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Abstract

Neural Network-based active learning (NAL) is a
cost-effective data selection technique that uti-
lizes neural networks to select and train on a
small subset of samples. While existing work
successfully develops various effective or theory-
justified NAL algorithms, the understanding of
the two commonly used query criteria of NAL:
uncertainty-based and diversity-based, remains in
its infancy. In this work, we try to move one step
forward by offering a unified explanation for the
success of both query criteria-based NAL from a
feature learning view. Specifically, we consider a
feature-noise data model comprising easy-to-learn
or hard-to-learn features disrupted by noise, and
conduct analysis over 2-layer NN-based NALs
in the pool-based scenario. We provably show
that both uncertainty-based and diversity-based
NAL are inherently amenable to one and the same
principle, i.e., striving to prioritize samples that
contain yet-to-be-learned features. We further
prove that this shared principle is the key to their
success-achieve small test error within a small
labeled set. Contrastingly, the strategy-free pas-
sive learning exhibits a large test error due to the
inadequate learning of yet-to-be-learned features,
necessitating resort to a significantly larger label
complexity for a sufficient test error reduction.
Experimental results validate our findings.

1. Introduction

In the deep learning era, we witness the power of neural
networks in representation learning. It is also well-known
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that their success relies on a substantial amount of data and
extensive labeling efforts. On the other hand, active learn-
ing offers various approaches to select a small subset of
unlabeled samples from a large pool of data for labeling
and training, while achieving comparable generalization
performance to learning on the entire dataset (Settles, 2009;
Aggarwal et al., 2014). To enjoy the best of both worlds,
people combine neural networks with active learning, giv-
ing rise to Neural Network-based Active Learning (NAL) or
Deep Active Learning (DAL), such that over-parameterized
neural models can work with limited size of labeled data.
As summarized in Takezoe et al. (2023), NAL/DAL incorpo-
rates two primary criteria for querying (selecting) unlabeled
samples: uncertainty-based (Roth and Small, 2006; Joshi
et al., 2009) and diversity-based (Sener and Savarese, 2018;
Gissin and Shalev-Shwartz, 2019). Also, some studies lever-
age both criteria to design NAL algorithms (Yin et al., 2017;
Shui et al., 2020).

Notably, while various NAL algorithms, based on two query
criteria, have achieved significant empirical success, they
often come without provable performance guarantees. To
overcome this limitation, recent studies (Gu et al., 2014; Gu,
2014; Wang et al., 2022a) came up with theory-driven NAL
algorithms. These studies reformulate the problem into a
subset selection problem or multi-armed bandit problem,
and then utilize theoretical analysis techniques to guaran-
tee the test performance. However, the internal mechanism
remains not well understood on why the two widely used
query criteria in the NAL family work so well, which natu-
rally leads us to the following questions.

Essential Questions
1. What is the theoretical rationale behind the success
of the two query criteria-based NAL algorithms, namely
uncertainty-based and diversity-based?

2. Whether and how do the two query criteria of NAL
connect to each other intrinsically?

1.1. Our Contribution

To answer the above questions, in this work, we delve into
the feature learning dynamics of NAL algorithms. To
start with, we draw inspiration from the data models in Zou
et al. (2023a); Allen-Zhu and Li (2023); Lu et al. (2023) that
consist of multiple task-related feature patches and noise



Provably Neural Active Learning Succeeds via Prioritizing Perplexing Samples

patches with varying strengths and frequencies, similar to
what is observed in real-world imbalanced datasets, and
conjecture that successful NAL algorithms are able to ensure
adequate learning of all types of task-related features.

In this spirit, we adopt a multi-view feature-noise data model
that comprises two main components: i) easy-to-learn (i.e.,
strong & common) features or hard-to-learn (i.e., weak &
rare) features, and ii) noise. In Figure 1, the easy-to-learn
features are exemplified by the frontal male lions with brown
fur in the first row, given their common and easily identi-
fiable lion traits, while lions in all the other rows can be
characterized as the hard-to-learn features since they ex-
hibit distinctive poses, colors, ages, races, fur patterns, and
even heterogeneity. Hard-to-learn features are less common
in the dataset and correspond to weakly recognizable lion
traits, compared to the easy-to-learn features.

‘ Frontal Male Lions
(easy-to-learn)

Lions with distinct
@ poses and angles
(hard-to-learn)

Lions with distinct
colors and genre
(hard-to-learn)

g, Lions with distinct
heterogeneity
(hard-to-learn)

Figure 1. Lions in real-world dataset.

Under our data model, we reformulate two representative
NAL algorithms, i.e., Uncertainty Sampling and Diversity
Sampling, in a pool-based setting, corresponding to two
query criteria, respectively. Both are built upon a two-layer
ReLU convolutional neural network, and trained by gradient
descent. In accordance with the principle of each approach
family (Takezoe et al., 2023), the proposed Uncertainty
Sampling queries based on the lowest confidence (Lewis
and Catlett, 1994), and Diversity Sampling queries based
on the largest distance between feature representations of
unlabeled samples in the pool and those of labeled data
(Sener and Savarese, 2018).

Over our data and algorithm models, our theory sheds light
on the benefits of the two primary query criteria in the NAL
family. Surprisingly, our analysis unveils that the success of
both criteria-based NAL stems from their inherent shared
principle, leading to a unified view. Specifically, we make
the following contributions in this work.

* We offer valuable insights that from a feature learning
view, the two query criteria-based NAL can be unified
as one family. We provably show that the two query
criteria-based NAL share the same working principle,
i.e., prioritizing perplexing samples-samples with yet-
to-be-learned features. Our analysis reveals that in our
scenario, those yet-to-be-learned features are actually
those weak & rare features.

* We elucidate a marked disparity in the generalization
capabilities between passive learning and NAL algo-
rithms. Our analysis suggest that, both NAL algorithms
can learn weak & rare features adequately via priori-
tizing perplexing samples, and thus achieve a small
test error. Contrastingly, the strategy-free passive learn-
ing exhibits a large test error. The disparity can be
intensified in some out-of-distribution cases. Our ex-
perimental study corroborates this finding.

* We further uncover why and to what extent the two
query criteria can alleviate labelling effort. The key
lies in NAL’s ability to effectively query perplexing
samples in the training distribution. But in contrast,
we find that the strategy-free passive learning requires
a significantly larger label complexity to adequately
learn all types of features.

Perplexing Samples

Samples in the sampling pool that possess yet-to-
be-learned features. We prove that both Uncer-
tainty Sampling and Diversity Sampling inherently
strive to query them.

1.2. Related Work

Neural Active Learning. Neural Network-based Active
Learning (NAL) is one of the core data selection automation
techniques in the field of Data-centric approaches for Au-
toML and Computer Version. As summarized in recent sur-
veys (Zhan et al., 2021; 2022; Takezoe et al., 2023), there are
two main query criteria: uncertainty-based, which chooses
samples that the neural models feel most uncertain about (Se-
ung et al., 1992; Lewis and Catlett, 1994; Roth and Small,
2006; Joshi et al., 2009; Houlsby et al., 2011; Cai et al.,
2013; Yang and Loog, 2016; Kampffmeyer et al., 2016; Gal
et al., 2017; Wang et al., 2022b; Kye et al., 2023; Duan
et al., 2024; Cho et al., 2024) and diversity(representative)-
based that selects samples that diverse from labeled set
in the feature space (Stark et al., 2015; Du et al., 2015;
Wang et al., 2016; Sener and Savarese, 2018; Gissin and
Shalev-Shwartz, 2019; Sinha et al., 2019; Shui et al., 2020).
Also, many works combine the two query criteria into the
sampling (querying) strategy through weighted-sum opti-
mization (Yin et al., 2017) or two-stage optimization (Ash
et al., 2020; Zhdanov, 2019; Shui et al., 2020). In addi-
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tion, to develop reliable algorithms, several design methods
with theoretical guarantees, including theories such as VC
bound (Balcan et al., 2006; Zhu and Nowak, 2022), Lo-
gistic Bound (Gu et al., 2014), Rademacher Complexity
(Gu, 2014; Shui et al., 2020), and Neural Tangent Kernel
(Wang et al., 2021; Mohamadi et al., 2022; Kong et al., 2022;
Wang et al., 2022a; Wen et al., 2023). However, despite the
development of numerous effective and theory-justified al-
gorithms, the existing studies have not yet offered a compre-
hensive explanation for the underlying mechanisms of the
two query criteria widely applied in NAL. Largely different
from prior work, our work pioneeringly explore the theo-
retical aspect of the two criteria, via studying the feature
learning dynamic in NAL algorithms.

Feature Learning in Learning Theory. Recent years
witness an extensive body of research in learning theory
on structured data from the perspective of feature learning
(Li and Liang, 2018; Karp et al., 2021; Allen-Zhu and Li,
2023; Chen et al., 2022; 2023a;b;c;d; Zou et al., 2023b;
Li et al., 2023; Kou et al., 2023a;c; Huang et al., 2023a;c;
Chidambaram et al., 2023; Deng et al., 2023). The essence
of this line-of-research is to explicitly study the learning
progress of features and memorization degree of noise under
different data and algorithm scenarios, which serves as an
intermediate proxy to examine the convergence of training
and 0-1 loss. Specifically, Cao et al. (2022a) demonstrate
the occurrence of benign overfitting in Convolutional Neural
Network over linearly separable data under distinct condi-
tions. Subsequently, Kou et al. (2023b) conduct similar
results with ReLLU activation, Meng et al. (2023) further
derive results over XOR data, Zou et al. (2023a) reveal the
benefits of Mixup training over linearly separable data with
common and rare features, and Lu et al. (2023) explore the
phenomenon of benign oscillation over linearly separable
data with common & weak and rare & strong features. Our
work extends the line of research by investigating the ratio-
nale behind the two primary criteria in NAL family, over
both linearly and non-linearly separable data scenarios that
include common & strong and rare & weak features. Our
study focuses on characterizing the feature learning dy-
namics in NAL algorithms and providing a mathematical
explanation for the benefits and inner relationship of the two
primary query criteria of NAL.

2. Problem Settings

Notations. For [, norm we utilize || - ||,, to denote its com-
putation. Considering two series a,, and b,,, we denote
an = O (by,) if there exists positive constant C' > 0 and
N > 0 such that foralln > N, |a,| < C'|by|. Similarly,
we denote a,, = Q (b,) if b, = O (a,) holds, a,, = © (b,)
ifa, = O (b,) and a,, = 2 (b,,) both hold, ¢,, = O(a, by,)
if ¢, = O(min{ay,b,}) holds and ¢, = Q(an,by,) if

¢n = Q(max{an,,b,}) holds. To omit logarithmic terms,
we apply the notations O(-), (), and O(:). Our 1(-)
is to denote the indicator variable of an event. We say
y = poly (a1, ..
some D > 0, and b = polylog(a) if b = poly (log(a)).

ag)ify=0 (max{ah e 7ak}D) for

2.1. Data Distribution

In this study, our focus is on the pool-based selective sam-
pling scenario, where the algorithms initially train the model
using an initial labeled set and subsequently query a sin-
gle batch of unlabeled samples from a large sampling pool.
Then the algorithms would retrain the model again with
fresh initialization. We denote the size of the initial labeled
set as ng, the querying (sampling) size for all querying al-
gorithms as n* (n* = Q(ng) > ng), and the size of the
labeled set after querying as ny = ng + n*. We also define
n as the maximum size of the labeled set after querying,
such that n; < . Moreover, we have the initial labeled set
represented as Dy, = {x(¥}1 , and the sampling pool
denoted as P. Both of them are synthesized from the same
data distribution D, which is specified as follows.

Definition 2.1. Let t; | po € R? be two fixed feature vec-
tors. Each data point (x, y), where x contains two patches
as x=[x7 , xI]T € R* and y € {—1, 1} are generated from

the distribution D:

e The ground truth label y is synthesized from a
Rademacher distribution.

* Noise Patch. One patch of x is selected as a
noise patch &, synthesized from Gaussian distribution
N(0,07-1).

» Feature Patch. For a feeble p satisfying p < 0.5, the
remaining patch of x is selected as label-related feature
patch, and with high probability (1-p) the feature patch
is a strong feature y - 141, while only with probability p
the feature patch is a weak feature y - po.

We assume the following about the feature norms: !:
Vi€ {1,2}, [ pll3 = Qop log(no/d), =" doy)., [lma]l3 =
Qotdny ') and [[psllf = O(okdng ).

This feature-noise data model captures the structure of
an image, as depicted in Figure 1, by incorporating task-
oriented distinctive patterns (features) and background pat-
terns (noise) with different frequencies and strengths. Same

'The choices of ||| aim to prevent learning of features com-
pletely disrupted by noise, while amplifying the distinguishability
of the strong feature patch compared to the weak one. Our theory
allows for a broader range of parameter settings (see Appendix D.3
for general cases), but for the sake of simplicity in presentation,
we here chose a feasible one.
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as the patches setting in Zou et al. (2023a); Allen-Zhu and
Li (2023); Lu et al. (2023), the weak feature patches are or-
thogonal to the strong feature patches in our setting, which
is reasonable since the rare features appear largely different
to the common ones. Worth noting that this type of data
setting is common in the widely-recognized feature learn-
ing line-of-research (Allen-Zhu and Li, 2023; Cao et al.,
2022a; Kou et al., 2023b; Zou et al., 2023a; Meng et al.,
2023). Allen-Zhu and Li (2023) justify this type of data
settings as plausible theoretical setups by highlighting the
common occurrence of multiple one-task-oriented features
in the latent space of Resnet, as shown in their Figure 2-4,
9. Furthermore, recent empirical and theoretical studies
indicate the orthogonal nature of different features within
the latent space of ViT and LLM (Yamagiwa et al., 2023;
Jiang et al., 2024). To extend our contributions to more prac-
tical scenarios, we also conduct rigorous study and draw
similar theoretical findings over a non-linearly separable,
non-orthogonal data distribution - the XOR data defined in
Definition C.2 - and obtained similar results.

2.2. Querying Algorithms

Neural Setting. This work considers a two-layer ReLU
CNN adopted in Kou et al. (2023b); Meng et al. (2023); Kou
et al. (2023c); Chen et al. (2023d) as the base neural network
for querying algorithms. The CNN function f(W,x) is
definedas ) _;__, j - F;(W,x), with F;(W, x) as

Fy( %z (W 1)) + 0 (W0.6))]

where the second layer is fixed as =1 /m, m is the number of
neurons, o(z) = max{z, 0} is ReLU function, w; , € R?
denotes the weights of the 7-th neuron of F;, W; € R™*¢
collects the weights in F; and W collects all weights.

Training Setting. We utilize gradient descent to train the
neural model. Denote n as the size of current labeled train-
ing set, denoted as D = {(x(V, ;) } generated from D
over x X y. We apply the empirical lOngt loss:

SIS (wat)] o

where £(z) = log(1 + exp(—=z)). The gradient update of
the filters in the first layer can be written as follows:

(t+1) _
W,

('ti — 9V, Ls (W(t))
= Wi~ Zﬁ’ o ((w.&)) - juié
_ % Z 3 (50 (< ﬁzayzm» i

=1 4eU!
(2)

where U! = {x € D | Xgignalpart = M} denote as the
set of indices of D where the data’s feature patch is p;,
") denotes ¢/ [y; - fF(W®, x()]. The initial values of
all elements in W(?) are generated from independent and
identically distributed (i.i.d.) Gaussian distributions with
mean 0 and variance o3. The querying algorithms would
have the neural models retrained after a single querying with
the same model initialization.

Querying Setting. During the querying stage, all
the querying algorithms select n* new unlabeled sam-
ples from P, where the pool size |P| satisfies |P)|
Q(p~lopd||pal5*, p~  log(1/6))> The three querying al-
gorithms differentiate from each other by their own sam-
pling rules as below:

* Random Sampling (strategy-free passive learning)
randomly selects n* new samples from P.

¢ Uncertainty Sampling (uncertainty-based NAL) se-
lects top n* new samples from P based on the lowest
Confidence Score at time step ¢. The Confidence Score
C' (W, x) measures the model’s confidence in predict-
ing the label of sample x, defined as below:

1
1+ exp(—y - f(W,x))’

C(W,x) = max{

_ 1 }
1+exp(—y- f(W,x)) )’

which represents the probability of the predicted label
y of logistic loss. In our scenario, the proposed Uncer-
tainty Sampling is actually equivalent to many well-
known uncertainty-based approaches such as Least
Confidence (Lewis and Catlett, 1994), Margin Roth
and Small (2006), and Entropy methods (Joshi et al.,
2009), as discussed in Lemma F.5 in Appendix F.2.

* Diversity Sampling (diversity-based NAL) selects the
top n* new samples from P based on the highest Fea-
ture Distance at time step t. The Feature Distance
D (W,x | D,,) measures the [, distance between
sample x and D,,, in feature space, specified as:

D(W7X |Dn0) = HZ(X7 t) - E Z(X(i)vt)”m

x (1) E'Dno

where the Z(x, t) is defined as the sum of feature maps
in the feature space of CNN:

Z(x,t) = > (o(W x;

J

1) +o((W x5))).

Specifically, Lemma 4.2 reveals that in our scenario,
the proposed Diversity Sampling is equivalent for all

*The choice on |P| is to ensure the sufficient presence of weak
features in P.
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Algorithm 1 Querying Algorithms
Require: Neural Network f(-; ), initial labeled set D,,, :=
{x(}, C D, sampling pool P C D, test distribution
D*, sample size n* =n — ng, g, T
Initialize Neural Network f(W(9);")
fort < 1toT do

Train Neural Network over D,,, by Ls(W)
end for
Querying: Sample n* new samples from P based on
particular rules. New samples D,,- are labeled by oracle
and included to the new labeled set D,,; := Dy, U D~
Initialize Neural Network f(W();.)
fort < 1toT do

Train Neural Network over D,,, by Lg(W)
end for
Test performance of Neural Network f(W(T);.) over
D* and obtain LY." (W)
11: return L' (WD)

A

YR

values of p within the range of [1, o). This implies that
our metric can be various distance measure, including
Euclidean, Manhattan, or Minkowski distance.

The newly acquired samples are provided to an oracle to
obtain their ground truth labels, which are then added to
the training set. The whole procedure of the three querying
algorithms are shown in Algorithm 1.

Testing Setting. The model performances at initial stage
(before querying) and stage after querying are all measured
by test error on a test distribution D*:

LYY W) = Pryyop-ly- F(W,x) <0 (3)

It is important to note that D* shares the same definition as
stated in Definition 2.1. However, it can have any occurrence
probability of the weak feature, denoted as p*, without the

limitation of p* < 0.5 compared to the training distribution.

Also, the test loss is defined as :

Lp-(W):= E

(x,y)~D*

lly - f(W,x)].

3. Theoretical Results

For both the initialization stage and the second stage, we
consider the learning period 0<t< T*, where T* =
n~! poly (5_1, d,ng, m) > QO (n_ls_lmnod_lof) is
the maximum admissible iterations for the initial stage. The
following provides our main theories over linearly separable
data. For non-linear XOR data, please refer to our similar
theoretical results in Appendix C.

We first adopt signal-noise decomposition techniques in Cao

et al. (2022a) over w(t) By the update rule in (2), we can
(t )l and p( )

derive that there exist unique coefficients ~; i

such that

Wé) —H Z%H

The normalization factors | p]|5>
( () )~ ®)

+ 4
el gzﬂlmw()

and ||&]]5? leads to

Wil ) ~ A8 (w6 ~ ) . Importanty, 1),
characterizes the learning progress of feature p;, and pgtz, ;
characterizes the degree of noise memorization. Geometri-
cally, the «y; ,.; indicates how well the model filters integrate
the low-dimensional patterns of the task-oriented features
in its latent projection space, and p; ,; quantifies the ex-
tent to which model filters memorize the high-dimensional
complex noise. Then, by conducting a scale analysis of
the two coefficients, we can then assess the cases where
models mainly focus on capturing underlying patterns while
avoiding excessive fitting of noise, which we refer to as be-
nign overfitting. Additionally, this analysis helps us identify
situations of harmful overfitting, where the models become
overly complex, primarily memorizing noise and leading to
poor generalization on new, unseen data.

Our findings then reveal that in our case, both the two heuris-
tic NAL methods inherently amenable to query those data
with yet-to-be-learned features (i.e., features that model ex-
hibits low v, ,.;). Consequently, the NNs are enabled to
sufficiently learn all types of features, and then exhibit be-
nign overfitting even in the case where the label complexity
is quite limited.

To present our findings, we make the following assumptions.

Condition 3.1. Suppose that:

1. The initial training size ng, the maximum admissi-
ble size after querying mn, and the width of neural
network m satisfy no = Q(log(m/é),p~!log(1/6)),
= 0(p~"opd|p2llz*), m = Qlog(no/3)).

2. Dimension d is sufficiently large: ¥l € {1,2}, d =
Q(no, 2|3 log (T*) , n? log(fum /8) (log(T))?).

3. The standard deviation of Gaussian initialization
oo is appropriately chosen such that ¥l € {1,2},
00 = O(uill3 - (log(m/6)~1/2), 0 Ld~171/2). The
learning rate of all algorithms n satisfies that n =
O(o,?d™'n, U;Qd_3/2ﬁ2m(log(ﬁ/6))1/2).

The condition on ng is to guarantee there exists enough
strong features in the initial training set with probability at
least 1 — O(e~"°P), while the condition on 7 prevents the
final training size from being too large, even for passive
learning to perform well with considerable chance. The
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requirement on d ensures the problem is in a sufficiently
overparameterized setting, as in prior works (Chatterji and
Long, 2021; Cao et al., 2022a; Frei et al., 2022; Kou et al.,
2023b; Lu et al., 2023; Chidambaram et al., 2023). The
conditions on o and 7 guarantee that gradient descent can
effectively minimize the empirical loss. A detailed discus-
sions over parameter settings are provided in Appendix B.

The following results illustrate the presence of benign over-
fitting (i.e., small training loss and small test error) as well
as harmful overfitting (i.e., small training loss but large test
error) in the three querying algorithms.

Proposition 3.2. (Before Querying) At the initial stage be-
fore querying, Ve > 0, under Condition 3.1, with probability
at least 1 — 6, there exists t = O (nflsflmnod’laf),
the followings hold for all of the three querying algorithms:

1. The training loss converges to €, i.e., Lg (W(t)) <e

2. The test error remains at constant level, i.e.,

Ly (WW®) =0(1) > 0.12 - p*.

Proposition 3.2 outlines the scenarios of harmful overfitting
for all algorithms at the initial stage, which is not a surprise
since the initial size ng is limited and always insufficient
for adequate learning. Subsequently, the following lemma
uncovers a crucial finding regarding the querying stage.

Proposition 3.3. (Querying Stage) During Querying, un-
der the same conditions as Proposition 3.2, if® ||p1]
22 = Q0,2 (dng ' log(m/8"))1/?), with probability at
least 1 — ©(8 + &), both Uncertainty Sampling and Diver-
sity Sampling pick n* samples that exhibit lowest E 7@

g

2 _
2

7,0

Proposition 3.3 provides a unifying insight that both NAL al-
gorithms prioritize perplexing samples-samples that exhibit

a lack of learning progress (measured by E fy](tz - Lemma
o 1T

4.1 indicates that these perplexing samples here are essen-
tially samples that contain weak & rare features. We discuss
the nature of these perplexing samples in general cases
in Appendix D.3. Our inference process for the following
theorem reveals that the ability to prioritize these samples is
the main contributor to the success of both NAL algorithms.

Theorem 3.4. (After Querying) If the sampling size n*
of the three querying algorithms satisfies C’la;fdﬂug H2_4 —
pno/2 < n* = O(n—ny) < n—ng, where Cy is some pos-
itive constant. Then for Ve > 0, under the same conditions
as Proposition 3.3, with probability more than 1 - ©(6 +§'),
3t=0 (nte tm(no + n*)d "o, ?) such that:

*We can relax the requirement for the discrepancy of feature
norms, as discussed in Appendix D.3. The specific choice made in
our presentation was for the sake of simplicity and clarity.

* For all of the three querying algorithms, the training
loss converges to g, i.e., Lg (W(t)) <e

e Uncertainty Sampling and Diversity Sampling al-
gorithms have small test error: Lopil (W(t)) <

exp(© (W>),l e {1,2}.

4
Upd

e Random Sampling algorithm would remain constant
order test error: L% (W®) = ©(1) > 0.12 - p*.

Theorem 3.4 implies that NAL algorithms achieve benign
overfitting, whereas the passive learning remains harmful
overfitting. It worth noting that as p* increases, the test error
of Random Sampling tends to explode, especially in out-
of-distribution scenarios where p* > 0.5 > p. In contrast,
Uncertainty Sampling and Diversity Sampling consistently
achieve low test errors regardless of the value of p*, which
highlights the superiority of Uncertainty Sampling and Di-
versity Sampling over Random Sampling.

Given that strategy-free passive learning can also adequately
learn all types of features with ample data, the following
corollary aim to show the extent to which NAL algorithms
alleviate the burden of labeling.

Corollary 3.5. (Label Complexity) Under the same con-
ditions as stated in Theorem 3.4, with a probability of at
least 1 — ©(0 4 &), we observe distinct label complexities
for strategy-free passive learning and NAL algorithms in
achieving Bayes-optimal generalization ability:

e For a fully trained neural model, the label complexity
noNN requires Q(P_10§d||ﬂ2||54)-

e For two NAL algorithms, the maximum label complex-
ity 1 only requires Q(o7d|| o 3.

This corollary suggests that NAL algorithms can signifi-
cantly reduce labeling effort, approximately on the order
of ©(p~1). This holds true even without the requirement
of disparity between feature norms, as demonstrated in Ap-
pendix D.3. Hence, we can conclude that NAL algorithms
are effective in minimizing labeling effort, particularly in
imbalanced data scenarios where the degree of discrimina-
tion or rarity varies within the data. In collaboration with
Proposition 3.3 and Theorem 3.4, the essence lies in NAL’s
capability to effectively grasp yet-to-be-learned features.

4. Proof Sketch

In this section, we provide an overview of the proof outlines
for our theory over linearly separable data. Here we denote
n as the number of training data in current labeled set, which
is ng at initial stage and n; after sampling (querying). For
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s € {1,2},1 € {1,2}, the notations of n,; represent the
number of feature p; at the initial stage s = 1 and stage
after querying s = 2. And for notation simplicity we denote
71 and 75 as the proportion of data with strong and weak
feature in current dataset.

Here are the main challenges we faced and the techniques
we used to address them:

 The synthesis of D,,,, P, and the final labeled set ob-
tained through Random Sampling require sequential
martingale-type subset generations from distribution
D, which poses a big challenge to our analysis. Our so-
lution was to treat the results as independent binomial
random variables, which allow us to conduct a reliable
analysis with high-probability results by leveraging the
properties of binomial tails.

* During querying, NAL algorithms need to query the
samples with the lowest Confidence Score or the high-
est Feature Distance from the entire sampling pool
P. This involves |P|(|P| — 1)/2 comparison oper-
ations. To better scrutinize the sampling dynamics,
we defined two full orders and conducted an order-
dependent querying analysis to examine the high prob-
ability events via combinatorial analysis.

* Depicting the generalization capability of three differ-
ent querying algorithms along the whole process was a
big challenge. We addressed this by proposing a label
complexity-based test error analysis regime, which al-
lowed us to incorporate different scenarios into a single
inferential process.

4.1. Feature Learning and Noise Memorization Analysis

Leverage the inductive techniques adopted in many works
(Cao et al., 2022a; Kou et al., 2023b; Meng et al., 2023; Kou
et al., 2023c; Chen et al., 2023d), we can in our case study
the coefficient scales.

Lemma 4.1. Under Condition 3.1, there exists T, =
O(n~'nmozd™"), for t € [Ty, T*] we have the following
hold for¥j € {£1},r € [m]andl € {1,2}:

¢ ZZL 1/)5721 1(p§t2’2 > O)

() C) (TlTL'U;?d_lHMlH%).

jT’l_

It is evident that there is a noticeable disparity in the learning
. ) . .
efficiency of features, as p, 7 ; is directly proportional to
both the data proportion 7; and the feature norms ||g;]|2.
Furthermore, according to Lemma G.3, we can model the
data synthesis from D as a binomial variable. This allows

effective control over the probability tails, resulting in 7 =

O(p) and 71 = O(1 — p). Thus, we can conclude that
the perplexing samples are actually those po-equipped
samples. Subsequently, we can now examine the querying
stage closely.

4.2. Order-dependent Sampling (Querying) Analysis

To rigorously analyze the statistics of the querying stage,
we define two orders, namely Uncertainty Order jg)
and Diversity Order j(Dt). For Vx,x’ € P, we have
x’/ jg) x if C (W(t),x’) > C (W(t),x), and x’ j%)
xif D(W®.x' |D,) < DWW x |D,),Vp €
[1,00). Specifically, if the Confidence Score of all elements
in a set X at time step ¢ are all less than those in the set
X’, we utilize the same notation to describe the Uncertainty

Order between sets: X jg) X'’. Similarly, we also have set-

level notation for jg). The detailed definitions are delayed
to Appendix F.

The following lemma presents our important findings when
examining the two orders of samples.

Lemma 4.2. Under the same conditions in Proposition 3.3,
forx,x" € P, denote p,, i, as the feature patches in x
and X' separately, where ly,lx € {1,2}, it holds that

o x jg) x has a sufficient event that

{ OEMyr,)) ~OEMyL)

Learning Progress Disparity: Feature in x vs. Feature in x’ 5)

(w21

o x/ jg) X has a sufficient event that

)=
Learning Progress Disparity: Feature in x vs. Features in Initial Set

— | @( ZTl eUl

0’

> max{
Jirsl

{ ©(E ’Yyrl ’Yyi,ﬂ’,l))|

Z]EUZ

Vo'l ) ’Vyllﬂl)) |

Learning Progress Disparity: Feature in X' vs. Features in Initial Set

> max{ wo2) |t
(i)

where Ué = {X € Dy | Xsignal part = /J/l}

(6)

Remark 4.3. This lemma demonstrate that Uncertainty Sam-
pling holds the comparisons of the model’s learning progress
of features in P, as shown in (5). On the other hand, Di-
versity Sampling cares the comparisons of the disparity be-
tween model’s learning progress of samples and the labeled
training set, as shown in (6).
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Figure 2. Learning/memorization progress of features and noise (7; represents max; 'yj(t,i ;> and p represents max; k ; pgt,ll train/test
losses, and test accuracy of the full-trained model and the three querying algorithms, with 7 = 200, d = 2000, ||| = 9,p = p* = 0.2,

|2l = 3, nenn = 200, no = 10, n* = 30 and |P| = 190.

We note that (6) is irrelevant to the [, distance measure
metric (i.e., Vp € [1,00)). This is because we can eliminate
the scaling term m¥ at two sides of the inequality when
examining the probability lower bound (see more details
in Appendix G.4). Based on Lemma 4.1, the event (5) and
event (6) could be all simplified to the following shared
sufficient event

{O(E (Vjiri)) —

Jir

O(E (1)) > max{|{wi'). ) }}.

7T
This implies that both the event {x’ jg) x} and the event

{x 553) x} have a common occurrence where the model’s
learning of p;_ is considerably worse compared to its learn-
ing of p;_,. Based on this observation and Lemma 4.1, we
can deduce the following lemma with some effort.

Lemma 4.4. Under the same conditions as Proposition 3.3,
denoting X%; ; ‘P as the collection of all the data points
with strong feature py in ‘P, and X3, S P as the collection
of data points with weak feature po, we have the conclusion
that with probability more than 1-©(¢"), X%; j(ct,) X% and
X1 < X2 (vp € [1,00)) both hold.

This lemma directly implies the result in Proposition 3.3.

4.3. Label Complexity-based Test Error Analysis

To assess the generalization ability of all the three querying
algorithms before and after querying, we establish a compre-
hensive analysis regime that examines the impact of label
complexity for each type of feature on the test error, via a
single inferential process. Specifically, We introduce the
following lemma, employing a standard proving technique

utilized in prior research (Chatterji and Long, 2021; Frei
et al., 2022; Kou et al., 2023b; Meng et al., 2023).

Iiemma 4.5. Under Condition 3.1, Ve > 0, 3t =
O (n_le_lmnod_lap_Q), we have the following two sit-
uations before and after querying (i.e., Vs € {0,1}) for
three quering algorithms:

* The training loss converges to €, i.e., Lg (W(t)) <e

o IfVl € {1,2},ns,; > Claf,de,le_Zl holds, the test
error achieves Bayes-optimal: L%:l (W(t)) < pi-

—nsallplls . —ng 2| 123
exp( C30'fjd + ps - exp O4a§d .

o If3l € {1,2},nsy < Cgog‘;d||ul/||2_4 holds, the test
error stays constant-level: L3;.! (W(t)) >0.12 - pj,.

Here p; denotes the occurrence probability of feature p,
C4, Cy, C3 and Cy are some positive constants.

By Condition 3.1, along with the findings from Lemma
4.4 and Lemma 4.5, we can deduce that only the two NAL
algorithms are able to obtain ample po for adequate learning
after querying, which support the results in Proposition 3.2
and Theorem 3.4. Also, by Lemma G.3 and Lemma 4.5,
Random Sampling necessitates a label complexity that is
approximately ©(p~!) times larger to sufficiently learn io.
This finding aligns with the conclusions in Corollary 3.5.

5. Experiments

In this section, we demonstrate the validity of our theoretical
analysis through simulations. The experiments regarding the
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theories of XOR data as well as other data settings are also
conducted, please refer to Appendix E for further details.

Here we generate synthetic data exactly following Definition
2.1. Specifically, we let the dimensionality as d = 2000, and
strengths of the strong and weak feature as ||p1]]2 = 9 and
|[p2|l2 = 3, respectively. For the occurrence probability,
we let p = p* = 0.2. For size setting of data, we let the
nenn=200, nop=10, n* = 30 and 7 = 40, and set |P| =
190. For model initialization, we let 0, = 1 and o9 = 0.01.
The parameters are initialized using the default method in
PyTorch, and the models are trained using gradient descent
with a learning rate of 0.1 for 200 iterations at the initial
stage and the stage after sampling. All the data points are
generated beforehand and shared by all the algorithms, thus
the results are fairly comparable.

Figure 2 illustrates the effectiveness of both Uncertainty
Sampling and Diversity Sampling in comparison to Random
Sampling and full-trained ReLU CNN model with ample
quantity of training samples. It’s evident that the learning
of weak & rare feature (quantified by +2) in hard-to-learn
samples are significantly poorer than strong & common fea-
ture (quantified by 1) in easy-to-learn samples at the initial
stage. After querying, we see explicitly that both the NAL
algorithms learn the weak & rare feature well and achieve
comparable test performance compared to full trained model
after querying. In contrast, Random Sampling continues
to exhibit limited learning progress of weak features and
results in poor test accuracy. The results verify Proposition
3.2 and Theorem 3.4. Illustrations of the querying stage
details are deferred to Appendix E.1.

6. Potential Extension and Implication for
Practical NALSs

In this section, we first explore the potential extensions of
our findings to broader theoretical realm, then elaborate on
the practical implications derived from our theories.

Potential Extension to Multi-round NALSs. The intrinsic
principle we uncovered underlying both NAL methods is
not tied to the single-round setting, and a fine-grained anal-
ysis can be conducted on complex iterative processes, as
discussed in Appendix D.5.

Potential Extension to Broader NALs: BADGE (Ash
et al., 2020) as an Exemplar. The key idea behind BADGE
is to prioritize samples exhibiting large and diverse gradi-
ents. Our analysis reveals that such samples in our context
tend to have smaller-scale latent representations (v, is
smaller) or more diverse gradient directions (many diverg-
ing ;1) due to the non-increasing nature of the logistic
loss function. These characteristics align with the cases
described in Lemma 4.2, which in our context refers to sam-
ples with lower +; .; that correspond to yet-to-be-learned

features. Therefore, BADGE is well-grounded in the princi-
ples uncovered by our theoretical analysis. A more detailed
discussion is provided in Appendix D.2.

Potential Extension to Examine Criteria Preference. Our
results of test error is based on the conditions that there is
a clear learning progress disparity between different task-
oriented features, under which we see that both NALSs inher-
ently favour samples with yet-to-be-learnt features. How-
ever, when this disparity does not hold prominently as di-
cussed in Appendix D.3.2, the behaviors of uncertainty-
based and diversity-based sampling may diverge. For ex-
ample, uncertainty sampling can more precisely prioritize
samples with underexplored features when label budgets
are not highly constrained. Conversely, diversity sampling
may be preferred when label complexity is very limited, as
it can enhance the model’s ability to capture diverse low-
dimensional patterns. This argument is consistent with the
claim in recent survey (Zhan et al., 2021). Our theory also
suggests that when the “easiness” of learning various task-
oriented features is balanced, uniform random sampling may
suffice, without clear advantages for NALs. Additionally,
in scenarios of active fine-tuning where the task objective
changes, the task-oriented representation could shift, reduc-
ing the effectiveness of NAL methods that leverage prior
neural representations for sampling. In such cases, random
sampling may already be a satisfactory choice. A refined
discussion is in Appendix D.4.

Practical Lessons from Our Theoretical Results. Our the-
oretical analysis yields several important practical insights,
as detailed in Appendix D.6. First, we find that NALs have
the potential to surpass the performance of fully-trained
neural networks. As corroborated by the results in Lu et al.
(2023), NALs can more effectively balance the learning
progress across features with different lengths. Addition-
ally, our work suggests that techniques capable of capturing
the meaningful orthogonal components of a NN’s features
or gradients, such as ICA (Yamagiwa et al., 2023), could
help identify samples underrepresented in NN’s latent space.
State-of-the-art methods like BADGE (Ash et al., 2020)
leverages this idea upon the gradient components.

7. Conclusion

In this work, we theoretically demystify and unify the pri-
mary query criteria-based NAL methods. We prove they
inherently prioritize perplexing samples - those with yet-
to-be-learned features. This ensures adequate learning of all
feature types, underpinning their strong generalization with
limited labeled data. Future work can extend our theory to
other complex NAL scenarios, such as multi-model commit-
tee and stream-based sampling. Additionally, the potential
extensions and implications discussed in Section 6 represent
valuable directions for further fine-grained exploration.
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A. Additional Related Work: Theory of Feature Learning in Overparameterized Neural Network

The rapid progress of deep neural networks has prompted growing interest in understanding their underlying theoretical
principles, particularly regarding the optimization and generalization properties of overparameterized models. A key
development in this area is the study of the Neural Tangent Kernel (NTK) (Jacot et al., 2020; Chen et al., 2020; Cao and Gu,
2019a;b; Cao et al., 2020; Allen-Zhu et al., 2019; Chen et al., 2021b; Zou et al., 2020; Huang et al., 2020; Chen et al., 2021a;
Huang et al., 2021; 2022; 2023b; Yang and Hu, 2022). This has provided powerful insights into the training dynamics
of wide neural networks, revealing that their behavior in the ¢2-loss setting closely mirrors the function approximation in
reproducing kernel Hilbert spaces (RKHS), where the kernel is associated with the network architecture. However, instead
of feature learning, this line of research suggest that the parameter update dynamics can be approximated by the first-order
Taylor expansion at initialization, where the NN with wide enough width can effectively perform linear regression over a
prescribed feature map, which cannot characterize the NN’s ability to perform feature learning (Yang and Hu, 2022).

In parallel, an active research direction is the analysis of NN under mean-field regime (Mei et al., 2018; 2019), which
allows the network parameters to evolve away from the initialization, thereby enabling feature learning for various target
functions (Ba et al., 2022; Suzuki et al., 2023c). Recently, Mean-Field Langevin Dynamics (MFLD) has attracted increased
attention, where Gaussian noise is added to the gradient to encourage “exploration” (Mei et al., 2018; Suzuki et al., 2023b).
This framework lifts the learning of finite-width neural networks to an infinite-dimensional optimization problem in the
space of probability measures, and by exploiting the convexity of the loss function in this measure space, MFLD can
achieve near-optimal global convergence under gradient-based optimization (Nitanda and Suzuki, 2017; Mei et al., 2018;
Nitanda et al., 2021; 2022; 2023a;b; 2024; Oko et al., 2022; Otto and Villani, 2000; Rotskoff and Vanden-Eijnden, 2018;
Sirignano and Spiliopoulos, 2020; Suzuki et al., 2023a;c;b; Nitanda, 2024; Kim et al., 2024; Kim and Suzuki, 2024).
Despite the remarkable ability of NNs under the MFLD regime to learn complex “features”, their superior performance still
requires a large width at the order of e?(%) (Suzuki et al., 2023c). Moreover, the optimization behavior of MFLD differs
from the widely-applied SGD-based neural network algorithms, leaving the real-world feature learning phenomenon of
commonly-utilized deep learning algorithms largely unexplained.

To overcome the technical challenges and shed light on the practical feature learning observed in GD/SGD-based learning
algorithms, the seminal work by Allen-Zhu and Li (2023) takes a step forward. It first attempted to explain the observed
success of ensemble methods in deep learning by adopting the NTK framework, but recognized the limitations of this
approach. To tackle this challenge and fill the understanding gap, Allen-Zhu and Li (2023) considers a multi-view data
model, which is a more complex version of the data model examined in the main body of our work. Allen-Zhu and Li (2023)
justify this multi-view data model as plausible theoretical setups by empirically demonstrating the common occurrence of
multiple one-task-oriented features in the latent space of ResNet, as shown in their Figures 2-4 and 9. Given the plausibility
and suitability of this data setting for theoretical investigations of feature learning dynamics, a considerable body of research
has delved into examining the capabilities of different learning algorithms under different structured conditions (Li and
Liang, 2018; Karp et al., 2021; Yehudai and Shamir, 2019; Cao et al., 2022b; Chen et al., 2022; 2023b;c;a;d; Zou et al.,
2023b; Li et al., 2023; Kou et al., 2023b;a;c; Meng et al., 2023; Huang et al., 2023a;c; Chidambaram et al., 2023; Deng et al.,
2023; Frei et al., 2023; Tian et al., 2023; 2024). Notably, the width requirement for this line of research is considerably
weaker compared to the NTK and MFLD regimes, which allows for a more fine-grained analysis of feature learning
dynamics based on inner product-based feature direction reconstruction.

We believe our work extend this line of research by showing that the two primary criteria-based NALs are inherently
prioritizing those underrepresented samples with yet-to-be-learned features. We hope this insight can help the community
gain a deeper understanding of the heuristic NAL methods, and develop new principled approaches that can alleviate the
data hungriness of deep learning.

B. Discussions on the Parameter Settings
In this section, we motivate the settings of our systems and dicuss the consequences of violating the requirements.
B.1. Choice of Systems
We would like to motivate our choice of systems in detail as below.
¢ The system of learning dynamic: d,n, m, |||, o0, n. The choice of d, n,m aligns with the feature learning line of
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research (Li and Liang, 2018; Karp et al., 2021; Frei et al., 2022; Chen et al., 2022; Allen-Zhu and Li, 2023; Chen et al.,
2023b;c;a;d; Zou et al., 2023b; Li et al., 2023; Kou et al., 2023a; Huang et al., 2023a; Kou et al., 2023c; Chidambaram
et al., 2023; Deng et al., 2023; Huang et al., 2023c), with the aim of ensuring the learning problem is in a small
but sufficiently overparameterized regime where the benign overfitting - overparamiterized NN can generalize well
when trained to convergence - could occur. This phenomenon is non-trivial against prior belief that overfit is always
harmful-the greater the capacity of a model to fit data distribution, the worse the model’s test results will be. The system
chosen allows for analysis of learning progress of features, as the weak requirement on network width m allows us to
conduct a fine-grained analysis based on inner product arguments (i.e., scale analysis of v, p), which fundamentally
differs from the NTK line of research (Jacot et al., 2020) that requires an infinitely wide network to perform linear
regression over a prescribed feature map, rather than learning the features themselves. Moreover, this system ensures a
small Signal-to-Noise Ratio (SNR), under which the memorization of noise would become the primary contributor to
the volume of the NN’s weight matrices, allowing a more balanced and controllable coefficient updates (Kou et al.,
2023b; Meng et al., 2023).

* The system of sampling dynamic: 7, ng,n*,p, |P|, ||p1]], ||p2]|, op. The choice of this system is to (i) avoid the
cases where all sampling methods would succeed or fail simultaneously, and (ii) ensure there is a marked learning
progress disparity between well-learned and yet-to-be-learned features within the initial stage. The reason to maintain
these conditions is to help reveal the underlying rationale behind NAL. It’s worth noting that we also provide discussions
in Appendix D.3 on the general settings beyond the specific system chosen in the main body of the work. In these
broader scenarios, there might be various patterns in the learning progress of features.

In all, albeit the two systems interact and operate together, they have distinct tasks. The first system is tailored to the non-
trivial learning problem at hand. Meanwhile, the choice of the second system aims to help reveal the non-trivial connections
between the two NAL methods, by closely tracking the learning progress of task-oriented features after sampling.

B.2. Consequences of Violating System Requirements

The following outlines the consequences that may arise where the requirements over the systems are violated:

1. The choice of d. The large d technically ensures the per-sample loss contributions are in a controllable order during
training, preventing any individual’s noise from exerting outsized influence on the dynamics. When d decreases with
respect to n, m, the control of the order over < Hu ik Hg I > < HiH , Hg > < w§°,?, IquII >, < WJ(OT), Hg—” >

, V1,7 # 7 no longer hold with high probability as listed in Appendix G.1, and our technical results on training
convergence can not be assured to hold with high chance. Also, a small d leads to a large Signal-to-Noise Ratio (SNR),
where the memorization of noise is no longer the dominant factor in the NN’s weight matrix volume. This makes the
automatic balance of coefficient updates techniques in Kou et al. (2023b); Meng et al. (2023) cannot hold, which serves
as a convenient lever to observe the bounds on the coefficients and matrix volume update.

2. The choices of occurrence probability p, initial size ng, query size n*, pool size |P|, feature norm | || jointly
determine the sampling results.

» Combinations of p, ||| reflect the diverse “easiness” to learn particular features, leading to varied sampling
scenarios as discussed in Appendix D.3.2.

¢ As p,ng and n* increase, the chance of getting all features well-learned goes up, reducing NAL’s advantage over
random sampling as discussed in Appendix D.3.2.

* Lower p values (e.g. p < 0.5) allow NAL to better alleviate labeling efforts by prioritizing the samples with
yet-to-be-learned features, but if p — 0 or |P| decreases, there might be few yet-to-be-learned features in the pool,
limiting NAL’s ability to select enough of them to ensure sufficient learning, as discussed in Appendix D.3.2.

* Smaller ng may limit the learning of all features at initial stage, and all sampling methods might behave similarly
since all types of features require further learning as discussed in Appendix D.3.2. Decreases in ng, n*, and | P|
would make it challenging to reliably control the proportions of samples as in Lemma G.3.

3. The choices of o and 1 aim to ensure effective optimization via GD. As o grows, the model has a stronger “belief”
that is harder to change. While analysis under larger 7 is also doable (Lu et al., 2023), a small 7 is preferred to better
present our main findings.
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Amidst parameter variations, we believe our findings are non-trivial.

C. Theoretical Results: XOR data version

In a similar vein to the theoretical results on linearly separable data, we now present a theory specifically tailored for XOR
data. The purpose or effect of each result is similar to those obtained for linearly separable data, so we will omit the detailed
description of each result. The experiments and proofs can be found in Appendix E.3 and Appendix H.

Definition C.1. (Meng et al., 2023) Let a,b € R%\{0} with a | b be two fixed vectors. For u € R? and § € {£1}, we
say that ¢ and § are jointly generated from distribution Dxor (a, b) if the pair (i, 7) is randomly and uniformly drawn
from the set {(a+ b, +1),(—a—b,+1),(a—b,—1),(—a+b,—1)}.

Definition C.2. For [ € {1,2}, let {a;,b;} L {as, by} € R\{0}, with a; L b; be two pair of fixed vectors satisfying

lla]|? + [|be[|> = [|pe2]13, where ||4|2 represents feature strength. Then each data point (x,y) with x = [x(VT, xT] Te
R2d and y € {1} is generated from D as follows:

 Feature Patch. For a feeble p satisfying p < 0.5, one patch of x is randomly selected as feature patch, and with high
probability (1-p) the feature patch x; is easy-to-learn feature p1, while only with probability p the feature patch is
hard-to-learn feature pi5. pt; € R? and § € {41} are jointly generated from Dxor(a;, by).

* Noise Patch. The other patch of x is assigned as a randomly generated Gaussian vector £ ~
N (0,07 - (T— 3, (aua) /[lar]|* = bib; /[[bi]?))).

» The ground truth label y is synthesized from a Rademacher distribution.

Here we assume the two types of feature differ: (1 — p)||p1]|3 = Q(Uf)dngl) and p||pz||3 = O(Uﬁdnal). Also, we assume
the noise cannot completely disturb the learning of features: 723 = Q(opd), 1 € {1,2}.

For (x,y) ~ D in Definition C.2, it’s safe to say that:
(x,y) 4 (—x,y), and therefore Py ,)~p(y - (0,%x) > 0) = 1/2 for any 0 € R,

In other words, all linear predictors will provably fail to learn the XOR-type data D.
Condition C.3. For certaine,§ > 0, suppose that

1. The initial training size ng, the maximum admissible size after querying n, and the width of neural network m satisfy
no = Q(log(m/8),p~ " log(1/4)), i = O(p~ ' opd|p2lz*), m = Q(log(7/5)).

2. The dimension d satisfies: d = Q) (72, n)\pll30,2) - polylog(1/e) - polylog(1/6), for I € {1,2}.

3. Random initialization scale oy satisfies: oo < O (min {\/no/ (opd) ,nollpill2/ (o2d) }), for | € {1,2}, the learning
rate n satisfies: 1 = O ({max {ogdg/z/ (ngv/m) ,o2d/(ngm)] -

4. The angle 0 between a; + b; and a; — by satisfies cos§ < 1/2, for VI € {1,2}.

Proposition C.4. (Before Querying) For any €,0 > 0, if Condition C.3 holds, when the probability of the appearance of
weak feature in each data point generated from the testing distribution D* is p*, then with probability at least 1 — 26, the
Sfollowing results hold at a certain t = ) (nom/ (naagd)) :

e The training loss converges below ¢, i.e., Lg (W(t)) <e.
e The test error achieve sub-optimal constant-level LOD:l (W(t)) >p*-0.12.

Proposition C.5. (Querying Stage) During Querying, under the same conditions as Proposition C.4, if (1 — p)||p1]|3 —
pllpal2 = Q(crpzdl/Qngl/2 (log(m/6'))'/?) and the size of the sampling pool |P| is adequately substantial, satisfying:
|P| = Q(p‘laéd\\u2||54,p_l log(1/0)), then with probability at least 1 — ©(8 + 0'), both Uncertainty Sampling and
Diversity Sampling pick samples with hard-to-learn features ps in P.
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Cldgd _ @

: ol ~ 2 S
n* = 0(n —ng) < n — ng, where C is some positive constant, under the same conditions as Proposition C.5, the D* and
p* follows the same definitions in Proposition C.4, then with probability at least 1 - ©(5 + &), we have the following results
hold at a certain t = Q ((no + n*)m/ (nec’d)):

Theorem C.6. (After Querying) If the sampling size n* of the two types of Sampling algorithm satisfies

* For both the Random Sampling method and Uncertainty Sampling method, the training loss converges to ¢, i.e.,
Ls (WW) <e.

* Uncertainty Sampling and Diversity Sampling algorithms both have negligible test error: L% (W®) <

exp(© (M>),l e {1,2}.

4
O'pd

* Random Sampling algorithm would remain the sub-optimal constant-level test error: LODil (W(t)) >p*-0.12.

D. Discussions over General Scenarios

Our findings align with the concept of “Active Learning,” where models resemble students (models) actively selecting
valuable practice questions (samples) to prepare for exams (tasks). Students prioritize perplexing questions based on high
uncertainty of their answers, or rare knowledge points (features), in order to enhance their understanding of yet-to-be-
mastered (lack of learning progress) knowledge points (features) in test questions. Similar to students, for most black-box
deep neural models, the “learning progress” of particular “feature” is not readily available for algorithm developer due
to their inherent opacity. From a feature learning view, that’s why NAL algorithms need to indirectly prioritize those
yet-to-be-learned features, since this is the key for their good generalization ability and achieve benign overfitting. Our
study shows that uncertainty-based and diversity-based NAL inherently strive to prioritize yet-to-be-learned feature-assisted
samples (i.e., perplexing samples) via different comparisons in a heuristic manner. We believe future work can figure out if
developed interpretable models (Yu et al., 2023) reduced labelling efforts by prioritizing perplexing samples.

Below, we present several discussions regarding general scenarios and the potential wider applicability of our theorems,
beyond the specific conditions considered in the main body of our work. It is important to note that our point-mass querying
approach and one-round querying settings were adopted to better unveil the inherent principle of query criteria-based
NAL algorithms in a rigorous manner, albeit other complex NAL algorithms may be better suited for real-world complex
data distribution and corresponding tasks. Note that our multiple task-oriented feature-noise data modellings follow the
modellings in Allen-Zhu and Li (2023); Chen et al. (2022; 2023b;c;a;d); Zou et al. (2023b); Li et al. (2023); Kou et al.
(2023a;c), which empirically mirror the latent representation of models like Resnet (Allen-Zhu and Li, 2023) or transformer
(Yamagiwa et al., 2023; Jiang et al., 2024).

D.1. Discussion of the Role of Benign Oscillation

In the work by Lu et al. (2023), they analyze the role of a large learning rate in the context of feature learning. Their data
modeling includes weak features present in each data point, strong features present in a small fraction of data points, and
noise. Although our work differs in terms of the data modeling and analysis framework, we might also observe the impact
of a large learning rate. In Figures 2, 5, and 7, we can see that Uncertainty Sampling and Diversity Sampling algorithms
empirically outperform the fully-trained model. Drawing insights from the results in Lu et al. (2023), we attribute this
phenomenon to the large learning rate, which drives the model to be trained to focus more on weak and rare features. It
is worth noting that although our training loss does not exhibit the benign oscillation phenomenon mentioned in Lu et al.
(2023), this probably could be due to the difference in optimization algorithms (GD with logistic loss in our work versus
SGD with square loss in Lu et al. (2023)).

D.2. Potential Extension over State-of-arts and Criteria-combined NALs: BADGE as an Exampler

We believe our analysis can indeed be extended to reveal the success of methods like BADGE (Ash et al., 2020) that combine
uncertainty and diversity criteria. We show they share a common principle of prioritizing samples with yet-to-be-learned
features. Like the inner product arguments in prior theoretical results (Li and Liang, 2018; Karp et al., 2021; Allen-Zhu and
Li, 2023; Chen et al., 2022; 2023b;c;a;d; Zou et al., 2023b; Li et al., 2023; Kou et al., 2023a; Huang et al., 2023a; Kou et al.,
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2023c; Chidambaram et al., 2023; Deng et al., 2023; Huang et al., 2023c), our theory characterizes learning progress via the
coefficients -, ,.;, which high-levelly represent how well the NN has integrated low-dimensional task-oriented patterns into
its latent space. We believe the underlying principle of BADGE (Ash et al., 2020) aligns well with this view:

* Core idea of BADGE. The key idea behind BADGE is to query samples that exhibit large and diverse gradients within
a single batch, achieved through k-MEANS ++ or £-DPP in the pseudo gradient space.

* Connection between gradient and latent space of NN. Since our analysis utilizes the well-applied non-increasing
logistic loss, the smaller the magnitude of the latent representation, the larger the magnitude of the gradient embedding
will be. Additionally, the diversity of the latent vectors’ directions will be preserved in the gradient space. Based on
Lemma G.15, we see that the rows of the latent representations are roughly of the order as ’yj(tz I

* BADGE also prioritizes samples with yet-to-be-learned feature. We now know the BADGE tends to prioritize
samples with smaller scale latent representations (smaller «; ,. ;) or more diverse directions (many diverging v, ,.;).
These samples correspond to the cases described in Lemma 4.2, which in our context refers to samples with lower
;-1 that have yet-to-be-learned features.

Therefore, we claim that BADGE, in the context of our analysis regime, can be explained as a well-motivated NAL method.
The key reason is that the two core ideas of BADGE align with the shared underlying rationale of NAL that we has uncovered.
One of our future work would serve to give a fine-grained analysis of the success factors behind BADGE, and we also
believe our theoretical framework has the potential to extend to the understanding of some other state-of-the-art methods.

D.3. Extension over Data Distribution under Other Conditions

The theory presented in our main study focuses on a data model that includes weak and rare features, strong and common
features, and noise. This setting is motivated by real-world imbalanced datasets, as illustrated in Figure 1. However, thanks
to our general analysis framework, we can also discuss more general scenarios with broader conditions. In the following
sections, we first discuss a theory version that relaxes the conditions on feature norms. This case suggests that rare features
may also possess sufficiently discriminative label-related features, such as Simba in the last row of Figure 1, even though
they are rare occurrences in the overall data distribution. Secondly, we introduce a more general theoretical results. While
our discussions below focused on results for linearly separable data, we assert that the same results hold for non-linearly
separable XOR data, as the requirements for the parameters are indeed similar. The proofs of all results in this section can
be readily obtained based on our results in Appendix G.4, H.3 , G.5 or H4.

To start, we present the condition-relaxed versions of Proposition G.16, which describe the order situation of samples in P
under relaxed conditions. Here we denote 7; as the proportion of p;-equipped data in Dy,

Proposition D.1. (Proposition G.16 with relaxed conditions on feature norms) Under Condition 3.1, there exist t =

O (nfleflmndflapfa that for Vx,x' € P C D where x contains feature patch y - po while x' contains feature patch

2
y' - p1, with probability at least 1 — 8m exp {—@ <[T1 Hu,1||§ — Ty ||u2||§} /(Uﬁd/n@) } we have x' <) x.

Proof of Proposition D.1. See the proving process of Proposition G.16.
This theorem serve as the key to analysis of the querying statistics, as samples with the lower E (v, ;) are perplexing
7T

samples. Based on the coefficient scale presented in Lemma G.14, we can obtain the probability lower bound for x’ <) x
which is

2 212
[l 13 = 72 Nl

opd/no

P(x' <® x) >1—8mexp{ —O @)

Thus we can conclude that perplexing samples are samples with lower 7; || ||§ We then can relax the conditions on feature
norms by imposing specific conditions on p. Additionally, we can relax both conditions on feature norms and conditions on
p to consider a more general case. The upcoming sections will discuss these scenarios in detail.
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D.3.1. CASE 1: RELAXED CONDITIONS ON FEATURE NORMS

In the main body of our work, we have the conditions on feature norms: |13 = Q(Ugdnal), a2l = O(Jgdnal)

and |1 |12 — |2l = Q(0,2d2ng /*(log(m/6'))/2) for the ease of presentations. In this section we provide a theory
version that relaxes these requirements (i.e., no discrepancy in terms of feature norms). The essence is that we can impose
stricter assumptions on p to ensure there exists a learning progress disparity between the two features. Despite this, the
inherent principle of the two-criteria-based NAL approach would still drive the algorithms to preferentially query the samples
containing the yet-to-be-learned features. The rigorous rationale behind these will be thoroughly explored in Appendix
G.3 and Appendix G.5. Here, we can leverage the deduction results in Appendix G.3, Appendix G.4 and Appendix G.5 to
readily form the following results.

Definition D.2. (Definition with relaxed conditions on feature norms) Let z1; L po € R? be two fixed feature vectors.
Each data point (x,y), where x contains two patches as x=[x7,x2]7 € R?*¢ and y € {—1,1} are generated from the
distribution D:

* The ground truth label y is synthesized from a Rademacher distribution.

* Noise Patch. One patch of x is selected as a noise patch &, synthesized from Gaussian distribution N (0, crg -I).

* Feature Patch. For a feeble p satisfying p < O(n002d||u2||§4),(||u1H% + 2037 (I pall3 +

o,2d"*ng ** (log(8m,/6'))'/2), the remaining patch of x is selected as label-related feature patch, and with high
probability (1-p) the feature patch is a common feature y - 141, while only with probability p the feature patch is a rare
feature y - po.

Here we only require that the learning of features would not completely disturbed by noise: VI € {1,2}, ||m]]3 =
Q02 log(ng/5), ng "do).

The specific condition on the occurrence probability p serves two purposes. Firstly, it ensures that strategy-free passive
learning cannot sample enough rare data to adequately learn the rare label-related feature p1o, as observed in the real-world
scenario depicted in Figure 1. Secondly, it helps distinguish the learning progress between 1 and po.

We can prove that three querying algorithms still exhibit harmful overfitting at the initial stage.

Proposition D.3. (Before Querying) At the initial stage before querying, Ve > 0, under Condition 3.1, with probability at

least 1 — 0, there exists t = O (n_ls_lmnod_10;2), the followings hold for all of the three querying algorithms:
1. The training loss converges to €, i.e., Lg (W(t)) <e.

2. The test error remains at constant level, i.e., LOD:l (W(t)) =0(1)>0.12-p*.

Then, we can still have a look on the querying stage based on the techniques in Appendix G.4.

Proposition D.4. (Querying Stage) During Querying, under the same conditions as Proposition D.3, then with probability
at least 1 — ©(6 + 0"), Uncertainty Sampling and Diversity Sampling would all pick n* samples that models exhibit lowest

E yj(tz ; (i.e., perplexing samples). Moreover, those perplexing samples are samples with rare feature p;.
gr

Similar to the theories presented in the main body of our study, we can establish the following theorem.
Theorem D.5. (After Querying) If the sampling size n* of the three querying algorithms satisfies Cy Jﬁd”/J,Q |54 —pno/2 <
n* = 0(n—ng) < n— ng, where Cy is some positive constant. Then for Ve > 0, under the same conditions as Proposition
3.3, with probability more than 1 - © (5 + &'), there exists t = O (n~'e " m(ng + n*)d~'o,?) such that:

e For all of the three querying algorithms, the training loss converges to ¢, i.e., Lg (W(t)) <e.

e Uncertainty Sampling and Diversity Sampling algorithms have negligible near Bayes-optimal test error:

Lyt (W®) < exp(© “ll ) e
D* = p( U4d )a 6{ 9 }
p

* Random Sampling algorithm would remain constant order test error: L%." (W(t)) =0(1)>0.12- p*.
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D.3.2. CASE 2: FLEXIBLE CASES

Indeed, we can relax both the conditions on feature norms and the conditions on p to explore more general cases. By (7), if
71 || 1 ||2 A To || 2 ||2, the learning progress of the two types of features would be alike (i.e., E (% 1) A E (fyj r.2)), and

we cannot clearly observe which type of feature-equipped samples are likely to be queried. Thanks to our sample complexity
analysis regimes in Appendix G.5, we can clearly examine two scenarios at the initial stage based on (G.3) and Lemma
G.21:

* Benign Overfitting: if 7;||p||5 > QClogdng !, the learning of y;-equipped data would be adequate, and the test error
of algorithms achieve Bayes-optimal.

* Harmful Overfitting: if 7;||p||3 < 2C5 /30 pdng !, the learning of p1;-equipped data would be inadequate, and the test
error of algorithms remains constant level.

Then, we can list some cases with certain p (72 = ©(p) by Lemma G.3) , ||]|2, ! € {1, 2} in our analysis regime:

1. When the learning of 17 and po are all adequate, we can conclude that ng is already sufficient for training in this case.

2. When the learning of p; and po are all inadequate at the initial stage, all querying algorithms (i.e., Random Sampling,
Uncertainty Sampling and Diversity Sampling) can help leverage learning of features. While our theory indicates
that the two NAL algorithms would tend to prioritize samples with comparatively poorer learned feature (i.e., {; |
7|\ |3 = min(7y || 1|3, 72|l 22]|3) }), the difference in generalization ability between Random Sampling and the two
NAL algorithms would depend on certain parameters (i.e., p, n*, |P|, ||p1]|2, || 2 ]]2)-

3. When the learning of p;, is adequate while the learning of p;, is inadequate (I; # Iy € {1, 2}), we have the following
cases based on our theory:

o If 7y, ||ty ||§ SRR 3 the prioritization by two NAL algorithms is not obvious, and they would perform
similarly to Random Sampling.

If 7y, || gty ||§ > 7, ||, Hg, two NAL algorithms would tend to prioritize perplexing samples (i.e., samples with
H1,), and their prioritization has lower probability bound in (7). Meanwhile, the difference in generalization
ability between Random Sampling and the two NAL algorithms would depend on certain parameters (i.e.,

n*,|Pl, || l2, |e2]l2)- Specifically, under Condition 3.1, Definition 2.1 and Definition D.2 provide two
parameter settings satisfying 7, ||, |12 — 71, ||, |2 = Q(op2d"/?ng */ (log(m,/6))'/2), where the two NAL
algorithms succeed while Random Sampling fails (i.e., Theorem 3.4 and Theorem D.5). Other general scenarios
can also be rigorously analyzed with the prioritization probability lower bound in (7) and permutation probability.

4. Other cases would be similar to the second or third case (i.e., where 3] € {1,2}, 202/30gdn51 < 7z <
2C okdng ).

In real-world scenarios, the pool-based setting often resembles a wide range of flexible cases. From the perspective of
feature learning, our theoretical observations suggest that the occurrence probability and strength of different task-specific
features can profoundly impact the efficiency of NAL algorithms.

D.4. Cases of Criteria Preference

Our work has uncovered a non-trivial connection between the two query criteria-based NAL methods. Specifically, they
share a sufficient condition - which we also called it as the shared principle - that is vital to the success of NAL methods,
which holds when the learning progress of the well-learned features greatly surpasses the learning of the yet-to-be-learned
features to a certain degree

O(E (131)) = O(E (72)) > max| < wil)m > |

Learning Progress Disparity: well-learned Feature vs.yet-to-be-learned Feature
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However, as discussed in Appendix D.3.2 above, when this shared sufficient condition (or principle) does not hold, the
behaviors of the two heuristic criteria-based sampling methods may differ.

Cases favoring uncertainty-based Sampling. Specifically, when the label budget is not highly limited and there is sufficient
opportunity to capture all feature types, uncertainty-based sampling may be preferred. Our analysis shows that compared to
uncertainty sampling, diversity sampling has a stricter requirement, with a less than 1 scalar (7; — 72) in the left side of
inequalities (37) and (70), versus (31) and (64) for uncertainty sampling. This allows uncertainty sampling to more precisely
prioritize samples with yet-to-be-learned features, more easily ensuring adequate learning across all feature types.

Cases favoring diversity-based Sampling. However, when label complexity is quite limited (as per Appendix D.3.2) where
all task-oriented features require further labelling budget, we may favor diversity-based sampling. Despite all sampling
algorithms increasing test accuracy by addressing insufficient learning of certain features, diversity sampling’s efficiency in
obtaining diverse features could enhance the model’s ability to grasp diverse low-dimensional patterns. This in turn could
enrich generalization, even when the test distribution differs from training.

Our statements here align with discussions in the recent survey (Zhan et al., 2021). We believe this nuanced perspective
deserves further exploration.

Cases favoring Strategy-free Random Sampling. As discussed in Appendix D.3.2, our theory suggests that when
71 || 21| & To||p2||? where 7; denotes the proportion of g in training set, it indicates a balanced “easiness” to learn multiple
task-oriented features. In such cases, the learning progress of these features tends to be similar, and the prioritization by NAL
methods may not be clearly evident. In other words, if there is no distinct gap between well-learned and yet-to-be-learned
features, uniform sampling might be sufficient, and the advantage of NAL methods only emerges when there is a clear
distinction of “learning easiness” among various task-oriented feature categories.

Additionally, when it comes to the scenarios of active fine-tuning, where the task objective is heavily or slightly changing.
In such situations, the task-oriented low-dimensional patterns may shift, and the model’s optimal representation could differ
from before. As a result, NAL methods that leverage prior neural representations for sampling may not be as effective, and
uniform sampling could be a satisfactory choice.

D.5. Discussions of Multi-round NALs

Our theory suggests that the core principle underlying both NAL methods is their tendency to prioritize the selection of
samples containing yet-to-be-learned features. This fundamental characteristic is not inherently tied to the single-round
setting, but rather reflects an intrinsic property of the two primary criteria-based NAL family.

In the multi-round iterative process, the learning progress of different features may diverge across rounds and potentially
align with the various cases discussed in Appendix D.3.2. However, we expect the NAL methods to continue performing
well due to their innate focus on prioritizing the selection of samples containing yet-to-be-learned features.

D.6. Discussions of Practical Lessons of our Results

Here are some key takeaways of our theory:

* Potential of NAL to surpass fully-trained NN. As discussed in Appendix D.1, and corroborated by the results in
Lu et al. (2023), fully-trained neural networks tend to learn hard-to-learn features in an inefficient manner, as they
place disproportionate emphasis on the easy-to-learn ones. In contrast, our analysis suggests that the NAL approach
prioritizes samples with low y; .. ;, making it more likely to achieve a balanced rise in ; ;.1 and ; ;- o during the new
round of training. This implies that NAL has a better chance of ensuring sufficient learning of all features within a
certain number of iterations, compared to fully-trained neural networks. This conclusion is partially validated by the
empirical results presented in our Figures 2, 5, and 7, where the NALSs outperform the neural networks. In real-world
settings, we conjecture that NAL might have this potential when the neural network is sufficiently overparameterized
and has the capacity to capture all relevant patterns of the problem instances within limited iterations.

* Care orthogonal components of features or gradients. Our theory suggests that if techniques can be adopted to
capture the meaningful orthogonal components of a neural network’s features or gradients (e.g., using ICA (Yamagiwa
et al., 2023)), then the samples with low-magnitude latent feature components or high-magnitude gradient components
might align with the perplexing samples in our work. This is because our theory indicates that yet-to-be-learned
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features are often underrepresented in the neural network’s latent space, and if the loss is non-increasing, the length in
the latent space might be inversely proportional to the length in the corresponding gradient space. Notably, existing
state-of-the-art methods such as BADGE (Ash et al., 2020) also leverage a similar idea with respect to the gradient
component of the last layer.

Incorporate Signal-to-Noise Ratio (SNR) Measurement. Our discussions in Appendix D.3 denote that the perplexing
samples are often characterized by their rarity and low SNR (the scale ratio between feature and noise). Techniques,
whether learnable or unlearnable, that can accurately or approximately measure the SNR of multiple task-oriented
features in a NN’s latent space may help develop a principled NAL approach, and for specific tasks and datasets, it may
be feasible to develop such task-oriented SNR measurement methods.

E. Additional Experiments

E.1. Sampling Information of Main Results
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Figure 3. Rescaled v (v = ij(f,l’l), Uncertainty (i.e., —Confidence Score) and Feature Distance (with various p of /,, norm) of the samples
in sampling pool P, where -y represents the learning progress of feature in particular sample. The dashed line in the graph represents the
top 30 samples with the highest Feature Distance.
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illustrating training size changes in labeled data sets,
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Here we give more visualized details of the querying stage. The parameter settings are the same in Section 5. Figure 3

visualized the rescaled I% ikl uncertainty(-Confidence Score) and Feature Distance of each samples in the unlabeled
3k,

sampling pool P, where the dash line corresponds to the top n* samples based on Diversity Order. It’s obvious that

regardless of the value p, the Uncertainty Order and Diversity Order of samples remain the same, and corresponds to the
order of I}% ikl This validates our unification claims in Proposition 3.3, and Lemma 4.4. Figure 4 makes it clear that the

sivs

two NAL algorithms successfully obtain those hard-to-learn samples, while Random Sampling hardly obtain hard-to-learn
samples as it selects samples in a random manner.

E.2. Experiments: Data Model under Other Conditions
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We investigate the scenario where the strengths (i.e., feature norms) of different features do not vary significantly, as
discussed in the main body of our work. Specifically, we set them as the same: ||p1]]2 = ||p2||2 = 8. Other parameters
are listed as the following: T* = 200, p = p* = 0.1, d = 2000, ncyn = 200, ng = 10, n* = 30, |P| = 190, 0, = 1 and
oo = 0.01. In this case, where 71 ||pt1]| < 72||ps2||, the perplexing samples are those samples equipped with po. It is worth
noting that our chosen value of p = 0.1 is not small enough to satisfy the condition in Definition D.2. Instead, our parameter
setting falls under the second bullet point of the third case discussed in Appendix D.3.2. Figure 5 demonstrates the success
of both NAL algorithms, while Figure 6 illustrates the sample information. It is clear that both NAL algorithms prioritize
the perplexing samples more effectively than Random Sampling, resulting in a lower test error rate.

E.3. Experiments: XOR Data Versions
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We also conduct experiments on XOR data. We set the parameters as: cosd = 0.4, 7* = 200, d = 2000, ||p1] = 20,
p=p*=0.2, ||| =6, neyn = 200, ng = 10, n* = 30 and |P| = 190. Figure 7 and Figure 8 clearly demonstrate that
the two NAL algorithms succeed via prioritizing perplexing samples-samples with po features.

F. Details of Querying Algorithms
F.1. 2-layer ReLU CNN

We adopted the 2-layer ReLU CNN, which is representative for non-linear neural models. Also, this neural setting makes
both the model’s uncertainty towards samples and the latent feature representation available, paving the way to design NAL
algorithms based on this neural settings. The first layer of the model is composed of 2m neurons/filters, with m positive and
m negative, each of which is applied separately to the two patches x; and xo, with a ReLU function o(z) = max{0, z}.
Specifically, the parameters of the second pooling layer are set to —&—i and —% respectively. The network can thus be
expressed as f(W,x) = Fy; (Wy1,x) — F_1 (W_1,x), where the partial network functions for positive and negative
neurons/filters. For j € {+1, -1}, F; (W, x) is defined as follows:

Fj (Wj,x) = — > [0 ((Wj,r, x1)) + 0 (W), x2))]

T

-
il

®)

I
3=
NE

[0 ((Wiry ) + 0 ((w,r, §))] -

Il
-

T

We denotes w; . € R? as the weight vector for the 7-th neuron/filter in W ;, where W is the aggregate of model weights
associated with F} filters. We use W to denote the aggregate of all model weights. Without loss of generality, we let the
derivative of the ReLU function at 0 is equal to 1, denoted as ¢’(0) = 1.

F.2. Score and Order of Samples
We claim that the following definitions and lemmas hold for both linearly s

Definition F.1. (Confidence Score) The Confidence Score C' (W ®), x) is defined as below:

1
1+exp{—y-f(W(t),x)}’

C (W(t),x> = max{
©

1- ! }
l+exp{—y-f(W® x)}

The Confidence Score C' (W(t) , x) represents the probability of the predicted label y of logistic loss.

Definition F.2. (Uncertainty Order) We denote the sampling pool as P that P C D. For t > 0, Vx and x’ € P, we define
the Uncertainty Order <g) and j(ct), which denote the order of the model’s uncertainty upon its prediction upon x and x’ at
the time step ¢:

x <¥ x'if © (W(t),x) >C (W(t),x’) ,
x < x'if ¢ (W(t),x) > (W(t),x') . (10)

We say the model uncertainty at time step ¢ upon x is less than x’ if x <g) x’. Specifically, if the model’s uncertainty

towards its predictions upon all elements in a set X at time step ¢ are all less than those in the set X', we utilize the same
notation to describe the Uncertainty Order at time step ¢ between sets: X <g) X'

Lemma F.3. The Uncertainty Order is a full order. In addition, for Vx and x' € P, att > 0 we have:

=t (w0 (W)

(11)
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Proof.

x jg) x o C (W(t),x> >C (W(t),x’)
- 1 S 1
L+exp{|f(W,x)[} = 1+exp{—|f (WO ,x)|}

= s (WO 2|r (W)

As one can always get f (W(t), x) € R by a given x at time step ¢, the Uncertainty Order is a full order.

In Lemma E.5, we will show that sampling based on the Uncertainty Order is equivalent to various typical sampling methods
based on the score functions defined in many typical Model Uncertainty-based Approaches, such as Least Confidence
(Lewis and Catlett, 1994), Margin Roth and Small (2006) and Entropy (Joshi et al., 2009) methods under our data model
scenario, thus it’s representative to the main idea of the approaches family while elegant.

Definition F.4. The following are the definitions of the score functions of LeastConf (Lewis and Catlett, 1994), Margin
Roth and Small (2006) and Entropy (Joshi et al., 2009).

 Least Confidence selects data points whose predicted label y have the lowest posterior probability, so the score function

of LeastConf is:
Score(W® x) = —P(y|x, W®), (12)
* The score function of Margin is:
Score(W, x) = ~[p(ylx, W) — P(~ylx, W), (13)
* The score function of Entropy is:
Score(W, x) = —[P(ylx, W") log P(y|x, W) + P(—y|x, W) log P(—y|x, W), (14)

Lemma F.5. Sampling based on the score functions defined in (12), (13) and (14) are equivalent to sampling based on the
Confidence Order in Definition F.2.

Proof. By definitions, C (W®, x) = P(y|x, W®) = —Score(W®, x), showing the equivalence of LeastConf methods
and ours. Then by Lemma F.3 and the property: P(—y|x, W®) =1-C (W(t), x), it’s easy to verify that }f (W(t), x) | o<
C (W x) < [C(WD x)—(1-C(W® x)),and | f (WD, x)| x C (WP, x) x [C (WD, x)logC (WD, x) +
(1-C(W®, x))log(l — C (W®, x))]. Therefore, the priority order of the samples based on those score functions are
the same as the Uncertainty Order, thus the proof is completed. O

Definition F.6. (Feature Distance) The latent feature representation of a sample x=[x?,x2]7 in the latent feature space

Z C R™ of our ReLU CNN at timestep ¢ is:

t t
Z(x.1) = Y (o (W3 x1))) + o (W} x2)))
J
Apparently Z(x,t) € R™. The Feature Distance is measured by the I, (p € [1,00)) distance between sample’s feature
representation and the average feature representation of the current labeled set D, := {x(V}7_,:

(t) _ _ (i)
D(W X |Dn) 126et)~ E 200, (15)

Definition F.7. (Diversity Order) Similar to Definition F.2, we defined Diversity Order <g), jg) based on Feature
Distance D (W(t), x | Dn). Borrowing the same notations in Definition F.2, we have:

x <) ¥if D(W",x |D,) <D (WOx [D,),

x < x'if D (W(t),x | Dn) <D (W(t),x’ | Dn) . (16)
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Along with Definition F.2, we also have set-level notations such that X -<%) (jg) )X'. Based on the triangle inequality for
the [, norm and (15), we can easily draw the conclusion that the Diversity Order is also a full order. Furthermore, in the case
that both x <(C€) (j(ct))x’ and x <g) (jg))x’, Vp € [1, o) hold, we denote the order relationship using <) (<(®)), such
that x < (<)) x".

G. Proofs of Main Results

In this section, we denote n as the number of training data in current labeled training set, which is ny at initial stage and n;
after sampling (querying). Besides, we denote the proportion of easy-to-learn data in current labeled set as 71, and utilize
To to represent the proportion of hard-to-learn data in current labeled set for notation simplicity. Notably, we can use the
same techniques in Cao et al. (2022a); Kou et al. (2023b); Meng et al. (2023); Lu et al. (2023) to achieve some statistical
outcomes that are not directly related to our main contribution, we exclude the proof details for those outcomes. Instead, our
focus is on providing comprehensive proofs of our primary contribution.

G.1. Preliminary Lemmas

The following lemmas give finite-sample concentration results to characterize the statistical properties of the random elements
involved in our problem, and hold both under the linearly separable data and XOR data (i.e., p; € {pr, ug, vi }, Vi{1,2}).

o

Lemma G.1. Suppose that 6 > 0 and d = Q(log( 5 ). Then with probability at least 1 — 6,

2
Upd
b

2

(&, &r)| < 207 -y dlog (6n2)7

o2d 9
I < ez <

5
12n

&, m| < llpill20p -/ 21og (=)

foralli,i’ € [n],l € {1,2}.

Proof of Lemma G. 1. The proof can be found in Lemma B.2 in Cao et al. (2022a), Lemma B.4 in Kou et al. (2023b), Lemma
B.3 in Meng et al. (2023) or Lemma A.3 in Lu et al. (2023).

=)

1
emma G.2. Suppose that 6 > 0,d = Q(log ,and m = Q(log(<)). Then with probability at least 1 — ¢,
L G2 S hat § > 0,d = Q(1 5 d Q1 5 Th h probabili l 1-94

o2d 0 o2d
= < Wil <375~

)

16m
‘<W§?r)7#l>‘ < 2log(T) ool

1
‘<W§»?T)7£i> < 24/log GZM-JO%\/Q

forallr € [m],j € {£1},1 € {1,2} and i € [n]. Moreover,

ool ' 16m
M < neli[ix}j . <w§-?r)7ﬂl> </2log(——) - oollp2,

d 1
% < m?x]j . <w,(.0? £i> < 24/log 6gnn -ogopVd
re[m ’

forall j € {£1},1 € {1,2} andi € [n].

Proof of Lemma G.2. The proof can be found in Lemma B.3 in Cao et al. (2022a), Lemma B.5 in Kou et al. (2023b), Lemma
B.4 in Meng et al. (2023) or Lemma A.4 and Lemma C.1 in Lu et al. (2023).
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Next, we utilize the property of binomial tails to examine the proportion of hard-to-learn data within the subsets generated
from the data distribution D (i.e., the initial labeled set D,,, := {x(i)}?z"1 C D, the sampling pool P C D, and the final

labeled set D(m"dom) {x(random) )@ }i1, € D obtained through Random Sampling).

1-— 1
Lemma G.3. Suppose that § > 0, ng, 7, |P| = Q ( p log (5)), then for n € {ny, |P|,n1}. Denote n, < n as the

number of hard-to-learn data among n, then with probability at least 1 — §. We have

p-n (17)

proof of Lemma G.3. We can see n,, as a binomial random variable with probability p and number of experiments n. By
Exercise 2.9.(a) in Wainwright (2019), we have

P <p2” <n, < 3’;”) > 12 "P(5lp)

where the quantity D(6]|c) for V6, a € (0, 1] is defined as
1) 1-9
D(o =01 — 1-9)1 — .
() i= oo (2 )+ (1= 9y 1o (1 =2 )
3pn

Since g < p. By Exercise 2.9.(b) in Wainwright (2019), we can obtain P <p2n <n, < 2) > 1 — ¢ directly by
Hoeffding Inequality.
Remark G.4. It is important to note that the generation of D,,, and P through sampling from D is independent. However, the

D[grlandom)

generation of is based on D,,, and P. In our analysis, instead of considering martingale with the perspective of

conditional probability, we consider the overall process of the labeled set obtained by Random Sampling, where D,(flandom)
is directly sampled from D.

G.2. Coefficient Ratio and Scale Analysis

In this section, we provide lemmas that characterize the behavior of coefficients under gradient descent. Subsequently, we
establish the scale of the coefficients in the training dynamics. It’s worth noting that in this section we assume the results in
Appendix G.1 all hold with high probability.

Definition G.5. (Equivalent techniques to Definition 4.1 in Cao et al. (2022a), Definition 5.1 in Kou et al. (2023b)) Denote
w(.t) for j € {£1},r € [m] as the convolution neurons/filters at the t'" timestep of gradient descent, then there exist unique
(¢ )l and p(t) such that

coefficients -, i

( i
' *JZ””MW+;“”MH

Further denote pgtl ; as pgtz A (pgtz ;2 O) “2 as p]t) 1 (pgtz ; < O) Then:

n

n . _ 18
l? ;ﬂ”mm Zf”mm (19

=1

_WJT+JZ ,erl

We denote U; = {i € [n] : x) = [y; - puy, &1}, for I € {1,2}. The following lemma presents the update rule of coefficients.
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Lemma G.6. The coefficients 'y( 2 R ﬁﬁ) i P, t) deﬁned in Definition G.5 satisfy the following iterative equations:

0) 500 0 _

'YJTZ»PJTNPJTZ
t+1 t n
%(,fz)*%(,f)z*% Zﬁl g /<< wi') oy >> ][5,
el

_ n t .
Pgtﬁ) Pﬁz T am '32( "o (<W§t27€z>) ) H&'Hg 1(yi=1j),
t+1) — 1) o ) /(< (t) >) 12 (s — i
Bj,r,i Bﬂlm—i—nm 67, o W],r7€1 H£7z||2 1(yl ])7

SJorallr € [m],j € {£1},1 € {1,2} and i € [n].
Remark G.7. This lemma serves as a cornerstone in our analysis of dynamics. Originally, the study of neural network
dynamics under gradient descent required us to track the variations in weights. However, this Lemma enables us to view

these dynamics from a new perspective, focusing on two distinct elements: feature learning (represented by fy(Hll)) and

noise memorization (represented by p(H_ ) (&) (¢ )

jri ). We can easily observe that the ;.
negative.

»1 1s strictly increasing since 02 is strictly

Proof of Lemma G.6. Applying the gradient descent rule in (2), we get

t n
Wi =l - S o (W) e

s=01=1

- nznZZf’( Dol (Wi g )) - g

s=0 i=1

Based on the definition of 7( ) , and pg 2,1, we consider 7( T) b p§or) i p;ogi =0 and

2
t 0 . t -2
Wi = w4 STl m+2pm €15 - &.
=1

Note that g1, po and &; are linearly independent with probability 1, thus we have the following unique representation

’YJ(trl:_n"ZnZZEI() '(< ]2>yzﬂl>)'HﬂlH§7

s=01ieU;
pmz—n;zws o ((wii) &) - Il - v

Recall U; = {i € [n] : x¥ = [y; - p;, &]}, we have

=SS o (i) Il (19)

s=04€U;
Now with the notation P;iz = p;ill (Pﬁl > 0) pgtzz =p (t) 1 ( (M < O) and the fact #,*) < 0, we get
n t
=== 0o ((wi)&)) &l - 1 i = ). 20)
s=0

0= Y (wi6)) IR L= =) @

The proof is completed.
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Remark G.8. The proof strategy employed in this study follows the study of feature learning analysis techniques in Cao
et al. (2022a); Kou et al. (2023b); Meng et al. (2023). However, our decomposition considers two task-specific features with
different proportion. This disparity would finally lead to distinct learning efficiency among samples, as well as different
generalization ability.

Next, we’re dedicated to explore range scale evolution of the coefficients in the signal-noise decomposition. Let 7% = 1~}
poly (7', d,n,m) be the maximum admissible iteration. Denote

a = 4log (T%),
= 2 {[(wi )| [ (w2} @
o, o Il

T od

16mn

16m
By Lemma G.2, 5 can be bounded by 40¢ - max { log ~opVd, \[log(—— 5 ) - e ||2} Under Condition 3.1, it is

straightforward to verify the following inequality with a large constant C'":

32log(12n) log (M) 1
N 0 0 < —. 2
max 8,S Rl\/ pi no, b pi na p < 12 (23)

We then assert the following proposition hold for the entire training period. This proposition serves to show the evolution
scale of the coefficients.

Proposition G.9. Under Condition 3.1, for 0 < t < T*, there exists a positive constant C' such that

0< ygt) < C'-mn-SNR? -a

0<p¥) <
Pims =& (24)
1 6n2
O>B§ 12 -5 =10 %HQZ*O&,

forallj € {£1},r € [m],l € {1,2} andi € [n].

Remark G.10. Our results resemble those in the study of feature learning of CNN (Cao et al., 2022a; Kou et al., 2023b; Meng
et al., 2023; Lu et al., 2023). However, the scale of our learning progress coefficient ’y( ) ; depends on its corresponding

feature proportion and strength in the labeled data distribution, which will 51gn1ﬁcantly 1mpact the learning process of
specific type of data.

Proof of Proposition G.9. See Proposition C.2. and Proposition C.8. in Kou et al. (2023b) or Proposition C.2 and Proposition
C.8 in Meng et al. (2023) for a proof. Regardless of the variations in data settings, obtaining the result through inductive
techniques is readily feasible.

Based on Proposition G.9, we can analyze the convergence of the training dynamics via identifying the degree of feature
learning and noise memorization in the following section.

G.3. Feature Learning and Noise Memorization Analysis

In this section, we adopt a two-stage analysis to evaluate the evolution of the coefficients. In the first stage, the loss function’s
derivative remains nearly constant due to the small weight initialization. However, in the subsequent stage, the derivative
of the loss function becomes non-constant, requiring a careful analysis to address this change. We will see that the scale
differences in the first stage remain the same. Worth noting that the results in this section are based on the previous results in
Appendix G.2 holding with high probability.
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G.3.1. FIRST STAGE: FEATURE LEARNING VERSUS NOISE MEMORIZATION

Lemma G.11. There exist
= an_lnmU;Qd_17T2 = C477_1nm0p_2d_1

where C's = O(1) is a large constant and Cy = ©(1) is a small constant, such that

* max;,, ’y](?,l = O(mn-SNR?), forall0 <t < Ty,1 € {1,2}.

« ming, 7\, = Q(nn - SNR}), forall t > Ty, 1 € {1,2}.

. p;T,,l*)z > 2, forany r* € S’( ) = {r € [m]: <WJ“,,£Z> },j € {x1} and i € [n] withy; = j.

¢ maX;r;

Bﬁ-tli‘ — max {0 ( 1og(%) -aoa,,m> .0 ( 1og(5)1og (T%) /\f) },forallO <t<T.
. max]rﬁi le = O(1), foralli € [n].

Proof of Lemma G.11. See Lemma D.1. in Kou et al. (2023b) or Lemma D.1, Proposition D.2-D.4 in Meng et al. (2023) for
a proof.

G.3.2. SECOND STAGE: CONVERGENCE OF TRAINING ERROR

At the end of the first stage, we have the following feature-to-noise decomposition:

n
(Tl) (T1) (T1) | §i (T1)
= W +] Yirl " 2 + Pjri” B )
r Z h |lt || — ||£z||2 = ||E ||2

for j € [£1] and r € [m]. Applying the results we obtain in the first stage, we have the following property holds at the
beginning of this stage:
() — 7y - SNR}) forany j € {£1},r € [m].

7l

. ﬁgTTl)l > 2 forany r* € S( ) = {7’ € [m]: <w7(f3,)r,£i> > O} ,j € {£1}andi € [n] with y; = j.

hd maxs r;

(T1)
pj,r,i

=m0 (w2 - 209,v) 0 (mfow s ) v |

Following the technique in Cao et al. (2022a), now we choose W* as follows

wi, = wl® +5log( ) [Zl(j =) IIES‘iQ] .
i=1 o

Lemma G.12. Under Condition 3.1, we have
(t)

o | = {0 font 5 ) 0 (v oaron () 2)

=775t

max
J,Tst

forall Ty <t < T*. Besides,

1 . W™ — W ;
- (S)) F
t—T1+1S;1LS(W S —nyn T °

forall Ty < t < T*. Therefore, we can find an iterate with training loss smaller than 2 within T = T +
[

/(ne ’ =T, +0 ( mnd_lop_Q) iterations.
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Proof of Lemma G.12. See Lemma D.5 in Cao et al. (2022a) or Lemma D.6. in Kou et al. (2023b) for a proof.

Worth noting that since the n could be ng or n; and the 7; could be any real number denoting the proportion of specific
types of data in the labeled set, we have successfully concluded the proof of training loss convergence for all three querying
algorithms. The following lemma characterized the feature-to-noise ratio during the whole duration.

Lemma G.13. Under Condition 3.1, we have

Zpgt?"z/’yj/ r! l - ( l71 ’ SNRl_Q)
forall j,j" € {£1},r,7" € [m],l € {1,2} and 0 <t < T™*.

Proof of Lemma G.13. See Lemma D.7. in Kou et al. (2023b) or Proposition C.8 in Meng et al. (2023) for a proof.
Now we can summarize current results into the following lemma.

Lemma G.14. (Formal restatement of Lemma 4.1) Under Condition 3.1, there exists Ty = O(n~ 1nma 1), fort €
[Ty, T*] we have the following hold:

T 2 noo_ ,
VJ(tr)l =0 ( ldl;gb) D oica pgti s forall j € {£1},r € [m]andl € {1,2} (from Lemma G.13).

3P ﬁgtll = Q(n) = O(nlog(T*)) = O(n), forall j € {£1},r € [m] and | € {1,2} (from Proposition G.9 and
Lemma G.11).

+ )| = max{Oouoy V- log("5), O, log(5) 08(T*) /i) for ail € (1), ] and
1 € {1,2} (from Lemma G.12).

Lemma G.15. Under Condition 3.1, there exists t = O (n’lsflmndﬂa;z), we have:

®

vamr

QSG)( ld %>’

<W§f2«, yuz> =0 (vf,t) l) (25)
< (_tz,,,yuz> @)(v(_tf”z> <0.

forallj € {£1},r € [m] andl € {1,2}.

Proof of Lemma G.15. Recall the signal-noise decomposition of wgtz

n

(t) 0) _(t) &i ) &
+] ’yrl RN prz 2"
>l o o i S T

For [ € {1, 2}, we can bound the inner product with j = y:

(Wi ) = (w goz,ym>+vw+zpw I&ill5* - (& yrn) +zp<t> Neilly - (& yp)

TRAR)

d
>4\ \/210g 00||uz||2—\/210g ) - opllpallz - () lzpymrzpy”]

( 10g(?)00|uz2)—@<\/1@§T?) (o)l ) -6 (S8R ) o4

-0
~[1-6 (s anftunte) |22~ 6 (fos5) )™ Vil )
=0 (+{,),

_Vv,r l

(26)
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where the inequality is justified by Lemma G.1 and Lemma G.2. The second equality is obtained by substituting the
coefficient scales in G.14. The third equality follows from the condition og < C~! (crpal)f1 v/n in Condition 3.1 and

the feature-to-noise ratio SNR; = Hlll||2. For the fourth equality, it should be noted that fy( ) = Q(mn - SNR?),
opVd
n m —1 vl m
and also 4 /log(— < 1/v/C and 4/log(—) (0pd) " —————== = 4/log lo

1/(4 /Clog(%)) <1/(C, /log(%)), which holds due to [|p]|5 > C - o log(g) and n > C’log(g) in Condition 3.1.
Therefore, for a sufficiently large constant C, the equality holds. Moreover, we can deduce in a similar manner that

n

<W(f§,,r,ym>=<w(f);mym> v,yrﬁzp i - €157 - (& —ypu) Z @ i &l (Giymm)

U
W_yrﬂr\/?log 00||Hl||2+\/210g ) opllpllz - ( 7 Zp_ymﬂLZ@(f;M

— ()
=—-0 (’y_yrl> <0.
27
Next, we seek to upper bound ||W ||2 The techniques are similar to Proposition D.5 in Meng et al. (2023). We first tackle
the noise term in the decomp0s1t10n namely:

n 2

() &
p'ri :
Z &l )

i=1
- _ t t <€7, 7£i >
LN IS D o o
i=1 1<ii <ia<n nli2 r2ll2
<4a_2d 1ijm Z pﬂ“p;im (160_4d ( dlog T )
1<iy <ia<n

2 n n
=251 (t) -2 7-3/2 6n (t) (t) 2
=40, d” Pjri —|—32op d Ulog (5 E Pjori P (28)
i=1 i=1 i= 1

n 2
_zd ijt) + 0 ( —zd—3/2) (Z p5t22>
i=1

2

<[0 (2 0 Y) + 8 (0,2a79/2)] (Z 0t Z P )
=1 =1

=0 (a;deln <Z Dj.r Z) ,

where the first inequality is by Lemma G.1; the second inequality is by the Cauchy Schwartz Inequality on (Y, pgti 2.

We can then upper bound the ||W§t2 |2 as:

ryj,r l (t) 51

p. L.
I

w2 < ||wio|
'Y rl 1. _
< i Z H;qu (“Pld 2n 1/2) Zpﬁfll 29)

—0 <0;1d71/2n71/2> Zpﬁtiw
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where the first inequality is due to the triangle inequality, the second inequality is by (28), and the third equality is due to the
following comparisons:

(?)
,yj,r,l

[l _ 1/2,.1/2 -1 2\ _ —13-1/2, 1/2 _
O (o7 'd-1/2n-1/2) . 3 50 = © (! 2y SNRF) = © (o, /2! 2 a2 ) = O(),

i=1Pjri

n  _(t)

which is by the coefficient scales in Lemma G.14, the coefficient order %pﬁm =0 (SNsz) , and the d condition in

’yj,r,l
Condition 3.1; and also we have:
(0)
o o (o)
771l o= ( 5= 0] (Uoopdn_1/2) =0(1),
S} (Up_ld_l/Q”_l/Q) D Pjri © (U;Id_l/Qn_1/2) D Pjri

which is by the coefficient scales in Lemma G.14, and the condition for o in Condition 3.1. Apply the coefficient order
S ﬁﬁi = Q(n) to (29), we directly have Hwﬁ H <0 (ap*ld*%n%).

T i
G.4. Order-dependent Sampling (Querying) Analysis
Based on the scale of wgtz and the inner product between it and features, we can now characterize the querying situation of
two query criteria-based NAL methods. First, to address the issue of ©(|P|?) comparisons in P, we employ a full-order-
based technique. We introduce the concepts of Uncertainty Order and Diversity Order in Appendix F.2. Subsequently, we
delve into the order of the samples in P in the following proposition.

Proposition G.16. Under the same conditions of Proposition 3.3, there exist t = 0] (n_le_lmnd_la;Q) that for
Vx,x" € P C D where x contains weak feature patch while x' contains strong feature patch, with probability at least 1-§’,
we have x' <) x,

Proof of Proposition G.16. Firstly, suggest x = [y - p2,22],x" = [y - p1,21], where z1,z5 ~ N(0,07 - I):
F(WOx) =32 (it oma)) +o((wiom))]
j,r
P(Wx) =32 o ((with )+ o ({wifhz))]
2,7

By (11) in Lemma F.3 and (16) in DefinitionF.7, we have the following

x jg) X & ‘f (W(t),x)‘ < ’f (W(t),x/)

)

Qc

x’ jg) x< D (W(t),x,p | Dno) > D (W(t),x’,p | Dno),

Qp
Q

Denote ij o <<wj(t2, z1>>, ij el <<w§t2, Z2>) as g,(z1), gr(22) respectively, Notice that for z ~ N(O0, ag -1I):
2
<w§-t2,z> ~N (0, or 'I) ;
' 2
2
o((wi),2)) ~ N T (07 o, -I) :

3,r
35
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N

W,
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Then:
o=y () <|s (w0

> P(Z(Zlgr(m Z (Wrr1) = ©(Yy,r2)))

l
> Pl maX{K 9.0)]) < Oy 00)) - OE ) @b

max{‘< W, T,Zl>‘} < O(( (’}/y 1) — E(’Yy,r,Q))).

R

Q’Y
The second inequality is by triangle inequality and (25) in Lemma G.15; the third inequality is by Lemma G.14.

For Qp, denoting U} = {x € Dy | Xgignal part = M1} as the set of indices of Dy where the data’s feature patch is p;, We
then take a look at the 7 row of the Feature Distance Z(x, t), which we denote as Z,.(x, t):

Zo(x,t) =Y (0 (Wjmy-p2) +0 (Wi 2zr))
J (32)
=0 (1y,r,2) + 9r(22)

Z Zr(x(i)at) _ Z g (<Wj,7" Yi - N(Z)>) +o (<Wj,7"€i>)

P o 4 "o
(33)
[Zz Tno- GEULG(VyiL,r,l) +2.:2.;0 (Pj,m')}
B No
Let (32) - (33), we have:
Z,(xD ¢ Z,(xD ¢
ZT(X7 t) - Z % = @(’Yy,r,Z) + gr(ZZ) - Z % (34)

Now we can estimate D (W® x,p | D,,,):

D(W®O.x,p | Dyy) = |1Z(x,1) - nZ 229

i=1

2,

1
P

<@
_ (E \Z,(x, ) — Ezr(not)|p> .
"o »
- <Z|@(7y,r,2) + gr(22) — E Zr(no’t)|p>

Similarly, the D (W®) x’,p | D,,,) could be written as:
G
Z,.(x\V,t ’
D(WO.X.p D) = (D@(wr,n Fora) -3 (n>|) (36)

To compare D (W( ). x,p | Dno) and D (W(t "p | Dno) we first see that both expressions in the r-th filter owns

<@
-3 y = =30 E () =10 D DO (i)
i l v

llEU(lJ

By Condition 3.1, we see that o2d/(no[|u1][3) = Q(log(T*)). We see that as T is the substantially large maxi-
mum admissible iterations, collaborating with (25), (33) and (30), it holds that the order of ngl Z” o((wjr &) =
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_ . Z,(x, ¢ ;
no ' >0 (pjri) in Y, % is indeed can dominate ng ' >, o ((Wj i - ) =30, 7-0( EU’ (Vys, 1))
(21 0
Z,(x9 ¢

O(vy,r1) and g.(z1). As Y, ) is shared by both D (W® x,p | D,,) and D (W, x',p | D,,,) in the r-th
0
filter, a sufficient event for D (W x,p | D,,,) > D (W® x',p | D,,,) is that for Vr € [m], we have

Zﬂ W %”,rz)) O(vy.r.2) = gr(Z2|>|maX{ZTz JE (%L,,rz)) O(vy,r1) = gr(21), 0}].

Utilizing those results, we now could estimate the chance of event Qp:

P(Qp) = P(D (W(t),x,p | Dno) > D (W(t),x/,p | Dn0>)
> P(m# Yy (max|g,(z1)]) < m7 (O(E(y.r.2)) Zn

l
|@ rYy,r 1 Z T

ueU . 'quil )l

O, E (urt))

<o (= mIOE (1500)) — (1 = mIO(E (1372))

s )

> P(mp max{ <w 2
YR 7

(37

1o mi(m = 1) l5 — ma(m — )| 23
= Pl el (i) < e - )
_ 1 (t) 1

= P max{| (W), 2)|} < mFOEQy 1) ~ Elryra))

= P(max{|(w'), 2)[} < O((E(y.r1) — E(ryr2)),

7,0
Qy

where the first inequality is by Lemma G.14, triangle inequality, (25), (35) and (36); The forth equality is by (30). Easy to
see that if p = oo, the third equality would be zero, thus our condition p < oo avoid this case. Now we take a look at the
event §):

P(Q;) = Plmax(| (wil).z1) |} < O((E(y 1) ~ E(3y,r2)

2 2
[ a3 = 72 23]

= Pl (wifl )} <@ |
2 2
wt) [7—1 [pallz — 72 ||l"2||2} (38)
JLTJl{K g2 > ‘ <0 Ugd/no
Qi

= P(Qr0),

gl

where the second equality is by the first inference statement of Lemma G.14; the third inequality is by the equivalence
property of the union by events; the last equality is by the Union Rule. Then, by Gaussian tail bound, we have:

2 212
[l 13 = 72 Nzl

P(Qjml) >1—2expq —0
oSd?/nj ij(tz

2

Finally, with conditions on ||21]|3 — ||#2]|3 in Proposition 3.3, Lemma G.3, (25) in Lemma G.15 and union bound, we have
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the conclusion for event 2:

2 212
73 = 72 |3

> >1- —
= P(Q) > P(Q,) >1—8mexp{ —O Y 39)

>1-4,

for Vp € [1, 0).

Remark G.17. We can observe that the Uncertainty Order and Diversity Order of samples rely heavily on the model’s
learning progresss upon them. By Lemma G.14, the learning progresss of samples depend heavily on the feature strength
||£e:]|2 and data proportion 7;. That is to say, in our case, the perplexing samples are the samples containing weak feature
p2. In the next section, we would show that the number of those perplexing samples in the labeled set after querying would
determine the algorithm’s generalization ability.

From the above proving process, we can deduce some important findings, which can be summarized in the following
lemmas.

The following lemma shows that Uncertainty Sampling and Diversity Sampling correspond to different comparisons on the
model’s learning progress over samples in P.

Lemma G.18. (Restatement of Lemma 4.2) Under the same conditions in Proposition 3.3, with the same notations in
Proposition G.16, there exists certain constants cy, Ca, Cs, C4, Cs, Cg > 0, such that

* X jg) x’ has a sufficient event that

{c1B(vy 1) — 2B(yy,r2) > r;lgf{ngtZ Zz>’}}, (40)

among which the left side of the inequality corresponds to the comparison of learning progress of samples with different
type of feature patch.

* X jg) x',Vp € [1,00) has a sufficient event that

(s ryra) =es Do B, Oyl = leoB ) =0 3o By ()] > mael| (will.z) [}, @)

lEUl Ul

among which the left side of the inequality corresponds to the comparison of the disparity between learning toward
samples and labeled training set.

Proof of Lemma G.18. The first bullet point can be easily derived from (31), while the second bullet point is readily apparent
from (35), (36), and (37).

During the proving process of Proposition G.16, it is observed that for any p € [1, c0), there exists a shared sufficient event
for (40) and (41). This implies that it is also a shared sufficient event for the events Q¢ and Q2p, denoted as {2:

= {max{|(w). )|} < O((E(y 1) ~ Eyra))}-
By the first inference statement of Lemma G.14, we have
s = (max{|(wil )|} < O((E(y00) = Eryn2)): (“2)

Therefore, we can conclude that the significant difference in the model’s learning of the feature g1 and o is what causes
the sufficient event for both event 2 and Q. By (39), we have:

P(Q,) >1—8mexp {—@ (jEr(%’r’l) - ]5(7j7T,2)> } . (43)

Based on Lemma G.14, we see that the E ( ~v;.r1) 18 significant larger than E ( 7v;.r,2) under our conditions, which causes the

sufficient event 2.

Based on the above results, we can have a look on the overall order situation of the sampling pool P.
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Lemma G.19. (Restatement of Lemma 4.4) Under Condition 3.1, when the results of Proposition 3.2 and Proposition G.16
hold at the initial stage and querying stage at a certaint < T™*, denoting X%;. C P as the collection of all the data points
with strong feature i in P, and X2 g ‘P as the collection of data points wzth weak feature po, we have the conclusion
that with probability more than ]—@(5’), XL <® X2 holds.

proof of Lemma G.19. By Proposition G.16, ¥x' € X1}, and Vx € X%, x’ <) x with at least probability ¢’. It’s natural
to see comparing every pairs in X4 and X% as independent random events. Then given a certain x’ € X1, the chance

that Vx € X% satisfies x’ <(t) x is O((1 — §")1X7), therefore, for Vx' € X1, the chance is O((1 — &)X Xpl) =
O((1 — o")r 1 -p)|PP? )=1—-0(§)asd < 1.

Based on Lemma G.19 and (42), we directly have the following lemma demonstrate that both NAL algorithms would all
prioritize those poor learning samples.

Lemma G.20. (Restatement of Proposition 3.3) Under the same conditions in Proposition 3.2, the Uncertainty Order and

Diversity Order of the samples [(y - )T, €77 in sampling pool P follows the order of E %('tr) -
g T

G.5. Label Complexity-based Test Error Analysis

In this section, we suggest the results in the previous sections all hold with high probability. With the results of the final
scale of the coefficients as well as the order situation of the data in sampling pool P, we can now take a look on the test
error upper and lower bound under distinct conditions before and after querying.

Lemma G.21. (Partial restatement of Lemma 4.5) Under Condition 3.1, for a test set D* C D* with occurrence probability
p* of the ps-equipped data, then 3t = O (nflaflmnodflazjz), we have the following two situations before and after
querying (i.e., Vs € {0,1}):

4d
o IfVl € {1,2},n4 > holds, we have the test error:

H H
LO—l W(t) < (1 _ *) . 771371”/1,1H421 +p*. 777’8,2“”2”421 (44)
D < p*) - exp “Coold i p* - exp “Ciold i .

Coold
e 3 € (1,2 < 2P

™ H4 holds, where C1 is from Condition 3.1, we have the test error

L9 (W(t)) > 0.12- pp. 45)
Here pj, denotes the occurrence probability of feature py:, Cv, Co, C3 and C4 are some positive constants.

Proof of Lemma G.21. Recall the test error definition and consider the proportion of different type of data in the testing set
D*, we have:

LOD_*I(W) = P(x7y)~'D* [y ' f(W,X) < O]
=1 =p") Pyopy [y (W, x) <O +p" - Pixyyopy, [y f(W,x) <0,

where Dy, and D}, denotes the collection of data points in D containing feature 1 and po, respectively.

(46)

First, we seek to prove the first bullet point. We utilize the techniques similar to the proofs of Theorem 1 in Chatterji and
Long (2021), Lemma 3 in Frei et al. (2022), Theorem E.1 in Kou et al. (2023b) and Theorem 3.2 in Meng et al. (2023).
Denote the feature patch in x as p;, (I, € {1,2}), we first take a look at the product

o (WO) = 55 [o (o)) + o ((w26))]
o 2o (ot )+ (wi€))] = 5 o () o ((w05,€))
< L[Sl e ((w6))]

47
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Denote g(§) as )y .o (<w(f;7r, >) Since <w(f?)/7m > ~ N ( (f; ) 2 12)), we can get
m o m [w ] o
6= 3o (w6) =35 T - S

at two sides

Then we can obtain the following test error upper bound on D}, by adding Eg(§&)

(t)
WZT IH —y,r 9

of the inequality:

Plens, (1 (W) <0) < Py (X (016)) > S (i) )

= P(x,y)ND (g(&) - Eg(ﬁ) > ZU (< ’Elt)r’ YH, >) O;ﬂ_ i HW(j?)/’T 9
T r=1
(49)

By the results in Lemma G.14 and Lemma G.15, we take a look at the comparison of the two terms at the right side of the
inequality:

So((wm) | (5 on)

=0 (ledlmni/z SNRi) ( 1/2”ul || /(o gdl/Q)) ’

UPZT 1 H fyr - S} (d_l/Qn;1/2> Zrzﬁ(—t;rz
9 ) iy
(50)
where 7, denotes the proportion of feature y;_ in current training data set (before or after querying). Worth noting that

4

»d
——— 7, which means ny ;_ ||p1 |3 > 2C10,d, VI, € {1,2}.

we have assumption in the first bullet that VI € {1,2},n,; > m ”
2

Since (1 is a sufficiently large constant, it directly follows that

ZT:O(< gi)”y“l >) ZHW*yT

By Theorem 5.2.2 in Vershynin (2018), we know that for any x > 0, the following holds

P@@%Eﬂ@>x%wm<—”’>7 51)

apllglit,

where c is a constant. To calculate the Lipschitz norm, we have

96~ 9 €)= S0 ((w?),.€)) = 3o ({w —wv€>)‘
r=1 r=1
<5 ((50.6) - (o508))
<3 |(w - €
<3 [w | le- €1,

where the first inequality is by triangle inequality; the second inequality is by the property of ReLU; the last inequality is by
Cauchy Schwartz Inequality. Therefore, we have

lgllup <> W,
Y,

40
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Utilize (51) and (52) in (49), we have

(5 (b)) - () S o,

Pocyy~ny, (v (W,x) <0) <exp |- ST
ap r=1 Hw—y,r

2
t
= exp | —¢ ZT"(<W?§}’?J%>)_ 1 (53)
oy S Wl V2E
(1) 2
2o (i)
< exp(c/2m)exp | —0.5¢ ,
m (t)
UPZT:I W—y,r 9

where the third inequality is by (s — t)? > s2/2 — 2, Vs, t > 0. And then by (50) and (53), we can have

5o ((wilkum, )\

P(x,y)ND;l (yf (W(t),x) < 0) < exp(c/2m)exp | —0.5¢

x m t
Op Zr:l HWSL,T 9
e [ 71, 0,1, || |13
P ar Cotd (54)
—ep [ £ N1, |1, )13
2m C’lxagd
ns1, |1, ||421
< _ s v T
= xP < 2C;,04d

where C;, = C/1;, = O(1); the last inequality holds if we choose C; > ¢C_ /=, for any [, € {1, 2}. If we choose C} as
2Cy, and Cy as 2C7,, by (46) and (54) we have

4 4
701 (W(t)) < (1) —ns 1| |3 . —ns2llp2lla )
D < (1—p*)-exp “Cyotd +p*-exp “Ciold

Next, we serve to prove the second bullet point. We utilize the pigeonhole principle technique in Kou et al. (2023b); Meng
et al. (2023), which is based on the following two lemmas.

Lemma G.22. Fort € [Ty, T*), denote g(§) =Y, .0 (<w§t2, £>> There exists a fixed vector v with ||v;]|2 < 0.020,
and constant Cg such that

> l9(E+vi) — g (7€) > 4 max {Z vEfZ,l} 7

jle{£1}

forall ¢ € R

Proof of Lemma G.22. See Lemma 5.8 in Kou et al. (2023b) or Theorem 3.2 in Meng et al. (2023) for a proof, where we

CQU;d

[rrats:

Lemma G.23. (Proposition 2.1 in Devroye et al. (2023)). The TV distance between N (0, JgId) and N (vl, O’%Id) is
smaller than ||v;||2/20,.

utilize a large enough C5 in the condition given in the second bullet point (n,; < ) to control the norm of v;.

Proof of Lemma G.23. See Proposition 2.1 in Devroye et al. (2023) for a proof.
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Now we take a look at LOD:l (W(t)), by (46) we have:

L5 (WO) =7 Pyymy, [y (W, %) < 04 75) - Poxyym,, [y (W, %) < 0]
> Tlf ' P(x,y)N’D;l/ [:l/ : f(WaX) < 0]

=7 Py~ (ZG (<W(—t21 r >) - ZT:U (<W1(/t2"’€>)
> Z (< y,rvyuz'>) — XT:U (<W(f?),,myw>) )

(B () () mf )

Z 0.57-;; " Fx,y)~Dx

= 0.57 - P(Q¢),
(55)
where Q¢ := {5”9(5) |> Cs max {ZT 7 H,,E A 1 - l,}}. The last inequality holds since we can always have a
corresponding y to make a wrong prediction if given &, the ‘ZT o (<w§t2ﬂ, >) ->.,.0 (<w(_t)17r7 £>) ‘ is large enough.
Next, we seek a lower bound of P(€2¢). By Lemma G.22, we have that ) . [g(j€ + vi) — g(j€)] > 4C max;, {Z *y] . l}.

Then by pigeon’s hole principle, there must exist one of the &, & + v, —§, —§ + v; belongs {2¢. So we have proved
that Q¢ U —Q¢ U Q¢ — {vi} U —Q¢ — {v;} = R% Therefore at least one of P(Q¢), P(—Q¢), P(Qe — {vi}), P(Qe —
{v1}), P(—Q¢ — {v;}) is greater than 0.25. By the definition of TV distance, we have:

IP(Qe) = P = Vi)l = [Peonr(0021) (€ € %) — Pen(v,.o21,) (€ € )|
< TV (N (0,0014) , N (vi,0714))

< Ivill2
= 20
< 0.02.

Also, notice that P(—Q¢) = P({¢), we have 4P(€¢) > 1 — 2-0.02. Thus L% (W®) > 0.575; - 0.24 = 0.12 - 75;. The
proofs complete.

Based on Lemma G.21, our focus is to verify whether the NAL algorithms satisfy the condition stated in the first bullet
point. On the other hand, it is highly likely that Random Sampling fulfills the condition stated in the second bullet point.
The following proposition validates this intuition.

C 10 g d pno

Proposition G.24. When Lemma G.19 holds, and the sampling size of algorithm satisfies AL - < n* =
1221153

O(n — ng) < n — ng, we have the following:

4

d
g e € 01

* The number of data with strong feature patch n 1 satisfies ng 1 2

* The number of data with weak feature patch ns s before querying and after Random Sampling satisfies ng o <
Cy

4d
[ ||
* The total number of data with weak feature patch n, » after Uncertainty Sampling and Diversity Sampling satisfies
01 0'4d

nie = 71
iz 2||2

For the sake of coherence, here C1 and Cy are some constants shared with Theorem 3.4 and Lemma 4.5.
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3 C 04
Proof of Proposition G.24. By conditions in Definition 2.1, we have (1 — §p)n0 > 7” ! I for a large constant C. Then by
2
plugging the results of n,, for ny in Lemma G.3, as well as the definition of n ;, we have
3 C1 04d
ni1 > no1 > (1 —=p)ng > 7-
2 el
Cl O'4d pno
For the second bullet, by Lemma G.3, Lemma G.19 and conditions n* > i ” — 5 we have:
H2|l2
4
pno " 010' d
nig > — +n" 2>
2 Tlpal?
. .. 2Cy0pd . .
Besides, by Lemma G.3 and the condition n < ETIRTES NS the third bullet holds straightforwardly.
Pl2]|2

By the result of Lemma G.21 and Proposition G.24, the results of Proposition 3.2 and Theorem 3.4 holds directly.

Lemma G.25. (Restatement of Corollary 3.5) Under the same conditions as stated in Theorem 3.4, with a probability of
at least 1 — ©(6 4 ¢&'), we observe distinct label complexities for traditional 2-layer ReLU CNN and NAL algorithms in
achieving Bayes-optimal generalization ability:

* For a fully trained neural model, the label complexity ncnn requires Q(p~ ' o2 d|| pa 54).

* For two NAL algorithms, the maximum label complexity v only requires Q(o2d)|| 2|5 H.

Proof of Lemma G.25. According to Lemma G.21, to adequately learn the signal g; for any [ € {1,2}, one needs at least
C 1(7;‘;d leerlls 4. Since the occurrence probability of 5 is low (p), Random Sampling without any strategy requires a label
complexity of at least Q(p~'o2d| 2|5 %) to capture sufficient instances of g5 from the training distribution. On the other
hand, by leveraging the insights from Lemma G.19 and Lemma G.20, both Uncertainty Sampling and Diversity Sampling
can effectively query yet-to-be-learned perplexing samples, which are typically samples associated with o by Lemma
G.14. Hence, both querying algorithms only require a label complexity of Q(af)dH w2z ).

H. Proofs of Main Results: XOR data version

In this section, we first introduce some notations. We denote n as the number of training data in the current labeled training
set, which is initially ng and becomes n; after sampling (querying). We define u; = a; + b; and v; = a; — b;. The
proportion of easy-to-learn data 1y = 4(a; & by) in the current labeled set is denoted as 7, while 75 represents the
proportion of hard-to-learn data pro = +(az £ bs). In a manner similar to the proofs provided in Appendix G, in this section
we utilize the techniques employed in Kou et al. (2023b); Meng et al. (2023) to obtain results that are not directly related to
our main contribution. For the sake of brevity, we omit most of the proof details of those outcomes, as our setting aligns
with the one considered in (Meng et al., 2023), despite the fact that we examine multiple task-oriented features. Instead, our
focus is on providing comprehensive proofs of our primary contributions.

First, we claim that all preliminary Lemmas in Appendix G.1 hold with high probability. It is evident from Definition 8§ that
F1 (W41, x) always contributes to the prediction of class +1, while F'_; (W _1, x) always contributes to the prediction
of class —1. Therefore, the jobs of w1, and w_1 ,. are learning =u and £-v respectively. Then, similar to (G.5), we take a
look at the coefficient updates with signal-noise decomposition techniques, specified as the following.

. 2 . n
(t) (0) (t) J - (t) J Vi _(t) &
+ Zv FRE S LR S NN o TERR I S IO (56)
[Jau|3 ! ||€ H2 €113

=1 [[vell2 i=1 i=1

where we denote ﬁgtil as ,0;’?,21 (pEt) > O) B??"i as pgt) 1 (pg?l < 0) Here 7](-27“1 are mainly contributed by

Wi NG

Fi1 (W41,x), and Vit%,r,uz ~ < (*) iu> Similarly (" , are mainly contributed by F_; (W_1,x), and ﬁfi,m ~
< () iv> Worth noting that j € {£1} here denote the signal of u; and vy, but not the signal of F;y (W, x), j' € {£1}.

JT’
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Specifically, the update rule can be written as:

Wgt:n g(tl n Z Egt)1{< 5‘2,%} 0}ul LW Z z;<f)1{< §t27“1> 0}ul
’ nm nm
1€Stu;,+1US—u;,—1 1€S_u,,+1USyu,,—1
1€S vy, —1US_v; 41 1€S_vy,—1US v 41

_ngnéa(t)(jyl) {(wi.&) >0} &,
(57)

where S, ; = {i € [n],p; = p,y; = j}. Here p € {£uy, tuy, £vy,+vo},j € {£1}, and we let p; represents the
feature in x; and &; represents the noise in X;.

The following lemma shows that a specific discrete process can be bounded by its continuous counterpart, which would be
useful in bounding the coefficient >, péi)a , and the derivative of loss function.
Lemma H.1. (Lemma C.1 in Meng et al. (2023)) Suppose that a sequence as,t > 0 follows the iterative formula

C
41 = O + ————,
t41 t+ 1T bear

for some 1 > ¢ > 0andb > 0. Then it holds that

c
<o < ——+4x
b= t_1+be‘10 t

forallt > 0. Here, x; is the unique solution of

Ty + be™t = ct + ag + be®.

H.1. Coefficient Ratio and Scale Analysis: XOR data version

Similar to the processes in Appendix G, we assume the results in the previous section hold with high probability. Meanwhile,
let T* = n~! poly (5*1, d,n, m) be the maximum admissible iteration. We adopt similar notations as those in (22):

a:=4log (T7),
=2 {| (w3 )| | (i €0
SNR, : _ el (58)

T od

log (6n2 :
Kk =56 Mnlog (T*) 4+ 10+/log(16mn/d) - ocoo,Vd + Z 647m;n - SNR? log (T) .
=1

Then, similar to our results in Proposition G.9, we here also have the coefficient scale as below.
Proposition H.2. [f Condition C.3 holds, then for any 0 <t < T*,j € {x1},r € [m]| and i € [n], it holds that

0 < [(wi )l [(wh vl = 011,) 0(11,,) < 32mn - SNRF o
log (6n2/0)
— N«

d )

_7—"_ Zp%rzfyf(w() )< +— Z yu”

0< ), <da, 0>p0 > 53

,b=e""andb = e, and let Ty, z, be the unique solution of

Moreover, define ¢ =

Ty + be®t =t + b,
&t +be£t = Qt +Qa
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it holds that

2

no,d B 2770 d
Zp ngt—l—c/(l—i—b) log t+2/3| <%z, <log t+1 (59)
vis 8nm nm

forallr € [m]and i € [n).

Proof of Proposition H.2. Please refer to Proposition C.2, Proposition C.8 and Lemma C.9 in Meng et al. (2023) for a proof.
Regardless of the variations in data settings, it is feasible to obtain the result through inductive techniques (Cao et al., 2022a;
Frei et al., 2022; Kou et al., 2023b; Lu et al., 2023).

Building upon Proposition H.2, we can further analyze the convergence of the training dynamics by examining the extent of
feature learning and noise memorization in the subsequent section.

H.2. Feature Learning and Noise Memorization Analysis: XOR data version

Similar to Lemma G.13 and Lemma G.15 for linearly separable data, we can also determine the scale of coefficients and
inner products as follows.

Proposition H.3. Under Condition C.3, the following points hold (n > ng) for VI € {1,2}:

1. Foranyr € [m)], <w§r)1 r,ul> (or <w( )1 ,,,vl>) increases zf<wgrf T,ul> > 0(or <w( )“,Vl> < 0), <w(+)1 T,ul>
(or <W(j)1,r, Vl>) decreases if<w+1),r, ul> <0 (or <w( )1 - Vl>) > 0. Moreover, it holds that

t ¢ min||pall3 nogdt (t) min||pall3 noydt
i Wi = O Tog { S5 (Wi )L (w8 = O og | 25 Dovi )

() < 1w )+l /m, (W vl < 1w v )+l 3/m.

(60)
2. Let z, defined in Proposition H.2, we have

Qn) < n. (Zgo1 — 1) < Zn:p(.t) . < 3nz, < 3n-log gdt +1| =06(n-log o dt
-5 e gt = T = nm nm

forallt € [T*] and r € [m]. Moreover, we have:

ij I—l'l,j T/l:@(Tl_lsNRl ij’l"l < ilr’?,"l‘l>|

forall j,j" € {£1},r, 7" € [m].

), (61)

3. Fort=Q (nm/ (nagd)), the bound for

O ¢ oi .
W, H2 is given by:

2t
e <0p1d1/2n1/2 log ("Z;’;I )) . (62)

Proof of Proposition H.2. The basic techniques are the same as Lemma G.13 and Lemma G.15 despite variation in data
settings. Please refer to Proposition 4.2, Proposition D.3-5 in Meng et al. (2023) for a comprehensive proof.

H.3. Order-dependent Sampling (Querying) Analysis: XOR data version

Based on the scale of w§ ) and the inner product between it and features, we can now characterize the querying situation

of the two NAL methods based on the query criteria. Similar to the order—dependent analysis techniques utilized in
Appendix G.4, we employ a full-order-based technique to tackle the problem of ©(|P|?) comparisons in P. The concepts
of Uncertainty Order and Diversity Order are introduced in Appendix F.2. We then proceed to examine the order of the
samples in P in the following proposition.
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Proposition H.4. Under the same conditions of Proposition C.5, there exist t = 0] (77716 Ymnd= 1o ) that for Vx,x' €

P C D where x contains hard-to-learn feature patch while X' contains easy-to-learn feature patch, wzth probability at least
1-0', we have x' <) x,

Proof of Proposition H.4. Firstly, suggest x = [y - 2, Z2], X" = [/ - p1,21], where g1 € {uy, v}, o € {us, va},y, 4y’ €

(1], 21,22 ~ N(0,07 - 1):
FWOx) = 7 [o (i) +o((wi22))].

7T

FWOR)= 3 o (vt + o () )]

7T

By (11) in Lemma F.3 and (16) in Definition F.7, we have the following

x’ jg) X & ‘f (W(t),x)‘ < ’f (W(t),x/) )
Qc

x’ jg) x< D (W(t),x,p | Dno) > D (W(t),x’,p | Dno),

Qp
X' <0 x & {QcNQp,¥p € [1,00)}
Q

Denote } ;7 -0 (< ](tT), >) djio (< 5,2.,Z2>) as g,(21), gr(z2) respectively, Notice that for z ~ N (0,07 - I):

(withz) v (0wt Loz )
c (63)
a(<w§.2,z>) ~ NE (O, Wy?n 2012) -I) :
Then:
P(Qc) = P(‘f (w<t>,x)) < ]f (W®,x)|)
PO O lgr(z)]) Z (Vi) = ©(Vyrpsn)))
l r
> P(m - max{ <w§72, zl> b < mOEGy ) — OE (i) (64)
= Plmax{|(wil) 2 )|} < O(E(y i) ~ Eiyri)))
2y

The second inequality is by triangle inequality and (60) in Proposition H.3; the third inequality is by (63).

For p, denoting U} = {x € Dy | Xsignal part = M1} as the set of indices of Dy where the data’s feature patch is p;, We
then take a look at the r*" row of the Feature Distance Z(x, t), which we denote as Z,.(x, t):

Zo(x,t) =Y (0 (Wjr,y- p2)) + 0 (W, 2,)))
J (65)
=0 (’mem) + gr(z2)

Z,.(x(i),t) B o (<Wj,r7yi . u(i)>) + o0 (W, &))
Zi: No B ; no

Sinno E O, ) + 05,0 (i0)
0

2

(66)

no
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Let (65) - (66), we have:

x(® <@
ZT(X’t) - Z M = 9(7977“,#2) + gr(z2) - Z M

- no - no
K3 K3

(67)

Now we can estimate D (W® x,p | D,,,):

no

Z( (2)
D (WO xp | D) =20, t) ~ 3 oY L)

i=1

Z,(x9,0) )\
= (szx,t) -2 (Xm)W) (68)

1
Z,(xt) "
= (Z@wy,rm) +onla) - Y 2
Similarly, the D (W(t), x',p | Dno) could be written as:
) o Z.(xD,8) \"
D(WO.xp | Dy) = | 21O ) +0r(z1) = 3077 = (69)

To compare D (W), x,p | D,,,) and D (W) x',p | D,,,), we first see that both expressions in the r-th filter owns

<0
_sz_zn.@(

% l

E l('Yyil,nuz)) - nal Z Z O (pjri) -
i g

iLEUO

By Condition C.3, it holds that 02d/(no||p1ll3) = Q(log(T*)). We see that as T is the substantially large maxi-
mum admissible iterations, collaborating with (60), (66) and (63), it holds that the order of n; ! Do ;0 (W, &) =

(7)
SIS0 () iy, 2D

is indeed can dominate ny'Y>, o ((Wir,yi-p@)) = Y7 -
o :

Zr(x(i), t)
o( E ,('Yy”,r,uz))’ O(Yy,rpu,) and gp(z1).  As >,
e no

D (W® . x',p | Dy,) in the r-th filter, a sufficient event for D (W® x,p | D,,,) > D (W x',p | D,,) is that
for Vr € [m], it holds that

is shared by both D(W® x,p |D,,) and

ZTl e Vy”mm)) O(Vy,rus) — 97(Z2|>|maX{ZTl U ('Yy”mm)) O(vy,r,1) — gr(21), 0}
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Utilizing those results, we now could estimate the chance of event 2p:

P@M:P@%Wmmm|%J>DOWQﬂpﬂ%ﬁ
> P(m7r Yy (max|g,(z)]) < m7 (OEyru) = 27100 E (hyyrm))]

] I ilEUé,T
|@( (Vy,rpn)) — ZTZ'@(_ El (’Vyi,,r,uzm)
. welUg,r
> Pl x| (wia) [} < 03 (7= 7IOE (1))~ (11— 7O(E ()
ymil 1T 7,7 (70)
! ®) 1o T = )| ]l3 — ma(m1 — 7o) [[pall3 noydt

= P(m» rjngic{ <Wj,T,Zl> F<m»O( o2d/ng ) - log . )
P(mp I;rl%({ <w§-f2,zl> < m;G)(E(fYy’,T,/.Ll) - E(’Yy,r,uz)D
= Plmax{|(w}’21) |} < OE rum) ~ Era).

2y

where the first inequality is by triangle inequality, (68) and (69); The forth equality is by (63). Easy to see that if p = oo, the
third equality would be zero, thus our condition p < oo avoid this case. Now we take a look at the event ().,

P($,) = Plmax{|{(w'), 2)[} < O(ECy ) ~ Eyra))

7,m,l

2 2
il = 72 lmals] oar
1}17a€<{‘< J”’Zl>‘}< af,d/no it nm )
s P (0| <0 [ lsls = lsalls] fotar . 1)
y Z - < - 1o
het Wir o2d/ng &\ Tm
Qi

= Z P(Qjm,l)v

Jorsl

where the second equality is by the first inference statement of Lemma G.14; the third inequality is by the equivalence
property of the union by events; the last equality is by the Union Rule. Then, by Gaussian tail bound, we have:

2
2 2
[l 3 = 72 ] ] (nagdt>
-log

P(fljml) >1-—2exp —0
oSd? /ng ||lw ‘ nm

2

Finally, with conditions in Proposition C.5, Lemma G.3, Proposition H.3 and union bound, we have the conclusion for event

2 212
[ a1 = 72 ]

P(Q)>P(Q,)>21- -0

>1-4,

for Vp € [1, 0).
Remark H.5. The proof process is nearly identical to that of the linearly separable case (i.e., the proof of Proposition G.16).
The only differences lie in the scale of ||w§t7) |l2 and y41 r . but the conditions required are the same.

Similar to Lemma G.18 in Appendix G.4, we have the following lemma.
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Lemma H.6. Under the same conditions in Proposition 3.3, with the same notations in Proposition H.4, there exists certain
constants c1, €z, C3, C4, C5, Cg > 0, such that

e X jg) x’ has a sufficient event that

{1 E (v ) — E(y yru2)>max{‘< J,,zl>’}}, (73)

among which the left side of the inequality corresponds to the comparison of learning progress of samples with different
type of feature patch.

e x j(Dt) x',Vp € [1,00) has a sufficient event that

(s r) =es 3 B (sl = 0o O ) — 0 3o )| > ma{| (w0},

(714)
among which the left side of the inequality corresponds to the comparison of the disparity between learning toward
samples and labeled training set.

zzeUé,- zEUL :

Proof of Lemma H.6. The first bullet point can be easily derived from (64), while the second bullet point is readily apparent
from (68), (69), and (70).

Similar to the discussions in Appendix G.4, it is observed that for any p € [1, 00), there exists a shared sufficient event for
(73) and (74). This implies that it is also a shared sufficient event for the events {2 and Q2p, denoted as (2

Q= {max{[{w). z)|} < OOy ) ~ By}

By the first inference statement of Proposition H.3, we have

Q, = {max{

VELSY 7]

(w30 2) [} < OU(E () = E ()} (75)

Therefore, we can conclude that the significant difference in the model’s learning of the feature g1 and o is what causes
the sufficient event for both event ¢ and Qp. By (72), we have:

P(Q'v) >1—8mexp {_@ (].Er(%'mm) - ].ET(%}KM)) } . (76)

Based on Proposition H.3, we see that the E (7, ,,) is significant larger than E (v, , ,.,) under our conditions, which
1T 7,7

causes the sufficient event 2.,.
Similar to Lemma 4.4 for linearly separable XOR data, we also have conclusions regarding the order of pool for XOR data.

Lemma H.7. Under Condition C.3, when the results of Proposition 3.2 and Proposition H.4 hold at the initial stage and
querying stage at a certain t < T, denoting X%; ; P as the collection of all the data points with strong feature p1 in P,
and X% g ‘P as the collection of data points with weak feature po, we have the conclusion that with probability more than
1-9(8"), X% < X2, holds.

proof of Lemma H.7. See Lemma G.19 for a proof.

Similar to Lemma G.20, we directly have the following lemma demonstrate that both NAL algorithms would all prioritize
those perplexing samples.

Lemma H.8. (Formal Restatement of Proposition C.5) Under the same conditions in Proposition C. 5 the Uncertainty

(t)

Order and Diversity Order of the samples [(y - )T, 71T in sampling pool P follows the order of E fyj [
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H.4. Label Complexity-based Test Error Analysis: XOR data version

The underlying philosophy in this section is the same as that in Appendix G.5 for the theory regarding linearly separable
data. We propose that the results obtained in the previous section hold with high probability. By considering the scale of the
coefficients, inner products, and the order of the data in the sampling pool P, we can now examine the upper and lower
bounds of the test error under different conditions before and after querying.

Lemma H.9. Under Condition C.3, for a test set D* C D* with occurrence probability p* of the pa-equipped data, then
dt=0 (n_le_lmﬁd_la;Q), we have the following two situations before and after querying (i.e., Vs € {0,1}):

e Fort = (ﬁm/ (nagda)), the training loss converges Lg (W(t)) <e.

Ciopd
o IfVle{1,2},ng; > — holds we have the test error:

4
P (1=7") Cyoid C4a4d
Cood .
o IfA €11, Q}Ws,l' < H 2 1‘7‘4 holds, where C1 is from Condition 3.1, we have the test error
Hil2
Lo (W(“) > 0.12- 7. (78)

Here 7]} denotes the occurrence probability of feature p, C1, Co, Cs and Cy are some positive constants.

Proof of Lemma H.9. The proof flow follows Theorem 3.2 in Meng et al. (2023) despite that we consider two features. For
the training convergence, by Proposition H.2 we have

1
wif (WO ) 2 =24 =350
r=1
K
> 75 +
2d )
> —k + log (9(7771 Z;n)t—i— 3>

Recall « is defined in (58). Here, the first inequality is by the conclusion in Proposition H.2 and the second inequality is by
(59) Proposition H.2, and last inequality are by (59). Then we have

2
770d 2 el el
L(W®) <log|1+exp{s}/[O(F)t+Z]]< < <e
( )7 g( p{ }/ (ném) 3 7®(na§d)t+%—2/5+%f

nsm

The last inequality is by log(1 + z) <z, t > Q (nzg‘k) and exp{x} < 1.5.

For evaluating test error, same as techniques in Lemma G.21, we have

L%:l(w) = P(x,y)ND* [y : f(W,X) < 0]

* * (79)
= (1 —Pp ) : P(x,y)wD;;1 [y : f(wvx) < 0] +p - P(x,y)wD;:2 [y : f(W,X) < 0]1

where D}, and D}, denotes the collection of data points in D containing feature p1 and po, respectively. Notably,

(x,y)~D;, [y - f(W,x) < 0] is equal to

Z P (yf (W(t)7x> > 0| Xsignal part = N) )

ﬂe{iuz,ivl}

= =
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then without loss of generality, we can only investigate

p (1 f (Wm,x) > 0| Xyignal purt = ul) Wie{1,2)

and the proofs for other cases (i.e., p € {—uj, —ug, £vy,+vy}) are the same. Denote the feature patch in x as u;,
(I € {1,2}), when x = (ul,éT)T, the true label 5 = 1. Considering this case, we have

1 f (W0,x) = % i Foyp (WO u, ) + Fiay (W0 €) = % fj (P (WO, w,) + Foyy (W)
r=1

<[ () - T ()]

T T

Then we can adopt the exact same techniques in Lemma G.21. Recall g(§) is denoted as ), o <<w(_t)y7,,7 >) also (48):

" [

Eq(e) = D Eo ((w),.€)) =3 e ZH wi,

r=1 r=1

(80)

at two sides

Then we can obtain the following test error upper bound on Dy, by adding Eg(&)

¢
\/72’ 1H (_3)” 2

of the inequality:

Pacenep;, (1f(W0x) <0) <P (Z" ((w4.8)) = Z ((wit . >)>
- (s = o (i) - 3| )

By the results in Proposition H.3, we take a look at the comparison of the two terms at the right side of the inequality:

81)

5o (Wi, ) 0 (2,9,
a2 e = © (I SNRE ) = © (nn /(o).
Op Zv‘:l W_1 Ty S} <d71/2n5 ) : Zr,i ﬁ—lﬂ',i
(82)
where 7, denotes the proportion of feature u;, in current training data set (before or after querying). Worth noting that
Choid R
we have assumption in the first bullet that VI € {1,2},n,; > ﬁ, which means ny 1, [uy |5 > 2C10pd, VI, € {1,2}.
u|lo
Since (1 is a sufficiently large constant, it directly follows that
So((wihow,)) -3 Hw@l Al > o.
- ' ’ V2m i T2
Same as (83), we adopt the techniques of Theorem 5.2.2 in Vershynin (2018):
cx?
P(g(§) —Eg(§) > ) <exp | ——5—5— | (83)
Jp ”g”Lip
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where c is a constant. To calculate the Lipschitz norm, we have

(4 8)) o (80)

o(w5)) o (w€))
(wh,.e-¢)

(t)

NE

19(&) —g (&) =

ﬁ
Il
-

,3
I
-

M3

\3
Il
-

M-

\
Il
_

w,

L 11E=€15,

where the first inequality is by triangle inequality; the second inequality is by the property of ReLU; the last inequality is by
Cauchy Schwartz Inequality. Therefore, we have

gl < Z w4, (34)

Utilize (83) and (84) in (81), we have

P(x,+1)~D‘§lw (1 - f (W(t),x) < 0) <exp |-

S0 (W) 1) (85)
op Sy W e V2

—0.5¢ Z’" (<W§l,ul >) 2
Op ZT:l HW(—t)lr

where the third inequality is by (s — t)? > s2/2 — 2, Vs, t > 0. And then by (82) and (85), we can have

2
z,0 (<W5t3~vul )
—0.5¢
UPZT IH —1r 9

c sl
= exp B —

o C’Ugd (86)
B ¢ ng, |3

2m C’lwa;%d

< oxp [ - Tota 02
- QClmU;%d

where C, = CA’/T@ = O(1); the last inequality holds if we choose C; > ¢Cy, /m, for any I, € {1,2}. If we choose Cs as
2Cy, and Cy as 2C,, by (79) and (86) we have

4 4
101 (W(t)) < (1=p")-ex —n§,1||u1||2 4 ex —nf,2||u2||2 _
D (1=p")-exp Cyotd e | e

Next, we serve to prove the test error upper bound. Same as the proof in Lemma G.21, we utilize the pigeonhole principle
technique in Kou et al. (2023b); Meng et al. (2023), which is based on the following two lemmas.

=exp |—c

< exp(c/2m) exp

2

P(x,+1)~Dglm (1 - f (W(t),X) < 0) < exp(c/2m) exp
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Lemma H.10. Fort € [T1,T"], denote g(§) = >_, .o (< W r,£>). There exists a fixed vector v with ||v;]|2 < 0.010,

and constant é’o such that
> 9+ i)~ g(i'€)] = 4Cs max {Zvﬁ-?,m } :
Jre{£1} » r
forall ¢ € R
Proof of Lemma H.10. See Lemma 5.8 in Kou et al. (2023b) or Theorem 3.2 in Meng et al (2023) for a proof, where we

utilize a large enough C in the condition given in the second bullet point (n;; < T 4) to control the norm of v;.

Lemma H.11. (Proposition 2.1 in Devroye et al. (2023)). The TV distance between N (O7 0’21(1) and N (vl, o Id) is
smaller than ||vi||2/20,.

Proof of Lemma H.11. See Proposition 2.1 in Devroye et al. (2023) for a proof.
Now we take a look at LY. (W(t)), by (79) we have:

L5 (W) =7 Pyyony, [ F(W,%) < 0]+ 75 - Pyym,, [y F(W,%) <0
> 7 Py, [y (W, %) < 0]

o)) Do)
> (s max {Zvﬁl)m, , Z’Y(ti oy } )

S

> 057 Picyynmy,

= 0.5 - P(Q),

where Q¢ = {§|| 9(€) |> Cs max {ZT 7?2 oy 7(3),’ wy }} The last inequality holds since we can always have a
corresponding y to make a wrong prediction if given &, the ‘ZT o (<w§t)r, >) ->.,.0 (<vv(_t?u7 £‘>) ‘ is large enough.

Next, we seek a lower bound of P({%¢). By Lemma H.10, we have that }_;[g(j§+vi) —g(j€)] > 4Cs max; {Z “YJ T " }

Then by pigeon’s hole principle, there must exist one of the &, & + v, —§, —§ + v; belongs Q¢. So we have proved that
Qe U —Q¢ UQe — {vi} U—-Q¢ — {v;} = R% Therefore at least one of P(Q¢), P(—Q¢), P(Qe — {vi}), P(Qe —
{vi}), P(—Q¢ — {v;}) is greater than 0.25. By the definition of TV distance, we have:

IP(9e) = P(Q¢ = Vi)l = [Penr(0021) (€ € %) = Pen(v, o21,) (€ € Q)|
< TV (N (0,0714) , N (vi,0714))
_ Ivalls
- 20,
< 0.02.

Also, notice that P(—Q¢) = P(Q¢), we have 4P(Q¢) > 1 — 2 0.02. Thus L%." (W®) > 0.57;; - 0.24 = 0.12 - 7. The
proofs of Lemma H.9 complete.

Similar to the proof process in Appendix G.5, our main focus is to verify whether the NAL algorithms satisfy the condition
stated in the first bullet point of Lemma H.9. Conversely, it is highly probable that Random Sampling satisfies the condition
stated in the second bullet point. The following proposition validates this intuition.
. o . _ Crord  png
Proposition H.12. When Lemma H.7 holds, and the sampling size of algorithm satisfies TE -5 =
122315

n* =0(Mm—ng) <

n — ng, we have the following:
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Ciotd
* The number of data with strong feature patch ng 1 satisfies ng 1 > I ! ﬁ4 ,Vs € {0,1}.
Kl

* The number of data with weak feature patch ng o before querying and after Random Sampling satisfies nso <
6120'13(1
k213

,Vs € {0,1}.

* The total number of data with weak feature patch n, » after Uncertainty Sampling and Diversity Sampling satisfies
A4
[ p22]]3

For the sake of coherence, here C'l and 6'2 are some constants shared with Theorem C.6.

3 5 0'4
Proof of Proposition H.12. According to the conditions stated in Definition C.1, we have (1 — ip)no > % for a large

constant C’l. By substituting the results of n, for ng from Lemma G.3, as well as the definition of n,;, we obtain the
following:

3 éld4d

ni1 >np1 > (1—=p)ng > b

2 el

. C’ldﬁd pno
For the second bullet, by Lemma G.3, Lemma H.7 and conditions n* > ol T~ we have:
H2|2
Nio =z —(//tn =2
2 12215

2Co0 ad . o .

————, the third bullet point is satisfied straightforwardly.
3pllp2ll3

Based on the results of Lemma H.9 and Proposition H.12, the conclusions of Proposition C.4 and Theorem C.6 follow
directly.

Furthermore, by using Lemma G.3 and the condition 1 <

I. Attribution of Lion Images

In Figure 1, a collection of various lion images found on Google is presented. Due to the challenge of accurately determining
the copyright attribution of these images, specific acknowledgments to individual websites or sources cannot be provided
here. However, we express our gratitude to all creators, and sincerely hope that they do not find any offense in the use of
their work for illustrative purposes in our paper.
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