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ABSTRACT

Exogenous Markov Decision Processes (Exo-MDPs) capture sequential decision-
making with independent exogenous dynamics, arising in applications such as
inventory control, energy storage, and resource management. Prior work in approx-
imate dynamic programming demonstrates that pure exploitation can be highly
effective, with convergence in certain settings but no general regret guarantees.
In contrast, reinforcement learning approaches to Exo-MDPs almost exclusively
rely on explicit exploration via optimism or hindsight optimization, leaving open
whether exploitation alone can achieve provable guarantees. We resolve this ques-
tion by proving the first near-optimal regret bounds for pure exploitation strategies
under linear function approximation. Our key technical contribution is a novel
analysis based on counterfactual trajectories and post-decision states, which yields
regret bounds polynomial in the endogenous feature dimension, exogenous state
space, and horizon, and importantly independent of the endogenous state and action
cardinalities. Experiments on synthetic and resource management benchmarks
confirm that pure exploitation surpasses exploration-based methods.

1 INTRODUCTION

Sequential decision-making under uncertainty is central to a wide range of domains, from inventory
control and energy storage to cloud resource management and supply chains (Madeka et al., [2022;
Yu et al., 2021} |Sinclair et al., [2023bj, (Oroojlooyjadid et al.,[2022). In these applications the system
dynamics are shaped by controllable endogenous states and exogenous inputs that evolve indepen-
dently of the agent’s actions. Exogenous Markov Decision Processes (Exo-MDPs) formalize this
setting by partitioning states into endogenous and exogenous components, where actions only affect
the former (Mao et al.l 2018} Sinclair et al.,[2023b). This separation models many practical settings
where randomness is external (e.g. demands, arrivals, or prices) yet crucial for optimal control.

Classical approximate dynamic programming (ADP) and operations research techniques have lever-
aged this separation with pure exploitation methods that repeatedly solve, act, and update from
observed trajectories without deliberate exploration. Existing results show these schemes can con-
verge in structured settings and underpin many scalable heuristics for resource allocation problems.
For example, [Nascimento & Powell (2009) provides a rigorous convergence proof for a lagged
asset acquisition problem, showing that pure exploitation outperforms e-greedy exploration. More
broadly, [Powell| (2022)) emphasizes post-decision states and trajectory-based evaluation, illustrating
how structured exploitation can suffice in practice. However, the theoretical guarantees in this line
hinges on concavity or piecewise linearity of the value function.

Concurrently, reinforcement learning (RL) theory pursued broader statistical guarantees for Exo-
MDPs. [Sinclair et al.| (2023b)) develop hindsight and replay-based methods that reuse exogenous
traces, achieving strong performance in cloud resource allocation. [Wan et al.| (2024)) connect Exo-
MDPs to linear-mixture models, establishing regret bounds that scale with the exogenous but not the
endogenous cardinalities. These results underscore the power of the exogenous structure, but their
algorithms rely on explicit exploration or tabular assumptions, limiting their applicability.

Given the gap between the empirical success of exploitation based ADP and the recent literature on
RL for Exo-MDPs, a central question remains:
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Can pure exploitation strategies achieve near-optimal regret in Exo-MDPs under linear function
approximation at scale?

Our Contributions. We propose PEL (Pure Exploitation Learning), a unified pure-exploitation
framework for Exo-MDPs that repeatedly fits value approximations from observed trajectories and
then acts greedily with respect to them. Prior ADP results are largely asymptotic or hinge on problem-
specific concavity, while existing RL guarantees for Exo-MDPs typically assume the problem is
tabular, use optimism, or reduce to linear mixtures and do not address simple greedy methods under
function approximation. We resolve this gap by giving the first general finite-sample regret guarantees
for PEL in Exo-MDPs with linear function approximation (LFA).

To illustrate the philosophy of PEL, where learning relies only on greedy data reuse without explicit
exploration, we first analyze multi-armed bandits with exogenous information and tabular Exo-MDPs.
In particular, we establish regret guarantees for pure exploitation in these settings, complementing
and simplifying prior exploration-based analyses. Building on this foundation, we then turn our focus
to Exo-MDPs with LFA.

We then propose and analyze LSVI-PE (Least-Squares Value Iteration with Pure Exploitation),
a backwards value-iteration style procedure that (i) constructs empirical models of the exogenous
process from observed traces, (ii) forms regression targets using post-decision states that decouple
action selection from exogenous randomness, and (iii) fits linear value function approximations using
data collected along greedy trajectories. Two technical ideas drive our analysis: (a) a counterfactual
trajectory construction that allows us to reason about what value estimates a greedy policy would
have produced under alternative exogenous traces, and (b) an anchor-closed Bellman-transport
condition on the feature/post-decision map that controls how approximate Bellman backups propagate
through the fitted linear representation. Together, these ideas yield regret bounds polynomial in the
feature dimension, exogenous state cardinality, and horizon, and importantly are independent of the
endogenous state and action cardinalities.

Our theoretical results reconcile the long-standing empirical success of exploitation-based
ADP (Nascimento & Powell, |2009)) with modern statistical learning guaranteed for Exo-MDPs (Wan
et al.}2024), showing that deliberate exploration is not required to obtain near-optimal learning rates
in Exo-MDPs. We validate this on synthetic tabular benchmarks and resource-management tasks,
where PEL outperforms exploration-driven methods while remaining simple and efficient.

Paper Organization. Section[2]reviews related work and Section [3|formalizes the Exo-MDP model.
Section ] analyzes pure exploitation in the tabular setting, and Section [5|introduces LSVI-PE with
its regret analysis under linear function approximation. Section [6|reports empirical results. Section 7]
concludes the paper. proofs are deferred to the appendix for space considerations.

2 RELATED WORK

We briefly review the most salient related works here and refer to Appendix [B|for more details.

Exo-MDPs. Exogenous MDPs, a sub-class of structured MDPs, were introduced by [Powell| (2022)
and further studied in an evolving line of work (Dietterich et al., 2018} |[Efroni et al., 2022} [Sinclair
et al.| [2023b; Powell, [2022). For instance, Dietterich et al.| (2018)); [Efroni et al.| (2022)) considered
factorizations that filter out the exogenous process, simplifying algorithms but yielding suboptimal
policies since ignoring exogenous states may discard useful information. Sinclair et al.| (2023b)
analyzed hindsight optimization, showing that its regret can be bounded by the hindsight bias, a
problem-dependent quantity. More recently, Wan et al.| (2024) established statistical connections
between Exo-MDPs and linear mixture models, though their guarantees apply only in discrete
endogenous state/action spaces. Overall, most existing results assume discrete endogenous dynamics
and i.i.d. exogenous processes, which are restrictive in practice. In contrast, we study Exo-MDPs with
continuous endogenous states and Markovian exogenous processes, and provide the first near-optimal
regret guarantees for pure exploitation strategies in this setting.

Exploitation-based ADP. A parallel line of work in ADP shows that greedy or exploitation-oriented
strategies can succeed under strong structural assumptions. Nascimento & Powell| (2009) propose a
pure-exploitation ADP method for the lagged asset acquisition model, leveraging concavity of the
value function to guarantee convergence without explicit exploration. [Nascimento & Powell| (2013))
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extend this to vector-valued controls in storage problems under similar conditions. More broadly,
Jiang & Powell| (2015)) and [Powell| (2022) highlight methods such as Monotone-ADP and post-
decision state exploitation schemes that reduce the need for exploration by exploiting monotonicity or
other structural regularities. However, these methods either assume discrete state and action spaces,
rely on asymptotic convergence, or require structural conditions like convexity or piecewise-linearity.
In contrast, we provide finite-sample regret guarantees for pure exploitation in general Exo-MDPs
without any explicit structural assumptions.

MDPs with LFA. Recent work on RL with LFA has studied various linear structures, including
MDPs with low Bellman rank (Jiang et al.,[2017;|Dann et al., 2018)), linear MDPs (Yang & Wang]
2019; Jin et al.|, [2020), low inherent Bellman error (Zanette et al., |2020), and linear mixture MDPs
(J1a et al.} 2020; |Ayoub et al., [2020; Zhou et al., 2021)). Our results contribute to this literature by
establishing near-optimal regret guarantees for Exo-MDPs with LFA under pure exploitation.

3 PRELIMINARIES AND PROBLEM SETTING

Notation. We write [N] := {1,2,--- , N} for any positive integers N. For a matrix A, we use || A||
to denote its operator norm. We use I{-} to denote the indicator function. For any x € R, we define
[z]T := max{z,0}. We use O(-) to denote O(-) omitting logarithmic factors. A table of notation is
provided in Appendix [A]

MDPs with Exogenous States. We consider Exo-MDPs with Markovian dynamics, a subclass
of MDPs that explicitly separate the state into endogenous and exogenous components (Dietterich
et al.l [2018; [Efroni et al., 2022; [Sinclair et al., [2023bj [Powell, 2022). Here, a state s = (x,&)
factorizes into an endogenous (system) state z € X and exogenous inputs ¢ € =. Both components
influence the system dynamics, but actions affect only the endogenous state, not the exogenous
process. Formally, an Exo-MDP is defined by the tuple M(P, f,r) = (X x E, A, P,r, H). At each
stage h, the agent selects an action a, = 7,(sy) € A given the current state s, = (x5, &) under
their policy m = (7 ) e € 1 where Il = {(7p)pe(a @ mn : & X = — A}. The exogenous
state evolves as a Markov process, {,4+1 ~ Py (:|¢r), independent of x;, and ah Throughout we
assume the exogenous state space is discrete, which is well-aligned in operations research where
the exogenous randomness corresponds to discrete demand levels in inventory control (Besbes &
Muharremoglul [2013; |Cheung et al.,|2023) or job types in cloud computing systems (Balseiro et al.,
2020; Sinclair et al.|, 2023b)).

Conditional on (xy, an, &), the endogenous transition and reward function follow known determinis-
tic functions

Thi1 = f(Th,an,Enr1)s  Th = 1(TH,an,&n) € [0,1].
Value Functions and Bellman Equations. For a policy 7, the action-value functions and state-value
functions at step h are defined as:

Q7 (5,0) i= B [ L1, r(wr,ar, &) | (sn,0n) = (s,0),7]  ViT () i= QF (s, 7(s))
We also define hindsight value functions for a fixed exogenous trace Esp = (Ep41,.-.,Em):

QZ (87 a7£>h) = Zf:h T(S‘H aTaET) | (Shvah) = (Saa)v T, Vﬂr (S7£>h) = QZ (S’ 7Th(£)>£>h) .

These are deterministic once £, are fixed, so no Monte Carlo sampling is required under the known
functions f and g. |Sinclair et al.| (2023b) show that unconditional values are expectations over
hindsight values, i.e. for every h € [H], (s,a) € S x A, and policy T,

QZ(& a) = E€>h [Qg (Sa a, £>h)] ) Vhﬂ-(s) = IE£>h [Vhﬂ- (Sv €>h)} )
where the expectation is taken over the conditional distribution &~ ~ P (- | ).

Online Learning. We consider an agent interacting with the Exo-MDP over K episodes. At the
beginning of episode k, the agent starts from an initial state s and commits to a policy 7% € II.

'We discuss the general m-Markovian setting in Appendix
These assumptions are well-motivated in resource management. We give several examples of Exo-MDPs in
Appendix|C.1}
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ko (g ¢k on aF — #k(gk ;
At each step h, the agent observes s; = (x3,&f%), takes action af = 7 (sy), receives reward

k ok ¢k k e ko _ g(k ok ok :
r(xy, ap, &), observes & | 1, and transitions to x| = f(xy, ay, &y, ;). Each episode has H steps.

The performance of an algorithm is measured by its cumulative simple regret over K episodes:
* ~ k * ~k
SR(alg,k) = V7 (s1) = VI, CR(alg, K) = X4, [V (s1) = Vi (s1)
where 7* = arg max_ c; V{7 (s) is the optimal policy and #¥ is the policy employed in episode k.

For each (k,h) € [K] x [H], we denote by Hf £ (si,al, s}, a},....s},al,..., s}, af) the
(random) history up to step h of episode k. We define 7, = ’Hlf_fl as the history up to episode k — 1.
We use £F := (&) 1c[k] to denote the exogenous trace up to the end of episode .

4 PURE EXPLOITATION LEARNING IN TABULAR EXO-MDPSs

We now illustrate the philosophy of Pure Exploitation Learning. In Exo-MDPs, the only unknown
component is the exogenous process, which evolves according to a Markov chain independent of the
agent’s actions. As a result, trajectories collected under any policy provide unbiased information
about this process, so explicit exploration is not required. PEL builds on this observation: instead of
adding optimism or randomization, PEL algorithms repeatedly fit empirical models or value functions
from observed exogenous traces and then acts greedily with respect to these estimates. To summarize
we define PEL algorithms as:

Definition 1 (Informal). PEL denotes the family of algorithms that, at each round or episode,
construct an empirical value function from previously observed exogenous traces and act by greedily
maximizing this function, with no optimism or forced exploration.

We next make PEL concrete in two simple settings: (i) an Exo-bandit warm-up (H = 1) and (ii) the
tabular Exo-MDP. After presenting regret guarantees and computational remarks, we conclude with
an impossibility example showing that PEL can fail in general MDPs without exogenous structure.
We then move onto the linear function approximation case.

4.1 WARM-UP: EXO-BANDITS

We start with multi-armed bandits with exogenous information (coinciding with bandits with full
feedback), an Exo-MDP with no states and H = 1. At each round k the agent selects arm ag, an
exogenous input & is realized, and because the reward map r(a, £) is known the agent can evaluate
the reward r(a, &) of all arms. Following Wan et al.[(2024) we call this setting an Exo-Bandit.

Here, the PEL strategy reduces to the classic Follow-The-Leader (FTL) strategy: at round k
simply choose the arm with the largest empirical mean reward ap € argmaxgea fio(k) =
ﬁ Zf;ll r(a,&s). This procedure is entirely exploration free, unlike in classical bandits where
exploration schemes such as UCB or Thompson Sampling are essential for learning (Auer et al.,[2002;
Russo et al.l 2018]). This contrast illustrates how exogenous information fundamentally changes the
role of exploration.

Proposition 1. Assume rewards are o2-sub-Gaussian. Then the expected per-round simple re-
gret of FTL satisfies SR (FTL, k) < ,/%%’f“‘, and consequently the cumulative regret obeys

CR(FTL, K) < 20+/(K — 1)log A.

These regret bounds recover standard full-information or experts-type guarantees and are are minimax-
optimal (Cesa-Bianchi & Lugosi, [2006; Shalev-Shwartz et al.,[2012). The point here is not novelty
but an illustration: when full feedback is available via the exogenous feedback, simple PEL suffices,
and one should not expect additional exploration to be necessary.

4.2 TABULAR EX0-MDPSs

We now extend PEL to finite-horizon Exo-MDPs with finite state and action spaces. Since exogenous
traces can be reused across policies, one can form unbiased value estimates and apply Follow-the-
Leader (FTL) at the policy level. This yields near-optimal regret bounds, consistent with Sinclair



Under review as a conference paper at ICLR 2026

et al.| (2023b)), but evaluating all policies amounts to empirical risk minimization (ERM) over II. This
is computationally infeasible in general since |IT| < |A|I*II=], See Appendix @ for a discussion of
this algorithm and the result.

To address this, we consider a practical PEL instance, Predict-Then-Optimize (PTO). PTO first

estimates the exogenous transition kernels ]IADZ( | £,) (e.g., via empirical counts or MLE), and then
plugs them into standard dynamic programming to compute greedy policies:

Qhi(snyan) = 1(xn, an, &) + Be, 16, [Viror (F (@n, ans Engn), Ensr); P,

7 (sn) € argn}ﬁxQﬁ(sh, an),  ViF(sn) = QF(sn, 7 (s1)).
The following theorem bounds the cumulative regret of PTO under Markovian exogenous noise by
reducing model error to exogenous-row errors, yielding rates independent of | X'| and |.A|.

Theorem 1. [Regret of PTO under Markovian exogenous process] With high probability, the
cumulative regret of PTO after K episodes satisfies

CR (PTO,K) < O(H?*|EVK).
The main technical challenge is a policy misalignment issue: state—action counts C’;ﬁf(s, a) are
collected along the greedy trajectory, while the comparator relies on optimal trajectories, preventing a
clean telescoping of ), e’;(éﬁj, d’;’). We address this through two key ideas: (i) replacing state—action
counts with exogenous-row counts C’,’j (¢) and invoking Lemma , which makes model error policy-
and action-independent and removes dependence on |X| and |.A]; and (ii) modifying the simulation

lemma under Markovian & by working with the exogenous filtration g,’j , which decouples rows
despite temporal dependence and enables high-probability control.

Unlike the exhaustive ERM/FTL approach, which is statistically sound but computationally infeasible,
PTO provides a practical and efficient PEL implementation. It runs in time polynomial in | X|, |.A|,
and H, while preserving regret guarantees that depend only mildly on the exogenous cardinality |Z|.

4.3 IMPOSSIBILITY: WHY PURE EXPLOITATION CAN FAIL IN GENERAL MDPS

To emphasize that PEL is sufficient only when exogenous information is present, we include a simple
negative example showing that pure exploitation can suffer linear regret in standard bandits or MDPs.

Proposition 2. There exist standard bandit instances in which FTL suffers Q(K') cumulative regret.

The proof is provided in Appendix [F:4] This underscores that the favorable performance of PEL
arises from the exogenous feedback structure. Without it, optimism or other exploration mechanisms
are essential.

Discussion. In tabular Exo-MDPs, pure exploitation suffices: exploration is unnecessary because
exogenous randomness is decoupled from the agent’s actions. With the right implementation (e.g.,
PTO), PEL is both statistically andcomputationally efficient. However, these results hinge on tabular
representations, limiting scalability. In the next section, we extend these ideas to continuous state and
action spaces under linear function approximation.

5 LINEAR FUNCTION APPROXIMATION

The previous section established that PEL suffices in tabular Exo-MDPs. However, in order to make
this useful at scale, we need to move beyond finite endogenous state spaces. This section develops
LSVI-PE, a simple and efficient pure exploitation algorithm under linear function approximation.
Our algorithm leverages two structural ideas: (i) post-decision states, which removes the confounding
between actions and exogenous noise; and (ii) counterfactual trajectories, that allow us to analyze
what would have happened under alternative exogenous traces.

Continuous Exo-MDPs. We now consider Exo-MDPs with continuous endogenous states x, € X,
continuous actions a, € A, and finite exogenous states £, € = over horizon H. Following the
ADP literature (Nascimento & Powell| 2009; 2013} |[Powell, 2022), we assume that the dynamics
decompose into two steps:

zy = fYzp, an) € X* C X (post—decision state), xp41 = g(x;‘”ghﬂ) € X (next state),
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with &1 ~ Py (- | &,). For any policy 7, we define the posi—decision value function

Vi (@%,€) = Berm, cjo)| Vita(a(e%,€),€) |,

which represents the expected downstream value after committing to action aj, but before the next
exogenous state is revealed. The pre-decision value function then decomposes as

Vi (,8) = r(z, w(2,8),€) + V" (f* (2, 7(2, ), €).
The optimal policy also obeys
Vir(@,) = mae { r(w,0,€) + V(£ (,),€) . Vi (0%, ) = B, o) Viea(9(2,€,€)) .

We now formalize the definition of Exo-MDP with linear function approximation (LFA):

Definition 2 (Exo-MDP with post—decision LFA). An Exo-MDP is said to satisfy (post—decision)
LFA with respect to a known feature mapping ¢ : X — R? if, for every policy 7, step h, and state
(%,8) e X X E,

Virt(a®€) = o) Twi(©)

where sup,. [[¢(z%)2 < 1, and the weight vectors satisfy sup, , ¢ [[w]; (§)[]2 < V.

We denote the optimal weights by wj (€) := w] () so that V,** (2%, €) = ¢(x) Twj(&).
Assumption 1 (Anchor set). For each step h, there exist N > d fixed post—decision states

{z¢(n)})_, such that the feature matrix ®;, = [¢(z%(1)), ..., ¢(z&(N))|] € R has full
row rank, i.e., rank(®;,) = d.

Together, the LFA assumption and anchor condition provide a tractable representation that supports
efficient algorithms while keeping regret bounds polynomial in the feature dimension d rather than
the size of the underlying endogenous state or action spaces. We also emphasize that Assumption [T]is
standard in the ADP literature (Nascimento & Powell, [2009; 2013).

5.1 ALGORITHM

In this section, we present our algorithm Least-Squares Value Iteration with Pure Exploitation
(LSVI-PE) for Exo-MDP with LFA. See Algorithm [I|for pseudo-code.

High-level intuition. Our algorithm LSVI-PE alternates between two phases:

1. Policy evaluation (backward pass): At each stage h, we construct Bellman regression targets
using the empirical exogenous model P, (Line . We then run least-squares regression on the
anchor states to produce weight vectors w¥ () for each exogenous state ¢ and stage h, defining a
linear approximation for the value function as V,** (2%, €) = ¢(x%) Twh (€) ~ V(2 €).

2. Policy execution (forward pass): In episode k, the agent acts greedily with respect to these value
estimates (Line . The observed exogenous trajectory is used to refine the empirical estimate IP.

Before moving onto the regret analysis we briefly comment on several aspects of the algorithm.

Role of anchor states. Anchor states {x¢(n)}X_, are chosen to guarantee that the feature matrix
®;, has full row rank (Assumption . This ensures that the regression weights w,’i(g) are unique.
Intuitively, anchors serve as “representative” endogenous states: they provide just enough coverage
of the feature space to propagate accurate value estimates without requiring samples from the entire
(possibly continuous) state space.

Exploration-free design. Conventional RL algorithms with LFA rely on explicit exploration
mechanisms. For instance, LSVI-UCB (Jin et al.,[2020) enforces optimism in the value estimates,
while RLSVTI (Osband et al., 2016) injects random perturbations into regression targets. In contrast,
LSVI-PE is a pure exploitation algorithm: all updates come directly from empirical exogenous
trajectories observed along greedy play. The independence of the exogenous process makes this
design both natural and theoretically justified, and we later show it achieves near-optimal regret.
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Algorithm 1 LSVI-PE

Require: Anchor states {x¢(n)} hH;JY’nzl; feature map ¢ : X — R?
1: Precompute: For each h, set @), < [¢p(x%(1)),...,¢(x2(N))] € RN and 3, + &, P,

2: Initialize: For each h and £,¢’ € Z, set counts Cj,(£,¢') < 0 and p}?(f’|§) «— 1/|Z]; set
wi(§) + 0forall h € [H +1],¢

3: fork=1to K do // Episode loop
4: // Policy computation using dataup to k — 1 //

5: for h = H down to 1 do

6: for each ¢ € = do

7: bE(€) «~ 0 e RY

8: forn =1to N do

9: Define a7, (¢') < g(a§(n),&’) foreach ¢’ € =

e T

10: yﬁ(”vﬁ) «— Zg/ea P}]: 1(5/\£)maxa«€A{r(x;(f'), a/’g/) + ng(f“(x;(f’), a’)) wﬁ-ﬂ(fl)}
1L: b (€) < U5 (€) + (a7, (n)) yh (n; €)

12: end for

13: wh (&) + X, bk (€) /I Least squares on anchors
14: end for

15: end for

16:  // Actin episode k with {w} and collect data &* //

17:  Receive z¥; observe &F

18: for h =1to H do -

19: af € argmax,e 4 {r(:vﬁ, a,&F) + q&(fa(xz,a)) w,’fb(f}f)}
20: xlfL’a < fo(af,af); observe &y setaf | g(x],fb’a, &)
21: Update counts: Nf (&, €ni1) < Ny~ (€n, €nvr) + H{(&ns Gnrn) = (8,68 )}
22: end for N

. s . 1 Dk(et Ny (£:¢)

23: Update empirical model: For all 1, ¢, ¢, Py (£'|€) < S e NEED)"
24: end for

25: Output: wf (£) for each h and &

Computational efficiency. In LSVI-PE, regression targets are computed only at the anchor states,
and updates decompose stage by stage. This structure makes the algorithm scalable when the
endogenous state and action spaces are continuous. Compared to FTL-style policy search, which
requires evaluating every policy, LSVI-PE is implementable in polynomial time.

5.2 REGRET ANALYSIS

Before presenting our main result we introduce some additional notation. Let ¢p,(n) := ¢(zf.(n))

and define the anchor feature matrix &y, :74 oy dn(N)] € RN We also define )\0 =
minge(g) Amin(Xr) > 0, where X = &, P, is the anchor covariance. Fix h, m, and £’ € . We
define the post-decision transition operator as T(E) s XY — X%as

T (€)@ = *(9(a",€), w(9(a®,€).€)):
This represents one step of evolution:

LI R N SN (z*)  as the compressed arrow  “ LN ()" = T (&) (x%).

s
We introduce two additional assumptions to establish our regret guarantees. We begin with a weaker
requirement: that the anchor states are closed under the Bellman operator. Intuitively, this condition
ensures that when an anchor state undergoes one step of post-decision transition, its image remains in
the span of the anchor feature representation.

Assumption 2 (Anchor-closed Bellman transport (weaker)). For any m, h € [H], and ' € Z, there
exists a matrix M7 (¢') € R with sup, ¢, [| M7 (£')]|2 < 1 such that for every anchor zf:(n),

AT ()5 (n)) = M () d(ah(n)).
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Note that this establishes the one-step image of any anchor under the post-decision transition lies in
the same feature span and is linearly transported by M[ (£').

Assumption 3. For any 2%, ¢(z?) is in the nonnegative cone of .

Assumption [3] ensures the pointwise policy-improvement: the greedy update makes all anchor
residuals nonnegative, and thus guarantees improvement at arbitrary post-decision states.

Theorem 2. Under Assumption [2}{3] the regret of LSVI-PE after K episodes satisfies

CR (LSVI-PE,K) < @((\/N/)\U-‘r\/g) |E|H\/E).

PEL achieves standard sublinear regret under Assumption [2] with dependence on the feature di-
mension d, the number of anchors and their conditioning via y/N/)\g, and the exogenous state
size |Z|, while remaining independent of the size of the endogenous state and action spaces. In
well-conditioned designs (e.g., Ao = ©(1) and N = d), the bound simplifies to O(|Z|Hv/dK).

Proof sketch. Assumption [2]ensures the Bellman regression targets stay in the anchor span, so each
stage-h value update reduces to a well-conditioned least-squares problem controlled by ). We
analyze LSVI-PE via counterfactual trajectories that replace realized exogenous draws with their
&’'-row expectations. Concentration of the estimated exogenous rows and a stage-wise telescoping of
Bellman errors yield the stated O(+/K) bound without optimism. Full proofs are in Appendix

Our next assumption strengthens Assumption 2] to hold for all 2 instead of just the anchors:

Assumption 4 (Global Bellman-closed transport (stronger)). For any 7, h € [H], and £’ € =, there
exists M (¢") with sup, ¢, [ M (€')]|2 < 1 such that for all 27, (7,7 (¢')(z%)) = M (&) ¢(z2).

Under this we can establish the following regret guarantee:

Theorem 3. Under Assumption[d] the regret of LSVI-PE after K episodes satisfies

CR (LSVI-PE,K) < @((H+ VN/Xo) \E|H\/E>.

While both theorems share the same dependence on K, this refinement tightens the guarantees when
H < d. Although Assumption []is stricter than what LSVI-PE requires, we show it yields sharper
propagation bounds when exact closure is plausible (or enforced by feature design).

Discussion on Assumptions 2] to d, Many Exo-MDPs such as storage problems or linearizable
post-decision dynamics naturally induce linear transport within common LFA classes (linear splines,
tile coding, localized RBFs, etc). Moreover, the constraint || M7 (£')[|, < 1 ensures that one-step
feature transport is non-expansive, a standard stability condition in ADP/LFA analyses. Additional
discussion of Assumptions [2]to[]is provided in Appendix [E}

LSVI-PE with misspecification (approximation) error. When the function class is misspecified
and the true value functions may not lie exactly in the linear span, Theorem [5]shows that the regret
bounds match the earlier ones with an additive O(Kepg) where egg measures the measures the
inherent Bellman errmﬂ (approximation gap between the true Bellman updates and the best function
in the linear class). This bias term is unavoidable in general, since even an oracle learner suffers an
O(Kepg) cumulative bias (Zanette et al., [2020).

Theorem 4. Assume Assumption[I]holds. Fix § € (0,1). Then with probability at least 1 — 4,

) H
CR (LSVI-PE, K) < 0<(H+ ./%)|E|H\/? + ngBE).

3Formal definition is provided in Appendix
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6 NUMERICAL EXPERIMENTS

6.1 TABULAR EX0O-MDP

Setup. We evaluate on synthetic tabular Exo-MDPs with = oot
endogenous state space X = [5], exogenous state space
= = [5], and action set A = [3] and horizon T" = 5, and

K = 250 episodes. Rewards are drawn i.i.d. as r(z, a, §) ~
Unif(0, 1). Endogenous dynamics are deterministic, 541 =
f(@n,an, Eny1) = (xn + an + &py1) mod X, while the
exogenous process is a Markov chain with transition matrix
P, sampled row-wise from a Dirichlet prior. ;
Comparisons. We compare PTO with its optimistic counter-
part PTO-Opt, which replaces the empirical model Pk by
an optimistic model P* in the Bellman backup.

Cumulative Regret

100 150
Episodes

Figure 1: Comparison between PTO
and PTO-Opt.

Figure [I] illustrates the benefit of exploiting the observed exogenous trace. Despite no explicit
exploration, PTO outperforms the exploration-heavy baseline PTO-Opt in cumulative regret.

6.2 STORAGE CONTROL

Setup. We consider a storage control setting where x;, € X' = [0, C] denotes the current storage
level. After taking action a, € A = [—amax, Gmax], the system transitions to the post-decision

state 2§ = f*(xp,a) = clip ¢ (wh +ntat — n%a* . The exogenous component is the discrete

price. The storage level is modeled as 41 = g(z¥,&p+1) = azf, o € (0, 1], with default o = 1.
The reward function is r(xp, an,&n) = —€pan — aclap| — Bran, capturing the market transaction,
transaction cost, and holding penalty respectively.

Features and anchors. We discretize X using anchors p,, = J’\L,;_llC forn € [N]. A one-dimensional
hat basis is employed: for any 2%, the feature vector ¢(z) € R™ has at most two nonzero entries.
Let A = pj1 — pj. If 2 € [pj, pj41), then ¢ (2?) = 2" ¢, (29) = Z<L2, with all other

coordinates zero. At anchor points, the basis reduces to canonical vectors, ¢(p,) = ey, so that
®;, =1y and X, = (I)h(I’;Zr =1Iy.

Comparisons. In Figure 2] we compare LSVI-PE with optimism-based exploration LSVI-Opt.
Across all instances, LSVI-PE consistently outperforms LSVI-Opt, emphasizing that in Exo-
MDPs exploitation strategies dominate optimism-based ones.

—— LSVI-PE
— LSVI-Opt

—— LSVI-PE
— LSVI-Opt

— LSVI-PE
— LSVI-Opt

2500

2000

Cumulative Regret

1000

£ &
Episodes

(agH =6

2500

1500

Cumulative Regret

1000

o )
Episodes

(b)H =8

2500

2000

Cumulative Regret

1000

£ &
Episodes

() H =10

Figure 2: Comparison of LSVI-PE and LSVI-Opt across three different time horizon lengths.

7 CONCLUSION

We show that exploitation is sufficient in Exo-MDPs: introducing PEL, we give the first finite-sample
regret bounds for PEL under tabular and LFA, and demonstrate PEL outperforms optimism-based
baselines on synthetic and resource-management benchmarks. Future work include relax structural
assumptions (richer function classes, continuous or partially observed exogenous processes) while
preserving exploitation’s sample efficiency.
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ETHICS STATEMENT

This research is foundational and develops theoretical results on reinforcement learning in Exo-
MDPs with linear function approximation. As such, it does not raise any direct ethical concerns.
However, applications of our algorithms to specific domains (e.g., inventory control, pricing, or
resource allocation) may influence real-world decision-making that affects people and organizations.
We therefore encourage practitioners to carefully consider ethical implications such as fairness,
accessibility, and potential unintended consequences when deploying these methods in practice.

REPRODUCIBILITY STATEMENT

All proofs of theorems and lemmas are included in the appendix, and we clearly specify all assump-
tions used in our analysis. Algorithmic details (see Algorithms [T and [2) are provided to ensure
transparency. Our empirical results are based on synthetic Exo-MDP benchmarks and resource-
management tasks, both of which we describe in Section[6|and Appendix[H] We will release code
and simulation environments to facilitate full reproducibility of our experiments.
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A TABLE OF NOTATION

Table 1: List of common notations.

Symbol Definition

Exo-MDP specification

X Endogenous (system) state space
= Exogenous state space

A Action space

H Planning horizon

K Number of episodes

T, € X Endogenous state at time ¢
&L e Exogenous input at time ¢
ar € A Action at time ¢
i XXAXE—=X Endogenous transition function, z:11 = f (x4, at, &)
P 1€) Exogenous transition kernel
r: X x AxE—[0,1] Reward function
T: XA Xx=2—>A Policy mapping state to action
Vi (z,§) Value function of policy 7 at stage h
Qr(z,a,€) State-action value function of policy 7 at stage h
Regret(K) Cumulative regret after K episodes
Pure Exploitation Framework
PEL Pure Exploitation Learning framework
FTL Pure Exploitation algorithm for Exo-bandits (H = 1) and tabular Exo-MDPs
LSVI-PE Pure Exploitation algorithm for Exo-MDPs with linear function approximation
LFA
o(x) Feature map of state «
d Feature dimension
0n Parameter vector at stage h
P, Empirical estimate of exogenous transition at stage h
Qh, Vh Estimated Q- and value functions
L Logarithmic factor log(2K H|=Z|/J) in regret bounds
Storage Control Example

C Storage capacity
xp, € 10,C] Storage level at stage h
& €2 Price at stage h
ap = (az7 a, ) Charge (a™) / discharge (a™) actions
nt,n” Charging/discharging efficiencies
xp Post-decision state after action ay,
P(£')€) Estimated price transition kernel

Theoretical Analysis
) Confidence parameter in high-probability bounds
N number of anchor points
O0(),0() Standard big-O and log-suppressed complexity notation

B DETAILED RELATED WORK

Exo-MDPs. Exogenous MDPs, a structured sub-class of MDPs, have been introduced and studied
in a growing line of work (Powell, |2022; Dietterich et al., [2018; [Efroni et al.,|2022; Sinclair et al.,
2023b; [Feng et al., 2021} |Alvo et al., 2023} |Chen et al., [2024). Early approaches (e.g., Dietterich et al.
(2018); |[Efroni et al.| (2022)) exploit factorizations that filter out the exogenous process, simplifying
learning but potentially yielding suboptimal policies since policies agnostic to the exogenous states
need not be optimal. Other work leverages hindsight optimization, bounding regret by the hindsight
bias, a problem-dependent quantity (Sinclair et al.}[2023b; [Feng et al.l|2021). Across this literature,
the dominant assumptions are that endogenous states and actions are discrete and that guarantees
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rely on optimism or tabular analysis. More recently, Wan et al.| (2024)) connect Exo-MDPs to linear
mixture MDPs, proving regret bounds that are independent from the size of the endogenous state
and action spaces, but their results apply only to discrete endogenous states. In contrast, we study
Exo-MDPs with continuous endogenous states and Markovian exogenous processes, and establish
the first near-optimal regret guarantees for pure exploitation under linear function approximation.

Exploitation-based ADP. A parallel line of research in ADP has shown that greedy or exploitation
only strategies can succeed under strong structural assumptions. |[Nascimento & Powell|(2009)) analyze
a pure-exploitation ADP method for the lagged asset acquisition model, where the concavity of the
value function guarantees convergence without explicit exploration. Nascimento & Powell| (2013))
extend this approach to storage problems with vector-valued controls under similar conditions. More
broadly, Jiang & Powell| (2015) and Powell (2022) survey methods such as Monotone-ADP and
post-decision exploitation schemes which reduce the need for exploration by leveraging monotonicity
or other structural regularities. Related work has also sought to mitigate exploration using Bayesian
beliefs (Ryzhov et al.|2019) or by exploiting factored state representations (Guestrin et al.,|2003;
Kveton et al., [2006). However, these methods generally assume discrete state and action spaces, or
depend on strong structural conditions (e.g. concavity or monotonicity). In contrast, we provide finite-
sample regret guarantees for pure exploitation in general Exo-MDPs with continuous endogenous
states and Markovian exogenous components.

Regret analysis of pure exploitation (exploration-free) methods. Recent work has begun char-
acterizing when greedy policies can still achieve sublinear regret. Bastani et al.|(2021)) show that
in contextual bandits, a fully greedy algorithm attains O(+/T) regret under a covariate diversity
assumption. |Civitavecchia & Papini|push this into RL, proving that greedy LSVI (no bonus) can
yield sublinear regret under sufficient feature diversity. Jedor et al.|(2021)) analyze greedy strategies
in multi-armed bandits and delineate regimes where pure exploitation suffices. [Bayati et al.|(2020)
demonstrate that in many-armed regimes, greedy policies exploit a “free exploration” effect emerging
from the tail structure of the prior to achieve sublinear regret. [Kim & Oh|(2024) gives a broader
class of context distributions under which greedy linear contextual bandits enjoy poly-logarithmic
regret [ Kim & Oh|(2024). [Efroni et al.| (2019) show that in finite MDPs, one can match minimax
regret bounds by using greedy planning on estimated models (i.e. no explicit exploration). These
results suggest that under strong structural or distributional conditions, pure exploitation may rival
exploration-based methods, albeit in narrower settings than general theory guarantees.

MDPs with function approximation. RL with structural assumptions has been studied under
both nonparametric and parametric models. Nonparametric approaches, such as imposing Lipschitz
continuity or smoothness conditions on the ()-function, offer flexibility but suffer from exponential
dependence on state/action dimension (Shah & Xie, 2018 [Sinclair et al.| [2023a). Parametric
approaches trade model flexibility for computational tractability, typically assuming that the MDP can
be well-approximated by a linear representation. This has fueled a rich literature on RL with linear
function approximation, spanning settings such as low Bellman rank (Jiang et al.l 2017} Dann et al.|
2018)), linear MDPs (Yang & Wang, [2019; Jin et al., 2020; Hu et al., [2024), low inherent Bellman
error (Zanette et al.,[2020), and linear mixture MDPs (Jia et al., 2020; |Ayoub et al., [2020; Zhou et al.,
2021). Indeed, Exo-MDPs are closely related to linear mixture MDPs. [Wan et al.| (2024) establish a
structural equivalence between the two, but only in the case of discrete endogenous and exogenous
spaces. Our contribution focuses on adapting the machinery of linear function approximation to Exo-
MDPs for continuous endogenous spaces, and show that their properties allow for pure exploitation
strategies to achieve near-optimal regret.

Exo-MDPs in practice. A growing empirical literature has applied function approximation (typically
using neural networks) to Exo-MDPs in operations research applications, particular in inventory
control and resource management problems (Madeka et al.| 2022} |Alvo et al., [2023]; [Fan et al.,
2024; |Qin et al.| [2023). These works demonstrate strong practical performance but provide limited
theoretical guarantees. In contrast, our contribution simplifies the function class to /inear function
approximation, which allows us to obtain sharp regret bounds while retaining the structural advantage
of Exo-MDPs. Moreover, while some prior work focused on heuristic policy classes such as base
stock policies (Agrawal & Jial 2022; Zhang et al., 2025), our algorithms converge to the true optimal
policy, thereby avoiding the suboptimality inherent to such restricted classes. Lastly we note that RL
has been applied to various other problems in operations research (without exploiting their Exo-MDP
structure) including ride-sharing systems (Feng et al.,|[2021)), stochastic queuing networks (Dai &
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Gluzman| |2021)), and jitter buffers (Fang et al.| 2019). Applications of our method can potentially
improve sample efficiency in these applications by exploiting the underlying exogenous structure.

C OMITTED DISCUSSION IN SECTION[3]

m-Markovian exogenous process. We note that our framework extends to exogenous processes
with finite memory. Specifically, we assume that the exogenous state follows a m-Markov model:
at time h, the augmented state includes the endogenous component xj together with the last m
exogenous states,
Sh = (xlw €}L—’ma s agh)~
The next exogenous state £, is drawn from a conditional distribution that depends only on the most
recent k exogenous states:
St ~P( | Enomy-oibn)

This formulation strictly generalizes the 1.1.d. and first-order Markov settings while retaining a
compact representation that captures temporal correlations in the exogenous sequence.

Known functions dynamics and reward functions f and g. Our model assumes that the endoge-
nous dynamics f and the reward function r are known and deterministic given the exogenous state.
While this assumption is more restrictive than the fully general unknown MDP model typically studied
in the RL literature, it is well-motivated in many operations research domains. Indeed, inventory
control, pricing, scheduling, and resource allocation problems are often modeled with deterministic
system dynamics where the only uncertainty arises from exogenous randomness (Powell, 2022). This
assumption also aligns with the practice of simulator-based design, widely adopted in queueing and
inventory control studies (e.g., Madeka et al.|(2022); |Alvo et al.|(2023)); |Che et al.| (2024)).

C.1 EXAMPLE APPLICATIONS OF EXO0-MDP

We close out with a brief discussion of models in operations research that can be represented as
Exo-MDPs. We have introduced the storage control in Section See (Powell, 2022 |Sinclair et al.,
2023a)) for a more exhaustive list.

Inventory control. In classical inventory models, the endogenous state x;, is the on-hand inventory
level, while the exogenous state &}, is the demand realization at time & (Madeka et al., 2022). Actions
ay, correspond to order quantities. The system dynamics are deterministic given demand, e.g. the
newsvendor dynamics zp1 = f(xp,an,Ept1) = max{zy, + ap — 41,0} The reward depends
on sales revenue and holding or stockout costs, r(xy, an, £). The only randomness arises from the
exogenous demand process, making this a canonical instance of an Exo-MDP.

Cloud resource allocation. In cloud computing and service systems, the endogenous state x; may
represent the allocation of resources (e.g., virtual machines, CPU quotas, or bandwidth) across job
requests (Sinclair et al.,|2023b). The exogenous state &y, captures job arrivals at time 5, which evolve
independently of the resource allocation policy. Actions aj correspond to scheduling decisions,
and the reward reflects performance metrics such as throughput or delay penalties. The exogenous
job-arrival process drives all stochasticity, while the system dynamics (queue updates, resource usage)
are deterministic given arrivals.

D OMITTED DISCUSSION IN SECTION {4
Here we outline the application of PEL (and FTL) to the simpler tabular Exo-MDP settings.

D.1 FTL FOR TABULAR EXO-MDPs

As discussed in Section4] one can extend the FTL pr1nc1p1e to finite-horizon Exo-MDPs with finite
state and action spaces. For any deterministic policy m, using the exogenous traces {£!,... ¢!}
collected up to episode k, we can form the unbiased empirical value estimator:

B = k-1 H
VT (1) = P Zvlﬂ(shflx e Z r(zn, mh(sn), &),
1=1 I=1 h=1
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where the transitions take the form
1 l
Sh1 = (Thy1, Eppn)s Thi1 = f(oh, an, &)

The FTL algorithm then selects the greedy policy in episode & with respect to these empirical value
estimates: _
7* € argmax V" (s).
Tell

This construction crucially leverages the fact that the exogenous trace distribution £ is independent
of the agent’s actions. Hence, every exogenous trace can be reused to evaluate all candidate policies
without bias, a property that enables policy-level FTL in Exo-MDPs and sharply contrasts with
general MDPs where action-dependent transitions break this replay.

The following proposition is a restatement of known ERM/FTL-style guarantees in this setting. Note,
however, that the computational cost of an unconstrained search over II can be prohibitive.

Proposition 3. [FTL guarantee, Theorem 7 in |Sinclair et al.| (2023b)] For any § € (0, 1), with
probability at least 1 — 6,
21og(2|11|/6)

SR(FTL,K) < H{| —————=.
(FTL,K) < -

In the tabular case this gives the stated dependence |IT| < AHI¥II=I,
Motivated by the proof of regret bound of FTL for Exo-MAB, we also provide the expected regret

bound of FTL for Exo-MDP.
Proposition 4. The expected regret of FTL can be bounded as

2
E[SR (FTL, K)] < ”%gllﬂ.

In the tabular case this gives the stated dependence |II| < AHI¥II=I,

Thus, while the statistical guarantees for F TL are strong, the algorithm is computationally infeasible in
practice due to the exponential size of the policy space. This motivates more efficient implementations
of PEL that avoid enumerating II. In particular, one can estimate the exogenous transition model
directly and then apply dynamic programming to compute greedy policies—an approach we refer to
as Predict-Then-Optimize (PTO) in Section 4]

D.2 PTO UNDER GENERAL m-MARKOVIAN CASE

For the general Markovian setting, PTO learns the transition model P (&), | £,_1) to approximate

the true distribution P (5, | £,—1). PTO uses the model P (¢, | £,—1) to solve the Bellman equation.
PTO uses the maximum likelihood estimator of transition model, which is the empirical distribution

k—1 k—1
P(&h|€na) =3 I1{& 1 =&n1.8 =6}/ > 1{&, =&}
=1 =1
to solve the Bellman equation
@}L(Shv a‘h) = Eﬁh\ﬁhfl |:T('Th7 Qp, fh) + ‘/}h-‘rl (f(xha ap, gh)a £h) | @:I

=: Egh‘gh—l [r(mh,ah,ﬁh) + ‘7h+1 (f(xh, ahaEh)?Eh)]

Vh(sh) = glgﬁ @h(Sh, ah)

Tr(sp) := arg max @h(sh, ap),
ap€A

where s, = (xp, €,—1). Note that the size of policy set |II| depends on the m

i [T, Al¥ = AFIX ;= 0,
1) = T 1l = { TIEZ, AIIE! = AHIXIS] g = 1,
h=1 [T, AR = ARSI B = (A=) oy = J,
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Proposition 5 (Theorem 6 in|Sinclair et al.[(2023b)). Suppose that

sup ([€<t) =P ([ &<t)|| <e
he[T],&<pcElM—1] 1
Then we have that
SR (7, K) < H?.
In addition, if each &, is independent from &€, then Vé € (0, 1), with probability at least 1 — §
SR (7,10 < 7t [ZEIOBCH]E)

Therefore, the regret of PTO can be bounded as follows.
Corollary 1. Fix § € (0,1). with probability at least 1 — ¢,

H 2R 08AL8)

SR (FTL, K) < H,/w’m: 1,

H\/2H|X\\E\Hljlog(1‘\/5),m - H.

HfEXoe) g
E[SR (FTL, K)] < § H/ ZIXIENs(A) 1y —

H|X[[2]7 " log(4)
H K

Corollary 2.

,m=H.

Proof of Proposition 5] Q;L and Vh refer to the ) and V' values for the optimal pohcy in M where
the exogenous input distribution is replaced by its estimate P( | €n—1). Denote by Vh as the value
function for some policy 7 in the MDP M. Then Vh Vh by construction.

SR (#,K) =V} (s1) = V| (s1)
= Vi (s1) = Vi (s1) + V™ (1) = Vi (s1) + Vi (s1) = V" (s1)
< QSup Vi (s1) — ‘7177 (51)’ .

By the simulation lemma, it is bounded above by - maxs i | Pr(s,a) — Py(s,a)|. Since Py (-, a)
is the pushfoward measure of P (- | £,_1) under mappmg f

Py(s" € -[s,a) = Pp(f(z,a,€) € |s,a) =P (f " (s,a,") | &n—1)

we have (since f is function)
|Pats) = Puts.)| < |BC1 -0 =PI
and thus

maxHPh (s,a) Ph (s,a) H < max
hyh—1

B(I&n1)=PC &) -
Then the proof for the first part is finished

SR (7, K) < H? ma B[ 61-1) ~ B(- | &)

Now suppose that & ~ P has each £, independent from &, _; and let P be the empirical distribution.
Using the ¢, concentration bound shows that the event

A

o= on- - €, < D)

occurs with probability at least 1 — §. Under £ we then have that:

P eI
P (- 1) —P( . H < 2l=lo8l2/9)
hE[Hlygﬁf{eE[h—ll ([ &n-1) (] &n-1) = =

Taking this in the previous result shows the claim. O
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Remark 1. The quadratic horizon multiplicative factor O(H?) in regret is due to compounding errors
in the distribution shift. In the worst case, € can scale as O(|Z|T) if each &, is correlated with &;,_;.
Remark 2. Proposition[3]is not valid for the m-Markovian case. A straightforward extension of the
proof for Exo-Bandit is not valid since

VoM = max VoM £ max E[V™M] < E[max V™M) = B[V M),

The inequality is due to that the value function is nonlinear in P and B, L Py fort # t'. In particular,
E[Vi] = E[rp + PuVis1] = 7h + B[Py (rhg1 + Pas1Vigo)] = ri + Parnat + E[PyPhgy Viss)
# 1+ Parhyr + PrPryiVigo.
D.3 REGRET BOUNDS OF OPTIMISM-BASED METHODS FOR TABULAR EX0O-MDPs

D.3.1 REGRET BOUND OF UCB FOR EX0-MAB

Proposition 6 (UCB for Exo-MAB). The expected cumulative regret of UCB in the full information
setting with A arms satisfies

CR (UCB, K) < /202log(AK?)(K — 1) + O(1).

Proof. With prob. at least 1 — 4, the event F holds

log(AK/§
Va € [A],VE € [K], | — fu(k)| < b;(k) == w%.
Conditioned on event F, the simple regret can be bounded as
log(AK/é
SR (UCBV k) = IU* — Hay, < ﬂl(k) — Hay, < ﬁah,(k) — Hay, < Qbah,(k) =2 202%1/).
The expected simple regret is bounded as
log(AK/é
SR (UCB, k) = E[p* — p1a,] = E[p* — p1a, | EIP(E) + E[p* — i, | ETP(E°) < 2 202% 0.
Therefore, the expected total regret
K
log(AK/é
CR(UCB,K) < ) 2 202%1/) +6 < \/2021log(AK/6)(K — 1) + K§.
t=2
Choosing § = 1/K yields
CR (UCB, K) < v/2021og(AK?)(K — 1) + O(1)
< O(ocy/KlogA)+ O(c/Klog K).
O

D.3.2 REGRET BOUND OF OPTIMISTIC PTO FOR TABULAR Exo-MDP

We consider PTO-Opt, an optimistic version of PTO, which replaces the exogenous transition model
with its optimistic version. In episode k£, PTO-Opt performs

Q% (snyan) = r(wn, an, &) + Be, e, [Vier (F (@h, an, Ensa), €h+1)‘]pk]

= r(xp, an,p) + ZQh (f(@hs an, Env1), Ent),
Qn:||Qe— Pk(g )|, <en(e 17

Tr(sn) € argH(l;;}XQﬁ(Shaah)a ViE(sn) = Qh(shﬁﬁ(sh))

Proposition 7 (High probability cumulative regret bound of PTO-Opt). Fix any ¢ € (0, 1). With
probability at least 1 — 6,

CR (PTO-Opt, K) < O(H?|Z|/ K log(K H|Z|/9)).

Compared with Theorem [T} PTO-Opt has slightly worse regret bound. This verifies that PEL is
sufficient for tabular Exo-MDP with simple implementations.
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E OMITTED DISCUSSION IN SECTION 3]

E.1 LSVI-PE WITH MISSPECIFICATION (APPROXIMATION) ERROR.

Here we consider the case where the function class is misspecified and the true value functions may
not lie exactly in the linear span. To capture this, we introduce the notion of post—decision Bellman
operators. Write 2’ := g(z%,¢'). Forany U1 : X X 2 = R,

(T"Uhs1)(2*,€) == ]Eg/wphug)[?“(w/, m(2',€),&") + Una( Ty (€') (), 5/)},
(TUp41)(2,€) == E5'~Ph(~|g)[ max {r@@',d',&) + Unpa(f*(a',d), &) }]

Let Fp, = {(2%,€) = ¢(z*) Twp,(€) : wi (&) € R} be the post-decision linear class at stage h.
We then have the Bellman errors or approximation errors as follows:

Definition 3 (Inherent Bellman error). Define the (post-decision) inherent Bellman errors

EBE ‘= Iax su su inf  sup |(T™U x%, &) — Wi(z%, )|,
BE he(H] 562 Uh+1€.I7)'—h+1 WhEFn ,Eap|( h+1)( f) h( é.>|

max

EBR. = Imax sup sup inf  sup
he[H] ¢eE Upi1€Fnyr Whe€Fn go

(TUh+1)(‘ra7 §) — Wh(2%,€) ‘ :

; I m* max
We will use epg := max{efy, cBa*}.

Theorem 5. [Agnostic Regret] Assume Assumptionholds. Fix ¢ € (0,1). Then with probability
at least 1 — 6,

Regret(K) < O(H\/KL + |E\H(H+,/A—NO)\/KL + \/I_I)TKEBE>.
0

Compared to the realizable case, the regret bound now includes an additional bias term, linear in K,
that scales with the inherent Bellman error egg. This term is unavoidable in general agnostic settings:
if egg > 0 is fixed, even an oracle learner suffers an O(Kepg) cumulative bias (Zanette et al., [2020).

E.2 EXAMPLE WHERE ASSUMPTION [4|HOLDS

Models. Consider an storage control Exo-MDP where the endogenous (pre-decision) storage state is
xp, € [0, Rmax|- At each stage the controller chooses an action ay, € A(zp, &) C R, which produces
the post-decision storage

af =g, o] (n + an)

where IT denotes projection onto [0, Ry,.x]. After acting, the exogenous state evolves as &1 ~ P(- |
&p,) and the storage evolves according to

Thi1 = Hjo, grg(A€nt1) 25 + b(Ent1)),

with efficiency/retention factor A(¢’) € [0, 1] and inflow/outflow b(¢’) € R. The next post-decision
storage under policy 7 is then

Thiq = H[07Rmax]($h+1 +7(Tht1, §h+1))-
The one-period reward is a bounded measurable function 7, (z},, ap, &r)-

Basis, anchors, and value representation. Choose storage anchors 0 = pg < p1 < --- < py =
Rumax- Define nonnegative, nodal, partition-of-unity piecewise-linear hat functions {nx(p)}2_,, and

set
o(p) = (mo(p);-- - nn(p)), ?(pn) = en.

Thus each ¢(p) is a convex combination of anchor vectors. The post-decision value is represented
using storage-only features and information-dependent weights:

Vi@, €) = o(a®)" wi(6),
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where w} (€) € RVT! and [w] (€)], = V" (pn, §). At the terminal time, weights encode salvage
values, e.g. w7 (&) = 0 or (W (&)]n = S(pn,&).

Recall that Assumption 4] holds if for each h, policy 7, and exogenous realization &', there exists
a storage-feature transport matrix M] (¢') € RVHD)x(N+1) guch that for all post-decision storage
states 2% € [0, Rmax)

AT (ans () 2" + Brn())) = M7 (€) o),

where o, (&) and By, (£ are the coefficients induced by the composition of the storage dynamics
and the policy’s action, followed by projection. Crucially, M (¢) does not depend on z°, so the
identity holds globally. The weights evolve linearly in expectation over &'

wh(€) = Eenpio Mi (€)" wiiy,(€)].

This formulation is reasonable under the following conditions. First, the post-decision to next
pre-decision mapping is affine in 7%, possibly followed by clipping. Second, the policy 7 is piecewise-
affine in 7, so that the overall map to rj, , is affine with clipping. Third, the storage basis ¢ is
translation-stable: for any affine map r — II(ar + () there exists a fixed sparse matrix S, g
such that ¢(II(ar + B)) = S p¢(r) for all r. Finally, since ¢ forms a partition of unity and
clipping corresponds to convex mixing with boundary anchors, each M7 ({') is row-stochastic or
sub-stochastic, and therefore non-expansive with || M7 (£')]|co < 1.

E.3 WHEN ASSUMPTION[3]HOLDS

Assumption [3] requires that every post-decision feature vector can be written as a nonnegative
combination of a fixed set of anchor feature vectors. This section lists common modeling choices
under which the condition is automatically satisfied and gives a simple recipe to enforce it in practice.
Assumption[3|aligns with widely used feature constructions in ADP/RL (tabular, hat/spline, histogram,
grid/ReLU bases).

Tabular features. With one-hot features, each post-decision state corresponds to a standard basis
vector, which is in the conic (indeed, convex) hull of the anchor set by construction.

Storage with piecewise-linear (hat) features. Let 0 = py < p; < .-+ < py = Rpax be
storage anchors and define nonnegative, nodal, partition-of-unity hat functions {1, }_,. Set ¢(p) =
(mo(p), .., nn(p)) so that ¢(p,) = e, and Y 1, (p) = 1 for all p. For any post-decision level
x? € [0, Riax), we have ¢(x%) = > n,(2*) ¢(pn) with 1, (z¢) > 0, so ¢(x?) lies in the conic
hull of the anchor features (in fact, in their convex hull). Clipping at the bounds 0 and Ryax simply
mixes with boundary anchors and preserves nonnegativity.

Histogram / indicator bases. If ¢ is formed by nonoverlapping (or softly overlapping) nonnegative
basis functions that sum to at most one (e.g., bin indicators or triangular kernels), then ¢(z?) is a
nonnegative combination of the anchor features obtained by placing anchors at the bin centers or knot
points.

B-splines and ReL.U tiles. Nonnegative partition-of-unity spline bases (e.g., linear B-splines) and
grid-based ReLU “tiles” yield ¢(x®) with nonnegative entries and local support. Choosing anchors at
the knots/cell corners makes ¢(x®) a nonnegative combination of anchor feature vectors.

To ensure Assumption 3} (i) include boundary anchors so that clipping/projection maps to anchors;
(i) use nonnegative, locally supported basis functions that form (approximate) partitions of unity over
the post-decision domain; (iii) place anchors at the basis nodes (knots, cell corners, or representative
states) so that ¢(state) is a sparse nonnegative combination of anchor columns. If a signed feature

map is preferred (e.g., mean-centered features), a standard fix is a nonnegative lifting o= (P45 o]
with ¢4 = max{¢,0} and ¢_ = max{—¢, 0}; placing anchors on the lifted coordinates restores the
cone property.

E.4 WHEN THE BOUND sup, ., [| M} (&)[l2 < 1 HOLDS

Recall under Assumption [2|or Assumption that for each (h, 7, ¢’) one builds a mixing matrix
M;LT (5/) c R(N+1)><(N+1)’
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whose n-th row contains the interpolation weights (3,,;(£’, 7) > 0 (usually two nonzeros) taking the
anchor p,, to the next post-decision storage r}_, ; and then back onto the anchor grid. Thus each row
sums to 1 (row-stochastic; sub-stochastic at the capacity boundaries when clipping pins to pg or pn).
We provide some sufficient conditions for || M] (£')||2 < 1 below.

Lipschitz-in-storage dynamics with hat basis. If the continuous map 7'(r) = II(ar + ) is 1-Lipschitz
(i.e., || < 1) and functions of r are represented on a uniform grid with nodal PLC interpolation, then
the discrete composition operator interpolate o 7" is nonexpansive on grid values under the Euclidean
norm. This operator is exactly M7 (¢') T, hence || M7 (¢)|2 < 1. Intuitively, 1-Lipschitz maps do
not increase distances between storage levels; interpolation preserves (and slightly underestimates)
distances, so the induced linear map is nonexpansive.

Doubly (sub-)stochastic mixing. If every M] (£) is row-stochastic and column-sub-stochastic (all
column sums < 1), then

M5 El2 < \/IIM;T(E/)IMIM;’[(&’)IIOO < vl =1

Column-sub-stochasticity holds, for example, if the one-step map in storage is monotone and
nonexpansive: % — II(ar® 4 () with |o| < 1, and the basis is nodal hat (partition-of-unity) features
on a uniform grid. Each anchor’s “mass” spreads to at most two neighbors without duplication, and
clipping removes mass near the boundaries.

Decomposition into contractions. If the mixing matrix can be expressed as a convex combination of
contractions,

MEE) =Y "wTe,  %=0,.> w=1 ||Tf<1,
4 £

then by subadditivity and convexity of the operator norm, || M](£')||2 < 1. Two useful instances
are: Permutation/shift structure: when the map is a grid shift or clipping, each 7} is a permutation
(possibly composed with a boundary projector), hence ||Ty||2 = 1. Row-weighted permutations:
if M = %", DI, with II; permutations and D, diagonal with entries in [0, 1], then [|M|]; <
>0 IDell2 < 37, max;(Dy);;. If the row-wise weights over £ sum to < 1, the bound is < 1.

Doubly-stochastic special case. If columns also sum to 1 (e.g., pure permutations, or measure-
preserving monotone maps without clipping on a periodic grid), then M is doubly stochastic and
[[M |2 < 1 with equality only if M is a permutation.

Furthermore, we provide some methods to check or enforce the assumption. Empirically, one can
draw a batch of &' ~ Q(- | ), build M (¢’), and compute the largest singular value oy, verifying
max omax < 1 (allowing numerical tolerance). Design-wise, one can ensure nonexpansiveness by
using uniform nodal hat features (partition of unity), storage dynamics with || < 1, and capacity
clipping. If some scenarios have || > 1 (expansive), increase grid resolution or add a smoothing step
(row-wise convex averaging) that preserves row sums, making M a contraction. For non-uniform
grids or unusual features, “whitening” each local two-anchor block (normalizing columns per cell)
enforces contraction while preserving row sums.

Under storage-only anchors and nodal, nonnegative, partition-of-unity hat basis, and with standard
storage dynamics (affine + clipping) satisfying || < 1, the transport matrices M/ (£') are row-
stochastic and column-sub-stochastic. Hence sup, ¢ [[M7(§)|la < 1. This can be verified
numerically, and if needed enforced by smoothing or per-cell normalization without altering the PLC
interpolation semantics.

Connections to Nascimento & Powell (2013). Under the modeling assumptions in Nascimento &
Powell| (2013)) the bound is justified when one implements the storage-only anchor/hat-basis scheme.
Nascimento & Powell| (2013)) works in post-decision form and shows that, for each information state,
the value function in the scalar storage is piecewise-linear concave with breakpoints. Each period’s
decision is obtained from a deterministic linear program with vector-valued control, and the algorithm
maintains concavity of slopes via projection. This is exactly the setting where one uses storage-only
anchors {p,, } and nodal hat features. The storage dynamics between periods are affine plus clipping:
the model introduces exogenous changes in storage in post-decision form, so that the next storage is
an additive update (possibly with losses) followed by projection to capacity. This map is 1-Lipschitz
in the storage variable.

21



Under review as a conference paper at ICLR 2026

With nodal, nonnegative, partition-of-unity hat functions on {p,, }, the push-forward and interpolation
step from an anchor p,, produces a row-stochastic mixing row (two nonzeros in one dimension).
Collecting these rows defines the matrix M/ (). Because the underlying continuous map is 1-
Lipschitz and interpolation is stable, the induced discrete operator on nodal values is nonexpansive in
the Euclidean norm, hence || M[T(§)|2 < 1. At capacity boundaries, clipping only reduces distances,
so the bound continues to hold. This is consistent with the PLC/anchor structure and concavity
projection used in the paper. It should be noted that the paper does not phrase its analysis in terms of
an M matrix or a spectral-norm bound. Instead, it proceeds via a dynamic programming operator on
slope vectors with technical conditions ensuring monotonicity, continuity, and convergence. Thus the
spectral-norm assumption is an implied property of the standard discretization, rather than a stated
theorem.

In summary, for Nascimento & Powell (2013), with the standard storage law (additive exoge-
nous changes with clipping) and the PLC/anchor representation, the discretization induces row-
stochastic (and nonexpansive) mixing operators. Therefore it is reasonable and consistent to assume
sup, ¢, [ M7 (§)[l2 < 1, even though the paper establishes convergence via slope-operator mono-
tonicity and continuity rather than an explicit spectral-norm bound.

F PROOFS OF REGRET BOUNDS IN SECTION {4l

F.1 EX0-BANDITS

Proposition 1. Assume rewards are o2-sub-Gaussian. Then the expected per-round simple re-
gret of FTL satisfies SR (FTL, k) < ,/%, and consequently the cumulative regret obeys

CR(FTL,K) <204/(K — 1) log A.

To show the result we start with the following lemma.

Lemma 1 (Maxima of sub-Gaussian random variables). Let X1,..., X,, be independent o-sub-
Gaussian random variables. Then

E LIE;E( Xi] < +v/20%logn
and, for every ¢ > 0,
]P’{ max X; > 1/202(logn + t)} <et
1<i<n
or equivalently

;> 2 <
P{lrgianl > /20 log(n/é)} <0,

Proof. The first part is quite standard: by Jensen’s inequality, monotonicity of exp, and o2-
subgaussianity, we have, for every A > 0,

2,2

n
) ) ) ) ) 22
AE[maxlSlSnX,,] < Eermaxi<icn Xi — o EeAXi < ZEeAXI < ne”s
1<i<n

e
i=1
s0, taking logarithms and reorganizing, we have

1 2
E | max X; g—lnn—i—)\i.
1<i<n A 2

Choosing A := 2}7# proves the first inequality. Turning to the second inequality, let u :=

/202(logn + t). We have

n .2
S G X >y < >yl <ne2? =et
P{lrgzaganzu} ]P’{Elz,leu}fz;]P’{Xzfu}fnez e

the last equality recalling our setting of . [
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Now we provide the proof of Proposition [I]
Proof. Observe that the empirical mean is unbiased for each arm at each round,
SR (FTLv k) = :u* - E[Mak] = maaXE[Ma - lullk} - m(?X]E[ﬂa(k) - :uak] < E[mgx ﬂa(k) - ,Uak}

= E[/&‘ak (k) - :u’ak}
< E[gel?j(] ,U'a(k) - ,u'a]

< \/202 IOgA/(k - 1)7
where the last inequality is due to Lemma[l} Therefore, we have

K K
CR(FTL,K) = Y SR(FTL,k) < > +/20%log A/(k — 1) < 20+/(K — 1)log A.
t=2

k=1

F.2 TABULAR EXo-MDP

Proposition 3. [FTL guarantee, Theorem 7 in |Sinclair et al. (2023b)] For any § € (0, 1), with
probability at least 1 — 6,

SR(FTL,K) < H %lm/é).

In the tabular case this gives the stated dependence |II| < AHI¥II=I,

Proof. Observe that V/* (sl, ¢k ) are iid r.v.s, each of which has mean V;™ (s1). Using Hoeffding’s
inequality and a union bound over all policies shows that the event

T {vw €I: [V (s1) —E [V (s1)]] < hmogz(;ll'll/@}

occurs with probability at least 1 — §. Under £ we then have
SR (FTL,K) = V" (s1) = V{* (s1)

=V (1) ~E [V (51,8 +E [V (51,8)| —E [ (51.8)]
+E [ (50.)] - v ()

2
<9 H?log(2|11|/4)

- 2K '
O
Proposition 4. The expected regret of FTL can be bounded as
H?2log |TT
E[SR (FTL, K)] < ,/%".
In the tabular case this gives the stated dependence |IT| < AHI¥II=I,
Proof. 1t holds that
* ~ K — ~ K
E[SR (FTL, K)] = V" (s1) —E[V{" (s1)] = maxE[E[V)" (s1,)]] = E[W)" (s1)]
— ~k

< EfmaxE V7" (s1.€)]] ~ E[V{" (s1)]

=E[V (s1) = V(" (s1)

< Efmax 77 (s1) — V7" (s1)

< [ H? log |I1] ,

- K
where the last inequality is due to LemmalT} [
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F.3 PROOF OF THEOREM/[I]

Lemma 2 (Data processing inequality, TV distance). Let u, v be two probability measures on a
discrete set X and f : X — Y be a mapping. Let fx , and f4 , be the resulting push-forward
measures on the space Y. Then

Hf#,u - f#7V||1 <|lp— V||1-

Proof.
I fse = Pl = D2 @) = Faw @) = D2 |u(f @) = ()]
yey yey
=X 1 > wa) - Y vl
yeY zef-1(y) zef~1(y)
<> Y ule) —v@)] <Y ) —v@)| = llp - v,
yeY zef~1(y) zeX
where the second inequality is due to the triangle inequality. O

F.3.1 PROOF USING EXPECTED SIMULATION LEMMA

Lemma 3 (Simulation lemma, expected version). Let M = (P, r) and M = (P’,r). Define

2Slog

, = ||Pn(s,a) — P/ (s, <y —.
en(5.0) = [ Pa(s.0) = Pifosally < [ o

For any fixed policy 7 and s1 ~ p,

‘V‘n',./\/l _ VTr,M'l <E

H-1
Z H — h fh sh,ah)\w P P
h=1

It also holds that for any s;

H—
Z (H — h)enp(sp,an)|m, P, s

|V7r,./\/l( ) V?TM 81 |<]E

Proof. For two different MDPs, their values are defined for the same initial distribution p(s;)

VM v = BV (s0)] - B (s0)]
= [Elr (s1,m1(s1)) + [PLV5 (51, m1(51)) = r (1,71 (s1)) — [PV ) (s1, 1 (50))]
= [plPL (V™ = V) (s1ma (1)) + pl(Pr = POV (51,71 (s0))
< B[V (s2) = V5 (s2)]s2 ~ pPT]| + (H — 1) - Eles (s1,a1)[s1 ~ p,ar = m1(s1)]
= VM = VM 4 (H = 1) - Eler (s1,01) |51 ~ poar = mi(s1)]
< VM = VM E(H — Dea(s1,01) + (H = 2)e (52, az) [, P, )

H—
Z (H — h)en(sn,an)|m, P, p| .

Note that the expectation is taken w.r.t.

s1~p1yce s an = Th(Sk), She1 ~ Pu(sn,an), - .
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The policy 7 and transitions P, P’ are considered fixed, which implies that €, (s, a) is NOT random
for fixed (s, a).

For k € [K], h € [H], define the filtration as
Fro=o((sy, ap' ) melk—1],he[H]> (sp, aﬁ/)h’e[hfl])
The policy #* is measurable w.r.t. F}, hence
#* L €F|F,

but
7L sk, af ) nerm | Fn-

Observe that
Vi (s1) = Vi (s1) = Vi (s1) = VP (s0) + V7 (1) = U (s0) + Vi (s0) = VT (s1)
< |V () = T ()| |V () = P ()]
Define

€h(gn1) 1= || Pul&n € Jgn-1) = PE(En € Jén-),
k—1
= > Heg=¢,
m=1

where CF(€) is defined by FJ.

Key observation Since sp+1 = (f(xn, an,&n), &) is @ mapping of &, given xj, and ay,, for any
(deterministic) policy/action sequence and any sy, it follows from Lemma 2]

IZ]e
CF(&n—1)

which bounds the model estimation error by a policy/action-independent error term. This will lead to
tighter regret bound than directly bounding the model error

);

€h(snr@n) i= [ Palsnsr € Jsnan) = B (s € Isn,an)|| < efi(€n-1) < O

5]
Cﬁ(sh’ ah) .

Furthermore, we will see that the use of Exo-state £, overcomes the misalignment issue since the

sequence £~ is always F"-measurable. Note that C*, P* #* are all F*-measurable, then ¢* () is
also F*-measurable.

er(sn,an) < O(

The failure of using state-action count. Denote by (s§, af)ncir) and (5, af)ner) the sequence
generated by (7%, P) and (7*, P) at the n-th episode. In particular,

Slf = Slf = Ilfaalf = 771(511€) 55 = (f(glfya]fa 1) 51) s a§§+1 = (f(éﬁ,&f,ﬁh),ﬁﬁ),~~

Note that (5}, @} ) pe [z is fixed conditional on £, so its randomness only comes from &*. We bound
the random regret as

K K
* k *x _ {rk,m* kﬂ Skoak
I I <Z]v1 -V ]V1 -7
k=1
H—l K H-1 K
< ZE er sy, ak NF] + Z ZE er(sy,ab) ) Fi]
h:l k=1 h=1 k=1
H-1 K H-1
251
h)E |-7:k + | P |
lz ) * & GFGF. )
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where the third inequality is due to Lemma [3|and the last inequality is due to Lemma[2] However, the
key is that the visiting count

k—1

C}]f(sva) = Z I{(sy'",ap") = (s,a)}

m=1

is defined by F* generated by (7, P). Although we can bound the second term via standard proof,
we cannot obtain an upper bound on the first term. Specifically,

28 -
Z Ck Shvbah ZZ { Sh?ah (s, } Ok Shv h)

k=1 s,a

_ZZ {(5},a5) = (s,a)} C’ksa)

s,a k=1

Ck(s,a)
?é Z Z (2SL

s,a c=1

The last inequality is due to the fact that C} (s, a) does not increase by 1 if (3%, a¥) = (s, a) since
C¥ counts based on F* or (sF, af).

The solution: bounding via exogenous state count. Using Lemma[3|we can get

Zvl Vi <ZV1 S A T <Z\Vf” —vy A
k=1 k=1
H-1 K H-1 K
< Z(Hfh)ZE [y (3%, ar)|Fu] + Z ZE ey (s, ap) | Fi)
h=1 k=1 h=1 k=1
H—-1 K
2|E|log(K H/d)
<2N H-nY E| )Y m
2= 2B |\ =g

where the expectation in the second line is taken w.r.t. the (3}, af)pe(a) ~ P™" and (sF,af) he[H] ~

P, Taking expectation on both sides, we can get

K H-1
EIN vy —vi | <2 (H-hE [Z 2|“lm‘glm/é)| < AHP|E|\/2N log(K H/9).
k=1 h=1

Cr(&h 1)

F.3.2 PROOF VIA MDS SIMULATION LEMMA

Lemma 4 (Simulation lemma, martingale difference). Let M = (P,r) and M’ = (P’,r). Fix an
arbitrary policy 7. Define

25 log
Cr(sh, mn(sn))

T, M M’ T ,M M’
€h = [Ph|Vh+1 Vh+1 [[(shy mh(sn)) — |Vh+1 Vh+1 |(Sh+1)s

en = || Pn(sn, mn(sn)) — Pr(sn, mn(sn)ll; <

where e, is a martingale difference sequence w.r.t. the filtration Hj =
o(s1,m1(51), -+ ,Sh—1,Th—1(5n—1)). Then
H-1
|V7|"M(51)7V7T~,M )| < Z en + (H — h)en).
h=1

Lemma ] bounds a deterministic term by the sum of two random variables.
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Proof.
VM (s1) = VM (s0)] = [ (s (1)) + [PUVE M (st mi(s1)) = 71 (s1,ma(s1)) = [PV ] (s1,m1 (1))
= [P (V5™ = Ve M (s1,ma(s1) + (P — PV Y (s1,m1(s0))|
< [PV = VM (51, ma(s1)) + [P = PHVE (51,1 (51))
=M - VWM [(s2) + ex + |[(Pr = PVE M) (s1,m1(s1))]
< VM VT M (s0) +er e (H - 1)
VM- V;M|(53)+eg+eg-(H—2)+el+e1-(H—1)

H-1
Z en + (H — h)ep).
h=1
O
Define
. 250
k k
€r(sp,ap) := || Py(sn,an) — Py (sh,a H< —_—
n(Sh;an) H n(sn, an) = Py (snyan)|| < CFsman)
™ rk,m T
ef (sn,an|m) = [Pu|Vitey = Vil 1(shy an) — [Virey — Vit | (sna1),
where eﬁ is a martingale difference sequence that depends on 7 through Vhfl Recall that
(sf,af)herm) and (Sh»alﬁ)he[H] are the sequence generated by (#*, P) and (7*, P) at the k—th
eplsode which satisfy § sh = sk = 2. Using Lemmalwe can get
&k * Sn,m* 7 S,
SV oV < Z\Vf (s1) = V77" (s0)| + |V (s2) = V77 (1)
k=1
-1 K H-1 K
Z Z (3%, @ |m*) + (H — h)ef; (35, ax) + Z Zelﬁ sk, ap| ") + (H — h)ey (s, af)
h=1 k=1 h=1 k=1

The key observation is to verify MDS by considering the essential filtration o((£¥),,) instead of the
full (standard) filtration o ((s5, af )y »). Formally, we define the essential filtration (s = z})

gh =o((s1" £m)me[k 1] 31» (fh')h/ clh— 1])
which is only generated by the exogenous process. This is different from the full filtration
Fr = o (7 af ) mepo—1)nerm)s (Shs @k )weh—1], 55)-
For any k and h, we can recover/simulate (55, ¥, ) <; from s, 7 and £F_| as follows
Sh = (@hr 1), @by = T (330), Ty = F(Thr, @, R,

which implies that (5;2,, &2,) n'<¢ 1s measurable w.r.t. g}’f. Furthermore, ]Sé is measurable w.r.t. G*
implies V%™ is measurable w.r.t. G¥. Then

kixk ~k k, ~k = Ok, 2k
ep(Sh, ap|m*) = [Ph|VfZT+1 Vh-t,-‘,; ”(shvah) |Vh+1 h T; |(3h+1)
is an MDS w.r.t. GF since
~ * Skt 1<k~ * Sk,m*
E [} (3}, anlm*)|Gs] = E [[P;LIV;ZTH = Vi NGrsak) = Vit = Vieth |30 |9

= [PV — VIR NGEaE) — [Pl — VT (3R, ab)
:()7
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where the second equality is due to that the only non-measurable variable is §ﬁ 41, and

k(sk ki O k
ey (85, ay|m*) € Gy | since & | is measurable w.r.t. G/ ;.

k

. Ak - e sk
Since #* is measurable w.r.t. G*, V¥ and (s},, af\,)n <; are measurable w.r.t. G. Then

R ﬁ—k A frk ’,ﬁ_k
E [eh (s}, a17*)1G1] :E[[Ph\vwml (ks ak) = Vi = VT I(sh )11

#k k, 7k 4 #k k, 7k :
= [PulViir = Vit sk ak) = [PalVils = Vil [)(sh, af)
= ()7

and eff (sy, af |#*) is measurable w.r.t. GF . Thus e} (s}, af|#") is also an MDS w.r.t GF. Using the
Azuma-Hoeffding inequality, we obtain w.p. 1 — ¢’

H-1 K
ZZ@ (8%, ak|7*) + e (s, ak|7%) < O(H\/KHlog1/d').
h=1 k=1

‘We can bound the error terms as

H-1 H- K

2|1=]log(KH/é
Z(H h Zéh Sh’ah)+€h 3h7ah Z H h’ Z w
2 Z Cr(&r)

< 4H?*Z|\/2N log(KH/5).

Remark 3. We cannot obtain a bound on the expected regret that is independent of ¢ as the full
information MAB setting since

VoM = max VoM £ max E[V™M] < E[max V™M) = B[V M),

Remark 4. We may obtain a tighter regret bound of O(H +/|=| K H.) by a finer analysis.

Remark 5. The simulation lemma MDS leads to a high prob. regret bound, while the simulation
lemma expected version leads to a expected regret bound. They are the same order, but the latter one
is weaker.

F.4 PROOFS OF IMPOSSIBILITY RESULTS

Definition 4 (Pure-Exploitation Greedy (PEG) after a finite warm-start). Fix an integer L > 1 (not
growing with K). Warm-start: pull each arm exactly L times (in any order). Greedy phase: for all
subsequent rounds K > AL, play

ax, € arg max fia(k),

where i, (k) is the empirical mean of arm a over the learner’s own past pulls of a. Ties are broken by
any deterministic rule that is independent of future rewards.

Lemma 5 (Monotonicity barrier). Consider PEG. Suppose at the start of the greedy phase there exist
arms ¢, j with fi;(K'L) = 0 and fz; (K L) > 0. Then PEG never pulls arm ¢ again.

Proof. At any time t > KL, the empirical mean of arm 7 remains exactly 0 unless i is pulled;
conversely, any arm with at least one observed success retains an empirical mean > 0 forever, because
the count of successes for that arm can never drop to zero. Since PEG selects an arm with maximal
empirical mean and (k) > fi;(KL) > 0 > pi;(k) forall t > K L, arm ¢ is never selected. O

Theorem 6 (Linear regret for K-armed PEG with L = 1). Fix any K > 2 and any gap A € (0, 1].
Consider Bernoulli arms with means

M1=%+A, M2="'=MK=%-
Run PEG with warm-start L = 1 (each arm pulled once) and then act greedily. For all T > K,

E[Regret(T)] > (% - A)(l - 2*<K*1>) AT - K) = QT).
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Proof. Let X, 1 € {0, 1} be the first Bernoulli sample from arm a. Consider the warm-start event
Ei={Xy, =0} n {3be 2. K} X, =1}

Independence gives

K
B(E) = (1— ) (1= [T - m) = (5 - a) (1= (H)*1).
b=2
On E, after the K -round warm-start we have [i; (K) = 0 and (at least) one suboptimal arm b with
fis(K) = 1. By Lemma[5] PEG never pulls arm 1 again. Hence from round K +1 onward PEG plays
a suboptimal arm every round, incurring per-round regret ji; — max,+1 ftq = A. Therefore,

Regret(k) > A(T'—K) onE,
and taking expectations yields the stated lower bound. O

Theorem 7 (Linear regret for any fixed warm-start L). Fix K > 2, any integer L > 1 that does not
grow with T, and any A € (0, i] Consider the same Bernoulli instance as in Theorem@ If PEG is
run with warm-start size L and then acts greedily, then for all 7' > KL,

ElRegret(k)] > (3-4) (1- (1279 ") A - KL) = o).

a positive constant independent of T"

Proof. Let S, 1, be the number of successes observed from arm a during the L warm-start pulls of
that arm. Consider

Er = {SLLZO} N {366{2,,.[{} Sb7L:L}.

By independence across arms during the warm-start,

P(S1,=0)=(1—m)=E-A)"  P(S,p=L)=ut=(2)7"

and therefore . K1
P(Ey) = (3 -8)"(1- (1-275)"7").

On Ey, after the K L-round warm-start we have fi; (K L) = 0 and at least one suboptimal arm b
with i (KL) = 1. By Lemma PEG never returns to arm 1; consequently it plays a suboptimal
arm in every round ¢ > K L, suffering per-round regret A. Taking expectations yields the claimed
bound. O

Corollary 3 (Any finite exploration budget). Let an algorithm perform any deterministic, data-
independent exploration schedule of finite length N < oo (not growing with T'), after which it
always selects an arm with maximal current empirical mean (deterministic tie-breaking independent
of future rewards). Then there exists a Bernoulli K-armed instance on which the algorithm has
E[Regret(k)] = Q(k).

Proof. Map the schedule to some L, > 1 pulls per arm a during the exploration phase, with
>, La = N. Choose means as in Theorem|6and define the event that the optimal arm produces only
zeros in its L pulls while at least one suboptimal arm produces only ones in its L pulls. This event
has strictly positive probability | [-factor bounded away from 0 (independent of 7). Conditioned
on this event, the post-exploration empirical means create a strict separation (optimal arm at 0, a
suboptimal arm at 1), and Lemma [5]applies verbatim to force perpetual suboptimal play thereafter,
yielding linear regret in 7T'. O

Remark 6 (Beyond Bernoulli, bounded rewards). The same conclusion holds for any rewards
supported on [0, 1] when there exists a gap A = p* — maxgq.« > 0. By Hoeffding’s inequality,
for any fixed L there are constants p1, ps > 0 (depending on L and the arm means) such that with

probability at least p; the optimal arm’s warm-start average is < u* — % and with probability at least
p2 some suboptimal arm’s warm-start average is > p* — %. The intersection has constant probability
p1p2 > 0, producing a strict empirical mean misranking after the warm-start and thus linear regret by

Lemma
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G PROOFS OF REGRET BOUNDS IN SECTION [3]

G.1 PROOF OF THEOREM[Z]
Define &7 () := (V"™ — V;7)(sk). We have

5’5( ) (th T Vh )(Sh) (th T Vh )(xhvgh 1)
= r(af,m 6f )+ Vi ek, ) 68 ) — rlaf, L gh ) — VT (F ek m), &)
= o(f (k™) T (Wi (EF ) — wi(Ek_y))
=t (™) T (wp T (EF ) —wi (&)
= p(ap™) TS L (VET (€ ) — V(&R ),

where
v’;’“@,’i_l,n);kﬁ}i@(s};m’i_l) (gt (n), €), 7, €8) + B F* (9w (n). €6), m) Twp T (€h)]
= éjph (ER1ER_1) [P (hya (), 7, €R) + O(S (hya (m), ) T T (€1)]
VE(Eh_1m) = éph@ﬂsﬁ_l) [(g(af(n), €8), 7, €8) + S (9(wh(n), €6), ™)) i (€1)]
= éjph ERlEn—1) [r(ah 1 (), m,60) + O(F* (ah 1 (n), m)) Twfa (€1)]

Note that we denote 2™ := f*(z, w(«},&F_)) which implicitly depends on £, and 2§, (n) :=
g(x%(n), £F)) which implicitly depends on £F. We have

Oh(m) = ¢y, ™) TS @y (v, T (ERy) — VR(ER 1))

- Z«b )| D (Br(ERIER—) — Ph<£’;§|£’;i1))r<x£+1<n>m,£;’i>]

3
+ o a:h TE Iqu

Zk P (ERIER-1)0(f* (w0 (n), m) T Ty (68) — Ph(€h1€h-1)o(F* (whia (n), w))Tw;{H(sbl :

Under A:umption Pl we have

Wi (6h) = 2 ;Pﬂs’;s’;l) (9@ (), €6),m,6) + o(F(a(wh(), &), ) Twh Ty (€h)|
= 2;1¢h[1;;§r]<£§_1> +3; ijm(k) §P§(5£|f£_1><Mﬁ<sﬁ>¢h< ) Twily(6h)
= X enlBr) (g ) + 55 Eqush(kw:(kﬂ ;P;’f@’ﬂf}:1>(M§<£h>>TwZL<fh)
SR RAICEEDY Pﬁ(sf’:|£:§_1><M£<£;)>Tw,’§L<£h)
= 55 en[Bir] (6 1) + [gh i (M) Ty f)1(ER ).

Similarly, we can get

wir (€5 -1) = 3, @ [Pur] (€5 1) + [Pu((M7) Twh1)](€F)-
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Thus
wh™ = wf = S l(PF = Parl(6ha) + [PED) Twp DI ) = [Pa((M) T )] (65 )
= 55 Bu[(B — P)r)(&h_0) + (B — Pa) (M) T TR 1) + [Pal(ME) T (il — wiln)](ER—1)
= 5, @ [(PF — Pu)rl(€h_y) + (P — Pu)(MF) T T)I(ER-1)
+ [Pr(M7) T (T, — i) (- 1) (M (ER) T (wply = whe)(ER) + (M (E0) T (wily — wi 1) (€F)

=: e (m) +ef(m) + (M (&) T wh+1 wh+1>(’ffl§
where we define

e () = [Pu(M) T (whl, = wh e D(ER_y) — (M () T (Wi, — wit 1) (€,

eh(m) == S @ul(BF — PurI(€h_y) + [(BF — P) (M) TwlT ))(gh_).

Lemma 6. Let {¢;}5, C R? and define
A= Z ¢i] € R,
i=1
which is assumed to be full rank. For ¢; € R and u € R, set

82(61,...,€K)T, @:[¢1~'~¢K}ERdXK.
Then the following bound holds:

K
u' AT E i€
i=1

< lulla-r [lell2,

where ||ul| 4-1 = VuT A=,
Proof. Observe that

K

ul A™1 Z die; = u' A" e,

i=1

Let A—1/2 denote the symmetric square root of A~!, and define
B:= A2 ¢ RK,
Then
uw' AT e = (A7 20)T(ATV2®)e = (A7) T Be.
Note that
BBT _ A71/2@®TA71/2 _ A71/2AA71/2 — Id,

hence || B||2 = 1. By the Cauchy-Schwarz inequality,

|(A™Y2u)TBe| < [[A™V2ully || Bellz < | A~ 2ul2 ]2

Finally, [|A=/%u|y = VuT A=lu = ||u| -1, proving the claim. O
We obtain the recursion for df () := fL — w] as
dj () = efi (1) + ejy (1) + (M (€5)) " )y 41

I
Mm

H My (&) T (€(m) + e5(m))

h'=h

& () + &b ().

S

h

S

Il
Mm

@
I
>

31



Under review as a conference paper at ICLR 2026

Note that e () is an vector-valued MDS w.r.t. GF since

E [eh(mIGh] = B [[Pu (M) T (i, = i DI(ER-0) = (M7 (€0 T (b Ty = wil 1) (€R)IgE] = 0.

Since M7, (f,lf,) are g,’f—measurable for ' < h — 1, we have

h—1
& [eh(mlGh] = [HMh, ebekior| = (T Mpiet)E [eh16t] — o
h=1 h=1

Thus é¥() is also a vector-valued MDS w.r.t. GF.

Note that & is full rank, so ¢(z?) can be represented as ¢(z%) = ®a for some o € R¥. Under
Assumption 3] we can prove the following lemma.

Lemma 7. For any (n, ¢, 7, %, £), it holds that V,f’”k’“(x“, &) > V,f’”’“(x“, £).

‘We have

Regret(K) =
(v =) s+ (v =) s+ (v =) (s
(v =) b+ (v =) (s

—(a )T () + d(a}) ToF ()

—(a) T (& () + ef (1) + plah) T (e (") + (7).

1 h=

—

Note that for any GF-measurable policy , the sequence ¢(z5*)Ték (r) is an MDS w.rt. GF.
Moreover,

Next, we bound

(S @l = Purl(§h-0) + (P = Pa) (M) Tk T))(EE )

+ T M (&sar) | 1(PF = Pu)(MF) Twy )R -1)
- T
(H M7 (E6)S(0) | 5, ul(PF — Pu)rl(&h_y)
" T
+ [ <,H1 M7 (€8 )) wily | (6F-)-
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‘We can bound the first term as

h—1 T
<H Mﬁ(&’f/)ﬂfﬂ]f’a)) Sy Oul(PF = Pu)rl(6F ) = (M1 ¢(2)) "S5 @ul(Pf — Po)r

h'=1

T k,
< HMh—lﬁb(l"l ) st

(B — Py
2

< ottt VR - Pt

The second term can be bounded as

, T
— P) (H Mi?/(ff’i/)éb(x’f’a)) h+1] (r-1)

h'=1
.
< (pf]f — Pu)(&50) . (H My (&) )) wZ-Cl(f)
h'=1
R h
s(%—amﬁnlIImmmwﬁ%]%ﬁ
h'=1
h
< ||k = P, || TT b et
h'=1
h
< || =P || TT Mien)| va
h'=1
h
< || = P, TT 1Mol v

h'=1

< Va [Pk = e

where the last inequality is due to the fact that sup, ¢ , [[M](£)[| < 1. We can bound the regret as

K H-1
Regret(K) < Y —o(x )+ e () + (e ) T (€ (F) + e (k)
k=1 h=1 P A
< O(\dKH1og1/5") +2Y HMh RG] . \/NH(P;’Ic - Ph)(flhffl)Hl
k=1 h=1 n

+ Va||(Pk - P&k,

< OWARTTg /) +2 /NPt Vi) S [ et

< O(VdKH]log1/5') +2) (v/N/Xo + Vd)|E[VNL
0(M+ﬁ)|5m\/f%.
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G.2 PROOF OF THEOREM[3]

Recall that
0k(m) = S(ah™) T (wh (e ) — i (€F_0))
= o ™) Td (m) = S(af™) T (e (m) + e (m) + (MF(E6) T dh ()
= o ™) T [ER @ullBE — PuXI(ER_L) + [P — Pa) (M) T T)I(ER )|
o™ T [Pl T (i y = wiea DI — (M ()T (whTy = wi) (€h)]
+ (™) T (MR (ER) T (wfy —whya)(65)
= Ok ™) TS OAl(BF — POFI(ER_) + o) TS @nl(BE — Pa) (M) )k )

+ [Pu(b(ay ) T (wp Ty — wh)(Eh—1)
- ¢($ZI1)T(“’}I?+1 wh+1)(§}]§) + ¢($211)T(wlﬁf1 wif+1)(§l§)

=: & (m) + &5 () + 0f 1 (),

where we used M (£F)¢(x ﬁ”) = ¢($ZL) under Assumption Note that €¥(7) is an MDS w.r.t.
Gr since

E [e(m)IGh] = E [[Pu(0(hT) T (whfy = wi )& = o@hT) T (whly - wiya) (€] =o.

In addition, the following holds almost surely

— k,m T k,m k,m T k,m
[eh(m)] = |[Pu(6(@hT) T (kT = whe )6 = o) T (why = wip) @™ €6)|
k,m, k,m, k,m, k,m k,m
!Ph VIR S VEROI(EE ) — (Vi - Vi) (T )

<92(H—1-h).

We can bound & (7) as

e (n) = o(a)™) S R [(BE — Pu)r)(EF_y) + o(af ™) TIBE — Pu) (M) TwiT)(Ek_y)
= oz} ™) T 0 [(BF — P (ef_ >+[<Ph Pu)p(ayT) TwlT)IER )
= o(ap™) T8, @ [(BE — PYI(€E_y) + [(BF — PV (@™ €8y
< |letahm|| . ||icpk = Poriceh- H+H P = P&k, (H — )
< qu(xﬁﬂ) EglmH(Ph - Pu)(&F_y) H1+H B — Py)(€F_y) H1 (H—h)

=2k - Pk, (VA fotah)|, 42— n)

=] <\/> km
N Hd)(x W +H-R
Cr(&r_,) Pl
Unrolling the recursion of 6% (), we have
H-1
s=1

Lemma 8. For any (n,t, 7, 2%, §), it holds that V}f’”k’a(x“, &) > V,f’”’a(x“, £).
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Proof. The proof follows from induction. Observe that holds when h = H — 1. For any (2%, &),
using the definition of 7%, we have

VT (2%, €) = ¢(a*) Twh (€)
= 0(a)" (S @nlBE(E) + [PE(ME) TwiT)I(©)
= p(x®) 5, Ou[PFr](€) + [PRo(af 1) Twh T ](€)
= p(x®) 5, Ou[BFY](€) + PRV (27, €)
> ¢(a) "85, Ou B (6) + [BEVET ] (2%, €)

|
>
o
—
3
*
—
+
>,
=
—
3
e
N

— (& () + e(m) + & (n") + &5 ()
H—-1 K =
<OHKHlog1/5) +2 Y (\/N H¢(x§jv“) o HH - h> 3 W
h=1 b k=1 h\Sh

< O(H\/KHlog1/§') + 4(H? + H\/N/X\o)|E|/2K log(K H/3).

G.3 PROOF OF THEOREM [3]

We start with two simple geometric and statistical facts.
Lemma 9 (Anchor LS predictor stability). For any ¢, £, any anchor vectors y,u € R¥, and any 22,

[0TSRty )] < A fly —ull,
Proof. By Cauchy-Schwarz, |¢T A7 ®(y — u)| < [|¢]l, |A7 ®|| |y — ull,. Since ||¢] < 1 and
||A*14>H = Opin(®) 7 = )\0_1/2, the claim follows. O

Lemma 10 (Row-wise empirical transition concentration). Fix ¢t and . Let g : £ — [0, H] and

suppose P (- | €) is the empirical distribution from m = n¥ (&) > 1i.i.d. samples of ¢’ drawn from
P(- | &) (across episodes). Then for any ¢ € (0, 1),

pr(|<ﬁnp)g| <H </6>) > 1-4

2m -

Proof. (P"—P)g = LN Zi—E[Z;] where Z; := g(&]) € [0, H] with & ~ P(- | £) i.i.d. Apply
Hoeffding’s inequality. O

The concentration will be lifted to uniform (over n, ¢, £) events via a union bound and the standard
summation ij\il(mj +1)7Y2 <2v/M.
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Proof. We follow a the one-step decomposition as in the proof of Theorem 3] carefully adding the
misspecification term.

Fix any reference policy 7 (we will take 7 = 7* at the end). Let s} = (zF, £F) be the state visited in
episode n by the coupling argument used in LSVI analyses (or simply the realized trajectory under
the deployed policy at episode n). Denote the value error

Op(m) = (V"™ = ViT) (sh),

where V¥ is the value when Bellman backups use P" and parameters w”, while V™ uses the true
model and the ideal parameters w™ that linearly represent the values of 7 as well as possible (defined
below).

Let vz’” (€) € RY and v (€) € RY be the anchor target vectors under (empirical) greedy backup
and (true) m-backup, respectively:

[ (©)], = Y PR [r(wn(n), ak(n,€),€) + o F*(@n(n), af(n,€))) "wpiis ()]
o
W], = 30 PEIO) [r(on(), m.€) + o2 @n(n),m) win )]
2
The LS predictor at 2" := f*(zF, 2F) is ¢(z™) 7%, 1@, (-). Hence
HORCADID A A CAIGENERT{tsan) )

Write, with g:’_f_rl(n, &) =r()+ () Twr, (¢) and g, , defined analogously with w], ,,

k,m T pn k,m k,m ™ us
v, " —wvp = (P" = P)gyl + P(9h+1 _9h+1) + Ph )
Lo .
(A) transition error (B) propagation (C) misspecification

where p} := v — uj and uj is the anchor vector of

Wi € argmin sup [(T7V;T ) (2% &) — W (2, &).
WeF, z¢

By Deﬁnition llohll o < €BE-
Apply Lemma 9] to equation [G.3}
—1/2 Dn K
ok <20 (|| = Pygit,

k,m s T
+||PGakn = gma) |+ erl)

—1/2 Bn T T T
3 ([ - Pt -, + )

since P is a contraction in /5 and rewards/values are in [0, H] so g € [0, H] coordinate-wise.

Fix ¢, €. Lemmawith aunion bound over k < K, t < H, ¢ € E yields with probability 1 — §/2
that

= log(2H K |Z|/6)
, = IVEN =50

uniformly. Summing these martingale-like increments along the sample path and using Zj\i (nj +
1)~1/2 < 24/M gives the contribution

Cy |2 H \/ K log PEEl

per stage, which after accounting for the LS geometry (the E;1<I> n factor) and the greedy-vs-policy

coupling yields
Ca |2l (2 + Hy/ 4 )/ K log 5L

Here the H? and H+/N/ ) arise from H-step propagation/telescoping and the LS projection norm
as in standard LSVT analyses; constants are absorbed.

H(Pn - P)ngl
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The term Hngl - g;{HHQ is linear in |Vf_ﬂ — Vi7. 1|, hence in |6}, (7)|. Unfolding over ¢t =

1,..., H and using Freedman/Bernstein-type arguments for the resulting martingale differences (and

rewards bounded by 1) gives
Cy H\/ K log ZEEL

By Lemma@and x|l < VN egg,

6™ T D pf | < Ay VN g,

Summing over t = 1,..., H gives H\; 1/ 2V/N epg per episode. The standard comparison of 7,
with 7* doubles this constant but stays of the same order; summing over n = 1,..., K yields
H
03 — KEBE.

VAo

Combining (4)—(6) with a union bound over the high-probability events gives the claimed inequality
with probability at least 1 — 4. O

H DETAILED NUMERICAL EXPERIMENTS

H.1 TABULAR MDP

We conduct numerical experiments using tabular Exo-MDPs, and display the model estimation error
over episodes and the regret comparison between PTO and PTO-Opt in Figure 3] We provide the
implementation details below.

* Model estimation. PTO or LSVI-PE estimates the model ]3,5(3/ | y) from past episodes (counts
per time-step) and solves backward DP using P; .

* Optimistic model. At each Bellman Dbackup the PTO-Opt  solves
maxg. o 13H1§b0nuszy’ Q(y")V (y') by mass transfer to obtain an optimistic expectation.

* Policy evaluation. All algorithms are evaluated by exact backward induction on the true P, to
obtain stage-1 value functions V' (-, -, 1).

* Regret and model error. Per episode we measure instantaneous regret as Zm Y ( oyl — V;fy’l)
and report cumulative regret ) , _ ;- (averaged across runs). Model error is measured by the average

Frobenius norm % 3>, || P; — P, | .

Baseline methods. We compare the PTO to PTO-Opt (Section|D.3.2) that solves a constrained

¢1- subproblem for optimistic model with confidence radius bonus = ¢,/2Y log(KY/0.01)/Ny,,
(default ¢ = 0.3).

Model Estimation Error vs Episodes Regret Comparison: PTO vs PTO-Opt
14
3s0{ —— PTO
—— PTO-Opt
300
12
g o
I Q 250
c o
910 &
‘r—ul 200
>
£ g
w 0.8 E 150
% =}
o Q 100
=
0.6
50
04 0
0 50 100 150 200 250 0 50 100 150 200 250
Episodes Episodes

Figure 3: Comparison between PTO and PTO-Opt.
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Figure 4: Comparison of LSVI-PE and LSVI-Opt across three different time horizon lengths.

H.2 STORAGE CONTROL

We display the model estimation error over episodes and the regret comparison between LSVI-PE
and LSVI-Opt in Figure [ across three Exo-MDPs with different horizon lengths. Across H €
{6, 8,10}, LSVI-PE consistently outperforms LSVI—-Opt in cumulative regret.

We provide the pseudo-code of LSVI-PE for storage control in Algorithm 2}
Baseline method. LSVI-Opt differs from LSVI-PE in Line 12 of Algorithm 2] Specifically,
LSVI-Opt computes the optimistic target

yi(n) < D Pr(E' ) max {T(g(pn,ﬁ’),a’vﬁ’) + (" (9(pn,€),a"))

ﬁle: e[_amax7amax

T

wili+1 (fl) }7

where 15}’5 is the optimistic model obtained by solving the ¢; constrained subproblem around P,f with
confidence radius bonus = ¢,/2Y log(KY/0.01) /Ny, (default ¢ = 0.5).

Detailed setup. We numerically analyze a storage control problem with continuous endogenous
state space X = [0, C], discrete exogenous state space = = [Y], and continuous action space
A = [—a@maz, Gmaz]. X is discretized by N anchors. The default parameters are C' = 10, Y = 10,
Umaz = 2, N = 10, and K = 100 epsiodes. Three time horizon lengths H € {6, 8, 10} are evaluated
for comparison. The exogenous variable is the discrete power price with the following transition
rules applied: a 70 % probability exists of either remaining in the original state or transitioning to an
adjacent state, with the remaining 30 % assigned to uniform selection among all feasible states.

Computational efficiency. The major computational overhead of Algorithm [2]is to solve the optimal
action for a given state s,}i at each time-step h

Ak ey =arg  max  {r(af,a, &) + o f(f,a) Twh (€5}

ac [7amax s@max

We emphasize this step is computationally efficient via anchor enumeration due to the LP structure of
the subproblem.

I DECLARATION OF THE USE OF LARGE LANGUAGE MODELS

We used large language models (LLMs) to assist in proofreading and improving the language,
grammar, and clarity of this manuscript. The authors retain full responsibility for all intellectual

content, results, and claims presented in this paper.
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Algorithm 2 L.SVI-PE for storage control

Require: Horizon H; capacity C’; anchors p,, = %C, n = 1...N; hat features ¢ : [0, O] - RY
with 6(pn) = e
Require: Action set A = [—amax, Gmax]; efficiencies T, n~ > 0; leakage o € (0, 1]
Require: Reward r(s,a,&) = £a — acla|] — Bys; post-decision f*(s,a) = clip(s +ntat —
L0, C’); pre-decision update g(s*, &) = as®
Require: Price codebook = = {(3, ..., (r}; dataset of k price trajectories {ﬁfl}lgj hep With &), € E
1: Update Pj(- | €): for each (h,£),

A _Ni(EE) k
pEE €)= {§2Nﬁ<f,z)v > . Ny(€2)>0

5 otherwise (unvisited row)

where NF(&,¢') = lezl 1 =€, & =8¢}

2: Backward Value Iteration:

3: for h = H down to 1 do

4: for each ¢ € Zdo

5: /I Design at post-decision anchors (identity under hat basis)
6: (I)h — [¢(p1),,¢(pn)], ap, (—(I)hq); //(I)h :IK, ap, :IK
7: bE(€) « 0 e RE

8: forn =1to N do

9: if h = H then
10 yr(n) « 0
11: else
12 vh(n) ke o max  {gpa€)d€) +

fres a’ €[—amax,Amax
¢(fa /)m 7 wh+1 }

13: // Inner max is 1-D LP (piecewise linear); solve via breakpoint enumeration
14: end if

Is: DE(E)  BE(E) + dlpn) () Il writes yf () into entry k
16: end for

17: wh(€) + X,1F(€) I/ with By, = In: wl(&) = [yF(1),...,yf(N)]"
18: end for

19: end for

20: ()utput:
21: VP (2%,€) = ¢(z) Twf(€), forall (s, &, h)

22: return th’a
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