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Abstract

We study the minimum explicit, auditable com-
munication required for optimal cooperation in
a one-shot directional slice of partially observ-
able assistance, under a safety restriction that
forbids observation-channel modulation. We de-
fine the safe revelation complexity of a game
M and prove the exact fixed-length formula
SRCpL(M) = [log, x(Gar)], where Gy is
the safe-confusability graph induced by receiver-
conditioned optimal-action disagreements. For
ii.d. repetitions, we prove the asymptotic rate
identity SRC (M) = Hg,, (Y | X). We fur-
ther show that every finite graph arises exactly as
a safe-confusability graph, implying NP-hardness
of exact fixed-budget revelation. Finally, we con-
struct covert observation-channel augmentations
in which each available kernel is individually
strictly Blackwell-inferior to an approved base-
line, yet the sender’s choice of kernel collapses the
explicit communication requirement to zero. Ex-
act finite-instance experiments validate the fixed-
length, asymptotic, and trust-separation predic-
tions.

1. Introduction

A cooperative Al system should not only achieve high
joint utility; it should do so through channels that are legi-
ble, auditable, and robust to hidden influence. In partially
observable human—AlI settings, that distinction is substan-
tive. Recent work on partially observable assistance games
shows that an assistant can have incentives to manipulate
the informativeness of a human’s observations even under
a nominally shared objective (Emmons et al., 2025). Re-
lated partially observable off-switch formulations show that
asymmetric information materially changes deference and
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shutdown behavior (Garber et al., 2025). These results mo-
tivate a sharp question: how many explicit, auditable bits
are necessary and sufficient for optimal cooperation once
observation-channel modulation is disallowed?

We answer that question for a one-shot directional slice of
partially observable assistance. One agent (the sender) holds
private side information, the other (the receiver) takes the
unique payoff-relevant action, and any additional coordina-
tion must pass through an explicit message alphabet. The
key object induced by the game is a graph G s on sender
symbols: two symbols are adjacent when some receiver
observation compatible with both requires different full-
information optimal actions. Our first two results show that
this graph is the exact local complexity object of trustworthy
coordination:

SRCFL(M) = ﬂogz X(GMN )
SRCOO(M) = HGM(Y | X)

Thus one-shot safe revelation is governed by chromatic
number, while repeated safe revelation is governed by con-
ditional graph entropy of the same conflict graph.

The remaining contributions sharpen this picture in two
directions. First, every finite graph arises exactly as a
safe-confusability graph of a one-shot directional assistance
game satisfying strict optimality. Safe revelation therefore
inherits the full expressive power of graph coloring, includ-
ing NP-hardness of exact fixed-budget decision. Second,
message-only auditing is incomplete: we construct covert
observation-channel augmentations in which every avail-
able observation kernel is individually strictly Blackwell-
inferior to an approved baseline, yet the sender’s freedom to
choose which inferior kernel is applied collapses the explicit
communication requirement to zero. On an explicit family
{ M.}, each missing safe bit halves the best achievable safe
value, whereas the covert architecture restores full value
with zero explicit bits.

Our empirical study is exact rather than benchmark-driven.
We verify the fixed-length characterization by direct mixed-
integer protocol optimization on graph-realized instances,
validate the missing-bit law and covert collapse on the fam-
ily { My}, and compute conditional graph entropy exactly
on small instances to confirm the asymptotic prediction. Full
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proofs, robustness lemmas, and a sequential bridge theorem
appear in the appendix.

2. Related Work

Our work sits at the intersection of partially observable as-
sistance games, information structure, and graph-based com-
munication theory. On the Al side, Emmons et al. (2025)
formalize observation interference in partially observable
assistance games, and Garber et al. (2025) study off-switch
behavior under partial observability. On the information-
theoretic side, our fixed-length and asymptotic characteri-
zations connect to Blackwell’s comparison of experiments
(Blackwell, 1953), Witsenhausen’s zero-error source cod-
ing problem with decoder side information (Witsenhausen,
1976), Korner’s graph entropy (Korner, 1973), and the
Orlitsky—Roche theorem on coding for computing (Orlitsky
& Roche, 2001). What is specific to the present setting is
that the function to be computed is not exogenous: it is
the full-information optimal action rule induced by a co-
operative decision problem, and the relevant graph is the
receiver-conditioned optimal-action conflict graph of that
problem.

3. Model

Game and protocols. A one-shot directional assistance
game is a tuple M = (X,), A,p,u). Nature draws
(X,Y) ~ p; the sender observes Y, the receiver observes
X, the sender may send an explicit message, and the re-
ceiver chooses the unique payoff-relevant action a € A.
Throughout the main text we assume strict optimality on
supp(p): for each (z,y) in the support, a — u(a, x,y) has
a unique maximizer a*(x,y). Write fas(z,y) := a*(x,y)
and

V(M) :=E, [u(a*(X, Y),X,Y)]

A deterministic safe protocol over a finite alphabet M is a
paire: Y — M, d: X x M — A with value

V(e d) :=E,[u(d(X,e(Y)), X,Y)].

Under strict optimality, randomization is immaterial for
exact safe optimality (Theorem A.8).

Safe revelation complexity. The fixed-length complexity
is the minimum of [log, | M|] over finite alphabets M for
which there exists a safe protocol (e, d) over M satisfying
Var(e,d) = V*(M). For a bit budget B > 0, let

A (B) := V*(M) — sup{Var(e,d) : |IM| < 28},

The asymptotic safe revelation rate SRCo. (M) is the in-
fimum of all R > 0 for which there exist block codes

en: Y* = M, andd, : X* x M,, — A" with
1
- logy My | < R+ 0(1),
P{d, (X", e,(Y")) # f]%["(X",Y")} — 0.

The relevant combinatorial object is the safe-confusability
graph G = (), Eyy) defined by

{y,9y'} € Epy <= 3x € X such that p(x, y)p(x,y’) > 0,

a*(z,y) # a*(x,y).

A zero-loss protocol can merge sender symbols only within
independent sets of G ;.

4. Exact Characterization of Safe Revelation
Complexity

Theorem 4.1 (Fixed-length characterization). Let M =
(X, Y, A, p,u) satisfy strict optimality on supp(p). Then

SRCpL(M) = [logy X(Gm)]-

Equivalently, the minimum number of explicit safe messages
needed to attain V*(M) is exactly x (G pr).

Proof. We first prove the lower bound. Let (e, d) be a de-
terministic safe protocol over a finite message alphabet M
such that Vi (e, d) = V*(M). For each message m € M,
define the message class ), := e~ 1(m) C ). We claim
that every nonempty ), is an independent set of G;. In-
deed, if distinct y, ' € ), were adjacent, then by definition
of Gy there would exist z € X with p(x, y)p(z,y’) > 0
and a* (z,y) # a*(z,y’). Since e(y) = e(y’) = m and the
protocol is exact, pointwise optimality on supp(p) gives

d(x,m) = d(z,e(y)) = a*(2,y),
d(z,m) = d(z,e(y')) = a*(z,y).

a contradiction. Hence each message class is independent,
8o e is a proper coloring of G and |[M| > x(Gyy).

For the converse, let ¢ : ¥ — [x(Gps)] be any proper
coloring and set e(y) := c¢(y). For each (z,m) € X X
[X(Gar)), define

V(xz,m):={yeY:plx,y) >0, c(y) =m}.

If Y(z,m) # @, then all y € Y(x,m) induce the same
optimal action; otherwise two same-colored feasible sender
symbols would be adjacent in G ;. Define d(x,m) to be
that common action when Y(z, m) # &, and arbitrary oth-
erwise. Now if (z,y) € supp(p), then y € Y(x,e(y)),
so d(z,e(y)) = a*(x,y). Therefore Vs (e,d) = V*(M),
establishing the upper bound. The modular protocol-to-
coloring and coloring-to-protocol derivation appears in Sec-
tion B. O
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Theorem 4.2 (Asymptotic characterization). Under the
same assumption,

SRC (M) = Hg,, (Y | X).
Equivalently,
SRCoo (M) = min I(Y; W | X),

where W ranges over random variables taking values in the
nonempty independent sets of G p; such thatY € W almost
surely and W —Y — X is a Markov chain.

Proof. Consider the repeated game on n i.i.d. copies of
M, with block payoff equal to the coordinatewise average.
Under strict optimality, a block action vector a” € A"
attains the full-information block value at a support point
(z™,y™) if and only if a; = a*(z;, y;) for every coordinate
1. Exact safe-optimal coordination on the repeated game is
therefore equivalent to recovering the vector-valued target
function

@y = (a(@1,11), ., " (@0, yn))
at a decoder that observes X" and receives an encoded
description of Y.

Now consider the classical characteristic graph of the de-
terministic function fs(x,y) = a*(x, y) with encoder-side
observation Y and decoder-side information X . It places an
edge between y and y’ exactly when there exists x such that

f]W(‘ra y) 7é fM(x7yl)

By definition of f);, this is precisely the edge condition
for the safe-confusability graph Gs. Thus the character-
istic graph of the computing problem is exactly G;. The
Orlitsky—Roche theorem on coding for computing with de-
coder side information then yields

p(%y)p(%yl) > 0 and

SRCo (M) = Hg,, (Y | X).

The equivalent variational formula follows from the defini-
tion of conditional graph entropy. A complete derivation is
given in Section C.

5. Structural Consequences and Hardness

Theorem 5.1 (Exact graph realization). For every finite sim-
ple graph G = (V, E), there exists a one-shot directional
assistance game

M¢ = (Xa,Ya, Ac,pa,ua)
such that:

1. Mg satisfies strict optimality on its support;
2. the safe-confusability graph of Mg is exactly G;

3. Mg is computable in time polynomial in |V| + |E|.

Proof sketch. Let the sender symbols and receiver actions
both equal V. Give the receiver one observation token z,,
for each vertex and one token x,, .} for each edge. Put posi-
tive mass only on (z,,v) and on (2 v}, u), (T4}, v) for
{u,v} € E, with payoff ug(a,z,y) = 1{a = y}. Strict
optimality is immediate. A pair u, v is safely confusable
iff some receiver observation is compatible with both and
separates their optimal actions; by construction this hap-
pens exactly for the edge token x,, 1, hence exactly when
{u,v} € E. See Section D.

Corollary 5.2 (Hardness of fixed-budget safe revelation).
Exact computation of SRCrr(M) is NP-hard. More
strongly, for every fixed integer B > 2, deciding whether
SRCFL(M) < B is NP-complete.

Proof sketch. Membership in NP is immediate from Theo-
rem 4.1: given an explicit game M, one can compute G s
in polynomial time by checking, for every pair y,y’ € Y,
whether there exists € X with p(z,y)p(z,y’) > 0 and
a*(z,y) # a*(x,y'). A proper 28-coloring of Gy is
then a polynomially verifiable certificate for the statement
SRCpL(M) < B.

For NP-hardness, fix B > 2 and set q := 2B Reduce from
GRAPH-3-COLORABILITY by adjoining a (¢ — 3)-clique
and connecting every new vertex to every original vertex.
The resulting graph H is g-colorable if and only if the orig-
inal graph is 3-colorable: the new clique consumes ¢ — 3
colors and leaves at most three colors available on the origi-
nal vertices. Realizing H as a game My via Theorem 5.1
gives
SRCrL(Mp) < B <= x(H) <g,

so fixed-budget safe revelation is NP-complete, and exact
computation is NP-hard. Full details appear in Section D.

Theorem 5.3 (Missing-bit family). For every integer k > 1,
there is a game My, with

GMk = KZ’“?
SRCpr (M) = k.

and, for every integer B > 0,

sup Vi, (e,d) = min{1,257%},
(e,d) safe
|M|<2”

Ay, (B) =1 —min{1,287%},

In particular, each missing safe bit halves the best achiev-
able safe value.

Proof. Fix k > 1. Since ug(a,zo,y) = 1{a = y}, the
unique optimal action at every support point is a*(xg, y) =
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y. Hence for any distinct y, vy’ € Vg,

pk:(any)pk(xOvyl) > 07
a*(xo,y) # a*(20,y").

so every pair of sender symbols is adjacent and Gps, =
Kyr. The fixed-length characterization therefore gives
SRCpr, (M) = k.

Now fix a budget B > 0 and set ¢ := 2B. Let (e, d) be
any deterministic safe protocol with | M| < g. Because the
receiver observation is constant, the decoder is equivalently
amap g : M — Ay, g(m) := d(xo, m). For each message
m, let Cp, := e~ *(m). Then

Vig,(exd) =275 Y 3 1{g(m) = y}.

meMyeCy,

For each fixed m, the inner sum is at most one, since g(m)
is a single action. Hence

Vi, (e,d) <27%|{m € M : C,, # o}
< 27 % min{q, 2*} = min{1,28°%}.

If B > k, the identity encoder achieves value 1. If B < k,
take M = {1,...,q}, encode y by itself for 1 <y < g —1
and send all remaining symbols to message ¢, with decoder
g(m) = m. This protocol is correct on exactly ¢ sender
symbols, so it achieves q/2% = 2B~ Therefore

sup Vi, (e,d) = min{1,287%},
(e,d) safe
|M|<2”

Ay, (B) =1 —min{1,287%},

Setting B = k — 1 gives Ay, (k — 1) = 1/2. Full details
appear in Section F. O

Interpretation. Theorem 5.3 is quantitative rather than
merely feasibility-based. On the family {M}}, the chro-
matic threshold controls the entire safe value curve: the
price of being one bit short is already a factor-of-two loss,
and the price of being £ bits short is a factor of 2~¢. This fam-
ily is therefore the cleanest witness for the trust-separation
theorem below, where exactly the same explicit deficit can
be bypassed by covert observation-channel choice.

6. Covert Observation Channels and Trust
Failure

The previous results are exact only under an architectural
restriction: all sender-to-receiver coordination must pass
through an explicit, auditable channel. We now allow the
sender to choose among observation-modulation actions
that alter the receiver’s observation kernel, but do not permit
an explicit message.

Fix a game M = (X, ), A, p, u) satisfying strict optimality,
andlet ¢ : ) — [g] be any proper coloring of G ;. Augment
the receiver’s latent state with an independent nuisance bit
R ~ Unif{0,1} and let the sender choose Z € {0} U [q].
The approved baseline kernel is

Qo [ 2,7) = b(ar[q))

while the covert kernel indexed by m € [q] is

Qm(- | 2,7) =6z, 1 [g)\{m})-

Thus each covert action deletes the nuisance bit and removes
exactly one color label from a public list.

Theorem 6.1 (Covert-channel collapse). For every proper
coloring ¢ : Y — [q] of Gy, the above augmentation has
three properties:

1. for every m € [q], Qm <B Qo;

2. forcing Z = 0 preserves the explicit safe communication
problem:

SRCFp (M ™°) = SRCpy, (M)
= [logy x(G )15

3. in the unrestricted covert architecture, zero explicit bits
suffice to attain V*(M).

In particular, if ¢ is optimal, the exact explicit requirement
[logs x(Gar)] collapses to zero explicit bits.

Proof. For every m € |[q], the covert kernel Q,, is a gar-
bling of Qq: from (x, r, [¢]) one can erase the nuisance bit r
and delete the label m, obtaining (x, L, [¢] \ {m}). Hence
Q. =B Qo. The inclusion is strict because )y reveals
the nuisance bit perfectly whereas @),,, erases it completely.
In the binary decision problem of guessing R, the optimal
value is 1 under Qg and only 1/2 under Q.,,. By Blackwell’s
theorem, Q,,, < Qo.

Fixing Z = 0 preserves the original safe-confusability struc-
ture: the receiver observes (X, R, [q]), which refines X
only by a payoff-irrelevant nuisance bit and a constant pub-
lic token set. Accordingly, the optimal action at a support
point ((z,r,[q]),y) is still a*(z,y), so the induced safe-
confusability graph is exactly G'5s. The fixed-length charac-
terization therefore yields

SRCrp(MP?°) = SRCpy, (M),

Finally, let the sender choose Z = ¢(Y"). The receiver then
observes (X, L, [g] \ {¢(Y)}), so it learns both X and the
color class ¢(Y'), but no explicit message is sent. Because
¢ is a proper coloring of G, for every fixed x € X and
color m € [q¢], all feasible sender symbols {y : p(z,y) >
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0, ¢(y) = m} induce the same optimal action; otherwise
two same-colored sender symbols would be adjacent in G .
Hence the decoder

d(z, L, [g] \ {m}) := a”(2,y)

for any y with p(z,y) > 0 and ¢(y) = m is well-defined on
the support of play and satisfies d°°¥ (X, L, [¢]\ {c(Y)}) =
a*(X,Y) almost surely. Therefore the unrestricted covert
architecture attains V* (M) with zero explicit message bits.
Full proofs appear in Section E. O

7. Experiments

Our empirical study is theorem-driven rather than
benchmark-driven. All main-text quantities are computed
exactly or to certified numerical precision on finite instances;
we do not use learned policies, policy-gradient baselines, or
Monte Carlo estimates. The fixed-length experiments use
exact branch-and-bound for graph coloring and exact mixed-
integer optimization for protocol design. The asymptotic
experiment computes Hg (Y | X') by complete independent-
set enumeration together with deterministic optimization of
the conditional graph-entropy variational problem.

Across all three experiments, the computational objective
is theorem certification rather than heuristic trend-fitting.
In Experiment 1, the theorem threshold is computed from
the recovered graph, while the direct protocol threshold is
computed independently from the game by exact mixed-
integer optimization over encoder partitions and decoder
actions. In Experiment 2, the constant-observation structure
collapses the optimization to an exact partition problem,
which we nevertheless cross-check by MILP on the vali-
dated range. In Experiment 3, every nonempty independent
set is enumerated explicitly, so the reported graph-entropy
values come from the variational problem itself rather than
from simulation or sampling.

Experiment 1: threshold recovery. We construct
graph-realized instances Mg, recover the induced safe-
confusability graph directly from the game, and compare
the theorem prediction By . = [log, x(G)] with the direct
protocol-design optimum By p. Figure 1a and Table 1
show exact agreement throughout: the recovered graph sat-
isfies | (G, )AE(G)| = 0, and the MILP threshold co-
incides with the chromatic threshold on every tested named
instance. The appendix random-graph sweep exhibits the
same exact agreement.

Experiment 2: missing bits and covert collapse. On the
family { M} }, the safe explicit value follows the exact law

*o(B) = min{1,257"}.

safe

Because the receiver observation is constant, each nonempty
message class can recover at most one sender symbol, so

the direct optimization problem collapses to a small exact
partition program; we also solve the corresponding MILPs
on the validated range k < 8. Figure 1b and Table 2 verify
the theorem on every checked budget and show the predicted
covert collapse to value 1 at zero explicit bits. The table also
IePOItS Ugyess(Qo) = 1 and vgyess(@m) = 1/2, the exact
nuisance-bit decision values used to certify strict Blackwell
inferiority.

Experiment 3: asymptotic rate. We evaluate graph-
realized families in which the conflict graph is held fixed
while the receiver’s side information becomes more infor-
mative. For the weighted graph-realization family used in
Figure 2, varying p changes the observation law but not
the support graph; for a graph G = (V, E), the resulting
asymptotic rate has the closed form

__ 2|
plV]+2|E]

Figure 2 confirms the qualitative prediction of Theorem 4.2:
for graph-realized C5 and Petersen families, the one-shot
baseline remains fixed at log, 3 while Hg(Y | X) drops
sharply as receiver side information improves. Table 3
reports selected exact numerical instances, including the
closed-form clique sanity checks and the graph-realized
families used in the main figure. Additional diagnostics
and the sequential bridge experiment are deferred to the
appendix.

Ha(Y | X)

8. Conclusion

Safe revelation complexity isolates the exact communication
cost of trustworthy coordination in a one-shot directional
slice of partially observable assistance. The cost is nei-
ther the entropy of the sender’s information nor the size
of the action space, but the graph of receiver-conditioned
optimal-action disagreements. The same graph governs
both one-shot and repeated interaction, every finite coloring
obstruction can occur as a trustworthy-coordination obstruc-
tion, and message-only auditing can fail even when every
observation kernel available to the sender is individually
Blackwell-inferior to an approved baseline.

The broader lesson is structural. In partially observable
cooperative systems, the relevant complexity is not simply
how much private information one agent holds, but which
distinctions in that information remain decision-relevant
after conditioning on the other agent’s observations. That
is why graph coloring, rather than Shannon entropy alone,
governs exact one-shot revelation; and it is why conditional
graph entropy, rather than raw source entropy, governs the
asymptotic regime. The trust restriction is equally struc-
tural: if the architecture allows one agent to choose among
observation channels, then the identity of the chosen chan-
nel itself becomes a coordination resource, even when each
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Figure 1. Exact validation of the fixed-length and trust-separation theorems.
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Figure 2. For graph-realized C5 and Petersen instances, the asymptotic rate Hg (Y | X)) decreases sharply with side-information weight
p, while the one-shot baseline remains log, x (G) = log, 3.

Table 1. Named graph-realized benchmark instances. In every case, the recovered graph is exact and Byr,p = Bium-

Inst. VI |E|] AE X Bfm Blwe

K33 6 9 0 2 1 1

Cs 5 5 0 3 2 2

C7 7 7 0 3 2 2

Petersen 10 15 0 3 2 2

Mycielski(Cs) 11 20 0 4 2 2

Ky 8 28 0 8 3 3

Table 2. Selected k values for the missing-bit family and covert collapse. Here Vi = Vi and Ve = Vi ert-

k SRC Vi(0) Vis(k=1) Vi(k) Ve(0) (Qo) v(Qm)
4 4 274 1 1 1 1 1
-8 ? i
8 8 2 2 1 1 1 2
2 12 27" : 1 1 1 z
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Table 3. Selected exact asymptotic-rate instances. The numerical optimizer matches the closed-form reference to machine precision.

Inst. Param. X(G) log,x(G) Hg(Y|X) Ref. Gain
Kie a=0.0 16 4.000 4.000 4.000 0.0%
K¢ a=15 16 4.000 2.684 2.684 329%
Cs p=10 3 1.585 0.667 0.667 57.9%
Cs p=10.0 3 1.585 0.167 0.167 89.5%
Petersen p=1.0 3 1.585 0.750 0.750 52.7%
Petersen p = 10.0 3 1.585 0.231 0.231 85.4%

channel is individually less informative than an approved
baseline.

Our exact experiments and the appendix-only sequential
bridge study show that this viewpoint is not only mathemati-
cally natural but computationally observable. The chromatic
obstruction appears exactly in finite realized games, the
asymptotic rate can be much smaller than the fixed-length
baseline without changing the conflict graph, and the same
one-shot graph reappears as a local necessary condition
inside finite-horizon partially observable assistance.

Two auditing implications follow. First, trustworthy-
coordination reviews should target induced information
structure rather than explicit messages alone. A system
can satisfy a narrow “no extra messages” requirement while
still transmitting the missing color class of a chromatic
code through the choice of prompts, filters, observation ker-
nels, or other interface-level interventions. In that sense,
observation-channel choice is not an implementation detail;
it is part of the communication architecture. Second, low
observed communication volume is not itself evidence of
benign behavior. Theorem 4.2 shows that repeated interac-
tion can reduce the auditable bit rate dramatically without
changing the underlying local conflict graph, so one must
distinguish efficient safe compression from covert substitu-
tion of one channel for another.

Several extensions remain open. The appendix proves only
a local lower bound for finite-horizon partially observable
assistance games, not a global sequential characterization.
It is also natural to study approximate-value analogues in
which ties, small support margins, or model misspecification
are allowed; to quantify the cost of restricting the class of
admissible observation kernels; and to combine the present
graph-theoretic viewpoint with oversight mechanisms that
require disclosure or commitment about observation-side
interventions. These questions matter because deployed
assistants typically interact over long horizons and through
interfaces that shape what a human decision-maker is al-
lowed to see.

A complementary way to read the main theorems is as a
separation between three notions of information: raw uncer-
tainty in Y, decision-relevant distinctions after conditioning
on X, and communication power permitted by the architec-
ture. These coincide only in special cases. The missing-bit

family has maximal local conflict and therefore no safe
merging; the weighted graph-realization families hold the
conflict graph fixed while making repeated safe revelation
cheap; and the covert-channel construction preserves indi-
vidual Blackwell dominance while changing the effective
communication architecture. Read together, Theorems 4.1,
4.2 and 6.1 say that trustworthy cooperation depends on
which distinctions can be selected and transmitted under the
rules of the system, not simply on how much information
exists in the abstract.

This viewpoint suggests a concrete agenda for trustworthy-
assistance evaluation. One should report not only payoffs
and message budgets, but also the induced conflict structure
or a tractable surrogate for it, the safe rate made possible
by the side information available to the receiver, and the
observation-side actions available to the sender policy. With-
out all three, it is hard to tell whether good performance
reflects auditable revelation, efficient safe compression, or
covert influence through interface control.

More broadly, the paper suggests a way to compare coop-
erative architectures that abstracts away from superficial
implementation differences. Systems with very different
state spaces, interfaces, or message vocabularies can never-
theless induce the same conflict graph, and hence the same
exact trustworthy-coordination obstruction. Conversely, sys-
tems with the same nominal message budget can behave
very differently depending on whether that budget is spent
on explicit revelation or silently replaced by control over
what another agent is allowed to observe.

Methodologically, this is why the exact graph-realization
theorem matters. It rules out the interpretation that G is
merely a convenient surrogate or proof artifact. The graph
is the operational shadow of receiver-conditioned optimal-
action disagreement itself, which is why hardness from
graph coloring, savings from graph entropy, and local se-
quential lower bounds all attach to the same object. From an
auditing perspective, that means one can ask whether an ar-
chitecture exposes, compresses, or hides the disagreements
encoded by GG, rather than reasoning only from the raw
cardinalities of observation or action spaces.

Two appendix results help place the main theorem in context.
First, the sequential bridge theorem shows that after condi-
tioning on a reachable public history and folding the continu-
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ation value into the stage payoff, any exact full-information-
optimal safe policy must induce message classes that color a
local continuation graph. This is only a necessary condition,
not a full dynamic characterization, but it shows that the
chromatic obstruction is not a static artifact of the one-shot
model. Second, the robustness lemmas show that under a
positive support margin, small value loss is controlled by ac-
tion error and sufficiently small uniform perturbations of the
payoff leave the optimal-action rule, the conflict graph, and
hence both revelation complexities unchanged. Together
these results suggest that the graph-theoretic picture is sta-
ble enough to matter beyond the exact benchmark while
remaining precise enough to support theorem-level lower
bounds.

This also clarifies how to read the computational section.
The experiments are not offered as heuristic evidence sepa-
rate from the theory, but as exact finite-instance witnesses
for it. The graph-realization experiments show that color-
ing obstructions are literally instantiated inside assistance
games; the missing-bit family shows that the threshold can
encode a sharp value law rather than a mere feasibility
switch; and the asymptotic study shows that repeated in-
teraction changes compression cost without changing the
local obstruction. In each case, the empirical object being
computed is exactly the theorem object.

From a practical safety standpoint, the paper suggests sepa-
rating three audit questions that are often conflated. First,
what optimal-action disagreements remain after condition-
ing on the receiver’s side information? Second, how many
explicit bits are needed to resolve those disagreements
safely? Third, does the policy have any observation-side
control that can substitute for those bits by changing what
the receiver gets to see? The first question is structural, the
second is a communication-design problem, and the third
is an interface-governance problem. Treating them as a
single undifferentiated notion of “informativeness” can ob-
scure the precise failure mode isolated by the covert-channel
theorem. Even outside assistance games, the same decom-
position may be useful in recommender systems, delegation
settings, or Al-mediated decision support where a system
both summarizes information and selects which evidence is
shown.

At a minimum, empirical evaluations should therefore docu-
ment not only reward and message logs, but also whether
the policy can choose observation filters, reorder evidence,
hide options, or alter defaults presented to the receiver. In
many deployed systems, those are the highest-bandwidth
actions in the architecture.

In applications, the distinction between explicit revela-
tion and observation-channel choice is especially important
when the receiver is a human or institution that cannot di-
rectly inspect the latent state. A system may satisfy narrow

communication rules while still influencing decisions by
controlling defaults, rankings, omissions, or which pieces
of evidence are surfaced. The point of the theorem is not
that every such intervention is necessarily malicious, but
that once it carries decision-relevant information it should
be governed as part of the communication interface. Within
the model, the exact local object governing that interface is
the safe-confusability graph and the rate it induces.

A natural next step is therefore to move from exact one-shot
and local sequential obstructions to global sequential char-
acterizations, approximate-value regimes, and mechanism-
design constraints that explicitly regulate observation-
channel choice. The resulting lesson is architectural: high
cooperative performance is not enough; one must also audit
how the information needed for that performance is trans-
mitted.

One concise way to package the auditing lesson is as a three-
object interface description: the conflict graph G5y, the safe
asymptotic rate Hg,, (Y | X), and the admissible family of
observation kernels. The graph records which sender dis-
tinctions remain action-relevant after conditioning on the re-
ceiver’s side information; the rate records how cheaply those
distinctions can be resolved by explicit safe coding; and the
kernel family records whether those same distinctions can
instead be conveyed through policy-controlled presentation.
Reporting only one of these objects gives an incomplete
picture. Two systems can match on payoff and even on
message statistics while differing sharply in whether their
coordination is legible or covert. For theorem-level safety
evaluation, the correct comparison class is therefore archi-
tectural rather than purely behavioral: one should ask which
decision-relevant distinctions are exposed, which are com-
pressed, and which are silently reintroduced through control
over what the receiver sees. Put differently, a trustworthy-
assistance specification should name both the admissible
explicit code and the admissible intervention class on the
receiver’s observation process. Without that dual specifica-
tion, compliance is underdetermined: the same cooperative
value can be achieved by informational means that are either
auditable or covert. In that sense, the trusted object is not
the message alphabet in isolation, but the entire information
interface through which the receiver’s action is induced and
justified. That is the level at which trustworthy cooperation
should be specified, audited, and compared across assistance
architectures that otherwise look behaviorally similar. In
short, trustworthy cooperation is a problem of governing
which decision-relevant distinctions may be communicated,
by which channels, and under whose audit.
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Impact Statement

This paper is theoretical work on trustworthy cooperation
under partial observability. Its primary positive impact is
conceptual and methodological: it proposes a precise crite-
rion for when cooperative performance is achieved through
explicit, auditable revelation rather than through hidden
influence over another agent’s information channel. In set-
tings such as human—AlI assistance, deliberative decision
support, or Al-mediated public institutions, this distinction
matters directly for accountability. Our results give exact
complexity measures for the minimum explicit communi-
cation needed to recover full-information performance, and
they show that message-only auditing can be insufficient
when observation-side interventions are left uncontrolled.
Accordingly, one practical use of this work is as a formal de-
sign principle for auditing, interface design, and governance:
systems should be evaluated not only by what messages they
send, but also by what latent control they exert over what
other participants are allowed to observe.

A second positive impact is scientific. By connecting trust-
worthy coordination to chromatic number, conditional graph
entropy, and Blackwell’s comparison of experiments (Black-
well, 1953), the paper provides a common formal language
linking cooperative Al, information structure, and mecha-
nism auditing. We expect this to be useful for subsequent
theoretical work on communication constraints, assistance
games, and partial observability, including settings where
commitments, oversight, or corrigibility are central. In par-
ticular, our theory may help distinguish architectures that
are merely high-performing from architectures that are high-
performing for the right reasons, namely by using channels
whose informational role is explicit and reviewable.

There are also plausible misuse risks. The covert-channel
constructions in the paper make precise how policy-level
control over observation kernels can encode hidden com-
munication. In the wrong hands, such constructions could
be used as design templates for systems that preserve nom-
inal compliance with message-channel restrictions while
still steering another agent’s behavior through information
shaping. We believe this risk is outweighed by the value
of making such failure modes explicit: hidden channels
cannot be mitigated if they remain informal or unmodeled.
The theory therefore supports a defensive conclusion rather
than an offensive one: auditing regimes, safety evaluations,
and deployment policies should treat observation-channel
control as a first-class object of oversight rather than as an
innocuous implementation detail.

Finally, the paper has important limitations. Our exact char-
acterizations are proved for a one-shot directional slice and
then related to finite-horizon partially observable assistance
games through local lower bounds. The results therefore
do not by themselves certify the safety of any deployed

system, nor do they resolve broader social questions around
acceptable influence, informed consent, or institutional legit-
imacy. Rather, they provide a theorem-level foundation for
analyzing one specific and important aspect of trustworthy
AI: whether optimal cooperation depends on auditable reve-
lation or on covert control over what others are permitted to
know.
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Safe Revelation Complexity in Assistance Games

A. Additional Preliminaries and Notation

Our starting point is the partially observable assistance-game formalism of (Emmons et al., 2025) and the partially observable
off-switch line of (Garber et al., 2025). The information-theoretic objects used later trace back to Blackwell’s comparison
of experiments (Blackwell, 1953), Witsenhausen’s zero-error source coding problem with decoder side information
(Witsenhausen, 1976), Korner’s graph entropy (Korner, 1973), and the Orlitsky—Roche characterization of coding for
computing (Orlitsky & Roche, 2001). This appendix fixes the notation used throughout the paper and records a few
elementary consequences that will be used repeatedly.

A.1. Basic Notation and Standing Conventions

For a finite set Z, we write | Z| for its cardinality and A(Z) for the probability simplex on Z. All random variables are
discrete and all alphabets are finite unless explicitly stated otherwise. All logarithms are base two. Accordingly, Shannon
entropies and mutual informations are measured in bits.

If p € A(X x Y) is a joint law, then
supp(p) = {(z,y) € X x ¥ : p(z,y) > 0}.

When (X,Y) ~ p, we freely write p(x, y) for P{X = z,Y = y}. For any real-valued function g on X x )/, we use the
shorthand

Elg(X, V)= > plz.yg(zy).
(z,y)EX XY

Throughout the paper, the phrase safe communication refers only to an architectural constraint: all additional coordination
from the sender to the receiver must pass through an explicit, auditable message alphabet. No action-dependent modification
of the receiver’s observation channel is permitted under this baseline model. The covert-channel model introduced later
relaxes this restriction.

A.2. One-Shot Directional Assistance Games
Definition A.1 (One-shot directional assistance game). A one-shot directional assistance game is a tuple
M = (X7y7 ‘A7p7 u)?

where:

1. X is the receiver’s private observation alphabet;

2. ) is the sender’s private observation alphabet;

3. Ais the receiver’s action set;

4. p € A(X x )) is the joint law of the private observations;

5. u: Ax X x )Y — Ris the common payoff.

Nature draws (X, Y) ~ p. The sender privately observes Y, the receiver privately observes X, the sender may transmit an
explicit message, and the receiver then selects the unique payoff-relevant action a € A.

The model is directional. In the A— H interpretation, the assistant is the sender and the human is the receiver; in the H — A
interpretation, the roles are reversed. All definitions below are symmetric under swapping sender and receiver.

For each (z,y) € X x Y, define the full-information optimal value

u*(z,y) == maxu(a, ,y).
Assumption A.2 (Strict optimality on support). For every (x,y) € supp(p), the maximizer of a — u(a, z, y) is unique.

10
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Under Theorem A.2, we write
a*(x,y) € argmaxu(a,z,y)
acA

for the unique optimal action whenever (z,y) € supp(p). On pairs (x,y) ¢ supp(p), we may fix an arbitrary maximizer;
none of our results depend on this off-support choice. We also define the associated target function

fr X xY = A, fu(z,y) == a*(2,y).

The full-information team value is
V(M) :=E,[u*(X,Y)] =Ep[u(a*(X,Y), X,Y)].
Definition A.3 (Deterministic safe protocol). Fix a finite message alphabet M. A deterministic safe protocol over M is a

pair (e, d) consisting of:

1. anencodere: )Y — M;

2. adecoderd: X x M — A.

Its value on game M is
V(e d) :=E,[u(d(X,e(Y)), X, Y)].
Definition A.4 (Fixed-length safe revelation complexity). The fixed-length safe revelation complexity of a one-shot

directional assistance game M is

SRCpy (M) := min {[log, |M|] : 3 deterministic safe protocol (e, d) over M with Vjs(e,d) = V*(M)}.

The minimum in Theorem A .4 is well-defined, since the sender can always reveal Y losslessly using |)| messages.

Definition A.5 (Safe-value gap at a bit budget). For an integer B > 0, the safe-value gap at budget B is
Ap(B) := V*(M) — sup { Vi (e, d) : (e,d) is a deterministic safe protocol over some M with | M| < 23} .
Definition A.6 (Asymptotic safe revelation rate). For n > 1, let
@yt = (), (T, Un)
The asymptotic safe revelation rate of M is the infimum of all R > 0 such that there exists a sequence of block codes
en: V" — M,, dp : X" x M, — A"

satisfying
. 1
limsup — log, IM,| < R
n—oo N

and
lim P{d, (X", e,(Y™)) # fi (X", Y"™)} =0,

n—oo
where (X™,Y™) are i.i.d. draws from p. We denote this quantity by SRCo (M).

Remark A.7 (Relation to finite-horizon POAGs). The main body studies one-shot directional games because they arise as
local continuation problems inside finite-horizon partially observable assistance games. Concretely, after conditioning on a
reachable history and folding the optimal continuation value into the stage payoff, one obtains an instance of Theorem A.1.
This reduction is formalized later in the sequential appendix.

Lemma A.8 (Randomization is immaterial for exact safe optimality). Assume Theorem A.2. Suppose there exist a finite
message alphabet M, a stochastic encoder k(- | y) € A(M), and a stochastic decoder §(- | z,m) € A(A) such that

Spy) 3 wm|y) Y b(a | 2 myula z,y) = V().

meM acA

Then there exists a deterministic safe protocol (e, d) over the same message alphabet M with Vy;(e,d) = V*(M).

11
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Proof. Forevery (z,y) € supp(p),

Z k(m | y) Z o(a | z,mu(a,z,y) < u*(z,y),

meM acA
because u*(z, y) is the maximum achievable payoff at (x, y). Averaging this inequality with weights p(z, y) yields
S pley) 3 wm | y) S 60 | v mula,z,y) < VM),
x,Y meM acA

By hypothesis, equality holds. Since each coefficient p(x, y) is strictly positive on supp(p), equality must therefore hold
pointwise on the support:

Z k(m | y) Z 0(a| z,mu(a,z,y) = u*(z,y) V(z,y) € supp(p).
meM acA

Under Theorem A.2, the maximizing action at each support point is unique. Hence, whenever (z,y) € supp(p) and
k(m | y) > 0, we must have
0(a*(z,y) | x,m) = 1.

Indeed, if 6(- | =, m) assigned positive mass to any a # a*(z,y), the inner expected payoff at (x,y) would be strictly
smaller than u*(z, y).

Now choose, for each y € ), an arbitrary message e(y) € supp(x(- | y)). Consider any pair (z,m), and define
Y(x,m):={y € V:p(z,y) >0, e(y) = m}.
If Y(x, m) is nonempty, then for every y,y’ € Y (z, m), the preceding argument gives
d(a*(z,y) | x,m) =1 and §(a*(z,y') | z,m) = 1.

Therefore

a*(z,y) = a*(z,y).
So there is a unique action associated with every nonempty set J(x, m). Define the deterministic decoder d by
) {a* (z,y), if Y(x,m) # @ for any (equivalently every) y € Y (x, m),

d(x,m) := .
ag, ifY(z,m) =02,

where ag € A is arbitrary.

By construction, whenever (x,y) € supp(p),

d(z,e(y)) = a”(z,y).

Hence
Vau(e,d) = Eplu(d(X,e(Y)), X, Y)] = Ep[u(a”(X,Y), X, Y)] = V* (M),

as claimed. O

A.3. Graph-Theoretic and Information-Theoretic Notation

All graphs in the paper are finite, simple, and undirected. If G = (V, E) is such a graph, then:

* an independent set is a subset I C V containing no adjacent pair;
* Z(@) denotes the family of all nonempty independent sets of G;
* a proper coloring of G with ¢ colors is amap ¢ : V' — [g] such that ¢(v) # ¢(v") whenever {v,v'} € E;

* x(G) denotes the chromatic number of G.

12
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Definition A.9 (Safe-confusability graph). Let M = (X, ), A, p, u) satisfy Theorem A.2. Its safe-confusability graph is
the graph
Gy =, Eum)

whose vertex set is the sender alphabet ) and whose edge set is defined by
{y,y'} € By <= 3x € X such that p(x,y)p(x,y’) > 0and a*(z,y) # a*(x,y").
Equivalently,

{y,y'} € Epy <= 3z € X such that p(z, y)p(x,y') > 0and far(z,y) # far(z,9).

Thus, two sender observations are adjacent precisely when collapsing them into the same explicit message can force a loss
of optimality for at least one receiver-side-information realization that occurs with positive probability.

Definition A.10 (Conditional graph entropy). Let G be a graph on vertex set ) and let (X, Y") be jointly distributed with
Y € Y. The conditional graph entropy of Y given X with respect to G is

He(Y | X) :=min I(Y; W | X),

where the minimum ranges over all random variables W taking values in Z(G) such that:

1. Y € W almost surely;

2. W —Y — X forms a Markov chain.

The quantity in Theorem A.10 is the conditional extension of Korner’s graph entropy and, for characteristic graphs of
deterministic functions with decoder side information, coincides with the minimum asymptotic communication rate for
function computation (Korner, 1973; Orlitsky & Roche, 2001).

A.4. Observation Kernels and Blackwell Order

The covert-channel theorem later in the paper compares observation structures using the Blackwell order.

Definition A.11 (Observation kernel). Let S and O be finite sets. An observation kernel from S to O is a stochastic matrix
Q:S— A0), s—= Q| s).

Definition A.12 (Blackwell informativeness order). Let Q : S — A(O) and Q : S — A(O) be observation kernels on the
same state space S. We write

@jBQ

and say that @ is Blackwell-less-informative than () if there exists a stochastic matrix

K:0— A(O)
such that, for every s € S and every 0 € 0,
Q@|s)=)Y K@lo)Qo]s).
ocO
We write _
Q=<8 Q
if Q < Qand Q %5 Q.
For finite experiments, Theorem A.12 is equivalent to the decision-theoretic statement that every Bayesian decision problem
admits weakly higher value under ) than under Q); this is the content of Blackwell’s theorem (Blackwell, 1953). Our
covert-channel construction later exploits the fact that an agent may encode information not by making another agent’s

observation more informative, but by selecting among several kernels each of which is individually Blackwell-inferior to an
approved baseline.
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Table 4. Notation used throughout the paper.

Symbol Meaning

X Receiver’s private observation alphabet
Yy Sender’s private observation alphabet

A Receiver action set
D Joint law of (X,Y)

u(a,x,y) Common payoff
u*(z,y) Full-information optimal payoff at (z, y)
a*(z,y) Unique optimal receiver action on supp(p)
M(z,Y) Target action function induced by game M
M Explicit message alphabet
e, d Deterministic encoder and decoder
Vi (e, d) Value of deterministic safe protocol (e, d) on game M
V*(M) Full-information team value

SRCpr, (M) Fixed-length safe revelation complexity
SRC (M)  Asymptotic safe revelation rate

A (B) Safe-value gap at budget B

Gy Safe-confusability graph

Z(G) Family of nonempty independent sets of graph G
x(G) Chromatic number of graph G

He(Y | X)  Conditional graph entropy
Q =B Q Q' is Blackwell-less-informative than @

A.5. Notation Ledger
B. Full Proof of the Fixed-Length Characterization

This appendix proves the exact fixed-length characterization announced in the main text. The argument is self-contained, but
its combinatorial structure is in the same spirit as the zero-error graph-coloring viewpoint initiated by Witsenhausen (1976):
exact coordination under side information is possible if and only if the sender’s symbols can be partitioned into classes that
are never confusable at any receiver observation realization compatible with the support of the game.

Throughout this appendix, fix a one-shot directional assistance game
M= (X,Y,A p,u)

satisfying Theorem A.2, and let

Gu = (Y, Eu)
denote its safe-confusability graph from Theorem A.9. Recall that

V(M) = Eplu(a™(X,Y), X, V)]
and that a deterministic safe protocol over a finite message alphabet M is a pair
e:yY =M, d: X xM— A,

with value

V]\/[ (6, d) = Ep [u(d(X, e(Y)), X, Y)] .

We first isolate the basic pointwise consequence of zero-loss optimality.
Lemma B.1 (Pointwise optimality of zero-loss protocols). Let (e, d) be a deterministic safe protocol over a finite alphabet

M. If
V]\/[(e, d) = V*(M),

then for every (z,y) € supp(p),
d(z,e(y)) = a”(z,y).
Equivalently,
u(d(z, e(y)),z,y) = u*(z,y)  V(z,y) € supp(p).

14
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Proof. Forevery (z,y) € X x ),
u(d(z, e(y)), =, y) < u(z,y)
by definition of u*(x, y) as the maximum of a — u(a, z,y). Therefore
VAM) = Varlesd) = 2 play) (u(@,y) - u(d(a,e(y), 2,1))-
(z,y)€X XY

The summands in the final expression are all nonnegative. If Vi (e, d) = V*(M), then the left-hand side is zero, hence
every summand with strictly positive coefficient must vanish. Thus, for every (z,y) € supp(p),

u(d(z,e(y)), z,y) = v (z,y).

By Theorem A.2, the maximizing action at every support point is unique, so
d(z,e(y)) = a*(z,y)  V(z,y) € supp(p),
as claimed. O

The next lemma shows that a zero-loss protocol induces a graph coloring: every nonempty message class must be an
independent set of the safe-confusability graph.

Lemma B.2 (Zero-loss protocols induce independent message classes). Let (e, d) be a deterministic safe protocol over a
finite alphabet M such that
Vi (e, d) = V*(M).

For each message m € M, define the corresponding message class
Y i= e (m) C .
Then every nonempty message class Yy, is an independent set of G ;.
Proof. Fix m € M with ),, # @. Suppose for contradiction that ), is not independent. Then there exist distinct

Y,y € Yy, such that
{v,¥'} € Enr.

By the definition of the safe-confusability graph, there exists some z € X" such that
p(x,y)p(x,y") >0 and  a*(z,y) # a*(z,y).

Since 1,9y’ € Vo, we have
e(y) = e(y') =m.
Because (z,y) and (x,y’) both lie in supp(p), Theorem B.1 yields

d(x,m) = d(z,e(y)) = a’(x,y)

and also
d(z,m) =d(z,e(y)) = a*(z,9).
Hence
a*(z,y) = a*(z,y'),
contradicting the edge condition. Therefore )),;,, must be an independent set of G ;. O

It is convenient to record the previous lemma in coloring language.

Corollary B.3 (Protocol-to-coloring implication). Fix an integer ¢ > 1. Suppose there exists a deterministic safe protocol
(e, d) over a message alphabet M with | M| < q and

Var(e,d) = V*(M).

Then G p; admits a proper coloring with at most q colors.
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Proof. For each m € M, Theorem B.2 shows that the message class ),,, = ¢~ (m) is independent. Since the message
classes partition )/, the encoder e itself is a proper coloring of GGj; by the colors in M. After relabeling the used messages
by distinct elements of [g], we obtain a proper coloring with at most ¢ colors. O

The converse direction is subtler only because the decoder must be shown to be well-defined from a coloring. The
safe-confusability graph is defined precisely so that proper color classes are the correct equivalence classes for exact
coordination.

Lemma B.4 (Proper colorings induce zero-loss protocols). Fix an integer ¢ > 1 and let
c:Y —q]
be a proper coloring of G pr. Then there exists a deterministic safe protocol (e, d) over the message alphabet [q| such that

Vm(e,d) = V*(M).

Proof. Define the encoder by
ey) i=cly)  Vyel.

It remains to construct a decoder d : X X [¢] — A.

Fix any pair (z, m) € X x [¢] and consider the subset
Y(x,m):={y €Y:px,y) >0, c(y) =m}.
We claim that if )(x, m) # @, then the value a*(x, y) is the same for all y € Y (z, m).
Indeed, let y,y’ € Y(xz,m). Then
plz,y) >0, p(z,y) >0, c(y) =c(y) =m.

If a*(x,y) # a*(x,y’), then by the definition of G; we would have

{y,y'} € En.
But c is a proper coloring, so adjacent vertices cannot share the same color, a contradiction. Thus

a*(z,y) =a*(x,y)  Vy,y' € V(x,m).

Therefore, whenever ) (z, m) # @, the quantity a*(z, y) is independent of the particular choice of y € Y(x, m).

We may now define the decoder by

a*(z,y), ifY(z,m)# @ foranyy € Y(x,m),

d(z,m) :=
ao, 1fy(a:,m) =4,

where ag € A is arbitrary. The preceding argument shows that this definition is well-defined.

Now fix any (z,y) € supp(p). Since p(x,y) > 0 and e(y) = ¢(y), we have
y € V(z,e(y))
Hence, by construction of d,
d(z,e(y)) = a”(z,y).
Therefore
u(d(z,e(y)),,y) = v(x,y)  V(x,y) € supp(p).

Averaging over (X,Y) ~ p yields
VM(G, d) = V*(M),

which completes the proof. O
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The previous two implications give the exact correspondence between zero-loss protocols and graph colorings.

Proposition B.5 (Protocol-coloring equivalence). For every integer q > 1, the following are equivalent:

1. there exists a deterministic safe protocol over a message alphabet of size at most ¢ whose value equals V*(M);

2. the safe-confusability graph Gy admits a proper coloring with at most q colors.
Proof. The implication (1) = (2) is exactly Theorem B.3. The implication (2) = (1) is exactly Theorem B.4. O

We now obtain the fixed-length characterization as an immediate consequence.
Theorem B.6 (Fixed-length characterization). Let M satisfy Theorem A.2. Then

SRCFL(M) = |—10g2 X(GM)—‘ .

Equivalently, the minimum number of explicit safe messages required to attain the full-information value is exactly x(Gr).

Proof. By Theorem A.4, SRCpy, (M) is the minimum integer B > 0 such that there exists a deterministic safe protocol
over some message alphabet of size at most 22 whose value equals V*(M). By Theorem B.5, this is equivalent to the
existence of a proper coloring of G'3; with at most 27 colors, i.e.,

X(G]u) § 2B.
Therefore
SRCpL(M) = min{B € Z>¢ : x(Gm) < 281,

Since x(Gr) is a positive integer, the minimal such B is exactly

[logy x(Ga)] -
This proves the stated identity.

For the equivalent message-alphabet formulation, observe that a proper coloring with x (G ) colors yields a zero-loss safe
protocol with exactly x(G s) messages by Theorem B.4, while no protocol with fewer than x(Gj,) messages can exist by
Theorem B.3. Hence the minimum number of explicit safe messages required for exact optimality is x(G s ). O

Remark B.7 (Role of the strict-optimality assumption). The proof uses Theorem A.2 in exactly two places. First, in
Theorem B.1, it turns equality of achieved payoff with the full-information optimum into equality of actions on every support
point. Second, in Theorem B.4, it ensures that whenever a color class is feasible at a receiver observation z, all sender
observations in that class induce the same optimal action. If ties are allowed, the correct object is no longer an ordinary
graph on ) but a compatibility structure over feasible optimal-action sets; we intentionally avoid that generalization in the
workshop version in order to keep the main theorem exact.

C. Full Proof of the Asymptotic Characterization

This appendix proves the asymptotic rate formula for safe revelation. The proof has two steps. First, repeated safe revelation
is reduced to the classical problem of computing a deterministic function at a decoder with side information. Second, the
characteristic graph of that function is shown to coincide exactly with the safe-confusability graph introduced in the main
text. The result then follows from the coding-for-computing theorem of Orlitsky & Roche (2001); see also the earlier
zero-error and graph-entropy line of Witsenhausen (1976); Korner (1973).

Throughout this appendix, fix a one-shot directional assistance game
M = (X) y’ 'A7p7 u)
satisfying Theorem A.2. Recall that
fru(z,y) = a*(z,y)
denotes the unique full-information optimal action on supp(p), and that the asymptotic safe revelation rate SRC . (M) was

defined in Theorem A.6 using vanishing block error for the recovery of f}@” (X™,Y"™) from an encoded version of Y™ and
decoder side information X ™.
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C.1. Repeated Safe Revelation as Function Computation

We begin by recording the exact relationship between repeated safe revelation and function computation. Although
Theorem A.6 already encodes the problem in functional form, the next proposition shows that this formulation is not merely
a convenience: it is exactly the repeated safe-optimal coordination problem induced by the game.

For n > 1, define the n-fold product game
M®n = (Xna ynv An7p®n7 un) )

where the block payoff is the coordinatewise average

1 n
up(a”, " — Zu @iy iy Yi)s a” e A", (2™, y") € X" x Y".
=1

3

Its full-information optimal value is
V¥(M®™) =Epen { max Up(a™, X", Y™)
ane n
Proposition C.1 (Operational equivalence). Fixn > 1. Let

n Y — M, dp X" x M, = A"

be a deterministic block code. Then the following are equivalent:

Viren (e, dp) = V*(M®™);

2. forevery (z™,y") € supp(p®"),
dn(xnﬂen(yn)) = ]%)[n(xn’yn)

In particular, the exact safe-optimal block-revelation problem on M®™ is identical to exact computation of the vector-valued
function fﬁ?[" at a decoder that observes X™.

Proof. Forevery (z",y™) € X™ x Y™ and every a” = (aq,...,a,) € A",

n

1 1 «
Up(a™, 2", y") = - Z;u(ai,xiayi) < - zu*(xz,yz)
= i=

Under Theorem A.2, equality holds if and only if a; = a*(x;, y;) for every coordinate 7. Equivalently,

up(a”, 2", y") Zu (zi,y:) = a" = fi"(@",y").
i=1

Therefore the unique full-information optimal action vector on supp(p®") is precisely f5,"(z",y"), and

Zu (X, Y7)

V*(M®") = Een

Now let (e, d,,) be any deterministic block code. Then

V*(M®™) — Vigon (en, dn)

, 1 ¢
Z p®n(xn7yn) (n Zu*(ﬂ%yi) _ un(dn(xn’ en(y™)), 2", yn)> )
i=1

(mn 7,yn)
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Every summand is nonnegative. Hence
Varon (€n,dn) =V~ (M®n)

if and only if every summand corresponding to a support point (2", y™) € supp(p®") vanishes. By the previous observation,
this occurs if and only if

dn (2", en(y™) = fi" (@™, y")  ¥Y(z",y") € supp(p®").

This proves the equivalence. O

Remark C.2. Theorem C.1 explains why the asymptotic object SRC, (M) is defined via block recovery of f5,"(X™,Y™)
rather than directly through value. Under the strict-optimality assumption, the function f,; is exactly the full-information
optimal action rule, so recovering f]%’[" is equivalent to realizing exact safe-optimal coordination on the repeated game.

C.2. The Characteristic Graph of the Target Function

We now identify the graph that governs the asymptotic rate. Since our encoder observes Y and our decoder observes X, the
relevant characteristic graph is a graph on the sender alphabet ).

Definition C.3 (Characteristic graph of fas). The characteristic graph of the target function fj; is the graph

GfM = (y’ Efl\/l)

with vertex set ) and edge relation

{y,v'} € Ey,, < Fx € X such that p(z,y)p(z,y’) > 0and far(x,y) # fu(z,y').

This is precisely the graph used in the coding-for-computing literature when the encoder observes Y, the decoder observes
X, and the decoder must recover a deterministic function fj;(X,Y).

Proposition C.4 (Graph identity). The characteristic graph G',, coincides exactly with the safe-confusability graph G
from Theorem A.9. In particular,

Gsy =Gu
as graphs on the common vertex set ).
Proof. By Theorem C.3,
{y,y'} € Et,, < Tz € X such that p(z,y)p(z,y’) > 0and fa(z,y) # fru(z,y').
Since fus(x,y) = a*(x,y) by definition, the right-hand side is equivalent to
Jdz € X such that p(z, y)p(z,y’) > 0and a*(z,y) # a*(z,y’).
By Theorem A.9, this is exactly the condition {y,y'} € Ear. Hence Ef,, = Ejy, proving the claim. O

C.3. Classical Rate Formula and Consequence

We now invoke the classical coding theorem of Orlitsky & Roche (2001). Our notation is transposed relative to some
presentations in the literature: in our setup the encoder observes Y, the decoder observes X, and the decoder must compute
FXY).

Proposition C.5 (Coding for computing with decoder side information). Let (X,Y") be jointly distributed over finite
alphabets and let f : X x Y — Z be deterministic. Let G be the characteristic graph on Y defined by

{y,v'} € By < 3z € X such that p(z,y)p(z,y') > 0and f(z,y) # f(z,y').
Then the infimum of all rates R > 0 for which there exist block codes
en: V" — M,, dp : X" x M, — Z"
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satisfying
1
limsup — log, M| < R
n—oo N
and
lim ]P’{dn(Xn,en(Yn)) £ f®n(Xn,Yn)} =0
n— o0
is exactly

Heg, (Y | X) =min I(Y; W | X),

where the minimum is taken over all random variables W with values in Z(G¢) such thatY € W almost surely and
W =Y — X is a Markov chain.

Proof. This is precisely the specialization of the main theorem of Orlitsky & Roche (2001) to deterministic function
computation with decoder side information and vanishing block error. The graph-entropy viewpoint goes back to Kérner
(1973), while the zero-error side-information problem appears already in Witsenhausen (1976). We use the theorem as a
classical black box. O

We can now deduce the asymptotic characterization of safe revelation.

Theorem C.6 (Asymptotic characterization). Let M satisfy Theorem A.2. Then
SRCw (M) = Hg,, (Y | X).
Equivalently,
SRCoo (M) =min I(Y; W | X),

where the minimum ranges over all random variables W taking values in the family Z(G 1) of nonempty independent sets
of Gp such thatY € W almost surely and W —Y — X forms a Markov chain.

Proof. By Theorem A.6, SRCo. (M) is the infimum of all rates R such that there exist block codes
en: V" — M,, dp : X" x M,, - A"

with
lim sup 1 logy IMn| < R
n—oo M
and
IP’{dn(X", en(Y™) # fiH(X", Y")} — 0.
That is exactly the coding-for-computing problem of Theorem C.5 with deterministic target function f = f,, encoder-side
observation Y, and decoder-side information X .

By Theorem C.4, the characteristic graph of f,; is precisely G ;. Therefore Theorem C.5 yields
SRCOO(M) = HGfM (Y | X) = HGM(Y | X)a

which is the desired identity. The equivalent variational formula follows directly from the definition of conditional graph
entropy in Theorem A.10. O

Remark C.7 (What the theorem is and is not using). Theorem C.6 does not require any new coding theorem. All originality
lies in the reduction from safe optimality in assistance games to deterministic function computation with decoder side
information, and in the identification of the resulting characteristic graph with the safe-confusability graph. Once these two
steps are in place, the asymptotic formula follows from the classical Orlitsky—Roche theorem.

D. Graph Realization and Hardness Proofs

This appendix proves that the safe-confusability formalism is structurally complete for finite graph coloring: every finite
simple graph arises exactly as the safe-confusability graph of a one-shot directional assistance game satisfying the strict-
optimality assumption. We then combine this realization theorem with Theorem 4.1 to obtain complexity consequences.
The hardness proof uses the classical NP-completeness of graph 3-colorability (Garey et al., 1976).
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D.1. Exact Realization of Arbitrary Finite Graphs

We first define a canonical game M associated with an arbitrary finite simple undirected graph G = (V, E). The
construction is deliberately austere: the receiver’s action is simply to name the sender’s private symbol, but the receiver
only observes either a vertex-specific signal or an edge-specific signal indicating which pairs of sender symbols can ever be
simultaneously relevant.

Definition D.1 (Graph-realization game). Let G = (V, E) be a finite simple undirected graph. Define the one-shot
directional assistance game

Mg = (Xa, Ya, Ac,pa,ua)

as follows.

1. The sender alphabet is
Ve :=V.

2. The receiver observation alphabet is the disjoint tagged union
Xg:={z, :veV}U{z.:e€E},
where the symbols x,, and x. are treated as distinct formal tokens.

3. The receiver action set is
.AG =V

4. The support set is
Sa = {(zv,v) :v €V} U {(T(un},v), (Tfu,vy,v) : {u,v} € E}.
Let
Zg = |V|+2|E|.

The joint law p¢ is uniform on Sg:

Zg', if (z,y) € Sa,
0, otherwise.

i - |

5. The common payoff is
ug(a,z,y) = 1{a =y}, a € Ag, (z,y) € Xa x Va.

The next theorem shows that this construction realizes GG exactly, not merely up to some coarse reduction.

Theorem D.2 (Exact graph realization). Let G = (V, E) be a finite simple undirected graph, and let M be the associated
graph-realization game from Theorem D.1. Then:

1. Mg satisfies Theorem A.2;

2. the safe-confusability graph of Mg is exactly G, under the identity identification of the sender alphabet Y with V :
Gu, =G
Proof. We first verify strict optimality. Fix any support point (z,y) € supp(pa) = S¢. By definition,
ug(a,z,y) = 1{a =y} Va € Ag.

Hence ug(y, z,y) = 1, whereas ug(a, z,y) = 0 for every a # y. Therefore the maximizer of a — ug(a, x,y) is unique
and equal to y. This proves Theorem A.2.

We now prove that G, = G. Since Vi = V/, both graphs have the same vertex set; it remains to show equality of edge
sets.
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Step 1: every edge of G is an edge of Gp/.. Fix {u,v} € E. Consider the receiver observation x, ,}. By the definition
of pe,
pg(w{uw%u) = Zél > 0, pg(x{uyv}ﬂ)) = Zg;l > 0.

From the first part of the proof, the unique optimal actions at these two support points are
a*(Tiuwy,u) = u, a* (T iy}, v) = V.
Since u # v, the optimal actions differ. Therefore, by the definition of safe-confusability,
{u,v} € Ep,.

Hence
EC Eyy,.

Step 2: every edge of GG, is an edge of G. Fix distinct vertices u, v € V and suppose
{u,v} € Ep,.
By definition of G5, there exists some receiver observation € X such that
pe(z,u)pa(z,v) >0 and a*(z,u) # a*(x,v).

In particular,
pg(x,u) >0 and pg(l',’U) > 0.

By the structure of the support set S¢, the support points with sender symbol u are exactly
(y,u) and (z.,u) for edges e € E incident to u.
Similarly, the support points with sender symbol v are exactly
(zy,v) and (z.,v) for edges e € F incident to v.

Therefore, the only way a common receiver observation x can satisfy both pg(x,u) > 0 and pg(z,v) > 01is for z = z,
where e is an edge incident to both v and v. Since G is simple, this is possible if and only if e = {u, v} € E. Thus

{u,v} € E.
Hence

Ey, CE.
Combining the two inclusions yields

Ey, =FE,
and therefore

Gy, =G.

The realization theorem immediately transfers graph coloring phenomena into safe revelation complexity.

Corollary D.3 (Chromatic realization of safe revelation complexity). For every finite simple undirected graph G,
SRCpL(M¢) = [logy X(G)] .

Equivalently, the minimum number of explicit safe messages required to attain the full-information value in Mg is exactly

X(G).
Proof. By Theorem D.2, the safe-confusability graph of M is exactly G. Applying Theorem 4.1 gives
SRCr1(Ma) = [logy x(Guie) | = [logy x(G)].

The equivalent message-alphabet statement is the second part of Theorem 4.1. O
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D.2. Hardness Consequences
We now use Theorem D.3 to transfer graph-coloring hardness to safe revelation complexity.

For a fixed integer B > 0, consider the decision problem

SRC<p : given a finite one-shot directional assistance game M, decide whether SRCrr, (M) < B.

The case B = 1 is easy, since by Theorem 4.1,
SRCFL(M> <1 «— X(GM) < 2,

so the problem reduces to testing bipartiteness of the polynomial-time computable graph G ;. The first nontrivial threshold
is therefore B = 2, corresponding to four-colorability. In fact, every fixed budget B > 2 already yields NP-completeness.

Lemma D.4 (Clique-join gadget). Fix an integer g > 4. Given any finite simple undirected graph G = (V, E), let J,(G)
denote the graph obtained by adjoining q — 3 new vertices

Cly..yCq3
such that:

1. {c;,c;} is an edge for every i # j;

2. {c;,v} is an edge for every i € [q — 3] and everyv € V.
Equivalently, J,(G) is the join of G with a (q — 3)-clique. Then

G is 3-colorable <= J4(QG) is g-colorable.

Proof. Suppose first that G is 3-colorable. Let
ce:V—1{1,23}

be a proper 3-coloring. Define a coloring of J,(G) by retaining ¢ on V' and assigning distinct fresh colors

4,5,...,q
to the new clique vertices c1, . . ., ¢,—3. This yields a proper g-coloring of .J,(G), since the new vertices form a clique and
each is adjacent to every vertex of G.
Conversely, suppose J,(G) is g-colorable. Because c1, . . ., ¢q—3 form a clique, they must receive pairwise distinct colors in

any proper coloring. Since each c; is adjacent to every original vertex v € V/, none of those ¢ — 3 colors may be used on V.
Hence the restriction of the coloring to V' uses at most the remaining 3 colors, and therefore induces a proper 3-coloring of
G. O

We can now prove the main complexity statement.

Theorem D.5 (NP-completeness of fixed-budget safe revelation). For every fixed integer B > 2, the decision problem
SRC< p is NP-complete under polynomial-time many-one reductions. Moreover, NP-hardness already holds on the restricted
subclass of graph-realization games { M : G a finite graph}.

Proof. Fix B > 2 and set
q:=2B.

Then ¢ > 4.
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Membership in NP. Given a finite game
M = (XayaAapuu)v

its safe-confusability graph G s can be computed in polynomial time by scanning all pairs y, 3’ € ) and checking whether
there exists x € X with

p(z,y)p(z,y) >0  and  a*(z,y) # a’(z,9).
For fixed ¢ = 25, a certificate that x(Gj) < q is simply a map

c:Y —lq,
which can be verified in polynomial time by checking that adjacent vertices of G receive distinct colors. By Theorem 4.1,
SRCrL(M) < B <= x(Gm) <gq.

Therefore SRC<p € NP.

NP-hardness. We reduce from GRAPH-3-COLORABILITY, which is NP-complete (Garey et al., 1976). Let G be an
arbitrary input graph. Form the graph H := J,;(G) as in Theorem D.4. By Theorem D 4,

G is 3-colorable <= H is g-colorable.

Now construct the graph-realization game My from Theorem D.1. This construction is polynomial in the size of G.

By Theorem D.3,
SRCpL(Mpy) < B < [logy, x(H)] < B.

Since ¢ = 25, the latter is equivalent to
X(H) <28 =q¢,

which in turn is equivalent to
H is g-colorable.

Combining the equivalences, we obtain
G is 3-colorable <= SRCpr(Mpg) < B.

Thus GRAPH-3-COLORABILITY many-one reduces in polynomial time to SRC< g, proving NP-hardness.

Since the reduction outputs only graph-realization games of the form My, the NP-hardness statement already holds on that
restricted subclass. O

The complexity of exact computation follows immediately.

Corollary D.6 (Exact computation is NP-hard). The problem of computing SRCr1,(M) exactly is NP-hard. More strongly,
for every fixed integer B > 2, deciding whether

SRCrL(M) < B

is NP-complete.

Proof. The second statement is exactly Theorem D.5. The first follows immediately: if SRCpy, (M) could be computed
exactly in polynomial time, then for any fixed B > 2 one could decide whether SRCy, (M) < B in polynomial time,
contradicting Theorem D.5 unless P = NP. O

Remark D.7 (Structural completeness). Theorem D.2 shows that the safe-confusability formalism is not restricted to some
narrow subclass of graph-coloring phenomena. Every finite graph appears exactly as a trustworthy-coordination conflict
pattern of a one-shot directional assistance game. Consequently, every lower bound, extremal construction, or complexity
phenomenon that depends only on proper vertex colorings can be transported into the fixed-length safe-revelation problem.
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E. Covert-Channel Collapse Proof

This appendix proves the paper’s main trust-separation theorem. The result shows that explicit-message auditing is
fundamentally incomplete: even when every available observation-modulation action is individually less informative than an
approved baseline observation channel in the sense of Blackwell (Blackwell, 1953), the sender can still encode the missing
coordination information in the choice of which less-informative channel to apply. This formalizes, in a one-shot theorem,
the kind of observation-interference concern isolated by Emmons et al. (2025).

Throughout this appendix, fix a one-shot directional assistance game
M = (Xay7~’4>p7u)

satisfying Theorem A.2, and fix a proper coloring
c:Y —[q]
of the safe-confusability graph Gy, for some integer ¢ > 1.

E.1. Covert Observation-Channel Augmentation

We begin by defining the augmented game. Intuitively, the baseline observation kernel reveals the receiver’s original private
observation together with an auxiliary nuisance bit. Each covert kernel deletes the nuisance bit and removes one labeled
token from a publicly known list of ¢ tokens. The lost nuisance bit makes each covert kernel strictly Blackwell-inferior to
the baseline, while the identity of the missing token reveals the sender-chosen color class.

Definition E.1 (Covert observation-channel augmentation). Let
R :={0,1}
be a nuisance-bit alphabet, and let
Z:={0}ulqg
be the set of observation-modulation actions. Define the augmented observation alphabet
O:=X x (RU{L}) x 219,
where L is a symbol not in R.
The covert observation-channel augmentation of M relative to the coloring c is the one-shot game
M. = (8,9, 2,0, A,5.{Q:}zez, 1),

defined as follows:

1. The latent receiver state space is
S:=XxR.

2. Nature draws
(X,Y) ~p, R ~ Unif(R),

independently, and sets the latent receiver state to

S:=(X,R) €S.
Equivalently,
- 1
p(z,r),y) = 5p(z,y) V) €S ye).

3. The sender observes Y and chooses an observation-modulation action Z € Z.

4. Conditional on the latent receiver state (z,r) and the chosen observation-modulation action z € Z, the receiver
observes an output O € O according to the kernel ), defined by:

Qo(- [ =,7) = Oz, lq))
Q| 2,7) =0 1 g\imy)  Vm € [q]-
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5. After observing O, the receiver chooses an action a € A.

6. The common payoff is
u(a, (z,7),y,2) = u(a,z,y).

Thus the sender’s observation-modulation choice affects only the receiver’s observation channel and never the payoff directly.
In particular, there is no state transition in the one-shot setting, so all observation-modulation actions are payoff-equivalent.
We will need two derived architectures.

Definition E.2 (Approved-baseline safe architecture). The approved-baseline safe architecture associated with MC is the
one-shot directional assistance game _
M = (X, Y, A, pg™, ug™)

obtained by forcing the sender to use the baseline observation-modulation action Z = 0 and allowing coordination only
through an explicit message channel. Here B
Fi= X xR x {[q)},

P2 ((z, 7, [q)), y) = %p(wyy),

and
base

ue™(a, (z,7,(9]), y) := ula, z,y).

Definition E.3 (Unrestricted covert architecture). The unrestricted covert architecture associated with M. allows the sender
to choose any observation-modulation action Z € Z as a function of Y, but does not use any explicit message channel.

E.2. Each Covert Kernel Is Strictly Blackwell-Inferior

We first prove that every covert observation-modulation action is individually strictly less informative than the approved
baseline kernel.

Lemma E.4 (Strict Blackwell inferiority of the covert kernels). For every m € [q],

Qm =B QO

as kernels on the common state space
S=XxR.

Proof. Fixm € [q].

Step 1: Q,,, < Qp. Define a deterministic garbling
K, : 0 — A(O)

by
Km((z’,b’,T’) | (x,0, T)) =1 =2, bV =1L, T =[q\ {m}}.

That is, regardless of the nuisance bit b and regardless of the token set 7', the garbling keeps the first coordinate = and

outputs the fixed pair
(L, [g] \ {m})

in the remaining coordinates. For every latent state (z,7) € S,

Qo(- | 2, 7) = Sz r[q))

SO
(Km o QO)( | £C7T) = 5(.’c,L,[q]\{m}) = Qm( | £C7T).
Hence

Qm =B QO-
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Step 2: Qo A @m. Consider the Bayesian decision problem whose latent state is
S=(X,R)e X xR,

whose action set is
Adec = R7

and whose payoff is
o7, (z,7)) = 1{r=r}.
In words, the decision-maker is rewarded for correctly guessing the nuisance bit R.

Under the baseline kernel (), the observation is
Oy = (X7 R, [Q])v
so R is observed perfectly. Therefore the optimal expected payoff equals

sup E[¢(7(00),9)] = 1.

mO—R

Under the covert kernel @,,,, the observation is

which contains no information about R. Since R is independent of X and is uniform on {0, 1}, every decision rule
7w : O — R achieves expected payoff at most

max{P(R = 0),P(R = 1)} = -.

Thus

1
sup E[(ﬁ(ﬂ(Om),S)] =3 < 1.
m:O—=R

By Blackwell’s theorem (Blackwell, 1953), this strict separation in decision value implies

Qo 2B Qm.
Combining the two steps yields
Qm =B QO'
O

The previous lemma is the core trust claim at the observation level: each covert action is individually dominated by the
approved baseline as an experiment on the receiver’s latent state.

E.3. The Approved-Baseline Architecture Preserves Safe Revelation Complexity
We next show that, if observation modulation is forbidden and the sender is forced to use the approved baseline kernel @,
then the explicit safe communication problem is exactly the same as in the original game M.

Lemma E.5 (Baseline graph preservation). The safe-confusability graph of the approved-baseline architecture M is

exactly G p;. Consequently,
SRCrr, (M) = SRCyr, (M) = [log, x(Gr)] -

Proof. We first identify the optimal action rule in MP35¢. A support point of M 25 has the form

((z,7,1d]),y)

with p(x,y) > 0 and r € R. Since

base

u(a, (z,7,[a]),y) = ula, z,y),
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the maximizing action is unchanged:
agase((x7 Ty [QD7 y) = a*(m, y)

Now let G,ase denote the safe-confusability graph of M 2¢. By definition, for distinct y,y’ € Y,
{y7 yl} S E(Gbase)
if and only if there exists some receiver observation

= (x,mrq)eX

such that

P (3, ) P (@) > 0
and

agase (5’ y) 7{ a?)ase(57 y/) *
Using

ase 1

pE ((Z‘,’I", [Q])ay) = Qp(x7y)

and

Ahase (7,7, [4]), y) = a*(z,y),

this condition is equivalent to the existence of some x € X and some r € R such that
p(z,y)p(z,y) >0  and  a*(z,y) # a’(z,9).
Since the nuisance bit r is unrestricted and plays no role in the action comparison, the latter is equivalent to
Jz € X such that p(z, y)p(x,y’) > 0and a*(z,y) # a*(z,y),
which is exactly the edge condition for G ;. Therefore

Gbase = GM

Applying Theorem 4.1 to MP5¢ and to M yields

SRCFL(MP*°) = [logy X(Ghase)] = [logy x(Gar)] = SRCrL(M).

O

Thus the covert augmentation does not make the safe explicit-message problem any easier when the observation channel is
fixed to the approved baseline.

E.4. Zero Explicit Bits Suffice in the Unrestricted Architecture

We now show that, once the sender may choose among the covert kernels, the missing color class can be communicated
with zero explicit message bits.

For each x € X and each color m € [g], define
Y(x,m):={y €YV:px,y) >0, c(y) =m}.

Lemma E.6 (Color-conditioned optimal action is well-defined). Fix (x,m) € X X [g]. If Y(z,m) # &, then the value
a*(x,y) is the same for all y € Y(x, m).
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Proof. Lety,y’ € Y(x,m). Then

p(z,y) >0,  p(x,y) >0,  cy)=cly)=m
If a*(x,y) # a*(x,y’), then by definition of the safe-confusability graph,

{v,¥'} € Enr.

But ¢ is a proper coloring of Gy, so adjacent vertices cannot share the same color. This contradicts c(y) = ¢(y’). Hence

a*(z,y) =a*(z,y')  Vy,y' € Y(x,m).

We can now construct the covert decoder.
Lemma E.7 (Zero-explicit-message covert decoder). There exists a deterministic decoder
.0 —= A
such that, if the sender chooses the observation-modulation action
Z =c(Y)
and sends no explicit message, then
dV(0) = a*(X,Y) almost surely.

Consequently, the unrestricted covert architecture achieves value V* (M) with zero explicit message bits.

Proof. For every observation
o= (x,b,T) € O,

define d°°¥ (o) as follows.
It
T = [g] \ {m}
for some unique m € [g] and Y(x, m) # &, define
d°(x,b,T) = a*(z,y)
for any y € Y(x, m). This is well-defined by Theorem E.6. In all other cases, define d°°V(x, b, T') arbitrarily.

Now consider the on-path evolution under the zero-explicit-message policy
Z =c(Y).
Fix any support point with
p(z,y) >0 and reR.
The chosen observation-modulation action is
z=c(y) € [q.
By definition of the covert kernel,
O = (z,L,[q) \{c(v)}) almost surely.

Since p(x,y) > 0 and ¢(y) = z, we have
yeV(z,z),
so Y(z, z) # @. Therefore the decoder definition gives

dV(0) = a*(x,y).
Because this holds for every support point (x, y) and every nuisance bit r, we obtain
d°¥(0) = a*(X,Y) almost surely.
Hence the achieved expected payoff is

E[u(d®(0),X,Y)] =E[u(a*(X,Y),X,Y)] = V*(M).

No explicit message channel is used anywhere in this construction, so the protocol uses zero explicit message bits.
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E.5. Main Collapse Theorem

We can now combine the preceding ingredients into the promised theorem.

Theorem E.8 (Covert-channel collapse). Let
M = (vaaA7p’u)

satisfy Theorem A.2, and let
c:Y —[q]

be any proper coloring of the safe-confusability graph G ;. Then there exists a covert observation-channel augmentation
M. of M such that:

1. for every covert observation-modulation action m € [q|,

Qm =B QO;

2. in the approved-baseline safe architecture,

SRCpL (M) = SRCrr(M) = [logy X(G)];

3. in the unrestricted covert architecture, zero explicit message bits suffice to attain the full-information value: there exists
a zero-explicit-message policy with achieved value

V*(M).

Proof. Part (1) is exactly Theorem E.4. Part (2) is exactly Theorem E.5. Part (3) is exactly Theorem E.7. O

Corollary E.9 (Collapse at the chromatic threshold). If ¢ is chosen to be an optimal coloring of Gy, so that ¢ = x(G ),
then the same augmentation exhibits a collapse from the exact safe explicit-message requirement

[logy X(Gar)]

to zero explicit bits in the unrestricted covert architecture.

Proof. Immediate from Theorem E.8. O

Remark E.10 (Why the theorem is nontrivial). The theorem does not say that a more informative observation channel can
replace explicit communication. Quite the opposite: every covert kernel @, is individually strictly worse than the approved
baseline ()¢ as an experiment on the receiver’s latent state. The separation comes entirely from the sender’s freedom to
choose which inferior kernel to apply. That choice acts as a policy-level communication channel whose capacity is invisible
to audits that inspect only the informativeness of each observation action in isolation.

F. Missing-Bit Family Proofs

This appendix introduces an explicit family of one-shot directional assistance games for which the entire fixed-budget
value curve can be computed in closed form. The family plays two roles. First, it gives a concrete extremal witness for
the fixed-length theorem: the safe-confusability graph is a complete graph on 2* vertices, so exact safe optimality requires
exactly k bits. Second, and more importantly for the present paper, it shows that losing even a single safe bit can incur a
constant drop in the maximum attainable safe value. In fact, on this family, every lost bit halves the best achievable safe
payoff.
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F.1. Definition of the Family
Definition F.1 (Missing-bit family). For every integer £ > 1, define the one-shot directional assistance game
My = (X, Vi, A, Pros ure)

by
Xk = {xo}y yk = Ak = {17"‘72k}7

pr(zo,y) =27"F Yy € Vi,

and
ug(a, xo,y) := 1{a =y} Va € Ay, y € Vi.

Thus the receiver has no private side information beyond a constant observation, the sender privately observes a uniformly
random symbol Y € {1,..., 2%}, and the team’s payoff is one if and only if the receiver outputs the sender’s symbol exactly.

Lemma F.2 (Basic structure of M},). For every k > 1, the game M, satisfies Theorem A.2, and for every y € YV,
a*(zo,y) = y.
Moreover, the safe-confusability graph of My, is the complete graph

C“r’]\/[,C == K2k .
Proof. Fix k > 1. For every y € ), and every action a € Ay,

ug(a, zo,y) = H{a = y}.

Hence
ug(y, xo,y) = 1 and ug(a, zo,y) =0 forall a # y.

Therefore the maximizer of a — wy(a, zg, y) is unique and equal to y. This proves the strict-optimality condition and the
identity a*(zo,y) = y.

Now let yy # /' be any two distinct elements of V. Since py (79, y) = pr(70,y’) = 27 > 0 and
a*(zo,y) =y #y = a*(z0,y"),
the definition of the safe-confusability graph gives
{v.¥'} € En,.
Since this holds for every distinct pair y, ', the graph G, is the complete graph on 2* vertices. [

Corollary F.3 (Exact safe-optimality threshold). For every k > 1,
SRCr (M) = k.

Equivalently, the minimum number of explicit safe messages required to attain the full-information value in M), is exactly 2F.

Proof. By Theorem F.2, G, = Kyr, whose chromatic number is
X(GMk) = 2k'

Applying Theorem 4.1 yields
SRCpL(My) = [logy X(Gar, )] = [log, 2’“} = k.

The equivalent message-alphabet statement is the second part of Theorem 4.1. O
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F.2. Exact Fixed-Budget Value Curve

The main novelty of this family is not merely that the exact safe-optimality threshold equals k, but that the best value
achievable below that threshold can also be characterized exactly.

Fix k£ > 1 and consider any deterministic safe protocol
e: V=M, d: X x M — A,.
Since Xj = {xo} is a singleton, the decoder is equivalently a map
g: M — Ag, g(m) = d(zg,m).
For each message m € M, define the corresponding message class
Cy = eil(m) C V.

Lemma F.4 (Partition formula). For every deterministic safe protocol (e, d) on My,

Vare(e,d) =27% >~ N " 1{g(m) = y}.

meMyeCy,
Equivalently,
VMk (ead) = 27]6 Z 1{g(m) € Cm}-
meM
In particular,

Var, (e, d) < 27F [{m € M : Cy, # 2}
Proof. By definition of Mj,

Vi, (e,d) = Ep. [ur(d(X, e(Y)), X, Y)] = 2% Z 1{d(zo, e(y)) = y}.
YEVk

Since g(m) = d(zo, m) and the message classes partition ), we may rewrite this as

Vi (e,d) =27 > " 1{g(m) = y}.

meMyeC,p,

For a fixed message m, the inner sum is at most one because g(m) is a single action in .Aj. Moreover, the inner sum equals
1{g(m) € Cy,}. This proves both displayed identities and the upper bound. O

We can now solve the budget-constrained optimization problem exactly.

Theorem FE.5 (Exact budget-value tradeoff for the missing-bit family). Fix k > 1. Then for every integer B > 0,
sup { Vi, (e, d) : (e, d) is a deterministic safe protocol with |M| < 28} = min{1,257*}.
Equivalently, the safe-value gap satisfies
A, (B) =1 —min{1,287%},
In particular, for every integer 0 < B < k,

sup Vs (e,d) =287%  and Ay, (B)=1-287F

|M[<2B

Proof. Fix k > 1 and an integer B > 0. Set
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Upper bound. Let (e, d) be any deterministic safe protocol with | M| < g. By Theorem F.4,
Vg, (e,d) < 27F {m e M : C,, # 2}| < 2 % min{|M|, 2"} < 27 min{q, 2}.

Since ¢ = 25, the final quantity is exactly
min{1, 257k},

Hence

sup Vi, (e,d) < min{1,257%}.
|M|<2B

Lower bound when B > k. If B > k, then ¢ = 28 > 2% = |Vk|- Choose a message alphabet of size 2k define the
encoder by

e(y) ==y,
and define the decoder by

g(m) :=m.
Then

gle(y)) =y Vy € Ik,
o)
Vi, (e,d) = 1.

Thus

sup Vi, (e,d) > 1 =min{1,2587%},
[M|<L2B

Lower bound when B < k. Assume now B < k, so ¢ = 28 < 2%, Let the message alphabet be
M={1,...,q}.

Define the encoder by

y, ifl<y<g-—1,
e(y) = . .
g, ifg<y<2"

Thus the message classes are

Cp={m} forl<m<gqg-—1, Cq:{q,q+1,...,2k}.

Define the decoder by
g(m) :==m Yme{l,...,q}.
Then
so by Theorem F.4,
a
Var, (e,d) =277 3 " 1{g(m) € C;n} =27 Fg =257F.
m=1
Hence

sup  Var, (e,d) > 287% = min{1,257F}.
|M[<2B

Combining the upper and lower bounds proves

sup Vg, (e,d) = min{1,257F}.
[M]<2B

The formula for the safe-value gap follows immediately from Theorem A.5 and the fact that V*(M},) = 1. O
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Corollary F.6 (The cost of a missing safe bit). Forevery k > 1,
1
A]V[k (k — 1) - 5

More generally, for every integer £ € {0,1,...,k},

sup  Var, (e,d) =27° and Ap (k=0 =1-27"
|M|<2k=¢

Thus, on the family { M}, }>1, each missing safe bit halves the maximum attainable safe value.
Proof. Set B = k — 1 in Theorem E.5 to obtain

1
sup Vi, (e, d) = 27l ==Z
|M|<2k 2

Since V*(M},) = 1, this implies

1 1
The more general statement follows by setting B = k — £ in the same theorem. O

Remark E.7 (Why this family matters). The family { M}, } is intentionally extreme: the receiver has no private information,
and every pair of sender symbols is conflicting. Precisely because of this extremality, the family isolates the sharpest possible
dependence of safe value on the explicit-message budget. It will therefore serve as the cleanest quantitative benchmark for
the main-body trust-separation theorem: once covert observation-side channels are added, the same family will admit full
value with zero explicit communication, in stark contrast to the exact budget-value law above.

G. Approximate-Value and Robustness Lemmas

This appendix records several quantitative consequences of the strict-optimality assumption. The results serve two purposes.
First, they convert approximate action recovery into approximate value guarantees, both in the one-shot and block-coding
regimes. Second, they show that the graph-theoretic objects studied in the main text are stable under sufficiently small
uniform perturbations of the payoff function. These lemmas justify the use of approximate numerical solvers in the
experiments and clarify the operational meaning of the exact characterizations proved earlier.

G.1. One-Shot Suboptimality Gap Decomposition

Fix a one-shot directional assistance game
M= (XY, A,p,u)

satisfying I'heorem A.2. Recall that
( y) acA u( y) ($ y) : acA u( y)

denote the full-information optimal payoff and the unique optimal action on supp(p).

Definition G.1 (Pointwise suboptimality gap). For (x,y,a) € X x ) X A, define
gap]bf(x7 Y, CL) = u*(x, y) - u(a, z, y)
Define the minimum support margin and the maximum one-step loss by

M) = min min apy(z,y,a),
A= Bipe) e a) BPM (P28 )

and

F(M) = max max ga T,Y,a).
V(M) (oo axe P (T, Y, a)
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Because the alphabets are finite and Theorem A.2 holds, (M) is strictly positive whenever | A| > 2. If | A| = 1, then all
statements below are trivial, since every protocol is automatically optimal.

Lemma G.2 (Value-gap identity). Let A be any A-valued random variable defined on the same probability space as
(X,Y) ~ p. Then
V*(M) —E[u(4, X,Y)] = E[gap,, (X, Y, A)].
Moreover, on supp(p),
gapy(z,y,a) =0 <= a =a*(x,y).

Proof. By definition of gap,,,
gapy (X, Y, A) =uv*(X,Y) —u(A, X,Y).

Taking expectations gives

~

Elgap,, (X, Y, A)] = Eu*(X,Y)] - Elu(A, X,Y)] = V(M) — E[u(A, X,Y)].

This proves the identity.

For the second claim, nonnegativity of gap,, is immediate from the definition of w*. If (z,y) € supp(p) and
gap,,(z,y,a) = 0, then u(a,z,y) = u*(x,y), so a is a maximizer of a’ — wu(a’,x,y). By Theorem A.2, the maxi-
mizer is unique, hence a = a*(z, y). The converse is immediate. O

The next corollary converts action error probability into value loss and vice versa.

Corollary G.3 (Action-error/value-gap sandwich). Let A be any A-valued random variable defined on the same probability
space as (X,Y) ~ p, and define the action-error event

E:={A#ad"(X,Y)}, p.:=PE).

Then
Y(M)pe < V(M) - E[u(A,X,Y)] < 5(M)pe.
Equivalently, R
V*(M) —E[u(4, X,Y)]
Pe = (M)
and

Proof. By Theorem G.2, R R
V*(M) - E[U(A, X7 Y)] = E[gapNI(X7 Y7 A)] .

On the event E°, Theorem G.2 gives gap,,(X,Y, X) = 0. On the event E, the action A is suboptimal, so by definition of
(M) and 5(M),

-~

V(M) < gapy (X, Y, A) <5(M) almost surely on E.
Therefore R
Y(M)1g < gapy (X,Y, A) <F(M)1g almost surely.
Taking expectations yields the stated inequality. O

Remark G.4 (Exact coincidence for the missing-bit family). For the family M}, of Theorem F.1, one has
7(My) =7(Mg) = 1.

Hence N ~
V(M) —Eu(A, X, V)] =P{A#Y}.

Thus, on My, the value gap is exactly the action-error probability.
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G.2. Block Codes and Average Payoff
We now pass to the repeated game with average payoff, using the notation of Section C. Let
A" = (Ay,..., A,) e A"

be any random block action, possibly produced by a block decoder that depends on the entire pair (X, Y™) only through
X™ and an encoded message.

Proposition G.5 (Block value-gap identity). For everyn > 1,
* ®n n n n 1
VHM®") — E[u, (A", X", Y")] = - E E[gap); (X;,Y;, 4:)].
Equivalently, if
-~ 1
E; = {A; # a*(X;,Y; = =N P(E;
A Aa @) o= S R(E),

then
Y(M) M < VA(MO™) = Efu, (A", X", Y™)] < F(M)p{™.

Proof. By definition of the repeated-game payoff,
(An Xn Yn 1 Z )
= - u 2] Z) 7).
n =1

Also,
V(M ®"

Subtracting yields
* n ng n yn 1 * n
14 (M® ) _E[UTL(A 7X ’Y )] = - § ]E[U (le)/l) _U(AlﬁX’ia)/i)}'

By definition of gap,,, this is exactly

This proves the first identity.

Applying Theorem G.3 separately to each coordinate i gives
V(M) P(E;) < E[gap,, (X;,Y:, A;)] < 7(M)P(E;).

Averaging over ¢ € [n] proves the stated bounds. O

The asymptotic coding theorem in the main text is formulated in terms of block error probability. The next corollary
translates that quantity into value loss.

VH(ME™) — Efu, (A", X", Y™)] < 75(M) P,

Corollary G.6 (From block error to value loss). Let

P = P{A" # fi (XY™ | = IED{

1C-

Then

In particular; if Pb(n) — 0, then the achieved average value converges to the full-information optimum:
Elu, (A", X", Y"™)] = V*(M®") = V*(M).
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Proof. Since

1 n
— Z 1, <1y g, almost surely,
n n

=1

we have
n

Sy _ 1 . el pm
Pe —nZP(EZ)<P{i_U1EZ}_Pb :

i=1
Combining this with Theorem G.5 yields

VH(M®") — Elu, (A", X", Y™)] <5(M)pt™ <7(M) P™.

If Pb(") — 0, the right-hand side converges to 0, proving the limit. The identity V*(M®") = V*(M) follows from the fact
that the block payoff is the coordinatewise average and (X;,Y;) are i.i.d. O

G.3. Uniform Payoff Perturbations

‘We now show that the exact graph-theoretic objects of the paper are stable under sufficiently small uniform perturbations of
the payoff function.

Consider two one-shot directional assistance games on the same alphabets and the same observation law,

M:(X7y"A7p?u)’ M:(X7y7"4’p7ﬂ)7
and write

lu — oo := L I, lu(a, z,y) —u(a,x,y)|.

Proposition G.7 (Payoff perturbation stability). Assume M satisfies Theorem A.2 and

M
lu — oo < %

Then:

~

. M also satisfies Theorem A.2;
2. the support-wise optimal action rule is unchanged:
a*(z,y) =a*(z,y)  V(x,y) € supp(p);

3. the safe-confusability graph is unchanged:
Gy = Gum;

4. the fixed-length and asymptotic safe revelation complexities are unchanged:
SRCpp, (M) = SRCp,(M),  SRCoo(M) = SRCo0(M);
5. the full-information values differ by at most the perturbation size:
V(M) = V*(M)] < lu— oo
Proof. Fix any support point (,y) € supp(p) and any action a # a*(z, y). By definition of (M),
u(a®(z,y), z,y) — ula, z,y) = 7(M).
Therefore

ﬂ(a*(mvy)axa y) - ﬂ(aa x,y) > u(a*(x,y),%y) - u(avxvy) - 2“” - 6”00
V(M)

> (M) 2 =5— =0.
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Thus a*(x, y) remains strictly better than every competing action under w, proving both strict optimality of M and the
identity

a*(z,y) = a’(z,y)  V(z,y) € supp(p).
This proves (1) and (2).

For (3), recall that the safe-confusability graph is defined by the condition
{y,y'} € Epy < Fz € X such that p(x,y)p(z,y’) > 0 and a*(z,y) # a*(z,y").

Since p is unchanged and the optimal action rule is unchanged on the support, the edge relation is identical for M and M.
Hence
Gy =Gu-

For (4), apply Theorems 4.1 and 4.2 to M and M, using the graph identity from part (3):

SRCp(M) = [log, X(G37)] = [logy x(Gar)] = SRCpL(M),

and similarly -
SRCx(M) = Hg_ (Y | X) = Hg,, (Y | X) = SRCo0(M).

For (5), since
{u(a,x,y)fﬂ(a,x,yﬂ < HuiﬂHOO V(Chl',y),
and the optimal actions agree on the support, we have

|u(a*(a:, y)a €, y) - ’U,(CL*(JZ, y)v €T, y)’ = |17(a*(x, y)) €T, y) - U(G/*(]}, y)a €, y)‘ < ||u - ﬂ”OO
for every support point (z, y). Taking expectations yields
V(M) = VM) < lu = Ulloo-
This completes the proof. O

Remark G.8 (Use in experiments). Theorems G.3, G.6 and G.7 justify the three kinds of approximations used in the
experimental section: finite-block decoders with small residual block error, approximate numerical solvers whose output
can be certified by action error, and floating-point perturbations of the payoff table that are much smaller than the support
margin.

H. Sequential Local Lower Bound for Finite-Horizon POAGs

This appendix explains how the one-shot safe-confusability formalism arises as a local necessary condition inside finite-
horizon partially observable assistance games. The result is deliberately modest: we do nof claim a full dynamic charac-
terization of sequential safe revelation complexity. Instead, we prove that whenever a deterministic safe policy attains the
full-information sequential benchmark exactly, then at every reachable decision stage its local message partition must realize
a proper coloring of an induced one-shot safe-confusability graph. Thus the one-shot chromatic lower bound appears as a
pointwise obstruction inside sequential trustworthy coordination.

The formalism below is an abstract sender—receiver slice of a finite-horizon common-payoff partially observable game,
in the spirit of the POAG model of Emmons et al. (2025). The abstraction is chosen so that the receiver is the unique
payoff-relevant decision-maker at each stage, while the sender can coordinate only through an explicit message.

H.1. Finite-Horizon Directional POAGs

Fix a horizon H > 1. For each stage ¢t € [H], let #, be a finite set of public histories available to both agents at the start of
stage t. Let h € H; denote the initial public history. For each stage ¢ and public history i € H,;, let:

* X, (h) be the receiver’s private observation alphabet;
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* ) (h) be the sender’s private observation alphabet;
» A;(h) be the receiver action set;
o pf € A(X;(h) x Vi(h)) be the joint law of the stage-¢ private observations conditional on H; = h;
o K!'(-,- | 2,y,a) be a stochastic kernel on R x H; 1 specifying the joint law of the stage-t reward R; and next public
history H;1 conditional on (Hy, X, Y:, Ay) = (h,z,y,a).
We assume all alphabets are finite and all rewards are bounded.
At stage t, conditional on H; = h, Nature draws
(X, i) ~ pf.
The sender observes Y; and emits an explicit message
M, € My(h),
where M, (h) is a finite message alphabet chosen as part of the policy. The receiver observes X; and M, chooses an action
Ay € Ai(h),
and then (Ry, Hy41) is drawn from K} (-, | X4, Yy, Ar).

Definition H.1 (Deterministic safe policy). A deterministic safe policy 7 consists, for each stage ¢ € [H] and public history
h e H,, of:

1. a finite message alphabet M7 (h);

2. an encoder
er (hy+) : Yi(h) = MF(h);

3. adecoder
df (hy-,-) : Xe(h) x MT(h) — A(h).
The induced stage-t receiver action is

AY = df(h,Xt, ef(h,Yt)) when H; = h.

H.2. Full-Information Benchmark and Local Continuation Games

We now define the full-information dynamic benchmark. In this benchmark, the receiver at stage ¢ is allowed to condition its
action on the full pair (X¢, Y;) in addition to the public history H;.

Set
VEL () :=0  Vhe Hpuir
Fort = H,H — 1,...,1, define the full-information Q-function
tFI(h,a:,y,a) = ]E[Rt + thi_I1(Ht+1) |Ht =h Xi=2z, Y, =y, A = a] s

and the full-information value recursion

Vil(h) = > pi(@y) max Q'(h,z,y,a). (1
(2,9)EXe (W)X Ve (h) @A)

For a deterministic safe policy 7, define analogously

Vg+1(h) =0 Vh € Hy+1,
and, fort=H, H —1,...,1,

Vi (h) = Z P ) B[Ry + Vi (Hia) | Hy=h, Xy =2, Yy =y, A, = A7]. (2)
(z,y)
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Definition H.2 (Reachable public history). A public history h € H; is reachable under m if
P.{H:=h}>0
when the sequential game is started from H; = hj and both agents follow 7.
Fix a stage ¢ and a public history h € H;. We associate with (¢, h) a one-shot directional assistance game by folding the

full-information continuation value into the stage payoff.

Definition H.3 (Local continuation game). The local continuation game at stage t and public history h is the one-shot
directional assistance game

My = (Xe(h), Ve(h), A(h), pt's wilk),

where

loc

ufh(a,z,y) = Q) (h, 2y, a).

Let

ain(t,y) € arg max wh(a,x,y) = arg L Qi (h,z,y,a).
t

Whenever the maximizer is unique on supp(p/?), the local game satisfies the same strict-optimality assumption as in the

main body.

By construction,
V(M) = VFH(h). ©)

H.3. Dynamic Gap Decomposition

We first compare any deterministic safe policy with the full-information benchmark.

Lemma H.4 (Bellman domination). For every deterministic safe policy 7, every stage t € [H|, and every public history
h € Hy,

Vi (h) < Vi (h).

Proof. The proof is by backward induction on .

The claim is trivial for ¢ = H + 1 because both quantities are zero. Suppose it holds at stage ¢t + 1. Fix h € H;. By
definition of AT,

= > p@ ) E[Ry+ Vi (Hen) | Hy = hy Xy =, Yy =y, Ay = A]]
(z,y)

<> i@ 9 B[R+ VEL (Hisa) [ Ho = hy, Xy =z, Yy =y, Ay = A]]
(z,y)

—Zpt:vy F(h, z,y, AT)
(z,y)
pr z,Yy) ma%c)Qt (h,2,y,a)
(z,y) A

=V (h).

This completes the induction. O

Define the dynamic gap
AT (h) = VL (h) = V7 (h) 2 0.
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Lemma H.5 (Local-plus-future gap decomposition). Fix a deterministic safe policy , a stage t € [H|, and a public history
h € H;. Then

Zpt z y |: Grna)((h Qt (h,l',y,a) —Qfl<h,$,y,A?(h7$7y))
(z,y) A

=TT (h,z,y)

+ ) Py E[AT (Hep) [ Hy =h, Xy =2, Vi =y, A = AT (h,z,y)]. )
(z,y)

In particular, both terms on the right-hand side are nonnegative.
Proof. Starting from the definitions of V;*1(h) and V" (h),

AT(R) = pl(z,y) max Q" (h, .y, a)

(z,y)

= P, ) B[R + Vi (Higa) | He = hy Xy =2, Yy =y, A = AF].
(zy)

Add and subtract
Zpt ,y) Q' (h, ., y, AT (h, ,y)).
(z,y)

Using the definition of Qf I we obtain

AT() = Y ph(.y) [max QF' (b 2.y, @) = Q' (b2, A7 ()]

(z,y)

+ Z pi(z,y) E t+1(Ht+1) V;z-l(Htle) |Ht =h X;=2,Y, =y, A= A?(h,@g)] .

(z,y)

The second line is exactly the conditional expectation of AT, | (H;1), which gives Equation (4). Nonnegativity of both
terms is immediate from the definitions. O

The next corollary is the key bridge from sequential exact optimality to the one-shot theory.

Corollary H.6 (Zero root gap propagates along reachable histories). Let 7 be a deterministic safe policy such that
Vi (hg) = VI (R).
Then for every stage t € [H| and every public history h € H; reachable under T,
AT (h) = 0.
Moreover, for every such (t, h) and every support point (x,y) € supp(p}),
Af (h,z,y) = af (z,y),

provided the local continuation game Mtlo,f satisfies the strict-optimality condition.

Proof. Since
AT(h7) = VI (hT) = VI (RS) = 0,

Theorem H.5 implies that, at h, both nonnegative terms on the right-hand side of Equation (4) vanish.

In particular, the second term vanishes:
E[AT(Hy) | Hy = h$, X1, Y1, Ay = AT] =0  almost surely.
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Since AZ(H3) > 0, this implies
AT(W)=0

for every stage-2 public history k' reached with positive probability under 7. Repeating the same argument inductively

proves that
AT(h)=0

for every reachable public history h.

Now fix a reachable (¢, h) and suppose the local continuation game satisfies strict optimality. Since AT (h) = 0, the first
nonnegative term in Equation (4) must vanish. Therefore, for every (z,y) € supp(p?),

max Q" (h, 2,y,0) = Q" (h,z,y, A7 (h, z,y)).
By strict optimality of the local continuation game,

Ag(hvx’y) = a:,h(xvy)’

as claimed. O

H.4. Local Chromatic Lower Bound

We can now state the sequential bridge theorem.

Theorem H.7 (Sequential local lower bound). Let 7 be a deterministic safe policy for a finite-horizon directional POAG
such that
VI (h3) = VI (R3).

Fix a stage t € [H] and a public history h € H; reachable under 7. Assume that the local continuation game
Mtlohc = (Xt(h)v Vi(h), Ai(h), P?a u}fo}(;)
satisfies the strict-optimality condition. Define the local encoder and decoder
ern(y) i=ef(hy),  dip(z,m):=df(h,z,m).

Then:

1. the local protocol (ez ho A, w) attains the full-information value of Mgohc exactly;
2. its message classes are independent sets of the local safe-confusability graph G}f’ﬁ

3. the number of used messages at history h satisfies
{eF (hyy) =y € V()Y = X (GEF) ;
equivalently, the local explicit communication at history h obeys

[logy [{ef (h,y) : y € Ye(h)}] = SRCpL (M) -

Proof. Fix a reachable history h. By Theorem H.6, for every
(,y) € supp(py),

the action induced by 7 at history i equals the unique locally optimal action:

dg (h,z,ef (h,y)) = A7 (h, z,y) = ag (,y).

Hence the local protocol (e7, , dT, ) realizes the unique full-information optimal action of M]9¢ at every support point.
Therefore
1
VM;?; (ef,h,v dzh) = V*(Mt?;f)7
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which proves part (1).

Part (2) now follows from the one-shot fixed-length theorem proved earlier: since the local protocol attains full-information
value exactly, each of its message classes must be an independent set of the local safe-confusability graph.

For part (3), let
M= {ef (hyy) 1y € Ve(h)}
By part (2), the partition of V;(h) induced by the map e (h, -) is a proper coloring of Giog by the colors in M,‘E{S}fd. Hence

MR > x(G)-
Applying the one-shot characterization to the local game gives
SRCrr, (Mtloff) = [log, X(Gio;iﬂ )
which implies the stated bit lower bound. O

Remark H.8 (What the theorem does and does not say). Theorem H.7 is a local necessary condition, not a full sequential
characterization. It does not claim that local chromatic lower bounds add across time, nor that satisfying them is sufficient
for exact sequential full-information attainment. What it does show is that the one-shot safe-confusability graph is the
correct obstruction at any reachable stage of a finite-horizon POAG whenever exact globally full-information-optimal safe
coordination is achieved.

I. Experimental Details

This appendix specifies the exact computational procedures underlying Section 7. Every quantity in the main paper is
obtained either by exact combinatorial optimization, exact mixed-integer linear optimization, or deterministic numerical
optimization of a finite variational problem. We do not use learned policies, policy-gradient methods, Monte Carlo training,
or stochastic approximation in the main experiments. All logarithms are base two, all reported rates are in bits, and all
graphs are finite, simple, and undirected.

L.1. Common Computational Conventions

The fixed-length experiments operate on finite one-shot games with explicit message alphabets of size ¢ = 25, where B is
the bit budget. For every such instance, the theorem prediction

B:hm = HOgQ X(GJVI)—I

is computed from the recovered safe-confusability graph G s using an exact branch-and-bound coloring routine. The direct
protocol-design quantity By p is computed independently from the game itself by solving a family of exact mixed-integer
linear programs and selecting the smallest budget whose optimum matches the full-information value.

Unless otherwise stated, theorem/solver agreement is declared exact when the mixed-integer solver terminates with an
optimality certificate and the absolute difference between the reported numerical optimum and the theoretical value is
at most numerical precision. In the asymptotic-rate experiments, all independent sets are enumerated exactly, and the
conditional graph-entropy optimization problem is solved deterministically to a relative improvement tolerance of 102
with a maximum of 2 x 10* fixed-point iterations. The reported reference/solver discrepancies in Table 7 are at machine
precision.

The random-graph sweep in Experiment 1 uses Erdds—Rényi instances G(n, 1/2) with n € {6, 8, 10,12} and twenty fixed
seeds per value of n. All other experiments are fully deterministic once their parameter grids are specified.

L.2. Experiment 1: Exact Threshold Recovery on Graph-Realized Instances

For Experiment 1, each input graph G = (V, E) is converted into the graph realization game M from Theorem 5.1. The
receiver observation alphabet is the tagged union

{zy:veV}iU{x.:e€ E},
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Table 5. Random-graph summary for exact threshold recovery on Erd6s—Rényi instances. The threshold-count columns show the empirical
distribution of theorem/MILP thresholds across random graphs of size n.

n  Num. graphs #(B* =1) #(B*=2) #(B*=3) Recoveryrate Agreementrate Median total time (s)
6 20 5 15 0 1.000 1.000 0.037
8 20 1 19 0 1.000 1.000 0.094
10 20 0 13 7 1.000 1.000 0.467
12 20 0 14 6 1.000 1.000 0.612

the sender symbols and receiver actions are both identified with V, the support consists of the pairs
(ry,v) and (T}, ), (Tfue}s?) for {u,v} € E,

and the payoff is
u(a, z,y) = Ha =y}

The recovered graph Gy, is constructed directly from the game by declaring y and y’ adjacent whenever some receiver
observation z supports both sender symbols with positive probability. The graph-realization theorem predicts that G, = G,
and the experiment verifies this identity exactly.

For a fixed explicit-message budget B and hence a fixed message cardinality ¢ = 27, the direct protocol-design optimum
is obtained from the following mixed-integer linear program. Let Sy C & x ) denote the support of the realized game.
Since the reward equals 1{a = y}, it suffices to introduce:

* binary variables z, ,,, indicating whether sender symbol y is assigned to message m € [g];
* binary variables d; ,, , indicating whether the decoder outputs action a after observing (z, m);

* continuous variables s , ,, linearizing the product zy ,,,d m,, on the support.

The exact direct protocol value is the optimum of

q
max Z p(x,y) Z Sz,y,m Q)
m=1

(z,y)ESM
q
s.t. Z Zym =1 Vyey,
m=1

Z d.?;,m,a =1 Vz € X, Vm € [q],
acA(x)

8w7y)m S Zy,m, Sw,y,m S dz,m,y7 Sw,ym Z Zy,m + dw,m,y - 1’
Zy.m € {0,1}, dyma € {0,1}, 0<s4,ym < 1.

Here A(z) denotes the feasible receiver actions at observation x, which in the graph-realization family is exactly the set of
sender symbols supported by x. The threshold Byy; p is then the smallest B for which the optimum of Equation (5) equals
V*(Mg) = 1.

The named-benchmark table appears in the main paper. The appendix-only random-graph breakdown is reported in Table 5.

I.3. Experiment 2: Missing-Bit Law and Covert Collapse

For Experiment 2 we use the family M}, from Theorem F.1. Here

Xy ={zo},  Ve=A=[2",  w(a,z0,y) =1{a=y},
and the sender symbol Y is uniform on [2¥]. The theorem gives the exact safe explicit value law
*o(B) = min{1,257"}.

safe
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Table 6. Exact validation of the missing-bit law via direct protocol-design MILP. For each k£ < 8, the direct optimizer agrees exactly with

the theorem value at every budget B € {0, ..., k}. The zero-bit covert value is 1 for all k.
E 2F Budgets checked maxp |Vkl\’%LP - th’}jgm SRCpr(My) Vi (0) VX (k—1) V2 .. (0)
2 4 0,...,2 0.0e+00 2 272 % 1
3 8 0,...,3 0.0e+00 3 273 P 1
4 16 0,...,4 0.0e+00 4 24 P 1
5 32 0,...,5 0.0e+00 5 270 P 1
6 64 0,...,6 0.0e+00 6 26 P 1
7 128 0,...,7 0.0e+00 7 2-7 P 1
8 256 0,...,8 0.0e+00 8 278 5 1

The main-text figure plots this law for & € {4, 8,12} and overlays exact direct-MILP validation points for the subset k& < 8.

Because the receiver observation is constant, the direct protocol-design problem admits a smaller exact mixed-integer
formulation than Equation (5). Fix &k and budget B, and set

N = 2% q:=28.

For a partition of the IV sender symbols into ¢ message classes, the decoder can recover at most one sender symbol per
nonempty class. Therefore the exact optimum is obtained from the binary program

1 q
i ®
q
s.t. Z Zim=1  Yi€[N],

Zim <tm Vi € [N], Vm € [q],

N

tm < Zzi’m Ym € [q],
=1

Zim € {07 1}7 tm € {Oa 1}

Here z; ,,, = 1 indicates that sender symbol i is assigned to message m, and ¢,,, = 1 indicates that class m is nonempty and
can therefore contribute at most one correct recovery. This program is solved for every

ke{23,...,8}, Be{01,... k}

yielding the exact validation table in Table 6. All reported discrepancies between the theorem law and the direct optimizer
are zero to numerical precision.

The covert-collapse point in the main-text figure is not estimated numerically. It is computed exactly from the theorem
construction:

*
chovert( ) =1L
Likewise, the nuisance-bit decision values

UgucsS(QO) = 17 vgucss(Qm) = %a

are computed analytically from the binary decision problem used in the proof of strict Blackwell inferiority; cf. Theorem A.12
and Blackwell (1953).

L4. Experiment 3: Asymptotic Rate Computation

Experiment 3 validates the asymptotic characterization
SRCw(M) = Ho(Y | X)
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by exact independent-set enumeration and deterministic optimization of the conditional graph-entropy variational problem
from Korner (1973); Orlitsky & Roche (2001). For a graph G on the sender alphabet ), let Z(G) denote the family of
nonempty independent sets. The experiment solves

: (W |y)
He(Y | X) = > ) a(W | y) 7
c(Y | X) = min W,Wp(fc y)a(W | y) log, S0 12 a0V [ ) Q)

st (W |y) >0,
daWly =1  vyey,

Wy
qWly)=0 whenever y ¢ .

Because all graphs used in the paper are small, every nonempty independent set is enumerated exactly. The optimization is
then carried out by a deterministic Blahut—Arimoto-style fixed-point map derived from the KKT conditions:

new (W | y) o exp (Z p(x | y)log Tz(W)> o (W)= e [ 2)g(W | y). ®)

x

The solver terminates when the relative improvement in the objective is at most 10~*2, or after 2 x 10* iterations if that
criterion is reached first. In all reported instances, convergence occurs well before the iteration limit.

We use two reference families.

Clique sanity family. The first family takes
G=K 165

a constant receiver observation X, and a Zipf-distributed sender symbol
PY =0 x(t+1)77 a € {0,0.5,1,1.5,2}.
Since every nonempty independent set of K¢ is a singleton, one has
Ho(Y | X) = H(Y)

exactly. The appendix-only sanity figure in Figure 3 shows that the conditional graph-entropy solver matches this closed-form
value to machine precision, while the fixed-length baseline remains

10g2 X(K16) =4,

Weighted graph-realization family. The second family modifies the graph-realization construction while preserving its
support graph. For a graph G = (V, E) and a parameter p > 0, define

1

= — Z:: 2E.
7o Ze=elVi+2lm

pp(xva 'U) = pp(x{u,v}a u) = pp(x{u,v}a 'U)

r
Z,
Because the support is unchanged, the safe-confusability graph remains exactly G. For this family the asymptotic rate also

has a closed form:
2|E|

Hqg(Y | X) =P,{X is an edge observation} - 1 = ————.

®
The main paper reports the p-sweep for C'5 and Petersen on the grid

p € {0.5,1,2,5,10,20,50}.

The appendix table Table 7 reports both the solver value and the closed-form reference from Equation (9); the discrepancy is
again at machine precision.
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4.0 "1‘—%: —e— Closed-form H(Y) for K1 i
Conditional graph-entropy solver
— —- Fixed-length baseline log; x(K1s) = 4

3.0 \

2.5 I

3.5 A

2.0 I

Asymptotic rate Hg(Y | X) (bits)

0.0

000 025 050 075 1.00 1.25 150 175  2.00
Zipf skew parameter a

Figure 3. Closed-form clique sanity check for the conditional graph-entropy solver. For G = K¢ and constant X, the asymptotic rate
equals H(Y"). The numerical solver matches the closed-form entropy across Zipf skew parameters «, while the fixed-length baseline
remains log, x(K16) = 4.

Table 7. Selected instances for asymptotic safe revelation. The clique rows serve as closed-form sanity checks, where Hg (Y | X) = H(Y)
because G = K6 and X is constant. The graph-realization rows show how informative receiver side information reduces the asymptotic
rate far below the fixed-length baseline log, x(G) while preserving the same conflict graph.

Instance  Param. X(G) logyx(G) Hg(Y | X) Ref value Abs.err.  Gain

Ky a=0.0 16 4.000 4.000 4.000 0.0e+00  0.0%
Ky a=15 16 4.000 2.684 2.684 44e-16 32.9%
Cs p=1.0 3 1.585 0.667 0.667 1.1e-16 57.9%
Cs p=10.0 3 1.585 0.167 0.167  2.8e-17 89.5%
Petersen p=1.0 3 1.585 0.750 0.750 1.1e-16 52.7%
Petersen p = 10.0 3 1.585 0.231 0.231  5.6e-17 85.4%

L.5. Appendix-Only Sequential Bridge Experiment

The final appendix-only experiment validates the local lower-bound theorem of Theorem H.7 on a fully explicit two-stage
construction. Stage 1 is public and payoff-free: it reveals one of three reachable public histories

hK3,37 hC57 hK57

with probabilities
Wi, , = 0.40, we, = 0.35, wg, = 0.25.

Conditional on a realized public history hg, stage 2 instantiates exactly the graph-realization local continuation game
associated with the graph

G e {K3,3, 057 K5}
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61 mmm Theorem lower bound x(G'%)
mmm Exact minimum local messages Bp=3
Vige(Bi, — 1) = 0.960
5 .
—
c
g
(0] B|b =2
& Viec(Bi — 1) = 0.933
25
)
.E Bp=1
o Vioc(Bib — 1) = 0.625
o
= 2 A
1 .
0 -
hK3‘3 hC5 hKS
(K3,3, w=10.40) (Cs, w=10.35) (Ks, w=0.25)

Reachable stage-2 public history

Figure 4. Sequential local lower-bound validation on reachable stage-2 public histories of the constructed two-stage POAG. At each

reachable history h, the local continuation game is a graph-realization instance, and the theorem lower bound X(Giofl) matches the exact

minimum number of local messages required to attain the full-information continuation value.

Thus the local safe-confusability graph is known analytically, and the theorem predicts the local message lower bound
aw(ha) = Xx(G).

For each reachable history, the exact minimum number of local messages required to attain the full-information continuation
value is computed by the same graph-realization MILP used in Experiment 1. The resulting comparison appears in Figure 4
and Table 8. In every reachable history, the theorem lower bound is tight:

e (ha) = x(G).

We also study a uniform local bit budget B applied simultaneously at all reachable stage-2 histories. Because stage 1 is
payoff-free and fully revealed, the global two-stage safe value is exactly the weighted average of the local budget-constrained
optima:

Vieq(B) = > wg Va(B). (10)
Ge{K33,C5,K5}

Since every history has strictly positive probability, exact full-information sequential performance is attainable if and only if
the uniform budget reaches the largest reachable local lower bound in bits, namely

max [logy x(G)] = 3.

This is confirmed numerically by Figure 5 and Table 9.
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Figure 5. Global two-stage safe value under a uniform local bit budget B applied at all reachable stage-2 histories. Exact full-information
sequential performance is attained only when the uniform local budget reaches the largest reachable local lower bound, here B = 3.

Table 8. Sequential local lower-bound validation on reachable stage-2 histories of the two-stage POAG. At each reachable public history A,
the local continuation game is a graph-realization instance Mtlo,f The theorem lower bound g1, = X(Gi‘jﬁ) matches the exact minimum
number of local messages required to attain the full-information continuation value.

Hisoy w, Graph |V| |E| |[B(G")AEG)] (@) Bi gimp  Viee(Biw — 1)

I, 040 Kz 6 9 0 2 1 2 0.625
hey 0.35 Cs 5 5 0 3 2 3 0.933
hi, 0.25 Ks 5 10 0 5 3 5 0.960

Table 9. Global two-stage safe value under a uniform local bit budget B applied at all reachable stage-2 histories. Because every
reachable history has positive probability, exact full-information sequential performance is attained only when B is at least the largest
local lower-bound in bits.

B Global safe value Global gap Exact?

0 0.633 0.367 No
1 0.937 0.063 No
2 0.990 0.010 No
3 1.000 0.000 Yes
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