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Abstract

Aggregation-based test-time scaling has pro-
duced strong gains on competition mathemat-
ics and code generation, but it remains unclear
whether those gains transfer beyond verifier-
friendly benchmarks, under which task conditions
aggregation helps, and when single-step aggre-
gation (SSA) is sufficient relative to recursive
self-aggregation (RSA). We study these questions
across structured reasoning, knowledge-intensive
reasoning, and medical reasoning, spanning proof-
style mathematics, expert-level STEM reasoning,
social-science knowledge tasks, BrowseComp-
style information seeking, and both tool-free and
tool-integrated regimes. Aggregation is effec-
tive when sampled trajectories contain recover-
ably complementary information: complemen-
tary reasoning progress in structured reasoning,
or complementary retrieved evidence in tool-
integrated knowledge/evidence-seeking. On av-
erage, structured reasoning and tool-integrated
knowledge/evidence-seeking recover 48% and
57% of available headroom, whereas medical
reasoning without tools recovers only 21% de-
spite comparable multi-sample headroom be-
tween Pass@1 and Pass@8. Tool use improves
medical base performance, but aggregation re-
mains weak because trajectories more often re-
flect competing clinical interpretations than com-
posable intermediate progress. Within favorable
regimes, aggregation type also matters: RSA
is most useful for open-ended proof generation,
whereas SSA captures most of the gain in tool-
integrated knowledge/evidence-seeking at lower
cost. Aggregation value therefore depends jointly
on task structure, tool access, and aggregation
type rather than following a uniform test-time
scaling law across domains.

1. Introduction

The current wave of agentic Al is increasingly defined by
systems that operate through tools and interfaces, including
coding agents, deep-research systems, and computer-use

agents (Li et al., 2025a; Singh et al., 2025b; Hong et al.,
2023; Singh et al., 2025a; Yao et al., 2023; Zhou et al.,
2023). Across these settings, a recurring systems pattern is
to sample multiple candidate trajectories, tool-use traces, or
search branches and then select or synthesize a final answer.
Aggregation-based test-time scaling formalizes this pattern
by allocating additional inference-time compute to multi-
ple trajectories and then selecting or combining them (Snell
et al., 2024; Wang et al., 2024; Li et al., 2025b; Venkatraman
et al., 2025). This approach has produced strong gains on
competition mathematics and code generation, where cor-
rectness is comparatively easy to verify and partially correct
trajectories can often be identified or recombined (Zhang
et al., 2025; Singh et al., 2026; Venkatraman et al., 2025).
The central open question is whether the same mechanism
transfers beyond these verifier-friendly settings.

This paper studies three related questions. First, does aggre-
gation improve performance outside competition math and
coding? Second, if it does, under which task conditions does
it help? Third, when aggregation is useful, when is a single
aggregation pass sufficient and when is recursive aggrega-
tion warranted? These questions are domain-dependent.
Structured reasoning tasks may admit complementary par-
tial reasoning across trajectories; tool-integrated knowledge-
intensive tasks may benefit from complementary retrieved
evidence; medical reasoning often presents a qualitatively
different regime in which trajectories encode competing
global interpretations rather than composable intermediate
progress.

We answer these questions through a cross-domain study of
aggregation-based test-time scaling over proof-style mathe-
matics, expert-level STEM reasoning, social-science knowl-
edge tasks, BrowseComp-style information seeking, and
medical reasoning. We evaluate open-weight and frontier
models in tool-free settings, and open-weight models in
tool-integrated settings (Luong et al., 2025; Wei et al., 2025;
Center for Al Safety and Scale Al and collaborators, 2025;
Zuo et al., 2025; Wu et al., 2025). Our analysis uses two
diagnostics: the diversity window, which measures the head-
room between Pass@1 and Pass@8, and Aggregation Yield,
which measures how much of that headroom an aggregation
method recovers.

Our results are domain-specific rather than uniform. Struc-
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tured reasoning and tool-integrated knowledge/evidence-
seeking are the most favorable regimes because indepen-
dently sampled trajectories often contribute complementary
reasoning progress or complementary retrieved evidence.
Medical reasoning is the clearest unfavorable regime: tool
use substantially improves underlying performance, but ag-
gregation gains remain weak because trajectory diversity
is less complementary. Within favorable regimes, aggre-
gation type also matters: SSA is the preferred default in
tool-integrated knowledge/evidence-seeking, where a single
evidence-aware pass captures most of the gain, whereas
RSA is mainly warranted in open-ended proof generation.

Our contributions are:

1. We provide a broad empirical study of aggrega-
tion across structured reasoning, knowledge/evidence-
seeking, and medical reasoning in tool-free and tool-
integrated regimes.

2. We show that aggregation is effective when trajectory
diversity is recoverably complementary: complemen-
tary reasoning progress in structured reasoning and
complementary retrieved evidence in tool-integrated
knowledge/evidence-seeking.

3. We identify medical reasoning as the clearest coun-
terexample: substantial multi-sample headroom often
fails to convert into aggregation gains because trajec-
tories are less compositionally complementary, even
with improved tool-enabled base performance.

4. We distinguish when SSA and RSA are war-
ranted: SSA is the practical default in tool-integrated
knowledge/evidence-seeking, whereas RSA is most
useful in proof-style structured reasoning.

2. Related Work

Test-time scaling and parallel reasoning. Inference-time
scaling spans both sequential depth along a single trajec-
tory and parallel breadth across many trajectories. Recent
work shows that search, reranking, and self-verification can
substantially improve closed-ended math and coding perfor-
mance (Snell et al., 2024; Wang et al., 2024; Pan et al., 2025;
Lian et al., 2025). Our focus is complementary: rather than
proposing a new aggregation method, we ask when parallel
aggregation is worthwhile beyond the benchmark regimes
on which it is usually evaluated.

Verification and candidate selection. Aggregation de-
pends on deciding which sampled trajectory to trust. Recent
work explores verifier-guided search, self-verification, and
pairwise comparison as mechanisms for improving candi-
date selection (Snell et al., 2024; Zhang et al., 2025; Singh

et al., 2026). These methods are especially effective in
verifier-friendly domains; our study asks how well such
selection-based aggregation transfers once trajectories differ
not only in correctness but also in evidence, framing, or
diagnostic interpretation.

Aggregation and synthesis. Beyond selecting a single
candidate, recent work studies whether multiple trajectories
can be synthesized into a better final answer. Generative self-
aggregation and recursive self-aggregation are motivated by
the possibility that different trajectories contain complemen-
tary partial reasoning (Li et al., 2025b; Venkatraman et al.,
2025). Our study complements this literature by showing
that such complementarity is highly domain-dependent.

Tool-augmented and agentic reasoning. In tool-enabled
settings, rollouts differ not only in reasoning quality but also
in the evidence they retrieve. Recent work spans ReAct-
style reasoning—action loops, deep-research systems, and
GUI/computer-use agents (Yao et al., 2023; Zhou et al.,
2023; Li et al., 2025a; Singh et al., 2025b; Hong et al., 2023;
Singh et al., 2025a; Wei et al., 2025). These settings make
aggregation qualitatively different because trajectories can
differ in retrieved evidence, action traces, and interface state
rather than only in internal reasoning. We study this regime
directly by comparing tool-free and tool-integrated aggre-
gation across reasoning, knowledge-seeking, and medical
tasks.

3. Experimental Setup

We study aggregation along three axes: domain, model
family, and tool regime. This design lets us separate whether
aggregation helps at all from which aggregation strategy is
warranted in each setting.

3.1. Models and Task Groups

We evaluate open-weight Qwen-3-8B, Qwen-3-30B, Qwen-
3.5-35B, GPT-OSS-20B, and GPT-OSS-120B, together with
frontier GPT-5, Claude 4.6 Opus, and Gemini-3-Pro. Tool-
free experiments use the full set; tool-integrated experi-
ments focus on GPT-OSS-20B, Qwen-3.5-35B, and GPT-
0SS-120B. All frontier-model runs use medium reasoning
effort. For compact figure labels, we refer to GPT-OSS-20B,
Qwen-3.5-35B, GPT-OSS-120B, Gemini-3-Pro, GPT-5, and
Claude 4.6 Opus as 020, Q35, 0120, G3, G5, and C46, re-
spectively.

We group tasks into three regimes. Structured rea-
soning includes IMO-ProofBench and HLE-STEM, plus
tool-augmented HLE-STEM. Medical reasoning includes
MedXpertQA and MedCaseReasoning. Knowledge and
information-seeking includes HLE-Social Science without
tools and, with tools, HLE-Social Science together with
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Figure 1. Representative benchmark-level comparison across open-weight no-tool (top), frontier no-tool (middle), and open-weight tool-
enabled (bottom) settings. Model proxies are 020 = GPT-OSS-20B, Q35 = Qwen-3.5-35B, 0120 = GPT-OSS-120B, G3 = Gemini-3-Pro,
G5 = GPT-5, and C46 = Claude 4.6 Opus. ProofBench is the clearest RSA-favorable case, tool-integrated knowledge/evidence-seeking
favors SSA, and medical reasoning improves with tools but remains weakly recoverable under aggregation.

BrowseComp (Luong et al., 2025; Center for Al Safety and
Scale Al and collaborators, 2025; Zuo et al., 2025; Wu et al.,
2025; Wei et al., 2025). In the analysis, tool-augmented
HLE-Social Science and BrowseComp are treated jointly
as a knowledge/evidence-seeking regime, whereas tool-
augmented HLE-STEM remains grouped with structured
reasoning.

3.2. Problem Setup

Given an input x and a base model pg, we sample k = 8
independent worker trajectories

T(z)=A{T1,...,Tx}.

Each trajectory produces a final answer y;. In the most
general tool-integrated setting,

T = (2,731,515 0015 - s Tiomys Qi > Oimas Yi)s

where r; ; denotes intermediate reasoning, a; ; a tool or
environment action, and o; ; the resulting observation. In
tool-free settings, the action—observation terms are absent.

The aggregation problem is to map the set of worker trajec-
tories to a single prediction

folz, T(x)) — g.

We evaluate tool-free and tool-integrated aggregation sepa-
rately, since in the latter case trajectories differ not only in
reasoning but also in the external evidence they uncover.

3.3. Aggregation Methods

We compare four aggregation methods over the sampled
worker set 7 (z) = {T1,..., Tk}
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Majority Voting (MV). As a simple baseline, we select
the most frequent final answer among the sampled workers:
k
Imy = arg mgxz [y = y].
i=1

MYV uses only the final answers and ignores the reasoning
traces.

Single-Step Aggregation (SSA). SSA is a single LLM
call over all sampled worker trajectories:

Ussa = Ag(z, T(2))-

SSA is our main one-step aggregation baseline.

Recursive Self-Aggregation (RSA). RSA applies SSA
recursively over randomly sampled subsets. Let K denote
the subset size, NV the number of subsets sampled at each
round, and P the number of aggregation rounds. Starting
from the initial pool

PO =T(w),
each round samples IV subsets
sSPsPcp® s =K,
applies SSA independently to obtain
jP = Ag(z, 57, j=1,...,N,

and forms the next pool

PUtD = (g gty

After P rounds, we apply one final SSA call to the last pool
to obtain
Jrsa = Ag(z, PP)).

RSA is intended to improve answers by repeatedly aggregat-
ing smaller subsets of candidate trajectories (Venkatraman
et al., 2025).

Compressed Evidence Aggregation (CEA). In tool-
integrated settings, full trajectories are often too long to
aggregate directly. Our main tool-based method is Com-
pressed Evidence Aggregation (CEA): for each worker T;
with final answer y;, we select only the answer-relevant tool
evidence and the final reasoning step, constructing

€; = qu)(JHTz»yl)a

where e; contains the selected evidence and 7" denotes
the final reasoning step immediately preceding y,. Aggre-
gation is then performed over the compressed worker repre-
sentations:

QCEA = Ad;(ﬂj, {(eiarzﬁnalayi) ’IL?:l) :

We use CEA in all main tool-integrated experiments.

3.4. Evaluation Protocol

For each model-task pair, we sample ¥ = 8 indepen-
dent worker trajectories using temperature-based decoding.
For the open-weight reasoning models, we use the family-
recommended temperatures: 0.7 for GPT-OSS models and
1.5 for Qwen reasoning models. We report Pass@1, Pass @8,
and post-aggregation accuracy for each method. Pass@8
measures whether at least one of the k£ workers is correct
and therefore serves as an oracle upper bound on recover-
able performance from the sampled worker pool. For IMO-
ProofBench, Pass@8 is computed from per-rollout proof-
quality judgments, and the MV column is a mode-based
proxy over rollout proof scores. All benchmarks except
IMO-ProofBench are judged with an LLM exact-match-
style scorer; IMO-ProofBench uses rubric-based proof eval-
uation. We also track the total token cost of each method,
including worker generation and all aggregation calls; for
CEA this includes both evidence compression and the final
aggregation call.

4. Analysis

We analyze aggregation performance using two metrics: the
diversity window (DW) and Aggregation Yield (AY). The
central distinction is between raw multi-sample headroom
and whether the resulting trajectory variation is recoverably
complementary. We use these metrics throughout the section
to compare aggregation behavior across domains, model
families, and tool regimes.

4.1. Diversity Window and Aggregation Yield

For each model-task pair, we sample k = 8 worker trajec-
tories and report Pass@1, Pass@8§, and post-aggregation
accuracy. Pass@ 1 measures the expected accuracy of a sin-
gle sampled worker. Pass@8 measures whether at least one
of the k£ sampled workers is correct. We define the diversity
window as

DW = Pass@8 — Pass@1. (€))]

This quantity measures the amount of recoverable headroom
available in the sampled worker pool.

Raw aggregation gains are not directly comparable across
tasks with different amounts of available headroom. We
therefore define the Aggregation Yield (AY) of a method S

as
_ Acc(S) —Pass@1

"~ Pass@8 — Pass@1’

where Acc(S) is the final accuracy after applying aggrega-
tion method S. AY is equal to 0 when aggregation provides
no gain over a single sample, equal to 1 when it fully recov-
ers the available headroom, and negative when aggregation
degrades performance. For readability, we report AY in

AY(S)

@
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percent, and in regime-level summaries we report the value
achieved by the best aggregation method. AY therefore
distinguishes cases in which aggregation fails because little
headroom exists from cases in which substantial headroom
exists but is not exploitable.

4.2. Aggregation Depends on Complementarity, Not
Headroom Alone

The main empirical distinction is not the size of the diver-
sity window by itself, but whether the induced trajectory
diversity is complementary and recoverable. Table 1 sum-
marizes the regime-level pattern. Structured reasoning with-
out tools has average DW of 16.44 pp and average AY of
48%. Tool-augmented HLE-STEM, treated as a structured
variant, has average DW of 33.33 pp and average AY of
42%. The strongest recoverability appears in tool-integrated
knowledge/evidence-seeking, which has average DW of
26.89 pp and average AY of 57%. By contrast, knowledge-
intensive reasoning without tools and medical reasoning
without tools each recover only 21% of available headroom
despite non-trivial diversity windows; medical reasoning
with tools improves to 37%, but remains well below the
knowledge/evidence- seeking tool regime.

Table 1. Regime-level summary. DW is reported in percentage
points, and AY is reported as a percentage.

Regime DW (pp) AY (%)
Structured (no tools) 16.44 48
Structured (tools) 33.33 42
Knowledge (no tools) 19.51 21
Knowledge (tools) 26.89 57
Medical (no tools) 15.77 21
Medical (tools) 22.25 37

These contrasts are consistent with distinct forms of tra-
jectory variation. In structured reasoning tasks, sampled
trajectories often contain different partial advances toward
the same solution. In no-tool knowledge-intensive settings,
performance is often bottlenecked by missing or weakly
represented facts, limiting what aggregation can recover.
In tool-integrated knowledge-intensive settings, trajectories
differ in the evidence they retrieve, so aggregation bene-
fits from selecting and consolidating the most informative
evidence-bearing rollouts. In medical reasoning, by contrast,
trajectories more often represent competing global interpre-
tations, making disagreement less amenable to aggregation.

The main methodological implication is that raw headroom
is not sufficient to predict aggregation gains. Benchmarks
with similar Pass@8—-Pass@ 1 gaps can have substantially
different post-aggregation outcomes because the underlying
trajectory diversity is structurally different.

4.3. Structured Reasoning: Complementary Reasoning
Progress Favors RSA

Structured reasoning is the most favorable no-tool regime be-
cause sampled trajectories often contain compatible partial
derivations, lemmas, or decompositions that can be iden-
tified or recombined. Across the structured no-tool rows
in Table 1, average AY is 48%. On HLE-STEM, aggrega-
tion yields large improvements for frontier models: GPT-5
improves from 38.51% to 50.00%, and Claude 4.6 Opus
improves from 42.65% to 58.10%.

IMO-ProofBench is more favorable still to recursive aggre-
gation. RSA is the best method in every ProofBench row in
Table 2, including improvements from 27.97% to 37.67%
for GPT-OSS-20B, from 58.01% to 71.00% for GPT-5, and
from 45.79% to 58.00% for Claude 4.6 Opus. The con-
trast with HLE-STEM is informative: on HLE-STEM, SSA
captures most of the available gain and exceeds RSA for
Gemini-3-Pro and GPT-5, whereas on IMO-ProofBench it-
erative aggregation is consistently superior. This pattern is
consistent with proof generation placing greater value on
combining reasoning progress distributed across multiple
trajectories.

Tool access does not alter the basic character of HLE-STEM.
Across the three tool-augmented HLE-STEM rows in Ta-
ble 5, average DW is 33.33 pp and average AY is 42%. Both
SSA and RSA improve substantially over Pass@1, but RSA
adds only 0.13 pp over SSA on average. Thus, even in
tool-augmented structured reasoning, most recoverable gain
is captured by a single aggregation pass; recursion is most
clearly justified in the proof-generation setting.

Tools improve medical reasoning, but they do not change
its qualitative position. Across the six open-weight medical
settings with tools, average AY rises from 21% to 37%, still
well below the 57% observed for the knowledge-intensive
tool regime. Table 4 shows large gains on MedCaseRea-
soning, especially for Qwen-3.5-35B and GPT-OSS-120B,
but medical trajectories remain markedly less aggregation-
friendly than tool-integrated knowledge/evidence-seeking.

4.4. When Is RSA Warranted?

Different favorable regimes do not call for the same aggrega-
tion strategy. Signed RSA —SSA deltas are largest and most
consistent in structured reasoning without tools, driven pri-
marily by ProofBench. This is the clearest setting in which
recursive aggregation recovers complementary reasoning
progress that a single aggregation pass leaves unused.

Outside structured reasoning, the signed RSA — SSA deltas
are small. In tool-integrated knowledge/evidence-seeking,
RSA adds little once SSA has already surfaced the relevant
evidence. In medical reasoning, deltas are smallest in both
tool-free and tool-integrated settings, consistent with the
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Table 3. No-tool medical reasoning. Best result in bold; accuracy
(%).

MedXpertQA
Model P@1 P@8 MV SSA RSA
Qwen-3-8B 16.50 33.50 20.50 18.50 20.00

GPT-OSS-20B  30.50 56.00 34.00 35.50 33.50
Qwen-3-30B 26.00 40.00 27.50 23.50 24.50
Qwen-3.5-35B  40.50 60.00 47.50 46.00 41.21
GPT-OSS-120B  28.50 57.50 32.50 38.50 39.50

Gemini-3-Pro 71.00 78.00 70.00 71.00 73.00

GPT-5 57.00 66.00 55.00 56.00 56.50
Claude 4.6 Opus 51.75 59.00 51.00 52.00 50.50
MedCaseReasoning

Qwen-3-8B 30.50 49.50 35.00 35.86 35.68
GPT-OSS-20B  45.00 65.00 46.00 44.72 48.24
Qwen-3-30B 36.50 56.00 38.50 37.50 40.00
Qwen-3.5-35B  52.50 72.50 56.00 54.00 52.00
GPT-OSS-120B  53.00 70.50 53.50 55.00 58.00

Gemini-3-Pro 65.00 76.50 64.00 68.50 68.00
GPT-5 66.00 75.50 66.00 65.50 66.50
Claude 4.6 Opus 64.00 71.00 64.50 65.00 66.50

Table 4. Tool-integrated medical reasoning. CEA aggregation;
best result in bold; accuracy (%).

MedXpertQA
Model P@1 P@8 MV SSA RSA

GPT-OSS-20B  38.50 67.50 43.00 39.50 41.00
Qwen-3.5-35B  41.50 66.00 49.00 48.00 48.00
GPT-OSS-120B 44.00 66.50 47.00 49.00 50.00

MedCaseReasoning

GPT-OSS-20B  55.50 75.00 57.50 60.00 58.38
Qwen-3.5-35B  76.50 95.00 85.00 91.50 92.00
GPT-OSS-120B 61.50 81.00 63.50 68.50 69.50

broader finding that medical trajectories are weakly com-
plementary. Figure 2 therefore identifies the main regime
in which recursion changes the outcome rather than merely
adding cost.

Table 2. No-tool results on HLE-STEM, HLE-Social Science,
bold; values are accuracy (%).

4.5. Knowledge and Evidence-Seeking: Complementary
Evidence Favors SSA

Knowledge-intensive reasoning splits cleanly into two
regimes. Without tools, HLE-Social Science is a bound-
ary condition for aggregation: average DW is 19.51 pp,
but average AY is only 21% (Table 1). Gains exist, but
they remain modest relative to available headroom. For
example, GPT-5 improves from 22.73% to 26.94%, and
Claude 4.6 Opus improves only from 34.65% to 35.23%.
The limiting factor is factual coverage: when the relevant
fact is absent or only weakly represented, repeated sampling
does not create the kind of complementary structure that
aggregation can reliably exploit.

The picture changes once evidence acquisition is enabled.
Treating tool-augmented HLE-Social Science together with
BrowseComp as a single knowledge/evidence-seeking tool
regime yields average DW of 26.89 pp and average AY of
57%, the highest value in Table 1. BrowseComp provides
the clearest illustration: the best aggregation result improves
over Pass@1 by 11.18 pp for GPT-OSS-20B, 23.00 pp for
Qwen-3.5-35B, and 21.00 pp for GPT-OSS-120B. Tool-
augmented HLE-Social Science shows the same qualitative
shift, especially for Qwen-3.5-35B, which improves from
50.94% to 67.92%. The underlying mechanism is comple-
mentary retrieved evidence: different trajectories surface
different relevant snippets, and aggregation succeeds by
consolidating them.

Across these six knowledge-intensive tool rows, SSA im-
proves over Pass@1 by 12.32 pp on average, while RSA
improves by 13.91 pp, only 1.60 pp more. Most of the
available gain therefore arises from a single evidence-aware
aggregation step rather than from deeper recursive synthesis.
Accordingly, SSA is the preferred operating point in this
regime: RSA can add small increments, but the principal
bottleneck is evidence discovery and retention rather than
the recombination of partially correct internal reasoning.

and IMO-ProofBench. Best aggregation result per row is shown in

HLE-STEM HLE-Social Science IMO-ProofBench
Model P@1 P@8 MV SSA RSA |P@] P@8 MV SSA RSA|P@] P@8 MV SSA RSA
Qwen-3-8B 1.35 12.16 1.35 29 3.20 | 3.77 30.19 11.32 13.21 13.21|19.67 34.00 20.75 23.67 25.00

GPT-OSS-20B |12.16 3243 9.46 13.51 18.92(13.21
Qwen-3-30B 8.11 2297 6.76 8.22 12.33(11.32
Qwen-3.5-35B  |36.49 55.41 36.49 35.71 36.99|35.85
GPT-OSS-120B |20.11 40.54 15.28 21.62 24.32|16.98

33.96 13.21 11.32 15.09|27.97 47.33 28.92 35.67 37.67
32.08 9.43 943 11.32(27.67 38.33 25.67 29.48 32.00
56.60 32.08 37.25 41.51(44.80 62.40 44.50 49.00 52.00
41.51 20.75 18.87 24.53|33.50 51.17 33.53 31.50 35.50

Gemini-3-Pro  |61.66 82.43 64.86 71.00 68.00|48.45
GPT-5 38.51 60.81 33.78 50.00 47.14|22.73
Claude 4.6 Opus |42.65 61.76 42.60 54.00 58.10|34.65

60.10 47.15 53.00 51.00|78.27 89.00 78.50 87.80 89.00
43.52 19.69 26.94 26.42|58.01 71.00 58.00 67.00 71.00
45.08 33.68 34.19 35.23[45.79 58.00 46.00 54.67 58.00
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SSA vs RSA: signed accuracy delta (RSA - SSA, pp)
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Figure 2. Signed RSA — SSA deltas across regimes. Positive values favor RSA. Recursive aggregation is most consistently helpful
in structured reasoning without tools, while tool-integrated knowledge/evidence-seeking and medical reasoning remain close to zero,

favoring SSA as the default operating point.

4.6. Medical Reasoning: Tools Help, Aggregation
Remains Weak

Medical reasoning is the clearest counterexample. These
benchmarks often exhibit substantial headroom, but much
less of it is recoverable by aggregation. Across the no-
tool medical rows, average DW is 15.77 pp, close to the
structured-reasoning average, but average AY is only 21%
(Table 1).

On MedXpertQA, Qwen-3.5-35B has a 19.50 pp diversity
window (40.50% to 60.00%) but reaches only 47.50% after
aggregation, and GPT-5 remains below Pass@]1 after ag-
gregation despite Pass@8 of 66.00%. Majority voting is
also unusually competitive on MedXpertQA. This pattern
is consistent with medical trajectories differing more often
in global diagnostic framing than in separable intermediate
steps.

4.7. Accuracy—Cost Tradeoffs

Token accounting clarifies the same allocation question. Be-
cause SSA aggregates all eight workers, its total cost is
nearly an order of magnitude above Pass@1 in our open-
weight runs: about 9.8 a single rollout on average without
tools and 9.3 with tools. RSA then adds a further 1.6 x
over SSA on average without tools and 1.2x with tools.
The relevant question is therefore not whether recursive ag-
gregation can ever help, but in which regimes its additional
cost changes the accuracy—cost frontier in a meaningful
way. Figure 3 shows this across representative open-weight
models and datasets.

Three frontier patterns are consistent. First, when success
depends on retrieved evidence, tool use shifts the frontier
more than deeper aggregation. In HLE-Social Science and
BrowseComp, the tool-enabled curves in Figure 3 sit well
above their no-tool counterparts for the same models, indi-
cating that the dominant gain comes from better evidence
discovery rather than from deeper no-tool synthesis.

Table 5. Tool-integrated results on HLE-STEM, HLE-Social Science, and BrowseComp. Tool-based aggregation uses CEA by default.
Best aggregation result per row is shown in bold; values are accuracy (%).

HLE-STEM HLE-Social Science BrowseComp
Model P@1 P@8 MV SSA RSA|P@1 P@8 MV SSA RSA|P@1 P@8 MV SSA RSA
GPT-OSS-20B |17.57 51.35 25.68 27.03 28.77|28.30 60.38 30.19 30.19 32.08|24.50 39.50 29.50 32.00 35.68

Qwen-3.5-35B |29.73 66.22 39.19 47.30 43.24|50.94 86.79 50.94 67.92 66.04|30.50 59.00 38.50 53.00 53.50
GPT-OSS-120B |24.32 54.05 31.94 35.14 37.84|32.08 58.49 35.85 39.62 41.51(23.50 47.00 35.68 41.00 44.50
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Figure 3. Accuracy—cost Pareto curves for the open-weight models. RSA most clearly extends the frontier on ProofBench; in HLE-Social
Science, BrowseComp, and MedCaseReasoning, tool use dominates and SSA captures most practical gain.

Second, SSA is the preferred operating point once comple-
mentary evidence has been surfaced. Across HLE-Social
Science, BrowseComp, and tool-enabled MedCaseReason-
ing, RSA adds little or nothing beyond SSA.

Third, RSA is justified primarily in proof-style structured
reasoning. On ProofBench in Table 2, Qwen-3.5-35B im-
proves from 49.00% under SSA to 52.00% under RSA, and
GPT-0SS-120B improves from 31.50% to 35.50%. This is
the clearest regime in which recursion materially extends
the frontier beyond SSA.

Operationally, use tools first when distinct evidence can be
retrieved, default to SSA once such evidence is available,
and reserve RSA for tool-free structured reasoning.

5. Conclusion

Aggregation transfers beyond verifier-friendly benchmarks
only when sampled trajectories are complementary: struc-
tured reasoning benefits from complementary reasoning
progress, knowledge/evidence-seeking from complementary
retrieved evidence, and medical reasoning remains unfavor-
able even with tools. Practically, use tools first when evi-
dence matters, prefer SSA for knowledge/evidence-seeking,
and reserve RSA for tool-free structured reasoning, espe-
cially open-ended proof generation.
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A. Qualitative Examples

We present three representative case studies. Each block includes an abridged question, representative trajectories, the
aggregation outcome, and the interpretation that connects the example back to the main argument.

Case A. Structured reasoning: complementary proof progress is recoverable ProofBench, GPT-OSS-20B

Question. Let A C {1,2,...,2000}, |A| = 1000, such that a does not divide b for all distinct elements a,b € A. For a set X as
above, let mx denote the smallest element in X . Find min m 4 over all such sets A.

Raw pool. The eight sampled proofs are weak overall: 7 are judged wrong, 1 is judged partial, and the average normalized proof
score is 0.0875. No single rollout contains a complete correct proof.

Representative trajectories.

* p0001 (partial lower-bound argument). Argues that if m 4 < 666, then at least two numbers in (1000, 2000] are divisible by
m 4, and therefore concludes ma > 667.

* p0004 (incorrect constructive argument). Introduces a chain-based decomposition of the divisibility poset, but the construction
is flawed and the final answer is m 4 = 500.

* SSA. Remains weak in this case: it effectively follows trajectory p0001, and the resulting proof is still judged wrong with
normalized score 0.1.

* RSA. Synthesizes the lower-bound idea with an explicit construction excluding the critical multiple 1334, producing an
almost-correct proof with normalized score 0.7.

Interpretation. This is the clearest qualitative case in which the useful information is distributed across trajectories. One proof
contains the right lower bound, another contains part of the constructive idea, and recursive aggregation is able to combine them into
a much stronger proof. This is precisely the regime in which RSA is warranted.

Case B. Tool-integrated knowledge/evidence-seeking: one evidence-bearing rollout is enough BrowseComp, Qwen-3.5-35B

Question. An article was published in November of 2019, by a media company founded in the 1960s, discussing different scoring
methods for various types of the same sport. The article references only one professional athlete by name throughout the entire
article. In January of 2020, a media company that originated in the 1950s published an article about that athlete. The article has
excerpts from an interview the athlete had done. According to that 2020 article, what is the hometown of this athlete?

Raw pool. Only one of the eight tool-using trajectories is correct, so the candidate accuracy is 0.125. The useful evidence is
extremely sparse: the correct answer is supported by a single evidence-bearing path, while several other rollouts cluster around
plausible but unsupported athletes.

Representative trajectories.

* p0001 (wrong athlete cluster). Interprets the query through a Patrick Mahomes path and answers Tyler, Texas.

* p0002 (evidence-bearing trajectory). Retrieves the relevant article pair and answers Mallorca, Spain. Its tool summary
identifies a single decisive evidence item supporting that answer.

* p0003 / p0006 (another wrong cluster). Converge on Shaun White and answer Carlsbad, California.

* SSA. Selects the evidence-bearing trajectory and outputs Mallorca, Spain. The key point is that once the relevant evidence is
present in the pool, a single aggregation step is sufficient.

Interpretation. This example shows why SSA is the preferred operating point in tool-integrated knowledge/evidence-seeking. Once
a single rollout has retrieved the right evidence, the main challenge is simply to surface it. One evidence-bearing trajectory can
already be enough.
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Case C. Medical reasoning: disagreement is not complementary MedCaseReasoning, Qwen-3.5-35B

Question. Find the most likely diagnosis? A 58-year-old woman presented with a history since February 2008 of painful left
axillary lymphadenopathy accompanied by low-grade fever. Initial excisional biopsy showed changes suggestive but not diagnostic
of Castleman’s disease. A CT scan revealed an 8 X 6 cm colliquative mass in the left axillary and supraclavicular regions, smaller
reactive nodes in the right axilla and inguinal areas, and subcentimeter nodules in the lung and liver. Repeat lymph node biopsies
through 2010 demonstrated nonspecific necrotizing lymphadenitis; microbiologic and virologic studies, including HHV-6 and
HHV-8, were negative. A subsequent CT scan confirmed persistent axillary and supraclavicular lymphadenopathy, bilateral inguinal
enlargement, and a perianal mass. Review of prior histology noted necrotizing lymphadenitis with epithelioid and giant cells and
vasculitis without lymphoproliferation.

In January 2011, rheumatologic evaluation revealed nasal chondritis with crusted lesions, chronic conjunctivitis, violaceous purpuric
areas on the extremities, ulcerative palmar and gluteal lesions, and persistent evening fevers. Examination showed mobile, nontender
axillary and inguinal nodes. Nasal mucosal biopsy demonstrated acute and chronic inflammation but no vasculitis or granulomas.
Laboratory studies revealed neutrophilic leukocytosis and elevated acute-phase reactants. Antineutrophil cytoplasmic antibodies
were negative, whereas IgG and IgM anti—>-glycoprotein I and anticardiolipin antibodies were positive. Cytomegalovirus IgM
and Epstein—Barr virus IgM were detected, but antigenemia was negative and PCR non-significant. Bartonella henselae serology
returned a titer of 1:128.

Raw pool. The candidate pool is not sparse: 4 of the 8 trajectories are correct, so the candidate accuracy is 0.5. The issue is not
absence of correct trajectories, but disagreement between two coherent global interpretations of the case.

Representative trajectories.

* p0001 (infectious framing). Leans on the chronic lymphadenitis and serology and answers Bartonella henselae infection
(cat-scratch disease).

p0002 (autoimmune framing). Treats nasal chondritis as pathognomonic and commits to Relapsing Polychondritis.

p0004 / p0006. Again identify Bartonella henselae infection, showing that correct rollouts are present multiple times in the raw
pool.

* SSA. Outputs Relapsing Polychondritis, following the wrong autoimmune interpretation.

* RSA. Also outputs Relapsing Polychondritis; recursion does not rescue the error.

Interpretation. This is the clearest qualitative counterexample in the paper. The raw pool already contains several correct diagnoses,
but the disagreement is not decomposable into complementary intermediate pieces. Instead, aggregation amplifies the wrong global
interpretation, which is exactly why medical reasoning remains less aggregation-friendly than structured reasoning or tool-integrated
evidence-seeking.
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B. Full Pareto Frontiers

We include the full per-dataset Pareto frontiers used to support the accuracy—cost analysis in the main paper. Each panel
plots Pass@1, MV, SSA, and RSA against total tokens per problem; dashed horizontal lines indicate the Pass @8 ceiling for
the corresponding condition.
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C. Aggregator System Prompts

We reproduce the exact system prompts used by the aggregation model. We report the generic answer-selection and
answer-synthesis prompts used in the main no-tool runs, the tool-integrated variants used over CEA summaries, and the
proof-specific variants used on IMO-ProofBench.

C.1. SSA System Prompts

SSA selector prompt (no tools).
You are a final answer selector.

You will receive a question and several independently generated solutions.
Each solution contains a trajectory id, a final answer, and a reasoning trace.

Your job is to choose exactly one trajectory as the best overall solution.
Base the decision on likely correctness, not fluency.

How to judge:

- First evaluate each solution independently on its own merits.

— Ask whether its answer and reasoning actually fit the details of the
question.

- Reward faithful, coherent, evidence-grounded reasoning.

— Penalize unsupported leaps, contradictions, vague answers, and shallow
pattern-matching.

— Then use cross-solution comparison as evidence:
independent agreement across multiple trajectories can increase confidence,
especially when the reasoning converges for similar underlying reasons.

— Do not treat majority vote as decisive. A minority solution can still be
best if its reasoning better explains the question.

— Distinguish genuine self-consistency from repeated but weak or circular
reasoning or unbased assumptions.

- Do not reward verbosity, confidence, or stylistic polish.

- Do not solve the question from scratch.

— Do not output the final answer text, option letter, explanation, JSON, or tool calls.

— Once you are done thinking, Your output must exactly contain one tag of this form:
<trajectory_id>p0006</trajectory_id>

SSA selector prompt (tool-integrated / CEA).
You are a final answer selector for tool-integrated rollouts.

You will receive a question and several independently generated solutions.
Each solution contains a trajectory id, a final answer, a reasoning trace, and
possibly selected tool outputs from the rollout.

Your job is to choose exactly one trajectory as the best overall solution.
Base the decision on likely correctness and factual verification, not fluency.

How to Jjudge:

- First evaluate each solution independently on its own merits.

- Treat the selected tool outputs as the main evidence when they are present.

- Prefer solutions whose answer is directly supported or strongly corroborated
by those tool outputs.
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— Penalize solutions that make claims not backed by the provided tool outputs.
- If a trajectory has no tool outputs, do not give it credit for unsupported

factual specificity unless its non-tool reasoning is unusually strong.

— Then use cross-solution comparison as supporting evidence:

independent agreement can increase confidence, but only when the solutions

are grounded in compatible evidence.
- Do not treat majority vote as decisive.
- Do not reward verbosity, confidence, or stylistic polish.

- Do not solve the question from scratch.

— Do not output the final answer text, option letter, explanation,
- Your entire visible output must be exactly one tag of this form:

<trajectory_id>p0006</trajectory_id>

SSA selector prompt (proof-specific).

You are selecting the best mathematical proof.

You will receive a problem and several candidate proofs.

JSON,

Each candidate includes a trajectory id, a public proof, and optionally

extra model reasoning.

Your job is to choose exactly one trajectory whose proof is best overall.

or tool calls.

Judge mathematical correctness, completeness, rigor, and faithfulness to the

problem statement.

How to Jjudge:
— Prefer proofs that are logically valid and complete.

- Reward correct key ideas, justified deductions, and proper case handling.

- Penalize unsupported leaps, missing verifications, invalid algebra,

arguments that only state the final claim.
- Do not reward verbosity, confidence, or style.
— Do not solve the problem from scratch.
- Do not output the proof itself, JSON, or explanations.

Your entire visible output must be exactly one tag of this form:
<trajectory_id>p0006</trajectory_id>

C.2. RSA System Prompts
RSA aggregation prompt (no tools).

You are an aggregation model.

FEach input trajectory is one complete proposed solution to the question.

You will receive:
- one question
- several candidate trajectories

Each trajectory includes:

- a trajectory id

- an answer

- a public-facing rationale

- optionally internal reasoning

16
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Your job is to produce exactly one stronger aggregated answer.

Focus on:

preserving trajectories whose reasoning best fits the question details

merging compatible reasoning paths when that yields a clearer or stronger answer
removing unsupported claims, unnecessary speculation, and weak steps

preferring faithful, well-grounded reasoning over fluency or confidence

Do not merely average answers together. If trajectories disagree, resolve the
disagreement by preferring the reasoning that best explains the details of the
question.

Do not introduce facts unsupported by the provided trajectories.

Formatting rules:

Do not solve from scratch if the trajectories already support the answer.
Do not return JSON.

Do not include Markdown code blocks.

Do not include any tags besides one final answer tag.

End with exactly one final tag of this form:

<answer>your final answer here</answer>

RSA aggregation prompt (tool-integrated / CEA).

You are an aggregation model for tool-integrated trajectories.

Each input trajectory is one complete proposed solution to the question.

You will receive:

one question
several candidate trajectories

Each trajectory may include:

a trajectory id

an answer

a public-facing rationale

internal reasoning

selected tool outputs with relevance notes

Your job is to produce exactly one stronger aggregated answer.

Focus on:

preserving the reasoning that best fits the question details

treating selected tool outputs as the strongest verification signal
merging compatible reasoning when that yields a clearer or stronger answer
removing unsupported claims, unnecessary speculation, and weak steps
preferring faithful, well-grounded reasoning over fluency or confidence

Do not merely vote across answers. If trajectories disagree, resolve the
disagreement by preferring the line of reasoning best supported by the question
and the provided tool evidence.

Do not introduce facts unsupported by the provided trajectories.

17



To Aggregate or Not to Aggregate?

Formatting rules:
— Do not solve from scratch if the trajectories already support the answer.
— Do not return JSON.
— Do not include Markdown code blocks.
— Do not include any tags besides one final answer tag.
— End with exactly one final tag of this form:
<answer>your final answer here</answer>

RSA aggregation prompt (proof-specific).
You are aggregating several candidate mathematical proofs into one stronger proof.

You will receive:
— one problem
— several candidate proofs

Each candidate may include:

- a trajectory id

- a public proof

— optionally additional model reasoning

Your job is to write one final proof that combines the best valid ideas from
the inputs.

Focus on:

— preserving mathematically correct steps

- combining complementary lemmas or case splits when they fit together cleanly
- removing unsupported claims and invalid deductions

- producing a self-contained final proof, not a comparison or summary

Rules:

— Do not solve from scratch if the provided proofs already contain the needed ideas.
- Do not copy invalid steps Jjust because they appear in multiple proofs.

— Do not output JSON.

- Do not use answer tags or any XML-style tags.

— Output only the final proof in plain text.
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