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ABSTRACT

In time series, variables often exhibit high-dimensional characteristics. The cor-
relation between variables tends to be intricate, encompassing aspects such as
non-linearity and time dependency. Understanding the interaction of variables
and comprehending the distribution of their values can significantly enhance the
effectiveness of time series data analysis tasks, such as forecasting and anomaly
detection. Hence, in this paper, we start from the tensor time series, which can
encode higher dimensional information than classic multivariate time series, and
aim to discover and leverage their fine-grained time-dependent causal relations
to contribute to a more accurate analysis. To this end, we first form an aug-
mented Granger Causality model, named TBN-Granger Causality, which adds
time-respecting Bayesian Networks to the time-lagged Neural Granger Causality
through a bi-level optimization, such that the overlooking of instantaneous effects
in typical causal time series analysis can be addressed. Then, we propose an end-
to-end deep generative model, named TacSas, which takes the historical tensor
time series, outputs the future tensor time series, and detects possible anomalies
by leveraging the TBN-Granger Causality in the history. Moreover, we show Tac-
Sas not only can capture the ground-truth causality but also can be applied when
the ground-truth causal structures are hardly available, to help forecasting and
anomaly detection. For evaluations, besides synthetic benchmark data, we have
four datasets from the climate domain benchmark database ERA5 as the real-
world tensor time series for forecasting. Moreover, we extend ERA5 with the ex-
treme weather database NOAA for testing anomaly detection accuracy. We show
the effectiveness of TacSas in different time series analysis tasks by comparing
causal baselines, forecasting baselines, and anomaly detection baselines.

1 INTRODUCTION

Time series analysis is indispensable in various application domains. Time-series forecasting, for
example, can facilitate traffic planning (Li et al., 2018; Zhao et al., 2020b). Time-series anomaly
patterns can optimize high-tech equipment deployment (Hundman et al., 2018; Su et al., 2019). In
the real world, time series variables usually contain high-dimensional features. Taking the climate
time series data as an example, multiple variables such as temperature, wind, atmospheric water
content, and solar radiation co-appear on the time axis. Although we can access their tabular rep-
resentations, their interactions are typically complex (e.g., non-linear, time-dependent), making it
difficult to understand and capture the time series evolution trend and latent distribution of values.
As a result, this complexity may lead to sub-optimal performance in time series analysis, such as
time series forecasting and anomaly detection. Motivated by the above, structured learning in
time series has recently gained much attention, such as (Li et al., 2018; Wu et al., 2020; Zhao et al.,
2020a; Cao et al., 2020; Shang et al., 2021; Deng and Hooi, 2021; Marcinkevics and Vogt, 2021;
Geffner et al., 2022; Tank et al., 2022; Spadon et al., 2022; Gong et al., 2023). Among others, causal
graphs as a directed acrylic graph structure provide more explicit and interpretable correlations be-
tween variables, thus enabling a better understanding of the underlying physical mechanisms and
dynamic systems for time series (Guo et al., 2021).

As a widely applied causal structure in time series understanding and explanation, Granger Causal-
ity (Granger, 1969; Arnold et al., 2007) discovers causal relations among variables in an autoregres-
sive (or time-lagged) manner. The discovered Granger Causal structures can help many time series
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analysis tasks, like building parsimonious prediction models such as Earth System (Runge et al.,
2019). Moreover, real-world time series data can have many variables, and their causal relations
can be more complex, i.e., non-linear and instantaneous, which require complex causality discovery
beyond the classic Granger model. On the one hand, some nascent non-linear (or neural) Granger
models have been proposed (Nauta et al., 2019; Xu et al., 2019; Tank et al., 2022; Khanna and Tan,
2020; Huang et al., 2020; Pam�l et al., 2020; Marcinkevics and Vogt, 2021; Geffner et al., 2022). On
the other hand, how to effectively integrate instantaneous causal effects with neural Granger models
has the great research potential (Moneta et al., 2013; Wild et al., 2010; Dahlhaus and Eichler, 2003;
Malinsky and Spirtes, 2018; Assaad et al., 2022) but remains largely under-explored (Pam�l et al.,
2020; Gong et al., 2023).

Figure 1: (a) Tensor Time-Series Data: The Red
Cell Means the Possible Anomaly. (b) Visualiza-
tion of (Neural) Granger Causality's Time-Lagged
Property without Instantaneous Effects.

Motivated by the above analysis, in this pa-
per, we start from the tensor time series
data as shown in Figure 1(a), in which the
3D structure contains higher dimensions than
typical 2D multivariate time series data. For
example, tensor time series can represent
multivariate climate time series data (e.g.,
temperature, wind, and atmospheric water
content) with corresponding spatial informa-
tion (e.g., longitude, latitude, and geocode).
After that, we aim to build a comprehen-
sive causality model for this tensor time se-
ries, which could not only capture non-linear
and time-lagged causality (like the Granger
model (Granger, 1969; Tank et al., 2022)) but
also offset the ignored instantaneous causal
effects at each timestamp, as shown in Figure 1(b). Ourultimate goal is to leverage the discovered
comprehensive causality to understand the trend and latent distribution of the historical tensor time
series and �nally contribute to the analysis tasks like tensor time series forecasting and anomaly
detection.

To this end, we �rst propose a comprehensive causal model named Time-Respecting Bayesian Net-
work Augmented Neural Granger Causality, i.e., TBN-Granger Causality. Theoretically, discover-
ing TBN-Granger Causality relies on a bi-level optimization. The inner optimization discovers a
sequence of Bayesian Networks at each timestampt respectively for representing the instantaneous
causal effects among variables (i.e., which causality is responsible for the instantaneous feature gen-
eration). Then, the outer optimization realizes integrating time-respecting Bayesian Networks with
time-lagged neural Granger causality in an autoregressive manner. Empirically, to embed TBN-
Granger Causality into guiding the tensor time series analysis tasks like forecasting and anomaly
detection, we propose an end-to-end deep generative model, calledTime-AugmentedCausal Time
SeriesAnalysiS Model, i.e., TacSas.

Different from previous causal time series analysis works (Nauta et al., 2019; Xu et al., 2019;
Khanna and Tan, 2020; Pam�l et al., 2020; Huang et al., 2020; Marcinkevics and Vogt, 2021; Tank
et al., 2022; Geffner et al., 2022; Gong et al., 2023), TacSas takes a step further from merely verify-
ing whether the ground-truth causal structures in a synthetic setting are discovered. Moreover, it also
investigates how to capture good causal structures when the ground-truth structures are hardly avail-
able to guide time series analysis tasks further. Thus, TacSas adopts the generative learning manner,
which does not need any labeled causal structures or time series. Furthermore, TacSas is end-to-end,
meaning that it can not only discover TBN-Granger Calsuality from the observed time series, TacSas
can but also seamlessly use it to forecast future time series and detect possible anomalies.

To evaluate TacSas, we �rst use the synthetic benchmark, Lorenz-96 (Lorenz, 1996), to verify that
TacSas can indeed capture ground-truth causal structures with high accuracy. Then, we extend
to the real-world setting and test if TacSas can utilize the captured causality to �nish tensor time
series forecasting and identify anomalies. We have four tensor time series datasets from the hourly
climate benchmark database ERA5 (Hersbach et al., 2018) and align them with the weather anomaly
database NOAA1. The results show that TacSas outperforms forecasting and detection baselines.

1https://www.ncdc.noaa.gov/stormevents/ftp.jsp
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2 PRELIMINARY

Tensor Time Series. As shown in Figure 1(a), we have tensor time series data stored inX 2
RN � D � T . Note that a slice ofX , i.e., X (i; :; :) 2 RD � T , i 2 f 1 : : : ; N g, is typically denoted as
the common multivariate time series data (Su et al., 2019; Zhao et al., 2020a). In this way, tensor
time series can be understood as multiple multivariate time series data. Such tensor time series data
can usually be found in the real world. For example, in each elementX (i; d; t ) of the nationwide
weather dataX , i 2 f 1 : : : ; N g can be the spatial locations (e.g., counties),d 2 f 1: : : ; Dg can be
the weather features (e.g., temperature and humidity), andt 2 f 1: : : ; Tg can be the time dimension
(e.g., hours). Throughout the paper, we use the calligraphic letter to denote a 3D tensor (e.g.,X )
and the bold capital letter to denote a 2D matrix (e.g.,X ).

Problem De�nition . In this paper, we aim to discover and utilize comprehensive causal structures
for tensor time-series analysis tasks, including forecasting and anomaly detection. To be more spe-
ci�c, given the tabular dataX 2 RN � D � T as shown in Figure 1, we aim to forecast the future data
X 0 2 RN � D � � , where� is a forecasting window. Additionally, with the forecastedX 0, we also aim
to detect ifX 0 contains abnormal values.

3 TACSAS: DISCOVERINGTBN-GRANGER CAUSALITY FOR TENSORTIME

SERIESFORECASTS ANDANOMALY DETECTIONS

In this section, we introduce how TacSas discovers TBN-Granger Causality in the historical tensor
time series and utilizes it to guide tensor time series forecasting and anomaly detection. The overall
framework of TacSas is shown in Figure 2.

The upper component of Figure 2 represents the data preprocessing part (i.e., converting raw inputX
to latent representationH) of TacSas through a pre-trained autoencoder. The goal of this component
is leveraging comprehensive causality (e.g., TBN-Granger Causality) to achieve seamless forecast-
ing and anomaly detection. The theoretical reasoning and necessity are introduced in Sec.3.3, and
the empirical validation is demonstrated in Appendix B.2.

The lower component of Figure 2 shows how TacSas discovers TBN-Granger Causality in the his-
torical tensor time series (in the form ofH other thanX ) and generates future tensor time series.
In brief, the optimization of TacSas is bi-level. First, the inner optimization captures instantaneous
effects among variables at each timestamp, respectively, which describes the inner-time feature gen-
eration. These causal structures are then stored in the form of a sequence of Bayesian Networks.
The details are introduced in Sec.3.1. Second, the outer optimization discovers the Neural Granger
Causality among variables in a time window with the support of a sequence of Bayesian Networks
(i.e., TBN-Granger Causality). After introducing details in Sec.3.2, we derive the formal equation
of TBN-Granger Causality, Eq. 3.7.

Figure 2: Proposed TacSas for Discovering and Utilizing TBN-Granger Causality in Tensor Time-
Series Forecasting and Anomaly Detection.
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3.1 INNER OPTIMIZATION OF TACSAS FOR IDENTIFYING INSTANTANEOUSCAUSAL
RELATIONS IN TENSORTIME SERIES

Generally speaking, the inner optimization produces a sequence of Bayesian Networks for each
observed timestamp. At timet, the instantaneous causality is discovered based on input features
H(:; :; t) = H ( t ) 2 RN � H , and is represented by a directed acyclic graphG( t ) = ( A ( t ) 2
RN � N ; H ( t ) 2 RN � H ). To be speci�c,A ( t ) is a weighted adjacency matrix of the Bayesian
Network at timet, and each cell represents the coef�cient of causal effects between variablesu
andv 2 f 1; : : : ; N g. The features (e.g.,H (v; :; t)) are transformed from the input raw features
(e.g.,X (v; :; t)). The transformation is causality-agnostic but necessary for downstream time series
analysis tasks, with details introduced in Sec.3.3.

The reasoning for discovering the instantaneous causal effects in the form of the Bayesian Network
originates from a widely adopted assumption of causal graph learning (Zheng et al., 2018; Yu et al.,
2019; Guo et al., 2021; Geffner et al., 2022; Gong et al., 2023): there exists a ground-truth causal
graphS( t ) that speci�es instantaneous parents of variables to recover their value generating process.
Therefore, in our inner optimization, the goal is to discover the causal structureS( t ) at each time
t by recovering the generation of input featuresH ( t ) . Speci�cally, given the observedH ( t ) , we
aim to estimate a structureA ( t ) , through which a certain distributionZ ( t ) could generateH ( t ) for
t 2 f 1; : : : ; Tg. In this way, the instantaneous causal effects are discovered, and the corresponding
structures are encoded inA ( t ) . The generation function is expressed as follows.

X

t

logP(H ( t ) ) =
X

t

log
Z

P(H ( t ) jZ ( t ) )P(Z ( t ) )dZ ( t ) (3.1)

where the generation likelihoodP(H ( t ) jZ ( t ) ) also takesA ( t ) as input. The complete formula is
shown in Eq. 3.3.

For Eq 3.1, on the one hand, it is hard to get the prior distributionP(Z ( t ) ), which is highly related
to the distribution of ground-truth causal graph distributionP(S( t ) ) at timet (Geffner et al., 2022).
On the other hand, for the generation likelihoodP(H ( t ) jZ ( t ) ), the actual posteriorP(Z ( t ) jH ( t ) )
is also intractable. Thus, we resort to the variational autoencoder (VAE) (Kingma and Welling,
2014). In this way, the actual posteriorP(Z ( t ) jH ( t ) ) can be replaced by the variational posterior
Q(Z ( t ) jH ( t ) ), and the prior distributionP(Z ( t ) ) is approximated by a Gaussian distribution. Fur-
thermore, the inside encoder and decoder modules should take the structureA ( t ) as the input. This
design can be realized by various off-the-shelf variational graph autoencoders such as VGAE (Kipf
and Welling, 2016), etc. However, the inner optimization is coupled with the outer optimization, i.e.,
the instantaneous causality will be integrated with cross-time Granger causality to make inferences.
The inner complex neural architectures and parameters may render the outer optimization module
hard to train, especially when the outer module itself needs to be complex. Therefore, we extend
the widely-adopted linear Structural Equation Model (SEM) (Zheng et al., 2018; Yu et al., 2019;
Geffner et al., 2022; Gong et al., 2023) to the time-respecting setting as follows.

ForQ(Z ( t ) jH ( t ) ), the encoder equation is expressed as

Z ( t ) = ( I � A ( t ) >
)f � ( t )

enc
(H ( t ) ) (3.2)

ForP(H ( t ) jZ ( t ) ), the decoder equation is expressed as

H ( t ) = f � ( t )
dec

(( I � A ( t ) >
) � 1Z ( t ) ) (3.3)

As analyzed above2, f � ( t )
enc

andf � ( t )
dec

do not need complicated neural architectures. Therefore, we can

use two-layer MLPs for them. Then, the objective functionL ( t )
DAG for discovering the instantaneous

causality at timet is expressed as follows, which corresponds to the inner optimization.

min
� ( t )

enc ;� ( t )
dec ;A ( t )

L ( t )
DAG = DKL (Q(Z ( t ) jH ( t ) )kP(Z ( t ) )) � EQ (Z ( t ) jH ( t ) ) [logP(H ( t ) jZ ( t ) )]

s.t.
X

t

Tr[(I + A ( t ) � A ( t ) )N ] � N = 0 ; for t 2 f 1; : : : ; Tg
(3.4)

2The complete forms ofQ(Z ( t ) jH ( t ) ) andP(H ( t ) jZ ( t ) ) areQA ( t ) (Z ( t ) jH ( t ) ) andPA ( t ) (H ( t ) jZ ( t ) ),
we omit the subscriptA ( t ) for brevity.
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where the �rst term inL ( t )
DAG is the KL-divergence measuring the distance between the distribution

of generatedZ ( t ) and the pre-de�ned Gaussian, and the second term is the reconstruction loss
between the generatedZ ( t ) with the original inputH ( t ) . Note that there is an important constraint,
i.e., Tr[(I + A ( t ) � A ( t ) )N ] � N = 0 , onA ( t ) 2 RN � N . Tr(�) is the trace of a matrix, and� denotes
the Hadamard product. The meaning of the constraint is explained as follows. The constraint in
Eq. 3.4, i.e., Tr[(I + A ( t ) � A ( t ) )N ]� N = 0 regularizes the acyclicity ofA ( t ) during the optimization
process, i.e., the learnedA ( t ) should not have any possible closed-loops at any length.

Lemma 3.1 Let A ( t ) be a weighted adjacency matrix (negative weights allowed).A ( t ) has no
N -length loops, if Tr[(I + A ( t ) � A ( t ) )N ] � N = 0 .

The intuition is that there will be nok-length path from nodeu to nodev on a binary adjacency ma-
trix g(u; v) = 0 . Compared with original acyclicity constraints in (Yu et al., 2019), our Lemma 3.1
gets rid of the� condition. Then we can denote� (A ( t ) ) = Tr[(I + A ( t ) � A ( t ) )N ] � N and use
Lagrangian optimization for Eq. 3.4 as follows.

min
� ( t )

enc ;� ( t )
dec ;A ( t )

L ( t )
DAG = DKL (Q(Z ( t ) jH ( t ) )kP(Z ( t ) )) � EQ (Z ( t ) jH ( t ) ) [logP(H ( t ) jZ ( t ) )]

+ � � (A ( t ) ) +
c
2

j� (A ( t ) )j2; for t 2 f 1; : : : ; Tg
(3.5)

where� andc are two hyperparameters, and larger� andc enforce� (A ( t ) ) to be smaller.

Theorem 3.1 If the ground-truth instantaneous causal graphS( t ) at timet generates the features
of variables following the normal distribution, then the inner optimization (i.e., Eq. 3.4) can identify
S( t ) under the standard causal discovery assumptions (Geffner et al., 2022).

3.2 OUTER OPTIMIZATION OF TACSAS FOR INTEGRATING INSTANTANEOUSCAUSALITY
WITH NEURAL GRANGER CAUSALITY

Given the inner optimization, Bayesian Networks can be obtained at each timestampt, which means
that multiple instantaneous causalities are discovered. Thus, in the outer optimization, we integrate
these evolving Bayesian Networks into Granger Causality discovery. First, the classic Granger
Causality (Granger, 1969) is discovered in the form of the variable-wise coef�cients across different
timestamps (i.e., a time window) through the autoregressive prediction process. The prediction
based on the linear Granger Causality (Granger, 1969) is expressed as follows.

H ( t ) =
LX

l =1

W ( l ) H ( t � l ) + e( t ) (3.6)

whereH ( t ) 2 RN � D denotes the features ofN variables at timet, e( t ) is the noise, andL is the
pre-de�ned time lag indicating how many past timestamps can affect the values ofH ( t ) . Weight
matrix W ( l ) 2 RN � N stores the cross-time coef�cients captured by Granger Causality, i.e., matrix
W ( l ) aligns the variables at timet � l with the variables at timet. To compute those weights, several
linear methods are proposed, e.g., vector autoregressive model (Arnold et al., 2007).

Facing non-linear causal relationships, neural Granger Causality discovery (Tank et al., 2022) is
recently proposed to explore the nonlinear Granger Causality effects. The general principle is to
represent causal weightsW by deep neural networks. To integrate instantaneous effects with neural
Granger Causality discovery, our TBN-Granger Causality is de�ned as follows.

Ĥ (i; :)( t ) = f � i [(A
( t � 1) ; H ( t � 1) ); : : : ; (A ( t � L ) ; H ( t � L ) )] /* TBN-Granger Causality */ (3.7)

whereL is the lag (or window size) in the Granger Causality, andi is the index of thei -th variable.
f � i is a neural computation unit with all parameters denoted as� i , whose input is anL-length time-
ordered sequence of(A ; H ). And f � i is responsible for discovering the TBN-Granger Causality for
variablei at timet from all variables that occurred in the past time lagl. The choice of neural unit
f � i is �exible, such as MLP and LSTM (Tank et al., 2022). Different neural unit choices correspond
to different causality interpretations. In our proposed TacSas model, we use graph recurrent neural
networks (Wu et al., 2021), and the causality interpretations are introduced in Sec3.3.
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In the outer optimization, to evaluate the prediction under the TBN-Granger Causality, we use the
mean absolute error (MAE) loss on the prediction and the ground truth, which is effective and widely
applied to time-series forecasting tasks (Li et al., 2018; Shang et al., 2021).

min
� i ;A ( t � 1) ;:::; A ( t � l )

L pred =
X

i

X

t

jH (i; :)( t ) � Ĥ (i; :)( t ) j (3.8)

where� i ; A ( t � 1) ; : : : ; A ( t � l ) are all the parameters for the predictionĤ (i; :)( t ) of variablei at time
t. The composition and update rules are expressed below.

For updating f � i , we employ the recurrent neural structure to �t the input sequence. Moreover,
the sequential inputs also contain the structured dataA . Therefore, we use the graph recurrent
neural architecture (Li et al., 2018) because it is designed for directed graphs, whose core is a gated
recurrent unit (Chung et al., 2014).

R ( t ) = sigmoid(W R � A ( t ) [H ( t ) � S ( t � 1) ] + bR )

C ( t ) = tanh(W C � A ( t ) [H ( t ) � (R ( t ) � S ( t � 1) )] + bC )

U ( t ) = sigmoid(W U � A ( t ) [H ( t ) � S ( t � 1) ] + bU )

S ( t ) = U ( t ) � S ( t � 1) + ( I � U ( t ) ) � C ( t )

(3.9)

whereR ( t ) , C ( t ) , andU ( t ) are three parameterized gates, with corresponding weightsW and bias
b. H ( t ) is the input, andS ( t ) is the hidden state. GatesR ( t ) , C ( t ) , andU ( t ) share the similar struc-
tures. For example, inR ( t ) , the graph convolution operation for computing the weightW R � A ( t ) is
de�ned as follows, and the same computation applies to gatesU ( t ) andC ( t ) .

W R � A ( t ) =
KX

k=0

� R
k; 1(D ( t )

out

� 1
A ( t ) )k + � R

k; 2(D ( t )
in

� 1
A ( t ) >

)k (3.10)

where� R
k; 1, � R

k; 2 are learnable weight parameters; scalark is the order for the stochastic diffusion

operation (i.e., similar to steps of random walks);D ( t )
out

� 1
A ( t ) andD ( t )

in

� 1
A ( t ) >

serve as the transi-
tion matrices with the in-degree matrixD ( t )

in and the out-degree matrixD ( t )
out ; � 1 and> are inverse

and transpose operations.

For updating each off A ( t � 1) ; : : : ; A ( t � l ) g, we takeA ( t � l ) as an example to illustrate. The opti-
mal A ( t � l ) stays in the space off 0; 1gN � N . To be speci�c, each edgeA ( t � l ) (i; j ) can be parame-
terized as� ( t � l )

i;j following the Bernoulli distribution. However,N 2l is hard to scale, and the discrete
variables are not differentiable. Therefore, we adopt the Gumbel reparameterization from (Jang
et al., 2017; Maddison et al., 2017). It provides a continuous approximation for the discrete distri-
bution, which has been widely used in the graph structure learning (Kipf et al., 2018; Shang et al.,
2021). The general reparameterization form can be written asA ( t � l ) (i; j ) = sof tmax (FC((H (i; :
)( t � l ) jjH (j; :)( t � l ) ) + g)=� ), whereFC is a feedforward neural network,g is a scalar drawn from
a Gumbel(0; 1) distribution, and� is a scaling hyperparameter. Different from (Kipf et al., 2018;
Shang et al., 2021), in our setting, the initial structure input is constrained by the causality discov-
ery, which originates from the inner optimization step. Hence, the structure learning in the outer
optimization takes the adjacency matrix from the inner optimization as the initial input, which is

A ( t � l )
outer (i; j ) = sof tmax (A ( t � l )

inner (i; j ) + g)=� ) (3.11)

whereA ( t )
inner (i; j ) is the structure learned by our inner optimization through Eq. 3.4,A ( t )

outer (i; j )
is the updated structure, andg is a vector of i.i.d samples drawn from a Gumbel(0; 1) distribution.
In outer optimization, Eq. 3.8 �ne-tunes the evolving Bayesian Networks to make the intra-time
causality �t the cross-time causality well. Note that, the outer optimization w.r.t.A ( t ) may break
the acyclicity, and another round of inner optimization may be necessary.

3.3 DEPLOYMENT OFTACSAS FORTIME SERIESFORECASTING ANDANOMALY
DETECTION

In this section, we introduce how TacSas achieves tensor time series forecasting and anomaly detec-
tion in threefold: data preprocessing, neural architecture selection, and training procedure.
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First (data preprocessing), in addition to forecasting, TacSas is also for anomaly detection. Thus,
we design the hidden featureH extraction in TacSas motivated by the Extreme Value Theory (Beir-
lant et al., 2004) or so-called Extreme Value Distribution (Siffer et al., 2017) in streaming data.

Remark 3.1 According to the Extreme Value Distribution (Fisher and Tippett, 1928), under the lim-
iting forms of frequency distributions, extreme values have the same kind of distribution, regardless
of original distributions.

An example (Siffer et al., 2017) can help interpret and understand the Extreme Value Distribution
theory. Maximum temperatures or tide heights have more or less the same distribution even though
the distributions of temperatures and tide heights are not likely to be the same. As rare events have
a lower probability, there are only a few possible shapes for a general distribution to �t. Inspired by
this observation, we can design a simple but effective module in TacSas to achieve anomaly detec-
tion, i.e., a pre-trained autoencoder model that tries to explore the distribution of normal features in
X as shown in Figure 2. As long as this autoencoder model can capture the latent distribution for
normal events, then the generation probability of a piece of time series data can be utilized as the
condition for detecting anomaly patterns. This is because the extreme values are identi�ed with a
remarkably low generation probability. To be speci�c, after the forecastH ( t ) is output, the gener-
ation probability ofH ( t ) into X ( t ) through the pre-trained autoencoder can be used to detect the
anomalies att.

Second (neural architecture selection), we encode f � i into a sequence-to-sequence
model (Sutskever et al., 2014). That is, given a time window (or time lag), TacSas could forecast the
corresponding features for the next time window. Moreover, withW ( l ) in Eq. 3.6 andf � i in Eq. 3.7,
we can observe that the classical linear Granger CausalityW ( l ) can be discovered for each time lag.
In other words, each time lag has its own discovered coef�cients, butf � i is shared by all time lags.
This sharing manner is designed for scalability and is called Summary Causal Graph (Marcinkevics
and Vogt, 2021; Assaad et al., 2022). The underlying intuition is that the causal effects mainly de-
pend on the near timestamps. Further, for the neural Granger Causality interpretation inf � i , we
follow the rule (Tank et al., 2022) that if thej -th row of (W R � A ( t ) , W C � A ( t ) , andW U � A ( t ) ) are
zeros, then variablej is not the Granger-cause for variablei in this time window.

Third (training procedure) , as shown in Figure 2, the autoencoder can be pre-trained with recon-
struction loss (e.g., MSE) ahead of the inner and outer optimization, to obtainH for the feature
latent distribution representation. By utilizing all inputH , the inner optimization learns the se-
quential Bayesian Networks, and the outer optimization aligns Bayesian Networks with the neural
Granger Causality to produce all the forecastH 0. The inner and outer optimization can be trained
interchangeably.

4 EXPERIMENTS

The ground-truth causality discovery experiments in the synthetic benchmark, Lorenz 96 Sys-
tem (Lorenz, 1996), are shown in Appendix B.1, where our TacSas can capture the true causality
with the competitive high accuracy. Then, in this section, we test TacSas on utilizing its discovery
for time series forecasting and anomaly detection.

4.1 EXPERIMENT SETUP

Datasets. Our forecasting data (i.e., hourly tensor time series data) originates from climate do-
main benchmark ERA5 (Hersbach et al., 2018)3. To be speci�c, we select four datasets covering
45 weather features (i.e., wind gusts, rain, etc.) from 2384 counties in the United States of Amer-
ica during 2017–2020. Moreover, we choose thunderstorms as the anomaly pattern to be detected
after forecasting. The thunderstorm record is identi�ed in NOAA database5 hourly and nation-
wide, i.e., 1 means a thunderstorm happens in the corresponding hour at a certain location, and 0
means no thunderstorm happens. We processed the geocode to align weather features in ERA5 with
anomaly patterns in NOAA. The geographic distribution and anomaly pattern frequency distribution
are shown in Appendix E.

3https://cds.climate.copernicus.eu/cdsapp#!/home
4100 of 238 counties are top-ranked counties for the thunderstorm (anomaly label) frequency, and the rest

are randomly selected.
5https://www.ncdc.noaa.gov/stormevents/ftp.jsp
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Baselines. Besides the causality discovery baseline in Appendix B, the�rst category is for tensor
time series forecasting: (1) GRU (Chung et al., 2014) is a classical sequence to sequence generation
model. (2) DCRNN (Li et al., 2018) is a graph convolutional recurrent neural network, of which the
input graph structure is given, not causal, and static (i.e., shared by all timestamps). In this viewpoint,
we let each node randomly distribute its unit weights to others. (3) GTS (Shang et al., 2021) is also
a graph convolutional recurrent neural network that does not need the input graph but learns the
structure based on the node features, but the learned structure is also shared by all timestamps and
is not causal. To compare the performance of DCGNN (Li et al., 2018) and GTS (Shang et al.,
2021) with TacSas, causality is the control variable since we make all the rest (e.g., neural network
type, number of layers, etc.) identical for them. Thesecondcategory is for anomaly detection
on tensor time series: (1) DeepSAD (Ruff et al., 2020), (2) DeepSVDD (Ruff et al., 2018), and
(3) DROCC (Goyal et al., 2020). Since these three have no forecast abilities, we let them use the
ground-truth observations, and our TacSas utilizes the forecast features during anomaly detection
experiments. Also, these three baselines are designed for multi-variate time-series data, not tensor
time-series. Thus, we �atten our tensor time series along the spatial dimension and report the average
performance for these three baselines over all locations.

Next, we introduce forecasting and anomaly detection performance. Details about split and hyper-
parameters are in Appendix C. More ablation studies can be found in Appendix B.3.

4.2 FORECASTINGPERFORMANCE

In Table 1, we present the forecasting performance in terms of mean absolute error (MAE) on the
testing data of three algorithms, namely DCGNN (Li et al., 2018), GTS (Shang et al., 2021), ST-
SSL (Ji et al., 2023), our TacSas, and TacSas++ (i.e., TacSas with persistence forecast constraints).
Here, we set the time window as 24, meaning that we use the past 24 hours tensor time series to
forecast the future 24 hours in an autoregressive manner. Moreover, for baselines and TacSas, we
setf � i in Eq.3.7 shared by all weather variables to ensure the scalability, such that we do not need
to trainN recurrent graph neural networks for a single prediction. In Table 1, we can observe a gen-
eral pattern that our TacSas outperforms the baselines with GTS performing better than DCGNN.
For example, with 2017 as the testing data, our TacSas performs 39.44% and 36.16% better than
DCRNN and GTS. An explanation is that the temporally �ne-grained causal relationships can con-
tribute more to the forecasting accuracy than non-causal directed graphs, since DCGNN, GTS, and
our TacSas all share the graph recurrent manner. TacSas however, discovers causalities at different
timestamps, while DCGNN and GTS use feature similarity based connections. Moreover, ST-SSL
achieves competitive forecasting performance via contrastive learning on time series. Motivated by
contrastive manner, TacSas++ is proposed by persistence forecast constraints. That is, the current
forecast of TacSas is further calibrated by its nearest time window (i.e., the last 24 hours in our
setting).

Table 1: Forecasting Error (MAE,10� 2)

ERA5-2017(#) ERA5-2018(#) ERA5-2019(#) ERA5-2020(#)
GRU 1.8834� 0.0126 1.9764� 0.1466 1.6194� 0.2645 1.7859� 0.2324

DCRNN 0.0819� 0.0025 0.0797� 0.0049 0.0799� 0.0035 0.0826� 0.0033
GTS 0.0777� 0.0054 0.0766� 0.0029 0.0760� 0.0031 0.0742� 0.0021

TacSas 0.0496� 0.0017 0.0499� 0.0017 0.0502� 0.0016 0.0488� 0.0019
ST-SSL 0.0345� 0.0051 0.0330� 0.0018 0.0361� 0.0021 0.0348� 0.0020

TacSas++ 0.0271� 0.0004 0.0276� 0.0004 0.0282� 0.0003 0.0265� 0.0004

Figure 3: Time-Respecting Bayesian Networks of
at the Same Hour of Two Consecutive Days.

To evaluate our explanation, we visualize
causal connections at different times in Fig-
ure 3. Speci�cally, we show the Bayesian Net-
work of 238 counties at the same hour on two
consecutive days in the training data (i.e., May
1st and May 2nd, 2018). Interestingly, we can
observe that two patterns in Figure 3 are almost
identical at �rst glance. That could be the rea-
son why DCRNN and GTS can perform well
using the static structure. However, upon closer
inspection, we �nd that these two are quite dif-
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ferent to some extent if we zoom in, such as, in the upper right corner. Although the values have
a tiny divergence, their volume is quite large. In two matrices of Figure 3, the number of different
cells is 28,509, and the corresponding percentage is28509

238� 238 � 0:5033. We suppose that discovering
those value-tiny but volume-big differences makes TacSas outperform, to a large extent.

4.3 ANOMALY DETECTION

After forecasting, we can have the hourly forecast of weather features at certain locations, denoted
asX 0. Then, we use the encoder-decoder model in Figure 2 to calculate the feature-wise generation
probability using mean squared error (MSE) betweenX 0 and its generation�X 0. Thus, we can cal-
culate the average of feature-wise generation probability as the condition of anomalies to identify if
an anomaly weather pattern (e.g., a thunderstorm) happens in an hour in a particular location. In Ta-
ble 2, we use the Area Under the ROC Curve (i.e., AUC-ROC) as the metric, repeat the experiments
four times, and report the performance of TacSas with baselines.

Table 2: Anomaly Detection Performance (AUC-ROC)

NOAA-2017(" ) NOAA-2018(" ) NOAA-2019(" ) NOAA-2020(" )
DeepSAD 0.5305� 0.0481 0.5267� 0.0406 0.5563� 0.0460 0.6420� 0.0054

DeepSVDD 0.5201� 0.0045 0.5603� 0.0111 0.6784� 0.0112 0.5820� 0.0205
DROCC 0.5319� 0.0661 0.5103� 0.0147 0.6236� 0.0992 0.5630� 0.1082
TacSas 0.5556� 0.0010 0.5685� 0.0011 0.6298� 0.0184 0.6745� 0.0185

From Table 2, we can observe that the detection module of TacSas achieves very competitive per-
formance. An explanation is that, based on the anomalies distribution shown in Table 3, it can be
observed that the anomalies are very rare events. Our generative manner could deal with the very
rare scenario by learning the feature latent distributions instead of the (semi-)supervised learning
manner. For example, the maximum frequency of occurrences of thunderstorms is 770 (i.e., Jun
2017), which is collected from 238 counties over30 � 24 = 720 hours, and the corresponding
percentage is 770

238� 30� 24 � 0:45%. Recall Remark 3.1, facing such rare events, we possibly �nd a
single distribution to �t various anomaly patterns.

5 RELATED WORK

In recent times, there has been a growing focus on structured learning in the context of time se-
ries data (Li et al., 2018; Wu et al., 2020; Zhao et al., 2020a; Cao et al., 2020; Shang et al., 2021;
Deng and Hooi, 2021; Marcinkevics and Vogt, 2021; Geffner et al., 2022; Tank et al., 2022; Spadon
et al., 2022; Gong et al., 2023), which learned structures contribute to various time series analysis
tasks like forecasting, anomaly detection, imputation, etc. As a directed and interpretable struc-
ture, causal graphs attract much research attention in this research topic (Guo et al., 2021). Granger
Causality is a classic tool for discovering the cross-time variable causality in time series (Granger,
1969; Arnold et al., 2007). Facing complex patterns in time series data, different upgraded Granger
Causality discovery methods emerge in different directions. Also, neural Granger Causality tools
are recently proposed (Tank et al., 2022; Nauta et al., 2019; Khanna and Tan, 2020; Marcinkevics
and Vogt, 2021; Xu et al., 2019; Huang et al., 2020), which utilizes the deep neural network to dis-
cover the nonlinear Granger causal coef�cients and serve for the time-series forecasting tasks better.
For example, in (Tank et al., 2022), authors introduce how to use multi-layer perception (MLPs)
and long short-term memory (LSTMs) to realize the Neural Granger Causality for the forecasting
task and how to interpret the Granger causal coef�cients from neurons in deep networks. However,
Granger Causality or Neural Granger Causality focuses on cross-time variable causality discovery
and overlooks the instantaneous (or intra-time) variable causality. Also, how to utilize the discovered
comprehensive causality to contribute to the downstream time series analysis tasks is under-explored
mainly, especially in a setting where the ground-truth causal structures are hardly available for eval-
uation. More related work for spatial-temporal data forecasting and anomaly detection is discussed
in Appendix D.

6 CONCLUSION

In this paper, we �rst propose TBN-Granger Causality to align the instantaneous causal effects with
time-lagged Granger causality. Moreover, we design TacSas to use TBN-Granger Causality on time
series analysis tasks like forecasting and anomaly detection in the real-world tensor time-series data
and perform extensive experiments, where the results show the effectiveness of TacSas.
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Machine Learning, ICML 2018, Stockholmsmässan, Stockholm, Sweden, July 10-15, 2018, vol-
ume 80 ofProceedings of Machine Learning Research, pages 4390–4399. PMLR, 2018. URL
http://proceedings.mlr.press/v80/ruff18a.html .

Lukas Ruff, Robert A. Vandermeulen, Nico Görnitz, Alexander Binder, Emmanuel M̈uller, Klaus-
Robert M̈uller, and Marius Kloft. Deep semi-supervised anomaly detection. In8th International
Conference on Learning Representations, ICLR 2020, Addis Ababa, Ethiopia, April 26-30, 2020.
OpenReview.net, 2020. URLhttps://openreview.net/forum?id=HkgH0TEYwH .

Jakob Runge, Peer Nowack, Marlene Kretschmer, Seth Flaxman, and Dino Sejdinovic. Detecting
and quantifying causal associations in large nonlinear time series datasets.Science advances, 5
(11):eaau4996, 2019.

12



Under review as a conference paper at ICLR 2024

Chao Shang, Jie Chen, and Jinbo Bi. Discrete graph structure learning for forecasting multiple time
series. In9th International Conference on Learning Representations, ICLR 2021, Virtual Event,
Austria, May 3-7, 2021. OpenReview.net, 2021. URLhttps://openreview.net/forum?
id=WEHSlH5mOk.

Alban Siffer, Pierre-Alain Fouque, Alexandre Termier, and Christine Largouët. Anomaly detection
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A THEORETICAL ANALYSIS

A.1 PROOF OFLEMMA 3.1

Following (Yu et al., 2019), at each timet, we can extend(I + A ( t ) � A ( t ) )N by binomial expansion
as follows.

(I + A ( t ) � A ( t ) )N = I +
NX

k=1

�
N
k

�
(A ( t ) )k (A.1)

Since
I 2 RN � N (A.2)

then
Tr(I ) = N (A.3)

Thus, if
(I + A ( t ) � A ( t ) )N � N = 0 (A.4)

then
(A ( t ) )k = 0 ; for anyk (A.5)

Therefore,A ( t ) is acyclic, i.e., no closed-loop exists inA ( t ) at any possible length. Overall, the
general idea of Lemma 3.1 is to ensure that the diagonal entries of the powered adjacency matrix
have no1s. There are also other forms for acyclicity constraints obeying the same idea but in
different expressions, like exponential power form in (Zheng et al., 2018).

A.2 SKETCH PROOF OFTHEOREM 3.1

According to Theorem 1 from (Geffner et al., 2022), the ELBO form as our Eq. 3.4 could identity the
ground-truth causal structureS( t ) at each timet. The difference between our ELBO and the ELBO
in (Geffner et al., 2022) is entries in the KL-divergence. Speci�cally, in (Geffner et al., 2022), the
prior and variational posterior distributions are on the graph level. Usually, the prior distribution of
graph structures is not easy to obtain (e.g., the non-IID and heterophyllous properties). Then, we
transfer the graph structure distribution to the feature distribution that the Gaussian distribution can
model. That's why our prior and variational posterior distributions in the KL-divergence are on the
feature (generated by the graph) level.

B EMPIRICAL ANALYSIS

B.1 GROUND-TRUTH CAUSALITY DISCOVERY ABILITY OF TACSAS

Lorenz-96 model (Lorenz, 1996) is a famous synthetic system of multivariate time-series, e.g.,X 2
RP � T is aP-dimensional time series whose dynamics can be modeled as follows.

dX (i; t )
dt

= ( X (i + 1 ; t) � X (i � 2; t))X (i � 1; t) � X (i; t ) + F; for i 2 f 1; 2; : : : ; Pg (B.1)

whereX (0; t) = X (P; t), X (� 1; t) = X (P � 1; t), X (P + 1 ; t) = X (1; t), andF is the forcing
constant determining the level of nonlinearity and chaos in the time series. With the above modeling,
the corresponding ground-truth Granger causal structures can be simulated, involving multivariate,
nonlinear, and sparse (Tank et al., 2022).

To generate the ground-truth causal structures, there are two parameters, i.e., the number of variables
(i.e., P) and the number of timestamps (i.e.,T). Therefore, we control these two parameters and
report the accuracy of TacSas discovered causal structures against the ground-truth ones (i.e., 0/1 ad-
jacency matrices), compared with the state-of-the-art causality discovery method GVAR (Marcinke-
vics and Vogt, 2021). The comparison is shown in Figure 4 after eight experiment trials with mean
and variance computed, where we can observe our TacSas achieve the competitive accuracy of dis-
covering the ground-truth causal structures. Also, by comparing Figure 4(a) and (b) (and Figure 4(c)
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