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Abstract001

Long Chain-of-Thought (LCoT), achieved by002
Reinforcement Learning with Verifiable Re-003
wards (RLVR), has proven effective in enhanc-004
ing the reasoning capabilities of Large Lan-005
guage Models (LLMs). However, reasoning in006
current LLMs is primarily generated as plain007
text, where performing semantic evaluation008
on such unstructured data creates a compu-009
tational bottleneck during training. Despite010
RLVR-based optimization, existing methods011
still suffer from coarse-grained supervision, re-012
ward hacking, high training costs, and poor013
generalization. To address these issues, we pro-014
pose the Graph Reasoning Paradigm (GRP),015
which realizes structured and symbolic rea-016
soning, implemented via graph-structured rep-017
resentations with step-level cognitive labels.018
Building upon GRP, we further design Process-019
Aware Stratified Clipping Group Relative Pol-020
icy Optimization (PASC-GRPO), which lever-021
ages structured evaluation to replace semantic022
evaluation, achieves process-aware verification023
through graph-structured outcome rewards, and024
mitigates reward hacking via stratified clipping025
advantage estimation. Experiments demon-026
strate significant improvements across math-027
ematical reasoning and code generation tasks.028
Data, models, and code will be released later.029

1 Introduction030

Long chain-of-thought (LCoT) has been proven031

effective for eliciting the reasoning capabilities032

of Large Language Models (LLMs), particularly033

when combined with reinforcement learning with034

verifiable rewards (RLVR) (El-Kishky, 2024; Chen035

et al., 2025; He et al., 2025). Such approaches036

have been applied to mathematical reasoning (Zhou037

et al., 2024; Moshkov et al., 2025) and code gen-038

eration (El-Kishky et al., 2025; Yu et al., 2025),039

which are representative complex reasoning tasks040

and have become common benchmarks for evaluat-041

ing the reasoning abilities of LLMs.042

reasoning step
<generate>

<aggregate>

<associate>

<reflect>

Question: A mathematical question or other task description

<known>

<think>
Now, I am asked to ... Wait a     
moment! There is something 
wrong that ... Aha, ...

</think>
<answer>

...
</answer>

. . .

...

<think>
<label> 

{ id: ...
parents: ...
content: ... }

</label>
...

</think>

<answer>
...

</answer>

(a) Long Chain-of-Thought (b) Graph Reasoning Paradigm

...

Figure 1: Comparison between traditional Long Chain-
of-Thought and Graph Reasoning Paradigm.

However, current LLMs predominantly produce 043

plain-text outputs. Although complex reasoning be- 044

haviors such as reflection and Aha moments have 045

emerged (Yang et al., 2025b), the reliability of the 046

reasoning process remains limited (Shojaee et al., 047

2025). Recently, several reinforcement learning 048

(RL) approaches have attempted to address this 049

issue. However, outcome-based reward methods 050

provide only coarse-grained supervision, offering 051

little semantic control over the reasoning process 052

(DeepSeek-AI et al., 2025). Although process- 053

based reward methods offer semantic control over 054

the reasoning process, they often suffer from high 055

training costs and poor generalization (Yuan et al., 056

2024). In summary, semantic evaluation is inher- 057

ently difficult. Since LLMs output plain text, we 058

are forced to perform semantic assessments, which 059

creates a vicious cycle. 060

Inspired by the structured cognitive mechanisms 061

of human cognition (George et al., 2021), we pro- 062

pose to replace plain-text with structured and sym- 063

bolic representations, and to replace semantic eval- 064
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uation with structure-based evaluation, thereby en-065

abling low-cost and fine-grained control over the066

reasoning process when computing outcome re-067

wards. Notably, increasing reliance on process-068

based rewards may encourage models to over-069

optimize intermediate reasoning quality at the ex-070

pense of correct final answers, giving rise to reward071

hacking (Denison et al., 2024). This issue funda-072

mentally reflects the limitations of conventional073

advantage estimation methods.074

In this paper, we propose a Graph Reasoning075

Paradigm (GRP), which realizes the structured and076

symbolic reasoning process using graph-structured077

representations. As shown in Figure 1, the reason-078

ing process in this paradigm is explicitly organized079

into a structured form, where each reasoning step080

is annotated with a specific cognitive label. These081

labels correspond to different cognitive operations,082

including known, generate, aggregate, reflect, re-083

fine, reverse, and associate. This structured repre-084

sentation transforms reasoning from unstructured085

text into an explicit graph, improving interpretabil-086

ity, and enabling systematic evaluation of reasoning087

processes. Based on this paradigm, we construct088

over 40.3k graph-structured mathematical reason-089

ing chains and 12k graph-structured code gener-090

ation chains with step-level labels, and perform091

supervised fine-tuning (SFT) to train LLMs to in-092

ternalize graph-structured reasoning.093

Building on the structured and symbolic out-094

puts, we propose PASC-GRPO, a Process-Aware095

Stratified Clipping extension of Group Relative096

Policy Optimization to further exert finer control097

over the reasoning process. We design a set of098

graph-based outcome rewards that evaluate the099

quality of the reasoning process using structural100

properties such as label validity, reachability, con-101

nectivity, informative subgraph, and reverse search102

consistency. These rewards do not rely on value103

models for semantic evaluation, leading to better104

generalization and improved training efficiency. To105

mitigate reward hacking introduced by multiple106

rewards, we further propose stratified clipping ad-107

vantage estimation, which separately normalizes108

rewards within correct and incorrect groups, ensur-109

ing stable and reliable optimization.110

Experiments across mathematical reasoning and111

code generation benchmarks demonstrate that our112

method consistently outperforms strong baselines,113

particularly on competition-level tasks. Further-114

more, it effectively mitigates reward hacking and115

reduces reasoning length, improving both accuracy116

and inference efficiency. In summary, our contribu- 117

tions are threefold: 118

• We propose a Graph Reasoning Paradigm 119

that enables structured and symbolic reason- 120

ing processes. We construct over 52k graph- 121

structured reasoning chains with step-level 122

cognitive labels for SFT. 123

• We propose PASC-GRPO, a reinforce- 124

ment learning method that leverages graph- 125

structured outcome rewards and stratified clip- 126

ping advantage estimation to improve reason- 127

ing quality while mitigating reward hacking. 128

• We empirically demonstrate that our approach 129

significantly improves the reasoning perfor- 130

mance of LLMs, providing evidence for the 131

effectiveness of graph reasoning paradigm. 132

2 Related Work 133

Structured cognition. Structured reasoning 134

frameworks organize the reasoning process into ex- 135

plicit and manageable representations. Examples 136

include Tree-of-Thoughts (Yao et al., 2023), Graph- 137

of-Thoughts (Besta et al., 2023), and cognitive- 138

architecture-inspired models (Sumers et al., 2023). 139

However, these approaches primarily focus on 140

prompting strategies, and rely on semantic eval- 141

uation or manual annotation. 142

RL-enhanced Reasoning. Reinforcement learn- 143

ing has been widely applied to improve the reason- 144

ing capabilities of LLMs (Xu et al., 2025; Zhang 145

et al., 2025; Yuan et al., 2024). However, these 146

methods often rely on coarse reward signals, mak- 147

ing fine-grained process control and evaluation 148

difficult, and increasing the risk of reward hack- 149

ing (Denison et al., 2024). Detailed technical back- 150

ground is provided in Appendix A. 151

3 Methodology 152

As illustrated in Figure 2, our method consists of 153

two main components: 154

• Graph Reasoning Paradigm, which enables 155

LLMs to produce symbolized, interpretable, 156

verifiable, and accurate graph-structured rea- 157

soning through supervised fine-tuning; 158

• PASC-GRPO, a reinforcement learning 159

framework that incorporates process-aware 160

graph rewards and stratified clipping advan- 161

tage estimation to further improve reasoning 162

quality and training stability. 163

2



14

15

10 11 12 13

Graph Reasoning paradigm 
Step-level Cognitive label
Supervised Fine-Tuning

query

Policy Model o1

o2

oG

...

Reference 
Model

r1,main

...
r2,main

rG,main

Stratified 
Clipping 

Advantage 
Estimation

A1

...
A2

AG

Process-Aware 
Graph Rewards

query: A mathematical question, Coding       
problem, or other task description

output:
<think>

<generate>
{ 
node_id,
parents_id,
content

},
. . . 

</generate>
. . .

</think>

Available labels:
<known>

<generate>
<aggregate>
<reflect>
<refine>
<reverse>
<associate>

1 2 3

54

6

7 8

9

Reinforcement Learning Time 
Reverse Search Reward

KL

Label Structure Format 

Connectivity 

Reachability

first
label

label 2 label 3 last
label

Information ratio of effective reasoning 
subgraph

Main 
Rewards

r1,aux

...
r2,aux

rG,aux

Figure 2: Overview of the proposed method.

3.1 Graph Reasoning Paradigm164

We design a graph-structured reasoning paradigm165

in which the model directly outputs its reason-166

ing process as a graph. This paradigm is realized167

through step-level cognitive labels, node-based rea-168

soning representation, and data synthesis followed169

by supervised fine-tuning (SFT).170

3.1.1 Step-level Cognitive Labels171

Existing large reasoning models employ only172

coarse-grained <think> and <answer> tags, with-173

out further decomposition of the reasoning process.174

As a result, emergent operations such as reflection175

may occur at arbitrary stages and with inconsistent176

content during reasoning. To address this limita-177

tion, we introduce step-level reasoning tags. De-178

tails are provided in Appendix B.179

By explicitly selecting a cognitive label at each180

step, the model is encouraged to reason about how181

to emerge, not only can emerge, which improves182

the interpretability of the reasoning process and the183

reliability of utilizing different reasoning patterns.184

3.1.2 Node-based Reasoning Representation185

Under the graph reasoning paradigm, each cogni-186

tive label wraps one or more reasoning nodes. Each187

node is defined as a tuple:188

v = (id, parents_id, content), (1)189

where id is the unique identifier of the node, par-190

ents_id is a list of parent node ids, and content191

denotes the content of the reasoning step. 192

This node-based representation enables the rea- 193

soning process to be abstracted into a directed 194

graph, which forms the foundation for graph- 195

structured, process-aware optimization. 196

3.1.3 Data Synthesis and SFT 197

To enhance the model’s structural reasoning while 198

maintaining its inherent inference fluidity, we im- 199

plement an iterative synthesis pipeline. This pro- 200

cess consists of three primary stages: 201

Generating and Validating Reasoning Traces. 202

For each problem p in the dataset P , we first sam- 203

ple a reasoning trace using a teacher LLM T and 204

verify its final answer against the ground truth. If 205

the answer is correct, the trace is retained for sub- 206

sequent graph-structured transformation. If the an- 207

swer is incorrect, we trigger a regeneration process 208

with an upper bound on the number of retries. This 209

regeneration continues until either a correct reason- 210

ing trace is obtained or the maximum retry limit 211

is reached. Only reasoning traces with verified 212

correct answers are passed to the next stage. 213

Graph-Structured Translation. Given a vali- 214

dated reasoning trace T , we translate it into the 215

Graph Reasoning Paradigm. This translation ex- 216

plicitly exposes the latent reasoning structure while 217

preserving the original semantic content of the 218

trace. Graph representations derived from origi- 219

nally correct and regenerated traces are jointly col- 220
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lected for quality inspection. Detailed prompts and221

examples are provided in Appendix C.222

Graphical CoT Verification and Refinement.223

To ensure the quality of the synthesized graph-224

structured reasoning data, we introduce an auto-225

mated quality control loop that evaluates each gen-226

erated graph from two complementary aspects:227

• Node–Label Consistency. We verify that the228

reasoning content of each node conforms to229

the semantic scope of its assigned label.230

• Parent–Child Coherence. We check whether231

each node is logically coherent with its par-232

ent node(s), ensuring a consistent and non-233

contradictory reasoning flow.234

If a graph G fails either of the above checks, we235

generate structured feedback that explicitly identi-236

fies the problematic nodes and the corresponding237

violation types. This feedback, together with a pre-238

defined refinement prompt template, is fed back239

to the LLM to trigger a re-translation step. The240

refinement process iterates until the graph passes241

all quality checks or a maximum number of trans-242

lation attempts is reached. Detailed prompts and243

cases are provided in Appendix D.244

Supervised Fine-Tuning with Mixed Reasoning245

Formats. After constructing the graph-structured246

reasoning dataset, we perform supervised fine-247

tuning on both graph-structured traces and a sub-248

set of original CoT traces that could not be con-249

verted into valid graphs. Although these samples250

do not conform to the graph format, their prob-251

lem–solution pairs and coherent reasoning steps252

remain informative. This mixed-format training253

allows the model to internalize the graph reasoning254

paradigm while preserving fluency, completeness,255

and generalization of its native reasoning behavior.256

3.2 PASC-GRPO257

Fine-grained control over the reasoning process is258

crucial for solving complex reasoning tasks. (Shao259

et al., 2025) After SFT, the model internalizes the260

graph reasoning paradigm, where the reasoning261

process can be abstracted as a graph independent262

of specific reasoning content. Building on it, we263

propose PASC-GRPO (Process-Aware Stratified264

Clipping GRPO), which enables optimization of265

reasoning length and process quality.266

3.2.1 Process-Aware Graph Rewards 267

We use NetworkX (Hagberg et al., 2008) to con- 268

struct reasoning graphs. On this basis, we de- 269

sign Process-Aware Graph Rewards, which can 270

be grouped into three categories: 271

• Graph structure format rewards, including 272

the Label Structure Format Reward, which en- 273

force valid and well-formed reasoning graphs. 274

• Reasoning length rewards, including the 275

Connectivity Reward, which encourages fewer 276

connected components, and the Information 277

Ratio of Effective Reasoning Subgraph, which 278

promotes shorter reasoning paths within each 279

component. 280

• Reasoning process quality rewards, includ- 281

ing the Reachability Reward at the global pro- 282

cess level, and the Reinforcement Learning 283

Time Reverse Search Reward at the step level. 284

Label Structure Format Rewards. We intro- 285

duce it to enforce the structural validity of graph- 286

structured reasoning. Let G = (V, E) denote the 287

reasoning graph, where Pa(v) is the set of parent 288

nodes of v. Let K, A, and R denote known, ag- 289

gregate, and refine nodes, and T denote the set of 290

reasoning tags. The overall format reward Rfmt 291

is defined as the average of three complementary 292

sub-rewards: 293

Rfmt =
1

3
(Rdens +Rtopo +Rpara) . (2) 294

• Node Density. For aggregate and refine, each 295

tag is required to wrap exactly one node: 296

Rdens =
1

|A ∪ R|
∑

v∈A∪R
1
(
|v|label = 1

)
.

(3) 297

• Topological Validity. Specifically, known 298

nodes must not depend on prior reasoning, ag- 299

gregate nodes must combine multiple prede- 300

cessors, and refine nodes must extend exactly 301

one preceding step: 302

Rtopo =
1

|K ∪ A ∪R|
∑

v∈K∪A∪R
Φ(v), (4) 303

304

Φ(v) =


1, |Pa(v)| = 0, v ∈ K,

1, |Pa(v)| > 1, v ∈ A,

1, |Pa(v)| = 1, v ∈ R,

0, otherwise.

(5) 305
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• Parallelism. Nodes within a tag are treated as306

parallel reasoning units and are therefore pro-307

hibited from forming parent–child relations:308

Rpara =
1

|T |
∑
T∈T

1
(
∀ vi, vj ∈ T,

vi /∈ Pa(vj)
) (6)309

Connectivity Reward. To discourage frag-310

mented reasoning, we define the connectivity re-311

ward based on the number of connected subgraphs:312

Rconn =
1

n
, (7)313

where n is the number of connected subgraphs in G.314

This reward favors reasoning with fewer isolated315

branches, resembling more focused reasoning.316

Information Ratio of Effective Reasoning Sub-317

graph. We define the effective reasoning sub-318

graph (ERS) as the part of the reasoning graph319

that effectively contributes to reaching the final an-320

swer. The shortest path from the initial conditions321

to the answer node forms a backbone of effective322

reasoning. Reasoning branches that diverge from323

this backbone but eventually merge back are also324

considered effective. Branches that do not recon-325

nect are treated as ineffective explorations, as they326

may correspond to incorrect reasoning attempts.327

VERS = { v ∈ V | vstart ⇝ v ⇝ vend }. (8)328

The ERS Information Ratio Rers is measured by329

token count I(·):330

Rent =

∑
v∈VERS

I(v)∑
v∈VTotal

I(v)
(9)331

This encourages the model to avoid "dead-end"332

branches and redundant chatter.333

Reachability Reward. To mitigate the "wrong334

process, correct answer" phenomenon (Akter et al.,335

2025), we evaluate the end-to-end logical flow:336

Rreach = 1(vstart ⇝ vend) (10)337

where Rreach = 1 if there exists a directed path in338

G, ensuring the reasoning process is complete and339

leads to the final answer.340

Reinforcement Learning Time Reverse Search341

Reward. Unlike forward heuristics such as342

MCTS or PRM, which incrementally expand rea-343

soning paths to approximate the correct answer, our344

reward directly leverages the known answer. After345

the reasoning graph G is completed, we traverse346

it backward from the answer node vans to iden- 347

tify which nodes actually contribute to reaching the 348

answer.For each node v ∈ V , we assign 349

r(v) =

{
1 if v ⇝ vans,

0 otherwise,
(11) 350

where v ⇝ vans indicates that v is reachable from 351

vans via backward traversal. The total reward is 352

computed as the average over all nodes: 353

Rrev =
1

|V|
∑
v∈V

r(v). (12) 354

Overall Process-Aware Graph Reward. The 355

final process-aware graph reward is defined as 356

a weighted sum with scalar weights w1, . . . , w5, 357

where each component reward is normalized to 358

[0, 1] and
∑5

i=1wi = 1: 359

Rgraph = w1Rfmt + w2Rconn + w3Rers

+ w4Rreach + w5Rrev
(13) 360

3.2.2 Stratified Clipping Advantage 361

Estimation 362

To mitigate the reward hacking phenomenon — 363

where the model might optimize graph-structured 364

rewards despite producing incorrect answers — 365

we propose the Stratified Clipping Advantage 366

Estimation (SCAE) method. This approach hier- 367

archically prioritizes task accuracy over auxiliary 368

structural signals. The logical flow of the proposed 369

SCAE is illustrated in Figure 3. 370

Group Stratification. For a sampled group of 371

G reasoning traces, we first calculate the mean ac- 372

curacy reward r̄acc ∈ [0, 1]. The group is then 373

partitioned into a Correct Group (Gcorr) where 374

r
(i)
acc = 1 and a Wrong Group (Gwrong) where 375

r
(j)
acc = 0. We define the baseline accuracy advan- 376

tages for these strata as: 377

Aacc =

{
1− r̄acc, if i ∈ Gcorr

0− r̄acc, if j ∈ Gwrong

(14) 378

This ensures the baseline advantage is non-negative 379

(Aacc ≥ 0) for the correct group and non-positive 380

(Aacc ≤ 0) for the wrong group. 381

Asymmetrical Auxiliary Clipping. Within each 382

stratum, we calculate the mean of the auxiliary 383

graph rewards, denoted as r̄+aux for the correct 384

group and r̄−aux for the wrong group. Here, the 385

auxiliary reward refers to all rewards other than 386

the main reward (e.g. accuracy reward), such as 387
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Figure 3: Illustration of the Stratified Clipping Advantage Estimation.

graph or format rewards. To prevent structural388

rewards from overriding the accuracy signal, we389

apply asymmetrical clipping:390

• Correct Group Clipping: In Gcorr, structural391

rewards are treated strictly as bonuses. Even392

if a trace’s structural reward r
(i)
aux is below393

the group mean, it is not penalized, ensuring394

the final advantage Ai never falls below the395

accuracy baseline:396

Ai = (1− r̄acc)+max(0, r(i)aux− r̄+aux) (15)397

to ensure i ∈ Gcorr, Ai ≥ 1− r̄acc ≥ 0.398

• Wrong Group Clipping: In Gwrong, struc-399

tural rewards serve exclusively as penalties.400

No matter how high the structural quality r
(j)
aux401

is relative to the mean, it receives no credit,402

ensuring the advantage remains non-positive:403

Aj = (0− r̄acc)+min(0, r(j)aux− r̄−aux) (16)404

to ensure j ∈ Gwrong, Aj ≤ 0− r̄acc ≤ 0.405

In summary, SCAE offers the following advan-406

tages for training graph-reasoning models:407

• Accuracy Primacy: By setting a hard floor408

for correct samples (Ai ≥ A+
acc ≥ 0) and409

a hard ceiling for incorrect samples (Aj ≤410

A−
acc ≤ 0), SCAE ensures that correctness411

remains the dominant optimization objective.412

• Reward Hacking Resilience: The asymmet- 413

ric clipping mechanism prevents the model 414

from "cheating" by generating high-quality 415

graph structures for incorrect derivations to 416

offset the accuracy penalty. 417

4 Experiments 418

4.1 Experimental Setup 419

Baselines. We include LLaMA-3.1-8B-Instruct 420

from Meta (Dubey et al., 2024) and Gemma-3-12B- 421

IT / Gemma-3-27B-IT from Google (Kamath et al., 422

2025) as comparison baselines. To evaluate the 423

effectiveness of GRP and PASC-GRPO, we train 424

on the pre-trained Qwen3-4B-Base and Qwen3- 425

8B-Base models from Qwen (Yang et al., 2025a). 426

Detailed training data construction procedures are 427

provided in Appendix E. 428

Benchmarks. For mathematical reasoning, the 429

benchmarks includes GSM8K (Cobbe et al., 430

2021), MATH500 (Lightman et al., 2023), and 431

competition-level benchmarks such as AMC23 432

(Math AI Dataset Collection, 2025c), AIME24 433

(Math AI Dataset Collection, 2025a), and AIME25 434

(Math AI Dataset Collection, 2025b). For code gen- 435

eration, we utilize the widely-used MBPP (Austin 436

et al., 2021), MBPP+ (Liu et al., 2023), HumanEval 437

(Chen et al., 2021), HumanEval+ (Liu et al., 2023), 438

and the highly challenging LiveCodeBench v5 439

(Jain et al., 2024). 440
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Table 1: Experimental results on Mathematical Reasoning and Code Generation benchmarks.

Mathematical Reasoning

Model GSM8K MATH500 AMC23 AIME24 AIME25

LLaMA-3.1-8B-Instruct 85.00 54.80 41.20 6.30 2.70
Gemma-3-12B-IT 94.40 85.60 77.30 22.40 18.80
Gemma-3-27B-IT 95.90 90.00 80.50 32.60 24.00

Qwen3-4B-Base 70.20 55.43 19.17 10.00 6.33
+ GRP-SFT 82.30 72.12 63.33 26.67 18.70
+ PASC-GRPO 90.45 85.32 71.43 33.90 24.13

Qwen3-8B-Base 73.01 60.08 38.12 10.00 7.60
+ GRP-SFT 87.72 81.60 75.00 40.00 33.33
+ PASC-GRPO 95.37 91.20 82.50 46.67 38.79

Code Generation

Model MBPP MBPP+ HumanEval HumanEval+ LiveCodeBench

LLaMA-3.1-8B-Instruct 61.20 52.30 69.70 62.80 10.80
Gemma-3-12B-IT 73.00 62.10 85.40 78.20 25.70
Gemma-3-27B-IT 74.40 63.00 87.80 80.00 26.90

Qwen3-4B-Base 62.40 51.30 75.60 70.70 21.14
+ GRP-SFT 65.43 54.2 81.67 76.90 42.93
+ PASC-GRPO 67.33 55.43 82.45 77.83 46.79

Qwen3-8B-Base 73.27 61.73 80.47 74.27 29.76
+ GRP-SFT 75.45 64.71 86.79 82.09 53.93
+ PASC-GRPO 77.49 65.24 88.43 83.98 56.12

Evaluation Metrics. For larger datasets441

(GSM8K, MATH500, and LiveCodeBench), we442

report the avg@3 accuracy; for other benchmarks,443

we report the avg@16 accuracy. Considering the444

extensive derivation required for competition-445

level mathematics (AIME24, AIME25), we set446

the max_completion_tokens to 32K, while447

maintaining a limit of 8K for other datasets.448

4.2 Main Results449

Performance Overview. Table 1 reports the per-450

formance of our models on mathematical reasoning451

and code generation benchmarks. Both GRP-SFT452

and PASC-GRPO consistently improve accuracy,453

demonstrating that the proposed GRP effectively454

enhances reasoning capabilities.455

Impact of GRP-SFT. GRP-SFT brings sub-456

stantial gains in mathematical reasoning. For457

Qwen3-8B-Base, accuracy improves by 21.52%458

on MATH500 and 18.30% on GSM8K, with a par-459

ticularly large gain of 36.88% on the competition-460

level AMC23 benchmark. Code generation tasks461

also benefit from GRP-SFT, indicating that the pro-462

posed graph-based reasoning paradigm generalizes463

beyond mathematics.464

Effect of PASC-GRPO. PASC-GRPO fur- 465

ther enhances performance, especially on high- 466

difficulty benchmarks. On AIME24, Qwen3-4B 467

and Qwen3-8B achieve additional gains of 7.23% 468

and 6.67% over the SFT stage, respectively. These 469

results suggest that the process-aware reward are 470

effective for multi-step problems. 471

Comparison with Open-Source LLMs. Despite 472

using fewer parameters and training resources, 473

our best model surpasses widely adopted open- 474

source models on competition-level benchmarks. 475

In particular, it surpasses Gemma-3-27B-IT by 476

over 14% accuracy on both AIME24 and AIME25, 477

and achieves comparable or better performance 478

on standard math and code benchmarks such as 479

MATH500, AMC23, MBPP+, and HumanEval+. 480

These results highlight the effectiveness of GRP 481

and PASC-GRPO. 482

4.3 Ablation Studies 483

Ablation of GRP and PASC-GRPO. We study 484

the effectiveness of GRP and PASC-GRPO. For 485

SFT, we use the same data as GRP-SFT but replace 486

graph-structured reasoning with standard chain-of- 487

thought. As shown in Table 2, this variant performs 488

7



Table 2: Ablation Experiment Results. Accuracy (%).

Method MATH500 AMC23 AIME24

Qwen3-8B-Base 60.08 38.12 10.00

GRP-SFT 81.60 75.00 40.00
SFT 76.45 67.80 31.50

PASC-GRPO 91.20 82.50 46.67
GRPO 88.75 79.85 43.80

w/o Reachability 87.45 79.30 40.15
w/o Reach. & RSR 83.12 76.55 35.80

w/o SCAE 84.15 76.20 32.50

worse than GRP-SFT on all benchmarks.489

For RL, we compare PASC-GRPO with the orig-490

inal GRPO under identical training settings. GRPO491

consistently yields lower performance. These re-492

sults show that both graph-structured reasoning493

and process-aware rewards are essential for strong494

reasoning performance.495

Ablation of Reasoning-Length Rewards. We496

remove the connectivity reward and further remove497

ERS Ratio, starting from the GRP-SFT baseline.498

Figure 4 shows the changes in accuracy and length499

during training, comparing the cases with and with-500

out connectivity and ERS Ratio rewards. For more501

details on the ablation studies, see Appendix F.502

Ablation of Reasoning process quality rewards.503

Table 2 reports the ablation results of the reacha-504

bility and reverse search rewards, starting from the505

GRP-SFT baseline. Removing the reachability re-506

ward leads to a performance drop across all bench-507

marks. Further removing the reverse search re-508

ward causes a more substantial degradation. These509

results indicate that both rewards are critical for510

guiding effective graph reasoning.511

Ablation of SCAE. Table 2 shows that using the512

original GRPO instead of Stratified Clipping Ad-513

vantage Estimation (SCAE) consistently degrades514

performance across all benchmarks. These results515

suggest that SCAE is crucial for stabilizing the516

reasoning process and improving accuracy.517

4.4 Discovery518

As shown in Table 3, our best model trained from519

Qwen3-8B-Base matches or surpasses the perfor-520

mance of Qwen3-8B on hard code generation521

benchmarks. Qwen3-8B is a state-of-the-art model522

distilled using extensive human and computational523

resources. These results highlight the effective-524

ness of our methods in handling complex reasoning525
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Figure 4: (Top) Accuracy comparison between PASC-
GRPO and its variants without connectivity and ERS
Ratio rewards on AMC23. (Bottom) Corresponding
changes in mean reasoning length during training.

tasks, especially code generation. 526

Table 3: Performance Comparison on Code Generation

Model MBPP MBPP+ LiveCodeBech

qwen3-8B 76.70 65.10 57.29

qwen3-8B-Base 73.27 61.73 29.76
+ GRP-SFT 75.45 64.71 53.93
+ PASC-GRPO 77.49 65.24 56.12

5 Conclusion 527

In this paper, we propose the Graph Reasoning 528

Paradigm (GRP), which shifts LLM reasoning from 529

plain text into structured, symbolic graph repre- 530

sentations. We further introduce PASC-GRPO, a 531

reinforcement learning framework that leverages 532

topology-aware rewards and Stratified Clipping Ad- 533

vantage Estimation to enhance reasoning quality 534

while mitigating reward hacking. Our experiments 535

across math and coding demonstrate that GRP sig- 536

nificantly improves performance. This work un- 537

derscores the potential of structured symbolic rea- 538

soning and topology-aware rewards in developing 539

more reliable and efficient reasoning models. 540
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Limitations541

While the Graph Reasoning Paradigm and PASC-542

GRPO demonstrate substantial improvements in543

mathematical reasoning and code generation, sev-544

eral promising directions remain for future explo-545

ration. Currently, our evaluation primarily focuses546

on these logic-intensive domains; extending the547

graph-structured thinking framework to broader548

tasks, such as commonsense reasoning or agentic549

planning, presents a valuable opportunity to fur-550

ther assess its generalization capabilities. Addition-551

ally, while we have verified the effectiveness of552

our approach on 4B and 8B parameter models, in-553

vestigating the scaling laws of graph reasoning on554

larger-scale foundation models could reveal further555

performance gains. Finally, future work may also556

explore more dynamic and adaptive graph topol-557

ogy generation methods to support increasingly558

complex and flexible cognitive processes without559

relying on predefined cognitive label sets.560
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A Technical Background754

A.1 Group Relative Policy Optimization755

(GRPO)756

GRPO (Shao et al., 2024) is a reinforcement757

learning algorithm designed for training lan-758

guage models with group-based advantage esti-759

mation. For each question q, a group of outputs760

{o1, o2, · · · , oG} are sampled from the old policy761

model πθold . and optimizes the current policy πθ762

using:763

JGRPO(θ) = Eq∼P (Q), {oi}Gi=1∼πθold
(·|q)

1

G

G∑
i=1

1

|oi|

|oi|∑
t=1

(
min

[
ri,t(θ) Âi,t,

clip(ri,t(θ), 1− ϵ, 1 + ϵ) Âi,t

]
−βDKL

(
πθ ∥πref

))
.

(17)764

ri,t(θ) =
πθ(oi,t | q, oi,<t)

πθold(oi,t | q, oi,<t)
. (18)765

Âi,t = r̃i =
ri −mean(r)

std(r)
. (19)766

A.2 Outcome Rewards and Process Rewards767

In reinforcement learning for LLMs, rewards can768

be categorized into two types based on when they769

are assigned during the generation process.770

Outcome Rewards evaluate the final result of a771

complete generation sequence. Given a state-action772

trajectory (s1, a1, . . . , sT , aT ), the outcome reward773

is defined as R = r(sT ), where only the terminal774

state sT receives a reward signal. This approach775

is commonly used in tasks where quality can only776

be judged after seeing the complete output, such as777

code correctness or final answer accuracy.778

Process Rewards, on the contrary, provide feed-779

back at each intermediate step of the reasoning780

process. The cumulative reward is computed as781

R =
∑T

t=1 r(st, at), where r(s, a) assigns credit782

to each reasoning step. Process rewards enable783

more fine-grained supervision and can guide the784

model toward correct reasoning paths even when785

the final answer is incorrect.786

A.3 Monte Carlo Tree Search (MCTS)787

Monte Carlo Tree Search (Xie et al., 2024) is a788

heuristic search algorithm that builds a search tree789

by iteratively selecting, expanding, simulating, and790

backpropagating rewards. In the context of LLM791

Step-level Cognitive Labels

• KNOWN: known conditions and goals 
of the problem;

• GENERATE: generate reasoning steps 
that moves the thinking forward

• AGGREGATE: merging multiple steps 
to derive a conclusion;

• REFINE: improving an existing step 
without substantial progress;

• REFLECT: reviewing a previous 
reasoning step;

• REVERSE: reasoning backward from 
the goal to derive a solution strategy;

• ASSOCIATE: drawing analogies from 
similar reasoning structures

Figure 5: Step-level Cognitive Labels.

reasoning, each node represents a partial genera- 792

tion state s, and edges represent token or sequence 793

actions a. 794

The algorithm balances exploration and exploita- 795

tion using the Upper Confidence Bound (UCB) 796

formula: 797

UCB(s, a) = Q(s, a) + c

√
lnN(s)

N(s, a)
. (20) 798

where Q(s, a) is the estimated value of taking 799

action a in state s, N(s) is the visit count of state 800

s, N(s, a) is the visit count of the state-action pair, 801

and c is the exploration constant. 802

B Step-level Cognitive Labels 803

Figure 5 illustrates the step-level cognitive labels 804

used in our Graph Reasoning Paradigm. Each 805

reasoning step in the structured graph is anno- 806

tated with one of these labels, which represent dis- 807

tinct cognitive operations such as known, generate, 808

aggregate, reflect, refine, reverse, and associate. 809

These labels enable fine-grained symbolic abstrac- 810

tion of the reasoning process, facilitating both in- 811

terpretability and structured evaluation of model 812

behavior. 813
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C Graph-Structured Translation Prompt814

and Examples815

C.1 Graph-Structured Translation Prompt816

We design a unified prompt for graph-structured817

reasoning translation, which specifies the node818

schema, thinking-mode tags, and dependency re-819

lations. The prompt is shown in Figure 6. The820

illustrative examples mentioned in the prompt are821

presented in the following subsections. The orig-822

inal Chain-of-Thought traces are generated us-823

ing Qwen3-Max-Preview, which provides explicit824

thinking processes, and are subsequently trans-825

lated into graph-structured representations using826

the Qwen3-Max model.827

C.2 Mathematical Examples828

We first present two mathematical examples that829

are originally included in the graph-structured830

translation prompt. The first example is designed to831

explicitly illustrate the use of reverse thinking and832

associative thinking (Figure 7). The second exam-833

ple demonstrates another mathematical reasoning834

process and is accompanied by a schematic visual-835

ization of its corresponding reasoning graph, where836

nodes represent intermediate reasoning steps and837

edges encode their dependency relations (Figures 8838

and 9).839

C.3 Code Generation Examples840

We include three code generation examples. Each841

example corresponds to a representative question842

type of code generation task.843

• Code Completion (Complete). This type844

simulates the automatic code completion sce-845

nario in integrated development environments846

(IDEs). The model is provided with a func-847

tion signature and a docstring as context and848

is required to generate the remaining func-849

tion body. This task reflects the core capabil-850

ities of base code models such as Codex and851

StarCoder, primarily evaluating syntactic cor-852

rectness and context-aware continuation, as853

exemplified by benchmarks like HumanEval854

(see Figure 10).855

• Instruction Following (Instruct). Also re-856

ferred to as instruction-based or conversa-857

tional code generation, this paradigm eval-858

uates a model’s alignment with human in-859

tent. The input consists of a natural language860

description of a programming task, and the861

model must generate a corresponding func- 862

tional implementation. This setting is the dom- 863

inant evaluation protocol for instruction-tuned 864

models such as GPT-4 and DeepSeek-Coder- 865

Instruct, emphasizing the translation of natu- 866

ral language semantics into executable logic 867

(see Figure 11). 868

• Competitive Programming (Online Judge). 869

This type emulates algorithmic contest envi- 870

ronments such as ACM-style competitions 871

or online judges (e.g., LeetCode). Unlike 872

instruction-following tasks that generate a sin- 873

gle function, competitive programming re- 874

quires the model to produce a complete script 875

that handles standard input and output streams. 876

As a result, this paradigm is widely regarded 877

as the most challenging form of code genera- 878

tion, demanding advanced algorithmic reason- 879

ing as well as robust handling of input pars- 880

ing, output formatting, and edge cases (see 881

Figure 12). 882

D Graphical CoT Verification and 883

Refinement Prompt 884

This appendix presents the prompt for graphical 885

Chain-of-Thought (CoT) verification and refine- 886

ment, which is shown in Figure 13. All verifica- 887

tion and refinement results are generated using the 888

Qwen3-Max model. 889

E Training Data 890

E.1 Supervised Fine-Tuning (SFT) Data 891

• Math Reasoning. We use the full 40.3k sam- 892

ples from the DeepScaleR dataset. 893

• Code Generation. We curate 12k samples 894

from the KodCode-V1-SFT-R1 subset, bal- 895

ancing task difficulty (Easy : Middle : 896

Hard = 4 : 3 : 3) and task types 897

(Complete : Instruct : Online_Judge = 898

4.5 : 4.5 : 1). 899

E.2 Reinforcement Learning (RL) Data 900

• Math Reasoning. We sample 5,000 prob- 901

lems from the DeepScaleR dataset. Problems 902

are attempted four times by Qwen3-8B and 903

stratified by difficulty based on success count. 904

Problems failed in all attempts are discarded, 905

followed by stratified sampling with a ratio of 906

1 : 1 : 1.5 : 1.5. 907
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Table 4: Ablation Study Results of Length-Reducing Rewards.

Method MATH500 AMC23 AIME24

Acc. Length Acc. Length Acc. Length

PASC-GRPO 91.20 1260 82.50 1960 46.67 7040
w/o Connectivity 91.35 1850 81.55 2140 45.10 11200
w/o Conn. & ERS Ratio 90.52 1920 79.12 2483 43.25 22500

• Code Generation. We directly employ the908

KodCode-Light-RL-10K subset.909

E.3 Data Leakage Check910

To prevent potential data leakage, we first collected911

all evaluation test sets relevant to our tasks. Af-912

ter selecting the training data for both supervised913

fine-tuning and reinforcement learning, we cross-914

checked each training sample against these test915

sets. Any overlapping instances would have been916

removed. Our inspection confirmed that the train-917

ing sets contain no examples from the test sets,918

ensuring a clean separation between training and919

evaluation data.920

F Ablation Study Details921

Table 4 reports the detailed ablation results of the922

proposed length-reducing rewards across multiple923

math reasoning benchmarks. We progressively re-924

move the connectivity reward and ERS informa-925

tion ratio, to examine their individual contributions.926

The results show that removing these components927

leads to a substantial increase in reasoning length928

and a consistent degradation in accuracy, especially929

on more challenging benchmarks such as AIME24,930

highlighting their importance in controlling reason-931

ing efficiency without sacrificing correctness.932
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You are a helpful AI Assistant that provides well-reasoned and detailed responses. I will provide you with a reasoning process generated
by an LLM. I need you to translate the reasoning process into a directed graph structure. Respond in the following format: <think> \n...\n
</think> \n <answer> \n...\n </answer>

Besides, you must comply with below conditions:

1.During the <think> phase you should organize the chain of thought using below tags:
- known: known conditions and goals that can be found in the question.
- generate: from the current reasoning state, generate one or more new reasoning steps. It represents a step forward in the process of
reasoning.
- aggregate: merge multiple steps or jointly reason over them to produce a new reasoning step.
- reflection: go back to a previous reasoning step. Used to re-examine the correctness of a step or process.
- refine: improve the current node. It is a refined modification of a certain node's statement, without producing a substantial step forward
in the reasoning process.
- associative thinking: comparing the current reasoning graph structure with other similar graph structures, in order to facilitate the
current reasoning process. For example, when solving a math problem, recalling the solution methods used in previous similar problems.
- reverse thinking: starting from the goal of the problem, considering possible solution paths, and filtering them with the given conditions.
This builds a abstract reverse reasoning path from the goal to the conditions, from the unknown to the known. At this stage, you do not
need to perform specific actions to get the answer. You just need to use reverse thinking to think about the reasoning method. The
specific reasoning will be performed in the following tags.

2.At each further reasoning step you must choose one of these tags and wrap that step's output with the chosen tag. For example:
<generate>...</generate>

3.The complete think phase must start with <known>...</known>, and the final inference tag must include the final result of the question.

4.The tag content inside is a series of thinking steps, organized in a node based manner with node_id and parents. You need to ensure
that the thinking process is coherent and effective, and ultimately these nodes can be organized into a directed graph. The format
example for each node is as follows:
{

node_id: The unique identifier of a node, usually an integer, increasing from 1.
parents: A list of parent node IDs for this node, used to establish inference dependencies. If there is no parent node, you can fill in
none.
content: The content of this step

}

5.For the content wrapped in different tags, there are the following formal requirements:
- known: It wraps one or more nodes, and the parents of these nodes should all be "none".
- generate: It wraps one or more nodes, (1) If it wraps one node, the parents of this nodes should be a single node. (2) If it wraps two or
more nodes, the parents of these nodes should be a same single node.
- aggregate: It wraps one node, and the parent of this node should be multiple nodes.
- reflection: It wraps one node, and the parent of this node should be one or more nodes. Its parent_ids must include the last node of the
current reasoning chain.
- refine: It wraps one node, and the parent of this node should be the last node in the current reasoning chain.
- associative thinking: It wraps one node, and the parent of this node should be one or more nodes.
- reverse thinking: It wraps one node, and the parent of this node should be one or more nodes.

6.If a tag contains multiple nodes, the parents of these nodes cannot contain other nodes in the tag.

7.If a tag contains multiple nodes, the nodes should be separated by commas. Within a node, different tags do not require commas and
should be separated by line breaks.

8. Coding Format Rules (CRITICAL):
- The content inside `<answer>` must be PURE Python code. Do NOT include any XML tags (like `</think>`) inside `<answer>`.
- NO INDENTATION for top-level definitions: The `import` statements and the `def function_name(...)` line MUST start at the very
beginning of the line (column 0). Do NOT add extra spaces before `def`.
- Self-Contained: Include all necessary imports (e.g., `from typing import List`).

9. Engineering Safety Rules:
- No Side Effects: DO NOT modify the input arguments in-place (e.g., use `sorted(nums)` instead of `nums.sort()`).
- Strict Signature: Use the EXACT function name and argument names provided in the prompt, even if they contain typos. Do not
change the API.

Please strictly follow the above format and requirements.
Below I'll give you several examples:

The Prompt for Graph-Structured Translation

Figure 6: The prompt template for “Graph-Structured Translation”. Criteria 8 and 9 are specifically added to
accommodate code generation task.
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Question:

𝐹𝑖𝑛𝑑 𝑡ℎ𝑒 𝑠𝑚𝑎𝑙𝑙𝑒𝑠𝑡 𝑛𝑢𝑚𝑏𝑒𝑟 ( 𝑛 ) 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑔𝑖𝑣𝑒𝑛 𝑎𝑛𝑦 ( 𝑛 ) 𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑓𝑟𝑜𝑚 ({1, 2, 3, … , 999}),
𝑜𝑛𝑒 𝑐𝑎𝑛 𝑐ℎ𝑜𝑜𝑠𝑒 𝑓𝑜𝑢𝑟 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 ( 𝑎, 𝑏, 𝑐, 𝑑 ) 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ( 𝑎 + 2𝑏 + 3𝑐 = 𝑑 ).

Response:

The First Example of Mathematical Reasoning

<think>
<known>

{
node_id:1
parents:none
content:The set is {1, 2, ..., 999}

},
{

node_id:2
parents:none
content:We are to find the smallest n such 
that any subset of size n contains distinct 
a,b,c,d with a + 2b + 3c = d

},
{

node_id:3
parents:none
content:a, b, c, d must be distinct elements 
from the chosen n numbers

}
</known>
<reverse thinking>

{
node_id:4
parents:2
content:To find the minimal n that forces 
the equation a + 2b + 3c = d to hold among 
any n-element subset, we consider the 
maximal size of a subset that avoids this 
equation; then n is one more than that 
maximum.

}
</reverse thinking>

Continuation in the second column.

Continued from the previous column.

<generate>
{

node_id:5
parents:4
content:Let S ⊆ {1,...,999} be a subset 
with no four distinct elements satisfying 
a + 2b + 3c = d. We want to maximize |S|.

}
</generate>
<associative thinking>

{
node_id:6
parents:5
content:This resembles extremal 
combinatorics problems like Schur's 
theorem or sum-free sets. In such 
problems, choosing large numbers often 
avoids linear equations because the RHS 
(d) would exceed the universe bound.

}
</associative thinking>
<generate>

{
node_id:7
parents:6
content:If we choose only large numbers, 
say all numbers > T, then a + 2b + 3c ≥ 
1*T + 2*T + 3*T = 6T, so if 6T > 999, 
then d = a + 2b + 3c ∉ {1,...,999}, hence 
cannot be in S.

}
</generate>
......

I omitted the subsequent reasoning and answer generation process. In this example, you mainly learned how to 
use reverse thinking and associative thinking.

Figure 7: A mathematical example illustrating reverse and associative thinking.
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Question:

𝐹𝑖𝑛𝑑 𝑡ℎ𝑒 𝑠𝑢𝑚 𝑜𝑓 𝑎𝑙𝑙 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑏𝑎𝑠𝑒𝑠 𝑏 > 9 𝑓𝑜𝑟 𝑤ℎ𝑖𝑐ℎ 17 ! "#𝑎 𝑑𝑖𝑣𝑖𝑠𝑜𝑟 𝑜𝑓 97 !

Response:

The Second Example of Mathematical Reasoning

<think>
<known>

{
node_id:1
parents:none
content:b>9

},
{

node_id:2
parents:none
content:17_{b} is a divisor of 97_{b}

},
{

node_id:3
parents:none
content:b is an integer

}
</known>
<generate>

{
node_id:4
parents:2
content:17_{b}=b+7

},
{

node_id:5
parents:2
content:97_{b}=9*b+7

},
</generate>
<aggregate>

{
node_id:6
parents:2,4,5
content: 9*b+7=k(b+7),k>0,k is an integer

},
</aggregate>
<generate>

{
node_id:7
parents:6
content:b=(7-7k)/(k-9),1<k<9,k is an integer

}
</generate>
<associative thinking>

{
node_id:8
parents:7
content:When dealing with this type of problem 
before, I used the enumeration method, and I can 
apply the same method here as well.

Continuation in the second column.

Continued from the previous column.

}
</associative thinking>
<aggregate>

{
node_id:9
parents:1,3,7,8
content:Next, I should enumerate k under 
the condition that 1<k<9, k is an integer, 
and calculate when b satisfies the 
condition that b>9 and b is an integer.

},
</aggregate>
<generate>

{
node_id:10
parents:9
content:1.if k=2,b=1,false.

},

Intermediate enumeration steps are omitted; see the 
schematic diagram for details.

{
node_id:16
parents:9
content:7.if k=8,b=49,true.

}
</generate>
<reflection>

{
node_id:17
parents:6,16
content:But wait: Also b+7=? and 9*b+7=? 
Possibly b+7=56 and 9*b+7=448? 
448/56=8 Yes.

}
</reflection>
<aggregate>

{
node_id:18
parents:10,11,12,13,14,15,16
content:Sum=21+49=70

}
</aggregate>

</think>

<answer>
70

</answer>

Figure 8: A mathematical example in graph-structured format.
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② b>9 

① 17_{b} is a 
divisor of 97_{b} 

③ b is an integer

④ 17_{b}=b+7

⑤ 97_{b}=9*b+7

⑥ 9*b+7=k(b+7)，
k>0,k is an integer

⑦ b=(7-7k)/(k-
9),1<k<9,k is an 
integer

⑧ When dealing with this 
type of problem before, I 
used the enumeration 
method, and I can apply 
the same method here as 
well.

⑨ if k=2,b=1,false.

⑩ if k=3,b=14/6,false.

⑪ if k=4,b=21/5,false.

⑬ if k=6,b=35/3,false.

⑮ if k=8,b=49,true.

⑭ if k=7,b=21,true. 

⑫ if k=5,b=7,false.

⑯ But wait: Also b+7=? 
and 9*b+7=? Possibly 
b+7=56 and 9*b+7=448? 
448/56=8 Yes.

⑰ Sum=21+49=70

known

generate

aggregate

associative thinking

reflection

Question: 
Find the sum of all integer bases b>9 
for which 17b is a divisor of 97b

Figure 9: Graph visualization of the mathematical example.
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Question:
def coin_change(coins: List[int], amount: int) -> int:

""" You are given an integer array coins representing coins of different denominations 
and an integer amount representing a total amount of money. Return the fewest number 
of coins that you need to make up that amount. If that amount of money cannot be made 
up by any combination of the coins, return -1.
>>> coin_change([1, 2, 5], 11) == 3
>>> coin_change([2], 3) == -1
>>> coin_change([1], 0) == 0
>>> coin_change([1], 1) == 1
>>> coin_change([1], 2) == 2
""”

Response:

The Example of Code generation (Complete)

<think>
<known>

{
node_id: 1,
parents: none,
content: "Input: 'coins' (List[int]), 'amount' (int). Goal: Find minimum 
number of coins to sum to 'amount'."

},
{

node_id: 2,
parents: none,
content: "Constraints: Return -1 if impossible. 'amount' >= 0 (implied 
by context/doctests). Coins are positive integers."

},
{

node_id: 3,
parents: none,
content: "Edge Cases: amount is 0 (expect 0). coins list is empty 
(expect -1 unless amount is 0). amount cannot be formed."

}
</known>
<associative thinking>

{
node_id: 4,
parents: 1,
content: "Pattern Recognition: This is the classic 'Coin Change' 
problem, which is a variation of the Unbounded Knapsack Problem. 
Potential approaches: BFS (shortest path in a graph) or Dynamic 
Programming (optimal substructure)."

}
</associative thinking>
<reflection>

{
node_id: 5,
parents: 4,
content: "Check Greedy Approach: If we always take the largest coin 
<= amount, does it work? \nCounter-example: coins=[1, 3, 4], 
amount=6. \nGreedy: 4 + 1 + 1 = 3 coins. \nOptimal: 3 + 3 = 2 coins. 
\nConclusion: Greedy is not optimal. Must use DP or BFS."

}
</reflection>
<reverse thinking>

{
node_id: 6,
parents: 5,
content: "Logic Derivation: To find dp[x] (min coins for amount x), 
the last coin added must be some coin 'c'. Thus, dp[x] = min(dp[x-c]) 
+ 1 for all c in coins. We solve from 0 up to amount."

}
</reverse thinking>
<generate>

{
node_id: 7,
parents: 6,
content: "Plan (DP Bottom-Up):\n1. Initialize array 'dp' of size 
amount + 1.\n2. Fill 'dp' with a value > amount (representing infinity). 
dp[0] = 0.\n3. Iterate i from 1 to amount.\n4. For each coin, if i >= 
coin, dp[i] = min(dp[i], dp[i-coin] + 1).\n5. Final result is dp[amount] 
(or -1 if it's still infinity)."

}
</generate>
<refine>

{
node_id: 8,
parents: 7,

Continuation in the second column.

Continued from the previous column.
content: "Optimization: We can check 'coin <= i' inside the inner loop to 
avoid negative index access. The 'infinity' value can be 'amount + 1' since 
the worst case is all 1s (count = amount)."

}
</refine>
<generate>

{
node_id: 9,
parents: 8,
content: "Implementation Draft:\n\ndef coin_change(coins, amount):\n 
dp = [amount + 1] * (amount + 1)\n dp[0] = 0\n for i in range(1, amount 
+ 1):\n for c in coins:\n if i >= c:\n dp[i] = min(dp[i], dp[i-c] + 1)\n 
return dp[amount] if dp[amount] <= amount else -1"

}
</generate>
<reflection>

{
node_id: 10,
parents: 9,
content: "Dry Run Trace:\nInput: coins=[1, 2], amount=3.\nInit: dp=[0, 
4, 4, 4] (inf=4)\ni=1: c=1 -> dp[1]=min(4, dp[0]+1)=1. dp=[0, 1, 4, 
4]\ni=2: c=1 -> dp[2]=min(4, dp[1]+1)=2. c=2 -> dp[2]=min(2, 
dp[0]+1)=1. dp=[0, 1, 1, 4]\ni=3: c=1 -> dp[3]=min(4, dp[2]+1)=2. c=2 
-> dp[3]=min(2, dp[1]+1)=2. dp=[0, 1, 1, 2]\nResult: 2. Correct."

}
</reflection>
<aggregate>

{
node_id: 11,
parents: 2, 3, 10,
content: "Final Verification: Handles edge case amount=0 correctly 
(dp[0]=0). Handles impossible case correctly (returns -1). Code structure 
is compliant with constraints."

}
</aggregate>

</think>
<answer>

from typing import List

def coin_change(coins: List[int], amount: int) -> int:
""" You are given an integer array coins representing coins of different 
denominations and an integer amount representing a total amount of 
money. Return the fewest number of coins that you need to make up that 
amount. If that amount of money cannot be made up by any combination 
of the coins, return -1.
>>> coin_change([1, 2, 5], 11) == 3
>>> coin_change([2], 3) == -1
>>> coin_change([1], 0) == 0
>>> coin_change([1], 1) == 1
>>> coin_change([1], 2) == 2
"""
if amount < 0:

return -1
if amount == 0:

return 0
max_val = amount + 1

dp = [max_val] * (amount + 1)
dp[0] = 0
for i in range(1, amount + 1):

for coin in coins:
if i >= coin:

dp[i] = min(dp[i], dp[i - coin] + 1)

return dp[amount] if dp[amount] <= amount else -1
</answer>

Figure 10: A code completion example.
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Question:
You are given an integer array coins representing coins of different denominations and an integer amount representing a total amount of 
money. Return the fewest number of coins that you need to make up that amount. If that amount of money cannot be made up by any 
combination of the coins, return -1.
Function Signature: def coin_change(coins: List[int], amount: int) -> int:
Response:

The Example of Code generation (Instruct)

<think>
<known>

{
node_id:1,
parents:none,
content:Input: List of integers 'coins', Integer 'amount'. Goal: 
Find Minimum count of coins to sum to 'amount'.

},
{

node_id:2,
parents:none,
content:Constraints: 'amount' can be 0 (return 0). If 
unsolvable, return -1. Coins are positive integers.

},
{

node_id:3,
parents:none,
content:Edge Cases: Coins list is empty; Amount is negative; 
Large amount vs small coins (performance).

}
</known>
<reverse thinking>

{
node_id:4,
parents:1,
content:To reach the target 'amount' with minimum coins, the 
last coin added must be some coin 'c' from the list. This 
means the problem reduces to finding min coins for 'amount 
- c'. This recursive structure implies we solve from 0 up to 
'amount'.

}
</reverse thinking>
<associative thinking>

{
node_id:5,
parents:4,
content:This structure looks like the 'Unbounded Knapsack 
Problem'. A common approach is Greedy (always take largest) 
or Dynamic Programming. Let's try to verify if Greedy 
works because it is faster.

}
</associative thinking>
<reflection>

{
node_id:6,
parents:5,
content:Verifying Greedy: Counter-example check. Coins=[1, 
3, 4], Amount=6.Greedy path: Take 4, remain 2. Take 1, 
remain 1. Take 1. Total 3 coins (4+1+1).Optimal path: Take 3, 
remain 3. Take 3. Total 2 coins (3+3). So Greedy FAILS. 
Must use Dynamic Programming.

}
</reflection>
<generate>

{
node_id:7,
parents:6,

content:Plan (DP approach):
1. Create array dp[amount + 1] initialized to 'infinity' 
(amount + 1).
2. Set dp[0] = 0.
3. Iterate i from 1 to amount.

Continuation in the second column.

Continued from the previous column.
4. For each coin, if i >= coin, dp[i] = min(dp[i], dp[i-coin] + 1).

}
</generate> 
<aggregate>

{
node_id:8,
parents:2,3,7,
content:Combine DP Plan with Edge Cases:
If amount is 0, return 0 immediately.
After DP loop, if dp[amount] > amount, implies no solution, 
return -1.

}
</aggregate>
<generate>

{
node_id:9,
parents:8,
content:Implementation Code:
def coin_change(coins, amount):
if amount == 0: return 0
max_val = amount + 1
dp = [max_val] * (max_val)
dp[0] = 0
for i in range(1, amount + 1):
for coin in coins:
if i - coin >= 0:
dp[i] = min(dp[i], dp[i - coin] + 1)
return dp[amount] if dp[amount] != max_val else -1

}
</generate> 
<reflection> 
{ 

node_id:10,
parents:9,
content:Dry Run Trace: Input: coins=[1, 2], amount=3. Init: dp=[0, 
4, 4, 4]. i=1: coin=1 -> dp[1]=min(4, dp[0]+1)=1. dp=[0,1,4,4]. 
i=2: coin=1 -> dp[2]=min(4, dp[1]+1)=2. coin=2 -> dp[2]=min(2, 
dp[0]+1)=1. dp=[0,1,1,4]. i=3: coin=1 -> dp[3]=min(4, 
dp[2]+1)=2. coin=2 -> dp[3]=min(2, dp[1]+1)=2. dp=[0,1,1,2]. 
Result: 2. Logic holds. 

} 
</reflection> 

</think>
<answer>

from typing import List
def coin_change(coins: List[int], amount: int) -> int:

\"\"\"
Computes the fewest number of coins needed to make up the 
amount.
Returns -1 if impossible.
\"\"\"
if amount == 0:

return 0
# Initialize DP array. amount + 1 acts as infinity.
max_val = amount + 1
dp = [max_val] * (amount + 1)
dp[0] = 0
for i in range(1, amount + 1):

for coin in coins:
if coin <= i:

dp[i] = min(dp[i], dp[i - coin] + 1)
return dp[amount] if dp[amount] <= amount else -1

</answer>

Figure 11: An instruction-following code generation example.
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Question:
You are given an integer amount representing a total amount of money and a list of coins of different denominations.
Write a program to calculate the fewest number of coins that you need to make up that amount. If that amount of money 
cannot be made up by any combination of the coins, print -1.
Input Format:
- The first line contains an integer `amount`.
- The second line contains a sequence of integers `coins` separated by spaces.
Output Format:
- Print a single integer representing the minimum number of coins (or -1).
Example 1:Input:11 1 2 5 Output:3
Example 2:Input:3 2 Output:-1
### Format: Generate an executable Python function to solve the given problem. The function should read input from 
`stdin` and write the output to `stdout`. Do not directly test on the sample inputs. Ensure that when the Python program 
runs, it reads the inputs, executes the algorithm, and writes the output to `stdout`.
Response:

The Example of Code generation (Competitive Programming)

<think>
<known>

{ 
node_id: 1, 
parents: none,
content: "Task: Solve Coin Change problem (Min coins for 
'amount').\\nInput Source: stdin (Standard Input).\\nOutput Target: 
stdout (Standard Output).\\nInput Format: Line 1 = amount (int), 
Line 2 = coins (space-separated ints)." 

},
{ 

node_id: 2,
parents: none,
content: "Constraints: Print -1 if impossible. Standard integer 
limits. Time complexity matters (Standard OJ limits usually ~1-
2s)."

}
</known>
<associative thinking>

{
node_id: 3,
parents: 1,
content: "Algorithm Selection: This is the 'Coin Change' problem 
(Unbounded Knapsack). DP (Dynamic Programming) is the 
standard optimal solution. BFS is also possible but DP is easier to 
implement for just counting."

}
</associative thinking>
<reverse thinking>

{
node_id: 4,
parents: 1,
content: "IO Strategy: Unlike function completion, we must parse 
raw strings.\\nReading: `sys.stdin.read().split()` is robust for 
handling whitespace/newlines.\\nParsing sequence: First token is 
`amount`, subsequent tokens are `coins`."

}
</reverse thinking>
<generate>

{
node_id: 5,
parents: 3, 4,
content: "Plan:\\n1. Import sys.\\n2. Read all stdin content.\\n3. 
Parse `amount` and `coins` list.\\n4. Initialize DP array `dp` size 
[amount + 1] with `amount + 1` (infinity).\\n5. Set dp[0] = 0.\\n6. 
Iterate i from 1 to amount: for each coin, update dp[i].\\n7. Print 
result."

}
</generate>
<refine>

{
node_id: 6,
parents: 5,
content: "Robustness Check: What if the coins line is empty? 
(Though problem implies valid coins). What if amount is 0? The 
DP initialization covers amount=0 correctly. We should ensure we 
strip inputs properly."

}
</refine> 

Continuation in the second column.

Continued from the previous column.

<generate>
{

node_id: 7,
parents: 6,
content: "Implementation Logic:\\n\\nimport sys\\n\\ndef solve():\\n 
input_data = sys.stdin.read().split()\\n if not input_data: return\\n 
amount = int(input_data[0])\\n coins = [int(x) for x in 
input_data[1:]]\\n \\n # DP Logic\\n dp = [amount + 1] * (amount + 
1)\\n dp[0] = 0\\n for i in range(1, amount + 1):\\n for c in coins:\\n if 
i >= c:\\n dp[i] = min(dp[i], dp[i-c] + 1)\\n \\n result = dp[amount] if 
dp[amount] <= amount else -1\\n print(result)\\n\\nif __name__ == 
'__main__':\\n solve()"

}
</generate>
<reflection>

{
node_id: 8,
parents: 7,
content: "Dry Run (Mental Sandbox):\\nInput:\\n11\\n1 2 
5\\n\\nTokens: ['11', '1', '2', '5']\\namount = 11\\ncoins = [1, 2, 5]\\nDP
Init: dp size 12.\\ni=1..11 loop runs.\\nFinal dp[11] will be 3 (5+5+1 
or similar combo).\\nOutput: 3.\\n\\nInput:\\n3\\n2\\nTokens: ['3', 
'2']\\namount = 3, coins = [2]\\ndp[1] -> inf\\ndp[2] -> 1\\ndp[3] -> 
inf (since 3-2=1, dp[1] is inf)\\nOutput: -1.\\n\\nLogic holds."

}
</reflection>
<aggregate>

{
node_id: 9,
parents: 7, 8,
content: "Final Polish: Combine logic into the required executable 
format. Ensure strict 'sys.stdin' usage and no extra prompt text (like 
'Enter number:') as it breaks OJ graders."

}
</aggregate>

</think>
<answer>
import sys
def solve():

input_data = sys.stdin.read().split()
if not input_data:

return
amount = int(input_data[0])
coins = [int(x) for x in input_data[1:]]
# dp[i] = min coins to make i
max_val = amount + 1
dp = [max_val] * (amount + 1)
dp[0] = 0
for i in range(1, amount + 1):

for coin in coins:
if coin <= i:

dp[i] = min(dp[i], dp[i - coin] + 1)
print(dp[amount] if dp[amount] <= amount else -1)

if __name__ == "__main__":
solve()

</answer>

Figure 12: A competitive programming code generation example.
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You are a strict evaluator for graph-structured reasoning.
Each reasoning node is associated with:
•a label indicating its thinking mode,
•textual content,
•and optional parent node(s).
Your task is to evaluate the reasoning graph from two dimensions.

Dimension 1: Label–Content Consistency
For each node, judge whether its content complies with the definition of its assigned label.
The label definitions are as follows:
•known: Known conditions explicitly stated in the question. This node should not depend on 
any parent.
•generate: Generate one or more new reasoning steps from the current reasoning state.
•aggregate: Combine multiple reasoning steps to produce a new conclusion. This node should 
have multiple parents.
•feedback / reflection: Go back to a previous reasoning step to re-examine its correctness.
•refine: Improve or rephrase an existing reasoning step without introducing substantial new 
progress.
•associative thinking: Draw analogies to similar problems or reasoning graph structures to 
facilitate reasoning.
•reverse thinking: Start from the target goal and reason backward, filtering possible solution 
paths using given conditions.

Score each node with a value between 0.0 and 1.0, where:
•1.0 indicates perfect consistency with the label definition,
•0.0 indicates complete mismatch or contradiction.

Dimension 2: Parent–Child Semantic Coherence
For nodes with parent(s), judge whether the child node logically follows from and builds 
upon its parent node(s).
Evaluation criteria include:
•The child should not contradict the parent reasoning.
•Repeating or refining parent reasoning in a consistent way should receive a high score.
•Introducing a valid new reasoning step that logically follows should receive a high score.
•Contradictions or violations of parent logic should receive a low score.
If a node has no parent (e.g., a known node), it is considered coherent by default.
Score semantic coherence with a value between 0.0 and 1.0.

Output Requirement
For each evaluation, respond only with a numeric score between 0.0 and 1.0.

The Prompt for Graphical CoT Verification and Refinement

Figure 13: Prompt for “Graphical CoT Verification and Refinement”.
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