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ABSTRACT

We contribute to the growing body of knowledge on more powerful and adaptive
stepsizes for convex optimization, empowered by local curvature information. We
do not go the route of fully-fledged second-order methods which require the ex-
pensive computation of the Hessian. Instead, our key observation is that, for some
problems (e.g., when minimizing the sum of squares of absolutely convex func-
tions), certain local curvature information is readily available, and can be used to
obtain surprisingly powerful matrix-valued stepsizes, and meaningful theory. In
particular, we develop three new methods—LCD1, LCD2 and LCD3—where the
abbreviation stands for local curvature descent. While LCD1 generalizes gradient
descent with fixed stepsize, LCD2 generalizes gradient descent with Polyak step-
size. Our methods enhance these classical gradient descent baselines with local
curvature information, and our theory recovers the known rates in the special case
when no curvature information is used. Our last method, LCD3, is a variable-
metric version of LCD2; this feature leads to a closed-form expression for the
iterates. Our empirical results are encouraging, and show that the local curvature
descent improves upon gradient descent.

1 INTRODUCTION

In this work we revisit the standard optimization problem

min T 1
reRd f( )’ ( )
where f : R? — R is a continuous convex function with a nonempty set of minimizers X, . Further,
we denote the optimal function value by f, := f(x,), where x, € X,.

1.1 FIRST-ORDER METHODS

First-order methods of the Gradient Descent (GD) and Stochastic Gradient Descent (SGD) variety
have been widely adopted to solve problems of type (I)) (Polyakl [1963; [Robbins & Monro| [195T).
Due to their simplicity and relatively low computational cost, these methods have seen great success
across many machine learning applications, and beyond. Nonetheless, GD, performing iterations of
the form

Tr+1 = ok — WV f(@8), @)
where v, > 0 is a learning rate (stepsize), suffers from several well-known drawbacks. For example,
for convex and L-smooth objectives, GD converges provided thaﬂ

> vk = 4o and Y < L k>0 3)
k=0

]

(Nesterov,, 2004). For many problems, L is very large and/or unknown, and estimating its value is a
non-trivial task. Overestimation of the smoothness constant leads to unnecessarily small stepsizes,
which degrades performance, both in theory and in practice.

'Tt is theoretically possible to use slightly larger stepsizes, by at most a factor of 2, but this is does not play
arole in our narrative.
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Polyak stepsize. When the optimal value f, is known, a very elegant solution to the above-
mentioned problems was provided by Polyak! (1987), who proposed the use of what is now known
as the Polyak stepsize:
— Tr)—J«

= e @
It is known that if f is convex and L-smooth, then v, > ﬁ for all £ > 0. So, unlike strategies
based on the recommendation provided by (3], Polyak stepsize can never be too small compared to
the upper bound from (@). In fact, it is possible for ;, to be larger than %, which leads to practical
benefits. Moreover, this is achieved without having to know or estimate L, which is a big advantage.
Since the function value f(xj) and the gradient V f(xy) are typically known, the only price for
these benefits is the knowledge of the optimal value f,. This may or may not be a large price to pay,
depending on the application.

Malitsky-Mishchenko stepsize. In the case of convex and locally smooth objectives, Malitsky &
Mishchenko| (2020) recently proposed an ingenious adaptive stepsize rule that iteratively builds an
estimate of the inverse /ocal smoothness constant from the information provided by the sequence
of iterates and gradients. Furthermore, they prove their methods achieve the same or better rate
of convergence as GD, without the need to assume global smoothness. For a review of further
approaches to adaptivity, we refer the reader to Malitsky & Mishchenkol| (2020), and for several
extensions of this line of work, we refer to|Zhou et al.| (2024)).

Adaptive stepsizes in deep learning. When training neural networks and other machine learning
models, issues related to the appropriate selection of stepsizes are amplified even further. Optimiza-
tion problems appearing in deep learning are not convex and may not even be L-smooth, or L is
prohibitively large, and tuning the learning rate usually requires the use of schedulers or a costly
grid search. In this domain, adaptive stepsizes have played a pivotal role in the success of first-
order optimization algorithms. Adaptive methods such as Adam, RMSProp, AMSGrad, and Adagrad
scale the stepsize at each iteration based on the gradients (Kingma & Ba, 2017 Hinton| [2014; |Reddi
et al.,[2019; |Duchi et al.l |2011). Although Adam has seen great success empirically when training
deep learning models, there is very little theoretical understanding of why it works so well. On the
other hand, Adagrad converges at the desired rate for smooth and Lipschitz objectives but is not as
successful in practice as Adam (Duchi et al.| 2011)).

1.2 SECOND-ORDER METHODS

When f is twice differentiable and L-smooth, L can be seen as a global upper bound on the largest
eigenvalue of the Hessian of f. So, there are close connections between the way a learning rate
should be set in GD-type methods and the curvature of f.

Newton’s method. Perhaps the most well-known second-order algorithm is Newton’s method:

Tpr1 = xp — (V2 f(2k)) ' Vf(xy).
When it works, it converges in a few iterations only. However, it may fail to converge even on
convex objectivesﬂ It needs to be modified in order to converge from any starting point, say by
adding a damping factor (Hanzely et al. 2022)) or regularization (Mishchenko, |2023). However,
under suitable assumptions, Newton’s method converges quadratically when started close enough
to the solution. The key difficulty in performing a Newton’s step is the computation of the Hessian

and a performing a linear solve. In analogy with (2), it is possible to think of (V2 f (xk))_l asa
matrix-valued stepsize.

Quasi-Newton methods. To reduce the computational cost, quasi-Newton methods such as L-BFGS
utilize an approximation of the inverse Hessian that can be computed from gradients and iterates
only, typically using the approximation V2 f (21 1)(2rsr1 — 1) ~ Vf(wr11) — V£ (xr), which
makes sense under appropriate assumptions when |41 — x| is small [Nocedal & Wright|(2006);
Al-Baali et al.| (2014); |Al-Baali & Khalfan| (2007); |Dennis & Mor¢| (1977). Until very recently,
quasi-Newton methods were merely efficient heuristics, with very weak theory beyond quadrat-
ics (Kovalev et al.l [2021; [Rodomanov & Nesterov, [2021).

Polyak stepsize with second-order information. |Li et al.| (2022)) recently proposed extensions of
the Polyak stepsize, named SP2 and SP2+, that incorporate second-order information. SP2 can also

2A well-known example is the function f(x) = In(e™® + €*) with 2o = 1.1.



Under review as a conference paper at ICLR 2025

be derived similarly to the Polyak stepsize. While SP2 can be utilized in the non-convex stochastic
setting, it only has convergence theory for quadratic functions and can often be very unstable in
practice. Furthermore, the quadratic constraint defined for SP2 may not even be a localization set.
Instead, we propose an assumption similar to earlier works Karimireddy et al.| (2018)); Gower et al.
(2019), with the aim of using second-order information rigorously.

1.3 NOTATION

All vectors are in R? unless explicitly stated otherwise. We use X, to denote the set of minimizes
of f. Matrices are uppercase and bold (e.g., A, C), the d x d zero (resp. identity) matrix is denoted
by 0 (resp. I), and is the set of d x d positive semi-definite matrices. The standard Euclidean inner
product is denoted with (-,-). For A €, we let ||z||3 = (Az,z). By ||z|, :== (20, [#:[?)'/? we
denote the L, norm in R%. The Loéwner order for positive semi-definite matrices is denoted with <.

2 SUMMARY OF CONTRIBUTIONS

In this work we contribute to the growing body of knowledge on more powerful and adaptive step-
sizes, empowered by local curvature information. We do not go the route of fully-fledged second-
order methods which require the expensive computation of the Hessian.

Instead, our key observation is that, for some problems, certain local curvature
information is readily available, and can be used to obtain surprisingly powerful
matrix-valued stepsizes.

The examples mentioned above, and discussed in detail in Sections @ and E] lead to the following
abstract assumption, which at the same time defines what we mean by the term local curvature:

Assumption 2.1 (Convexity and smoothness with local curvature). There exists a curvature map-
ping/metric/matrix C : R® — and a constant Lc > 0 such that the inequalities

F@) + (Vi) z—y) + Sllz =yl < ), ®)
ME™ (z5y)
F@) < F@) + (V@) 2 —y) + 2o — vl s ro ©6)
MEP (z5y)

hold for all z,y € R?.

Assumption defines a new class of functions. Note that with the specific choice C(y) = 0,
(3 reduces to convexity, and (6) reduces to L-smoothness, with L = Lc. Note that any function
satisfying () is necessarily convex, and similarly, any L-smooth function satisfies (6)) with any
curvature mapping C and Lc = L. However, the converse is not true: a function satisfying (6]
is not necessarily L-smooth for any finite L. Further, note that if f is p-strongly convex, then it
satisfies (3) with curvature mapping C(y) = uI. The class of convex and L-smooth functions is one
of the most studied functional classes in optimization. Our new class is a strict and, as we shall see,
useful generalization.

We now provide a brief overview of our theoretical and empirical contributions:
2.1 LOCAL CURVATURE AND A NEW FUNCTION CLASS
We define a new function class, described by Assumption[2.T} extending the classical class of convex

and L-smooth functions. Further, we show that there are problems which satisfy Assumption 2.1]
with nontrivial and easy-to-compute curvature mapping C (see Section [6]and Section [7).

2.2 THREE NEW ALGORITHMS

We propose three novel algorithms for solving problem (T]) for function f satisfying Assumption[2.1}
Local Curvature Descent 1 (LCD1), Local Curvature Descent 2 (LCD2) and Local Curvature Descent
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3 (LCD3). First, LCD1 generalizes GD with constant stepsize: one moves from point y to the point
obtained by minimizing the upper bound (6) on f in z. Indeed, if C(y) = 0, this algorithmic design
strategy leads to gradient descent with stepsize 1/L, where L = L¢. Second, LCD2 generalizes GD
with Polyak stepsize: one moves from point y to the Euclidean projection of y onto the ellipsoid

Lo(y) ={z e R [ f(y) + (VI(W),x — ) + 3o = yllS) < fo}-

Indeed, if C(y) = 0, this algorithmic design leads to GD with stepsize {@). Computing the pro-
jection involves finding the unique root of a scalar equation in variable, which can be executed
efficiently. Third, LCD3 is obtained from LCD2 by replacing the Euclidean projection with the pro-
jection defined by the local curvature matrix C. The projection problem then has a closed-form
solution.

2.3 THEORY

We prove convergence theorems for LCD1 (Theorem [.1)) and LCD2 (Theorem [4.T)), with the same
O(1/k) worst case rate of GD with constant and Polyak stepsize, respectively. Previous work on
preconditioned Polyak stepsize (Abdukhakimov et al., 2023)) fails to provide convergence theory and
uses matrix stepsizes based on heuristics. In contrast, LCD2 utilizes local curvature from Assump-
tion[2.1] and enjoys strong convergence guarantees.

2.4 EXPERIMENTS
We demonstrate superior empirical behavior of LCD2 over the GD with Polyak stepsize across sev-
eral standard machine learning problems to which our theory applies. The presence of local curva-

ture in our algorithms boosts their empirical performance when compared to their counterparts not
taking advantage of local curvature.

3 THREE FLAVORS OF LOCAL CURVATURE DESCENT

‘We now describe our methods.

3.1 LocAL CURVATURE DESCENT 1

Our first method, LCD1 is obtained by minimizing the upper bound from Assumption where
Yy = xp, and letting x4 1 be the minimizer:

Tpg1 = 2 — [Clar) + Le - 17 Vf(a) (LCDY)

The derivation is routine; nevertheless, the detailed steps behind Equation can be found in
Appendix [B.1} If C(z) = 0 and we let L = L, we recover GD with the constant stepsize vy, = %
Note that just like GD, LCD1 is not adaptive to the smoothness parameter Lc; this parameter is
needed to perform a step.

3.2 LocAL CURVATURE DESCENT 2

Given any y € R?, let us define the localization set
Lco(y) ={zeR? : ME(z,y) < f}- (7)

Due to @), we have X, C Lc(y), which justifies the use of the word “localization”. Furthermore,
y € X, if and only if y € Lc(y). Therefore, Lc(x) separates R? in two regions: one containing
X, the other the current iterate y = x. This allows us to design our second algorithm, LCD2: we
simply project the current iterate x4 into the localization set L (xy), bringing it closer to the set of
optimal points X,:

Tpp1 = argmin iz — z|? (LCD2)
zE€ELC(z))
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It turns out that this projection problem has an implicit parametric solution of the form

Tpg1 = 2 — [Clar) + B - 17 VI (@), (LCD2)

where 8, > 0. Importantly, we show in Appendix that the structure of the problem is easy:
the parameter 1/ is the unique root of a scalar equation, solvable efficiently. Moreover, if C(zy,)
is a rank-one matrix or a multiple of I, a closed-form solution exists. We present the details in
Appendix [C.3]

Note that when C(z) = 0, LCD2 becomes GD with Polyak stepsize. In general, LCD2 can be seen as
a variant of GD with Polyak stepsize, enhanced with local curvature. The method no longer points
in the negative gradient direction anymore, of course. We argue that one step of LCD2 improves on
one step of GD with Polyak stepsize. Indeed, since Lo (k) C Lo(zx), with equality if and only if
C(xy) = 0, the point x4 1 obtained by LCD2 is closer to X, than what is achieved by a single step
of GD with Polyak stepsize.

3.3 LocAL CURVATURE DESCENT 3

Our last method, LCD3, was born out of the desire to remove the need for the univariate root-finding
subroutine in order to execute the projection defining LCD2. This can be achieved by projecting
using the norm given by the local curvature matrix C(zy) instead:

Tpp1 = argmin iz — J:k||é(u) (LCD3)
z€Lc(xk)

IfCis invertibleﬂ this projection problem admits the closed-form solution

— _ __2(f(@r)=fs) -1
Tk+1 = Tk (1 \/1 |Vf(1k)||él(zk)> C (I’k)Vf(:L'k) (LCDS)

The full derivation of this fact can be found in Appendix Although LCD3 uses the same lo-
calization set as LCD2, we do not provide any convergence theorem for this method. The variable
metric nature of the projection makes it technically difficult to provide a meaningful analysis of this
method. Nevertheless, we justify the introduction of LCD3 via its promising experimental behavior
in Section[§|and Appendix [G]

4 CONVERGENCE RATES

Having described the methods, this appears to be the right moment to present our main convergence
results for LCD1 and LCD2.

Theorem 4.1 (Convergence of LCD1). Let Assumption 2.1 be satisfied. For all k > 1, the iterates
of LCD1 satisfy

zo—x4 %
f(fl?k) —f* < Lc|| gk I .
Theorem 4.2 (Convergence of LCD2). Let Assumption 2.1 be satisfied. For all k > 1, the iterates
of LCD2 satisfy

: Lollzo—z. |?
_ £ < Lellzo—=.|I”
1@&f@0 fo < o

The proofs of these results can be found in Appendix and Appendix [C.2] respectively. It is
possible to derive linear convergence results under the assumption that C(z) = I for all z € R?
and some i > 0; however, we refrain from listing these for brevity reasons.

If C(z) = 0, and we let L = L, these theorems recover the standard rates known for GD with
the stepsize 1/L and GD with Polyak stepsize, respectively. So, we generalize these earlier results.
However, it is possible for a function to satisfy Assumption [2.1]and not be L-smooth. In this sense,
our results extend the reach of the classical theorems beyond the class of convex and L-smooth
functions. On the other hand, if f is convex and L-smooth, it may be possible that it satisfies

3We assume this for simplicity only.
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Assumption [2.T] with some nonzero local curvature mapping C, in which case we can choose Lc
such that Lc < L. Indeed,

inf Apin(C(z)) < L — Lo < sup Amax(C(z)),

zER? z€R4

where Apin(+) (tesp. Amax(+)) represents the smallest (resp. largest) eigenvalue of the argument,
confirming Lc < L. However, it may be that Lc < L, in which case our result leads to improved
complexity. Nevertheless, the main allure of our methods is their attractive empirical behavior.

Convex quadratics. For convex quadratics, Assumption is satisfied with C(z) = V2 f(z) and
Lc = 0. In this case, both LCD1 and LCD2 reduce to Newton’s method, and converge in a single
step. Moreover, Theorem 4.1 and Theorem [4.2] predict this one-step convergence behavior.

To validate our theoretical setting, we will show that functions satisfying Assumption [2.T] are easy
to construct, well-behaved, and practically interesting.

5 LocAL CURVATURE CALCULUS

We now mention a couple basic properties of functions that satisfy Inequalities (3)) and (6).
Lemma 5.1. Let o, € R with B > 0. Suppose functions f and g satisfy inequality ([B) with
curvature mappings C1 and Cq respectively. Then:

f+a,  Bf, and f+g,
satisfy Inequality (3) with curvature mappings C1, SC1, and C; + C; respectively.

The proof of the lemma can be found in Appendix [E.I] A particularly useful instantiation of
Lemma[5.T]is presented in the following corollary.

Corollary 5.1. If f satisfies ) and g is convex, then h := f + g also satisfies ().

Corollary enables us to derive a variety of examples of functions satisfying inequality (5)) by
summing convex functions with instances from our class. Moreover, we can also show that inequal-
ity () is preserved under pre-composition with linear functions. Additional results for functions
satisfying Assumption [2.1] can be found in Appendix

6 EXAMPLES OF FUNCTIONS SATISFYING ASSUMPTION 211

We first list three examples that satisfy both inequalities in Assumption [2.1] Firstly, observe that if
a function is L-smooth, then it satisfies inequality @) since C(x) is assumed to be a positive semi-
definite matrix. We aim to find convex functions that satisfy our assumption in a non-trivial manner,
i.e., C(z) # 0 and C(z) # pI for some p > 0.

Example 6.1 (Huber loss). Let § > 0 and consider the Huber loss function h : R — R given by
1,2 <4
h(z) =4 27 ol <0
= {Ze-10) 1>
Then f = h? satisfies Assumptionwith constant Lc = 262 and curvature mapping

2 x| <6
C(z)_{52 2| > 6

Example is particularly interesting because C(z) + 262 < 362 for any x € R. By computing
the second derivative of f, we can obtain the tightest L-smoothness constant; it is equal to 36°.
Therefore, the variable bound we derived is at least as good as the L-smoothness bound.

Example 6.2 (Squared p norm). Let p > 2 and define f : R? — Ras f(z) = ||pr Then f?
satisfies Assumption 2. I|with either of the two curvature mappings,

C(x) = =z Diag (lz1 """, Jzal”™?),  Clz) =2V f(2)Vf(2)",

T

and constant Lc = 2(p — 1).
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Example 6.3 (L, regression). Suppose A € R"*% and b € R™. For p > 2, the function f(z) =
|Az — I)Hfj , satisfies Assumptionas a precomposition of Example with an affine function.

Therefore, linear regression in the squared L, norm satisfies our assumption. The L, regression
problem has several applications in machine learning (Dasgupta et al., [2009; Musco et al., 2022;
Yang et all [2018). This includes low-rank matrix approximation, sparse recovery, data clustering,
and learning tasks (Adil et al.||2023). In general, convex optimization in non-Euclidean geometries
is a well-studied and important research direction. This motivates us to study L, norms further and
understand how they can fit within our assumptions.

We can perform other simple modifications of L, norm that satisfy only inequality (5).
Example 6.4. Let p > 2. Then f(z) = ||x||g satisfies (5)) with either of the curvature mappings

Ci@) = ;5 V2 (@), Cala) = s V(@) V().

We postpone comments to Appendix [E.3] Using Corollary [5.1] and the above examples, we can
construct regularized convex problems that satisfy our assumptions. For instance, we can add the
square of an L, norm to the logistic loss function to obtain an objective function that satisfies (@)
with the mapping from the regularizer. The objective function will be L-smooth, so it also satisfies

inequality (6).
7 ABSOLUTELY CONVEX FUNCTIONS

In addition to the examples from Section [f] we now introduce the class of absolutely convex func-
tions, and the problem of minimizing the sum of squares of absolutely convex functions. In this
setting, as we shall show, the curvature mapping C satisfying Inequality (3] is readily available.

7.1 ABSOLUTE CONVEXITY

Absolutely convex functions are defined as follows.
Definition 7.1 (Absolute convexity). A function ¢ : R? — R is absolutely convex if

o(x) > |o(y) + (Vo(y), = —y)| Va,y € R% (8)

Above, V(y) refers to a subgradient of ¢ at y. Geometrically, (8) means that linear approximations
of ¢ are always above the graph of —¢ in addition to being below the graph of ¢ (same as convexity),

—¢(z) < o(y) + (Vo(y),z —y) < o(x).
Thus, any absolutely convex function is necessarily convex and non-negative. A constant function is
absolutely convex if and only if it is non-negative. A linear function is absolutely convex if and only
if it is constant and non-negative. Moreover, the absolute value of any affine function is absolutely
convex; that is, ¢(z) = | (a, z) + b] is absolutely convex. We avoid stating basic calculus rules as in
Lemmal5.T} and opt to present only one interesting property, and one notable example. Many others
can be found in Appendix [H

Lemma 7.1. Absolutely convex functions have bounded subgradients.
Example 7.1. Ifp > 1, then ¢(z) = ||z|, is absolutely convex.

7.2 MINIMIZING THE SUM OF SQUARES OF ABSOLUTELY CONVEX FUNCTIONS

To conclude, we present the derivation of the curvature mapping C for the sum of squares of abso-
lutely convex functions. Consider the optimization problem

x, = arg min {f(x) =1 i ¢>$(I)} ) ©)
i=1

zERC

where each ¢; is absolutely convex and a solution, x,, is assumed to exist. Let f; := qb%, so that
Vfi(x) = 2¢;(x)V¢;(x). The gradient of f is given by

Vi#) =} L Vhi@) =2

-

¢i(2)Vgi(x).

i=1
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Since ¢; is absolutely convex, f; is necessarily convex. Indeed, by squaring both sides of the defining
inequality (8], we get

fily) + (Vi(y),z —y) + (Voi(y)Voi(y) " (z —y), 2 —y) < filz),  Va,y e R™

Summing these inequalities across ¢ and taking the average, we find that the curvature mapping can

be set to
n

C(z) =2 3 Voi(z)Vei(x)

i=1

In Appendix[G] we provide experiments on objective functions that are in this class.

8 EXPERIMENTS

To illustrate practical performance of the presented methods, we run a series of experiments on
MacBook Pro with Apple M1 chip and 8GB of RAM. We use datasets from LibSVM (Chang &
201T). We implemented all algorithms in Python.

Let us focus on solving
fla) =3 Z og(1+ ") 4+ Allz||7,
where a; € R? and b; € {—1, 1} are the data samples associated with a binary classification prob-

lem. The regularization weight ) is set proportionally to the L-smoothness constant of the logistic
regression instance.

In the first experiment, we use Lo regularization. Therefore, f is L-smooth and p-strongly-convex,
so C(z) = ul. As mentioned previously, in this setting, LCD1 recovers GD and LCD2 has a closed-
form solution coinciding with LCD3.
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Figure 1: Logistic regression on a2a dataset with Ly regularization.
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Figure 2: Logistic regression on mushrooms dataset with Lo regularization.

Figures [TH2] show that LCD2 consistently outperforms Polyak. As expected, the gap increases with
A because C(z) only stores information about the regularizer. Thus, increasing A shrinks the local-
ization set of LCD2 so its improvement over Polyak grows. Importantly, since LCD2 has a closed
form solution, its cost-per-iteration is the same as Polyak.
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In the next experiment, we use L3 regularization. In Example we propose two C(z) matrix
candidates for ||z||7. Here we decide on the diagonal variant C; (). The objective function is no
longer L-smooth, due to the non-smooth regularizer. As a result, we run LCD1 with the smallest L¢
such that the method converges. Additionally, LCD2 no longer has a closed form solution, so the
projection algorithm must be deployed. To perform a fair comparison of our algorithms, we show
both time and iteration plots.
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Figure 3: Logistic regression on mushrooms dataset with L3 regularization - iteration convergence.
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Figure 4: Logistic regression on mushrooms dataset with L3 regularization - time convergence.

Figure [3] displays similar to the Lo case improvement of LCD2 over Polyak, which grows with \.
Our heuristic LCD3 can produce satisfying results, experimentally. However, its convergence cannot
be guaranteed. In fact, as A increases it becomes unstable. LCD1 converges at comparable pace with
the other three methods at initial steps, yet the limited adaptiveness slows it down later on.

Figure [] shows convergence of our methods in time. One may point that the plots look almost
identical to the iteration counterpart. The main reason is the cost of computing the gradient, which
is O(nd). All other operations performed by LCD3 and LCD1 are O(d). The method with the
most expensive update rule is LCD2. At every step it performs around 5 rounds of the projection
algorithm, each costing O(d). We conclude that all the methods have comparable computational
cost per iteration, as the main expense is the gradient evaluation. While the complexities discussed
above are for diagonal matrices, we remark that the general O(d?) cost is bearable when n > d.
Moreover, our examples usually allow cheap diagonal matrix methods.

Further experiments with ridge regression and sum of squared Huber losses are in Appendix [G]

9 CONCLUSION

We explored adaptive matrix-valued stepsizes under novel assumptions that reinforce convexity and
L-smoothness with extra curvature information. Under our assumptions, we proposed LCD1 and
LCD2, which generalize GD with constant stepsize and Polyak stepsize, respectively. Moreover,
we provided convergence theorems for both of these algorithms. We also proposed LCD3 which
displays promising experimental behavior. Our key insight is that, for some problems, we have
certain local curvature information that can be readily exploited. We tested the methods on these
problems using a variety of realistic datasets, demonstrating good empirical performance.
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The main limitation of our analysis is the restriction to a deterministic setting. We also acknowledge
that the assumption is yet to explore in its entirety. As a matter of fact, the most natural extension of
the present work is including stochasticity and understanding the full potential of Assumption [2.1]
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B LocAL CURVATURE DESCENT 1 (LCD1)

B.1 DERIVATION

Suppose that the upper bound in @) from Assumption holds. Then, at a given point z3,1 € RY,
we have:

1 2
F@rrr) < flan) +{VF(@r), 21 = 2) + Sllzne = @ello@y e V2r € R?.
Minimizing the right hand side with respect to x4 we find that:

Tpa1 = op — [Clay) + L] V(). (10)

In particular, the matrix that pre-multiplies the vector is always invertible, since C(x) is positive
semi-definite for each z € R%.

B.2 CONVERGENCE PROOF

Lemma B.1. Let Assumptionhold. For all k > 0, the sequence () ken of LCD1 is such that:

2
ot = 2alls = llow = @ull3 < =7 (fl@wsn) = f@2), VR EN. (1)

Proof. The proof is achieved by carefully bounding terms. For this reason, we split it into three
steps.

We seek a connection between the two distances in the geometry induced by C(z) := C(zy) +
LcII

2 2
12k = Tl &) = N8 — Thr1 + T — Tl &
= lla = xr1llE e + 2 ([C@n)]@n = Ter)s mie — . )
2
+ k41 — x*”é(zk)
2 2
= llzk — r1llE ey T2 (VI (@0)s Toa1 — 20) + llzit1 — 2ullga,)
2 2
= [lzrtr = Trllg ) T2 (V@) Toar — 20) + lTrt1 — 2ullg(qy)-
Rearranging the terms we obtain
2 2 2
[Tr+1 = 2ullg o) = 10 = Tuillgyy = —lTr+1 = Tkll@ ) — 2(Vf(@k), Thr1 — @)
2
= — k1 — 2ellg(ey)
—2(Vf(xg), Trt1 — Tk + Tk — Ts)
2
= —llze+1 — zrllgy) — 2(VF(@k), i1 — k)
+ 2(Vf(xg),z. — zk) .
In particular, we wish to bound the inner products.

Rearranging the lower bound (5) in Assumption for the pair (zx, z4):

2(V (k) wx — ak) < 2(f(22) = f(2x) — [0x — 2ullEay)-

In a similar way, massaging the upper bound @ of Assumptionfor the pair (41, xx) one can
derive:

—2(Vf(an)swrer — an) < e — arlE i, + 20 (@) = f@r).
Combining two previous steps we find:

lzks1 — I*||2c(zk) — [lox — I*”Qc*:(zk) < @kt — Ik”%(wk) + [k41 — ka%(wk)
+2(f(an) = Flane) + 2(f (@) = Flan) = e — 24llg )
= 2(f(2.) = f(zrs1)) = |2k — Tl G (ar)-

14
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The term ||z — x4 ||é(mk) is on both sides of the inequality, so we can cancel it out:

s = 2By — ok = alor < 20f (@) — f@rsn)-

Having almost removed all the C(xy) norms, it suffices to apply the crude bound:

Lelri — 2all? = llzres — @alligr < lzesn — 2l
which holds since LcI < C(z) + Lel = Cay,).
Therefore, we obtain
lzrss = @allZgr = lox = @allZr < 20f(22) = fl@r)) = =2(f (zrs) — f(22))-
Reordering gives the claim. O

Lemma B.2. Forany k € N, the iterations of LCD1 satisfy:
1 2
Fnen) = F@x) < =3IV @0 o Loy <0 (12)

Proof. Let us remind the form of the updates for each k € N

- 1
zier = o = [Clon)] - Vi (an),
where C(a:k) = C(.’L‘k) + Ll

By Assumption[2.1} we know that
Flain) < Fee) — (97, 0] Vi) ) + 5 (V). [Ca]l "V f )

1
= f(a) = 51V e+

and the claim follows by simple rearrangement. O

Having the lemmas established, let us proceed to the proof of Theorem 4.1} We want to show that if
f: R% — R satisfies Assumptionthen for any k € N, the iterates of LCD1 are such that:

L
Flaw) = fla) < G llwo — . (13)

Proof. We use a standard Lyapunov function proof technique. For completeness, let us report it.

By Lemma|[B.2] function values get closer to f, across iterations. Lemma[BI] the vectors get closer
in norm to an optimum.

Then, we can combine the two positive decreasing terms L ||z, — z,||* and f(z)) — f(x,) into a
Lyapunov energy function:

€ = Lollar — ol + 2k(f(zs) — f(z.)), Wk EN.

In particular, & = L¢||zo — x*||2, and we claim that & is a decreasing function. To see this, we
start by rewriting the difference:

Ek1 — &k = 2(k + 1)(f(zr11) — f(20)) = 26(f (2x) — f(2))
+ Lol|lzii — 2 = Lellae — .
= 2(f(zrt1) — f24)) + 26(f (z41) — fl2s) — flzg) + f(20))
+ Lllzksr — 24® = Lollar — 2.
=2(f(@r41) — fzs)) + 2k(f(zp41) — f(2k))

+ Lelloirt — al” = Lellae — 2.

15
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It is evident that we can apply our Lemmas as follows:

f(@pg1) — fxx) <0 by Lemma[B.2} (14)
Lollwern — a” = Lollok — 2])* < fan) — f(2) by Lemma[B.1]  (15)
Putting everything together:

Eut1 — Ek S 2(f(Trg1) — f(2h)) = 2(f(2pt1) — f(24)) =0,

showing that & is decreasing. As a particular case, we then find:

2k(f(xr) — f(2.)) < & < & = Lellwo — 2.,

which reordered recovers the rate of GD with stepsize i i.e.

< Lellzo - x*HQ.

flxr) = flos) < ok
O

Remark. For quadratic functions Assumption is satisfied with C(z) equal to the Hessian, and
Lc = 0. Thus, LCD1 convergences in one step for this class of functions.
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C LocAL CURVATURE DESCENT 2 (LCD2)

C.1 DERIVATION

Consider the minimization problem for the update step of LCD2:

. 1 2
min =z — x|, 16
where
1
Lco(zy) = {x e R | flar) + (Vf(xr), & —xp) + Sllz = Tkl &) < f*} : 7

If C(x) is the zero matrix, we know this problem has a closed-form solution. Therefore, we focus
on the case where C(zy,) is a non-zero matrix. Moreover, we assume that x;, ¢ X,. The Lagrangian
of this problem is:

2(08) = gllo —aul? + 8 (5l ~ oulan + (VS an)oa = au) + Fan) = £.)
where 3 > 0. For optimal Z and 3 we have that V,.#(Z, 3) = 0. Therefore,
T—ap+f (||ff - kaé(mk) + Vf(l‘k)) =0.
Isolating for z, we find that:
Z=ap— B[+ BC(xr)] " Va).

We can see 3 # 0 so the constraint is tight. The next step would be to substitute Z into the constraint
and solve for /3:

%”f - xk”?}(zk) +(Vf(zr), @ — zp) + f(og) — fu = 0.

Despite the left-hand side being a scalar function of 3, we cannot obtain a closed-form solution for
B. However, we can use an iterative root-finding sub-routine such as Newton’s method to get an
approximation of 3 cheaply and effectively. By substituting in the value of Z, we see that we need
to find the root of the following function:

1) =2 g7 1+ 500 Olae) L+ 50 g0 (19

— Bgn [L+ BC (k)] gr + A

To simplify notation, let C := C(xy), g := V f(xy) and Ay, == f(z) — f«.

In the following proposition, we confirm that H has a root in the interval [0, 00). We also show
that H is convex and monotonically decreasing on that interval. Therefore, Newton’s method is
guaranteed to converge to the root of H at a quadratic rate. In particular, we do not need H to be
monotonically decreasing; nonetheless, it is an interesting property of the problem.

Proposition C.1 (Properties of H). Let H be defined as in Equation (18). Then, for 3 > 0:
H(0)>0, H'(B)<0, H"'(B) >0, ﬁlim H(B) <0. (19)
—00

Proof. W.l.o.g. assume that C is a symmetric matrix. As a result, C is orthogonally diagonalizable
so we let C = QDQT where D is a diagonal matrix, and Q is an orthogonal matrix such that
QQ" = I. Manipulating the inverse matrix in the definition of H, we find:

I+ AC@)] ' =[QQ" +8QDQT] " = [Q(I+AD)Q"] ' =QI+4D]'Q".
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Let § := QTg. Let D; represent the i entry of the diagonal of D and §; represent the i entry in
g. We rewrite H as:

2
H(8) = TgTQI+ 4D DI+ 4D] QT ByTQII+ D] QTy + A,
2
= 24T+ 5D DI+ D] - 457 (146D g+ A

2

_B 2D,
Z 1+6D 7521+5D A

By inspection, H is a rational function and the derivative is easily found;

d =2 d =212 d ~ d ~9
! _ g; Di _p2 g; D; g7 9; D;
H(B)_B;(1+5Di)2 ’ ;(HﬂDi)B ZlJrBD +52(1“@)2
d 32
B _; (1+ BD;)?

Since C is a positive semi-definite matrix, D; > 0 for all 4. Thus for 8 > 0, we have H'(3) < 0.
Since the null-space of an orthogonal matrix is the singleton of the zero vector, the product § = Q" ¢
is different than zero when g # 0, which holds by the assumption x, ¢ X,. Therefore, there is at
least one g; that is non-zero and thus, H'(3) ;é 0. The second derivative of H is,

H//

M

1+6D

By similar arguments used for the first derivative, we can show that H"” (3) > 0.

To conclude, we will show that limg_,., H(8) < 0. We discuss two cases separately.

Suppose C is not invertible. Then, there exists an entry ¢ of D such that D; = 0. Without loss of
generality, suppose that the last entry Dy, is equal to 0. The same reasoning will apply if more than
one entry is equal to 0. Taking the limit:

lim H(B 1
Jim_ H(B) ﬁinéozzuﬁp BZHﬁD A

d—1 ~9
i B -2
_ﬁll_?;o?;(li_ﬁzl—kﬁD A5+ A
d—1 . d—1 .
1 37 93

) L
lim H(8) = li i i A
Jm HO) = Jim 53 G gnge P, t
d - d .
1 g7 g;
=325 "2 b tA
i=1 i=1
1
:igTDflgngD 15+ Ay
1
=-59'QD7'Q g+ 4,
1
=—59'Clg+ A

18
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Recalling our definitions, the right hand side is:
. 1 2
Jim H(B) = =595 @0) e,y + @) = .

By Lemma , limg_,oo H(B) < 0. The inequality is strict when f(zx) — fi # %HVf(xk)HzC,l
In the case where equality holds, we have that limg_,o, H(8) = 0. Therefore, H does not have a
root in the interval [0, 0o) but the solution to the optimization problem is obtain when /5 = co. This
corresponds to the following optimal solution Z:

T =xp — C_1<$k)Vf($k). (20)

Interestingly, under the same condition, LCD3 takes a step in the form zpy1 = =z —
C~(zx)Vf(zk). An example of a setting where the equality condition holds is when f is a con-
vex quadratic and C is the Hessian of f. One can see that the update step of LCD3 and LCD2 are
equivalent to Newton’s method for that case so they both converge in one iteration. O

It may seem that using Newton’s root finding method is impractical because computing H defined
in Equation for a given 3 requires performing a matrix inversion. However, this can be avoided
by computing the eigendecomposition of C(xy) at the beginning of each step of LCD2. Then each
subsequent evaluation of H done by Newton’s method sub-routine only requires inverting a diag-
onal matrix and not the full matrix. Thus, the main cost at each step of LCD2 is computing the
eigendecomposition of C(zy) once, which in practice is much faster than computing the inverse.
Furthermore, if C(z},) is a diagonal matrix, the eigendecomposition of C(xy,) is itself so each step
of LCD2 becomes even cheaper. Also, in practice, Newton’s method for root-finding is terminated
when |H| < e. Therefore, in the case where

F@w) = 1o = 519 F @Sy

the method will run until a large enough £ is obtained and the step will become numerically equiv-
alentto & = x5, — C™1(x1)V f(z1).

On a related note, Newton’s method is used to solve a similar constrained optimization problem for
trust region methods, namely, the trust region sub-problem (Nocedal & Wright, |2000). Practical
versions of such algorithms do not iterate until convergence but are content with an approximate
solution that can be obtained in two or three iterations.

C.2 CONVERGENCE PROOF

Lemma C.1. Let Assumption hold. For all k > 0, the sequence (x)ken of LCD2 obeys the
recursion:

k1 = @ol® < lon = 2a|* = [l — @]
Hence, for any k > 1, we have

2
min ||z — 2f® < M

21
0<t<k—1 k @D

Proof. Let us write down the first-order optimality conditions for the optimization problem at Step 3
of LCD2:

(Th — Thy1, Thp1 — y) >0, Vy € Lc(x). (22)
Since x, € Lc(xk), for any k& > 0 we have
Izt — zal® = ok — 2ull” = 2 (@) — zgr, 2 — 24) + |21 — 2
= ||lzx — 37*“2 —2(Xp — Thot1, Thg1 — Ty)
—2(xp, — T, T — Tp1) + [[Ther — ]|
= ||k — zull® = 2 (@k — T, Trr1 — @) — llopss — il
)
< N — 2ull” = llzne — 2l

Summing up these inequalities for £ = 0, ..., K — 1, we obtain (2I). O
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Let us proceed to the proof of Theorem for LCD2. We show that any if f : R? — R satisfies
Assumption [2.1|for any k& > 1 the iterates of LCD2 are such that:

min  f(xy) — fi < 7LCH$O _ x*HQ
1<t<k t = 2%

Proof. Since xp+1 € Lo(zk), we have
(&) 1 9
F@is) = fan) + (V) o = @) + love = @rllo+ror
1
= f(z) + (Vf(@n), err —an) + Sz — O [P
1 9 1 2
- §||93k+1 - kaC(mk) + §ka+1 - xk”C(zk)+LcI

1 1
= flar) +{Vf(2r), o1 — 2a) + 5 llowss — Tkl Sap) T ks = 2kl 7 or

1 5
< fit §||$k+1 — okl T o1

Le||zsr — 2
5 .

By rearranging the above inequality and applying I) from Lemma[C.I} we get

:f*“r

Le|wier —
min  f(ee) - fo @ min  celer ozl

0<t<k—1 0<t<k—1 2
Le|zo — 33*”2
- 2k '

O

Remark. For quadratic functions Assumption is satisfied with C(z) equal to the Hessian, and
Lc = 0. Thus, LCD2 convergences in one step for this class of functions.

C.3 CLOSED-FORM SOLUTIONS

In the main text, we argued that the update step of LCD2 has a closed-form solution in certain special
cases. One interesting case is when C(xy) is a rank one matrix. In the setting of minimizing the
sum of squares of absolutely convex functions, we present a special rank one matrix and the corre-
sponding update step of LCD2. For general rank one matrices, the update step is not as interpretable
or insightful so we leave out the computation.

Let f(z) = Zle #?(x) where ¢; : R? — R is absolutely convex. Then f satisfies inequality (3)
with the following curvature mapping:

C(y) = %(y)vf(y)vf(y)i

If we use the localization set defined by this curvature mapping, we can obtain a closed-form solution
to the LCD2 update step. To simplify notation, let gi := V f(xr), frx := f(xk), Ak := f(zr) — fe
D := D(xzy) and Q = Q(z). Consider the orthogonal decomposition of C(zy,):

T
. k k N N
D(.’L’k) = Dlag (gk J 9 07 ey 0) Q(:Ek?) = [ gk,l o gk,dfl )
2/ gl
where gr 1, ..., Jr,d—1 are d — 1 orthogonal eigenvectors that are all also orthogonal to gy.

From Appendix|[C} we know that to obtain a closed-form solution of LCD2, we must find the positive
root of the following function:
2

H(a) = %g,jQ(I +aD) 'DI+aD)'Q g — ag{ QI — aD)'Q " gr + Ay

2 felgnon)* N 2198 9k .
(2fk + gy gr)? 2fk + gy, g

20
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The second equality comes from simplifying the matrix multiplications and observing that,

_ : 2/,
(I+OZD) 1 = Dlag <M7 0, ey O) QTgk = [HngQ O O]T
k

Letv = g,;r gi- Since C is a rank-one matrix, we can simplify H and realize that it is a quadratic
function of «,
f 02 2 2 frv

a? —
(2fr + av)? 2fk + av
Therefore, we will have at most two roots and there must exist a unique positive root that corresponds
to the solution of the problem (the optimalLagrange multiplier). We can solve this quadratic to obtain
an interpretable update step for LCD2. To start, we multiply the entire equation by (2% + av)? and
simplify to get,

H(a) = a+ A, =0.

(V2 Ay — frv?)a? + a(4frva — 4f,31)) + 4f,30¢ =0.
By observing that Ax, = fr — f, we can simplify the expression further,
fov?a? + 4f fava — 4f,3Ak =0.

Therefore,

o —Afifov £ \/(Afefo0)? +4(fo0) (4F2AR) _ 2 220V i
2 f 02 v '

To determine which root is positive we can rearrange the terms to see that,

o 2V =V VT
f*v

For « to be positive we must select the positive sign. Now recall from Appendix [C] that the update
step of LCD2 is defined as follows,

Tpy1 =z —a(I+ ozC)_lg;€
=, —aQ(I+aD)'Q gk
=Tk — VkIk,

where v, = « 2 We substitute

2frtav’
=2k fe + 206V fr fu
a = f*/U

into 7y to get
2 (—kaf* +2s \/fkf*) 25 (—2fkf*£25k\/fkf: )

Ve = — :2fk72\/fkf*
Sy +U<—2fkf*+2fkﬁfkf*) 26l v '

fav

Therefore, we conclude that the update step has the following form:

2 (@) = VI@O )
IV 5 @)l

The update step of LCD2 differs from the classic Polyak stepsize in that we have 1/ f (z) f+ instead
of f, and we multiply by 2.

T+l = Tk — (l‘k)

Remark. In case C(z) = I, for ¢ > 0, LCD2 reduces to LCD3. Thus, the closed-form solution
exists.

21



Under review as a conference paper at ICLR 2025

D LocAL CURVATURE DESCENT 3 (LCD3)

D.1 DERIVATION

Suppose the optimal value f, is known. While the update step of LCD2 does not have a closed-form
solution, the following update step does:

1
i =arg min Slle = aelle,), (23)

where Lc(zy) is the same localization set defined in (17). Instead of using the Lo norm, we can
use the norm induced by C(xy). Hence, this algorithm is referred to as LCD3. The benefit of
using a different norm is that we can obtain a closed-form solution to this constrained optimization
algorithm.

The Lagrangian of this problem is
1 1
L(x,0) = gz - willg,) +o <f(wk) + (Vi ax), o = aw) + 517~ 2k, f*> .

If « is the optimal multiplier, then for optimal T we get V.2 (Z, &) = 0. The gradient is:
V. Z(Z,a) = Clag) (T — xg) + @ (Vf(zg) + Clzk)(T — k) = 0.

Isolating x, we get:

T =X, — —— C -1 V . 24

z=ay— 7 [Cla)] Vi) (24)
Lett := 14-% If @ = 0, 2 € Lc(zg), which means that the algorithm converged since z; €
Lc(xg) if and only if z;, € A,. Then, for a generic update, we will have & # 0. Imposing
Vo Z(Z, @) = 0, which means that the constraint must be tight:

Flan) +(VF(ar), & — i) + 5l — 2l — fo =0

Plugging = z(t) = z(a) into the equation gives
(V@ [CER ™ V@)) + 5 (V@) [Clan)] ™ Vi) = f — fo)

The two inner products are norms of the form ||V f (x) ||[20 (#4))~1» and with more compact notation

we can write: )
gy 20— )
IV (@)l e

This equation has two roots summing up to 2, but only one of them can be of the form ¢ = %=
since only one of them can be smaller than 1, with expression:

t=1- \/1 - 2(f(mk)2_ L) ' >
IV f (@) e (a1

Substituting back ¢ = 5 into (24), where ¢ is given by (23), leads to the method

2(f(xr) — fs _
Thy1 = Tp — (1 - 1= (/( k)2 f+) ) [C(xg)] 1Vf(x;€).
IV F @i)llie ey
To realize that the scalar component of the stepsize is well-defined, it suffices to show that:

. Q(f(zk) - f*) >0 (26)
IVF @0 i@

which follows by reordering the result of Lemma E.5|for the pair (zy, ).
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Then the update rule has a closed-form solution:

_ 2 — f,
Tt = on — 1 [Clan)] TV an)s A = [1- 1W e

In particular, the argument of the square root is always positive, making LCD3 well-defined. Routine
is promising: we apply a scalar stepsize %%cm that is similar in spirit to Polyak’s in Equation ,
and “reorient” the gradient according to C,! = [C(z)]

Moreover, at each step, we aim to be as close as possible according to local upper-lower bounds on
/. Experiments in section [8|and [G] show that the algorithm converges, but is slower than LCD2.

D.2 CONVERGENCE FOR QUADRATICS

Despite not converging in general, in special cases LCD3 reduces to Newton’s method. Below, we
show that the update rule (27) takes the form of Hessian times gradient.

Let ¢;(w) = |a] © —b;|, where a; € R? and b; € R, fori € {1,...,n}. We know from Example
that ¢; is absolutely convex. Then problem (9) becomes

(aiTx—bi)Q}.

n

3=

znégé {f(a:) =

=1

If z is such that ¢;(z) # 0 for all ¢, then V¢, (z) = a;gﬂ(;)b *a;. Therefore, in view of the computation
in Section[7| we get

2 « 2 <~a; x—b; alz—b \'
) = 23 Vo) Vo o) = 23 %2l ( ! )
i=1 ;

—~  ¢i(x) i(z)
2~ (ale—bi)? 2 T 2
2 e 0T = 2 S ] = V().
it %; () i
Therefore, for least-squares problems, the LCD3 method of (]Z]) moves in Newton’s direction. Fur-
thermore, 71 “P% = 1 since for quadratics we have the identity

1
Far) = fu = 51V @) o+

Indeed, this follows from Lemma[E-3]and the fact that for quadratics, equation (3) is an identity. So,
for least-squares problems, LCD3 reduces to Newton’s method, and converges in one step.
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E PROPERTIES & EXAMPLES

E.1 ON THE LOWER BOUND

For clarity, the statements are repeated, but correspond to Lemma[5.1]and Corollary [5.1]

Lemma E.1. Suppose f, f1, fo : R = R satisfy Equation (S) with curvature mappings C, C1, Cs :
R? —, respectively. Then, the following functions satisfy Equation :

(1) f+ aforaeR, with C(-);
(2) af fora > 0, with aC(-);
(3) f1+ fa, with C1(-) + Ca().

Proof. We prove each statement separately.
(1) For any =,y € R%, it holds:

o(x) = f(@) +o > [y) + (V)2 — o)+ glle vyl +o
= 9l) + (Vo). x — 9) + 3z~ yli3g,.

(2) Similarly, for all z,y € RY, one has:

g(z) == af(z) > a (f(y) +(Vfy),z—y) + %le - ylf:(y))
= afly) + V). x— )+ gtz — )l
= 0) + (Va(w).z — ) + ¢ ol — ).

(3) Concluding, for arbitrary vectors:

g(z) = fi(z) + fa(x) > frly) +(Vi(y),z —y) + %Hx - y||3:1(y)
B+ V). ) + gl =yl
=9(y) +(Vg(y),z —y) + %le ~ Yl ot

O

Corollary E.1. Suppose f : R? — R satisfies the lower bound of Equation (5) with curvature
mapping C : R? —. Let g : R? — R be a convex function. Then, h(z) = f(x) + g(z) satisfies the
lower bound with matrix C(y).

Proof. Since g is convex it satisfies the lower bound with matrix C(y) = 0. By Lemma h
satisfies the lower bound with C(y) + 0 = C(y). O

Another lemma used to construct functions that satisfy the lower bound is the following.

Lemma E.2. Suppose f : R* — R satisfies Equation (5) with the curvature mapping C : R% —.
Let A € R™™ and b € R Then g : R™ — R where g(x) := f(Ax + b) satisfies Equation
with curvature mapping C(y) = AT C(Ay + b)A.
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Proof. Without loss of generality, we can assume that C(y) is symmetric. Then,
g(x) == f(Ax+b) > f(Ay+b) + (Vf(Ay + b), Axr +b— (Ay + b))
+ % (CAAy +b)(Az +b— (Ay+Db)), Az +b— (Ay +D))
= [(Ay+0) + (Vf(Ay +b), Az —y))
+ 3 (C(AY + DA ~ 1), A — )
= f(Ay+b)+ (ATVf(Ay+b),z —y)

+ % (ATC(Ay+b)A(z —y),z—y)

=9(y) +(Vg(y),z —y) + % <C(y)(w —y), T — y> :

Considering the right hand side and the left hand side, we have recovered the claimed expression.
The only missing detail is proving that C(-) is positive semi-definite. Let z € R™. Since C(y)

is symmetric and positive semi-definite then C(y) = C(y)2C(y)z and C(y)? is also symmetric.
Therefore:

2TCy)z =2 ATC(Ay +b)Az
=2 ATC(Ay +b)2C(Ay+b)? Az
= ((C(Ay +b)2)TA2)T(C(Ay + b)Z Az)
= (C(Ay+b)2Az)T (C(Ay +b)2Az)
- HC(Ay + b)%AzH2 > 0.
By the arbitrariness of z, the matrix is positive semi-definite. O

Lemma E.3. Suppose f : R? — R satisfies Equation (S) with curvature mapping C : R¢ —. Then
the following inequalities hold for any z,y € R?,

(1) (VF(y) — V@), z —y) = S|z - vl o
(2) (Vf(y) — V(@),z—y) > Sz —yleg,

(3) (Vi) = Vf(x). 2 —y) > Lz —ylEe,

Proof. Let us present one proof in detail. The other two follow trivially.
(1) By the definition of Bregman divergence:

1 2 1 2 1 2
5”33 —Yllew+ew = §||x —Yllew) T 5”3/ -zl

< Df(x7y) +Df(y,$)
=(Vf(z)=Vfy)z—-y).

. 2 2
(2) Start with (1) and note that 3 ||z — yllc() 1w = 3117 = Yllcw)-
2 2
(2) Same as above but use that 3 ||z — yllcr) 1ow) = 512 = Yl O

Lemma E.4. Suppose f : RY — R satisfies
2
lz = yllg) < (Vi) = Vi(y).z —y)
for all x,y € R with curvature mapping C : R —. Then f satisfies Equation (5) with curvature

mapping C(-).
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Proof. By the fundamental theorem of calculus:
1
£@) = ) = [ (Tf+ to— )~ g
0
— (V) — )+ / (VI + 1 — ) = V() — ) di
(VS =)+ [ (Tt =) = V)t - ) e

1
> (VHha =)+ | 7l = )l

1
= (Vi) z—y) + |z - ylleg, /0 bt

1 2
= (V)2 =y + Sllz —yleg):
Rearranging the terms we obtain that D (z,y) > 3|l — y||33(y) as desired. O

Lemma E.5. Suppose that f : R — R satisfies Equation with curvature mapping C : R —.
Suppose that f is differentiable and C is non-singular. Then

1
SIVF@) = VI le@w - = Dy(x.y), Yoy R

Proof. Fix x € RY. Suppose y € R? is arbitrary. Let ¢(y) := f(y) — (Vf(x),y). By con-
struction, Vo (y) = Vf(y) — Vf(x). Using this fact, it can be shown that for any u,v € RY,

Dy(u,v) > 3u— v||é(v). Therefore, ¢ satisfies Equation (5)) with curvature mapping C. Hence,
for v € R? we have that p(y) > G(y) where G(y) is defined as

Gly) = o0) + (Vo(v)y = ) + 3l — ol

Observe that Vo(x) = 0. Since ¢ is convex, z is a minimizer of ¢, and we the inequality below
holds:

plo) = inf o(y) > inf G(y). (28)

By computing the gradient of G and setting it to zero, we find j = —C(v) ~*V(v) + v such that
VG(y) = 0. Therefore,

F(a) ~ (V1 (@), ) = ola) > G)
= (0) = (Ve (0), ()" V(o)) + 5 €)' V(o) [,
= () = IV} lg1(0) + 3 IVl 100
= F0) ~ {Vf(@),0) — 519061

= F0) ~ (V£ ()0} ~ 51V I )~ VI@llo 10y

By rearranging the terms, we find our result since = and v are arbitrary:

%va(v) = Vf@)lg-1p) 2 f(v) = f(2) +(V[(z),2) = (V[(z),v)
= f(v) = f(z) + (Vf(z), 2 —v)
= f(v) = f(z) = (Vf(z),v— )
=Dy(v,z)
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Lemma E.6. Suppose that f : R — R satisfies Equation (5) with curvature mapping C : R% —.
If f is twice continuously differentiable, then

C(z) < V2f(x),
forall x € R%,

Proof. Let z,y’ € R% and A > 0. Since f satisfies Equation (5) we can substitute z + \(y' — x)
and A(y' — x) into the first inequality described in Lemma[E.3] to find:

1
(V@ + A —2) = V@AY ~2) 2 SIAG ~ D)oo

A2 2
= ?Hy - x||C(;c)+C(ac+)\(y’—x))‘
By the Fundamental Theorem of Calculus, we further have that:
1
(V@ + Ay —2) - Vf(2)y — ) = / (V2f(z + I\ — 2) (MY — ),y — ) dt.
0
Dividing the first inequality by A? on both sides we obtain an intermediate inequality:

1 1
5”?/ - x||c(g;)+c(m+,\(y/_$)) < B (Vi + Ny —2) = Vf(x),y —=)

1

1
- X/o (V2 + Ay = 2) AW — @),y — ) dt

- / (V2f(z + AW — 2))(¢/ — 7).y — 2 dt,

from which we take A — 0 of both sides to get an inequality between norms,

1 2 !
3l —alicw < [ (Pr@ —a).y —ad
= (Vf(a)y — ),y —x).
Thus, |y’ — x||é(w) < (V2f(2)(y' — x),y' — x). Since z,y  are arbitrary this implies that
C(z) 2 V*f(2). O
E.2 ON THE UPPER BOUND

We provide analogous lemmas involving functions that satisfy Equation ().
Lemma E.7. Suppose f : R¢ — R satisfies Equation (@ Then for all z,y € R% we have,

1
(VI(y) = Vf(z),y—z) < 5Hx - Z/||é(x)+c(y) + Lelz —yl*.

Proof. Take the sum of the two Bregmann divergences:

(Vf(y) = Vf(z),y —z) = D(z,y) + Dy(y, x)
1 2 1 2
§||x —Ylcw)+ror + §||35 —Yllcw)+ror

IN

1 2 2
5”55 —Ylle@ +ew + Lellz =yl

O

Lemma E.8. Suppose f : R* — R satisfies the following inequality with constant Lc > 0 and
curvature mapping C : R% —,

<Vf($) - Vf(y),x - y> < ||.’E - y||20(y)+LCI vxay € Rd'

Then f satisfies Equation (6)) with curvature mapping C and constant L.
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Proof. We invoke the Fundamental Theorem of Calculus:

f@) = 1) = [ (TH+ o)~ g)de
0
= (Vi(y)z—y) + /0 (VI +t —y) — V). — ) dt
=(Vf(y),z —y) + /0 % (Vf(ly+tlx—y) — V) tlx—y))dt
(VI — )+ [ I =Dl et
1
(VI =)+l = g prer [

1
=(Vfy),z—y) + §H$ - y||?}(y)+LcI'

Rearranging the inequality above we get our result, D¢ (x,y) < %Hx -y Hé(y) LT O

Lemma E.9. Suppose that f : R* — R is convex and satisfies Equation @) Also, assume that f is
differentiable. Then,

1
§||Vf($) - vf(y)||?c(x)+LcI)*1 < Dy(x,y)

Proof. Fix * € R% Suppose y € R% Let p(y) = f(y) — (Vf(z),y). By construction,
Vely) = VIy) = V(@)

Using the above fact, we can show that ¢ is convex and that for any u,v € RY, we have
Dy (u,v) < 3|lu— vHé(vH_LCI. Therefore ¢ satisfies Equation @ Now, let v € R? be arbitrary.
Since ¢ satisfies Equation (6), ¢(y) < G(y) where

1 2
G(y) = p(v) + (Ve(v),y —v) + §||y — Vo) +rer
Moreover, x is a minimizer of ¢ because Vo (x) = 0 and ¢ is convex. Combining the last two facts,

p(r) = igf o(y) > igf G(y)-

We minimize G with respect to y by finding a 7 € R? such that VG(3) = 0. Since C(v) is positive
semi-definite, C(v) + L¢I is non-singular. Then §j = v — (C(v) + LcI)~to(v). Therefore,

f(x) = (Vf(z),7) = p(z) < G(Y)
= p(v) = (Ve(v), (C(v )+LcI)‘1W(v)>

-1

*H )+ Lel) V‘P Hc(v Y+Lcl

= p(v) — [Ve(v )H(C(v y+Leh)-1 T 5 HVSO )|| C(v)+Lel)~
1

= o) = 21V oy e

=f(v)—<Vf($),v>—§||Vf(v) F@) @)+ Len-1-

Rearranging the terms we obtain

%IIVf(v) F@{owysron-1 < f) = fl@) = (Vf(2),0) + (V(2),2)
= f(v) = f(x) = (Vf(x),v) = (V[ (z), —x)
=f(v) = f(z) = (Vf(z),v— =)
=Dy(v,z)
Since v, x were arbitrary, the claim is true. [
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Lemma E.10. Suppose that f : R* — R is convex and satisfies Equation @ Also, assume that f
is twice differentiable. Then,
V2f(z) < C(x) + LI

Proof. Suppose x,3 € R%and A > 0. Since f satisfies Equation @ we can substitute z+\(y’ —x)
and A(y' — ) into Lemmal[E.7]

1
(Vi@ + Ay —2) = V(@) Ay = 2)) < SlIAY — )& )+ O+ A —e)) 2Lt

A2 2
= ?Hy - ’IHC(z)+C(x+>\(y’—x))+2LcI'

The following equality is a direct application of the fundamental theorem of calculus:
1
(Vi@ + Ay — o) = Vf@)y — )= / (V2f(2+ Ay — )My — ),y — ) dt
0

1
= / MV2f(z+tAy —2)(y —2),y —z)dt
0
Dividing the inequality by A2 on both sides:
1 2 1
§||y/ - x||C(x)+c(z+)\(y/—z))+2LCI > 2 (VI + Ay =) = V() Ay —2))

B % (Vi +Ay —x)) = Vf(x).y — )

1

1
- X/o MV f(@+ Ay — )y — o),y — @)t

= /0 (V2 flz+t\y —2)(y — ),y —x)dt.

It suffices to take limits A — O to get that:

1 1
5”?/ - x‘lé(m)+c(z)+2LcI 2 /O (V2f(@)(y — ),y —x)dt
= <V2f(x)(y/ - l’),y, - ‘T> ’

allowing us to conclude with:

1., 2 1., 2
§||ZJ - x”C(m)—i—C(w)-{-QLCI = 5”2% - $||20(x)+2LcI
(C@) + LDy — ),y — x)
> (Vf(@)(y —a)y — ).
Since ', 2 € R? are arbitrary, we proved the claim: V2 f(z) < C(z) + LcL O

E.3 LOWER BOUND EXAMPLES

Lemma E.11. Suppose p > 2. Let f : R? — R where f(z) = ||x||5 Then f satisfies Equation
in Assumption[2.I|with curvature mapping

1

C(y) =pDiag (j1["~2,... . |yal"*) = EVQf(y)-

Proof. When p = 2, we have that C(y) = 2I. Then f satisfies Equation (5) because ||z is 2-
strongly-convex.
Now suppose p > 2. For arbitrary ,y € R?, an application of Young’s Inequality yields

2\ 2 —2\ 2
(lzl)= (lyl")7
4 + _p_

2 p—2

2 -2
> el lylly
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Rearranging, we obtain:

p 2 -2 p
el = Zlial3lyle = + (5 = 1) Il = o. 29)
By applying Holder’s inequality, we get:
d
2 -2 2 -2
> il ya P72 < SNyl 2, (30)
1=1

and thus,

d
p 2 —2 p 2 —2
el lyls™ < =2 3 il
i=1

By adding [|]|? + (§ — 1) ||y||? to both sides of Equation (30) and using Equation we get,

d
p 2 -2
ol = 2 > laal? lsl* = + (5 = 1) Iyl > 0.
=1

To derive the result, we begin by rearranging the above inequality:
d
p 2 -2 p
ol = 537 il sl = (5 = 1) Iyl
i=1

d
p b 2 -2
= llwll; = pllyll;, + 5||y|\§ +3 >l wil”

=1
d d » D d
=yl —plylZ + 2> wilwil? 22— wilwlP e+ SlylP 5>l PR
p P 9 Il T 5
=1 =1 =1
After reordering, we find:
d d
—2 —2
22 = ylo+p > yilyil" 2 —p > v luil”

=1 =1

d d
P bl ek Slyly+ % 2l .
1= 1=

By performing some basic algebra and observing that gq f = pyi |yil? ~2, we obtain our result:
d d » » d
-2 -2 2 -2
2l[2 = 1lyll% + > pyi lil” (23 — i) — pzyz- " @i+ Sl + 5 Z il * Jyl”
Pl : :
d p p d
2, -2
= lyll? + > pyi |y~ §Z|yz|p—p2yz lyal"™ 52 1 Jyil”
=1 i=1 i=1 i=1
d
2 1 1
= llylly + > _pwi lsil” ™ (@ = v:) + 5 {Cw)y v) — (Cw)y, 2) + 5 (Cly), )
i=1
d 1
-2
= llyll; + Zpyi lyil”™" (zi — i) + 3 (Cy)(z—y). (z—y))
i=1

1 2
= llylly + (V/ (W), = 9) + 5z = vllcqy):
O
Lemma E.12. Suppose p > 2. Let f : R? — R where f(z) = ||x||£ Then f satisfies Equation
in Assumptionwith curvature mapping C(y) were the (i, 7)™ entry of C(y) is

72 Jy 2

p
Cijly) = Wyiyj |y |y
P
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or alternatively, in matrix form:
1

- T
Pll? ViV .

Cy) =

Proof. When p = 2 we get that C(y) = Wyy? Since ||||* is the square of ||z|| which is abso-

lutely convex, f(z) = ||z||* satisfies Equation (5) because the curvature mapping C corresponds to
the mapping obtained from absolute convexity.
Now suppose p > 2. Again by Holder’s Inequality, we have that

d
-1 -1
ozl lyilP ™ < 2l llyllh @31

i=1
We can lower bound the left-hand side in the following manner:

d
Z|J/‘z||yz\p = > wiyiluil" 3.
=1

Combmmg this mequahty with Inequahty (3T) and squaring both sides we get,
d 2 d 2 d 2
-2 -1 _9
(121127~ <Z|3«"i| lyil® ) > ( ) = <inyi lyil® )
1=1 =1 =1
Then we multiply both sides by —£,

Zl‘iyi |yi|p_2
d 2
2p-2 p -2
_*H || lyll," ™ 3 (szyz lyil” ) : (32)
i=1

From Lemmal[E.T1] we know an application of Young’s Inequality with some rearranging yields the
following:

d
xiyiyf_z‘ = Z Ty \yi|p_2‘ >
i=1

‘T"’Lyz ‘ -

p p 2 -2
][y + (5 = 1) [lylly — S llzl vl > 0.
2 2

Now multiply both sides by ||y||%,

p 2 p 2, 12p—2
lel2ligls + (5 = 1) Iyl = Slal vl = o. (33)

Adding [|z[2[ly |2 + (& — 1) [|y|I>” to both sides of Equation (32) and together with Equation
we have that,

d
p 2 p -2
e lZligls + (5 = 1) Iyl = S wia lyal” =) = 0.
=1

Rearranging this inequality and proceeding with the following steps we obtain the claim.
d 2
p p p p—2
ol = (1= 2) it + w1y il
2/ Wl T gy 2

d
p p -2
= llwlly = pllylly + 5wl + 2ol (Z wiyi |yl ) Zx]yg ;1"
p 7

p — -2
= llyll; = pliyll, + Syl + 2” & szy il" 2 25 [y 7

plljl

p 2 2.
= llyll, = pllyl, + Syl + 2y ”pzz ziyayy lyal” " i 17

P i=1j=1

p 2p 1
= [lyll> = pllylll + lyllsF + 5 (C(y)z,z),
P P2yl 2

31
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The last term seems complicated but can be expressed as a matrix inner product. Continuing,

d d
P 1
lz(l; > llyll; = pllyl; + Al (Z |yi|p> Z ly;[” ] + B (C(y)z, z)
P \i=1 j=1

d

d
p
= llvlly = pllvlly + 57 zzym +
p i=1

(Cy)r,z)

DN | =

sH

d
D 2 2 1
= \\ylli—pIIyIIZJrW ZZ viviys [il” " ui " g | + 5 (Cw), )
p i=1

(C(y)x, )

DO =

1
= llylly = pllylly + 5 (CW)y,y) +

d d
—2 —2
= lyllb = plyll? +p> @iy lwil "™ = p Y wiys [wil”

=1 =1
1 1
t3 (Cy)y,y) + 3 (C(y)z,z)
d d
-2 2
= llylZ = plylZ +p > i lyil” Iy Hp (Z iy |y~ > >yl
i=1 j=1
1 1
+5{CWy.y) + 5 (Cly)z, ).

To finalize, we proceed with the last few equalities:

d d
-2 p
212 > 1yl = pllylh +p > wiys lyil P~ — 7 (Z iy lyil?~ > Zyjyy ;1"
p

=1 =1
1 1
+ 5 (CW)y,y) + B} (C(y)z, x)
d
= Hyllﬁ *pHy”Z +pzxiyi il "% — Iy Hp Zvayl ly:|P™ yj |yj|p_2 Yj
i=1 P =1 j5=1
1 1
+5(CWy.y) + 5 (Cly)z, )
d 1 1
= llylly = plylly + 2w [l = (CW)z,v) + 5 (CWw. ) + 5 (Cy)z, )
i=1

d d
Y 1
= llylly +p Yz lwil"™ = p Y _lil” + 5 (Cla — )2 — )
i=1 i=1

d
L 1 )
= Hy||§+2pyi lyil”™" (s —yi)+§\|$—y\|0(y)

i=1
1
=l +(Vf(y),z —y) + Sllz = V&)
O

Lemma E.13. Suppose p > 2. The function f(x) = ||z||” satisfies Equation (5) with either of the
two curvature mappings:

(1) Cy) =plyls "L (2) Cly) =plyls "vy"

Proof. (1). When p = 2, we have C(y) = 2I. Therefore, f satisfies Equation (5) because ||z||® is
2-strongly-convex.
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Now suppose p > 2. By applying Young’s Inequality we get that:

(lel*)® gl 2) - 20 p—2
T > [yl

2 p— 2
and rearranging

p -2 2
lall” + (% = 1) Il = 2yl

We get our result from the above inequality and by observing that V f (y) = p||y\|§72y.

p p —2 2
oty = (1= 2) gl + Slyllg el
p —2 2 P
= llylls = pllylls + Shyllz " llzlz + Syl
—2 —2 p —2 2 P
= 1l +plylls™ (@ 9) = pllyls™ @ 9) = pllylls + S22l + 5 lvl

2 —2 p —2 p -2
= llyllz +plyllz ™ (o y) = pllyls = pliylls™ (@ y) + Slyllz (o) + Syl (v, 9)

= 1+ Pyl 2.) — pllyl® (o) — (Clw)a,v) + 5 (Clw)a,2) + 5 (Clulyy)
= llyll5 + pllyls ™ (@, 9) — pllyllE ™ (v, ) + % (Cy) (= —y),z—y)

5 1
= gl + (plylls e =) + 3o =yl
2 1 2
= Iyl + (plylls "y, w — ) + S e = vl
1 2

(2) When p = 2, we have C(y) = o

function, it satisfies Equation (5 . with curvature mapping C(y). For more details, refer to sectlonl

and[H

Suppose that p > 2. As done previously, we can use Young’s Inequality to obtain:

|2ny Since ||z is a square of an absolutely convex

p p =212
ol + (5= 1) Iwll” = Zliyl” = Il (34)

Moreover, by Cauchy-Schwarz:
2, 112
Izllollylly > Kz, 9)| = lll5lyllz > (2, 9))*
Multiplying both sides by — £ |y||” ~ we get,
p 2 -2 p —4
Sl < =Syl ((, 9))%,

Adding ||z[[5 + (5 — 1) ||y||5 to both sides and by using Equation (34),

p —4 p
lol” = Zll ™" (G 5)? + (£ = 1) Iyl > 0.
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‘We can reorder the terms to obtain the result:
b p —4
lallg > (1= 2) iyl + Sl (o y))?

p —4 p
= llyllz = pllyllz + 5 llyll2 ((z,9))* + 3wl

p —4 p —4
= llyll5 = pllyllz + Sllyll3 aTyy Tz + 3 lll3 y'yy'y
] 1
= llyllz = pllylls + 5 (Cy)z, 2) + 5 (Cv)y, y)

5 (C)r.2) + 5 (Clw)y.v)

2
5 (C)r.2) + 5 (Clw)y.v)

= llylls — pllyls + pllyls 2 (2, v) — pllyls > @, v) +
= |lyll% = pliylls + pllylls =2 (@, y) — pliylls 2 yy Ty +
= llyll% = pliylls + pllyls~? (@, y) — (C(y)z, y) +
= llylls = pllylls + pllyls > (@, v) + (C) (@ — ),z — y)
= llyls = plyls > (w,v) + pllylls ™ (= y) + %Hx — &)
= s + (ol 202~ u) + 3z vl

1
= Iyll5 + (V£ 2 =) + 5 lle = yliey,
O

Lemma E.14. Suppose p > 2 and let f : R? — R be defined as f(z) = ||ac||Z Then f satisfies
Equation () with the following curvature mapping:

2 . - -
Cly) = TDlagﬂyﬂp ’ s lyal® 2)
1yl

Proof. Using Holder’s inequality we can see that,

d P d 2 /4 p—2
(zmw) <<leﬂ> (zwz) a2 g

i=1 i=1 i=1

We raise both sides to the power of l and proceed by rearranging some terms:

= > IR ZZ| il yalP 2
=lyl> — llyll + Wi QZ\ il w2
= Iyl - IR 22|yz|p I QZ| ]
= |lyll; - IR 22|yz|” IR 22| il 1wl + R QZ@Z
= |lyl + I szz il "2 W QZW I QZ| il w2
e ZZ‘”’ ol 2 ZZW
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We can arrive at our result by realizing that the last three terms are equal to ||z — yHé(y) and the

middle two terms are equal to (V f(y), x — y). Observe that af = ‘p —2 v |yi|” 2. Therefore,

oyl

2 2 a 2y'|y‘|p72 2
1 K3
HSEHPZlIyllerZi” W+ QZ| Pl

i=1

p

i QZ‘% il 2 QZ'y"

=yl + (Vf(y),z —y) +

= llyll; + (Vf(y),z —y) +

(Cly)z,2) — (Cly)e,v) + 5 (Cluly.v)
(Cy)(x—y),x—y)

= llylly + (VF () —9) + 5llz =yl

O

Lemma E.15. Supposep > 1. Let g : R? — R be g(z) = ||x||p Then f = ¢ satisfies Equation
with the following curvature mapping:

C(y) =2Vg(y)Va(y)"

Proof. By Lemma g is absolutely convex for p > 1. Therefore, g? satisfies Equation (5) with
curvature mapping C. O

E.4 LOWER AND UPPER BOUND EXAMPLES

Lemma E.16. Let G be a symmetric positive semi-definite matrix. Let f : R? — R where
£ (x) :OHJC||2G Then | satisfies Assumptionwith curvature mapping C(y) = 2G and constant
c =0

Proof. We start by computing:

0=1lylz —2llvlz + lylg
= —Jale + Iz + lvlg — 2lvlle + lvllg
= —|lz)1g + lyllg — 2(Gy,y) + (Gy, ) + (Gz, z)
= |l + lylle — 2(Gy,y) + (Gy,y) + (Gz, )
= el + Iyl +2(Gy,z) — 2(Gy,y) + (Gy,y) — 2 (Gy,z) + (Gz, )
= —|leln + lylie + (2Gy,x — o) + (Gy,y) — 2(Gy, z) + (Gz, )

2 2 1 2
= —|zllg + lyllg + 2Gy,z —y) + §2||:E —Ylg-

Rearranging the terms we get

2 2 1 2
lzlle = llylle + (2Gy,z —y) + 52lz — vl

1
= llylle + (V). x =) + 51z~ vllzeq)-
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Lemma E.17. Let p > 2. Suppose g : R — R with g(z) = ||x||120 Let f == g°. Then f satisfies
Assumption with constant Lc = 2(p — 1) and either of the two curvature mappings:

B(y) = —— Diag(lnu["%. ... [wal"™?)  Bly) = 2Vg(y) V()"

= —2
Iyl

Proof. In Lemma|E.14] we proved that f satisfies inequality (5) with the abovementioned curvature
mappings. Now we will show that f is smooth so it satisfies inequality (6). For p = 2. it is clear
that f is 2-smooth. We focus on the case where p > 2.

Since p > 2 we have that 1 < ¢ < 2 where ¢ = p’%l. Kakade et al|(2012) proved that h(z) =

3 ||x||2 is strongly-convex with respect to the L, norm with i = ¢ — 1. We also know that L,, norms

are a decreasing function of p. Therefore, h(z) = 1 ||x|\5 is also strongly-convex with respect to the

Ly norm because ||z — y||> < ||z — y“i:

1 2 1 2 1 2
Ll 2 19l + (VA2 — 5 + Sullo - oI

V

1 2 1 2
2 5 lylly + (VA(y), —y) + Splle —yll;

The Frenchel conjugate of 1 ||Hr21 is 2 ||H§ because the dual norm of ||-[|, is ||-[|,. |Kakade et al.
(2012) showed that if h is p-strongly-convex then the Frenchel conjugate of & is i-smooth. There-
fore, % Hx||]29 is L-smooth with L = ﬁ = p — 1. Thus, f(z) = ||:EH2 is smooth with constant
2(p—1). O
Lemma E.18. Suppose a,b € R and a # 0 and b > 0. The function f : R — R defined as

f(z) =+vaz*+b

satisfies the upper and lower bounds in Assumptionwith C(y) = % and Lc = /8a.

Proof. Observe that 22 + y? > 2x2y2. Multiply both sides by ab we get ab(z? + y?) > 2abx?y>.
Then we add a?z*y* + b2 to both sides,
a’ztyt + aba® + aby® + b > a®xtyt + 2aba?y? + b,
We can write this equivalently as,
(az* +b)(ay* + ) > (b+ az’y?)?.
Then taking the square root of both sides,

V(azt +b)(ay* +b) > b+ az®y® = ay* + b — ay* + az?y>.

Rearranging the terms,

Vazt +by/ayt +b > ay* +b— ay* + az?y?
=ay* + b — 2ay* + ax?y? + ay*
_ 4 3 4 2 2 3
=ay” + b+ 2axy’ — 2ay” + axr‘y” — 2axy’ + ay
= ay’ + b+ 2ay°(z — y) + ay’(2® — 22y + )

4

1
=ay* +b+2ay3(x —y) + §2ay2(:r — )%

Divide both sides by y/ay* + b to obtain our result,

2ay3 1 2ay? 9
art +b > Vayt + b+ ———(1 —y) + - ———(7 — y)*.
i >\ ay ay4+b( Wty g Y)

To compute Lc, note that f is L-smooth so we can find an upper bound on f”' which is given by

Lc = V8a. O
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Lemma E.19. Suppose § > 0. Suppose h : R — R is such that:

1,.2
T x| <
h(z) = {2 .
8(jz| = 30) |z >
Let f = h2. Then f satisfies (2.1) with constant Lc = 262 and curvature mapping

2
_ v yl <6
C(y) = {52 |y| > 5

Notice that L is less than the L-smoothness constant of f, which is 362 (the tightest bound on the
second derivative of f).

Proof. First, we will prove that f satisfies inequality (). We will split the proof into four cases and
prove the inequality holds in each case.

Case |z, |y| < &. We know a* + y* > 222y2. We divide both sides by 4 and rearrange the terms,

1 4 1 4 1 2,2 1 4 4 1 4 1 2,2
- > - — .4 - -
41' Z 4y +2$y 4?/ y+2y +233y
1 1 1
:1y4_y4+§y4+§$2y2+xy3_xy3
1 1
=V v eyt 4 Sy - 2ey )
= W)+ )
—43/ yxr—-y 29 r—=y).

We have our result because f’(y) = y* for |y| < 4.

Case |z| > ¢ and |y| < 4. For any |y| < ¢ define r : R — R as the following,

4 54 2,2
r(x):yz+z+§2$2—53|m|— “"”Zy

First, we need to show that r(x) > 0. Suppose = > 6. When z = §,

4 252 4
Y Y0 § Lo 2
= - — ==(y" =6 >0.
Therefore, for > 4, if we show that /() > 0 then r(x) > 0. By a simple computation, we get
that

2
' (x) = 26%x — 6% — %
Since x > § then obviously x > %5 SO %x — § > 0. Rearranging the terms and multiplying the
entire inequality by § we get that

2
25%—53—%20.

It is easy to show that —y? > —42 because |y| < J. Therefore,

62
' (z) = 26%x — 6% — % > 26%x — 83 — % > 0.
Now suppose z < —¢. Observe that r(—J) = r(4) > 0. Thus, if we show that for x < —9,
r’(z) < 0then r(x) > 0. For z < —§, we have that
2

' (x) = 26%x + 6% — %
Notice that 4% < §2 because |y| < . Then we have that 262 — %2 > %. Multiplying both sides of
this inequality by x we obtain,

2 2
a:(262—y><35xg35§—53.

3
2) 7 2 2
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The inequality was reversed because x < —¢§ < 0 and the second inequality also follows from
x < —4. Rearranging the terms in this inequality we see that

xy2

2

Therefore, we have shown that r(x) > 0 for arbitrary absy < J. Then by rearranging the terms in
r, we have that

r(x) = 26%x — 6% — <0.

Y gt %2
8222 — e+ &> L .
x |z| + 121 + 5

The left-hand side is equal to 6%(|z| — 36) = f(z). In the previous case, we showed that the
right-hand side is equal to $y* — y3(z — y) + 3y?(xz — y)*. Therefore, we have our result.

Case |z|, |y| > ¢. First, we show that the following inequality holds:

22 — 2zy +y2 — 26 <x| - $|Z|> > 0. (35)

For x,y > 6 and z,y < —4 it is easy to show because (z — y)? > 0. Now suppose x > & and
y < —9. Then we must show that

22 — 22y 4+ y* — 46z > 0.
Since y < —§ we have that (z — y)? > (x + §)2. Therefore,
(x —y)? — 46z > (x +0)® — 46z = (x — 0)* > 0.
Now suppose x < —§ and y > 4. Similar to before, we need to show
z? — 2zy + % + 46z > 0.

Since y > § we obtain 4zy < 4z by multiplying both sides by 4z and reversing the inequality
because x < —§ < 0. Therefore,

(x—y)2+45m2(m—y)2+4xy:(a?+y)220.

As aresult, we have shown inequality (33)) holds. We can rewrite the inequality as
2 2

Z Y Y
— —ay+ = —d|z|+dx—= > 0.
2 2 [yl
Moving some terms to the right-hand side we get,
52 _y2 52 x2 Y
2
-6 —_— > —— 4 — — ==
x || + 12 5 trtwts vl
1\? Ty z? y?
= — =0 2ay — 6= — 2% + 6 — - =.
(Iy 2) 2wy = op =2 yl+ 5 —ay+ 3

Recall, that f'(y) = 262 (|y| — £6) 12 Observe that we can factor the left-hand side of the inequal-
ity and after multiplying both sides by 42 we get our result:

2 1.\? 2 1.\? 2 2 LY 2.2 3 5 2 2 5 2
) (|x25) >0 (|y25) + 20%zy — 6 mf%y +4 |y\+§x -4 xy+5y

1.\° 1 1
=5 (I - 30) +20 (Il - 39) La =)+ 36—

The case where || < §, |y| > § is similar to the previous cases. Using some elementary calculus,

one can show that
5222
f+————52xy—T+53x20.

Rearranging the terms above directly leads to the result.
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Now we show that f satisfies inequality (6) with Lc = 252. In the case where |y| > &, Lc+C(y) =
362 is the L-smoothness constant of f so the inequality holds. We consider the case where |y| < 4.

Case |z|,|y| < 6. Then zy < |ry| < 62 so 22 +xy < 262. Adding y? to both sides and multiplying
by (z — y)? we obtain,

(x —y)*(y* +26%) > (z — ) (2" + 2y + v°)
= (@ =)z —y).
By Lemma [E.§| we have our result.

Case |z| > 6, |y| < 6. We must show that the following inequality holds:

y4 x2y2

4 2

We leave out the details of the calculations. The proof is similar to the same case for showing
the lower bound. We can define a polynomial in z for arbitrary |y| < J. Then we show that this
polynomial is less than O for x > § by computing the value at 6 and show that the derivative is
negative for x > § We proceed similarly for x < —§. By rearranging and manipulating the terms in
the above inequality we can arrive at our result. These calculations are similar to the previous cases
so we exclude them for brevity. O

; 54
+ 20%zy — 6%y — 8% |z| + vy <o.
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F ABSOLUTELY CONVEX FUNCTIONS

Discussing the theory constructions derived from Assumption[2.1] we introduced a stand-alone class
of functions, satisfying an absolute convexity condition. In this section, we derive more properties
and examples. Let us remind that a function ¢ : R? — R is absolutely convex if and only if:

o(y)

Then

> [p(x) + (Vé(z),y
Our first statement is a Lemma that establishes calculus in the spirit of Lemmal[5.1]in the main text.
Lemma F.1. Let ¢, 1, ¢2 : R? — R be absolutely convex, and let A € R*™ b € R* and o > 0.

(i) ¢ + «is absolutely convex.

(ii) a¢ is absolutely convex.

(iii) ¢1 + ¢2 is absolutely convex.

(iv) ¢(Ax + b) is absolutely convex.

Proof. We prove each statement:

x) |, Vz,y € RY.

(36)

- )

y>\
Y)|-

lp(Ay

[v(y)

() ¥(z) = ¢(x) + a > |6(y) + (Vo(y),z — y)| + & > |6(y) + (Vo(y),z — y) + af
W) + (Vo (y), z — )] .

(@) ¥(@) = ad@) > a(ély) +(Vo@).z—y)) > alply)+(Véy),e
lad(y) + (aVe(y),z — )| = [V(y) + (Vi (y),z — y)].

(i) ¢(7) := d1(x) + p2(x) > |61 (y) + (Vo1 (), 7 — y)| + [d2(y) + (Vo (y), x —
zmw><V¢w7—m b2(y) + (Vor(y). 7 )] = [1(y) + (Vi (y),

(v) ¥(x) = p(Az +b) > [p(Ay +b) + (Vo(Ay +b), Az +b— (Ay+b))| =
?>wé?va$f+b x—y)| = |¢(Ay +b) + <AvaAy+b»x—yM::
\Y% , .

F.1 EXAMPLES

Lemma F.2. Letp > 1. Then ¢ : R — R where ¢(z) = ||, is absolutely convex.

Proof. We already know that ¢ is convex so we show that

20(y) _ wilwil?”?
where =

Oy: llylz—*
Observe that

_¢(y) - <V¢(y),x - y> < ¢($)7
for z,y € RY.
d | ,|p—2
O,z —y) =D L (i — ).

-1
lyll;

We make use of Holder’s inequality which is stated below for r, s > 0,

d r+s d [ d s
<Z |xi|r|yi|8> < <Z xir+s> (Z yi|r+s>
=1 =1 =1

For any x,7 € R? and with7 = 1 and s = p

(

d

>

i=1

p
Iwilyi|p1> < (

d

D

i=1

40
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Simplifying this expression we obtain,
1
d d v/ d
S lau < () (S
i=1 i=1 i=1
1\ p-1
d P
1, (S
i=1

-1
= [lzll, Iyl

p—1
p

We can obtain a lower bound on the term,
d d d
Z iyl = Z il lyallyi P~ = Z |yl |y P~
i=1 i=1 i=1
d
2 Z —(@iya)lys["~*
i=1

d
- inyi|yi|p_2~
i=1

Therefore,

d
—1 -
el lylly ™" = = > wiylyal? .
i=1
Now add ||y||g = Zle ly;|P to both sides of the inequality we get

d d d d
—1 — — _
Il 2 =yl =Y wailyal? ™ =Y gyl =D iy
=1 =1 i=1 i=1
d

d
=3 (Wil = wagililP ) =Y wilwil (i — )
i=1

i=1
d
— p—2
—_Zyi|yi| (zi — yi)-
i=1
Now divide both sides of this inequality by ||y||£71,

d _
yilyi[P~2

-1
i=1 ||y||§

(x5 — yi)-

]l + llyll, = —
By rearranging the terms we get our desired inequality

d _
yilyi[P~2

=llyll, = =
T lly

(i = yi) < ],

O

Lemma F.3. There exists an absolutely convex function ¢ : R — R such that the derivative of
f = ¢? is not Lipschitz continuous. Namely,

o(z) =
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Proof. Firstly, by a simple computation we can show that ¢” > 0 so ¢ is convex. Observe that
|f] < 3 and z, = 0. Also notice that ¢ is bounded below by 2 |z|. Therefore, by Lemma|F.16} ¢
is absolutely convex.

From a brief computation, we can obtain,
xT

f'(z) = 3(:C%+1)z2 0<z<l
3((—2)2 +1)(—z)2 —1<2<0

3Bzl + 1) |z > 1

[

Now suppose by contradiction that &’ is Lipschitz continuous. Then there exists an L > 0 such that

for all z,y € R,
1 g
@ -fwl g
|z =yl
Specifically, this holds for 0 < z < 1 and y = 0 so we have

(@) = f'W)l _ 1@ _ ’3x2+3x%
_ 8a% +3ab

3
=3 — < L.

T + \/E =
We can find an x small enough such that % > L. Therefore, the inequality cannot hold. As a
consequence, f’ is not Lipschitz continuous. O

Lemma F.4. Let § > 0. Then f, ¢ : R — R defined below are absolutely convex.

22 124 6% z| <6
x)=0/1+ =, x) =12 2 -,
f@ =i+ o {6<|x|3>+“§ r>0
Note that f is the pseudo-Huber loss function and ¢ is the Huber loss function.

Proof. Both the Huber loss and pseudo-Huber loss functions are well-known examples of convex
loss functions. The minimizer of f and ¢ is z, = 0.

From a simple computation we obtain that |f'(z)| < 1 for all z € R,
x x

fll@)=—F——=< 7 =1
EE
Also, we know that for all x € R,

2 2
f(x):5\/1+§—226 %:\/ﬁ:m.

Therefore, by Lemmal[F.16] f is absolutely convex.

|8

By computing the derivative of ¢, we can show that |¢'(z)| < § for all z € R. Now we show that
¢(x) > 0 |z|.

When x > §, we can simply observe that ¢(z) = ¢ |z|. Now consider the case where x < J§. We
have that,
(|2 = 6)* > 0.

Expanding the square we get,
x? — 20 |z| 4+ 6% > 0.

Rearranging the terms and dividing by 2 we see that,
1 52
¢(x):§x2+§ >0 |zl.

Hence, by Lemmal[F.16] ¢ is absolutely convex. O
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Lemma F.5. Leta > 0and b > 0. Then ¢ : R — R where ¢(z) = vax? + b is absolutely convex.

Proof. Notice that zz, = 0. Also by a simple computation we know can show that f is convex,

1 ab
)= —7-—+-—2>0
¢"() (az? + b)% -
We can compute an upper bound on the derivative of f,

¢ (@) Ja.

N
var? +b = Vax?
o(x) = Vaz? +b > Var? = Vava? = Valxl.

Since ¢(z) > /a |z|, by LemmalF.16} f is absolutely convex. O

Lemma F.6. The function ¢ : R — R, defined as follows

r+1+-1 >0
— x+1 -
#(z) {1—:5—#1:,6 z <0

Then,

is absolutely convex.

Proof. Observe that z, = 0. By a simple computation, we can show that ¢”(z) > 0 for all z € R,
2
¢ (x) = { @HD° :CZO.
Similarly to the previous examples, we compute an upper bound on ¢/,
1
sa={1 T 220

It is clear that |¢'(x)| < 1 for all z € R. It is easy to shoiw ¢(x) > |z|. For > 0, we have

1
= 1+ ——>u.
o) =x+ +$+1,$

For x < 0, we have
1
=1- — > .
o(x) TH T 27
Therefore, by LemmalF.16] ¢ is absolutely convex. O

F.2 FUNCTIONS WITH ZERO MINIMUM

Absolutely convex functions have some interesting properties when their minimum is 0.

Lemma F.7. If ¢ is absolutely convex, then the following statements are equivalent:
1. ¢(0) =0,
2. ¢(z) = (Vo(z), ),

3. ¢ is homogeneous of degree 1.

Proof. We establish three implications:

(i) = (i) Pick any y. If ¢(0) = 0, then using Equation (36) with x = 0 leads to
6(y) + (Vo(y), —y)| < 0, which implies ¢(y) = (Vo (y),y).

(11) = (#1) We start by substituting ¢(y) = (Vo(y),y) and ¢(z) = (V¢(x),z) into
(b(gj) 2 ¢(y) + <V¢)(y),x - y> to get,
¢(x) = (Vo(x),x) = (Vo(y), y) + (Vo(y), v —y) = (Vo(y), ) .
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This means that,
x) = max (g, x),
6(x) = mas (9,2)
where Q := {V¢(y) : y € R}, As a consequence, for any ¢ > 0 and x € R? we get

o(tx) = max (g,tx) = tr;leag (9, ) = tp(x).

(iii) = (i) Choose any x € R? and t = 0. Then ¢(0) = ¢(tx) = té(x) = 0¢(z) = 0. O

Lemma FS8. Let ¢ : R? — R be absolutely convex. Suppose there exists an x, € R? such that
¢(xy) = 0. Then

¢>($) = <V¢)(1’),LE - :C*> :

Proof. From absolute convexity, we have that

0 <o) + (Vo(z), 2 — ) [ < ¢(a4) = 0.
So
¢(z) + (Vé(x), 0 — z) = 0.
Simply rearranging we get our result,
d(x) = — (Vo(x), . —x) = (Vo(x), x — z,) .
O

Lemma F.9. Let ¢ : R — R be absolutely convex. Suppose there exists an x, € R such that
@(x4) = 0. Also, suppose that ¢ is differentiable everywhere but at x. Then it must be that

—m(x —xy) x < Xy

m(x — xy) T > T, 37

o) =mlo . = §
for some m € R>o.
Proof. We have that f(x) = ¢(x + x,) is absolutely convex. It is also homogeneous of degree one
since f(0) = 0. DefineUy = {zx € R|z >0}and Uz = {z € R |z < 0}.

By homogeneity, for any ¢ > 0 and = € U; we have that f(tx) = ¢ f(z). Differentiating both sides
with respect to 2 we get f/(tz) = f'(z). This means that for any 2 € U; we have that f'(z) = my
for some m; € R. Since Uj is a connected open set, we have that f(x) = mx for z € Uj.

By similar reasoning, for z € Us, f/(x) = mq for some my € R. Also then, f(z) = mqx for
z € Us.

Now consider € U; and y € U,. By absolute convexity we know that

mix = f(z) 2 [f(y) + F'(9)(@ = y)| = [may +ma(z —y)| = [maz| = [ma]|z].

Then m; > |m2\ﬁ = |mz| which comes from the fact that z € Uy so z > 0 and thus =1L
Similarly,

may = f(y) = [f(@) + f1(@)(y — )| = [miz + ma(y — 2)| = [may| > [mally|.

Then |m4| < m2|L = —my because y € Us so y < 0 and thus %‘ = —1.

Y
Since 0 < |my| < —may we get mg < 0. Also because |ma| < my it must be that ms = —my
where m1 > 0.
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For brevity, we set m = m; and so we have that

{—mx <0

mz z>0"

fz) =
By definition we have that ¢(x) = f(x — ). Therefore, we obtain our desired result

_f-m(r—z,) x—2,<0
¢(x) = {m(ﬂc—x*) T—z,>0"
O

Lemma F.10. Suppose that ¢ : R — R is absolutely convex and ¢(0) = 0. Then ¢ is sub-additive,
o(z+y) < o(z) + o(y).

Proof. By Lemma we know ¢ is positively homogeneous of degree one. Also because ¢ is
convex we have that forany 0 < o < 1,

plax + (1 —a)y) < ag(z) + (1 — a)d(y).
Selecting @ = 3,

1 1 1 1
z Zu) < = z )
¢<2x+2y> < 2¢($)+2¢(3/) (38)
By homogeneity of ¢,
1 1 1
z < z Zu).
50ty ¢ (2x+ 21/)
By combining the previous inequality with inequality (38) and multiplying by 2 we get our result.

O
Lemma F.11. Suppose that ¢ : R® — R is absolutely convex and ¢(0) = 0. Then the epigraph of
¢ is a convex cone.
Proof. Now we show that epi ¢ is a convex cone. Suppose (z, 1) € epi¢ and (y, p2) € epio.
Suppose o > 0 and 5 > 0. Then

dlaz + By) < d(azx) + ¢(By) = ad(x) + Bo(y) < apy + Bus.

The first inequality is from sub-additivity and the first equality is from homogeneity, Therefore,
(ax + By, aur + Bus) € epi @ so epi¢ is a convex cone. O

Lemma F.12. Suppose that ¢ : RY — R is absolutely convex and ¢(0) = 0. Then ¢ is even, i.e.
o(x) = ¢(—z), VxeR (39)

Proof. By absolute convexity we have that for any z,y € R?

(Vo(z),z) = ¢(x) > [¢(y) + (Vo(y),z — )|
y), ) +(V

=o(y) + (Vo(y) o(y), —y)|
= [¢(y) + (Vé(y), z) — (Vo(y),y)|
=o(y) + (Vo(y), z) — o(y)|
= |(Vo(y), =) (40)
Similarly,
o(y) = (Vo(y),y) > [(Vo(x),y)l . (41)

Now subtitute y = —z into (@0,
o(x) > [(Vo(—2x),2)| = (Vo(~2), —2)| = |¢(—2)| = ¢(~2),

where the last equality is because absolutely convex functions are non-negative. Substituting
y = —x into @),

¢(—x) 2 [(Vo(x), —z)| = (Vé(x),2)| = [¢(z)] = d().
Therefore, ¢(x) = ¢p(—x). O

45



Under review as a conference paper at ICLR 2025

F.3 REAL VALUED FUNCTIONS

Simple absolutely convex functions from the real numbers to the real numbers are an instructive
playground to understand how to finalize the generalized proofs. Below, we report some properties
of such sub-class. In particular, we prove bounded subgradients in Lemma [F.15]and a useful result
for validating examples in Lemma [F.16]

Lemma F.13. Ler f : R — R defined as follows, f(x) = |a+ b(xz — xo)| for some a,b,xg € R

with b # 0. Then for any ¢ > 0. There exists 21,2 € R with x5 > 1, f(x1) = f(z2) = ¢
|xe — x| = I%“i and f'(x2) > 0and f'(x1) <O0.

Proof. By simply solving the equation f(z) = ¢, we get that

cC—a

T2 = —p + Zo;
_ —c—a
xr1 = b + xg.
Thus,
c—a —c—a c—a+c+a 2c
|x2—x1|:T—|—az0— Bl e Bl

Suppose without loss of generality that b > 0. Then f/(z3) = ¢b > 0and f/'(z1) = —cb < 0. O

Lemma F.14. Suppose ¢ : R — R is a convex function that is not constant with minimizer .
Suppose ¢ lower bounded by f(x) = |a + b(x — xg)| for a,b, zg € Randb # 0. For any ¢ > ¢ ()
there exists an ©' such that ¢(z') = cand |z’ — x| < %.

Proof. By Lemma , there exists z1, 2o € R such that |z5 — 1| = %‘ and f(z1) = f(z2) = c.

We also know that x5 > x and that f'(z2) > 0 and f'(21) < 0. We will show that 1 < x, < za.
Suppose by contradiction that 2, > x5. Since f is a linear function with slope f’(z2) on the interval

[z, 00) we get
fe) = fl@2) + f(22) (e — 22) = f(22) = ¢ > ()

which is a contradiction because f is supposed to be a lower bound on ¢. The first inequality follows
from the fact that f'(x2)(zx — x2) > 0. A similar argument follows if the assumption z, < 7 is
made.

Soc = f(z1) < ¢(z1) and ¢(z4) < c. By the Intermediate Value Theorem, there exists ' €
(21, x4) such that ¢(z') = c.

Thus 21 < &’ < x, < 9. Therefore, |2' — x| < |z — 21| = %‘ with ¢(z') = c. O

Lemma F.15. Suppose ¢ : R — R is absolutely convex and has a minimizer x,. Then there exists
an M € R such that |¢/(x)| < M for all x € R i.e. |¢'| is bounded.
Proof. 1f ¢ is constant then its derivative is bounded so we consider the case where ¢ is not constant.

We will do a proof by contradiction. Let ¢ € R such that ¢ > ¢(x,). Let e = %(GE*) Note that
|6(24) =] > e

By continuity of ¢ at x, there must be a & > 0 such that if |z — x,| < § then |¢p(x) — ¢(z4)| < e

Suppose that |¢’| is unbounded. Therefore, there exists a sequence of numbers y,, € R such that

. / _
Jim |67 (yn)| = oo

For any n, let f,(x) = |¢(yn) + ¢ (yn)(z — yn)|. Since ¢ is absolutely convex, f,, must be a lower
bound on ¢. By Lemma there exists an , such that ¢(z,) = cand [z, — .| < 7o, for

any Y.
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Since |¢’| is unbounded we can choose a N such that Fdorol ( ; < 0. Thus |y — 24| < §. Therefore,
6(zs) — dlan)| = [(xs) —c| < e
But this contradicts the fact that |¢(x,) — c| > €. O

Lemma F.16. Suppose ¢ : R — R is convex and has a minimizer at x,, = 0. Suppose ¢' is bounded.
If ¢ can be lower bounded by h(x) = m |z| where |¢'(y)| < m for all y € R then ¢ is absolutely
convex.

Proof. Suppose without loss of generality y < z, = 0. Since ¢ is convex we have that ¢'(y) < 0
by monotoncity of |¢’|. Since m is a bound on ¢’ we get

m = —¢'(y) 2 0. (42)
Since h is a lower bound on ¢ we also know that .

o(y) = —my > 0. (43)

Now let f(z) = |¢(y) + ¢'(y)(z — y)|- Denote ¥ as the point where f(z¥) = 0. On the interval
(=00, "], f is equal to the line tangent to ¢ at point y. So by convexity, f is a lower bound on ¢ on
the interval (—oo, £¥]. It remains to show that f lower bounds ¢ on the interval [z¥, 00).

First, we show that z¥ = ¢((y)) +y > x, = 0. We can take the reciprocal of inequality (@2) to

obtain Multiply this inequality by @3) to get, —y < ). We can do this because

L <
’m — ! !
the terms on bofh(gsll)des of the inequalities are positive. Rearranging Wﬁ é:ya)n see that z¥ > 0.
Suppose & € [x¥,00). On this interval, f is a line with slope —¢’(y) passing through the point
(2?,0). Thus we can rewrite f as f(z) = —¢'(y)(x — ). Since z¥ > 0 we know that x — 2V < z.
Multiply this inequality by m > —¢’(y) > 0 to get that —¢’(y)(x — z¥) < ma. Since h(z) = mz
is a lower bound on ¢ we have that —¢’(y)(x — V) < ¢(z). Therefore, f is a lower bound on ¢ for
arbitrary y < 0 so we are done.

A similar argument can be made for y > 0, the signs will be flipped at each step. O

A direction of potential interest for future developments is how to “absolutely-convexify” a given
function. Below, we prove the propotypical case of functions from R to R. In words, any convex

function lifted high enough is absolutely convex.
Lemma F.17. Suppose f : R — R is a convex function. Then ¢(x) = f(x) + B is non-negative for

):
@ € [a,b] with & = maz{| f'(a)|, | f'(0)|} and B = 2&re) _ LL£I0),

Proof. Tt is sufficient to show that ¢(x) > 0 for x € [a, b]:

alb—a)  f(a)+ f(b)

o) = () + T ;
_ @ f@) +ae=a)  f() = f) ~alz =)
2 2
Dy(z.a) | Dy(a,b)
- 2 2
>0

O

Lemma F.18. Suppose f : R — R is a convex function. Then for any interval [a,b] there exists 3,
such that ¢(z) = f(z) + B is absolutely convex on [a, b].

Proof. As ¢ is convex by convexity of f, it is sufficient to show that for every z,y € [a, b]:

—d(2) < o(y) + &' (y) (= — y).

From Lemma we have ¢(z) > 0, so it is sufficient to consider the case when ¢'(y)(z —y) < 0.
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Having «, 5 from Lemma|F.17
Case 1: ¢'(y) <Oandz > y.
From the convexity of ¢ it follows that:
¢(y) + &' (V) (= —y) = (d(a) + ¢'(a)(x — a)) = Dy(y, a) + (¢ (y) — ¢'(a))(x —y)
> Dy(y,a)
> 0.
Hence, — f'(a) < a by construction, implying:

dla) — a(x —a) < ¢(y) + &' (y)(x — y).

It remains to show that:

¢(x) + ¢(a) —alz —a) = f(z) + fa) + 26 — a(z — a)
= f(z) = f(b) + a(b—a) —a(z —a)
= J(2) ~ ) ~ alz ~b)
> Dy(z,b)
> 0.

Case 2: ¢'(y) > 0and z < y.

In analogy with the previous case:

o(b) +alz —b) < d(y) + ¢'(y)(z — y).
Therefore, it is sufficient to show that:
6(x) + 6(B) + alw —b) = f(w) + F(b) + 28 + ala — b)
J(z) — f(a) + a(b— a) + alz — b)
f(z) - f(a) + ale — a)
Dy(,a)
0.

ARV}

O

It is useful to remind the fllowing standard result for sub-gradients. The proof is in the referenced
book.

Lemma F.19 (Lebourg Mean Value Theorem (Clarkel |1990)). Suppose ¢ : R — R is Lipschitz on
any open set containing the line segment [z, y|. Then there exists an a € (x,y) such that

o(x) — o(y) € (06(a), x —y).
Lemma F.20. Suppose ¢ : R — R is absolutely convex. Let M € R be the bound on the subgradient
of ¢, i.e. |¢'(x)] < M. Fixay € R. Then for any x > y we have that

o(y) + M(z —y) = ¢().
Similarly, for any x© < v,

o(y) = M(z —y) = o(x).

Proof. We prove the first claim. Suppose x > y.

Since ¢ is convex, it is locally Lipschitz i.e. Lipschitz on [y, z]. By Lebourg’s MVT we know there
exists a ¢ € (y,x) such that ¢(z) — ¢(y) = g(x — y) where g € 9¢(c). Note that g < M. So,
g(x —y) < M(x — y) because © — y > 0. Therefore,

o(z) — ¢(y) < M(z —y).
Rearranging this expression we obtain ¢(z) < ¢(y) + M (zg — y).

The proof of the second claim follows the same format and uses the fact that g > — M instead. [
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Lemma F.21. Suppose ¢ : R — R is absolutely convex. Let M € R be such that |¢'| < M. Then
the following limits exist and are equal

lim [¢/(2) = lim_[¢/(x)].

Tr—r00 T—

Proof. First, we show that lim,_, |¢'(x)] exists.

Let {x,} be an arbitrary sequence such that x,, — co. Since ¢ is convex the sequence {|¢'(z,)|}
is monotonically increasing. Also, it is bounded above. Therefore, by the Monotone Convergence
Theorem there exists an L; € R

lim |¢'(z,)| =Ly and Ly > |¢/].

n—oo

Since x,, is arbitrary it must be that lim,_, . |¢'(x)| = L;. A similar argument can demonstrate that
there exists an Ly € R with |La| > |¢/| and lim,—, o |¢'(z)| = |La2|.

Now we show that Ly = |Lo|. We will do this by contradiction. Suppose without loss of generality
that Ly > |Lo| and that Ly < 0.

There exists an € > 0 such that L; — € > |Lz|. Now there also exists an N such that for any y > N
we have that [¢(y) — L1] < €. So L1 — € < ¢'(y).

By absolutely convexity of ¢, function f(x) = |¢(y) + ¢'(y)(z — y)] is a lower bound on ¢. Let
x,, be the value where f(x,) = 0.

Define I(z) = —¢'(y)(z — x,), which is the line passing through the point (z,,0) with slope
—¢'(y). Observe that for z € (—o0, ], [(z) = f(x) so ! is a lower bound on ¢ in that interval.
Define hy(z) = —(L; — €)(x — z,) to be the line passing through (z,,0) with slope —(L; — €).
For z < ,, hi(x) < l(x) because L; — € < ¢'(y). Therefore, hi(z) < ¢(x) for x € (—o0, z,).
Define hy(x) = ¢(xy) + La(z — x,). Since Ly < 0, by Lemmal[F.20] the function hs is an upper
bound on ¢ for any z < z,,.

By calculation we can determine an x; such that hy(x;) = heo(x;) where

_ To(Le+ Ly —€) — ¢(z0)
! L2+L176 '

Now we show that z; < x,. Note that ¢ is absolutely convex so —¢(zg) < 0. By adding (Lo +
Ly — €)x, to both sides of this inequality we obtain

Iq,(LQ + L1 — E) — ¢(I0) S CCU(LQ —|— L1 — 6).
Dividing by Ly + L; — € we get

o xy(Lo + L1 — €) — ¢(xy)
¢ L2+L1 — €

< z,.

Let x < x;. So hy(z) = hi(z;) — (L1 — €)(z — x;) and ho(x) = hy(x;) + La(x — ;). Observe
that —(L; — €) < L because Ly < 0 and Ly — € > | Lo|. Multiplying both sides of this inequality
by x — x; which is less than 0 and then adding h(z;) to both sides again we see that hy(x) > ho(x).

Therefore, for any x < z; < x,, we have that hy(z) > ho(z). This is a contradiction because
on the interval (—o0,x,), h; is a lower bound so ¢(x) > hq(z) and hs is an upper bound so
ha(x) > ¢(z). O

Lemma F.22. Suppose ¢ : R — R is absolutely convex. Suppose it has a minimum point x,.
Suppose there exists a y1,y2 € R such that y1 < x, < y2 and for every y < y1, ¢'(y) = mq1 and
Sorevery y' > ya, ¢'(y') = ma. Then m; = mao.

Proof. Note that since ¢ is convex it has monotonicly increasing derivative. Therefore, m; < 0
since y < x, and mo > 0 since y' > x,. Let f(x) = |¢(y1) + mi(x — y1)| be the tangent cone to
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y1. Then define line h(x) = |m4| (z + 2w) — y1) which is a line that has the same slope as f and

mi
intersects the vertex of f. Note that & is a lower bound on ¢ by absolute convexity. O

Lemma F.23. Suppose ¢ : R — R be absolutely convex and assume ¢* = inf, cg ¢(x) < oo.
Then there exists an T, € R such that ¢(x,) < ¢(x) for any x € R.

Proof. Suppose x € R is arbitrary. Choose a y € R and by absolute convexity we have that
|o'(y) + &' (y)(xz — y)| < ¢(x). We can rearrange the terms on the left side and take the limit to see
that

lim [¢(y) — ¢'(y)y + &' (y)z| = co.

|z] =00
since only the last term which is linear depends on z. Therefore, we have that lim| |, ¢(x) = oc.

This demonstrates that ¢ is coercive. Now let x,, be a sequence such that ¢(z,,) — f*. Suppose
that lim,, o |7,| = oo. Then by coercivity, we get that lim, | ¢(z,) = infty which is
a contradiction with the fact that ¢* < oo. Thus it must be that lim, . |2,| = 7 for some
r € R. Let B, = {z € R| |z| < r} which is compact because it is closed and bounded.
Since z,, € B, and every sequence in a compact set has a Convergent subsequence, so there exists
an r, € B, st. z,, — z.. By continuity of ¢ (because it is a convex function) we obtain

f* =limg 00 f(znk) = f(x*) 0

F.4 MULTIVARIABLE FUNCTIONS

Having analyzed the easy case, we move to general instances of absolutely convex functions. In
particular, we prove that gradients of absolutely convex functions are bounded. The first statement
is a rewriting of Lemma [7.1]in the main text.

Lemma F.24. Suppose ¢ : R? — R is absolutely convex and has a minimizer x,. Then there exists
a M € R such that |Vé(z)||l, < M forall z € R%.

Proof. If ¢ is the constant function then its gradient is bounded so we consider the case where ¢ is
not constant.

We will do a proof by contradiction. Let ¢ > ¢(z,). Let e = %(w*) Note that |p(z) —c| > €.

Suppose § > 0. Observe that since ¢ is convex on R? it is continuous on R? and in particular it is
continuous at x,.. Therefore, there exists a & > 0 such that if |z, — x| < § then |¢(z,) — ¢(z)| < e.

Suppose that | V| is unbounded. So, there exists a sequence of points 3,, € R? such that

Jim [[Ve(z)], = oo

Let f,(z) = |¢(yn) + (VO(yn), © — yn)|. Since ¢ is absolutely convex, f,, must be a lower bound
on ¢. We can proceed similarly to the proof of bounded gradients in R (Lemma by considering
the restriction of f and ¢ to specific lines. This allows us to find a sequence of points z,, that lie on
those lines and z,, — x,.

Define L, to be the line that passes through x, in the direction of V¢ (y,,). Let ¢| I R — R be
the restriction of ¢ to the line L,, and similarly, fn‘ L R — R be the restriction of f,, to L,,. Note
that the function f"|Ln is of the form |a + b(z — z0)| where b = ||V (yy)||* for some a, zy € R.
Let z* € R be the minimizer of ¢| L Then by Lemma, there exists a point, Z,, € R such that

¢| L, (Zn) = cand |T* — T,| < Observe that T* corresponds to x,. Also, T,, can be

2c
IV (yn)ll®”
mapped to a point x,, € R? which lies on the line L,, and ¢(z,,) = c and |z, — z,,| <

This holds for each v,,.

I\V¢(yn)\|2

Since ||[Vé(yn)ll, is unbounded we can find an N such that |z, —zn| < J. Therefore,
|p(z4) — ¢(zn)| = |@(z4) — ¢| < e. However, this contradicts the fact that |¢(z,) — ¢| > e. O

Lemma F.25. The maximum of a constant and an absolutely convex function is absolutely convex.
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Proof. Let a € R and f be absolutely convex and g := max{ f, «}. We split the argument in some
sub-steps.

(Trivial case) Since absolutely convex functions are always positive, it follows that if @ < 0 then
g(x) = max{f(z),a} = f(z) and f = g is absolutely convex.

(Second case) Let « > 0. Since f is absolutely convex, it is convex and g is by construction.
Therefore, the positive side of the inequality in absolute convexity needs not to be verified. It
reamains to show that:

wis g(y) = —g(x) —(Vg(y),z —y) Va,y <= g(y) +9(x)+ (Vg(y). 2 —y) =0 Va,y.

(44)
For convenience, we will show the last version is positive for different choices of x, y. Recall that f
is always positive so for arbitrary (z, y)there are four regions identified by the strips [0, a); [er, 00)
iover which the values f(z), f(y) can fall.

Additionally, recognize that for z € R? we have Vg(z) = Vmax{f(z),a} = 1;()>qVf(2). Let
us treat all the cases in separate waysE]

If f(x) < aand f(y) < a we have the expression 2« > 0 by construction.

If f(z) > acand f(y) < a we have the expression:
f(z) +a>0; 45)
again, by construction.

If f(z) < avand f(y) > awehave a+f(y)+(Vf(y), z —y) > f(2)+f(y)+{Vf(y),z —y) =20
since we assumed f is absolutely convex.

If f(x) > aand f(y) > « one has:
f@)+ fy) +(Vf(y),z —y) =0, (46)

which follows by the assumed strong convexity of f. O

remark Let x, = arg min f, for an absolutely convex function f. Observe that one can always use,
for any y # x., T # Ty
f(@) > |f(y) + (VW) 2 —y) | (47)

Lemma F.26. Suppose v € R%. A function ¢ : R? — R is absolutely convex if and only if the
function f : R — R defined as f(t) = ¢(x + tv) is absolutely convex for all x € R%.

Proof.

(=) Suppose f(t) is an absolutely convex function for any z,v € R%. We already know that ¢ will
be convex so we only need to show that for all y, z € R4,

—¢(z) < d(y) +(Vo(y), 2 —y) .

Note that f/(t) = (V¢(z + tv),v). Select x = y and v = z — y. Since f is absolutely convex, the
following inequality will hold,

—f(1) < f(0) + £/ (0)(1 — 0) = £(0) + f'(0)
= o(y) + (Vo(y),z —v) -
We have our result because f(1) = ¢(y +v) = ¢(z)

(<) Suppose ¢ is absolutely convex. Let 2, v € R? be arbitrary. We know already that f is convex.
So we just need to show that for any s,¢ € R we have that

—f(t) < f(s)+ [ (s)(t —s).

“In principle, at z = a there is a singularity, we avoid doing this computation since the non-differentiable
definition of absolute convexity is satisfied for the max function.
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By absolute convexity of ¢ we know that,

—¢(z +tv) < ¢ + sv) + (Vo
= ¢z + sv) + (Vo
= ¢z +sv) + (Vo
= f(s) + f'(s)(t = s).

Since f(t) = ¢(x + tv) we have our result.

(x4 sv),x 4+ tv — (x + sv))
(x 4 sv),tv — sv))
(z+ sv),v) (t—s)
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G EXTRA EXPERIMENTS
G.1 REGRESSION WITH SQUARED HUBER LOSS
In this experiment we optimize the function

Fle) = -3 hase — by),
=1

where a; € R%, b; € R are the data samples associated with a regression problem, and h; is the
Huber loss function. We run the experiments with C(z) for absolutely convex functions
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Figure 5: Regression on housing dataset.
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Figure 6: Regression on mpg dataset.

Figures [5H6| show that the algorithms using the C(x) matrix perform much better than the Polyak
method. We observe very fast convergence of both LCD3 and LCD2, regardless of §. Contrary, as §
increases LCD1 loses in comparison with the other two matrix methods. The most likely reason is
increasing part of the objective, which is quartic, as it requires extra adaptiveness on the smoothness
constant.

G.2 RIDGE REGRESSION

We consider the following objective function:
1< 5 5
fla) =~ > (aix — ;) + Az
i=1
where a; € R? b; € R are the data samples associated with a regression problem. By L we
understand the smoothness constant of a linear regression instance, excluding the regularizer.

In Figures C(z) is associated with the regularizer, and it becomes a multiple of I. As discussed
in the main text, in this case LCD2 has closed-form solution, which coincides with LCD3. The LCD1
algorithm becomes GD. We can see, similar behavior to logistic regression with L, regularizer that
is consistent improvement of LCD2 over the Polyak’s method.

Figures 9H10| show the results with C(z) = 2ATA, which is a lower bound on the main part of
the objective. In this circumstance, LCD1 becomes the Newton’s method, and converges in one step.
As anticipated in the main text, LCD3 can diverge. Finally, LCD2 performs in a very consistent way,
and converges in exactly 15 steps across all the setups.
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Figure 7: Ridge regression on housing dataset; C(z) = 2.
= POlyak  wwmm= |CD1 === LCD2 = | CD3
10°] 10° 10°
102 10° 10?
10 10t 10t
100 100 100
107 107 X 101
)I: 1072 )I? 1072 )I: 1072
=10 =107 =10
107* 1074 1074
10-° 107> 10-°
1055 160 150 200 230 300 350 W55 s 75 100 135 150 175 0515 20 30 40 50 60 70 80
Iterations Iterations Iterations
(@AX=L-1073 ®Ar=£%.107? ()X=1L- 1072
Figure 8: Ridge regression on mpg dataset; C(x) = 2.
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Figure 9: Ridge regression on housing dataset; C(z) = 2ATA.
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Figure 10: Ridge regression on mpg dataset; C(x) = %ATA.
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