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ABSTRACT

Hierarchical clustering is one of the most popular methods used to extract cluster
structures in a dataset. However, if the hierarchical clustering algorithm is sen-
sitive to a small perturbation to the dataset, then the credibility and replicability
of the output hierarchical clustering are compromised. To address this issue, we
consider the average sensitivity of hierarchical clustering algorithms, which mea-
sures the change in the output hierarchical clustering upon deletion of a random
data point from the dataset. Then, we propose a divisive hierarchical clustering
algorithm with which we can tune the average sensitivity. Experimental results
on benchmark and real-world datasets confirm that the proposed method is stable
against the deletion of a few data points, while existing algorithms are not.

1 INTRODUCTION

Hierarchical clustering is one of the most popular methods used to extract cluster structures in a
dataset consisting of data points (Murtagh and Contreras| [2012b). This method partitions the data
points into clusters by constructing a rooted tree whose leaves correspond to data points and internal
nodes represent clusters. By tracing the hierarchy from the root to leaves, we can extract inter-
pretable knowledge from the dataset. For example, suppose that we have genomic data of single
cells in a tissue. Then, the hierarchy can be used to figure out complex cellular states and tissue
compositions (Zurauskiené and Yau, [2016). Hierarchical clusterings are also used in several appli-
cations such as phylogenetics (Eisen et al., |1998)), geophysics (Takahashi et al.l |2019), and social
network analysis (Gilbert et al.,[2011).

Because of the importance of hierarchical clustering, a plethora of hierarchical clustering algorithms
have been proposed (Heller and Ghahramanil 2005; Jain, |2010; Hastie et al., 2009 [Murtagh and
Contrerasl2012b). These algorithms are mainly concerned with the quality of the output hierarchical
clustering. However, there is another essential aspect that must not be overlooked: stability of the
output hierarchical clustering. Since the output is often used to understand the data structure, an
algorithm needs to be stable to data perturbations as long as the data distribution remains intact. This
requirement can be naturally formalized as a question using the notion of average sensitivity (Varma
and Yoshidal 2021)); given a random deletion of data points from the original dataset, how stable is
the output hierarchical clustering? In the example of genomic data, a stable and reliable algorithm
is expected to retain most of the tissue compositions found in the original, even if a few cells are
missing. However, in the example in Figure |1| and in the application to geophysics (Figure [3| in
Section [8)), we show that the existing algorithms are unstable for data point removals.

In this work, we propose a novel algorithm for hierarchical clustering that is stable against dele-
tions of data points. We measure the stability of an algorithm using average sensitivity (Murai and
Yoshida, 2019 [Varma and Yoshidal [2021). Because the average sensitivity was originally defined
for algorithms that output vectors or sets, we first formally define the average sensitivity of hierar-
chical clustering algorithms. Then, we propose a (randomized) algorithm that partitions the dataset
in a top-down manner. The proposed algorithm applies a randomized process called the exponential
mechanism (McSherry and Talwar, [2007) when partitioning the dataset, and we theoretically prove
that it has a small average sensitivity.

Figure [T|shows an illustrative example of sensitive/stable hierarchical clustering algorithms. In this
example, the standard agglomerative method induces different hierarchies before and after one data
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Figure 1: Examples of a dataset (top left) and its hierarchical clusterings output by an existing
agglomerative algorithm using complete linkage (top middle) and the proposed one (top right), and
a dataset obtained by removing the data point 4 (bottom left) and its hierarchical clusterings output
by the existing agglomerative algorithm (bottom middle) and the proposed one (bottom right). The
existing agglomerative clustering algorithm is sensitive to the removal of even a single data point.
The proposed algorithm produces a more stable clustering. The red nodes in the right trees denote
the change from the trees in the left before the data removal.

point (the data point 4) is removed, as shown in the middle of the figure. This result indicates that
the widely used agglomerative method is sensitive to the removal of data points. The objective of
this study is to design a hierarchical clustering algorithm that is stable against the removal of a few
data points, as shown in the bottom of the figure.

Randomized algorithms may output completely different hierarchical clusterings on the original
dataset and on that obtained by deleting a random data point even if the output distributions are
close. To alleviate this issue, we design a (randomized) hierarchical clustering algorithm with low
average sensitivity under shared randomness, which outputs similar hierarchical clusterings both
on the original dataset and on the dataset obtained by deleting a random data point with a high
probability over the choice of the random bits used.

We conduct comparisons between our proposed algorithm and existing algorithms with three bench-
mark datasets. In the experiments, we evaluated the trade-offs between the average sensitivity of the
clustering algorithms and their clustering qualities. We observed that most of the existing algo-
rithms exhibit high average sensitivity indicating that their output can change drastically even for
the removal of a single data point. By contrast, the proposed algorithm can produce stable clustering
results, while maintaining the quality of clustering. We also applied the clustering algorithms to a
real-world GPS dataset (Takahashi et al.l 2019). The results on this dataset also confirms that the
existing algorithms are sensitive to data deletion, while the proposed algorithm is not.

2 RELATED WORK

Hierarchical Clustering Algorithms for hierarchical clustering can be classified into agglomera-
tive and divisive methods (Hastie et al.,|2009). Given a dataset, an agglomerative method iteratively
finds a pair of data points or clusters using a certain linkage criterion and merges them into a new
cluster until all the data points are merged into a single cluster. As the linkage criterion, the sin-
gle linkage, average linkage, and complete linkage rules are frequently used (Hastie et al.| 2009}
Murtagh and Contreras| [2012a). A divisive method constructs a hierarchy in a top-down manner.
It recursively partitions a dataset into two sub-clusters until all the data points are partitioned or it
reaches a prescribed tree depth (Jain, 2010).

Several extensions of the clustering algorithms are considered; |Abboud et al.|(2019); Moseley et al.
(2021)) considered improving the computational scalability; |Ackerman et al.| (2012) introduced a
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weighted version of the agglomerative methods; and Kimes et al.| (2017) and |Gao et al.| (2022)
introduced statistical tests for clustering. Theoretical aspects of hierarchical clustering are also in-
vestigated; (Dasgupta, 2016) introduced a cost function for hierarchical clustering; |Ackerman and
Ben-David| (2016) showed that the agglomerative methods have some desirable properties; and Roy
and Pokutta (2016)); [Charikar and Chatziafratis| (2017); Moseley and Wang| (2017); |Dhulipala et al.
(2022) proposed methods with better approximation guarantees.

We note that the focus of the studies above is on constructing hierarchies with better quality or
more efficiency. The current study is orthogonal to them; our focus is on developing a hierarchical
clustering algorithm that are stable against the deletion of a data point.

Robust Hierarchical Clustering There have been a few studies on hierarchical clustering algo-
rithms that exhibit robustness against outlier injections (Eriksson et al., 2011; |Balcan et al., [2014;
Cheng et al.| |2019), which is a distinct form of data perturbation compared to the current study.
These studies aim to achieve consistent clustering results regardless of the presence of outliers by
identifying the injected outliers. It is important to note that hierarchical clustering algorithms can be
unstable even in the absence of outliers. As demonstrated in Figure[l] although the underlying data
distribution does not change after deleting a data point, the clustering results can differ significantly.
For reliable knowledge discovery, it is imperative that the algorithm remains stable for such natural
perturbations in the data. However, this specific type of robustness has not yet been thoroughly
explored, making our study the first to venture in this direction.

Average Sensitivity The notion of average sensitivity was originally introduced in (Murai and
Yoshida, |2019) to compare network centralities in terms of their stability against graph perturba-
tions. Then the notion was extended to handle graph algorithms in (Varma and Yoshida, [2021])).
Since then average sensitivity of algorithms for various problems have been studied, including the
maximum matching problem (Yoshida and Zhou, 2021)), spectral clustering (Peng and Yoshida,
2020), Euclidean k-clustering (Yoshida and Ito, 2022), dynamic programming problems (Kumabe
and Yoshidal 2022azb)), and decision tree learning (Hara and Yoshida, |[2023)).

3 PRELIMINARIES

We use bold symbols to denote random variables. For two random variables X and Y on a finite
set B, let drv(X,Y) := > cp|Pr[X = €] — Pr[Y = ¢]|/2 denote the total variation distance
between their distributions. For sets S and T', let SAT = (S\T) U (T'\ S) denote their symmetric
difference.

3.1 HIERARCHICAL CLUSTERING

Let X = {x1,...,z,} be a dataset. We always assume that the data points 1, . .., x,, are distinct
(otherwise we assign them unique IDs so that they are distinct). A hierarchical clustering over X is
arooted tree 7" such that each leaf is corresponding to a subset of X and the subsets corresponding
to leaves form a partition of X. Note that hierarchical clustering considered in this work does not
always decompose X into data points. Let root(7") denote the root node of 7. In this work, we
mostly consider binary trees and let left(T") and right(7") denote the left and right, respectively,
subtrees of root(T). If root(7T) is the only node in T, then we call T' a singleton, and we define
left(T) = right(T) = 0. Also we set left(T") = right(T') = () when T is an empty tree. Let
leaves(T') C 2% denote the leaves of 7.

3.2 GRAPH-THEORETIC NOTIONS

For a finite set V', we denote by (‘2/) the set of pairs of elements in V. Foraset V andi € V, we
sometimes write V' — i to denote V' \ {i}. Let G = (V, E) be a graph. For a vertex i € V, let G — i
denote the graph obtained from G by deleting ¢ and the edges incident to i. For a vertex set S C V/,
let G[S] denote the subgraph of G induced by S.

Let G = (V, E, w) be a weighted graph, where w : E — R is a weight function over edges. For
disjoint sets of vertices S, T C V, let c(S,T) denote the total weight of edges between S and T,
thatis, » ;g jep w(i, j). We denote by ¢(S) the sparsity of S, thatis, cc (S, V\.S)/(|S|-[V\S]).
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3.3 EXPONENTIAL MECHANISM

The exponential mechanism (McSherry and Talwarj [2007) is an algorithm that, given a vector = €
R™ and a real number A > 0, returns an index i € [n] with probability proportional to e~*%. The
following fact is useful to design algorithms with low average sensitivity.

Lemma 3.1 (McSherry and Talwar| (2007)). Let A > 0 and let A be the algorithm that, given a
vector © € R™, applies the exponential mechanism to x and \. Then for any t > 0, we have
logn ¢ ot

Pr |z; > OPT i :
iNAI(‘z) T = T A +)\ =€

where OPT = min;e ) 3. Moreover, for x' € R™, we have
drv(A(z), A(z") = O (X - [lz — 2/[|1) .
4  AVERAGE SENSITIVITY OF HIERARCHICAL CLUSTERING
In this section, we formally define the average sensitivity of a hierarchical clustering algorithm.

4.1 DISTANCE BETWEEN HIERARCHICAL CLUSTERINGS

First, we define distance between hierarchical clus-
terings. Let X = {z1,...,x,} be a dataset,
x € X be a data point, and 7" and T’ be hierarchi- 1 Procedure d, (7', 7")

cal clusterings over X and X \ {z}, respectively. 2 if T’ = T’ = () then return 0;
Then, the distance d,, (T, T") between T and T” is 3 if

Algorithm 1: Distance between trees

defined recursively as follows. If both T and T” are leaves(left(7")) A leaves(left(1"))

empty trees, then d,(T,T") is defined to be zero. {z} or

Otherwise, we incur the cost of one if leaves(right(T")) A leaves(right(T")) €
{z} then

leaves(left(T")) A leaves(left(7")) € {x}, or | e 1.
leaves(right(T))) A leaves(right(T")) € {z}. s | else

In words, we incur the cost of one if the left ° [ c+0.

subtrees or the right subtrees differ besides the 7 | returnc -+ d,(left(T),left(T")) +
ignored element 2 € X. Then, we recur- | dy(right(T), right(T")).

sively compute the costs d, (left(T), left(7”)) and
d(right(T), right(1”)) and add them up. The details are given in Algorithm 1] It is easy to verify
that d,, satisfies the triangle inequality. Also, note that d, (T, T") < |T| + |T’|, where |T| is the
number of nodes in 7' (including the leaves).

4.2 AVERAGE SENSITIVITY

Now we define the average sensitivity of a deterministic algorithm as follows:

Definition 4.1 (Varma and Yoshidal (2021))). Let A be a deterministic algorithm that, given a dataset

X ={x1,...,x,}, outputs a hierarchical clustering. Then, the average sensitivity of A on a dataset
X ={z1,...,zp}is

=3 d(AC), A\ {#). n

zeX

To extend the definition to randomized algorithms, we define EM,, as the earth mover’s distance
between two distributions with the underlying distance d,. Specifically, for distributions over hi-
erarchical clusterings 7 and 77, we define EM,(7,7") = minp E(r,1/)~p dz (T, T"), where D
runs over distributions over pairs of hierarchical clusterings such that the marginal distributions on
the first and second coordinates are equal to 7 and 7, respectively (sometimes called a coupling be-
tween T" and T” in the literature). Then, we define the average sensitivity of a randomized algorithm
as follows:
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Definition 4.2 (Varma and Yoshidal (2021))). Let A be a randomized algorithm that, given a dataset
X ={x1,...,z,}, outputs a hierarchical clustering. Then, the average sensitivity of A on a dataset
X ={x1,...,x,}is

% > EML(A(X), A(X \ {z})).

zeX

Note that this definition coincides with the one for deterministic algorithms when the algorithm is
deterministic.

Sometimes we want to guarantee that a randomized algorithm A outputs similar hierarchical clus-
terings on X and X \ {2} when we use the same random coins. For a bit string 7, let A, denote the
deterministic algorithm obtained from A by fixing the outcomes of its random coins to 7. Then, we
define the following variant of average sensitivity.

Definition 4.3. Let A be a randomized algorithm that, given a dataset X = {x1,...,2,}, outputs
a hierarchical clustering. Then, the average sensitivity of A under shared randomness on a dataset
X =A{x1,...,x,}is

1
B 2 deldr

zeX

(X); Ax(X\ {z})) | -

5 STABLE-ON-AVERAGE HIERARCHICAL CLUSTERING

5.1 ALGORITHM DESCRIPTION

In this section, we describe our algorithm for
hierarchical clustering with low average sensi-
tivity, and then derive some theoretical prop-
erties. In Section [6] we consider another al-
gorithm with low average sensitivity under
shared randomness.

Our algorithm, SHC (Stable Hierarchical
Clustering), is given in Algorithm [2] Given
a dataset X = {x1,...,2,} and a param-
eter « > 0, we first transform X into a
weighted graph G = (V, E, w), where V =
{(,2,...,n}, E = (Y), and w(i,j) =
exp(—al|z;—x;||?), and then pass G to a sub-
routine REC, which constructs a hierarchical
clustering using G. Note that closer data point
pairs get higher weights in w. If a is small,
then every data point pair gets almost identi-
cal weight, and if « is large, then distant data
point pairs get negligible weights and will be
ignored in hierarchical clustering.

The subroutine REC is recursive. Given a
weighted graph G = (V, E,w) and a depth
limit D > 0, we split the vertex set into
two components using a subroutine SSC (Sta-
ble Sparse Cut, Algorithm 3, and then recur-
sively process them until the depth reaches D.

Now we explain the details of the subroutine
SSC. Ideally, we want to solve the sparsest
cut problem, for which the goal is to compute
S C V that minimizes ¢¢(S). However, ap-
proximating ¢¢(S) to within a constant fac-
tor is NP-Hard (Chawla et al., [2006), and al-
though some polynomial-time approximation

Algorithm 2: Stable hierarchical clustering

1 Procedure REC(G = (V, E,w), \,d, D)
2 if d = D or |V| = 0 then
3 | return an empty tree.

4 else if |V'| = 1 then
return the only vertex in G as a
singleton tree.

else

S <+ SSC(G, \);

T, + REC(G[S], A\, d+1);

T, «+ REC(GIV\ S|, \,d+1);

Let T be the tree with a root node
having T and T3 as its subtrees;

return 7.

e ® 9 &

10

11

P;ocedure

SHC(X = {x1,...,2n},a, A\, D)
V+«{1,2,...,n}
E+ (3):
w(i, j)  exp(—allz; — z;|?);
G+ (V,E,w);
return REC(G, )\, 0, D).

13

14

15

17

Algorithm 3: Stable sparsest cut

1 Procedure SSC(G = (V, E,w), \)

2 | for {i,j} € (%) withi < j do

3 Sij—{keV w(,k)>wyk)}

4 L bc (i, j) < ¢a(Sij)-

5 Sample a pair {4, j} from the distribution
that emits {4, j} € (‘2/) with probability
x exp(—Ada (i, )):

6 return S;;.

algorithms (Arora et al., |2009; [Leighton and Rao)
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1999) are known, they are slow in practice because they internally solve LPs or SDPs, and it is not
clear whether these are stable. Hence, we take a different approach.

Our idea is to select a pair of vertices, called centroids, and then assign every other vertex to the more
similar centroid to form a partition into two components. To achieve a small average sensitivity, we
select the pair of centroids as follows. For {i,j} € (%) withi < j,let S;; = {k € V : w(i, k) >
w(y, k) } be the set of vertices that is more similar to ¢ than j, and define ¢ (4, j) = ¢¢(S;;). Then,
we sample a pair of centroids {¢, j } using the exponential mechanism with the cost function ¢¢ (-, -)
and the given parameter A. When A\ = 0, the exponential mechanism returns {%, 7} uniformly

sampled from (‘2/) and when A = oo, it returns {4, j} that minimizes ¢ (%, j).

5.2 THEORETICAL PROPERTIES

The time complexity of SHC is easy to analyze:
Theorem 5.1. The time complexity of SHC is O(Dn?).

Next, we discuss the approximation guarantee and (a variant of) the average sensitivity of SSC. For
a weighted graph G = (V, E, w), we define
(JSE = min ¢G (SL])
{i.5}e(%)
Note that ¢f, is not the minimum sparsity of a set in G, i.e., mingcv ¢ (S). Let we denote the
total edge weight, that is, Z{i ire(y) w(i, 7). The following holds:
) 2

Theorem 5.2. For a weighted graph G of n vertices and X > 0, let S = SSC(G, \). Then, we have
. log(Aw
E[oc(S)] < ¢ + 0 (()\G)> :
We also have

% > drv(SSC(G,A),SSC(G — k,\)) = O (711 (\pE + log(nwc))) .
keV

Because the weight function w is [0, 1]-valued, ¢, = O(1) and wg = O(n?). Then for € > 0, we
obtain E[¢c(S)] = (14 €)pg* by setting A = O(logn/(e¢y,)). For this particular choice of A, the
average total variation distance is O(log n/(en)), which is quite small.

Finally, we discuss the average sensitivity of SHC.

Theorem 5.3. The average sensitivity of SHC(X, a, A\, D) is O (D(Awg/n + log(nwg))), where
G is the graph constructed by using X and o in SHC.

Recalling that wg = O(n?), the bound is roughly O(ADn), which can be made small by setting
AL

6 STABLE-ON-AVERAGE HIERARCHICAL CLUSTERING UNDER SHARED
RANDOMNESS

In this section, we propose an algorithm SHC-SR by modifying SHC (Algorithm [2) so that it has a
small average sensitivity under shared randomness.

First, we design a randomized algorithm called SAMPLING that, given a vector p € R’ with
> . pi = 1, and a random bit string 7, outputs i € {1,...,n} with probability p; such that
perturbing the vector p does not change the output with high probability over .

For a set S, let U(S, w) denote a procedure that outputs an element ¢ € S such that U(S, m) for
a random bit string 7 provides a uniform distribution over S. Such a procedure can be easily
implemented by taking the first few bits from 7 and then map them to an element in S. Then
in SAMPLING(p, 7), we first compute a permutation o so that p,(1) < -+ < py(y,) and compute
some carefully designed vector ¢ € [0, 1]™ using p and o. Then, we sample ¢ € [0, 1] and ¢ € [0, 1]
uniformly at random and if ¢; > ¢, then we return 7, and otherwise, we repeat the process. The vector
q is designed so that this process outputs ¢ with probability p;. The details are given in Algorithm[4]



Under review as a conference paper at ICLR 2024

Algorithm 4: Sampling with a low average

Because the only randomized process in SHC sensitivity under shared randomness

is the exponential mechanism used in SSC
(Algorithm [3), by replacing it with Sam- 1 Procedure SAMPLING(}% )
PLING that simulates the exponential mecha- 2 Let o be a permutation such that

nism, we obtain a hierarchical clustering algo- Do(1) S Po2) < -+ - < Po(n)s
rithm SHC-SR with low average sensitivity 3 Let ¢ € RY so that g5(;) =
under shared randomness: Qo(i—1) + (N =i+ 1)(Po(i) — Po(i-1))-
Theorem 6.1. There exists an algorithm where pg = g,(0) = 0; _
SHC-SR that, given a dataset X = 4 t + U([0,1], ) and delete the used bits
(z1,...,2pn), @ > 0, A > 0, an integer D, fr(.)m ™
and a bit string 7, outputs a hierarchical clus- 3 Whll.e true do
tering over X such that 6 i+ U({L,2,...,n},7) and delete
the used bits from 7;

e the distribution of SHC-SR(X, o, \, D, m) 7 if g; > t then

over random bits w is equal to that of 3 L break.

SHC(X,a, A\, D). 9 return i.

e the average sensitivity of SHC-
SR(X,a, A\, D,m) under shared randomness is O (D(Awg/n + log(nwg))), where G is
the graph constructed by using X and o as in SHC.

7 EXPERIMENTS

We demonstrate that the proposed SHC-SR (Section [6) can output stable hierarchical clustering
using some benchmark datasets. For all the experiments, we used a workstation with 48 cores of
AMD EPYC processors and 256GB of RAMS.

Table 1: Datasets

7.1 SETUPS
Datasets We took three datasets shown in Ta- dataset data size  # of features
ble[T]from sklearn.datasets. For the experi- breast cancer 569 30

ments, we subsampled a fraction of the data points
from a dataset so that we can assess the effect of
the data size n.

diabetes 442 10
digits 1797 64

Hierarchical Clustering Algorithms In the experiment, we implemented SHC-SR given in The-
orem We constructed weighted graphs by setting w(i, j) = exp(—alz; — x;]|*/m) with m
being the median of all the pairwise distance, and varied « to some different values. We also varied
the parameter A used in SSC-SR. The case A = oo corresponds to a greedy algorithm that selects
the pair (4, j) with the smallest ¢ (i, 7) in SSC-SR (Algorithmwith the exponential mechanism
being implemented with SAMPLING), and the case A = 0 corresponds to an algorithm that selects
the pair (4, j) uniformly at random in SSC-SR. We implemented SHC-SR in Python 3 using the
JIT compiler of Numba.

We adopted some standard hierarchical clustering algorithms as baseline methods for compari-
sonF_-] As typical agglomerative clustering algorithms, we adopted four algorithms implemented
in AgglomerativeClustering in scikit-learn with four different linkage criterion: ward,
average, complete, and single, with the other options set to default. We note that Balcan
et al.|(2014) reported that ward tends to be robust against outlier injections and noise contamination.
As the representatives of divisive clustering, we adopted bisecting 2-means (Jain, 2010) and prin-
cipal direction divisive partitioning (Boleyl [1998)). These two methods recursively split data points
by using the standard 2-means clustering and the sign of the first principal component, respectively.
We implemented these methods, which we denote by 2-means and pcdd, by using KMeans in
scikit-learn with the number of clusters set to two and ten random initializations and PCA with the
number of components set to one, respectively, and default parameters for the other options.

"We did not adopt the outlier—robust methods (Eriksson et al., 2011} /Balcan et al.|[2014;|Cheng et al.,[2019)
because the core of these methods is on identifying outliers, which is irrelevant to the current problem.
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Figure 2: Trade-offs between average sensitivity and Dasgupta score for the data size n = 100,
depth D = 10, and o = 1, 3, 10, 30. The results of SHC-SR are shown in red lines displaying the
results for several different A € {0,1073,...,10°% oo}.

Evaluation criteria We measure the average sensitivity of hierarchical clustering algorithms as
well as their qualities. We evaluated the average sensitivity following (I). For SHC-SR, we treated
SHC-SR(-, a, A, D, ) with a fixed 7 as the deterministic algorithm A.

As the quality measure, we adopted two popular criteria, Dasgupta score (Dasguptal [2016), Den-
drogram purity (Heller and Ghahramani, [2005), and Cophenetic Correlation (Sokal and Rohlf}
1962) ﬂ Dasgupta score measures the quality of a hierarchical clustering 7" using costs of pairs
of data points. More specifically, we define the Dasgupta score of a hierarchical clustering 7" by
score(T') = Z?_j:m# w(i, j)n(i, j), where n(i, j) denotes the number of data points belonging to
the subtree rooted at the lowest common ancestor of nodes that z; and x ; belong to. The Dasgupta
score is small when dissimilar points z; and x; (i.e., w(i, j) is small) are split into different clusters
in a shallow part of the tree, and similar points (i.e., w(%, j) is large) are split in a deeper part. Thus,
a clustering 7" with smaller score(T") is considered ideal.

Procedure We generated 10 subsampled datasets of size n = 100, 300, and 500 from the original
dataset. E] For each subsampled dataset, we constructed a hierarchical clustering using SHC-SR
over different values of A\ and the baseline methods. As the result, we obtained 10 clusterings for
each method. We compute the average of the average sensitivity and the Dasgupta score of these 10
clusterings. We then report the trade-offs of the average of the average sensitivity and the average
of the clustering qualities.

7.2 RESULTS

Figures [2] shows the results of the experiments with n = 100. Each figure shows the trade-offs
between the average sensitivity and the average Dasgupta score, with the depth of 7' limited to 10,
and with the similarity coefficient « varied to 1, 3, 10, and 30. The results of the baselines and
SHC-SR for several different A\ are shown in different symbols and red lines, respectively. We can
find that the red lines of SHC-SR tend to lie in the lower left area of the figures. That is, SHC-SR
with appropriately chosen A can attain a good trade-off with small average sensitivity and better
Dasgupta scores, as expected. By contrast, all the baselines, except for single, tend to exhibit
small Dasgupta scores while incurring high average sensitivity. These methods are therefore good at
producing high quality clusterings, while being sensitive to a small perturbation of the dataset. The

>We show the results for Dendrogram purity and Cophenetic Correlation in Appendix.
3We show the results for n = 300 and n = 500 in Appendix because they are similar to n = 100.
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Agglomerative (ward)
: Frers Z

Proposed (A = 10)
2 #| B 2

Figure 3: Clustering results on a GPS dataset over the five trials with 20 data points removed. The
figures show four clusters at the depth two of the obtained hierarchy. The colored dots in blue, red,
green, and cyan indicate data points within the same clusters. The black dots denote removed data
points. We used oo = 0.1 for the proposed method.

result of single is exceptional, exhibiting large Dasgupta scores with small average sensitivity. We
observed that single tends to produce highly unbalanced clusterings because single split the
dataset into small and large clusters. Although such a split is less sensitive to the dataset perturbation
and has smaller average sensitivity, the quality of clustering is poor. SHC-SR provides a way to
balance the quality of the clustering and its average sensitivity by tuning A upon the user demand.

8 APPLICATION TO GPS DATASET

We applied SHC-SR and agglomerative algorithms to a real-world problem involving a GPS
dataset (Takahashi et al., 2019)E] This dataset consists of 280 GPS markers in Taiwan, where each
data point represents its longitude, latitude, and velocity in the horizontal directions. By applying
clustering to the horizontal velocities, we can cluster regions with similar movements and find ac-
tive tectonic boundaries. The stability of clustering is crucial in this application because if the found
clusters change drastically upon removal of a few GPS markers, the clusters may be an artifact
induced by unstable clustering algorithms rather than the true tectonic boundaries.

Figure |3| shows the clustering results on the GPS dataset over the five trials when randomly chosen
20 out of 280 points are removed from the dataset. Here, we display the four clusters found at
the depth two of the obtained hierarchy. The figures show that the agglomerative algorithms (ward,
average, complete) tend to produce different clusters over different data removals. By contrast,
SHC-SR with A = 10,1000, and co produce almost identical clusters, except the first result on
A = 10. This result confirms that we can obtain stable clusters by using SHC-SR.

9 CONCLUSIONS

In this work, we considered the average sensitivity of hierarchical clustering. We proposed hierar-
chical clustering algorithms SHC and SHC-SR and theoretically proved that they have low average
sensitivity and average sensitivity under shared randomness, respectively. Then using real-world
datasets, we empirically confirmed that our algorithm SHC-SR achieves a good trade-off between
the quality of the output clustering and average sensitivity.

*We omitted single, 2-means, and pcdd because of their poor performances in the previous experi-
ments; single was poor at its clustering quality, 2-means was poor at its average sensitivity, and pcdd
tends to be parteo-dominated by other methods.



Under review as a conference paper at ICLR 2024

REFERENCES

A. Abboud, V. Cohen-Addad, and H. Houdrougé. Subquadratic high-dimensional hierarchical clus-
tering. In Advances in Neural Information Processing Systems (NeurIPS), volume 32, 2019.

M. Ackerman and S. Ben-David. A characterization of linkage-based hierarchical clustering. The
Journal of Machine Learning Research, 17(1):8182-8198, 2016.

M. Ackerman, S. Ben-David, S. Branzei, and D. Loker. Weighted clustering. In Proceedings of the
AAAI Conference on Artificial Intelligence (AAAI), volume 26, pages 858—863, 2012.

S. Arora, S. Rao, and U. Vazirani. Expander flows, geometric embeddings and graph partitioning.
Journal of the ACM, 56(2):1-37, 2009.

M.-F. Balcan, Y. Liang, and P. Gupta. Robust hierarchical clustering. The Journal of Machine
Learning Research, 15(1):3831-3871, 2014.

D. Boley. Principal direction divisive partitioning. Data Mining and Knowledge Discovery, 2:
325-344, 1998.

M. Charikar and V. Chatziafratis. Approximate hierarchical clustering via sparsest cut and spread-
ing metrics. In Proceedings of the 28th Annual ACM-SIAM Symposium on Discrete Algorithms
(SODA), pages 841-854. SIAM, 2017.

S. Chawla, R. Krauthgamer, R. Kumar, Y. Rabani, and D. Sivakumar. On the hardness of approxi-
mating multicut and sparsest-cut. Computational Complexity, 15(2):94-114, 2006.

D. Cheng, Q. Zhu, J. Huang, Q. Wu, and L. Yang. A hierarchical clustering algorithm based on noise
removal. International Journal of Machine Learning and Cybernetics, 10:1591-1602, 2019.

S. Dasgupta. A cost function for similarity-based hierarchical clustering. In Proceedings of the 48th
Annual ACM Symposium on Theory of Computing (STOC), pages 118-127, 2016.

L. Dhulipala, D. Eisenstat, J. Lacki, V. Mirrokni, and J. Shi. Hierarchical agglomerative graph
clustering in poly-logarithmic depth. In Advances in Neural Information Processing Systems
(NeurIPS), pages 22925-22940, 2022.

M. B. Eisen, P. T. Spellman, P. O. Brown, and D. Botstein. Cluster analysis and display of genome-
wide expression patterns. Proceedings of the National Academy of Sciences, 95(25):14863—
14868, 1998.

B. Eriksson, G. Dasarathy, A. Singh, and R. Nowak. Active clustering: Robust and efficient hierar-
chical clustering using adaptively selected similarities. In Proceedings of the 14th International
Conference on Artificial Intelligence and Statistics (AISTATS), volume 15, pages 260-268, 2011.

L. L. Gao, J. Bien, and D. Witten. Selective inference for hierarchical clustering. Journal of the
American Statistical Association, pages 1-27, 2022.

F. Gilbert, P. Simonetto, F. Zaidi, F. Jourdan, and R. Bourqui. Communities and hierarchical struc-
tures in dynamic social networks: analysis and visualization. Social Network Analysis and Min-
ing, 1(2):83-95, 2011.

S. Hara and Y. Yoshida. Average sensitivity of decision tree learning. In Proceedings of the 11th
International Conference on Learning Representations (ICLR), 2023.

T. Hastie, R. Tibshirani, J. H. Friedman, and J. H. Friedman. The elements of statistical learning:
data mining, inference, and prediction, volume 2. Springer, 2009.

K. A. Heller and Z. Ghahramani. Bayesian hierarchical clustering. In Proceedings of the 22nd
International Conference on Machine learning (ICML), pages 297-304, 2005.

A. K. Jain. Data clustering: 50 years beyond K-means. Pattern Recognition Letters, 31(8):651-660,
2010.

10



Under review as a conference paper at ICLR 2024

P. K. Kimes, Y. Liu, D. Neil Hayes, and J. S. Marron. Statistical significance for hierarchical
clustering. Biometrics, 73(3):811-821, 2017.

S. Kumabe and Y. Yoshida. Average sensitivity of dynamic programming. In Proceedings of the
33th Annual ACM-SIAM Symposium on Discrete Algorithms (SODA), pages 1925-1961, 2022a.

S. Kumabe and Y. Yoshida. Average sensitivity of the knapsack problem. In 30th Annual European
Symposium on Algorithms (ESA), volume 244, pages 75:1-75:14, 2022b.

T. Leighton and S. Rao. Multicommodity max-flow min-cut theorems and their use in designing
approximation algorithms. Journal of the ACM, 46(6):787-832, 1999.

F. McSherry and K. Talwar. Mechanism design via differential privacy. In Proceedings of the 48th
Annual IEEE Symposium on Foundations of Computer Science (FOCS), pages 94—103, 2007.

B. Moseley and J. Wang. Approximation bounds for hierarchical clustering: Average linkage, bisect-
ing k-means, and local search. In Advances in Neural Information Processing Systems (NeurlIPS),
volume 30, 2017.

B. Moseley, S. Vassilvtiskii, and Y. Wang. Hierarchical clustering in general metric spaces using ap-
proximate nearest neighbors. In International Conference on Artificial Intelligence and Statistics
(AISTATS), pages 2440-2448, 2021.

S. Murai and Y. Yoshida. Sensitivity analysis of centralities on unweighted networks. In Proceedings
of the 2019 World Wide Web Conference (WWW), pages 1332-1342, 2019.

F. Murtagh and P. Contreras. Algorithms for hierarchical clustering: an overview. Wiley Interdisci-
plinary Reviews: Data Mining and Knowledge Discovery, 2(1):86-97, 2012a.

F. Murtagh and P. Contreras. Algorithms for hierarchical clustering: an overview. WIREs Data
Mining and Knowledge Discovery, 2(1):86-97, 2012b.

P. Peng and Y. Yoshida. Average sensitivity of spectral clustering. In Proceedings of the 26th
ACM SIGKDD International Conference on Knowledge Discovery & Data Mining (KDD), pages
1132-1140, 2020.

A. Roy and S. Pokutta. Hierarchical clustering via spreading metrics. In Advances in Neural Infor-
mation Processing Systems (NeurIPS), volume 29, 2016.

R. R. Sokal and F. J. Rohlf. The comparison of dendrograms by objective methods. Taxon, pages
33-40, 1962.

A. Takahashi, M. Hashimoto, J.-C. Hu, K. Takeuchi, M.-C. Tsai, and Y. Fukahata. Hierarchical
cluster analysis of dense GPS data and examination of the nature of the clusters associated with
regional tectonics in Taiwan. Journal of Geophysical Research: Solid Earth, 124(5):5174-5191,
2019.

N. Varma and Y. Yoshida. Average sensitivity of graph algorithms. In Proceedings of the 2021
ACM-SIAM Symposium on Discrete Algorithms (SODA), pages 684-703, 2021.

Y. Yoshida and S. Ito. Average sensitivity of euclidean k-clustering). In Advances in Neural Infor-
mation Processing Systems (NeurIPS), pages 32487-32498, 2022.

Y. Yoshida and S. Zhou. Sensitivity analysis of the maximum matching problem. In Innovations in
Theoretical Computer Science (ITCS), pages 58:1-58:20, 2021.

J. Zurauskiené and C. Yau. pcaReduce: hierarchical clustering of single cell transcriptional profiles.
BMC Bioinformatics, 17(1):140, 2016.

11



Under review as a conference paper at ICLR 2024

A PROOF OF THEOREM [5.1]

Proof of Theorem[5.1} Note that SSC on a graph of k nodes takes O(k?) time. Let 4 ; be the size
of the graph in the i-th call of REC at depth d. Note that we have 2¢ calls at depth d, and hence

d
1 < i< 24, Also note that Z?Zl ng4,; = n. Then, the total running time is

D 29

0> > ni, _o<gn3>_0(1}n3). O

d=0 i=1

B PROOF OF THEOREM [5.2]

We analyze approximation guarantee and average total variation distance of SSC in Sections [B.]
and [B.2] respectively.

B.1 APPROXIMATION GUARANTEE

The following lemma shows the approximation guarantee part of Theorem[5.2]
Lemma B.1. Let G be a weighted graph, \ > 0, and S = SSC(G, \). Then, we have

Bloa(S)] < o + 0 (“E34)).

Proof. Note that ¢¢ (i, j) < wg/n. Then by Lemma[3.1] we have

log (Z) t -t W@

E[¢pc(9)] = ¢¢ +
By setting t = log(Awg/n), we have

log (5) log(\wg/n) 1

Elp(S)] =¢5+— 2+ ———— +5
440 (log(/\wg)) ,
A
as desired. O

B.2 AVERAGE TOTAL VARIATION DISTANCE

In this section, we analyze the average total variation distance of SSC. Throughout this section, we
fix the input weighted graph G = (V, E, w) and A > 0.

Let Z = Z{%]}G(g) exp(f)\qﬁg(i,j)) and Z(®) = Z{i,j}e(v;k) eXp(f)\gZSG_k(Z‘,j)). We note
that, for graphs G and G — k, we sample a pair (4, j) with probability p(i, j) := exp(—Ap¢ (4, 7))/ Z
and p(*) (i, j) := exp(—\oa(i,7))/Z*), respectively. The following techinical lemma is useful to

bound the total variation distance between the distributions for G' and G — k. We postpone the proof
to Section[B.3l

Lemma B.2. We have

%Z T e Moli) _ emAde-ili)

kev {Z'Lj}e(";k)
— O (A%, + log(nui))
Note that this also implies ", .\, |Z — ZF|/Z = O (A¢%; + log(nwg)).

The following shows the average total variation distance part of Theorem 5.2}

12
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Lemma B.3. Let S = SSC(G, \) and S**) = SSC(G — k, \). Then, we have

Z drv (S, 8™) = 0 (\p§ + log(nwe)) .
kev

Proof. Note that S is deterministically constructed from the pair of centroids {%,j}. Hence, we
consider the change of the pair {Z,j} in total variation distance between G and G — k. First, we

have
DD D R B A ()]

ReV {igre(V3")

=2 >

keV figye(V5")

e Ma(d)  e=Aba k(i) 7 7k
=2 2 ’ z  Z '(H Z®) )‘

keV figye(V3")

1 o -
< T T fedeli) Mot

eV figre(V5)

e~ A (4,7) e~ MGk (i)
z  ZW

k
Z |Z — Z( )| Z o Aen (i)
kev {igye(V3")
1 “AbG (i) _ p=Abar(ind) 12— 2"
LY R e ey
keVv {i,j}E(V;k) kev
= 0 (Mg + log(nwg)) . (by Lemma|B2)

Then, we have

> drv(S,5%)

keV
<> > WwEH-pMEH+ Y plig)
keVo\ {igre(V3") {iare(NYZ")
= 0 (Apg +log(nwe)) + > pli,j)
{i.gye(y)
= 0 (\gg; + log(nwg)) . M

Theorem 5.2 follows by combining Lemma B.Tand Lemma [B.3]

B.3 PROOF OF LEMMA[B.2|

For k € V'\ {i,;}, we write Sf]k ) to denote S;; computed for the instance G — k. We write S;; to
denote V' \ S;;. We start with the following simple lemma.

Lemma B.4. For {i,j} € () withi < jand k € V \ {i,j},

¢a(i,j) — da—r(i,7)

ca(Sij, {k}) - 15i] — ca(Sij, Sij)
|Sis] - 1S5 - (1851 = 1)

ca({k}, Sij) - 1Sij] — cc(Sij, Sij)
(1Si5] = 1) - [Si5] - 15351

ifk € Sij,

ifk € Sij.

13
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Proof. For notational simplicity, we write .S, S, and S®) to denote Sij, SZJ, and Sl(j , respectively.

If k € S, then S = S) and we have
¢G(Z7J) - (bG—k(iaj)
- Cg(S,V\S) CG,k(S(k),(V—k)\S(k))

TSNS SB[V - R\ S
_wl(S,V\S)  cal(S,V\S) - co(S. (k)
BERAE ST-(V\SI- 1)
_ ca(8.9)(1S1 1) — (ca (S, 8) — ca(S. {k}) - 1S
[ST-15] - (15— 1)
ca(S.{k}) 8] - ca (5. 5)
EREREED .

Otherwise, that is, if k € S, then S = S*) U {k} and we have

6G(S) — da—i(SH)
(S, V\9) CG,k(S(k),(V—k)\S(k))

TISEVAST T S® (V= k) \ SO
(8 V\S) S,V \ )~ ca({kLV\ 5)
ISV S| (5T=1)-[V\s
_ c6(8,8) (8] = 1) ~ (cq(5,5) -~ ca({k},5)) |8
(ST=1) 1T 13|
cal{h}, ) 1] - ca(5,5) .
(ST=1)- 1] 13]

Next, we bound the total change of the sparsity of the set induced by a fixed pair of centroids over
deleted vertices.

Lemma B.5. Forany {i,j} € (‘2/) with i < j, we have

S° 166, ) — do-ili )| = O(66(i, 7).

keV\{i,5}

Proof. For notational simplicity, we write S, S, and S**) to denote Sij. Sij, and Sfjk ), respectively.
Let A= {kcV\{i,j}:bc(S) < bdg_r(S®)}. Then, we have
> 166(8) = da-r(S®) = D (6a-r(5™) — ¢a(5))

keA keA
_ 3 col8.5) - colS. ) 1S
e AnE |ST-[S]- (]S = 1)
ca(S,5) — ca({k}, ) - |S]
+ Z (by Lemma B.4))
k€ANS (15| =1)-1S]- |5\
CG(S S S S)
< > + Z _
kGAﬂﬁ‘S| [S1- (ST =1) kEANS |S|_1 |S] - ]S]
LGN D DS - 0(6c(9)).
< ISI=1 Is|—1
kEANS kEANS

Let A= (V\ {i,j}) \ A. Then, we have
D 10a(S) = ba—k(Sk)| = D (6a(S) — ¢a—k(Sk))

keA keA

14
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Z CG(S7{]€}) ) |‘§‘ — CG(Sv‘g)

D N RY (S
CG({k}a‘g) } |S| — CG(S7 S)
+ = (by Lemma |B.4)
D (GESVRERT ED

kg;]s S~ (18] - 1) +k§5(|5| —1)- 15|

_o (5405 ca(Ans,8)\ _
O( 5] -S| > O( 1S|-19] > O(¢c(9)).

Combining the above two, we have

> 166(S) — da—k(Sk)|

keV\{i,j}
=3 166(5) — da—r(SW) + 3 [66(S) — da_i(SM)|
keA keA
= 0(¢c(9)). O

Proof of Lemma[B2) Let Ay = {{i,j} € (V") | 6c(i,5) < dc—1(i,j)}. Then, we have
3 el M eklid))
{idre(V3")
> (e—)\tbc(i;j) _ e—wcffc(m))
{i,j}€A
- ¥ (E*Nbc(i,j)(l _ efch_k(i’j)wc(m'))))
{i,jleA
<A Y el (9g k(i) — bali ). (1—e® <)
{i,j}€Ar
Let A, = (‘2/) \ Ay Note that we have ¢¢ (i, j) > ¢g_k(i,7) for any {i,j} € Ay. Then, we have
S [erMelid) _ e Mak(id))

{i.gre(V3%)

< Z (ef>\d>c_k(i,j)_6*A¢G(i-ﬂ'))
{i.5} €A

< Z (e_wc(i,j)(e_A(¢G,k(i,j)—¢c(m))_1))
{i.j}€Ax

<=1 > e 0D (46, 5) - po-i(ir). (€ —1< (e—Daforz € [0,1])
{ivj}eAk
Then, we have

%Z T e oela) _ -Ada-k(i)

KEV figye(V5")

(e_me

S (e I66(,9) ~ da-rli.))
kEV fijye(V5")

:<B‘Z”Ax

<
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S (e 3 Ioe(in) — a-r(isi))

ti.gre(¥) keV\{i,j}
(e = DA X6 (i) g (7
I 6a(i,j) (by Lemma(B.5)
{iire(y)
., log(nwg)
=01 A ¢G+f (by Lemma|B.T))
= 0 (\o¢ + log(nwe)) - O

C PROOF OF THEOREM[5.3]

Proof of Theorem[5.3] For notational simplicity, we drop the arguments A and D from
REC(G, A, d, D) because they are fixed in this proof. Also we drop d when it is clear from the
context.

For a subgraph H of G and k € V := {1,2,...,n}, let H® := H — k. Ford > 0, let
H,,...,H, s be the random graphs on which REC is called at depth d (if the number of sub-
graphs on which REC is called at depth d is less than 2¢, we append empty graphs). We can order
them so that REC(H g ;, d) calls REC(H 341,251, d+1)and REC(H 441,25, d+1) Gf REC(Hy j, d)
does not make recursive calls, we set Hg 1 2;_1 and Hg, 1 2, to be empty graphs).
We now show that
n 24
k
E Y ) EMu(REC(H,;),REC(H)))

Haj = j=1

= O ((D — d)(Mwg + nlog(nwg))) ()
by (backward) induction on d. Then, the claim holds by setting d = 0 and noting that the average
sensitivity of REC(G, A, 0, D) is equal to that of SHC(X, a;, ).

For the base case d = D, we have
n 2P

E > Y EMu(REC(Hq,,d),REC(HS, d)) = 0.

Hag 21521

Let d < D and assume that Hypothesis (2) holds for higher depth. Let S ; and Sc(l]fj) be the (random)

sets S constructed in REC(H ;) and REC(HC(lkj)), respectively. For a set .S, Let H dS 11,251 and
H f '+1,2; be the two sets obtained by partitioning Hy ; according to S. Then, we have

n 29
> EMy(REC(Hy, ), REC(H)))
k=1 j=1

n 2¢

<3 (drv(Sas ST - IV (Ha )|+

k=1 j=1
(k)
de]'

Sy
E EMy(REC(HY 5, ). REC(H 1 55 1))+
d,j

S, . s
B EMy(REC(H ) REC(HL )
d,j
2d
<> 00, +log(nwa)) - [V(Hay)l+
j=1
2d+1

n (k)

> D E EM;,(REC(H Y ), REC(H 7 ) (by Theorem[5.2)
k=1 j=1 "%
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< O (Awg + nlog(nwg)) +

d+1
n 29+ (k)

Sa,; *
> £ EMk (REC(HYY ;), REC(HdifJ)) (by ¢h, , < wm,,/IV(Ha;))
k=1 j= 1

This implies that

n 2¢

E Y > EM(REC(Hy,), REC(Hng)))

Has 25 53
< O (Awg + nlog(nwg)) +

n 2d+1

> ) E EMK(REC(Hyy1 ), REC(Hyy1 )
k=1 j=1 Hai1,j

=0 ((D = d)(Mwg + nlog(nwg)))
as desired. O

D PROOFS OF SECTION[G]

D.1 THEORETICAL PROPERTIES OF SAMPLING

We first show that the distribution of SAMPLING(p, 7r) is equal to the one induced by p.
Lemma D.1. Foranyi € {1,...,n}, we have Prz[SAMPLING(p, ) = i] = p;.

Proof. We note that if t € [g(;—1), ¢o(;)] for j < i, then we sample o (i) with probability 1/(n —
j + 1). Then, the probability that we sample o (%) is

: 9o(5) — do(j—1 :
Z ﬁ - Z (po(j) *Pa(j—n) = Po(i)- O

j=1 j=1
Next, we show that perturbing the vector p € R’} does not change the output of SAMPLING with

high probability over the random bits.
Lemma D.2. Foranyp,p’ € R with Y. | p; = >\, p; = 1, we have

Pr[SAMPLING(p, ) # SAMPLING(p', )] Z|pl Pl

Note that the RHS is twice the total variation distance between distributions that output 7 €
{1,2,...,n} with probability p; and p}. The proof is easy but technical.

Proof of Lemma@] For simplicity, we rename elements so that p; < ps < --- < p,. It suffices
to consider the case p; = p; + ¢ and p; =p; — 0 forsome 1 < 4,5 < nandd > 0 and the order
of p;’s are preserved, i.e., pj < ph < --- < pl, because the general case can be decomposed into a
sequence of such cases.

We further assume that ¢ < j because the analysis for the other case is similar. Let ¢, =
SAMPLING(p, 7) and i/, = SAMPLING(p', 7). We have i, # i/ when we sample t and 7 such that
min{¢;,q}} < t < max{q;,q,}. The probability that such an event happens is = Zk 10, — axl,
and our goal is to bound this sum.

We first note that ¢;, — g = 0 forany k£ <7 — 1. Also forany k € {1,2,...,n}, we have

@ = Q-1+ —k+1)(pr — pr—1),
QG = 1 + (0 =k +1)(P), — Ph_1),

17
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and hence we have
G = @k = Q1 — -1+ (0 =k + 1)((0 — 1) — (Pr — Pr—1))-
forany k € {1,2,...,n}. In particular, this implies that
4 —qi = (n—i+1)((p; = pi—1) — i = pi—1)) = (n— i +1)d.

To analyze the sum, we consider the following three cases.
Case j = i + 1: In this case, we have
¢ —aj=¢—a+n—j+1)(P;—pi) = (pj — i)
=m—i+1)§+ (n—j+1)(—28) = —(n—j)4,
q§‘+1 —4j+1
=q;— ¢+ (n— (G +1)+ D051 —15) — (pi+1 —ps))
=—(n—=j)+Mn—-4j0=0
and hence ¢;, — g, = O forany k > j + 1.
Case j = i + 2: In this case, we have
q§+1 — Gi+1
=(¢; —a)+ (n— (i + 1) + D)((Pig1 — Pi) = Pit1 — pi))
=n—i+1Dd+(n—-(>G+1)+1)(=95) =4,
¢ — 4 = qip1 — v+ (0= J + 1)(B) = Pj—1) — (pj — pj-1))
=6+ (n—j+1)(=0) = —(n—j)5,

=q;— ¢+ (n—(G+1)+ )P —P)) — (j+1 —D)))
=—(n—j)d+n—-(G+1)+1)06=0
and hence ¢;, — g, = 0 forany k > j + 1.
Case j > i + 2: In this case, we have
Gip1 — Git1 =0,
G — @ = Q1 — Qo1 + (0 — K+ (0} — Ph—1) — (Pe — Pr—-1))
=0(i+2<k<j—1),
@G = a4 =d—1 —q; +(n—Jj+ 1)) —pj_1) — (pj —pj-1))
=0+ (n—j+1)(=6) =—(n—j)9,
q;-+1 —4j+1
=q;—q¢;+n—(G+1)+ 1)W1 —p)) — (j+1 —j))
=—(n—g)+n-0G+1)+1)5=0
and hence ¢;, — g, = O forany k > j + 1.

In all the three cases, we have

1 « 1 _ _ o
fZ|q;c*Qk|:7((n71+1)6+(n7])5+(]flfl)(;)
"= n
= (2-2)o=(1-1 i]'— | 0
o n - n Pk — Pkl
k=1
D.2 PROOF OF THEOREMI[6.1]

We consider a variant of SSC called SSC” (Algorithm [5) obtained from SSC by replacing the
exponential mechanism with SAMPLING. The following holds:
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Algorithm 5: Sparsest cut with a low average sensitivity under shared randomness
Procedure SSC’(G = (V, E,w), A\, 7)
for {i,j} € (\)) withi < j do
Sij«—{keV w(,k)>w(yk)}
ba(i, j) < ¢a(Sij)-
Z <+ 0;
for {i,j} € (\)) withi < j do
| Z «+ Z 4 exp(=Apal(i, j)).
for {i,j} € (})) withi < j do
| pij < exp(—=Aea(i,5))/Z.
(2,7) < SAMPLING(p, 7);
return S;;.

Lemma D.3. Let G be a weighted graph with n vertices, A > 0. Then, the distribution of
SSC’ (G, A\, ) over random bits  is equal to that of SSC(G, \). Moreover, we have

LS 1ssC (G, A m) £ 85C* (G — lm,vr)]]

n
keVv

E

™

—0 (i (Ao + log(nwc))) 7

where 1[X]| denotes the indicator of the event X.

Proof. The first claim follows by Lemma |D.1} and the second claim follows by combining Lem-

mas[B.3land[D.2] O

Proof of Theorem[6.1] Consider the algorithm SHC’ obtained from SHC by replacing the calls of
SSC in REC with SSC’. Combining the proof of Theorem and Lemma [D.3] we obtain the
claim. O

E ADDITIONAL EXPERIMENTAL RESULTS

E.1 EVALUATION CRITERIA

In the experiments, we used Dendrogram Purity and Cohphenetic Correlation, in addition to Das-
gupta score we reported in the main body of the paper.

Dendrogram Purity Dendrogram Purity measures the quality of clustering using ground-truth
class labels, which are unavailable in practice. For two points x; and x; belonging to the same class
k, we define their purity pur(i, j; k) by pur(s, j; k) = |L;; N Cy|/|Li;|, where L;; is the set of data
points belonging to the subtree rooted at the lowest common ancestor of nodes that ; and x; belong
to, and C, C X is the set of data points whose ground-truth labels are k. The Dendrogram Purity

of T' is then defined as
K ..
2> ket Zi,jeCk pur (i, j; k)
e .
k=1 [Ckl(|Ck| = 1)

Dendrogram Purity takes a value close to one when the data points in the same class form a subtree
in T', i.e., when they form a single cluster at a certain depth of the tree. On the other hand, it takes a
value close to zero when data points in the same class are distributed to several distinct subtrees of
T. Thus, a hierarchical clustering 7" with larger impurity(7) is considered ideal.

purity(T') =

Cohphenetic Correlation Let m(4, j) be the depth of the root of the subtree rooted at the lowest
common ancestor of nodes that z; and x; belong to. We also denote the distance between x; and
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|z; — x;||. Cohphenetic Correlation is then defined as the negative correlation of

o 2 o 2’
Vs mi.3) = m)*\ /S (d ) — d)
where M = g5y 2, (i, §) and d = =555y 2_i<; d(i, j) . Cohphenetic Correlation
takes a value close to one when distant data points are distributed to different subtrees so that their

common ancestor to be shallow nodes. Thus, a hierarchical clustering 7' with larger corr(7T) is
considered ideal.

corr(T)

E.2 RESULTS

Figures [2| 4] and 5| show the results of the experiments when the data size is n = 100 and the tree
depth is D = 10. Each figure shows the trade-offs between the average sensitivity and the aver-
age quality metric, Dasgupta Score, Dendrogram Purity, and Cohphenetic Correlation, respectively,
with the similarity coefficient « varied to 1, 3, 10, and 30. The results of the baselines and SHC’
for several different A are shown in different symbols and red lines, respectively. Because smaller
Dasgupta Score is considered ideal, the lower left results are preferred as the clusterings with better
quality and stability. For Dendrogram Purity and Cohphenetic Correlation, larger scores are con-
sidered ideal. Thus, the lower right results are preferred as the clusterings with better quality and
stability.

We can find that the red lines of SHC’ tend to lie in the lower left (or lower right) area of the fig-
ures. That is, SHC’ with appropriately chosen A can attain a good trade-off with small average
sensitivity and better quality metrics, as expected. By contrast, the agglomerative algorithms, except
for single, tend to exhibit better quality metrics while incurring high average sensitivity. These
methods are therefore good at producing high quality clusterings, while being sensitive to a small
perturbation of the dataset. The result of single is exceptional, exhibiting worse quality metrics
with small average sensitivity. We observed that single tends to produce highly unbalanced clus-
terings because single split the dataset into small and large clusters. Although such a split is less
sensitive to the perturbation of the dataset and has smaller average sensitivity, the quality of cluster-
ing is poor as shown in the figures. SHC’ provides a way to balance the quality of the clustering
and its average sensitivity by tuning X\ upon the user demand.
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Figure 4: Trade-offs between average sensitivity and Dendrogram Purity for the data size n = 100,
depth D = 10, and o = 1, 3, 10, 30. The results of SHC-SR are shown in red lines displaying the
results for several different A € {0,1073,...,105, 0co}.
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Figure 5: Trade-offs between average sensitivity and Cohphenetic Correlation for the data size n =
100, depth D = 10, and o = 1, 3, 10, 30. The results of SHC-SR are shown in red lines displaying
the results for several different A € {0,1073,...,10% oo}.
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E.3 RESULTS WITH DIFFERENT DATA SI1ZE

Figures [6] [7} and [8] show the results of the experiments when the data size is n = 300 and the tree
depth is D = 10. Similarly, Figures [0} [T0] and[TT]show the results of the experiments when the data
size is n = 300 and the tree depthis D = 1OE| In these figures, similar to n = 100 (Figures ,
the red lines of SHC’ tend to lie in the lower left (or lower right) area of the figures, indicating that
SHC’ with appropriately chosen A can attain a good trade-off even for different data sizes.
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Figure 6: Trade-offs between average sensitivity and Dasgupta Score for the data size n = 300,

depth D = 10, and o = 1, 3, 10, 30. The results of SHC-SR are shown in red lines displaying the
results for several different A € {0,1073,...,105, oo}.

>The results on diabetes is omitted because its original data size is smaller than 500.
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Figure 7: Trade-offs between average sensitivity and Dendrogram Purity for the data size n = 300,
depth D = 10, and o = 1, 3, 10, 30. The results of SHC-SR are shown in red lines displaying the
results for several different A € {0,1073,...,105, 0co}.
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Figure 8: Trade-offs between average sensitivity and Cohphenetic Correlation for the data size n =
300, depth D = 10, and o = 1, 3,10, 30. The results of SHC-SR are shown in red lines displaying
the results for several different A € {0,1073,...,10% oo}.
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Figure 9: Trade-offs between average sensitivity and Dasgupta Score for the data size n = 500,
depth D = 10, and o = 1, 3, 10, 30. The results of SHC-SR are shown in red lines displaying the
results for several different A € {0,1073,...,105, oco}.
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Figure 10: Trade-offs between average sensitivity and Dendrogram Purity for the data size n = 500,
depth D = 10, and o = 1, 3, 10, 30. The results of SHC-SR are shown in red lines displaying the
results for several different A € {0,1073,...,105, co}.
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Figure 11: Trade-offs between average sensitivity and Cohphenetic Correlation for the data size
n = 500, depth D = 10, and a = 1,3,10,30. The results of SHC-SR are shown in red lines
displaying the results for several different A € {0,1073,...,105, co}.
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E.4 RESULTS WITH DIFFERENT TREE DEPTH

Figures [12} [13] and [I4] show the results of the experiments when the data size is n = 100 and the
tree depth is D = 20. In these figures, similar to D = 10 (Figures 2 @ and [5), the red lines of
SHC’ tend to lie in the lower left (or lower right) area of the figures, indicating that SHC’ with
appropriately chosen \ can attain a good trade-off even for different data sizes.
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Figure 12: Trade-offs between average sensitivity and Dasgupta Score for the data size n = 100,
depth D = 20, and o = 1, 3, 10, 30. The results of SHC-SR are shown in red lines displaying the
results for several different A € {0,1073,...,10% oo}.
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Figure 13: Trade-offs between average sensitivity and Dendrogram Purity for the data size n = 100,
depth D = 20, and o = 1, 3, 10, 30. The results of SHC-SR are shown in red lines displaying the
results for several different A € {0,1073,...,105, 0co}.
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Figure 14: Trade-offs between average sensitivity and Cohphenetic Correlation for the data size
n = 100, depth D = 20, and o = 1,3,10,30. The
displaying the results for several different A € {0,1073,...,105, co}.
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E.5 RESULTS WITH ERRORS

Figures[T5] [T6] and [[7]show the results with errors when the data size is n = 100 and the tree depth
is D = 10. The ellipsoids denote standard deviations over 10 trials. For SHC-SR, the ellipsoids are
shown for A = 0 and A = oo for the visibility purpose.
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Figure 15: Trade-offs between average sensitivity and Dasgupta Score for the data size n = 100,
depth D = 10, and o = 1, 3, 10, 30. The results of SHC-SR are shown in red lines displaying the

results for several different A € {0,1073,...,105, 0co}.
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Figure 16: Trade-offs between average sensitivity and Dendrogram Purity for the data size n = 100,
depth D = 10, and o = 1, 3, 10, 30. The results of SHC-SR are shown in red lines displaying the
results for several different A € {0,1073,...,105, 0co}.
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Figure 17: Trade-offs between average sensitivity and Cohphenetic Correlation for the data size
n = 100, depth D = 10, and o = 1,3,10,30. The results of SHC-SR are shown in red lines
displaying the results for several different A € {0,1073,...,105, co}.
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