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ABSTRACT

This paper considers the unlabeled sparse recovery under multiple measurements,
ie,Y = II"XB! + W, where Y € R"*™ II! ¢ R"*" X ¢ R"*? Bl ¢
RP*™ W € R™ ™ represents the observations, missing (or incomplete) corre-
spondence information, sensing matrix, sparse signals, and additive sensing noise,
respectively. Different from the previous works on multiple measurements (m > 1)
which all focus on the sufficient samples regime, namely, n > p, we consider a
sparse matrix B? and investigate the insufficient samples regime (i.e., n < p) for
the first time. To begin with, we establish the lower bound on the sample number
and signal-to-noise ratio (SNR) for the correct permutation recovery. Moreover, we
present a simple yet effective estimator. Under mild conditions, we show that our
estimator can restore the correct correspondence information with high probability.
Numerical experiments are presented to corroborate our theoretical claims.

1 INTRODUCTION

In recent years, linear regression with permuted correspondence has received increasing attention due
to its wide applications in the field of machine learning, signal processing, and statistics. Among all
these applications, two most prominent examples are (i) linkage record, which merges two datasets
pertaining to the same objects into one comprehensive dataset; and (ii) data de-anonymization,
which infers the hidden labels of private data with public datasets. Apart from these two applications,
other applications include correspondence estimation between pose and estimation in graphics; time-
domain sampling in the presence of clock jitter; multi-target tracking; unsupervised data alignment,
etc (Pananjady et al., 2018; Slawski & Ben-David, 2019; Slawski et al., 2020; Zhang et al., 2018).

In this paper, we consider the canonical model, i.e., a linear sensing relation with permuted labels:
Y = II'XB" + W,

where Y € R™*" is the sensing result, I1" € R"*" is an unknown permutation matrix, X € R"*P
is the design (sensing) matrix, B? € RP*™ represents the sparse signals of interests, and W & R"*™
denotes the additive noise. Assuming the signal B is a sparse signal, to put more specifically,
each column of B is k-sparse, we would like to (i) study the statistical limits of the permutation
recovery under this scenario, e.g., the minimum sample number n and signal-to-noise ratio (SNR);
and (¢7) propose a practical estimator that can efficiently recover the permutation once the minimum
requirements are met. To begin with, we briefly review the previous works.

Related Works. The study of permuted linear regression has a long history that can at least date back
to DeGroot & Goel (1976; 1980); Goel (1975); Bai & Hsing (2005). Recent interests on this area start
from Unnikrishnan et al. (2015). Focusing on the noiseless case W = 0 with single measurement
(m = 1), Unnikrishnan et al. (2015) establish the necessary condition n > 2p for the permutation
recovery if BY is an arbitrary vector residing within the linear space RP. Later, Pananjady et al. (2018)
extend the analysis to the noisy scenario. They showed the minimum SNR should be at least the
order of (n¢), where ¢ > 0 is some positive constant. Numerical experiments suggest ¢ is within
the region [4, 5]. Other works such as Hsu et al. (2017); Abid et al. (2017); Slawski & Ben-David
(2019); Tsakiris et al. (2020); Haghighatshoar & Caire (2018) also focus on this regime and obtain
the same answer. In Emiya et al. (2014), the setting with a sparse signal B! is first studied. However,
only empirical investigation is conducted without rigorous theoretical analysis. In the first work
with theoretical analysis (Zhang & Li, 2021), both the statistical limits and practical estimators with
almost optimal performance are presented for the permutation recovery. Peng et al. (2021) studies the
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problem from the viewpoint of algebraic geometry. All existing works suggest that SNR = (n¢) is
inevitable for the permutation reconstruction if only one measurement is conducted, namely, m = 1.

On the other hand, numerous works suggest multiple measurements, i.e., m > 1, can greatly reduce
the SNR requirement, even to some positive constant. This line of research starts from Zhang et al.
(2022), where the information theoretic lower bounds and the maximum likelihood (ML) estimator
are investigated. Later, Zhang & Li (2020) study this problem from the viewpoint of non-convex
optimization and propose an optimal estimator for the permutation recovery. Independently, Slawski
et al. (2020) investigate this problem from the viewpoint of denoising. Putting parsimonious con-
straints on the number of permuted rows, they view (I — IT? )X B as sparse outliers and design the
permutation recovery algorithm accordingly. These works focus on the sufficient samples regime,
namely, n = Q(p). In this paper, we focus on the insufficient samples regime. Assuming B to be
sparse, we would like to show the correct permutation can be obtained with n < p and SNR = O(1).

Our contributions are summarized as follows

e We study the lower bounds w.r.t the number n and signal-to-noise ratio (SNR) for the correct
reconstruction of both the permutation matrix I1° and the signal Bf. Assuming each column
Bh , (1 < £ < m)is k-sparse, we show that the sample number n should be at least of the order

Q(klog p); meanwhile the SNR should satisfy log det(I + B*"B?/,2) > logn + %f(i).

e We propose a one-step estimator for the correspondence recovery, which consists of two sub-parts:
one for IT? and another for BY. By formulating the correspondence recovery as a linear assignment
problem (LAP) (Kuhn, 1955; Bertsekas & Castafion, 1992; Burkard et al., 2012), the correct
permutation matrix can be obtained when SNR is above certain positive constant.

On top of the above contributions, we would like to briefly mention our proof strategy, which is based
on a tailored version of the leave-one-out technique. Compared with the previous works that adopt
the leave-out-out technique (Chen et al., 2020; Sur et al., 2019; El Karoui, 2013; 2018; Cai et al.,
2021), our construction method bas the following characteristics

e Our construction method is adaptive, which replaces multiple rows ranging from 2 to 4 depending
on each permuted row. Meanwhile, previous works such as Chen et al. (2020); Sur et al. (2019);
El Karoui (2013; 2018); Cai et al. (2021) replace a fixed number of rows (or columns).

e We not only leave out the rows, but also modify the thresholding operator operated on the perturbed
samples ]§(...) from thres(+) to (+)imax (its definition is deferred to Subsection 4.2). This step is
essential in controlling the approximation error, since otherwise the non-zero elements in matrices
B (x XTY) and ]§(.) may not share the same position and the approximation error can be
considerably large. A thorough understanding is deferred to the proof of Theorem 3.

Notations. Denote c, c/, ¢; as some positive constants, whose values are not necessarily the same
even for those with the same notations. We denote a < b if there exists some positive constants
co > 0 such that a < ¢pb. Similarly, we define @ 2 b provided a > ¢ob for some positive constant cg.
We write @ < b when a < b and a 2 b hold simultaneously.

For an arbitrary matrix M, we denote M, . as its ith row, M. ; as its ith column, and M;; as its
(4, j)th element. Its Frobenius norm is defined as | M| while the operator norm is denoted as [ M| p,
whose definitions can be found in Section 2.3 of Golub & Loan (2013). In addition, we define its
stable rank as srank(-) £ ||||||§ / ||||||f)P (Section 2.1.15 in Tropp (2015)) and its support set supp(-) as
{(¢,7) + (-)i; # 0}. The inner product between matrices is denoted as (-, -) while the inner product
between vectors is denoted as (-, -).

We define the set of all possible permutation matrices as P,,, which is defined as {IT € {0,1}"*" :
>oiy Iy = 1,377 TI;; = 1}, Associate with each permutation matrix IT, we define the operator
() that transforms index ¢ to 7 (i) under II. The Hamming distance dy (I1;, IT) between two
permutation matrices IT; and IT5 is defined as dy (IL;, ITIo) = Y7 | 1 (1 (i) # m2(4)). The SNR
is defined as || B mi/(m o).
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2 PROBLEM FORMULATION

We start this section with a formal restatement of the considered problem reading as
Y = II*XB* + W, (1)

where IT' € P, denotes the (fixed but unknown) permutation matrix, X € R™*? is the sensing
(design) matrix with its entries being i.i.d. standard normal random variables, i.e., X;; ~ N(0,1), '
B" € RPX™ is a fixed sparse matrix awaiting to be reconstructed (corresponding to the sparse signal),
and W € R"*"™ denote the noise with each entry W N (0, 02). Here we put the separate sparse
constraints on each column of B, namely, ||Bu slo £ k(@ <4 < m). Inaddition, we denote h as
the number of permuted rows, or equivalently, the Hamming distance between the identify matrix I
and the permutation matrix IT%, namely, h £ dy (I, IT%).

Our goal is to reconstruct both the permutation matrix I1° and sparse signal BY from (1). Note that
we do not assume that different columns of II? share the same suplg)ort set. Actually, we prefer each
column to be with a different support set, since otherwise rank(B?) will be bounded by k and will
bring extra difficulties to the permutation recovery. A detailed explanation is deferred to Section 4.

Before proceeding, we briefly review the prior art. In Unnikrishnan et al. (2015), where B¥ can reside
within the entire linear space RP, it is proved that n > 2p is required for the correct permutation
recovery. As a result, subsequent works such as Pananjady et al. (2018); Zhang et al. (2022); Slawski
& Ben-David (2019); Slawski et al. (2020); Zhang & Li (2020) all focus on the sufficient sample
regime, i.e., n = (p). Only until Zhang & Li (2021), the insufficient sample regime, i.e., n = o(p),
receives its first theoretical investigation. Similar to our setting, they put sparsity assumption on B*
however focus on the single measurement scenario, namely, m = 1. They show that the minimum

SNR for correct (IT%, supp(BY)) to be Q(n°"/"*B% p°27/7) 1n the following context, we will show
that the minimum SNR can be significantly reduced, to put more specifically, some positive constant
provided multiple measurements are made (m > 1).

3 INFORMATION THEORETIC LOWER BOUNDS

This section establishes the information theoretic lower bounds for the correct permutation recovery.
Our goal is to ensure both I1° and B can be reliably reconstructed. We investigate this problem from
two perspectives: (i) the sample number n and (4¢) the minimum SNR.

3.1 THE MINIMUM SAMPLE NUMBER n

We obtain the minimum sample number 7 such that sparse signal B? can be reliably recovered with

hi%h probability. Here we consider the oracle situation where I1f is given a prior. As each column in
B" does not necessarily share the same support set, we need to iteratively reconstruct each column

Btl ¢» @ k-sparse signal, from the corresponding readings Y., (1 < £ < m). With the classical result
in Donoho (2006); Candes et al. (2006); Candes et al. (2006), we obtain the lower bound on n,
namely, n 2 klogp. Naturally, we can expect this bound applies to the non-oracle situation as well,
since reliable estimation of B is hopeless provided it is out of reach in the oracle situation.

3.2 THE MINIMUM SNR

Then we turn to the minimum SNR requirement for the correct permutation recovery. To begin with,
we restate the prior art in Zhang et al. (2022).

Theorem 1 (Theorem 1 in Zhang et al. (2022)). Consider the oracle case where BY is given a prior.
Then there exists an integer ng such that for an arbitrary estimator 11, we have

~ 1
inf sup Px w(II# ) > -,
II 5P, 2

provided that (i) log det(I + B* ' B*/52) < logn and (ii) n > ny.

"Experiments suggest that we may relax this assumption to that X;; are i.i.d. sub-Gaussian random variables.
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One drawback of this bound is the missing role of the sparsity number k. This is because Theorem 1
assumes B to be perfectly known while sparsity number % only kicks in when B’ needs to be
reconstructed. To handle such issue, we take supp(B?) into account as well. Then we have

Theorem 2. There exists an integer ng > 0 such that for arbitrary estimators Il and B, we have

. - . 1
inf  sup Pxﬁw[(Hasupp(B))#(Esupp(B))}257
H,BBE%EPH,

n,p,m,k

hold for all n > ng, where P,, denotes the set of all permutation matrices, By, pm i is defined

as the set reading as {B € RP*™ : logdet(I + B'B/,2) < logn + M} and supp(-)

{(,7) + (-)i; # 0} denotes the support set. "

L

This theorem suggests that for all possible estimators to reconstruct IT and supp(B), there exists at
least one pair (IT, B) , IT € P,,, B € B,, ;, m .k such that the reconstruction error rate will be at least
1/2. Hence, a reliable correspondence reconstruction requires B’ (a fixed but unknown matrix) to
satisfy log det (I 4 B*"B"/52) > logn + mlog ()/n.

We leave the rigorous proof to the supplementary material and only give an intuitive interpretation,
which comes from the coding theory. First, we assume each entry in B to be binary, i.e., B;; € {0,1},
(1 <i<p, 1<j<m). Thus, the information of B is fully incorporated in supp(B). In the
following, we will use supp(B) and B interchangeably, as they are identical.

Afterwards, we view the sensing relation in (1) as the following transmission process: (i) pair (IT, B)
is encoded into the codeword IIXB; (i) IIXB passes through a Gaussian additive channel; and
(ii1) one observes Y, from which one would like to obtain (II, B).

Using the terminology from coding theory, we can compute the corresponding code rate and channel

. log n!+mlog (? .
capacity as %()g(’c) and log det (I 4 B"B/s2), respectively. Due to the Shannon theorem, we

can expect non-negligible decoding error if the coding rate is greater than the channel capacity, which
leads to log det(I + B'B/s?) < logn + %f(’“), the formula in Theorem 2.

Remark 1. Note that the minimum SNR requirements can be derived from Theorem 2 as log det(I +
B B/,2) js closely related to SNR. When B is of rank-one, we have log det(I + B B/o2) be log(1 +
m - SNR). When B is of full-rank and with identical singular values, we have log det(I + B B/o?2)
be rank(B) - log(1 + SNR).

Having obtained the information theoretic lower bounds, we will propose a computationally efficient
estimator which matches the lower bounds thereof to a good extent.

4 ESTIMATOR DESIGN

This section proposes a computationally efficient estimator for the permutation recovery. Denote
thres(+) as the operator which only keeps the element with the largest magnitude in each column,
we reconstruct II7 with the linear assignment problem (LAP) (Kuhn, 1955; Bertsekas & Castafion,
1992; Burkard et al., 2012) reading as

I = argmaxpep (ILY - thres(XTY)" - XT),

Once the permutation matrix IT®®" is obtained, we can transform (1) to the previous setting and
iteratively recover each k-sparse column th A formal statement of the algorithm is in Algorithm 1.

Here we use Lasso estimator to reconstruct the signal BY, which can be replaced with other estimators,
say Dantzig estimator, etc.

Design intuition. The design of (2) shares a similar idea of the estimator in Zhang & Li (2020): we
would like to approximate the direction of B? by the product X " Y. However, due to insufficient
samples, product X "Y is poorly aligned with B, or equivalently, large errors in approximating B®
with X 7Y and weak correlation (B?, X TY). To reduce the approximation errors, we apply thres(-)
and set certain entries in X TY to zero.
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Algorithm 1: One-step estimator.

Input: observation Y and sensing matrix X.
Output: pair (IT°*", B°P!), which is written as

™ = argmaxpep, (ILY - thres(XTY)"-XT), @
2

B — argming (2n) " |1 TY — XB||_+ AulIB|,, 3)
F

where thres(-) applies to each column and thresholds all entries to zero except the one with the
largest magnitude, P,, denotes the set of all possible permutation matrices, ||-||, = > i 1)l
denotes the absolute sum of all entries, and A\,, > 0 is some regularizer coefficient.

Note that we always keep one nonzero entry in the 1 eI S S
operation thres(-) regardless of the sparsity number —+— Jmon-zero clements = 2

k. This operation is different from almost all the pre- . %8 e 4

vious works, which ranges from Blumensath & Davies E 0.6 —T

(2009); Foucart (2011) in the literature of compressive 2

sensing to Jain et al. (2013); Yuan et al. (2014); Li et al. 2 04

(2016) in the literature of optimization, since all these E

works suggest keeping at least O(k) non-zero elements 0.2

for a k-sparse signal. M

05 1 15 2 25 3 35 4 45 5

More surprisingly, our numerical experiments suggest SNR

keeping more non-zero elements are detrimental to the

permutation recovery. An illustration is put in Figure 1, Figure 1: Keeping more non-zero elements
from which we observe the SNR requlred for correct ;" XTY deteriorates permutation recov-
correspondence recovery increases with the number of ery. n = 100, p = 500, h = 25, k = 5

X T
non-zero elements kept in X Y. srank(Bf) = 100. #non-zero elements

Remark 2. We apply the operator thres(-) to XY refers to the number of non-zero elements
to better approximate BY’s direction, or equivalently, keptin each column of XTY.

increase the correlation (thres(XY), Bf). Due to the

insufficient sample number n, X 'Y is poorly aligned with BY. Thus, keeping more non-zero elements
in thres(+) leads to a potential decrease of (thres(X Y, B®) and less satisfactory performance.

4.1 MAIN RESULTS

This subsection formally presents our main results.

4.1.1 RESULTS IN RECOVERING IT’

First, we study the correspondence recovery. The formal statement is given as

Theorem 3. Suppose that n > ng and p > po, where ng,pg > 0 are some positive constants.
Provided that (i) n > k(log n)(log® mnp), (ii) srank(B?) > k2 log?+=) n, (iii) h < ¢o - n, and
(iv) SNR > ¢;, we have {II*" = Hh} with probability at least 1 — co - n=, where €9 > 0 is an
arbitrary positive constant and h = dy(1, Hh) denotes the number of permuted rows.

If we assume that for each column its maximum entry’s energy is at least a constant proportion of
the total energy, i.e., inf; max: \Bg,,-l/HB?’jHQ >e1(1<i<p, 1< 5 < m, we can further relax the
requirements on stable rank srank(B“). Here £; > 0 is an arbitrarily small positive constant.

Discussion. Comparison with previous work is put in Table 1, from which we conclude that our
work gives the first affirmative answer such that SNR > (1) is sufficient to obtain the correct
permutation matrix with insufficient samples, i.e., n < p.

In addition, we would like to compare it with the lower bound. To begin with, we discuss the SNR
requirement, which is the top priority of our analysis. From Theorem 3, we can see that the correct
permutation matrix can be obtained provided that SNR is above some positive constant; meanwhile
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Table 1: Comparison with previous works. All results are presented in their best orders, which only
hold true in certain regimes. Here SNR i, 7min and hpyax denotes the minimum SNR required for
correct permutation recovery, the minimum required sample number and maximum allowed number

of permuted rows, respectively. Moreover, the logarithmic term is omitted in KNZ()

SNRpin (>) nain/p () s/ (<)

m=1 m>1 m=1 m>1 m=1 m>1
(Pananjady et al., 2018) Q(n°) Q(1) Q(1)
(Slawski & Ben-David, 2019) | Q(n¢) Q(1) Q(log ™ n)
(Zhang et al., 2022) Q(1) Q1) Q (log ™! r(BY))
(Slawski et al., 2020) Q(1) Q(p) Q(log ™ n)
(Zhang & Li, 2020) Qne) Q) Q1) QD) Q(1) Q1)
(Zhang & Li, 2021) Q(n°) o(1) Q(1)
Our Estimator Q1) o(1) Q(1)

Theorem 2 requires SNR > 0. This means our SNR requirement has at most a gap of some positive
constant with the statistical lower bound.

For the sample number n, the lower bound requires n to be at least of order Q(klog p); while
Theorem 3 requires n to be Q(k(log n)(log? mnyp)), which means the lower bound is matched up
to some multiplicative logarithmic terms. We conjecture that the required sample number n in
Theorem 3 can be further optimized, i.e., the logarithmic terms, with a more delicate analysis.

Moreover, our estimator allows the maximum number of
permuted rows to be linearly proportional to the sample 1

number, i.e., hyax < 1, Which is order-optimal. 08

Remark 3. Compared with Zhang & Li (2020) which =

only requires srank(B?) to be above certain positive & 06

constant, our estimator requires a larger stable rank 5

srank(B?). Although we cannot claim that srank(B?) % 0.4 v
must be lower bounded by some non-decreasing func- = 0.2 |[-srank(B%) = 50

tions of logn, we have a numerical evidence such that :ff:ltggigj;g +
srank(B?) may have to increase with sample number n, 0

in other words, its lower bound may not be reduced to 50 850 1650 2450 3250 4050

be some positive constant. Fixing the parameters p, k, h, Figure 2: qustratiog of the dual role of
and stank(B?), we study the impact of sample number n sample number n. We consider the noise-
on the permutation recovery and put the results in Fig- less case (infinite SNR); and set p = 200
ure 2. We observe that a larger n has a negative impact  (signal length), k = 5 (sparsity number),
on the permutation reconstruction once n exceeds certain and h = 25 (number of permuted rOWS).

threshold. One possible reason is that the stable rank

srank(BY) is fixed as a constant and violates the requirement srank(B%) > log? n.

4.1.2 RESULTS IN RECOVERING B!

Once the ground-truth IT° is obtained, we restore (1) to the traditional model in compressive sens-
ing/sparse recovery (Candes et al., 2006; Candes et al., 2006; Donoho, 2006; Wainwright, 2019). One
corollary is given as follows.

Corollary 1. Suppose that n > ng and p > po, where ng,pg > 0 are some positive constants.
Provided that (i) n > k(logn)(log® mnp), (ii) srank(B?) > k2 log>*™) n, (iii) h < ¢y - n, and
(iv) SNR > ¢;. Setting \,, in (3) as cao+/logp/n, we conclude

B2 - B, 5 oy ZEER
n

holds with probability exceeding 1 — c3n= — csp™ 6.
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Its proof is a simple combination of Theorem 3 and the previous results in Candes et al. (2006);
Candes et al. (2006); Donoho (2006); Wainwright (2019). However, we observe a new phenomenon:
the reconstruction error |HB°I" — B¢ |HF is affected by the signal energy |HBh H|F on top of the sensing
noise o2. 2 Moreover, we should mention that the above difference will still exist even when we
replace (3) with other estimators, say, Dantzig estimator.

4.2 PROOF OUTLINE

Due to the space limit, we only give a sketch of our proof ideas and leave the technical details to the
supplementary material. Denote B = (n — h) !X TY, our goal is to show

(Y, TI'X - thres(B)) > (Y, TIX - thres(B)), VII # IT* (4)
holds with high probability under the settings in Theorem 3.

Same as Zhang & Li (2020), our analysis faces the difficulties brought by () combinatorial nature
of the problem and (i7) high-order moments of sub-Gaussian random variables. On top of these
challenges, we are subject to insufficient samples, i.e., n < p. These issues are tackled by a
combination of relaxation and a tailored leave-one-out analysis, which can be roughly divided into
the following three stages.

Stage I. We consider the sufficient condition of (4), which reads as

(Yi);,thres(ﬁ)TXWn(i)’) > (Yiﬂ;,thres(f’))TXj};), Y j# Wh(i).

Re-arranging the terms, we obtain an equivalent form reading as

(BT X i), thres(B) " X sy .) > (BY X sy, thres(B) T X, )

vl = I

+ (Wi thres(B) T (X, — X)) )

Informally speaking, we first assume that thres(f’») is almost parallel to BY; and the dependence of

th res(ﬁ) on X 4(;),., X;,. is negligible. Then, we can approximate (5)’s left-hand side as H‘Bh |H12:
and its right-hand side as a sum of 2;BYTBlz, and \/§z|||Bh H|F up to some normalization constant,
where z1, 29 i N(0,I,x,) and =z i N(0,I,,xm,) are Gaussian random vectors. Easily, we can
see that (5) holds with high probability provided the SNR is sufficiently large. In the following two

stages, we will verify the above two assumptions, that is, (i) Z(th res(ﬁ), BF) is small and (i7) the

~

dependence between thres(B) and Xz ;) ., X . is negligible.

Stage II. We would like to lower-bound the inner product (B, thres(B)). Denote 3 as the corre-
sponding column in B, we can express (B, thres(B)) as ZB”G{B” bicoe (3", thres(3)). From
eflsesm

o~

the definition of thres(-), we notice that thres(3) only has one non-zero entry. W.L.o.g. we assume
its index is one and hence have

(B, thres(B)) = BB, = (B1)° + B1 (B, — B1) > (81)° — max B - 18" — Bloc-

We (#) upper-bound max; | ﬁ5| and || 8" — B||oo; and (i7) lower-bound | 3! |. Part () is quite standard
and part (i) lies in analyzing the event |3, | > max; |3;[, which is due to the definition of thres(-).

~

Stage III. We would like to show the dependence between thres(B) and rows X (i), and X; . is

negligible. This is accomplished by a tailored leave-one-out analysis. For each row indices pair
(7%(4), §), we construct a perturbed matrix B(™(99) by replacing the rows X ra(i),:» Xy, with their

i.i.d. substitutes. Easily, we can verify that B @49) i independent from the rows X4 ;) ., X, . as

the latter are not involved in B(™*(1).9) Meanwhile, we have B(™*():) exhibit a similar behavior

as B as they share almost identical components. Actually, this is the basic idea of leave-one-out
technique (Chen et al., 2020; Sur et al., 2019; El Karoui, 2013; 2018; Cai et al., 2021). Compared
with these works, our construction method has the following characteristics

2This corollary has one requirement on SNR, which is affected by both |||Bu |||F and 2. In addition, we may
have || B — B* MF be directly linked to H}Bh

£ as a wrong correspondence can be obtained with low SNR.
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e The number of replaced rows in our method varies for different pair of row indices. Meanwhile,
the replacement number is fixed in the above mentioned works. For a better explanation, we refer

the readers to our constructed leave-one-out samples ]§(.) in the appendix.

~

e We modify the operator thres(+) in approximating thres(B). While the previous works usually
keep the operator thres(-) intact, we approximate it with the operator (+)imax, Which denotes the

positions of non-zero elements in thres(B). In other words, the positions of the non-zero elements
we keep in the leave-one-out samples B() are determined by th res(]§) rather than thres(B()). In
our analysis, we can see this step is essential in controlling the approximation errors. Otherwise,
the approximation error can be considerably large, since th res(]§) may not share the same support
set with th res(ﬁ(')), let alone their ¢ differences.

The explanation thereof is a simplified version of our proof technique. The technical details, which
are put in the supplementary material, can be different from the above however follow the same spirit.

Moreover, we want to discuss our algorithm’s computational complexity: in the first step for permuta-
tion recovery, our estimator only requires one matrix multiplication and thresholding operation on top
of the operations in the oracle estimator; in the second step for sparse signal recovery, our estimator
needs one additional matrix multiplication when compared with the work without permutation.

5 NUMERICAL RESULTS

This section presents the numerical experiments to verify our main theorem, to put more specifically,
Theorem 3: we would like to prove the correct permutation can be obtained, i.e., {TI*" = Hh}, with
n < p and SNR > c¢. We only present the numerical results on the synthetic data here and defer
those on the real-world data to the supplementary material.

Experiment setting with Gaussian distribution. We let X;; i N(0,1) and pick the sample
number 7 to be {100, 150} and set h = 7/4. We vary the signal length p to be {500, 600}. Then we
set the sparsity number & within the region {10, 15,20}. And the stable rank srank(B") is within the
range {150, 200, 250}. The corresponding simulation results can be found in Figure 3.

. poi 1 L !
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Figure 3: Simulated recovery rate P(IT = IT%) with n = {100, 150}, p € {500,600}, h € {25, 37},
and X;; %' N(0, 1), with respect to SNR.

Discussion w.r.t 7/p. First, we confirm our theory such that correct permutation can be obtained with
insufficient samples, i.e., n < p. In addition, we notice that the permutation recovery becomes easy
with a larger n/p: the first row in Figure 3 is with »/p = 0.2 while the second row is with »/p = 0.25.
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We can verify the SNR for the correct permutation recovery is smaller in the second row than that for
the first row. However, we should stress that this conclusion may not hold provided that srank(B¥) is
not sufficiently large. More details are referred to Figure 2.

Discussion w.r.t. sparsity number k. We vary the sparsity number & to be within {10, 15,20}. We
conclude a large sparsity number k can make the permutation recovery more difficult. For example,
consider the case when (n, p, srank(B?)) = (100, 500,200). When k& = 10, correct permutation
requires SNR > 1.4; when k& = 15, correct permutation needs SNR > 2.2; and when k& = 20, correct
permutation requires SNR > 4. The same conclusion holds for other cases as well. *

Experiment setting with sub-Gaussian distribution. In addition to the Gaussian setting, we also
evaluate our estimator’s performance when X;; being sub-Gaussian. Here, we pick X;; to be i.i.d.
Rademacher random variables such that P(X;; = 1) = 1/2. The corresponding results are put in
Figure 4, from which we can observe a similar pattern as that of the Gaussian setting.
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Figure 4: Simulated recovery rate P(IT = IT%) with n = {100, 150}, p € {500,600}, h € {25, 37},
and X;; %! Rademacher, i.c., P(X;; = —1) =P(X;; = 1) = /2, wr.t. SNR.

6 CONCLUSION

In this paper, we studied the unlabeled sparse recovery with multiple measurements (i.e., m > 1) for
the first time. To begin with, we investigated the lower bounds on the sample number n and the SNR.
Furthermore, we proposed a simple yet effective estimator, which restores the permutation matrix via
a linear assignment problem. We proved that our estimator can obtain the correct correspondence
information when SNR is above certain positive constant and required sample number 7 is in
linear dependence with sparsity number k. In addition, we discovered multiple phenomena that are
seldom encountered before: (i) keeping more non-zero elements in thres(-) deteriorates permutation
recovery; and (i%) increasing sample number n plays a dual role in reconstructing the permutation.
In the course of analyzing our estimator’s performance and explaining the above phenomena, we
developed a tailored version of the leave-one-out technique, which involves an adaptive number of
replaced elements and simultaneous modification of the threshold operator. Moreover, we provided
numerical experiments to corroborate our claims and showed our estimator can reliably reconstruct
the permutation matrix even when the entries X;; are sub-Gaussian random variables.

3This result is consistent with Theorem 2 as 3,, ..k covers a broader class of matrices B when k increases
from 15 to 20, which implies a larger SNR is required for correct permutation recovery.
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A PROOF OF THEOREM 2

Proof. The proof technique is a combination of that in Zhang et al. (2022) and Zhang & Li (2021).

First we put uniform distribution as the prior of IT, i.e., }P’(Hh = Hump) = |Pn| ™t where Iy, is
an arbitrary fixed permutation matrix and P,, denotes the set of all possible permutation matrices.
In addition, we introduce distributions for the support set of B. For an arbitrary column B. 4, we

assume its support set to be uniformly distributed among (Z) possible patterns. Easily, we can verify
the relation

sup Px w [(TT, supp(B)) # (TI, supp(B))] > Px w.r,s [(TT, supp(B)) # (TT,supp(B))].  (6)

I,B

Since infg g can be safely added to the left-hand side of (6), our goal becomes lower-bounding

Px,w,r,B [(IT, supp(B)) # (11, supp(]g))]. Adopting the proof technique used in Theorem 2.10.1
in Cover & Thomas (2012), we consider the entropy H(II, supp(B)), which can be computed as

H(IT, supp(B)) @ H(II) + H(supp(B)) Q logn! +m - log <Z), @)

where in @ we use the independent among IT and supp(B), and in @ we use the fact |P,,| = n! and
supp(B)| = (£)™. Meanwhile, we have the relation

H(TT, supp(B)) € H(IT, supp(B) | X)

I®

H(IL, supp(B) | X, IL, supp(B)) + I(IL, supp(B); II, supp(B) | X).  (8)

£4 2 ¢

where Q) is due to the independence between X and IT, B; and @ is because of the definition of the
conditional entropy and mutual information. The proof is thus complete by separately bounding 7;
and 7.

Analysis of ¢;. We upper-bound (; with Fano’s inequality (Cover & Thomas, 2012, Theorem 2.10.1),
which proceeds as

¢1 < H(TI, supp(B) | I, supp(B))
< 1+ log (|(IL, supp(B))|) - Px,w.rr,5 [(IL supp(B)) # (II, supp(B))]. )

Analysis of (5. Due to the Markov property of (IT, supp(B)) - Y — (11, supp(ﬁ)), we invoke the
data-processing inequality (Cover & Thomas, 2012, Thm. 2.8.1) and conclude

¢ < I(TL supp(B): Y | X).
Invoking the definition of conditional mutual information, we have
I(TL, supp(B); Y | X) = Ex,wm [h(Y | X = 2)) — h(Y | TL, supp(B), X = z)]
log det (Ex w.nYY") — = log o?,
where in ® we use the property (Cover & Thomas, 2012, Theorem 8.6.5)
h(Z) < % log det Cov(Z) < %log detE(ZZ"),

for a random vector Z with finite covariance matrix Cov(Z), and the entropy for a Gaussian random
vector. Following the same procedure as in (Zhang et al., 2022, Lemma 11), we have

log det I[EX’W’HYY—r =nm - logo? + n - logdet (I + BTB/O'2> ,

which further yields to

I(IT, supp(B); Y | X) < ~logdet (I+B'B/s?) .

|3
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Summary. Combing (7), (8), and (9) then leads to a lower-bound on Px w 1,8 [(H, supp(B)) #
(11, supp(ﬁ))] reading as

Py w.rt.5 [(TT, supp(B)) (ﬁ’ supp(f’)))] . log n! + mldg(i) — 1 — (7/2) logdet (I 4+ B"B/s?)

log (|(TT, supp(B))[)

Easily, we can verify Px w 1B [(IT, supp(B)) # (1/'\[7 supp(ﬁ))] is lower bounded by 1/2 given the
assumptions in Theorem 2 and thus complete the proof.

O

B PROOF OF THEOREM 3

We define B as (n — h)~'X Y and define operator imax(i) as argmaxj|]A3j,i| (1 <i < m) foreach
column in B, which returns the index of the entry with the largest magnitude. With a slight abuse of
notation, we denote Bj,x = thres(B). The benefits of this notation will be seen shortly.

In addition, we define the error &, as
Eor={3T, st (Y, TIX Binax) > (Y, TEX - B ) | (10)
According to the sensing relation such that Y = II°XBY + W, we rewrite (10) as
<H“XBh £ W, TIX - Eimax> < <H“XBh LW, ITX - Eimax> :

and would like to show it holds with probability near zero. The major technical difficulties come

from the fact that B is correlated with sensing matrix X, which introduces high-order moments. The
solution of such challenge is broadly divided into the following two parts.

Part I: Relaxation of error event. We first relax the error event &,
Eor © {(Vi BlraXer(o:) < (Yoo BlwXy ), 35 # 7(0) (1)

é err-relax
which means P(Eerr) < P(Eerrerelax)-

Part II: Decoupling dependence via a modified leave-one-out technique. To decompose the
dependence between B and the rows X ;(;) . and X; ., we modify the leave-one-out technique and

e B . . . .. . ~
construct a perturbed matrix B (@), ), which shares almost identical statistical behaviors as B.
Before delving into the technical details, we first provide a glimpse of the construction idea. Recalling

the definition of ]§, which is written as

~ 1 n T . XTW
B=— (;X&:wa),:> Bi+ ——,

we construct the perturbed matrix B (0).9) by replacing the corresponding rows with their i.i.d.
samples. The detailed construction method is stated as follows.

To begin with, we draw i.i.d. samples for each rows of X; . and denote it as XL: 1 <7< n).
Similarly we draw samples W . for each row in W, 1 < j < n. For arbitrary indices 7%(4) and j
such that j # 7%(i), we create the samples B(™():9) a5 (assume i # (i) and j # 7°(5))

B @0) — (5 — ) 1< > XZ,:X;(@’)Bu
£ ()4 (1) 5

+(n—h)" <Xi»:)~qﬂ<z‘>»: + iw“(n,:f(;(wh(i)),: + Xj,:f(:um,; + Xwﬂl(j),:ijt) B

+n-h) D XWX Why, + X0 W] ] (12)
CAT(3),1

14
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Provided that i = (i), we can simplify the summaries X; . X, @ T Xﬂn(i)yzi;(ﬂh(i))’: and

Xﬂu(i) W;(i) + }N(ZWIT in the above construction as the terms Xzf{j and f(zWI, respec-

5

tively. Similarly, we will simplify f(j);f(;m?: + f(wufl(j)#f(jt as X; . X when j = 7%(j).

. . . . Sl 5) - .
With the above construction method, easily we can verify that B(""9) is independent of the rows

Xri(i),:» Xj,: and W ; as they are not involved in B(™"4). Before delving into the technical details,
we first collect all required notations.

B.1 NOTATIONS

Define the following events

_ X7,
& 2 ggﬂLi_lgwthXwgum;
n—nh n—nh
£a(5) & > ey Xesi <X£,\iﬁ\i> - 1og(mnp)H,3 o, V1<i<ph:
2 - n—h ~ ’ﬂ—h \1 2, - =p ’
R0y Xe,i (Ko, B h1
68 2 Demsey Xt (Xmi0),0B) < YRlogmmp) gy vy < i< pl
n—nh n—h
n XTW .
£ o D1 X ‘JSaﬁlog(m”p),v1gi§p,1§j§m :
n—nh n—nh
R L 3/2
2 (|G B2 o] £ S, SN, 1y 45 5).
2 n— F n-

where 3 € RP? is an arbitrary column of BE’: (1<t <m), ﬂ\i € RP denotes its copy with the ith
entry being set to be zero, and x € R? denotes an arbitrary row in matrix X, which follows Gaussian
distribution N(0, I, ,,). Note that & is not necessarily independent from B and B (0).4),

For an arbitrary event I/, we denote its complement as E. In addition, we define matrix M7 ().9) as

(b (i) o
BhTBi(r:aiz)’] ). For the notational simplicity, we drop the superscript 7% (7) and j in M (@):3) when
there is no ambiguity. The following context provides the technical details and a diagram representing
the dependence among all lemmas is put in Figure 5.

Analysis of F; Analysis of Fg Analysis of F3 Analysis of F5
Equation (13) Equation (18) Equation (15) Equation (17)
l
Lemma 13

Lower bound on (B, gt (OB

_____________ I

Lemma 12
Upper bound on [|B — 8% || oo

Lemma 11

Lower bound on |3

imaxl

R
Condition on (Lemma 7, 8, 9, and 10) LemAma 14 (:S;i)h ()T
& m & (ﬂ) ﬂ & (/3) n & Upper bound on || (Bimax — B 7)) " ,

Figure 5: Dependence diagram of lemmas.
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B.2 PROOF OF THEOREM 3

Proof. The proof can be broadly divided into three stages.

Stage I. To begin with, we prove the relation Eery C Eerr-relax, Whose definition can be found in (11).
Conditional on Eqprelax, We have

<Y B,maxXﬂu(i),;> <Y BInaX i >’ v j#7(0).

Thus we conclude
<Y,H“X : ﬁ;max> > <Y,1‘[X : E;max>, VI # IT,

which suggests Eeprrelax Will automatically lead to .y, in other words, Eerrelax C Eerr. Hence, we
could upper bound P (Eerr) by P (Eerrorelax )-

Stage II. Regarding the relation (Y ., BT Xore(i),) < (Yi, B X .), we can recast it as

Imax Imax

7 (4),5)T = T
<BhTX (1) ,00 B( JOK) Xﬂ—h(l)7>§ <BhTXﬂ—h(z),aB( 5(1).9) ]7:>

Imax Imax

ELIOW ()5
175 (4),9) Ué (4):5)

+ <BhTX‘n'“(i).,:a (ﬁimax BT )’J)> (Xj: — Xoaiy,o))

Imax

wb(i),j
77; (4),4)

nﬁ"u( i),4)

We should emphasize that the subscript imax are solely determined by B rather than its perturbed
partner B(™():9)_ This is to ensure B and B(™*()9) share the same support set. In the following
analysis, we will see this property plays an important role in bounding the difference between Binax

(m(0).9) (m* (i

and B.(r:ai D7) which is contained in 13 and 75

each term né” (@)4) (1 < ¢ <'5). First we define quantities Aéw @):3) (1 <0< 5)as

):) The following context separately studies

A(ﬁ”(i),j) s WB”WE _ mo? (10gmnp)2 _ v/ma log(mnp) |HBu|H Co logn m um ’HB(W“(Z

' k n Vn F/srank(BE) fmax
ATOD 2 tognll B [[BEO| /srank(B);
AGEOD) 2 [1B#levog 7 (log )™ B2l Vimlogn(logmn)'/(log np)

n n
Aé(;rh(i)’j) é logn H‘Blmaxl)d ’H
/2

Aéﬂ-h(i)’j) s \/TWgn(log np) H|Bh|”FU+ ma?(lognp)+/(log n)(logmn).

n—nh n—nh
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In addition, we define the events F, (1 < ¢ < 6) as

Foe {nf" 00 2 ATOD w1 <) £ <p a3)
7L {| (00| < ATTOD g < (g 7,gj<p} (14)
7l {| (DD < AT g1 < i 7éjq,} (15)
F A {| (=) < AT DD g1 < 2h(i) £ < } (16)
F 2 {| (00| < ATy p < i ¢]<p} (17)
Jon {H‘B.(;r:f)’” B: Fglog(\%”p||\Bu|”F+‘f10%‘(mW,v1§wh(i)#j§p}.

(18)

In Lemma 1, Lemma 2, Lemma 3, Lemma 4, Lemma 5, and Lemma 12, we will show all the above
events, namely, F; (1 < ¢ < 6), hold with probability approaching one.

Stage III. Given the assumptions in Theorem 3, we will verify the relation ﬂgzl Fr C Eerrrelax-

by -
Considering the difference A{™ "7 — 575 A(” )3 we can lower bound it as

AFOD B AL 1 ognlog”?(np) 2logn
) e e Y -

mo? — mo? n srank(Bf)
G
VIogi(log np) (VIO + VIGETF) . logmnp . logn . 2(logn)(logmnp)
SNR + + +
n Vn Vm n - srank(B?)

¢y

B <log n(log mnp) N log? (mnp) + +/log n(log mn) (log np) )

/mn n
Co
Under the assumptions in Theorem 3, we have
G =
_ logmnp  logn
Cl/z -~ \/ﬁ \/ﬁ ’
G = log n(log mnp) n log? (mnp)
0= vmn n ’
which leads to
AT @) B A @)
Sl 3> (SR G VSNR - G
mo mo

(=2
1 1 1 1 1
ko kyVlogn  klog®n  k2log"t/2n  k2logn

where in D we use the relation m > rank(B¥) > srank(BY) > k21log?*®) n. Then we conclude

Ve

>0,

h v 7l'h . .
Z‘n ()J)|<ZA( 7J)<A )])< ( ()7])7 V].S']Tu(’é)?é]gp,
which means we will automatically obtain Erelax When assuming ﬂ?:1 Fy¢, in other words,

ﬂ?zl Fi C Eerrrelax. Hence, we can complete the proof by P (Eerr) < P (Eerperelax) < Zg: L P(Fo).
O
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Lemma 1. Conditional on the intersection of events & (,—, &2 (Bgﬁ) Ny SS(BE,:) () €4, we have
P(F1) > 1 — con™ " provided n >> k log? (mnp).

b s
Proof. Recalling the definition of M, i.e., M £ BhTBi(r:ai’)’J ), we divide the proof procedure as

e Step L. Condition on M, we have

cologn

\/srank(B?)

C

hold with probability exceeding 1 — n~°.

ngﬂh(i)vj) > TI'(M) B

Imax

B0 | B || v1< 7@ £ <n,

e Step IL Provided n > klog?(mnp), we have

ma? (log mnp)? _ y/molog(mnp) ”

n vn
condition on & (), & (Bz:) Nie, Eg(Bi,:) N &

1 2
Te(M) 2 - [|B*|; - |B#]],.

For the clarify of presentation, we defer the proof of Step II to Lemma 13 and focus on Step I. Due
to the construction of B(**4) in (12), we conclude B"9) is independent with row X4 ;) .. Hence

we can first condition on M and rewrite term 7; in terms of a quadratic product 2 " Ma:, where
x € RP is arandom vector satisfying z € N(0, I,x,).

With Hanson-Wright inequality (c.f. Theorem 6.2.1 in Vershynin (2018)), we have

P (™9 — En{™ 0| = 1, 31 < 7i(0) £ j < n)

t t2
< n? P(la "Mz — Te(M)| > t) < n%-2exp [ —co A .
( =) Mo Mz

Setting t = log n||M||g, we have

(i Ni (i Ni . .
"7 = Em 7 — o logn| M|y = Tr(M) — co log Mg, ¥ 1 < a'(i) # j < n.
holds with probability 1 — 2n~°. Then we complete the proof by showing

~ ﬂ-h Y
M| < ||B° ‘B_( OF;

1.2
imax E \/W H

where (D is due to the definition of stable rank.

S (nl(a g
o] B Bl

Lemma 2. We have P(F) > 1 — 4n™° where event F» is defined in (14).

Proof. First we fix the indices 7% (i) and j such that 7% (i) # 5. Due to the independence across the
rows of X, we conclude

P (|2 "Myl 2 logn|Mly) < B (|l "Myl 2 logn| My, [Myl, < v/iogn|M]y )

P (IMyll, 2 iogn|M]y)

+
) T . .
<P <|:c My| 2, \/logn||My||2) +2n7¢ <4n™¢,

. = (79(3),5 . .. . .
where M is defined as B“TBi(r:a)EZ)’j ) and in @ we have the rotation invariance of Gaussian random

vector. Regarding the event F5, we invoke the union bound and complete the proof as P(Fy) <

n?-4dn=¢=4n"°. ]
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Lemma 3. Condition on Es, we conclude P (F3|E5) > 1 — 2n~°¢, where Fs is defined in (15).

Proof. First we recall the definition of 13, which is written as

Imax

s (BET B B @0\
3 = <B Xi,:7 (Blmax B ) (Xj,; — Xi7;)>.

We begin the proof as

P (Falés) < (||BhTXZ o 2 logn|HBhH|F,E|1<z<n|S5>

4P (}'3 BT X, [l2 < L V1<i< n\&)) .

For the first term, we invoke the Hanson-Wright inequality (c.f. Theorem 6.2.1 in Vershynin (2018)),
which leads to

p<|Bth,,||2 > logn|BE|2, 31 << n55)

IN

n-P (|IBTX, 3 — EIBTX, (3] 2 logn | BEIes)

log? n||BE|* 1 BY||?
. (_C<og B togn] H|F>>S2n0_

IN

IB:TBE|Z BB

For the second term, we will prove it to be zero. This is because
|n§ﬂ—h(l)j)‘ S HBHTXWN 7) :H2 ° H :/B\imax B(77J)) (Xj, — Xﬂu(i),:) H2
o(log np)+/m(log mn)

< Vg, 2 e,

for all 1 < 7%(i) # j < n, where in @O we condition on &5 and HBhTth(i),:HQ < \/lognMB“H’F.
O

P58 e

n—~h

Lemma 4. We have P(F,) > 1 —4n~¢

Proof. First we fix the indices 7%(7) and j such that 7%(7) # j. Invoke the definition of BT (). ),

Imax

we conclude W ., B(W (©).9) , Xj.:» and X ;) . are independent with each other. Hence we can

imax
‘F)

complete the proof as
(7)) T (i),
< P([Bin (0% = X, ), 2 Viown BT )

71"h 1 0
Bl(mai) 2 (X, — th(i),:)H2 < \/@H‘Bfm:i ’j)‘HF)

P (‘niﬂh(i)7j)| > o(logn) H’B(Wh(l)d)

Imax

Imax

+P (\ml 2 o(logn) | B,

F
@
1+ P (Il 2 ov/logn|[ BT (X~ Xeay )| ) = 407,

where in (D we use the tail bound for Gaussian random variable. The proof is then completed with
the union bound such that

— h . . ’
P (,F4) < n2P (lniw (Z)7J)| Z o—(]og’n H‘B(w”( ),9) H‘F) < an2 . nC=1—4dn=c.

Imax
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Lemma 5. Condition on Es, we conclude P(F5|E5) > 1 — 2n~°.

Proof. The proof is in a similar form of that for Lemma 3. First we decompose the probability
]P)(./—"5 |g5) as

P(Fsl&5) < B([Will2 2 o/mlogn, 31 < i < nlés) + P (Fs, [Wislla S oy/mlogn, V1 <i < nlés)

< 2n-n" 4P (75, IWi.ll2 Soy/mlogn, V1<i< n|85) )

where the last inequality is due to the tail bound for the Gaussian random variable. We complete the
proof by showing the second probability is zero. This is because

ﬂ.h i),j ~ N T
0PN < Wiy | Bima = BR) T (X5 = X0

Imax
_ vmlogn (10g3/2 np)

~ n—~h

mao?(lognp)+/(log n)(log mn) .

b
o + Vil

O
Lemma 6. Conditional on the intersection of events & (,~, &2 (BE’:) Nire; ES(BE,:) () €4, we have
P(F5) =1.

Proof. We complete the proof by
D>
F o

@ log? (mnp) I
~ n
CON

imax

(75 (i), 2

) )
/Bimax - Bihmax ﬁimax - ﬂihmax

2

2y
2 JeX
mo? log? (mnp)

2
B 7 4 1108 ),

‘Aw“(i),j

oo

where @ is due to the fact such that B ) _ ﬁh has only one non-zero element, and @ is due to

Lemma 12.
O

B.3 SUPPORTING LEMMAS

Lemma 7. We have P(£1) > 1 — 2n~“1p~°2 when n — h > log np, and n, p are sufficiently large.

Proof. Due to the Hanson-Wright inequality (c.f. Theorem 6.2.1 in Vershynin (2018)), we have

P (51) < 2pexp [—C ( (n — h) 10g(np)2 (TL — h) log(np) >] g % - n—cp—c _ 277‘—01]9—027
1T —ry x (=) I X -y x n—ny o
where in D we use the fact n — h > log(np). O

Lemma 8. For a fixed 3 € RP, we have P(E5(B)) > 1 — pe~¢0("=h) _p=cryp=cap=cs,

Proof. To begin with, we construct the sensing matrix X s by concatenating all rows X, . such that
¢ = 7% (¢). With union bound, we can upper bound P (€5(3)) as

P (E2(8) < pP (|[XsB]l, > V20— MG, I2)

G

n—h
+ pP (Z Xei (X B ) 2 /(0= W) log(mnp) |18 12, [ X8|, < v/20n = h)||ﬂ{illz> :

(=1

G2
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Since X are with i.i.d Gaussian entries, we have each row in X g ,6'{2, be a Gaussian random vector

with zero mean and variance || Bai 3. Hence, we have X585, 13/ 182,12 be a x* random variable with
freedom n — h, which leads to

) _
¢ < pexp (th (log 2 — 1)) < pe—0-65(n=h)

where @ is due to Lemma 15.
For (2, we notice that X, ; is independent of the inner product (X, ., ﬁ{) Hence, we can view the
product 37 X, (X, 6{) as a Gaussian random variable N(0, ||X5[)'<i ||), which leads to

n—h
@)
<2 S p]P (Z Xf,i <Xf,:7ﬁ<i> /2 V log(mnp)”XSﬂh\Jh) § 2nicmicpica
(=1

where in Q) we use the tail bound of Gaussian random vectors. O
Lemma 9. For a fixed B € RP, we have P(E3(3)) > 1 — con™*m~%2p~,
Proof. According to Lemma 16, we can decompose the index set {£ : 0 #7f (6)} into three disjoint

sets Z; such that (4) indices £ and 7%(¢) do not fall into the same set Z;; and (77) the cardinality of
each set satisfies h; e |Z;| > L%J (1<5<3).

Then we can decompose product Y-, s gy Xe,i (Xt ()., 3) as

3
Z Xy (Xps(e),, 8) = Z Z Xy <X7rh(é),:a/6h> .

£ (0) j=11LeT,

With the union bound, we have

3
PEB) < p- DB | Y Kei (Xns()8°) 2 Qogmp) /BB | . (19)

7j=1 LET;

Due to the properties of Z;, we have Xy ; and (X z(p) ., ﬁh> be independent and hence

P | Y Xei (Xen 8°) 2 log(mnp) /by 182

LET;

2
— (| Xeez, 8 2 toutmmmin 15712

2
+P | [|Xeez, o S 1ogCrmpngll B8, D" Xei (X 8°) 2 Tog(mnp)v/h 18
EEIJ'

© [
< o [; <log(cologmnp>cologmnpm} +P | 3 Xei (Xowo0 ) 2 Viogmnpl| X ez, .11z
LET;

—C,,—C

—C1,,—C1 — ,,—C g g
P =n m p -,

Q@
S

n=OmTOpT° + n=%m

where D is due to Lemma 15 and @ is due to the Gaussian tail bound. Plugging it in (19) then
completes the proof. O
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Lemma 10. We have P(E4) > 1 — cn™m™p~°.

Proof. We complete the proof as

_ O n
P(Ey) < mp-P (Z XZz‘W&j > aﬁlog(mnp)>

{=1

ANO

< mp [P (1%, 2 v/nloa(mnp)) + P (Zx;&wg,j 2 ov/ilog(mnp), X, < \/nlog<mnp>>]

{=1

IN®

n
n
mp lexp (5 (log(cg log(mnp)) — co log(mnp) + 1)) +P (Z XZinJ 2 o+/logmnpl|| X, z||2)]
=1

IAN®

mp (n_com_c"p_c0 +n"m 1~ Cl) =n"“m °p~°,

where (D and Q) are due to the union bound, @) is due to Lemma 15, and @ is due to the tail bound
for Gaussian random variable. O

Lemma 11. Conditional on the intersection of events & (E2(8%) N E3(8%) N Ex, we have
log(mnp) _ olog(mnp)
f ﬁ )

where imax and max are defined as the indices of 3 and ﬁh with the largest magnitude, i.e., imax =
argmax,|3;| and max = argmax;

‘Iglmax| |185nax| - ”ﬁ ||

Proof. To begin with, we define C{i), Céi), and Céi) as
w_ 1 (Nx2 ) g
= (; X@,Z) Bl;
o_ 1 ¢ Ay
2 — ;Xm <X4,:75 ¢>7

‘g)’nih z”: X“<X”W>v”5h>;

l=n—h+1

-
Wi,

respectively. Then we can write BZ as 2?21 ¢ J(z) Due to the definition of imax, we conclude

~ ~
|ﬁimax| Z |/3max >

argmax; |55I |. With triangle inequality, we obtain

with the largest magnitude, i.e., max £

4

4
ST > |Bimaed = Bl = 16701 = 37 (¢, (20)

Jj=1 Jj=2

The following context separately discusses each term. First, we consider |C1imax)\ and |(§max)|.
Conditional on £1, we have

imax log(np
6™ < <1+co s )>|ﬂ.max Bl

max 1
) > (1—00 Og(”p)>|ﬂm|>|ﬁilax- @1)

n—~h
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Then we turn to study the rest of terms. Conditional on & (8%) (N £3(8%) () 4. we have

imax max log(mnp)
8™ 1657 18

1og(mnp)f

™I S = S 16 e
imax max g log mnp
8™ 165 M. 22)
n—~h
Combining (20), (21), and (22) then yields the lower-bound for ‘lglmax|
. 4 .
Biarl 2 1651 = 1™ = 37 (168 4+ 1¢1)
j=2
log(mnp) f cslog(mnp)vVh " cqo/nlog(mnp)
2 Bl — 1% — SIBIRIVR g, o ostmnp),
n
which concludes the proof as n 2 h.
O

Lemma 12. Conditional on the intersection of events & (E2(8%) N E3(8%) N Es, we have

1
1B - Bl 5 BT gt 4 TOEGED),

Proof. For an arbitrary index i, we consider the difference fil — ﬁf-, which can be written as

~ 1
Bi-Bi= — Y (XL-)Bl+— Y X (Xe8)

L=7t(3) Z wh(£)

C1 C2
1 n u 1 n T
Eaea— Z X, <X7rh(€),:7/6 >+ — er,f,we,j :
l=n—h+1 =1
(3 Ca

Conditional on the intersection of events & () £2(8%) M Es(B8) ) €4, we can bound ¥; (1 < i < 4),
as

log(n.
Q1 5 2B g1

1ogmnp
Gl S /B gt

Gl < 1623

il < oy/n log(mnp)
A~ n—~h ’

log(mnp) f

respectively, and complete the proof as (1| + |C2| < WHWHQ and h < n. 0O

Lemma 13. Conditional on the intersection of events & (-, SQ(BE’:) e & ( DN Es we
have

~ ; B2 mo? (logmnp)®  /mo log(mnp)
B, By » Wl o Qogmnp)” _Jmologlonnp) sy

provided n > k(log mnp)?.
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Proof. First, we pick one arbitrary column 3% of B. W.Lo.g. we assume that Blmax > 0. Then we
obtain

(m(0).9)

//B\imalegihmax_”B _/Bh”OO?
~ (7@ N ~ N
where B( @) denotes the corresponding column in B(™* (1)), Then we obtain the following lower
bound on /Glmaxﬁlmax
—~ (8 (4),)
BinaBimee > Binw)” = 1Bl 1B = Fllcc. (23)

Similarly, we can show (23) holds as well when ﬂFmax < 0. Recalling the definition of 8%,
Eol > |ﬁz| (1 < i < p), we can further lower bound ,Bimaxﬁihmax by

(" (4).9)

to put more specifically |3

(IBiumax)2 - |/BEnaX| ||ﬁ

~ (w4 N
For |3% _ |, we can lower bounded it by Lemma 11. While for ||,6( WD %], we cannot
directly use Lemma 12 since, strictly speaking, it concerns X with rows X ;) ., X rather than

X (i), )~(j’: However since they follow the same distributions, we can follow the same procedure
and show

(m (4).9)

~ 1 1
1B~ Bl 5 EG g 4 TOECRED),
Then we obtain
2
: _ Vlog(mnp) oy, olog(mnp)
ﬂlmaxﬁmax ~ <16 ax| \/“ ||IB || \/ﬁ

~ Bl (D 1 4 THERE)

) o
2 1Bl = 8] (2 g 4 TOECE) )

— OBD) (15815 + % og(mn))

where in (D we use the relation (a — b)? > a”/2 — b2, Under the assumption n > k(log mnp)?2, we
have | 3% . | > 18 ll2/v& > log(mnp)l|BIl2/(2. /) and thus

log(mnp) (1 log(mn )>

b2 _ a0 g P) | at 1 log(mnp b

|/6max| ‘IBmax| f HB HQ = \% \/TT ||ﬁ ||2’

where in @ we use the fact that 22 — 2ax is monotonically increasing in the region [a, c0); and the
equality is achieved when \,Bh I8%l2/v/%. Hence, we obtain

max| -

max

3 g > 1 log(mnp) log(mnp) 18°I12 o log(mnp) 18> — o?%(log mnp)?
Imax/~imax ~v ]C m 2 f 771 .

Having obtained the lower bound for one single column of B, we complete the proof as

7(4),
<B|(ma>(< b9 Bh Zﬂmax/@Fmax

% (1 log(mnp) log(mnp)) H|Bhu|i _ \/molog(mnp) H‘BWHF B mo?(log mnp)?

k nk n vn n

= k—1 since n>>k log? (mnp)

where @ comes from a reorganization of the terms and the inequality 5 18°]|2 < vm | B H|F
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’ /

Lemma 14. We have P(E5) > 1 —4n"p~ ¢ —2n"°m™°.

Proof. We begin the proof with the union bound

P(E5) <P (Juil 2 viognp, 31 < i < p) +P (I(x, 89 2 VViognpl2)

"

< 2np~n*cp*0:2n*0/p*6/ < n-n=°¢p C:2nfclp*0

<2
+P(|fwi| > oy/lognm, 1 <i < )

< 2mn-n*“m*0:2n*0/m*6/
P (&5, el < Vioanp, l(z, 6% < Viognpl|6ll, ], < ov/iognm),

2y

where w .y and w.y denote the corresponding entries from W and W.

Then we would prove that ¥ is zero. The technical details are attached in the following. Due to the
fact that Bl(m ) shares the same support set as B,max, we have

2 2
o N T |2 - @ \12 O - S\(i.d)
H (Bimax - B,(n-;gi) wH = Z |:wimax </8imax - IBImaX >:| g (IOg np) Z IBimax - 6imax
e B 2
- A\ ||
= (log TLp) Z ‘/Bimax - IBime;x )
o

3t
where in D we condition on the relation ||| < v/log np.

. -~ ~\(d \( 1,5) ~\(4,5)
Regardmg ||/8|max - IBIITIaX HOO’ we have H/Glmax - |max ||00 < ||/8 /8
relies heavily on the fact such that B( ) shares the same support set as B.max Otherwise, the best

result we can have is || B}, — B,\n(;j) ||OO < max (|| Bimax|loos ||B,\n(;xj)||oo) Afterwards, we obtain

loo- Again, this fact

—~ ~\ (7 (1),j -~ ~
Bise ~ Bl < (= 1) (Xaa X, 4 %,X ], - X0 X, - % X)) 87

(n—h)~" Hth(i),:’wwh(i) + X wi — Xoe(), Wat () — X

(n=h) "M@, B9l + (n— 1)~ lzw]e
(n = h) "Ml (@, B+ (n = h) 7|2l [lwll

LW;

5t

o0

A N N

(n —h)~*(lognp) | Bl2 + (n — k)~ o+/(log np) (log mn),

where in @ we use the condition ||z|[oc < vIognp, |(x, 8°)] < Viognp||B7|2, and ||wl|e <
o+/lognm.

Iterating over all columns B, we can show &5 holds with probability one provided ||z|| . < v/Iognp,

[(z, B%)| < Viognp||B*||2, and ||w]| < ov/Tog nm, in other words, 1 is zero. O
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C ADDITIONAL NUMERICAL EXPERIMENTS WITH REAL-WORLD DATA

This subsection evaluates our algorithm on the MNIST dataset (LeCun et al., 1998). We first create

the sparse matrix B as a block-diagonal matrix diag (image*", images ,1maget1r‘“n, -+ -imageg™),

where image!™" € R?®*28 (resp. image;™ € R?®*28) represents an arbitrary image of digit i (0 <
1 < 9) in the training (resp. test) set. Then, we create a Gaussian sensing matrix X and a noise matrix
W. Afterwards, we permute the sensing results and apply our algorithm in Algorithm 1 to reconstruct
the images. As the benchmark, we ignore the missing correspondence and directly estimate B? with
Lasso estimator. In other words, we let II° in (3) be the identity matrix and use it to estimate the
images. An illustration of the reconstructed images is put in Figure 6.

Ground- q Q
Permutation
Correction
No-Permutation
Correction

Figure 6: We set the sample number n as 100 and the sensing noise variance o2 as 1. (Top) The
ground-truth images. (Middle) The reconstructed images with our algorithm using both (2) and (3).
(Bottom) The reconstructed images only using (3), where IT°*" is simply set as I.

train

D USEFUL FACTS

This section collects some useful facts about probability for the sake of self-containing.

Lemma 15 ((Dasgupta & Gupta, 2003)). For a x*-random variable Z, which is with freedom {, we
conclude

P(th)gepr(Z—Z—&-l)], t </

P(Z>t)<exp{§<z—z+l)], t> 4.

Lemma 16 ((Pananjady et al., 2018)). Suppose the permutation matrix I1 with Hamming distance h
from the identity matrix I, namely, dy(I,II) = h. We can decompose the index set {i : i # (i)} into
3 independent sets T; (1 < i < 3) such that the cardinality of each set satisfies |Z;| > |h/3| > h/5.
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