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Abstract

In ex ante coordinated adversarial team games
(ATGs), a team competes against an adversary, and
team members can only coordinate their strategies
before the game starts. The team-maxmin equilib-
rium with correlation (TMECor) is a suitable solu-
tion concept for extensive-form sequential ATGs.
One class of TMECor-solving methods transforms
the problem into solving NE in two-player zero-
sum games, leveraging well-established tools for
the latter. However, existing methods are funda-
mentally action-based, resulting in poor generaliz-
ability and low solving efficiency due to the expo-
nential growth in the size of the transformed game.
To address the above issues, we propose an effi-
cient game transformation method based on private
information, where all team members are repre-
sented by a single coordinator. We designed a struc-
ture called private information pre-branch, which
makes decisions considering all possible private
information from teammates. We prove that the
size of the game transformed by our method is ex-
ponentially reduced compared to the current state-
of-the-art. Moreover, we demonstrate equilibria
equivalence. Experimentally, our method achieves
a significant speedup of 182.89x to 694.44x in
scenarios where the current state-of-the-art method
can work, such as small-scale Kuhn poker and
Leduc poker. Furthermore, our method is appli-
cable to larger games and those with dynamically
changing private information, such as Goofspiel.

1 INTRODUCTION

Games have long served as critical testbeds for exploring
how effectively machines can make sophisticated decisions

*Corresponding author.

since the early days of computing [Bard et al., 2020, Camp{
bell et al.|[2002} [Silver et al.,2017]]. Finding equilibrium in
games has become a significant criterion for evaluating the
level of artificial intelligence. In the real world, there have
been systems that have achieved superhuman performance,
such as AlphaGo [Silver et al.l[2016], Libratus [Brown and
Sandholm, [2018]], and DeepStack [Moravcik et al.,[2017].
While many advances [Brown et al., 2019, Zhou et al.| 2020,
Asmus et al., 2017 have been made in 2-player zero-sum
(2p0s) games based on Nash equilibrium (NE) [Nash}, [ 1951]
in imperfect information environments, recent research has
focused on more complex adversarial team games (ATGs).
In ATGs, multiple players with the same utility function
form a team to compete against a common adversary [von
Stengel and Koller,|1997]. This results in a game where both
cooperation and competition coexist.

In this paper, we focus on the ATGs with ex ante coordi-
nation. More specifically, team members are allowed to
coordinate and agree on a common strategy before the game
starts. The solution concept for this setting is the team-
maxmin equilibrium with correlation (TMECor), which can
be thought of as an NE between the team and the adversary
in an ATG [Zhang et al., 2021]]. TMECor has properties
similar to NE, such as exchangeability. However, finding a
TMECor is proven to be FNP-hard [Hansen et al., [ 2008]].

Methods for computing TMECor can be roughly divided
into four categories. The first involves using linear program-
ming (LP). Hybrid column generation was the first algorithm
to compute TMECor in ATGs [Celli and Gatti, |[2018]. Its
core involves team members adopting joint normal-form
strategies, while the adversary uses sequence-form strate-
gies. However, it requires solving an integer LP and suffers
from exponential growth in the number of joint actions as
the game size increases, making it impractical for large-
scale games. The second category involves multi-agent deep
reinforcement learning algorithms, such as SIMS [Caccia4
mani et al.,|2021]], which learns coordinated strategies from
experience. It is limited to games with symmetric observa-
tions and requires perfect recall refinement, which is not



feasible when team members have private information. The
third approach, based on the team belief directed acyclic
graph (TBDAG) [Zhang et al.} 2023]], captures joint beliefs
of team members and constructs a DAG for team strategies,
providing a more compact representation of team'’s strategy
space. Unfortunately, applying LP directly to the TB-DAG
is inefficient, and subsequent improvements [Zhang et al.}
2024/ 2022a] suffer from limited interpretability. The last
category of methods establishes a connection between ATGs
and 2p0s games through game tree transformation. While
CFR [Zinkevich et al., |2007] and its variants provide con-
vergence guarantees for finding NE in 2p0s games, no such
guarantees exist for multiplayer games [Brown and Sand{
holm| |2019]. We can leverage these established algorithms
by transforming ATGs into equivalent 2p0Os games. In this
paper, we focus on the game tree transformation-based ap-
proach.

The state-of-the-art game tree transformation-based method,
TPICA [Carminati et al) [2022]], involves the concept of
extensive-form game with visibility. By introducing the co-
ordinator into an ATG, they convert the task of finding
a TMECor into finding an NE in a 2p0s game. However,
TPICA suffers from low solving efficiency and limited types
of solvable games due to its reliance on action-based trans-
formation. In this method, the coordinator extracts an action
from each distinguishable state in the original game to form
different recommendations for the team players. Then, a
specific action is designated from each recommendation as
an available action for the coordinator. To analyze the game
size complexity, we consider a setting where the opponent
plays first, followed by team members in sequence. We as-
sume that every player has the same number of available
actions in every state. Since modifications are made only to
team player nodes, we refer to the phase from any specified
team player node, which acts first, to all possible next oppo-
nent (or terminal) nodes as an episode. For any episode, the
size of the transformed game tree is O ((|A|¥!)71), where
|Al, |9, |T| denote the number of available actions, the
amount of private information, and the number of team play-
ers, respectively. Therefore, the size of the transformed game
tree grows significantly with the increase in the number of
available actions, team players, and private information. In
particular, the size growth triggered by a single coordinator
node is exponential. Additionally, TPICA cannot be applied
to games where players’ private information changes.

To address the above issues, we propose a multi-player
transformation algorithm (MPTA) based on private informa-
tion. To mitigate the exponential growth caused by a single
coordinator, we designed a new structure called private
information pre-branch (PIPB), consisting of coordinator
and dummy player nodes. Specifically, PIPB allows dummy
players to provide the coordinator with all possible private
information from teammates. Since the amount of poten-
tially private information in an ATG is fixed, this structure

significantly reduces the size of the transformed game tree
compared to the previous state-of-the-art method. This leads
to a substantial improvement in the efficiency of equilibrium
computation. Furthermore, we demonstrate the equilibrium
equivalence before and after the transformation. The pri-
vate information-based transformation makes our method
suitable for games with dynamically changing private infor-
mation (e.g., Goofspiel), expanding the types of solvable
games. We show the superior performance of our method
through extensive experiments in different game scenarios.
Experimental results show that our method computes strate-
gies closer to TMECor compared to the baseline algorithm
in the same runtime and significantly reduces runtime within
the same number of iterations.

Our contributions can be summarized as follows:

* We proposed MPTA based on private information,
which significantly improves equilibria-solving effi-
ciency. For any episode, compared to the previous
state-of-the-art, the size growth is reduced. Specifi-
cally, our method decreases from O((|A['*)I71) to

(e2[-n! T (|Q]—1)!
O((WMW '), where (777 Tepresents the
number of ways to arrange | 7| — 1 elements from a set
of |Q2| — 1 private information. Additionally, we demon-
strated the equilibria equivalence between TMECor in

the original game and NE in the transformed game.

e The PIPB structure enhances the generalization capa-
bility of our method, allowing it to adapt to a wider
variety of games. In particular, it enables our method
to effectively address ATGs where the private informa-
tion available to each player can change dynamically
throughout the game.

* We conducted experiments on 14 different configura-
tions across three standard testbeds. The results show a
significant improvement in solving efficiency using our
method, achieving speedups ranging from 182.89x to
694.44 x compared to the baseline. We also compared
the sizes of the transformed game trees, showing that
our method results in much smaller game trees than the
baseline. Furthermore, we experimented with larger-
scale games and other types of games that were not
supported by the baseline.

All proofs in this paper can be found in Appendix [A]

2 PRELIMINARIES

2.1 EXTENSIVE-FORM GAMES AND NASH
EQUILIBRIUM

An extensive-form game (EFG) is the tree-form model of
imperfect-information games with sequential interactions
[Kuhnl, [1950a), Brown and Sandholml 2017, [Liu et al., [2021]].
The set A = U;cn A; denotes all the possible actions, where



A; represents a set of available actions of player i. |A| is
the number of each player’s available actions. H is the set
of nodes, and h € H represents the sequence of all actions
from the root to node h. ha T h' denotes h reaches h’ by
playing an action a. The set Z C H contains all the terminal
nodes. For each decision node i € H, the result returned by
the function .A(h) is all available actions at node h. w; €
denotes player ¢’s private information (e.g., a card in a poker
game), and || represents the amount of private information
in a game. The player who takes an action at node h is
returned by function P(h). The utility function w;(2) is the
player ¢’s payoff mapped from a terminal node z € Z to the
real R. An information set (infoset) I; represents imperfect
information for player ¢, which means all nodes h, h’ are
indistinguishable to 7 in I;. The set of infosets for player ¢
is denoted by Z;, and the set of all infosets is represented as
T = UienZ;.

There are two fundamental paradigms for strategy repre-
sentation [[Carminati et al.| 2022| Ma et al.l [2018]]. A be-
havioral strategy o, of player ¢ € N is a function that
assigns a distribution over all the available actions A (1)
to each [;. Another strategy representation is based on the
normal-form plan (also referred to as the pure strategy),
m; = Xrer, A(I), which is a tuple that specifies one ac-
tion for each of player ¢’s infosets. A normal-form strategy
is the probability distribution of normal-form plans for a
player. A reduced normal-form strategy (a.k.a. mixed strat-
egy) p; € A (II;) is obtained from a normal-form strategy
by consolidating plans that are differentiated via actions
taken in unreachable nodes. Henceforth, we focus on re-
duced normal-form strategies in this paper. For any player
i € N, u;[z] (or 0;[z]) denotes the probability of reaching
terminal nodes z € Z when 7 follows strategy p; (or o;). We
represent behavioral strategy profiles with o and normal-
form strategy profiles with . We define o _; as strategies
of players except for i. The expected payoff for player ¢
when he plays strategy o; and all the other players follow
strategy o _; is denoted by u;(0;, o _;). Player i’s best re-
sponse to strategy o_;, denoted as BR; (o _;), is a single
strategy that maximizes player ¢’s payoff against strategy
o_;. Formally, u;(BR;(o_;),0_;) = maxagui(og, o_i).
NE is a significant solution concept in 2p0s games in which
no player can unilaterally change his strategy to obtain more
payoff. It captures the idea of stability under rational behav-
ior, where no player has an incentive to deviate the current
strategy. An NE o is a strategy profile where all players
play the best response. Formally, o is an NE if and only
if Vi € N,o, € BR;(o_;). The exploitability e(c;) of
strategy o; serves as our measurement metric, which mea-
sures how much worse o; does versus BR_;(0;) (i.e., the
best response of all other players to o;) compared to how
an equilibrium strategy o does against BR_;(o}). This
metric provides a quantitative measure of deviation from
equilibrium and is widely used in evaluating strategy quality
in extensive-form games.

2.2 ADVERSARIAL TEAM GAMES AND
TEAM-MAXMIN EQUILIBRIUM WITH
CORRELATION

An ATG is an EFG with a set of players N, where a
team of players competes against an opponent. That is,
N = T U {o} U{c}, where T represents a team, and o
is an opponent. The chance player ¢ simulates exogenous
randomness in the game, such as dealing a card from a deck.
| 7| denotes the number of team members. The team players
share payoffs in ATGs. Formally, Vi, j € T, u;(z) = u;(2).
Following the convention of the relevant literature [Celli and
Gatti, |2018, [Zhang et al., [2021] |Carminati et al., 2022]], we
assume perfect recall, which means each player remembers
information acquired in earlier stages of each infoset.

In this work, we focus on the ex ante coordinated setting,
where TMECor is a significant solution concept. Specifi-
cally, a TMECor is an NE that maximizes the team’s payoff
when team players are allowed to correlate their strategies
and agree on tactics before the game begins. A TMECor
can be found via a bi-level optimization program formulated
over the normal-form strategy profile of team members:

max min Z wr 2] polz)ur(2)

[T
zZ€EZ
(D
st pur € A(Xerll;)
to € A (HO)

2.3 TEAM-PUBLIC-INFORMATION
REPRESENTATION FOR EXTENSIVE-FORM
GAMES

Since this subsection involves some additional concepts, we
provide a detailed example in Appendix [B.2]for a clearer
explanation. An action a is classified as observable or un-
observable depending on whether it can be seen by player
1 when played by another player. If the actions observable
by player ¢ at any pair of nodes are the same, these nodes
belong to the same infoset. When all infosets are induced,
as discussed above, the game is an extensive-form game
with visibility (VEFG), where every player has perfect recall.
Extending action visibility to a set of player P (e.g., a team),
an action a is called public if it is observable by all players
in P; private if it can be observed by only some player(s)
in P; and hidden if it is not observable by all players in
P (in this case, a is played by a player not belonging to
P). A public infoset for a set of players P is defined as a
public state Sp C H, where any two nodes of potentially
different players in P belong to the same public state if the
actions that are public for P are the same at these nodes.
Clearly, if one node of an infoset I belongs to S’p, then all
the other nodes of I also belong to Sp. Let S denote the set
of all public states. Sp(h) represents the set of all infosets
of players in P that are in the same public state at node h.
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using MPTA.

Similarly, this paper focuses on public-turn-taking games,
where every player knows, at every infoset he plays, the
sequence of actions taken by players from the root to that
infoset. This indicates that the public states have a specific
structure and consist of nodes with histories of the same
length for a single player. Carminati et al.[[2022]] proved that
any VEFG with perfect recall and timeability has a strategy-
equivalent public-turn-taking vVEFG. Completely inflated
games refer to situations where every team player knows
the exact action taken by another team player at any infoset.
This can be achieved for a generic VEFG by modifying
the visibility of team players’ actions, allowing explicit
representation of strategy sharing among teammates before
the game starts. In the following, we focus on completely
inflated vEFGs for the team.

In the game tree transformed by TPICA, every coordinator
who represents the team 7 plays a prescription among all
the combinations of possible actions for each information
state I belonging to the public team state. In other words,
for a public team state S, the coordinator issues different
recommendations to players for every possible information
set associated with S. Then, dummy players are used to
extract a specific action for each infoset from prescriptions
and pass it to the next player. Whenever it is the coordina-
tor’s turn to play, all the possible action combinations are
listed. Therefore, during the transformation, every added
dummy player node corresponds to another node. For any
episode, the size of the game tree transformed by TPICA is

o((lA*hI7T).

3 METHOD

In this section, we provide a comprehensive introduction to
our method. We begin by designing a new structure called
private information pre-branch (PIPB), which provides the
coordinator with all possible private information from team-
mates. This effectively reduces the size of the transformed
game since the amount of potentially private information is
fixed in a game. Then, we leverage this structure to propose
a multi-player transformation algorithm (MPTA) based on

private information. It effectively transforms an ATG into
a strategy-equivalent 2p0Os game and expands the types of
solvable games. Additionally, we provide a proof of equi-
librium equivalence. Finally, we demonstrate that the size
of the game tree transformed by our method is smaller than
that of previous state-of-the-art algorithms.

3.1 THE STRUCTURE OF PRIVATE
INFORMATION PRE-BRANCH

In the game transformation process, we introduce two types
of players: the coordinator, representing the team, and the
dummy player, who conveys teammates’ possible private
information to the coordinator. We consider the general case
where players’ private information is interdependent. For
example, when a team member is dealt J from a deck of
three cards J, @), K, he can safely infer that his teammates’
private information cannot include .J. We define the PIPB
structure as follows.

Definition 1. Given a completely inflated vEFG G that
satisfies the public-turn-taking property, let hy denote a
dummy player node and Hy C H denote a set of nodes of
the same team member. hy and H; form a PIPB iff Vh €
H;,Vw € Q\ {w;} : hqw E h, where i = P(h).

Intuitively, all team member nodes in a PIPB are connected
to a single dummy player node, which serves as their com-
mon parent node. The dummy player’s available actions
represent all possible private information of the teammates.
These actions are unobservable to all players except those
in the next layer. Here, the layer refers to the order of player
decisions in the transformed game, which can be visualized
in the game tree as hierarchical levels. In other words, only
players who act immediately after the dummy player (i.e.,
those in the next layer) can observe the dummy player’s
actions, whereas all other players cannot. After the trans-
formation, all team players are replaced by the coordinator.
While the visibility of the dummy player’s actions remains
unchanged, the coordinator’s public states will change.



3.2 MULTI-PLAYER TRANSFORMATION
ALGORITHM

We propose a multi-player transformation algorithm that
utilizes the PIPB structure to transform an ATG into a 2p0s
game. This method achieves the equivalent transformation
by using potentially private information of teammates. The
pseudocode is provided in Algorithm[I] Our method relies
on the tree-form structure, so we first construct a complete
game tree for the original ATG and then traverse it in a
depth-first pre-order manner.

To illustrate more clearly, we provide an example of an
ATG, ignoring the opponent, transformed via our method,
as shown in Figure[I] The converted result by TPICA can be
found in Appendix [B.1] In this example, the chance player
deals one card to each player from a deck of three cards
(J, @, K) as their private information, and team members’
actions are public (the opponent’s actions are also public
if he is not ignored). The actions of the chance player are
private to team members as each team player knows only
their own card. This means every team member node in the
original game tree is a separate infoset. As shown in the
left part of Figure [T} the set of all private information €2
is {J,Q, K'}. When traversing to a team member node, a
dummy player node is first added. This dummy player’s
actions represent all possible private information of the
teammates, i.e., {@Q, K} or {.J, K'}. The private information
of team members cannot be passed along since they are not
publicly observable. The dummy player’s actions are based
on the private information of the specific team member, so
they also cannot be passed along and can only be observed
by team members at the next level. Then, we introduce
coordinator nodes to make decisions in place of the team
member nodes. Terminal nodes are copied according to the
sequence of publicly observable actions in the original game.
In particular, the payoff of a coordinator is the sum of all
team members’ payoffs.

Compared to TPICA, the PIPB structure in our method
reduces the number of infosets in the transformed game.
Coordinator nodes that share the same dummy player node
belong to the same information set. Furthermore, the par-
tition of the coordinator nodes’ infosets is also based on
actions observable to all team members (i.e., actions called
public). We divide the coordinator’s public infosets accord-
ing to the concept of public state, as shown in the right part
of Figure [T} where nodes of a player with the same num-
ber belong to the same public infoset. Moreover, since our
method also models adversarial team games using VEFGs,
as TPICA does, it remains compatible with abstraction and
pruning techniques. Theorem [I| further shows that the game
tree transformed by our method is theoretically smaller in
size than that converted by TPICA.

Theorem 1. Given an ATG G with visibility that satis-
fies the public-turn-taking property, and its transformed

Algorithm 1 Multi-Player Transformation Algorithm

Function MPTA(G)
initialize G’
N+ T U{o} U{c}
N+« {t} U{o} U{c}
initialize h with the chance player node
R’ < ProcOfTrans(G, G’ h)
return G’
Function ProcOfTrans(G,G’, h)
Q « Private(G)
if P(h) = c then
h <+ h
A' (W)« A(h)
for ' € A'(W') do
ProcOfTrans(G,G', ha')
end for
: elseif P(h) = o then
h <« h
A'(R') + A(h)
: elseif P(h) € T then
20:  add a dummy player node hg as h’s parent node
21: A'(ha) < Q\ {wpn)}
22:  fora’ € A'(hy) do

_ =
TR IIUNELDD 2

S S
R I3DINRHLD

23: h hda’

24: for a € A(h) do

25: ProcOfTrans(G,G’, W' a)
26: end for

27:  end for

28: else

29: 2+ h

300 wg(2) <= Y ;e ui(h)
31wl (2) + —ue(2)

32: end if

33: return b’/

game G' = MPTA(Q). The size of any episode in G’ is

Q|—-1)!
O (s 1 ADIT).

3.3 EQUILIBRIUM EQUIVALENCE

As an important theoretical guarantee for this work, we
prove that the TMECor in the original game can be ob-
tained by solving the NE in the transformed game. We call
two strategies realization-equivalent if they induce the same
probabilities for reaching nodes for all strategies of other
players. In other words, the strategies of NE in the trans-
formed game and the strategies of TMECor in the original
game are realization-equivalent. We state Lemma [I] on strat-
egy equivalence as follows.

Lemma 1. Given an ATG G with visibility that satisfies
the public-turn-taking property, and the transformed game
G' = MPTA(QG). For any joint reduced pure strategy w in



Table 1: Experimental results of the running time of TPICA and our method on several different types and sizes of game
instances. Blank cells indicate that the experiment cannot be conducted.

Game Total nodes Team nodes Adversary nodes Runtime
instances | Original ~ TPICA MPTA | TPICA MPTA |TPICA MPTA | TPICA MPTA Improvement
12K3 151 5,395 583 300 144 294 72 139s 0.76s 182.89x
12K4 601 1,337,051 3,097 3,888 768 4,632 384 1,560s 9.26s 168.47 x
12K6 3,001 34,191,721 23,161 261,360 5,760 368,760 2,880 >27h 144s 694.44 %
13K6 23,401 271,441 75,240 22,680 562s
13K8 109,201 1,713,601 475,440 142,800 5,093s
14K6 115,921 1,796,401 528,480 105,120 3,051s
12LL33 13,183 10,777,963 57,799 614,172 14,664 475,566 6,864 56,1565 240s 233.98
12143 42,589 251,749 64,008 29,736 3,006s
12L63 218,011 1,954,351 497,940 229,620 9,024s
13L33 161,491 948,151 262,500 80,220 4,014s
13143 738,241 5,994,241 1,661,760 504,000 137,817s
14L33 1,673,311 12,226,231 3,535,320 809,880 143,475s
12G 2,509 92,581 29,700 1,464 241s
13G 15,307 3,352,669 1,107,162 13,128 50,107s

G, it can be mapped to a corresponding strategy m; in G’,
and vice versa.

Leveraging Lemmal[T] we present Theorem 2] which demon-
strates the equivalence of payoffs.

Theorem 2. Given a public-turn-taking ATG G with vis-
ibility. When transformed into the game G' = MPTA(G),
players following the same strategy profile in both games
have equivalent payoffs.

For brevity, we use the notation ‘—’ to denote the strat-
egy mapping relationship. If we transform each pure plan
and sum their probability masses, we obtain the corre-
sponding mixed strategy. Formally, for any p7, the cor-
responding mixed strategy is > . p7(77). There-
fore, Lemmal [T also applies to mixed strategies. Specifically,
any g7 in G can be mapped to p; in G, and vice versa.

Theorem 3. Given an ATG G with visibility that satisfies
the public-turn-taking property, and its transformed game
G’ = MPTA(G). If (uf, ) is an NE in G', then strategy
(Wi, ) = i+ pir is a TMECor in G.

4 EXPERIMENTAL EVALUATION

4.1 EXPERIMENTAL SETTING

We conduct experiments on the standard testbed for ATGs.
More specifically, we use three different multi-player para-
metric versions of games: Kuhn poker [Farina et al., 2018]
Kuhn| [1950b]], Leduc poker [Farina et al., 2018 |Southey
et al.,[2005] and Goofspiel [Farina et al., {2021}, |Ross, [1971]],
as they are commonly used for experimental evaluation [Fa{
rina et al.| 202 1]]. Specifically, unlike the other two scenarios,

Goofspiel involves changes in the amount of players’ pri-
vate information during the game. The number of players
in these games is parameterized for flexibility. The specific
rules for these games are provided in Appendix

We denote the number of opponents by m and the number
of team members by n. For brevity, we use the following
symbols to describe the parameters of the experiments:

* mnKr: Kuhn poker with r ranks;

e mnLrc: Leduc poker with r ranks and c indistinguish-
able suits. The default maximum number of bets al-
lowed per betting round is 1;

* mnG: Goofspiel with three ranks.

In this work, we adopt the state-of-the-art method that can
be combined with 2-player game algorithms as our baseline.
Specifically, we use the TPICA proposed by |Carminati et al.
[2022]] as the benchmark for comparison. Since TPICA is
not open-source, we reproduced it based on the descrip-
tions and details provided in their paper. Note that in our
experimental setup, the opponent acts first. To ensure a rig-
orous and fair comparison, we employ the counterfactual
regret minimization plus [Tammelin et al, 2015], a well-
established algorithm for finding NE in 2p0s games, in both
our method and the baseline. All experiments are run on a
machine with 18-core 2.7GHz CPU and 250GB memory.

4.2 EXPERIMENTAL RESULTS

In Table|ll we use the number of total nodes to represent
the size of different games, where the column ‘Original’
represents the scale of the original ATG, and the other
columns represent the game size after being transformed
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Figure 2: Comparison of exploitability in the same running time. All experiments except 12G run for 100,000 seconds.
TPICA fails to work due to out-of-memory in 14K6 and 14L33 and cannot run on Goofspiel due to changes in private

information.

by TPICA and our method, respectively. Furthermore, we
also provide specific data for the coordinator and adver-
sary nodes. The running time is provided in the column
‘Runtime’. The TPICA and MPTA algorithms are run for
comparison under the same machine configuration and iden-
tical experimental conditions. In the four cases of 12K3,
12K4, 12K6 and 12L.33 where both MPTA and TPICA are
applicable, the total time required by our approach to com-
pute a TMECor is 0.76s, 9.265s, 1445, and 240s respectively,
which are 182.89x, 168.47x, 694.44 x and 233.98 x faster
than TPICA. These results show that our method effectively
reduces the game size, significantly improving solving speed
by several orders of magnitude. It is worth noting that, in cer-
tain large-scale game scenarios where TPICA is unable to
transform the original game tree, MPTA can still effectively
support the computation of TMECor. In particular, 14K6
and 14133 are 5-player cases that have never been used as
experiments by previous algorithms due to their sheer size.
We also observe by the node data in Table[I] that the reason
for the speed-up is mainly due to the PIPB structure, which
significantly reduces the number of adversary nodes and
temporary chance nodes. Furthermore, we conduct detailed
analyses on the solving efficiency and execution efficiency
of the algorithms.

Solving efficiency. A smaller exploitability value indicates
that the current strategy profile is closer to the TMECor.
To evaluate the efficiency of the solving process, we con-
ducted a series of tests on the change in exploitability over
time within a constrained runtime of 10° seconds, applied

to seven different game instances, including Kuhn poker,
Leduc poker and Goofspiel, as shown in Figure 2] Figures
()] 2(b)] and [2(c)] show that MPTA consistently outper-
forms TPICA. This demonstrates that our method delivers
higher computational accuracy within the same runtime. As
the complexity of the game instances increases, the per-
formance gap between MPTA and TPICA becomes more
pronounced, underscoring MPTA’s greater capability in han-
dling larger-scale scenarios. For example, TPICA fails due
to out-of-memory in the cases of 14K6 and 14L.33, as shown
in Figures and Although MPTA has not yet fully
converged to an approximate equilibrium within the given
runtime of 10° seconds, it has the potential to do so with
more computation time. Figure 2(f)| highlights MPTA’s ro-
bust performance in the Goofspiel game, which involves
dynamic changes in players’ private information. TPICA’s
reliance on fixed prescriptions, which specify an action for
each infoset, makes it unsuitable for such games, demon-
strating the superior generalizability of our approach.

Execution efficiency. The process of finding a TMECor is
inherently iterative. To evaluate the efficiency of algorithm
execution, we conducted comparative experiments measur-
ing the time taken to complete the same number of iteration
rounds across four distinct scenarios: 12K3, 12K4, 12K6,
and 12L33. As illustrated in Figure[3] MPTA consistently
requires less time than TPICA to compute approximate equi-
librium strategy profiles. This difference in execution time
is particularly evident in Figures 3(a)|and [3(b)] where our
method completes 20,000 iterations in 1,740 seconds for the
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Figure 3: Comparison of runtime within the same number of
iterations. All schemes except for 12K6 have been iterated
for 20,000 rounds, as the TPICA is too time-consuming to
run more rounds.

12K3 scenario and 2,293 seconds for the 12K4 scenario. In
contrast, TPICA requires a much longer 5,878 seconds and
89,337 seconds to complete the same iterations under identi-
cal conditions, resulting in substantial speed improvements
of 182.89 and 168.47 times, respectively.

The execution efficiency of MPTA becomes even more
pronounced as the game scale increases, which is clearly
demonstrated in larger, more complex scenarios like 12K6
and 12L.33. Figure [3(c)[ shows that MPTA completes 300
rounds in just 79 seconds in the 12K6 scenario, while
TPICA struggles, taking a staggering 99,600 seconds to
complete only 184 rounds. Similarly, Figure [3(d)| shows
that MPTA completes 15,600 iterations in 3,555 seconds in
the 12LL33 scenario, whereas TPICA requires an enormous
1,327,652 seconds to achieve the same number of iterations.
This translates to remarkable speed improvements of 694.44
and 233.98 times, respectively. These results emphasize
the dramatic enhancement in execution efficiency provided
by our method, particularly in scenarios involving larger
strategy spaces and greater computational complexity.

S RELATED WORK

Significant research has been focused on finding suitable
solutions for ATGs since the concept of team-maxmin equi-
librium was introduced by [von Stengel and Koller|[1997].
According to the communication capabilities of the team
members, (Celli and Gatti|[2018]] defined three different sce-
narios and corresponding equilibria for the first time in the

extensive-form ATGs.

Basilico et al.| [2017] proposed a modified version of the
quasi-polynomial time algorithm and a novel anytime ap-
proximation algorithm named IteratedLP, whose working
principle is to maintain the current solution, providing a
policy that can be returned at any time for each team mem-
ber. [Farina et al.|[2018]] adopted a novel realization-form
representation that maps the problem of finding an optimal
ex-ante-coordinated policy for the team to the problem of
finding NE, significantly simplifying the analysis of team
coordination in adversarial settings.|Zhang and An|[2020al]
investigated the computational inefficiency resulting from
the correlation between team members’ strategies and pro-
posed an associated recursive asynchronous multiparametric
disaggregation technique to accelerate the computation of
TMECor. They accomplished this by reducing the solution
space of a mixed integer linear program using an association
constraint. Successively, Zhang and An|[2020b]], Zhang et al.
[2021]], [Farina et al.|[2021]], Zhang et al.|[2022b] proposed
more efficient variants of the LP. Although Zhang and Sand{
holm|[2022]] used a tree decomposition for constraints and
described the team’s strategy space by a polytope, finding
TMECor still requires solving an LP, which remains compu-
tationally expensive in large-scale games. Some researchers
have attempted to use multi-agent deep reinforcement learn-
ing to handle ATGs. For instance, |Cacciamani et al.| [2021]]
added a game-theoretic centralized training regimen and
served as a buffer of past experiences. However, this method
can only be applied to games where team members have
symmetric observations of each other. It cannot be extended
to general games with private information and public ac-
tions, such as poker.

The idea of using a coordinator to facilitate the coordination
between team members can be traced back to the semi-
nal work of decentralized stochastic control [Nayyar et al.,
2013]]. The TPICA proposed by |Carminati et al.|[2022] is
closely related to our method, providing strong theoretical
guarantees for finding equilibrium strategies in ATGs. How-
ever, TPICA’s action-based game transformation method
leads to an exponential growth in game size, which severely
limits its scalability in practical applications. In contrast, our
method not only offers the same theoretical guarantees but
also significantly reduces game size, greatly improving the
efficiency of computing TMECor. Moreover, our method
expands the types of solvable games, primarily due to the
designed PIPB structure.

6 CONCLUSION AND DISCUSSION

In this paper, we propose a multi-player transformation al-
gorithm that establishes a connection between 2p0s games
and ATGs. Our method effectively restricts the exponential
growth of the transformed game’s action space by leveraging
the PIPB structure, allowing it to efficiently handle situa-



tions where private information changes during the game.
Furthermore, we prove the equilibrium equivalence between
the original and transformed games, providing a solid theo-
retical foundation for the validity of our approach. Through
14 experiments conducted on multiple standard testbeds,
we consistently observed exceptional performance, further
demonstrating the practical effectiveness and robustness of
our method.

Our approach has potential real-world applications, such
as modeling team members’ inability to communicate in
environmental protection efforts across different regions. In
future work, we plan to expand on our method by exploring
equilibrium refinement techniques.
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A PROOFS

A.1 THE PROOF OF THEOREM 1

Theorem 1. Given an ATG G with visibility that satisfies the public-turn-taking property, and its transformed game

G’ = MPTA(G). The size of any episode in G’ is O((%MD'T').

Proof. We assume that each player has | A| available actions at every state in the original game. During the traversal of the

original game tree, the dummy player nodes will provide all possible private information from the teammates. Therefore, the

number of available actions at the dummy player nodes is % The coordinator inherits the team members’ actions

since they are public. When the team in the game consists of two players, the size of any episode in G’ is given by:
(-t (e -1
(e =[7hr = (el = ITh!

R
T

When the team in the game consists of three players, the size of any episode in G’ is given by:
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Thus, extending to the general case where the team consists of | 7| players, the size of any episode in G’ is given by:
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First, consider S;:
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S1 meets the criteria for a finite geometric series. Using the geometric series sum formula, we have:
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Similarly, consider Ss:
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Adding S; and S5, we have:
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Therefore, the size of any episode in G is O((%MD‘T').

This concludes the proof. O

Let the game transformed by TPICA be denoted as G. In G, each team member node, except for the team member node
who first acts, corresponds to an additional dummy player node. We recognize that, according to the prescription property in
TPICA, every coordinator node except for the first one will be matched with a dummy player node. By applying a derivation
process similar to Theorem 1, the size of any episode in G is 2 ZLZL (| A|!¥1)™, Using the geometric series sum formula, the

qaehim— . 12T i
TATTT G.e., O((|A\ ) )). Then, we compare the bases of the two results (i.e.,

(U= |A] and | A| 21, Clearly, the exponential growth rate of the latter far exceeds the polynomial growth rate of the
former.

A.2 THE PROOF OF LEMMA 1

Lemma 1. Given an ATG G with visibility that satisfies the public-turn-taking property, and the transformed game
G’ = MPTA(G). For any joint reduced pure strategy 71 in G, it can be mapped to a corresponding strategy w; in G', and
vice versa.

Proof. We can prove LemmaE] by recursively traversing G' and G’ in a depth-first pre-order manner.

Case 1: from 71 to ;. Let h and i’ denote the current nodes reached in G and G, respectively. G satisfies the public-
turn-taking, ensuring h and h’ either represent the same player or are both terminal nodes. Initializing / with the chance
player node. €2 is a set of all private information in G. When constructing 7¢:

1) For the chance node: 7. = 7 always holds as our algorithm does not modify the chance node. This ensures that the
actions specified by the chance player’s strategy in the original game are the same as those in the transformed game.

2) For opponent nodes: The proof is identical to 1).



3) For team member nodes: Let [ (h)] represent the joint reduced pure strategy of 77 at infoset I(h). During the
traversal, our algorithm expands h based on all the possibly private information of teammates into |2] — 1 nodes.
These nodes belong to the same infoset, denoted as I'. Let 7;[I'] represent the reduced pure strategy of ; at I’, where
I' € Si(h). When ¢ is in a public state, w7 [I(h)] = 7 (I).

4) For terminal nodes: When reaching the terminal node through the above process, our algorithm ensures the following
holds: uy = >, 7 ui(h) and u,(h') = uo(h) = = >, .7 us(h).

Case 2: from 7; to 7. The proof follows the same points as the previous case. U

A.3 THE PROOF OF THEOREM 2

Theorem 2. Given a public-turn-taking ATG G with visibility, and its transformed game G' = MPTA(G), they have
equivalent payoffs.

Proof. The proof directly relies on Lemmal[l] Specifically, for any strategy 77 in G, we can find a corresponding strategy
7 in G’ that yields the same payoff. Similarly, for any strategy m; in G’, there exists a payoff-equivalent strategy w7 in G.
This ensures that the payoff for the players remains unchanged whether they choose 7y in G’ or 7 in G. L

A4 THE PROOF OF THEOREM 3

Theorem 3. Given an ATG G with visibility that satisfies the public-turn-taking property, and its transformed game
G' = MPTA(G). If (u, j1;,) is an NE in G', then strategy (%, ju3) = py — p’- is a TMECor in G.

Proof. For brevity, let u; and uy represent u; (., mo, 7¢) and w7y (7., mo, 77 ), respectively. If u is an NE in G’, then by
the definition of NE, the following holds:

pp € argmaxmin Y pre(me) o (o) e (mi) s
t o ‘ITCEHC

mo€ll,
If 17 is a TMECor, it satisfies:

i € argmaxmin Y pre(me) po(To ) i (7 )uT
KT Mo roell,
o€,
TT el

Let ming s poor (7) and miny g () denote the inner minimization problems for TMECor and NE, respectively.

Assume there exists a strategy /% such that its value under the definition of TMECor is greater than that of 1. That
is, minpargcor (W) > mingarecor (14). According to Lemma there exists a strategy p; such that p’- — ;. From
Theorem 2} we then have:

3 !/ _ . / . %
TJ»IJHE%OT(“T) - IPVIEQ(%) > %gl(ut).

This results in a contradiction, as it implies that ;; is not an NE in G’. Therefore, - must be a TMECor in G. L

B MORE DETAILS OF CONCEPTUAL EXPLANATION AND THE CONVERTED RESULT

B.1 CONVERTED RESULT BY TPICA

Figure [ is the result of the TPICA transformation. Due to the large number of nodes, we only display a portion of the
transformed game tree.
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Figure 4: Example of game transformation. “...” indicates omitted branches. The nodes of a player with the same number
are in the same infoset. Left: Original ATG omitting the opponent. Right: Result of transforming the game on the left using
TPICA.

B.2 CONCEPTUAL EXPLANATION OF TEAM-PUBLIC-INFORMATION REPRESENTATION

The left side of Figure 4| shows the original ATG tree, ignoring the opponent nodes, with all nodes forming the set H. Since
every player can only observe the cards dealt to himself by the chance player, the actions of the chance player are private to
the coordinator. The actions of all other players are observable, so their actions are public to the coordinator. In the left side
of Figure [d] the two nodes belonging to team member 1 are in two infosets due to the different private information at each
node. For team member 2, the actions observed under the same hand are different, making each of the four nodes belonging
to team member 2 a separate information set as well. The set of private information in this game is Q = {J, Q, K }. All leaf
nodes form the set of terminal nodes Z.

The right side of Figure ] shows the result of the game transformation using TPICA. The coordinator represents a team
consisting of team members 1 and 2. The coordinator’s public state is divided only by actions called public. Therefore, the
two nodes of team member 1 in the original game tree belong to the same public state. Since we omitted the branches of
the chance nodes, marked by “...”, the actual possible deals are: [1: J,2: Q], [1: J,2: K], [1:Q,2: J],[1:Q,2: K],
[1:K,2:J),and [1: K, 2 : Q]. Nodes with the same private information are in the same infoset. That is, there are three
infosets for team member 1 at this level, each consisting of two nodes. According to the concept of prescription, every
prescription should select an action from the three infosets to form recommendations. Thus, there are 23 prescriptions, i.e.,
aaa, aab, aba, abb, baa, bab, bba, and bbb. The dummy player will select a specific action from these recommendations as
the coordinator’s available action. For instance, in the left subtree, the dummy player chooses the first action from each
prescription; in the right subtree, the dummy player chooses the last action from each prescription. The same process applies
to the coordinator when traversing to team member 2.

C RULES OF VARIOUS GAME INSTANCES

In our work, the number of players in each game scenario is parameterized for flexibility. To clearly articulate each instance’s
rules, we will illustrate using the 3-player version as an example.

* The rule of Kuhn poker: In 3-player Kuhn poker, there are three players and & possible cards. Players take turns acting
in sequence. Before the game starts, each player pays one chip to the pot and is dealt a private card. The game proceeds
with the following steps:

1) Player 1 can choose to check or bet. If checking, the betting round continues with step 2); otherwise, the betting
round proceeds to step 3).

2) Player 2 can choose to check or bet. It is important to note that if Player 2 chooses to bet, then Player 1 must
decide between folding or calling after Player 3’s action. If Player 2 also chooses to check, the betting round
continues with step 4).

3) Player 2 can choose to fold or call.

4) Player 3 chooses to check or bet. When Player 3 checks, the betting round ends; otherwise, Player 1 and Player 2
must decide between folding or calling.

5) Player 3 chooses to fold or call. The betting round concludes after her decision.

We assume that Player 1 is the adversary, while Player 2 and Player 3 are team members. In the event of the opponent’s
victory, Players 2 and 3 share the loss. If the team wins, Player 2 and Player 3 share the team’s rewards. The n-player



Kuhn poker adopted in our work is an extended version based on the 3-player Kuhn poker.

The rule of Leduc poker: In the 3-player version of adversarial team Leduc poker, the deck contains three suits and
k > 3 card ranks. Each player starts by contributing one chip to the pot and receiving a private card. There are two
betting rounds in total. After the first betting round, the community card is revealed. Then, players who have not folded
proceed to the second betting round. After the conclusion of the second betting round, players remaining in the game
will reveal their private cards. If a player pairs her card with the community card, she will win the pot.

If a player’s single private card forms a pair with the community card, she will win the pot. Otherwise, the player with
the highest private card wins. We assume that Player 1 is the opponent, while Player 2 and Player 3 are team members.
In the adversarial team games, there are some modifications to the payoff structure. If Player 1 wins, she takes all the
chips from the pot. If Player 2 or Player 3 wins, the chips contributed by the team members are returned to them, and
the chips bet by Player 1 are evenly distributed among each team member.

The rule of Goofspiel: Goofspiel is a bidding game. We adopt a variant version with three cards. Every player has
a hand of cards with values {1, 2,3}. A third stack of cards, also with values {1, 2, 3}, is shuffled and placed on the
table. At the onset of each round, a neutral referee places a card on the table as the reward for that round. Players bid
by selecting a card from their hand, and the player with the highest bid claims the reward. In the event of a tie, the
reward is equitably shared among the tying players. After three rounds, all rewards are distributed among the players,
contributing to their scores. Assuming that Player 2 and Player 3 form a team, the final score of each team member is
calculated by summing and averaging the rewards obtained by Player 2 and Player 3.
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