationary PDE defined on a bounded domain 2 C R? with boundary 9€:
Llul(x) = fz), z€Q Blul(x) = g(x), «eoQ (1)
where L is a linear differential operator, 3 is a boundary operator, f(x) is a source term, and g(z) is

the boundary data. In RBF-PIELM, We approximate the solution u () using a Single-Hidden-Layer
Feedforward Network (SLFN) with N hidden neurons:

o x—ad|?
56) = Y Bi04(0) Zﬂ exp< lo— 1 ) @
Jj=1 5;
where (3; are the hidden unit weights and ¢;(x) are non-linear activations. :rU and s? are the param-
eters of RBF kernel. Sampling these points randomly poses challenge especially for stiff problems
(refer Appendix Section . Dwivedi et al.| (2025a); Srinivasan et al.| (2025) use a manually de-
signed heuristic to sample these points. But these require prior knowledge of underlying physics

and is challenging to adapt in dynamic problems.

2.1 GMM-PIELM: GAUSSIAN MIXTURE MODEL-BASED KERNEL ADAPTATION

The accuracy of the approximation @ in the previous section is heavily contingent on the placement
of the basis centers z7, and the choice of widths s, especially for stiff problems. We address this
by proposing a probabilistic framework that allocates resources proportional to the local physical
complexity of the problem.

Probabilistic Formulation Let R(z;6) = L[ug](x) — f(z) denote the PDE residual field for
the current approximation g. Standard physics-informed approaches minimize the global Ls norm
of this residual, effectively averaging errors across the domain. However, for singularly perturbed
problems, this global metric is dominated by smooth regions, often washing out the high-frequency
errors localized at shocks or boundary layers (Krishnapriyan et al., 2021)).

To address this, we postulate that the log(1 + |residual|) field acts as an unnormalized probability

density function (PDF) representing the spatial concentration of approximation error. We provide

justification for the choice of log-transform in Appendix Section[A.5] We define the Residual Energy

Density, pres(), as:

log(1 + [R(x;0)])
Z )

Dres(x) = where Z = / log(1 + |R(2;0)|) d=. 3)
Q
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Intuitively, pres () maps the “location of physics,” highlighting regions where the spectral bandwidth
is insufficient to capture the underlying dynamics (Nabian & Meidani, 2019; Wu et al.,|2023).

GMM-PIELM Under this hypothesis, the optimal allocation of hidden neurons corresponds to a
distribution of basis centers {c;}7_, that maximizes the likelihood of sampling from this residual
landscape. Hence we model this distribution as a mixture of gaussian

K
ah ~p(2;0) =Y e N (@ | e, D), )
k=1
where © = {mg, ik, Ek}szl are the mixing coefficients, means, and covariances, respectively.

To fit this model to the evolving solution, we employ a weighted EM framework to maximize the
residual-weighted log-likelihood. In the E-step, we evaluate the current approximation and compute
the “responsibility” ¢;z—the posterior probability that the i-th collocation point x; (with residual
weight w; = log(1 + |R(z;)|)) belongs to the k-th Gaussian component:

e N (i | pr, L)
S e N (@i | ey o)

In the subsequent M-step, we update the GMM parameters to concentrate the components in regions
of high error. The updated means y:; and covariances X}, are computed as:

Qik = ®)

Neval Neval Neval
1 1 N N
Ny = ; WiGik, Mf = N ; WigikTi, Xy = N, ; wigir(zi — pi) (@i — ) T (6)

where N.,q; is the number of evaluation points on a dense grid. The derivation of the parameter
updates is provided in Appendix Section[A.4] Finally, we augment the adaptive sampling with a
set of uniformly distributed centers to ensure global domain coverage and prevent basis depletion in
low-residual regions. We then determine the local kernel width s; based on the k-nearest neighbor
distance to ensure consistent overlap even in highly clustered arrangements.

3 NUMERICAL EXPERIMENTS

We evaluate the capability of the GMM-PIELM framework against RBF-PIELM on the singularly
perturbed 1D steady-state convection—diffusion equation with single and double boundary layers. It
is a canonical benchmark for validating numerical schemes designed for stiff dynamics (Roos et al.}
2008). The underlying PDE is defined on the domain = € (0, 1) as:

where v > 0 represents the diffusion coefficient. The exact analytical solution is given in |[Dwivedi
et al. (2025b). We assess performance in the stiff regimes of = 10~*. This equation serves as
a fundamental model for high-Péclet-number transport phenomena encountered in fluid mechanics,
isolating the physics of boundary layer formation where advective forces dominate diffusive ones.

The primary computational challenge in this regime is the formation of an exponentially thin bound-
ary layer of width 6 ~ O(v) near the outlet (z = 1). Resolving this feature typically necessi-
tates prohibitive mesh densities (N >> 1/v) for uniform solvers, while learning-based methods
like PINNs suffer from pronounced spectral bias, often failing to capture the high-frequency transi-
tion without specialized loss weighting (Krishnapriyan et al.l [2021; [Wang et al.| 2022). Similarly,
standard PIELMs with randomized initialization frequently lack sufficient basis support in this nar-
row region, leading to ill-conditioned linear systems and degraded accuracy (refer Appendix Sec-
tion[A.T). Refer Appendix Section[A.6 for implementation details.

Results We observe from figures[Taland [Ic|that our method (GMM-PIELM) is able to capture the
sharp boundary layer at x = 1 (z = 0, 1 in case of double boundary layer) as opposed to our baseline
(RBF-PIELM). Our solution achieves upto 7 orders of magnitude better accuracy as compared to
RBF-PIELM (refer Table[I). Additionally, we observe from figures|Ib|and[Id|that the learned GMM
distribution has similar structure to the error.
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Boundary Condition ~Method Mean Ls Error (RMSE)  Time (s)
. B Baseline RBF-PIELM  5.00 x 10~! 0.071
Single (N =300) (/¢ (GMM-adaptive) 2.73 x 10~ 0.696
- Baseline RBF-PIELM  1.01 x 107° 0.312
Double (V" =500) |/ (GMM-adaptive) 1.04 x 10~ 1.776

Table 1: Comparison of Baseline vs. GMM-adaptive RBF-PIELM for single and double boundary
layer problem (v = 10~%), showcasing significant improvement in accuracy.
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Figure 1: Performance analysis of GMM-PIELM on the 1D convection-diffusion equation with
single and double boundary layer.

4 CONCLUSION

This work introduces the Gaussian Mixture Model Adaptive PIELM (GMM-PIELM), a framework
that treats the PDE residual as a probability density representing the “location of physics.” By inter-
preting the log(1+ |residual|) field as an unnormalized PDF, we use an EM algorithm to dynamically
concentrate hidden-unit centers and widths in regions of high numerical error. This approach ad-
dresses the fundamental initialization limitations of standard Physics-Informed Extreme Learning
Machines; instead of relying on physics-agnostic random sampling or heuristic node placement, the
algorithm tracks sharp gradients in solution automatically. Numerical experiments on 1D singularly
perturbed convection—diffusion equations demonstrate that GMM-PIELM achieves Lo errors up to 7
orders of magnitude lower than baseline RBF-PIELMs, successfully resolving thin boundary layers
(v = 10~%) that standard methods fail to capture. While the adaptive process incurs a moderate
computational overhead, it retains the fundamental speed advantages of the ELM architecture over
gradient-based training. Consequently, GMM-PIELM offers a highly efficient and robust alternative
for solving stiff, multi-scale physical systems that typically defy traditional mesh-less methods.

Future Work Future Work will focus on extending this probabilistic framework to time-dependent
PDEzs, allowing the GMM centroids to track moving wavefronts in real-time. Additionally, we aim to
investigate the scalability and stability of this approach to high-dimensional problems and complex
geometries to enable it’s use across multitude of applications.
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A APPENDIX

A.1 THE CONDITION NUMBER PROBLEM

To determine 3 = (B, ..., B3], we substitute the ansatz @ into the PDE and boundary conditions

and evaluate them at a set of collocation points. Let {x?) }fvzfl be interior points and {xék) },iv 2, be
boundary points.

For a linear operator £, the residual constraints are linear in 3:

L

3" 8iLle)) = f=}) ®)
j=1

L
3" BBl () = g(xf?) 9)
j=1

This system can be written in matrix form as H3 = T, where:

[ L)) o Llen)) ] [ )]
H= ﬁ[qsl](;;Nf)) £[¢L](foNf>) , T= f(xg;Nf)) (10)
ABlon(xg) ... ABlor)(zy") Ag(ay”)

Here, ) is a penalty weight for boundary conditions. Since usually Ny + Ny > L, the system is
overdetermined. The optimal weights in the least-squares sense are obtained via the Moore-Penrose
pseudo-inverse:

g*=H'T=H"H)'H'T (11)

The accuracy of the least-squares solution depends heavily on the condition number «(H). In stiff
PDE:gs, if the collocation points are uniformly distributed, the rows of H corresponding to the smooth
regions are well-behaved, but the rows corresponding to the boundary layer (where gradients are
huge) are sparse. If only a few points fall into the layer, the matrix H fails to capture the high-
frequency dynamics, essentially treating the layer as noise. This results in a poor approximation
(£* that smooths over the shock. To fix this, we must increase the row density in the shock region,
thereby explicitly constraining the solver to respect the physics in that zone.

A.2 ALGORITHMIC IMPLEMENTATION

This probabilistic feedback loop is formalized in Algorithm[I] The procedure alternates between a
fast linear solve (ELM step) and a statistical adaptation of the basis functions (EM step) until the
residual energy stabilizes.
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Algorithm 1 GMM-PIELM Adaptive Solving

Require: Operators £, 3; Iterations 7'; Mixing Ratio «
1: Initialize: Centers ;1:80) (uniform), Widths Sgo) (constant)

2: fort =0toT do

3: // Step 1: Linear Solve (PIELM)

4 Construct matrices H™, H* using current {z7), s;}
5. Solve w¥) = argmin,, |Hw — b|?

6: Construct approx: @) (z) = 3 w;é(x; 27, 5;)

7.

8

// Step 2: Assessment
. Evaluate residual R(x;0) = L[u¥)] — f on grid
9: Compute density pres(x) o< log(1 + |R(z;0)|)
10: if ¢ <T then

11: // Step 3: Adaptation (EM & Hybrid Sampling)
12: Fit GMM parameters O to samples from pyes ()
13: Sample Zgmm ~ p(z; ©) and zyn ~ U ()

14: Update centers: :v(()tH) — 0Zgmm U (1 — @) Zyni
15: Update widths: s§t+1) — B -disty(x) + €

16: end if

17: end for

18: Return Final approximation (")

A.3 COMPUTE SPECIFICATIONS

For Experiments, we run the experiment only on a CPU namely, a Ryzen 7 5800H with 16GB RAM.
All processes are run on a single thread and process.

A.4 DERIVATION OF EM STEPS

The objective of the GMM-PIELM framework is to adaptively distribute the centers of the radial
basis functions to match the spatial distribution of the PDE error. We postulate that the squared PDE
residual field represents an unnormalized probability density function (PDF) indicating the “location
of physics.”

Let the Residual Energy Density, p,..;(x), be defined as:

Dres(T) = log(1 + \ZR(x;H)D, where Z = / log(1+ |R(2;6)|) d=. (12)
Q

We approximate this target distribution using a Gaussian Mixture Model (GMM), p(x; ©), parame-
terized by © = {7y, fig, Sg }_;:

K
p(a;©) = mN (x|, D) (13)

k=1

We seek the parameters © that make the model distribution p(z; ©) best approximate the target
residual distribution p,..s(z). The information-theoretic measure of the difference between two
probability distributions is the Kullback-Leibler (KL) Divergence.

We minimize the KL divergence from the true distribution p,..s to the model pg:

@* = arg m@i)n DKL (pres”p@) (14)
_ pres(l‘)>
= arg min res () In dx 15)
S /Qp (@) (p(x;@) (
= arg m@i)n {/ Dres (@) I pres(z)dz — / Dres(z) Inp(z; ©)dx (16)
Q Q
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The first term represents the entropy of the residual field. Since the residual R(z) is fixed during
the adaptation step (it depends only on the previous iteration’s weights), this term is constant with
respect to ©. Minimizing the KL divergence is therefore equivalent to maximizing the second term
(the cross-entropy):

0F = argm(f)ix/ Dres(2) Inp(z; ©)dz 17
© Ja

We approximate the integral using a dense set of collocation points {z;} ; via a Riemann sum.
Substituting pres(2;) o log (1 + |R(x;)|):

N
O* ~ arg mnglog (14 |R(z;)]) Inp(z;; ©) (18)

i=1

Defining the weight w; = log(1 + |R(z;)]|), we arrive at the Weighted Log-Likelihood objective
function:
N K
L£(©)=> win (Z N (xiluk,2k>> (19)
i=1 k=1

Direct maximization of £(©) is intractable due to the summation inside the logarithm. We em-
ploy the EM algorithm. We introduce latent variables z; € {1,..., K} indicating the component
assignment for point x;.

The expected complete-data log-likelihood (the Q-function) for the weighted dataset is:

N K
Q(©,0M) =>"w: > g Iy + N (2|, Ti)] (20)

i=1 k=1
where ¢ = P(z; = k|z;, ©1)) is the responsibility computed in the E-step (Eq. 5 in the paper).
We maximize Q) with respect to u; and Xi by setting the gradients to zero.

Consider the terms in () dependent on fi;:

N
1 _
J () = Z;wi(h‘k (—2($i — )" S (i — M)) 2N
Taking the derivative with respect to puy:
N
oJ
— = Qi Sy (s — 22
e ;qu v (@i — ) (22)
Setting 5’% = 0 and multiplying by >J;:
N
Z wigik(T; — p1x) =0 (23)
i=1
N N
Z WiikTi = g Z Wigik (24)
i=1 i=1
Solving for pu:
N
* i=1 WiGikT;
= izt WidinTi (25)
Zi:l Wigik
Consider the terms dependent on X :
al 1 1
Ty -1
J(Br) = Zwi%’k <—21H|Ek| - 5(% — k) Xy (i — Nk)) (26)

i=1
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Using the matrix derivative identities 81;72!2\ =Y"'and % = -YladTE 1
N
oJ | Ty—1
sy ;wiqik <_2Zk * §Zk (@i = pue) (i — )™ 2y @7
Setting to zero and multiplying by >; on both sides:
N N
> wigind =Y wigin (s — ) (@i — px) TS (28)
i=1 i=1
N N
Xk (Z wi‘]ik) = wigin (@i — ) (@i — )" (29)
i1 i1

Solving for X:

N . .
o iy Wik (@i — pp) (i — )"

k— N
Zi:l Wiqik

(30)

These equations exactly match Equation [6]in the GMM-PIELM paper formulation.

A.5 JUSTIFICATION ON log-TRANSFORM

Dres() o< log(1 4 |R(z)|) is a critical mechanism for dynamic range compression, particularly in
the stiff regimes targeted by our framework. Empirical tests using the raw squared residual field
as the density concentrated the all the centers at the boundary, since the residuals in singularly
perturbed problems vary by several orders of magnitude between the boundary layer and the rest
of the domain. This led to a “collapse” of the basis distribution where global domain information
was lost and the linear system became ill-conditioned in smoother regions. By applying the log
transform, we successfully damp these extreme variations, allowing the Gaussian Mixture Model
to resolve the “’shoulders” of the error distribution rather than just the singularity. This ensures that
while high-gradient regions are prioritized, sufficient information and basis support are maintained
across the entire domain to yield a stable and accurate solution.

A.6 IMPLEMENTATION DETAILS

Experimental Setup All experiments were implemented using scikit-learn for GMM esti-
mation and scipy for linear algebra operations, with a fixed random seed of 42. For both single
and double boundary layer experiments, we sample a fixed set of Ny = 1500 collocation points
uniformly from the domain € = (0, 1) to construct the linear system. Boundary conditions are
enforced via soft constraints by appending the boundary coordinates to the collocation set.

Baseline RBF-PIELM The baseline model initializes the hidden layer with /N neurons (N = 300
for single, N = 500 for double boundary layers). The centers are sampled uniformly:

) ~ Uniform(0,1), j=1,...,N. 31)

The widths are set to a constant value s; = % x 2.5, consistent with the overlap analogy presented

in|Dwivedi et al.| (2025a).

Proposed: Adaptive GMM-PIELM The adaptive method refines the network architecture over
T iterations. In each iteration, we compute the residual field R(x; #) on the dense grid and construct
the residual energy density prs(x) as defined in Eq. equation We then fit a GMM to data sampled

from pres () and generate a new set of centers {x }jvzl using a hybrid sampling strategy:

* Residual-Guided (100ac%): Sampled from the fitted GMM components to target high-
error regions (boundary layers).

* Global Uniform (100(1 — ) %): Sampled uniformly from €2 to act as a safety net against
basis depletion in smooth regions.
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To accommodate the non-uniform clustering of centers, the local widths s; are adapted using k-
Nearest Neighbors (k-NN):

s, = B -disty (z) + ¢, (32)
where disty, is the Euclidean distance to the k-th neighbor (k = 2) and f is an overlap scaling factor.

Hyperparameters Table [2] details the specific parameters used for the Single Boundary Layer
(BL) and Double BL experiments.

Table 2: Hyperparameter settings for implementation.

Parameter Single BL Double BL
Diffusivity (v) 10~4 10~4
Number of Neurons (V) 300 500
GMM Components (K) 8 16
Hybrid Ratio (@) 0.7 0.7
Adaptation Iterations (1) 3 3
Sigma Scaling () 1.1 1.5
Random Seed 42 42
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