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ABSTRACT

Incorporating expert demonstrations has empirically helped to improve the sam-
ple efficiency of reinforcement learning (RL). This paper quantifies theoretically
to what extent this extra information reduces RL’s sample complexity. In par-
ticular, we study the demonstration-regularized reinforcement learning that lever-
ages the expert demonstrations by KL-regularization for a policy learned by be-
havior cloning. Our findings reveal that using N¥ expert demonstrations en-
ables the identification of an optimal policy at a sample complexity of order
O(Poly(S, A, H)/(*N®)) in finite and O(Poly(d, H)/(¢*N®)) in linear Markov
decision processes, where ¢ is the target precision, H the horizon, A the num-
ber of action, S the number of states in the finite case and d the dimension of
the feature space in the linear case. As a by-product, we provide tight conver-
gence guarantees for the behavior cloning procedure under general assumptions
on the policy classes. Additionally, we establish that demonstration-regularized
methods are provably efficient for reinforcement learning from human feedback
(RLHF). In this respect, we provide theoretical evidence showing the benefits of
KL-regularization for RLHF in tabular and linear MDPs. Interestingly, we avoid
pessimism injection by employing computationally feasible regularization to han-
dle reward estimation uncertainty, thus setting our approach apart from the prior
works.

1 INTRODUCTION

In reinforcement learning (RL, Sutton & Barto 1998), agents interact with an environment to max-
imize the cumulative reward they collect. While RL has shown remarkable success in mastering
complex games (Mnih et al., 2013; Silver et al., 2018; Berner et al., 2019), controlling physical sys-
tems (Degrave et al., 2022), and enhancing computer science algorithms (Mankowitz et al., 2023),
it does face several challenges. In particular, RL algorithms suffer from a large sample complexity,
which is a hindrance in scenarios where simulations are impractical and struggle in environments
with sparse rewards (Goecks et al., 2020).

A remedy found to handle these limitations is to incorporate information from a pre-collected offline
dataset in the learning process. Specifically, leveraging demonstrations from experts—trajectories
without rewards—has proven highly effective in reducing sample complexity, especially in fields
like robotics (Zhu et al., 2018; Nair et al., 2020) and guiding exploration (Nair et al., 2018; Aytar
et al., 2018; Goecks et al., 2020).

However, from a theoretical perspective, little is known about the impact of this approach. Previous
research has often focused on either offline RL (Rashidinejad et al., 2021; Xie et al., 2021; Yin et al.,
2021; Shi et al., 2022) or online RL (Jaksch et al., 2010; Azar et al., 2017; Fruit et al., 2018; Dann
et al., 2017; Zanette & Brunskill, 2019b; Jin et al., 2018). In this study, we aim to quantify how
prior demonstrations from experts influence the sample complexity of various RL tasks, specifically
two scenarios: best policy identification (BPI, Domingues et al., 2021a; Al Marjani et al., 2021) and
reinforcement learning from human feedback (RLHF), within the context of finite or linear Markov
decision processes (Jin et al., 2020).

Imitation learning The case where the agent only observes expert demonstrations without further
interaction with the environment corresponds to the well-known imitation learning problem. There
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are two primary approaches in this setting: inverse reinforcement learning (Ng & Russell, 2000;
Abbeel & Ng, 2004; Ho & Ermon, 2016) where the agent first infers a reward from demonstrations
then finds an optimal policy for this reward; and behavior cloning (Pomerleau, 1988; Ross & Bag-
nell, 2010; Ross et al., 2011; Rajeswaran et al., 2018), a simpler method that employs supervised
learning to imitate the expert. However collecting demonstration could be expansive and, further-
more, imitation learning suffers from the compounding errors effect, where the agent can diverge
from the expert’s policy in unvisited states (Ross & Bagnell, 2010; Rajaraman et al., 2020). Hence,
imitation learning is often combined with an online learning phase where the agent directly interacts
with the environment.

BPI with demonstrations In BPI with demonstrations, the agent observes expert demonstrations
like in imitation learning but also has the opportunity to collect new trajectories, including reward
information, by directly interacting with the environment. There are three main method categories
for BPI with demonstration: one employs an off-policy algorithm augmented with a supervised
learning loss and a replay buffer pre-filled the demonstrations (Hosu & Rebedea, 2016; Lakshmi-
narayanan et al., 2016; Vecerik et al., 2017; Hester et al., 2018); while a second uses reinforcement
learning with a modified reward supplemented by auxiliary rewards obtained by inverse reinforce-
ment learning (Zhu et al., 2018; Kang et al., 2018). The third class, demonstration-regularized RL,
which is the one we study in this paper, leverages behavior cloning to learn a policy that imitates
the expert and then applies reinforcement learning with regularization toward this behavior cloning
policy (Rajeswaran et al., 2018; Nair et al., 2018; Goecks et al., 2020; Pertsch et al., 2021).
Demonstration-regularized RL. We introduce a particular demonstration-regularized RL method
that consists of several steps. We start by learning with maximum likelihood estimation from the
demonstrations of a behavior policy. This transfers the prior information from the demonstrations
to a more practical representation: the behavior cloning policy. During the online phase, we aim to
solve a trajectory Kullback-Leibler divergence regularized MDP (Neu et al., 2017; Vieillard et al.,
2020; Tiapkin et al., 2023), penalizing the policy for deviating too far from the behavior cloning
policy. We use the solution of this regularized MDP as an estimate for the optimal policy in the
unregularized MDP, effectively reducing BPI with demonstrations to regularized BPI.

Consequently, we propose two new algorithms for BPI in regularized MDPs: The

algorithm, a variant of the UCBVI-Ent algorithm by Tiapkin et al. (2023) with improved sam-
ple complexity, and the algorithm, its adaptation to the linear setting. When in-
corporated into the demonstration-regularized RL method, these algorithms yield sample com-
plexity rates for BPI with N® demonstrations of order” O(Poly(S, A, H)/(¢2N*®)) in finite and
O(Poly(d, H)/(2N®)) in linear MDPs, where ¢ is the target precision, H the horizon, A the number
of action, S the number of states in the finite case and d the dimension of the feature space in the lin-
ear case. Notably, these rates show that leveraging demonstrations can significantly improve upon
the rates of BPI without demonstrations, which are of order O(Poly(S, A, H)/<?) in finite MDPs
(Kaufmann et al., 2021; Ménard et al., 2021) and O(Poly(d, H) /<) in linear MDPs (Taupin et al.,
2023). This work, up to our knowledge, represents the first instance of sample complexity rates for
BPI with demonstrations, establishing the provable efficiency of demonstration-regularized RL.
Preference-based BPI with demonstration In RL with demonstrations, the assumption typically
entails the observation of rewards in the online learning phase. However, in reinforcement learning
from human feedback, such that recommendation system (Chaves et al., 2022), robotics (Jain et al.,
2013; Christiano et al., 2017), clinical trials (Zhao et al., 2011) or large language models fine-tuning
(Ziegler et al., 2019; Stiennon et al., 2020; Ouyang et al., 2022), the reward is implicitly defined by
human values. Our focus centers on preference-based RL (PbRL, Busa-Fekete et al. 2014; Wirth
et al. 2017; Novoseller et al. 2020; Saha et al. 2023) where the observed preferences between two
trajectories are essentially noisy reflections of the value of a link function evaluated at the difference
between cumulative rewards for these trajectories.

Existing literature on PbRL focuses either on the offline setting where the agent observes a pre-
collected dataset of trajectories and preferences (Zhu et al., 2023; Zhan et al., 2023a) or on the

"The boundary between the above families of methods is not strict, since for example, one can see the
regularization in the third family as a particular choice of auxiliary reward learned by inverse reinforcement
learning that appears in the second class of methods.

’In the O(-) notation we ignore terms poly-log in H,S, A,d,1/8,1/¢ and the notation Poly indicates
polynomial dependencies.
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online setting where the agent sequentially samples a pair of trajectories and observes the associated
preference (Saha et al., 2023; Xu et al., 2020; Wang et al., 2023).

In this work, we explore a hybrid setting that aligns more closely with what is done in practice
(Ouyang et al., 2022). In this framework, which we call preference-based BPI with demonstration,
the agent selects a sampling policy based on expert-provided demonstrations used to generate tra-
jectories and associated preferences. The offline collection of preference holds particular appeal in
RLHF due to the substantial cost and latency associated with obtaining preference feedback. Fi-
nally, in our setting, the agent engages with the environment by sequentially collecting reward-free
trajectories and returns an estimate for the optimal policy.

Demonstration-regularized RLHF To address this novel setting, we follow a similar approach
that was used in RL with demonstrations. We employ the dataset of preferences sampled using
the behavior cloning policy to estimate rewards. Then, we solve the MDP regularized towards
the behavior cloning policy, equipped with the estimated reward. Using the same regularized BPI
solvers, we establish a sample complexity for the demonstration-regularized RLHF method of order
O((Poly(S, A, H)/(¢2N"®)) in finite MDPs and O((Poly(d, H) /(> N*)) in linear MDPs. Intriguingly,
these rates mirror those of RL with demonstrations, illustrating that RLHF with demonstrations does
not pose a greater challenge than RL with demonstrations. Notably, these findings expand upon the
similar observation made by Wang et al. (2023) in the absence of prior information.

We highlight our main contributions:

* We establish that demonstration-regularized RL is an efficient solution method for RL with N
demonstrations, exhibiting a sample complexity of order O(Poly (S, A, H)/(¢2N®)) in finite MDPs
and O(Poly(d, H)/(¢2N"®)) in linear MDPs.

* We provide evidence that demonstration-regularized methods can effectively address reinforce-
ment learning from human feedback (RLHF) by collecting preferences offline and eliminating
the necessity for pessimism (Zhan et al., 2023a). Interestingly, they achieve sample complexities
similar to those in RL with demonstrations.

* We prove performance guarantees for the behavior cloning procedure in terms of Kullback-Leibler
divergence from the expert policy. They are of order O(Poly(S, A, H)/NT) for finite MDPs and
O(Poly(d, H)/N) for linear MDPs.

* We provide novel algorithms for regularized BPI in finite and linear MDPs with sample complexi-
ties O(H®S?A/(xe)) and O(H®d?/(Xe)), correspondingly, where X is a regularization parameter.

2  SETTING

MDPs We consider an episodic MDP M = (S, s1, A, H, {pn }ne(m), {rh }nepm)), Where S is the set
of states with s; the fixed initial state, A is the finite set of actions of size A, H is the number of steps
in one episode, py,(s’|s, a) is the probability transition from state s to state s’ by performing action a
in step h. And 71 (s, a) € [0,1] is the reward obtained by taking action a in state s at step h.

We will consider two particular classes of MDPs.

Definition 1. (Finite MDP) An MDP M is finite if the state space S is finite with size denoted by S.
Definition 2. (Linear MDP) An MDP M = (S, s1, A, H, {pn}ne(m), {rn}tnepm) is linear if the state
space S is a measurable for a certain o-algebra Fs, and there exists known feature map ¢: S x
A — R¢, and unknown parameters 6, € R% and an unknown family of signed measure y, ;,h €
[H],i € [d] with its vector form py: Fs — R? such that for all (h,s,a) € [H] x S x A and for any
measurable set B € Fs, it holds 7 (s,a) = (s, a) s, and pu(Bls,a) = 3¢ ¥(s,a)ipn,i(B) =
¥(s,a) un(B). Without loss of generality, we assume ||¢(s,a)|l2 < 1 for all (s,a) € S x A and
maxc{ | (8)2, 164]|2} < Va for all h € [H).

Policy & value functions A policy = is a collection of functions 7, : S — A4 for all h € [H],
where every m, maps each state to a probability over the action set. We denote by II the set of
policies. The value functions of policy = at step h and state s is denoted by V;, and the optimal
value functions, denoted by V;, are given by the Bellman respectively optimal Bellman equations

Qn(s,a) = mh(s,a) + prViii(s,a) Vil (s) = max Qn(s,a)
where by definition, V45, £ 0. Furthermore, py, f(s, a) = Egwp,, (1,0 [f(s")] denotes the expectation

operator with respect to the transition probabilities p, and m,g(s) £ Eqnx, (|5 [9(s, a)] denotes the
composition with the policy = at step h.

Trajectory Kullback-Leibler divergence We define the trajectory Kullback-Leibler divergence
between policy 7 and policy 7’ as the average of the Kullback-Leibler divergence between policies
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at each step along a trajectory sampled with 7,
H
KLiraj(7]|7') = Bx | > KL(mn(sn)[|77 (s0))
h=1
3 BEHAVIOR CLONING

In this section, we analyze the complexity of behavior cloning for imitation learning in finite and
linear MDPs.

Imitation learning In imitation learning we are provided a dataset Dy 2 {# =
(s%,a,...,s%,al), i € [NF]} of N® independent reward-free trajectories sampled from a fixed
unknown expert policy 7¥. The objective is to learn from these demonstrations a policy close to
optimal. In order to get useful demonstrations we assume that the expert policy is close to optimal,
that is, Vi*(s1) — VI’TE(sl) < eg for some small eg > 0.

Behavior cloning The simplest method for imitation learning is to directly learn to replicate the
expert policy in a supervised fashion. Precisely the behavior cloning policy 7€ is obtained by
minimizing the negative-loglikelihood over a class of policies 7 = {m € II : 7, € F} with F},
being a class of conditional distributions S — P(.A) and where R, is some regularizer,

H [ NE
1
BC :
7w € argmin log ——— 4+ Ru(m) | . (1)
TEF }; ; mn(ay,|s},)
In order to provide convergence guarantees for behavior cloning, we make the following assump-
tions. First, we assume some regularity conditions on the class of policies defined in terms of

covering numbers of the class, see Appendix A for a definition.
Assumption 1. For all h € [H], there are two positive constants d, R > 0 such that
Vh € [H|,Ve € (0,1) : log N (g, Fn, ||]loc) < drlog(Rr/c).
Moreover, there is a constant v > 0 such that for any h € [H], m, € F}, it holds 7, (a|s) > ~ for any
(s,a) € S x A.
The Assumption | is a typical parametric assumption in density estimation, see e.g. Zhang (2002),

with dr being a covering dimension of the underlying parameter space. The part of the assumption
on a minimal probability is needed to control KL-divergences (Zhang, 2006).

Next, we assume that a smooth version of the expert policy belongs to the class of hypotheses.
Assumption 2. There is a constant x € (0,1/2) such that a x-greedy version of the expert policy
defined by 7" (a|s) = (1 — k)my (a|s) + /A belongs to the hypothesis class of policies: 7%~ € F.

Note that a deterministic expert policy verifies Assumption 2 provided that ~ is small enough and
the policy class is rich enough. For x = 0, this assumption is never satisfied for any v > 0.

In the sequel, we provide examples of the policy class F and regularizers (Rx)pe(m) for finite or
linear MDPs such that the above assumptions are satisfied. We are now ready to state general
performance guarantees for behavior cloning with KL regularization.

Theorem 1. Let Assumptions -2 be satisfied and let 0 < Rp(wn) < M for all h € [H] and any
policy © € F,. Then with probability at least 1 — 6, the behavior policy n=€ satisfies

< 6drH - (log(Ae®/(Ay A k) -log(2HNERx/(v8))  2HM 18k

- NE NE 1—k"

This result shows that if the number of demonstrations N¥ is large enough and v = 1/N¥, x =
A/N® then the behavior cloning policy 7€ converges to the expert policy #® at a fast rate of
order O((drH + A)/N®) where we measure the “distance” between two policies by the trajectory
Kullback-Leibler divergence. The proof of this theorem is postponed to Appendix B and it heavily
relies on verifying the so-called Bernstein condition (Bartlett & Mendelson, 2000).

3.1 FINITE MDPs

For finite MDPs, we chose a logarithmic regularizer Ry, (7)) = Zm log(1/mp(als)) and the class
of policies F = {m € TI : 7, (als) > 1/(N¥ 4+ A)}. One can check that Assumptions 1-2 hold and
0 < Rp(mrn) < SAlog(NE + A). We can apply Theorem | to obtain the following bound for finite
MDPs (see Appendix for additional details).

Corollary 1. Forall N® > A, for function class F and regularizer (Rp)ne(m) defined above, it holds
with probability at least 1 — 0,

KLy ([ 75°)

o 6SAH - log(2¢* N®) - log(12H(N®)?/6) N 18AH

KLtraj (ﬂ-E”ﬂ-BC) NE NE
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Note that, imitation learning with a logarithmic regularizer is closely related to the statistical problem
of conditional density estimation with Kullback-Leibler divergence loss, see for example Section 4.3
by van der Hoeven et al. (2023) and references therein. Additionally, we would like to emphasize
that the presented upper bound is optimal up to poly-logarithmic terms, see Appendix for a
corresponding lower bound.

Remark 1. In fact, the constraint added by the class of policies F is redundant with the effect of
regularization and one can directly optimize over the whole set of policies in (1). It is then easy to
obtain a closed formula for the behavior cloning policy 75 (als) = (NF(s,a) + 1)/(NE(s) + A),
where we define the counts by Ni(s) = 3=, ., Ni'(s,a) and Ni(s,a) = Ef\'j 1{(sh,a%) = (s,a)}.
Remark 2. Contrary to Ross & Bagnell (2010) and Rajaraman et al. (2020), our bound does not
feature the optimality gap of the behavior policy but measures how close it is to the expert policy
which is crucial to obtain the results of the next sections. Nevertheless, we can recover from our
bound some of the results of the aforementioned references, see Appendix for details.

3.2 LINEAR MDPs

For the linear setting, we need the expert policy to belong to some well-behaved class of parametric
policies. A first possibility would be to consider a greedy policy with respect to Q-value, linear in the
feature space 7 (s) € argmax, ¢ , (79)(s)"wy, for some parameters wy, as it is done in the existing
imitation learning literature (Rajaraman et al., 2021). However, under such a parametrization it
would be almost impossible to learn an expert policy with a high quality since a small perturbation
in the parameters w;, could lead to a completely different policy. We emphasize that if we assume
that the expert policy is an optimal one, then Rajaraman et al. (2021) proposes a way to achieve a
e-optimal policy but not how to reconstruct the expert policy itself. That is why we consider another
natural parametrization where the log probability of the expert policy is linear in the feature space.
Assumption 3. For all h € [H], there exists an unknown parameter wy. € R? with ||Jw} |2 < R for
some known R > 0 such that 7F(a|s) = exp((s, a)TwE)/(Za,eA exp(Y(s,a’)wk)).

For instance, this assumption is satisfied for optimal policy in entropy-regularized linear MDPs,

see Lemma | in Appendix B.3. Under Assumption 3, a suitable choice of policy class is given by
F={mrell:m, € Frn} where
Fn = dmnla]s) = K +(1—r) exp(¢(s, a)Twn) cw, € RY wnll2 < R )
U A o a exp(W(s,a)Twn) ~ = T

and K = A/(N® + A). Furthermore, for the linear setting, we do not need regularization, that is,
R (m) = 0. Equipped with this class of policies we can prove a similar result as in the finite setting
with the number of states replaced by the dimension d of the feature space.
Corollary 2. Under Assumption 3, function class F defined above and regularizer Ry, = 0 for all
h € [H), it holds for all N¥ > A with probability at least 1 — 6,
. 3 E\ | E\2

KlLura; (72 [75C) < 8dH - (log(2e’ANT) (10}5(};18(]\] )*R) + log(H/9d))) n 1&3\174EH .
Taking into account the fact that finite MDPs are a specific case within the broader category of linear
MDPs, the lower bound presented in Appendix also shows the optimality of this result.

4 DEMONSTRATION-REGULARIZED RL

In this section, we study reinforcement learning when demonstrations from an expert are also avail-
able. First, we describe the regularized best policy identification framework that will be useful later.

Regularized best policy identification (BPI) Given some reference policy 7 and some regular-
ization parameter A > 0, we consider the trajectory Kullback-Leibler divergence regularized value
function V7, ;(s1) £ Vi"(s1) — AKLtraj(mr, 7). In this value function, the policy = is penalized for
moving too far from the reference policy 7. Interestingly, we can compute the value of policy = with
the regularized Bellman equations, (Neu et al., 2017; Vieillard et al., 2020)

g,A,h(sa a) =ru(s,a) +th7~:,\,h+1(5a a), V??,A,h(s) = Wth,)\,h(s) — AKL(mp(s)[|7n(s)),

where V7, ., = 0. We are interested in the best policy identification for this regularized value.
Precisely, in regularized BPI, the agent interacts with MDP as follows: at the beginning of episode
t, the agent picks up a policy 7‘ based only on the transitions collected up to episode ¢ — 1. Then a
new trajectory (with rewards) is sampled following the policy 7* and is observed by the agent. At
the end of each episode, the agent can decide to stop collecting new data, according to a random
stopping time ¢ (¢ = ¢ if the agent stops after the ¢-th episode), and output a policy 7 based on the
observed transitions. An agent for regularized BPI is therefore made of a triplet ((7*)ien, ¢, 7).
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Definition 3. (PAC algorithm for regularized BPI) An algorithm ((7*):en, ¢, 7) is (¢, §)-PAC for BPI
regularized with policy 7 and parameter \ with sample complexity C(e, A, §) if

P(Viai(sr) = Viaa(s) <2, 0 <C(EA0) > 1-0.

We can now describe the setting studied in this section.

BPI with demonstration We assume, as in Section 3, that first the agent observes N¥ independent
trajectories Dy sampled from an expert policy 7. Then the setting is the same as in BPI. Precisely,
the agent interacts with the MDP as follows: at episode ¢, the agent selects a policy 7* based on
the collected transitions and the demonstrations. Then a new trajectory (with rewards) is sampled
following the policy n* and observed by the agent. At the end of each episode, the agent stops
according to a stopping rule ¢ (. = ¢t if the agent stops after the ¢-th episode), and outputs a policy
™ RL .

Definition 4. (PAC algorithm for BPI with demonstration) An algorithm ((7%)¢en, ¢, 7°%) is (g, §)-
PAC for BPI with demonstration with sample complexity C(s, N, ) if

RL

IF’(Vl*(sl)—V{’ (s1) <e, LSC(&,NE,(S))ZI—(S.

To tackle BPI with demonstration we focus on the following natural and simple approach.

Demonstration-regularized RL. The main idea behind this method is to reduce BPI with demon-
stration to regularized BPI. Indeed, in demonstration-regularized RL, the agent starts by learning
through behavior cloning from the demonstration of a policy #5€ that imitates the expert policy,
refer to Section 3 for details. Then the agent computes a policy 7" by performing regularized BPI
with policy 72¢ and some well-chosen parameter . The policy 77" is then returned as the guess for
an optimal policy. The whole procedure is described in Algorithm . Intuitively the prior informa-
tion contained in the demonstration is compressed into a handful representation namely the policy
72¢. Then this information is injected into the BPI procedure by encouraging the agent to output a
policy close to the behavior policy.

Algorithm 1 Demonstration-regularized RL

1: Input: Precision parameter ery,, probability parameter drr,, demonstrations Dg, regularization
parameter .

2: Compute behavior cloning policy 7°¢ = BehaviorCloning(Dg).

3: Perform regularized BPI 7" = RegBPI (7%, \, erL, dr1)

4: Output: policy =",

Using the previous results for regularized BPI, we next derive guarantees for demonstration-
regularized RL. We start from a general black-box result that shows how the final policy error
depends on the behavior cloning error, parameter A, and the quality of regularized BPI.

Theorem 2. Assume that there are an expert policy ™ such that Vi (s1) — VfTE(sl) < eganda
behavior cloning policy w5° satisfying \/KLiraj(nE[|7BC) < exr. Let 7™ be ery.-optimal policy in
A-regularized MDP with respect to 7BC, that is, V;Bc’/\’l(sl) - VTZFBRCLA’1 < erw. Then =R fulfills

RL
Vl*(sl) -V (31) <eg+erL+ )\E%(L.

In particular, under the choice \* = ery/eky, the policy " is (2er1 + er)-optimal in the original
(non-regularized) MDP.

Remark 3. We define an error in trajectory KL-divergence under the square root because the KL-
divergence behaves quadratically in terms of the total variation distance by Pinsker’s inequality.

Remark 4 (BPI with prior policy). We would like to underline that we exploit all the prior informa-
tion only through one fixed behavior cloning policy. However, as it is observable from the bounds
of Theorem 2, our guarantees are not restricted to such type of policies and potentially could work
with any prior policy close enough to a near-optimal one in trajectory Kullback-Leibler divergence.

The proof of the theorem above is postponed to Appendix C. To apply this result and derive sample

complexity for demonstration-regularized BPI, we present the algorithm, a modifica-
tion of the algorithm UCBVI-Ent proposed by Tiapkin et al. (2023), that achieves better rates for
regularized BPI in the finite setting. In Appendix E, we also present the algorithm,
a direct adaptation of the to the linear setting.
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Notably, the use of UCBVI-Ent by Tiapkin et al. (2023) within the framework of demonstration-
regularized methods, fails to yield acceleration through expert data incorporation due to its O(1/?)
sample corpplexity. In contrast, the enhanced variant, , exhibits a more favorable com-
plexity of O(1/(e))), where A = £/e%;. > ¢ under the conditions stipulated in Theorem 2, for a ek,
sufficiently small. It is noteworthy that an alternative approach employing the RL-Explore-Ent
algorithm, introduced by Tiapkin et al. (2023), can also achieve such acceleration. However,
RL-Explore-Ent is associated with inferior rates in terms of S and H and is challenging to ex-
tend beyond finite settings.

The algorithm works by sampling trajectories according to an exploratory version of
an optimistic solution for the regularized MDP which is characterized by the following rules.

sampling rule To obtain the sampling rule at episode ¢, we first compute a policy 7*
by optimistic planning in the regularized MDP,

Qu(s.0) = clip(ra(s, @) + 5 Visi(s,a) + 0" (5,0), 0, H)

77 (5) = argmax{ 7@, (5) = AKL(x|7n(5) },  Vi(s) = 717 QL (5) = AKL(} ™ ()7 (s))

TEA 5
with qu +1 = 0 by convention, where 7 is a reference policy, p’ is an estimate of the transition
probabilities, and b* some bonus term taking into account estimation error for transition probabili-
ties. Then we define a family of policies that aim to explore actions for which Q-value is not well
estimated at a particular step. That is, for &’ € [0, H], the policy 7t("") first follows the optimistic
policy 7 until step h where it selects an action leading to the largest width of a confidence interval
for the optimal Q-value,

t’(h,)( 5) = 71 (als) ifh#h,
T Rals) = ﬂ{a:argmaxa/eA(QZ(&a’)—QZ(s,a’))} ifh="H,
where Qt is a lower bound on the optimal regularized Q-value function, see Appendix . In

particular, for A’ = 0 we have 7*(©) = 7*. The sampling rule is obtained by picking uniformly
at random one policy among the family = = =" n’ € [0, H] in each episode. Note that it is
equivalent to sampling from a uniform mixture policy 7™ over all A’ ¢ [0, H], see Appendix
for more details. This algorithmic choice allows us to exploit strong convexity of the KL.-divergence
and control the properties of a stopping rule, defined in Appendix , that depends on the gap
(@n(5,0) — QL (5,0))*.

The complete procedure is described in Algorithm 3 in Appendix D. We prove that for the well-
calibrated bonus functions b?'! and a stopping rule defined in Appendix D.4, the algo-
rithm is (g, §)-PAC for regularized BPI and provide a high-probability upper bound on its sample
complexity. Additionally, a similar result holds for algorithm. The next result is
proved in Appendix and Appendix

Theorem 3. Foralle > 0, § € (0,1), the / algorithms defined in
Appendix /Appendix are (g,0)-PAC for the regularized BPI with sample complexity
~/(H5S2A . ~(H°d*\ .
C(e,d) = O< e ) (finite) C(e, ) = O( e ) (linear).
Additionally, assume that the expert policy is ex = €/2-optimal and satisfies Assumption 3 in the
linear case. Let wEC be the behavior cloning policy obtained using corresponding function sets
described in Section 3. Then demonstration-regularized RL based on /
with parameters ery, = €/4, 6rL = 6/2 and X = O(N"e/(SAH))/O(N"e/(dH)) is (e, 5)-PAC for
BPI with demonstration in finite / linear MDPs and has sample complexity of order
H°SA?N . ~(HSd®\
NT(EQ) (ﬁnlte) C(c‘:,NE,(S) = O(NTEQ) (lmear).
In the finite setting, improves the previous fast-rate sample complexity result of order
O(H®S*A/(Xe)) by Tiapkin et al. (2023). For the linear setting, we would like to acknowledge that
is the first algorithm that achieves fast rates for exploration in regularized linear

C(e, N®,6) = 6(

MDPs.

5 DEMONSTRATION-REGULARIZED RLHF

In this section, we consider the problem of reinforcement learning with human feedback. We assume
that the MDP is finite, i.e., |S| < +oo to simplify the manipulations with the trajectory space.
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However, the state space could be arbitrarily large. In this setting, we do not observe the true reward
function r* but have access to an oracle that provides a preference feedback between two trajectories.
We assume that the preference is a random variable with parameters that depend on the cumulative
rewards of the trajectories as detailed in Assumption 4. Given a reward function r = {r,}/_;, we
define the reward of a trajectory 7 € (S x .A)" as the sum of rewards collected over this trajectory
r(r) 2 Zthl rr(Sh,an).

Assumption 4 (Preference-based model). Let 79, 71 be two trajectories. The preference for r, over
7o 18 a Bernoulli random variable o with a parameter ¢, (70, 71) = o(r*(71) — r*(70)), where o: R —
[0, 1] is a monotone increasing link function that satisfies inf,c;_ ) o’ () = 1/¢ for ¢ > 0.

The main example of the link function is a sigmoid function o(z) = 1/(1 + exp(—=z)) that leads to
the Bradley-Terry-Luce (BTL) model (Bradley & Terry, 1952) widely used in the literature (Wirth
etal., 2017; Saha et al., 2023). We now introduce the learning framework.

Preference-based BPI with demonstration We assume, as in Section 3, that the agent observes
N independent trajectories Dy sampled from an expert policy 7. Then the learning is divided in
two phases:

1) Preference collection. Based on the observed expert trajectories Dg, the agent selects a sampling
policy 7° to generate a data set of preferences Drn = { (&, 7F, 0F)}2, " consisting of pairs of tra-
jectories and the sampled preferences. Specifically, both trajectories of the pair (7, 7§) are sampled
with the policy 7° and the associated preference o” is obtained according to the preference-based
model described in Assumption

2) Reward-free interaction. Next, the agent interacts with the reward-free MDP as follows: at
episode ¢, the agent selects a policy ©* based on the collected transitions up to time t, demonstrations
and preferences. Then a new trajectory (reward-free) is sampled following the policy «* and is
observed by the agent. At the end of each episode, the agent can decide to stop according to a
stopping rule  and outputs a policy 7*-F,

Definition 5 (PAC algorithm for preference-based BPI with demonstration). An algorithm
(7*)ten, 7, 1, 7Y s (g, §)-PAC for preference-based BPI with demonstrations and sample com-
plexity C(e, N&, 6) ifIP’(Vl*(sl) —vr M (s1) < e, 0 < Cle, NE, 5)) > 1— 6, where the unknown true
reward function r* is used in the value-function V'*.

For the above setting, we provide a natural approach that combines demonstration-regularized RL
with the maximum likelihood estimation of the reward given preferences dataset.

Demonstration-regularized RLHF During the preference collection phase, the agent generates
.. . . k _k _kyyNRM

a dataset comprising trajectories and observed preferences, denoted as Drm = {(70,71,0") }x=1 DY

executing the previously computed policy 75¢. Using this dataset, the agent can infer the reward via

maximum likelihood estimation (MLE).

Algorithm 2 Demonstration-regularized RLHF

1: Input: Precision parameter errLur, probability parameter drrLur, demonstrations Dg, prefer-
ences budget N™™, regularization parameter \.

Compute behavior cloning policy 7% = BehaviorCloning(Dg);

Select sampling policy 7° = 7€ and collect preference dataset Dru;

Compute reward estimate # = RewardMLE(G,, Drm);

Perform regularized BPI using 7 as reward: 7" = RegBPI (75, \, errur, OrLur; #)

Output: policy 7®*MF,

AN A

The core idea behind this approach is to simplify the problem by transforming it into a regularized
BPI problem. The agent starts with behavior cloning applied to the expert dataset, resulting in the
policy 7B€. During the preference collection phase, the agent generates a dataset comprising trajec-
tories and observed preferences, denoted as Dry = { (¢, 7F,0%)}2., " by executing the previously
computed policy 7BC. Hsing this dataset, the agent can infer the reward via MLE:

P A argenglax];i 0" log <a(r(r{“) - r(r{f))) +(1-0")log (1 —o(r(rf) - r(n’f))> :

where G is a function class for trajectory reward functions’. Finally, the agent computes 7" by
performing regularized BPI with policy 72, a properly chosen regularization parameter X and the
estimated reward 7. The complete procedure is outlined in Algorithm

3For the theoretical guarantees on MLE estimate of rewards # we refer to Appendix
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For this algorithm, we use the behavior cloning policy 7€ for two purposes. First, it allows efficient
offline collection of the preference dataset Drai, from which a high-quality estimate of the reward
can be derived. Second, a regularization towards the behavior cloning policy 75€ enables the injec-
tion of information obtained from the demonstrations, while also avoiding the direct introduction of
pessimism in the estimated reward as in the previous works that handle offline datasets (Zhu et al.,
2023; Zhan et al., 2023a).

Remark 5. Zhan et al. (2023b) propose a similar two-stage setting of preference collection and
reward-free interaction without prior demonstrations and propose an algorithm for this setup. How-
ever, as compared to their result, our pipeline is adapted to any parametric function approximation of
rewards and does not require solving any (non-convex) optimization problem during the preference
collection phase.

Remark 6. Our approach to solve BPI with demonstration within the preference-based model
framework draws inspiration from well-established methods for large language model RL fine-
tuning (Stiennon et al., 2020; Ouyang et al., 2022; Lee et al., 2023). Specifically, our algorithm’s
policy learning phase is similar to solving an RL problem with policy-dependent rewards

i (s,a) = (s, a) — Mog (M (als) /m (als)) -
This formulation, coupled with our prior stages of behavior cloning, akin to supervised fine-tuning
(SFT), and reward estimation through MLE based on trajectories generated by the SFT policy, mir-
rors a simplified version of the three-phase RLHF pipeline.

The following sample complexity bounds for tabular and linear MDPs is a simple corollary of The-
orem 8 and Theorem 3 and its proof is postponed to Appendix

Corollary 3 (Demonstration-regularized RLHF). Let Assumption 4 hold. For e > 0 and § € (0,1),
assume that an expert policy g is €/8-optimal and satisfies Assumption 3 in the linear case. Let
7€ be the behavioral cloning policy obtained using function sets described in Section 3 and let the
set G be defined in Lemma 19 for finite and in Lemma 20 for linear setting, respectively.

If the following two conditions hold

(1) N® . NEM > §(§2H252/52); (2) N® > £~2<H25/5) or N¥M > Q(CTCQHB/EQ)
for D = SA/d in finite/linear MDPs and C, = C,.(G, =", 7®C) is a single-policy concentrability
coefficient defined in (20), Appendix F.3 (see also Zhan et al. 2023a), then demonstration-regularized
RLHF based on ‘nt+ / with parameters er1, = /16, g, = 6/3 and \ =
A > O(N®e/(SAH))/O(N"e/(dH)) is (g,8)-PAC for BPI with demonstration in finite/ linear
MDPs with sample complexity
H®S®A? , ~( H°d?
W) (ite) - C(e N7, 8) = O(NTEQ
The conditions (1) and (2) control two different terms in the reward estimation error presented in
Theorem &. Condition (1) shows that the small size of the expert dataset should be compensated by
a larger dataset used for reward estimation and vice versa.

C(E,NE,(S) :6< ) (linear).

At the same time, condition (2) requires that at least one of these datasets is large enough to overcome
the sub-exponential behavior of the error in the reward estimation problem. We remark that the
second part of the condition (2) N® > (,./¢? is unavoidable in the general case of offline learning
even if the transitions are known due to a lower bound in Theorem 3 by Zhan et al. (2023a). However,
as soon as the reward estimation error is small enough, we obtain the same sample complexity
guarantees as in the demonstration-regularized RL (see Section 4).

6 CONCLUSION

In this study, we introduced the BPI with demonstration framework and showed that demonstration-
regularized RL, a widely employed technique, is not just practical but also theoretically efficient
for this problem. Additionally, we proposed a novel preference-based BPI with demonstration ap-
proach, where the agent gathers demonstrations offline. Notably, we proved that a demonstration-
regularized RL method can also solve this problem efficiently without explicit pessimism injection.
A compelling direction for future research could involve expanding the feedback mechanism in the
preference-based setting, transitioning from pairwise comparison to preference ranking (Zhu et al.,
2023). Additionally, it would be interesting to explore scenarios where the assumption of a white-
box preference-based model, as proposed by Wang et al. (2023), is relaxed.
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A NOTATION

Table 1: Table of notation use throughout the paper

Notation Meaning
S state space of size S
A action space of size A
d dimension of linear MDP
H length of one episode
$1 initial state
L stopping time
T trajectory space, T 2 (S x A)H
€ desired accuracy of solving the problem
1 desired upper bound on failure probability
pr(s|s,a) probability transition
rh(s,a) reward function
Vir, Vi value of policy 7 and optimal value
Q7 Q-value of policy 7 and optimal Q-value
Vi VEan regularized value of policy 7 and optimal regularized value
Q% 2o @50 | regularized Q-value of policy 7 and optimal regularized Q-value
11, 115 space of all policies and space of policies on step h
IL,, 11 - space of all policies and policies on step h with minimal probability ~
Dg expert dataset of size N¥: D £ {7; = (s¢,a},..., sk, a%), i € [NE]}
7P expert policy
mhe r-greedy version of the expert policy
EE sub-optimality gap of the expert policy: V*(s1) — Vl’TE (s1) <eg
7BC behavior cloning policy
Rp, regularizer for behavior cloning
F class of policies for behavior cloning
dr covering dimension of one-step policy class for behavior cloning
st state that was visited at h step during ¢ episode
aj action that was picked at h step during ¢ episode
r* true reward function in a preference-based model
o link function, see Assumption
¢ linearity measure of link function, see Assumption
7S sampling policy for generation preference dataset
Drum preference dataset of size NRM : Dryy = {(78, 7F, 0F)}

single-policy concentrability coefficient, see (20)
class of trajectory rewards for reward modeling

dg bracketing dimension of the induced preference models
TR policy for BPI with demonstration

RLHF policy for preference-based BPI with demonstration

C(e, NE,6) sample complexity for BPI with demonstration

Cle, N\, 90) sample complexity for regularized BPI

R4 non-negative real numbers

N4 positive natural numbers

[n) set {1,2,...,n}

e Euler’s number

AW d — 1-dimensional probability simplex: Ay = {z € R% : ijl x; =1}
Ax set of distributions over a finite set X' : Ay = Ay
clip(z, m, M) clipping procedure clip(z, m, M) £ max(min(z, M), m)

Let (X, X) be a measurable space and P (X) be the set of all probability measures on this space. For
p € P(X), we denote by E,, the expectation w.r.t. p. For a random mapping £ : X — R notation
& ~ p means Law(£) = p. For any measures p,q € P(X), we denote their product measure by
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p ® q. We also write E¢., instead of E,,. For any p,q € P(X), the Kullback-Leibler divergence
between p and ¢ is given by

E,[log 3—2]7 p<Lq,
400, otherwise .

KL(p,q) = {

For any p € P(X) and f : X — R, we denote pf = E,[f]. In particular, for any p € Ay and f :
{0,...,d} = R, weuse pf = S0_ f(£)p(L). Define Var,(f) = Egrpy [(f(s) —pf)?] = p[f?] -
(pf)?. For any (s,a) € S, transition kernel p(s,a) € P(S) and f: S — R, define pf(s,a) =
Ep(s,0)[f] and Var,[f](s,a) = Vary(s q)[f]. Forany s € S, policy 7(s) € P(S)and f: S x A —
R, set 7f(s) = Equn(s)[f(s,a)] and Vary f(s) = Vargr(s)[f(s,a)]. For a MDP M, a policy
7 and a sequence of function (fx, h € [H]), define Eﬂ[zg:h f(sns,an)|sk] as a conditional
expectation of Zg:h f(sns,an) with respect to the sigma-algebra Fj, = o{(sp/,ap/)|h < h},
where for any h € [H], we have ap, ~ 7(sp), Sh+1 ~ Dr(Sh, an).

We define trajectory KL-divergence between two policies 7 = {74 }ne(u), @ = {7Th}ne(m) as
follows
H
KLtraj (77'7 77/) =E, Z KL(W}L(Sh)7 W;L(Sh))
h=1

We write f(S, A, H,e) = O(g(S, A, H,¢,9)) if there exist Sy, Ao, Ho, €9, 6o and constant C 4
such that for any S > S()7A > A(),H > Hp,e < 50,(5 < (5(),f(S,A,H,T,5) < Cf,g .
g(S, A, H,T,¢6). We write f(S,A,H,e,0) = O(g(S, A, H,¢,0)) if C 4 in the previous defini-
tion is poly-logarithmic in S, A, H,1/e,1/0.

For any symmetric positive definite matrix A, we define the corresponding A-scalar product and

A-norm as follows
<x»y>A = <‘r1Ay>7 ”x”A =V <xa$>A'
Notice that if [|A||2 < ¢, then ||z|| 4 < v/c||z]|2-

Coverings, packings, and bracketings A pair (X, p) is called pseudometric space with a metric
p: X x X — Ry if p satisfies p(x,z) = 0 for all z € X, p is symmetric, that is, Vz,y € X :
p(z,y) = p(y, ), and p satisfies triangle inequality Vz, y, z : p(z,y) + p(y, 2) > p(z, 2).

Definition 6 (s-covering and packing). Let (X, p) be a (pseudo)metric space with a metric p: X X
X — Ry. The e-covering number N (g, X, p) is the size of the minimal e-cover of (X, p), that is,

N(E,X,p)z;{nci%{|X| Vye X3z e X :p(y,x) <e}.

The e-packing number P (e, X, p) is the size of the maximal e-separated set of (X, p),

Ple, X, p) = max{|X]: Vo #y € X : p(z,y) > e}
Definition 7 (c-bracketing). Let F: X — R be a function class endowed with a norm ||-||. Given
two functions ¢, u: X — R, a bracket [£, u] is a set of all functions f € F such that £(z) < f(x) <

u(x) for all z € X. A e-bracket is a bracket [£, u] such that ||¢ — u|| < e. The e-bracketing number
Ny (e, F,||-]]) is the cardinality of the minimal set of e-brackets needed to cover F,

Ny(F, 1D = mj\i[n{|N| |VfeFIlu e N:lx) < fz) <ulx)Vx € X, ||l —ul|| <e}.
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B BEHAVIOR CLONING
In this appendix, we gather the proofs of the results for behavior cloning presented in Section 3.

B.1 PROOF FOR GENERAL SETTING

In this appendix, we provide the proof of Theorem 1.

Theorem (Restatement of Theorem 1). Assume Assumptions 1-2 and that 0 < Ry, (7)) < M for

all h € [H), for any policy m € F,. Let ©2€ be a solution to (1). Then with probability at least

1 — & the behavior policy wB€ satisfies

6drH - (log(Ae®/(Ay A K)) -log(2HNER £/ (79)) n 2HM n 18k
NE NE 1—k

KLuypaj (77| 77C) <

Proof. We commence by defining the one-step trajectory KL-divergence as follows:

v apl|s
KLy (7p | 7EC) = E E[log<h(h|h)>}

(anlsn)
In particular, by the linearity of expectation, the following holds

H
KLtraj (77| 7%€) =~ KlLwaj (3, [ 75).
h=1

Recall the definition of the x-greedy version of the expert policy
B als) = (1= 0l + 5 = (1= ) (+F(als) + = )

Next, we can decompose the one-step trajectory KL-divergence as follows

E )k E
™, (anlsn) 7, (anlsn)
KLipaj (72| 72€) = B |log | L2m—1c | | + Exe |log - ||
! T (an|sn) ™" (an|sn)
For the second term, we have
e (an|sn) e (an|sn) K
E. e |log| =220 =E.= log( h ) —log(l—k) < ,
<7r£v'<<ahsh> ~(anln) + 1/ (ACL— ) ==y

<0

where the last inequality follows from the fact that (1 — z)log(l — ) > —xz for any = < 1, by
convexity of the function x — xzlogz. Next, we decompose the smoothed version of the one-step
trajectory KL to the sum of stochastic and empirical terms,

E
tog [ T (@xls1) :LNZ o [1og (@l \] (e GahIsh)
7B (an|sn) NE &\ 77 7B (an|sn) 7B (at |st)

Ezl (Wh (a’h|8h)).
N

E,x

(af,|s},)

To upper bound the first term we apply Lemma 3 and obtain with probability at least 1 — ¢§

o “anlsn) \ | o (" (Ghlsh)
NEZ< " 1°g< BC(anlsn ))] 1g<wh <az|sz>>>

_ \/ 210g(e?/7) KLusaj ()| 7°) - d(log(2NF R /7) + log(1/9))
NE
5(log(Ae’/(Ay A k) - dr(log(2NP Rz /y) +1og(1/9)) 8«
3NE 1—k'
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To control the second term, we first notice that since F has a product structure, then by a simple
observation

{mp}_, =  argmin Zﬁh 7)) <= Vh € [H|: m, = argmin Ly, (my,)
mT1E€F1,.. ,7TH€]:Hh 1 ThE€Fn

for any functions {Lp, }Z ,, the MLE estimation (1) implies

1
€ ¢ argmin Z log W + Ry (mn),

T EFh i=1
therefore the following holds

h Sh)

NE
- Zk’g< B gt t>+Rh<WE’“> <M.
t=1 m, " (ay,|sp,)

Thus, we have

21og(e? /) KLiyai (7E||7BC) - dr(log(2NER +log(1/6
KLy (|| ) < \/ E(*/1) Kl (r1i) - d5 (o (2N Rz /1) + lo(1/0)
;. Sog(Ae®/(Ay A k)) - dr(log NP RF/7) + log(1/6))) M 9x
3NE NE "1—g

This means that /KL, (7E || 7EC) satisfies a quadratic inequality of the form 2% < ax + b. Since
ax < (a® + 22)/2, we further have 2% < a? + 2b. As a result
Gd log(Ae®/(Ay A k) -log(2NTRr/(70))  2M 18k

NE NE " 1—-k’
To conclude the statement, we apply a union bound over h € [H]| and sum over the final upper
bound. O

KLraj (s | 75°€) <

B.2 PROOFS FOR FINITE SETTING

We recall that for finite MDPs we chose a logarithmic regularizer Ry (mr) = >, , log(1/mn(als))

and the policy class F = {m € II : m,(a|s) > 1/(INE + A)}. One can check that Assumptions |-
holds for these choices and that 0 < Ry, (7)) < SAlog(A). Then we can apply Theorem | to obtain
the following bound for finite MDPs.

Corollary (Restatement of Corollary 1). For all N¥ > A, for function class F and regularizer
(Rn)he(m) defined above, with probability at least 1 — 6,

6SAH -log(2e*NE) - log(12H(N¥)2/9) n 18AH

KL (77)|7°) < e o

Proof. Let us start from a simple observation that F;, C Ai is a subset of a unit ball in /,,-norm.
Therefore by a standard result in the covering numbers for finite-dimensional Banach spaces (see
i.e. Problem 5.5 by van Handel (2016))

log NV (g, Fh, ||"loc) < SAlog(3/e).
Thus the parametric classes {Fp }ne(m) satisfies Assumption | with constants dr = SA, Ry =

3,v=1 /g‘: Next we notice that for any expert policy, Assumption 2 is satisfied with
k=A/(N"+ A for this parametric family. Thus, we can apply Theorem | and get

AH -log((N® + A -1 HNE(NE + A)/6
KLtraj(WE”WBC) < 65 Og(( + ) ) Og(6 ( + )/ )
NE
2SAHlog(A) 18AH
+ NE + NE
By upper bounding the first and the second terms under the assumption N¥ > A we conclude the
statement. O
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B.3 PROOFS FOR LINEAR SETTING

We start from a natural example when Assumption 3 is fulfilled and the sub-optimality error g, is
small.

Lemma 1. Assume that the MDP M is linear (see Definition 2) and consider the regularized MDP
with uniform policy 7(a|s) = Unif[A] and with a coefficient ) (see Appendix E for more exposition).
Then the optimal regularied policy ’/T% Ak satisfies Assumption 3 with a constant R = H \/&/ A
Moreover, this policy is A\H log(A)-optimal.

Proof. At first, by Proposition 2, it holds that for an optimal policy 7% , , there are some weights
will < HVA.

Then we notice that from the regularized Bellman equations it holds

7% yn(als) = argmax{wQ% , ;,(s) — AKL(r|| Unif[A]) }

wy, such that Q3 (s, a) = (¥ (s, a), w}) and, moreover,

1, %
= argTrrnax{w |:1-\Q;:r,)\,h:| (s) — KL(x|| Unif[A])} = eXP(W(;(Z;’ Awh>)'
Therefore, Assumption 3 is satisfied with R = H+/d/\ for 7 = r%.

To verify the suboptimality of this policy, we notice that 7% , satisfies

o = arg max{Vy” (s1) — ARLwaj (7[7)},
S

therefore
V' (51) = AKLpraj ([ 7)} < V7 (51) = ALty (5 || Unif[4])
= V'(s1) — Vf;”(sl) < \H log(A).
O

Next, we provide the result for linear MDPs under Assumption 3, using the parametric assumption
given in (2).

Corollary (Restatement of Corollary 2). Under Assumption 3, for all N¥ > A, for the function
class F defined in (2) and regularizer Ry, = 0, for all h € [H], with probability at least 1 — 0,

o 6dH - log(2e3NE) - log(48H(NE)2R/5) N 18AH

KLtraJ (ﬂ-E HWBC) NE NE

Proof. We start by checking that Assumption | holds. By construction of F, in (2), we have

1
inf inf > —
e (s,a§25xA7Th(a|s) ~“ NE+ A

Next, we have to consider the covering dimension of the hypothesis set. First, we notice that for any
two policies 7, up, € Fp we have

[mn(als) — pn(als)] = (1 = k) (als) — (1 = K)pp(als)| = (1 — &)l (als) — p(als)],

where 7}, uj, € F;, for F; defined as follows

1 _ ) (als) = exp (Y (s, a)"wp) Mw
= (et = sy e < )

Thus, it is sufficient to compute the covering number for F; . Let us define

(I)(a|5ﬂwh) = exp{<¢(57a)7wh>}a Z(vah) = Z (I)(a‘sawh)'
acA
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Then let wy,, w), be weight vectors that correspond to 7, and p, respectively. Then

O(als,wp)  P(als,w))

Z(s,wp) Z(s,wy,)

|, (als) — p(als)] =

®(als, wy) — (als, w) 1 1
‘ e Zh()s,wh() o) — ®(als,wp) Z(s,w)) Z(s,wh)H
< P(als,wn) |, P(als,w}y)|  Plals,wp)|,  Z(s,w})
Z(s,wp) D(als, wp) Z(s,w}) Z(s,wp)
Next, we analyze both terms separately. For the first term, we have
D(als, wy,)

= |1 —exp{(¢(s, a), wj, — wn)}|.

B(als, wn)
We notice that the absolute value of the expression under exponent is upper-bounded by ||wp, —w}, [|2.
Let us assume that ||wjy, —w},||2 < 1, then by the inequality |1 —e”| < 2|z| for any |z| < 1, we have
'1 _ é(a‘|8’ w;b)

<2 —wh |2 3
‘I’(a|8,wh) = ||wh wh||2 ()

For the second term, we have by the definition of the normalization constant

L ZGwy) | | e ®(a]s, wn)[1 — (a']s, wy,)/B(a’]s, wn)]
Z(Sawh) Z(vah)
Yow (A5, wp) - |1 = ®(a’|s,wy,)/P(a’|s, wp)]
< Z0own) b < 2||lwp, — whl2,

where in the end we applied (3). Finally, we have, for any policies 7}, and g}, such that the corre-
sponding weights wy, and wj, satisfies ||wp, — wy,||2 < 1, that

|mn(als) — pn(als)| < |mp(als) — ph(als)| < 4flwn — wh 2. “)

Now we construct an e-net for ¢ € (0,1). Let Nz 4(W, ||-||2) be a £/4-net in the space of weights
W = {wy € R?: ||wp||2 < R}. It satisfies (see i.e. van Handel (2016))

log N'(e/4, W, ||]|2)| < dlog(12R/e).

Next, we show that policies with weights that correspond to a covering of size N (e/4, Wh, ||-||2)
forms an e-net in F,. Let m, € Fj, be an arbitrary policy with parameter wy,. Let wj, be in the
covering of size N'(e/4, W, ||-||2) be a parameter that satisfies ||w;, — w},||2 < /4 < 1. Let us fix
wn, as a policy that corresponds to wj,. Since ||wy, — w},||2 < 1, (4) is applicable. Thus
7 = pnllc = sup  |ma(als) — palals)| < 4flwp — whll2 < e
(s,a)eSxA

Therefore, policies that correspond to an £/4-net in wy, form an e-net in F and we have an upper
bound on the size of the e-net. As a result, F;, satisfies Assumption | with a dimension dr = d,
a scaling factor Rz = 12R and v = 1/(N® + A). Additionally, by construction of F}, and
Assumption 3, the last Assumption 2 holds with x = A/(NE + A). Therefore, we can apply
Theorem | and obtain with probability at least 1 — §

6dH - (log(e*(NE + A)) - (log(24HNE(NE + A)R/6)))  18AH
Usingof A < N E concludes the statement. O

KLgraj (™| 75)

B.4 CONCENTRATION RESULTS

In this section, we state important results on the concentration of the stochastic error for the risk
estimates.

Recall the definition of the x-greedy version of the expert policy as follows

T (als) = (1 — k)mE (als) + % =(1-n): (ﬁg(als) i “HH)A)

23



Published as a conference paper at ICLR 2024

Lemma 2. Let ° be a fixed expert policy. Let (s, af)ivd be an i.i.d. sequence of state-action

pairs generated by following the policy ©¥ at step h. For v € (0,1/A) let w a policy such that for
all (s,a) € § x At holds m(als) > . Then for any ¢ € (0,1) and any k < 1/2 with probability

at least1 — ¢
log ™" (an|sn)
Wh(ah|sh)

Th,o ah|5h)
N Z ( mn(al,|st) ) Ere

B \/ 2108 (e /7) KLuray (7F |71 10g(2/3)
- N

n 2log(Ae®/(Ay A k) -log(2/6) n 5k
3N 11—k

Proof. As a first step, we can apply Bernstein inequality

H/( h‘ h
K 2Var E |:1Og<ﬁ>:| 10g(2/6)
10g<7rf§ ((ahsh)>:| ‘ . wanlsn)

Th ah|sh) N

2(log(1/7) V log(A/k) - log(2/6)
3N :

™, (an|sh) _Eos
(i)

Next, we want to upper bound a variance in terms of KL,i(7}||7;). We start from a bound of
square root variance in terms of the second moment and Minkowski inequality

$wmﬂ%¢gg¢yﬂ< [
(el ()
< (o e

+J&%(g@+l_mhﬂﬂg+bwf@f} /@)

Term (A). The result below directly follows from Lemma 4 of Yang & Barron (1998). However,
for completeness, we prove it here.

First, we notice that

(A) =E,& lgﬂh (a\Sh) log (WZ(aLSh) )]

To analyze this term, we define an f-divergence (Sason & Verdd, 2016) for a function f as follows

Dy(x(s) i (s) Zf(”h (als )mw).

In particular, KL(7E (s), m4(s)) = Dy(mE(s)||mn(s)) for g(t) = tlogt + (1 — t) and, moreover for

f(t) = tlog?(t)
i -t (252)

acA

Then we notice that g and f are non-negative function and, moreover, its argument ¢ takes values in
(0,1) U (1,1/~] since for ¢ = 1 both functions are zero. First, we analyze the ratio for f and g for
any t € (0,1)
t tlog®(t
vy FO _no(t)
g(t) tlogt+ (1—1)
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To bound this function, let us prove that is monotone for all ¢t € (0, 1)
<0 <0

Tog () - ((t + 1) log(t) + 2(1 — 1))
: og(t) - og -
) = (tlogt+ (1— 1)) Z

Thus for any ¢t € (0,1)
tlog?(t
T(t) < lim L() —
t—1tlogt+ (1 —1t)
Next, we analyze the segment ¢ € (1,1/7].

r(t) = t logQ(t)

" tlogt+ (1—¢) < log(t) + 2 < log(1/7) + 2 = log(e?/7).

since
tlog?(t) < tlog?(t)+(1—t)logt+2tlog(t)+2(1—t) <= (t+1)log(t)+2(1—t) >0 V> 1.
Therefore we have for any ¢ € (0,1) U (1,1/+] and as a simple corollary

F(t) <log(e®/7) - g(t) = Dy (my (s)|ma(s)) < log(e® /) - KL(my, (s)||mn(s)).
Finally, we have

(A) < log(e® /7)Eqxe [KL(m; (sn), m(sn))] = log(e?/7) KLuraj(m; | 71)-

Term (B). We can rewrite this term as follows using inequality (a + b)? < 2a? + 2b?

B)<2E.e| S wllalsy)log’ <1+ (1—K)A/:T;};J(ah|5h)> +2<1f,€>2.

a:rE(alsp)>0

Next we analyze the function g(z) = xlog?(1 4 /). Its derivative is equal to

g'(z) = IOg(l + 2) : (log(l - 2) - x2f€>

Since e > 0. we can define z* as a root of equation ¢'(z) = 0 for x > 0. Notice that it will be
maximum of g(x), thus fore > 0

€12 4e? 4e?
< *:*(1 (1 —)):* < < 4e.
9(z) < gla”) = 2" (log = v (x*+€)? ~a*4+e g

Therefore

1—&

(B)gl&‘ﬁm( K )2.

Final bound on variance Combining these two bounds, we have

Wh(ah|sh)

JVM”E |:log<7whsh)>:| < \/log(e2/’y) KLraj (72 ||70) + v/8k/(1 — k) 4+ 282/(1 — K)2.

Using this bound on variance, we can bound the main stochastic term

B (anlsn)
2Var e [log( TanTon) )} log(2/6) - \/QIOg(62 /7) KLizaj (7E[|75) log(2/6)

N N
\/(4*”»/(1 — k) +r?/(1 = k)?)log(2/6)
+ 2 .
N
Next, we use an inequality 2ab < a? 4 b? to obtain
2\/(4#;/(1 — k) +K2/(1—K)2)- w < (4k/(1— k) +K*/(1 - K)?) + 21%(2/5).
Finally, since k/(1 — ) < 1 we conclude the statement. O
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Next we define IT, 1, a set of all one-step policies 7, (a|s) such that

inf > .
(b ™) 27

This set forms a metric space with a metric induced by ¢,-norm

lmn = mhlloc = sup  [mn(als) — my(als)|-
(s,a)xSx.A

Lemma 3. Let F be sub-space of I, j, with an induced metric, such that it satisfies for all ¢ € (0, 1)
log [N(e, F, [[-loc)| < dlog(R/e).

for some positive constants R, d > 0. Then with probability at least 1 — § the following holds for all
wy, € F simultaneously

e (o) [ (L) )

- \/ 210g(c?/7) KLusaj (7} | ) - d(log(2N R /) + log(1/9))
- N

n 5(log(Ae3 /(v A o)) - d(log(2N R /~) + log(1/6))) n 8k
3N 1—k"

Proof. Let N be a minimal e-net of F for ¢ that will be specified later. Combining Lemma 2 with
a union bound over N we have for any 7}, € N with probability at least 1 — §

N E,x E,x
1 . " (at|st) " (an|sn)
) (log| L2200 ) —Eop |log| L——22
’Nt_l( g( ! (ak |st) S\ T (anlsn)

_ \/ 210g(e? /) KLuzaj (7|7} - dlog(2R/(€6)) (5)
= N
N 2(log(Ae3/(Ay A K)) - dlog(2R/(£5)) N 5k

3N 1—k'

Next, we select an arbitrary policy 7, € F and let 7}, € N be e-close policy to 7. Then

‘ 1 EN:(I manlsh) Y g [ [ anlsn) )\
= Th ChITRI ) R g Zh \ThIoh)
N &~ & mn(ak|st) & mh(an|sn)
N Ex/ ¢t .t E,x
1 m " (al|st) " (an|sk)
< |= log Zh A hIZRI — E & |log s
Nt_zl( < (@5, h(anlsn)
N
1 ) (ab|st) 7, (an|sn)
+ |— lo <hhh> _Eﬂ |:10 (h .
’N;< #\mnahsh) * 8\ Fnanlsn)
We start from bounding the second term, which could be done as follows
N
1 / t |t / /
‘ Z(log(ﬂh(afbg)) “E.» [log(ﬂh(ahsh))}) ‘S 2 max 10g<7rh,(a|5>> ’
N mn(al |sh) 7h(an|sk) 5,a 7 (als)
/ / _ / _
o (Y _ (1 Tloe) o)) o) o)

Next, we use simple inequalities
€
mh(als) mh(als) gl gl

)

and, in the opposite direction, we can use the same reasoning
oo (THED) _ g (10l 5
mr(als) my(als) g
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Thus, applying (5) for the first term we obtain

Lo (s g [ Gandsn)

‘N;(lg< mataglsh) ) '8\ Trnlanlsn) >’

2T R eyl - dTogOF/(e5)
N

(log(Ae®/(Ay A k)) - dlog(2R/(£6)) n 5K
3N 1-—

<

2
+

2 /7.
~+2/y

Next, we use a similar inequality to obtain
i (an]sn)
KL (7E||7}) = E e [1og<”h h )]
t J( h || h) W;L(ahlsh)

— KLy (7P Eys [log  Z0nl5n)
(bl + B o T

g
< KLgraj(m [|7ma) + ~

Finally, applying inequalities v/a + b < \/a + v/b and 2ab < a2 + b?

1 T (ahlsh) ) T (anlsn)
‘N;QOg( h(ap|s,) ) e log< h(anlsn) )’
. \/ 2d log(e2 /) KLuyaj (1F||71,) log(2R/ (£6))
N
| dlog(¢?/) -1og(2R/(e8)) , <

N Y

., 2(log(Ae®/(4y /\3/;\)[) dlog(2R/(£9)) | 1512 + 2/,

By rearranging the terms and taking ¢ = v - k/(1 — k) we conclude the statement.

B.5 PROOF OF LOWER BOUNDS
B.5.1 GENERAL SETUP

In this section we provide a lower bound on estimation in KL-divergence using a framework of
Chapter 2 by Tsybakov (2008). Our goal is to obtain a lower bound on minimax risk that is defined
as follows

igf sup E‘Flw-,TNNTF[KLtraj (TFH%)],

T meF
where infimum is taken over all estimators that map the sampled trajectories (71, ..., 7y ) to a policy
from the hypothesis class F £ F; x ... Fg.
Let us consider a specific type of MDPs where the transition kernel py, (s, a) does not depend on
a state-action pair (s,a): V(s,a,h) € § x A x [H|,YA € Fs : pp(A|s,a) = pp(A) for fixed
measures (ip,. In particular, for h = 1 we always have uj, = J;, is a Dirac measure at initial state s;.

Then we define over the space of all policies the following specific distance defined through the
Hellinger distance

o 73) = BBl L, ) = 3 (V) - \/w;<a|s>)2
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and we define the following distance for the space of full policies (the triangle inequality follows
from Minkowski inequality)

(6)

Next we impose the following metric-specific assumption for our hypothesis classes

Assumption 5. For all h € [H] a of the function class F}, with respect to the metric pj, satisfies
Ve € (0,1) : log P(e, Fi, pr) > dy log(R/e)

for constants d;, > 0 and R > 0.

In particular, Lemma 6 implies that

::

logP(e, F,p) > Z dplog(R/¢).

Theorem 4. Let Assumption 5 holds and let us define D = Zthl dp. Also we assume that for any
7 € F it holds (s, a) > v fory € (0,1/A). Let us assume D > 5 and n > e*D/R?. Then the
following minimax lower bound holds

D

mm meax E[KLtaj(r||7)] > m

Proof. First, we notice by the first part of Lemma

1 2/4)N 1 2/y)N
g S L o1)] > i | BEG )]

where the expectation is taken with respect to a sample 71, ..., 7. Next, we can follow the general
reduction scheme, see Chapter 2.2 by Tsybakov (2008). By Markov inequality

2
min max E {nlog(De/'y)

1 D
2 o > oy > [——
lin max p (w,w)} 4mlnmax]P’[ (m,7) > 1

7 neF 4N log(e?/v)

Next, we use the reduction to a finite hypothesis class. Define ( = \/D/(4log(e?/v)N) and take
P is a maximal (-separated set of size M + 1 = P((, F, p) and enumerate all the policies in it as
TQye-sTM-

Therefore we obtain

7 4N -log(e?/v)

T TEF

N D
minmax P, o en [p(ﬂ',ﬂ') > ]

. ~ D
>min  max Pr oo [p(ﬂj,ﬂ) > 4N~1(ﬁg(62/'y)1 )

7 je{0,...,.M}

Let us define ¢* = argmin;_, s p(m;, 7). Then we have that if ¢)* # j, then
2p(7rja %) > P(Wj, %) + p(ﬂw*,%) 2 P(Wj, 7T1/)*)'

Since j # 7*, then by definition of (-separable set we have p(7;,7) > (/2. As a result

D
i ~T '7/\ > AN Aol a2 I\
m%nje{rglax M) P~ 4 lp(ﬁj ) 4N~10g(62/'y)1

>min max P o [0 7]
jl = jG{O,.‘.,M} T15---3TN Wj[lb #]}
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Finally, taking infimum over all hypothesis tests we obtain

D . A
| > : = .
IV Tog(e/y) | =10 280 Pl 71 = pes

7 mEF ¥ §=0,...,M

min max P [p(w, ) >

To lower bound the right-hand side, we apply Proposition 2.3 by Tsybakov (2008). Notice that the
maximal e-packing is e-net (see Lemma 4.2.6 by Vershynin (2018)). Therefore, by Lemma 7 we
have

| M

M Z KL(PTLM,TNNm
=1

N M
]P)leu,TNNTFo) = M ZKLtraj(ﬂiHﬂ—O)
=1

M
1
< nlog(eQ/y)M ZPQ(M,WO) <D=a,.

i=1
Thus by Proposition 2.3 by Tsybakov (2008)

[ ()|

De,M = SUD
o<r<1

Next, we select 7, in a way such that

oy + /s /2 1 1
- N - — = 1 *x) — — & * * 2).
log(7) 3 og(7%) 2(04 tve /)

Therefore we have
S 1 exp(log(M) — 1/2(ay + v/ s /2))
M= 21 1 expllog(M) — 1/2(cy + /an/2))

Notice that the function f(z) = exp(x)/(1 + exp(z)) monotonically increasing, therefore it is
enough to bound the expression under the exponent from below.

p

Let us assume that a, > 5 <= D > 5. Then we have

log(M) — 1/2(a* + v/, /2) > log(M + 1) — 2 +4\/§a* —log(2)
4log(e?/7)N
> Dlog (R D> -D
D 4log(e?/v)R? - N
o) )

To show that the expression above is non-negative, it is enough to guarantee
log(N) +log(R?*/D) > 2 <= N >e*D/R%

Under this condition we have p._ps > 1/4 concluding the statement. O

B.5.2 FINITE MDPs
For the case of finite MDPs, we additionally specialize the distributions (i, as a uniform over S for
all h > 1 and 1 = dg, .
Lemmad. Let Ay, = {z € R : 3" w; = 1,2, > v} withy < 1/A. Then we have for any
€€ (0,1)

log P(e, Aay, dn)| = (A = 1)log((1 — Av)/(2¢)).
Proof. Let S = {x € RA : >0 22 = 1,2; > 0}. Then there is a mapping ¢: (S, [|||2) —

3
(A 4, dy) that defines an isometry between these two metric spaces:

Yo,y € S |l —ylla = du(e(x),(y), »(z) =V,
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where the square root is applied component-wise. Therefore, it is enough to estimate the packing
number of the preimage of A 4 , that is defined as follows S, (1) = {z € RA : Y20 22 = 1,2, >
/7} with the same Euclidean metric.

The next step is to proceed with a shift x ~ x + /7 that will be isometry between S, (1) and
So(l — A’)/ )

Next, we can lower bound the ¢5-distance over the sphere by the ¢ distance over the first A — 1
coordinates and therefore it is enough to consider the packing number of S§(1 — Avy) = B(0,1) N

{yeRATT: T2 <1— Ay},

Finally, we apply the volume argument. In particular, it is enough to compute the volume of S{(1 —
A~). To do it, we notice that we can represent the ball of radius 1 — A~y by 24~ copy of SH(1—Ay).

Thus ( e
1— Avy)°2~
vol(Sp(1 — Av)) = T gA1

Finally we have by Proposition 4.2.12 by Vershynin (2018)

1- A A-1
P Auged)| = (527)

vol(B31).

O

Lemma 5. Let (X, p)K | be a metric space such that log |P.(X, p)| > dlog(R/¢) for d > 1. and
define on the space X* the following metric p(z,y) = + ZZK:1 p(x;,y;). Then

log P(e, X%, p) > dK/2 - log(R/(8¢)).

Proof. Consider the maximal e-separable set P of the space K. This set could be considered as a
finite alphabet of size ¢ > (R/e)<. Let us consider the set PX as the set of words in alphabet P of
size g of length K with a Hoeffding distance. Then we notice that if there is two words (z,y) € P
that have Hoeffding distance at least K for some constant « € (0, 1), then

ple,y) = 2 Zp i, yi) > ae.
Therefore, if we consider a oK separable set in PX in terms of Hoeffding distance, it will

be automatically a ce-separable set in the original space X*. To find such a set we use the
Gilbert—Varshamov bound from coding theory. As a result

1
P(ae, PX, p) > f@KT _ -
> (5 =1/9) - (1/g)F
The denominator could be interpreted as follows: Let X7, ..., Xk be Ber(1/q) random variables.
[aKT /pe
-1/ - (1/0)F 7 =P X, > (1 - a)K
% () (>

To upper bound the last probability we can apply the Chernoff—-Hoeffding theorem

K
IP’[Il(ZXi >1l/g+(1—a- 1/‘1)1 <exp(—kl(1 —a|1/q) - K).

i=1
Take ov = 1/2, then we have

1 q 1 q 1 1 q

Thus, we have since d > 1
P(e/2, PX, p) > exp(K/2 - 1og(g/4)) > exp(dF/2 - log(R/(42)).

By rescaling € we conclude the statement. O
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Corollary 4. Assume that v < 1/(2A). Let us define Fj, = Af\n/ and F = Fy % ... Fg. Then
Assumption 5 holds with constants dp, = (A —1)S/2 forallh > 1,dy = (A—1) and R =1/32.

As a result, as soon as H > 2, A > 2, HSA > 40 and n > 512e>HS A the following minimax
lower bound holds

HSA

i Eri,...o;n ;o KLt (7||7)] 2> 57—
LI R Py Gy

B.5.3 TECHNICAL LEMMAS
Lemma 6. Let {(X;, p;) }i=1,... k be a collection of relaxed pseudometric spaces that satisfy
Ve € (0,1) : logP(e, X;, pi) > d;log(R/e)
for some constants 0 < dy < ds, Then the product space X = X1 X ... Xk with a pseudometric
pl(x1, ..., 2Kk), (Y1, .-, yK)) = Zfil p3 (x4, y;) satisfies

K
Ve € (0,1) : logP(e, X, p) > Zdi log(R/e).

i=1

Proof. Let Py,..., Pk be a maximal e-separated set in the corresponding spaces My, ..., M.
Then we want to show that the set P, X ... X Py is also e-separated set in the product space.

Let x # x’ be two point in P. Then

since x and x’ are different in at least one coordinate. As a result, we have

K K
logp(€7Mi7pi)| > ZIOgP(&MhPi) > Zd’t IOg(R/E)

=1 i=1

O

Lemma 7. Let w,n’ € IL,. Let p be an averaged Hellinger distance distance defined in (6). Then
the following inequality holds

p*(m,7") < KLyaj(n||7") < log(e?/7)p*(m, ).

Proof. Ttis enough to show that for two measures p, ¢ € A,, such that min; p; /q; > -y the following
holds

d3,(p, q) < KL(p|lq) < log(e*/7)d%,(p,q).

The lower bound holds by Lemma 2.4 of Tsybakov (2008), and the upper bound holds by Lemma 4
of Yang & Barron (1998).

O
B.6 IMITATION LEARNING GUARANTEES
In this appendix, we present guarantees that give behavior cloning procedure in the setting of imi-

tation learning for finite MDPs and compare obtained results to (Ross & Bagnell, 2010; Rajaraman
et al., 2020).
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General expert Using Pinsker inequality in the space of trajectories (see Lemma 9) and the fact
the expert policy is eg-optimal we deduce the following bound on the optimality gap of the behavior
cloning policy with probability at least 1 — ¢

~ SAH?
‘/1*(51) _ Vl'“'BC(Sl) <eg+ O( ]\7E> .

We remark that we obtain a similar rate as in BPI, see for example Ménard et al. (2021), where
instead of observing N demonstrations we collect the same number of trajectories (observing also
the rewards) by interacting sequentially with the MDPs. This seems a bit counter-intuitive since we
expect to learn faster by directly observing the expert.

However, for the deterministic expert, we get an improved rate using the following variance-aware
Pinkser inequality.

Lemma 8. Let 7 and ©’ be arbitrary policies. Then the following upper bound holds

Vi (s1) = Vi (51) < 4| 4B * KLgraj (]|7') + 4H KL (| 7).

H
Z Varﬂ' Q;lr/ (Sh)
h=1

Proof. Let us start from Lemma || and Lemma

H 7
>l — T O (Sh)l

h=1

Vi (s1) = V™ (51) = E,

< ! / 2H /
< B | 30 y/2Varn G () - KLl (o) (51) + 257 KL G50 7 (o)

h=1
2H
\/KLiraj (7|7) + == KLuraj (| 7')

where in the last line we have applied Cauchy-Schwartz inequality. Next we apply Lemma 33 and
obtain

H
<\ 2Ex | D Var Q7 (sn)
h=1

H
E, < 2B | Y VarzQf (sn)| + AH? KLwaj (7] 7).

h=1

H
Z Var.Qp (sn)
h=1

By inequality v/a + b < \/a + /b for any a, b > 0 we have

H
Z VarﬂQ;;/ (sn)

h=1

Vi (s1) — Vi (s1) < | 4E, KL o (7]|7") 4+ 4H KL (7||7).

O

Deterministic expert If we assume that the expert policy is deterministic, for example, a deter-
ministic optimal policy, then we can improve the bound on the optimality gap since the variance
term in Lemma 8 is zero,

B ~(SAH?
Vo) - Vo) < e+ 0( - ).

Ross & Bagnell (2010) also consider behavior cloning with a deterministic expert and provide a
bound in terms of the classification-type error of the behavior cloning policy to imitate the expert

1
Vi (s1) — VfBC(sl) < eg + eg(78°) where eg (7€) = ﬁE”BC

Z]I{WE(ah|sh) # 1} .

We can easily recover our bound on the optimality gap of the behavior cloning policy from their
bound by noting that eg(7°) < KLiw;j(7®||7%°)/H, see Lemma 10 for a proof. In particular, we
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also remark that the bound scales quadratically with the horizon H but also linearly with the number
of actions and states S A.

By comparing this bound to the lower bound in Theorem 1.1 of Rajaraman et al. (2020) we see
that it is optimal in its dependence on .S, H and N. Additional dependence on a number of actions
comes from the fact that our behavior cloning algorithm always outputs stochastic policy and obtains
additional dependence on a number of actions.

We would like to underline that the bound in Lemma & directly does not give any insights on the
performance of the algorithm in the case of non-deterministic optimal expert, whereas Rajaraman

et al. (2020) provides o (SH?/N¥) guarantees using a non-regularized behavior cloning algorithm.
It is connected to the fact that for the optimal policy, it is enough to determine the subset of the
support of 77*(s) to achieve the policy with the same value.

Finally, we would like to emphasize that our approach is directly generalized to arbitrary parametric
function approximation setting whereas the approach of Rajaraman et al. (2020) could be applied
only in the setting of finite MDPs.

B.6.1 TECHNICAL LEMMAS FOR IMITATION LEARNING

Lemma 9. Let M = (S, A, {pn}L,, {rn}fL,, s1) be a finite MDP and let m and 7' be two any

policies in M. Then
Vi (s1) = V7 (s1) < H\/KLgaj(]|7') /2.

Proof. Let us define the trajectory distribution ¢™(7) for 7 = (s1,a1,...,8m,am). Then by the
chain rule for KL-divergence we have KL(q"[|¢™ ) = KLgpaj([7).

Since 7, € [0,1], we may apply a variational formula for total variation distance and Pinkser’s
inequality

H
V" (s1) — Vfrl(sl)‘ <D Exlra(sn, an)] = Ex[ra(sn, an)]
h=1

< HTV(q",q" ) < H\/KLpaj(r||7) /2.

Let us assume that a policy 7 is deterministic, then

H
ex(n) = ;’;Eﬂ lz 7 (a|sp)1{a # W(sh)}l .

acA

Notice that

Z 7' (alsp)1{a # 7(sp)} = % Z |7’ (a|sp) — w(a|sp)| = TV (7 (sp), 7' (s1))-
acA acA

Therefore this quantity could be decomposed as follows

1 H
en(n') = - };EW[TV(ﬁ(Sh),W’(Sh))]-

Lemma 10. Let 7 be a deterministic policy and 7' be any policy. Then

KLoraj (7] 7)
/ < traj )
ex(m) < —g
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Proof. If the policy 7 is deterministic, then

KL o) () = 108 =rors ) = o (s )

1
- 1°g<1 S weamhalsn){a £ m(sw})
= —log(1 — TV(mu(sn), 7}, (s1)))-

By an inequality log(l — ) < —x for any « > 0 we have KL(m,(sp)|7},(sn)) >
TV (mn(sn), m,(sn))- O

The following lemma is known as performance-difference lemma (see e.g. Kakade & Langford
(2002) for a statement in the discounted setting). We provide proof for completeness.

Lemma 11. Let 7 and 7' be arbitrary policies. Then the following decomposition holds

> [ —WZ}QZI(Sh)]-

h=1

V" (s1) — Vfr/(sl) =Er

Proof. Let us proceed by backward induction over h € [H]. We want to show the following bound

Vir(s) = Vi (s) = Ex

H
Z [T — W;LI}QZ'I(S}I/)Lgh = s} .

h'=1

For h = H + 1 both sides of the equation above are equal to zero. Let us assume that the statement
holds for any A’ > h. Then we have

Vir(s) = Vir' (5) = 7QR(s) = 7'QF (5) = 7lQF — Q7' 1(5) + [r — 7')Q7 (5)
= B [ Vi1 (sn1) = Vit (snn) -+ [m = 7'1Q7 (sn)lsn = s|.

By the induction hypothesis and the tower property of mathematical expectation, we conclude the
statement. O
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C PROOF FOR DEMONSTRATION-REGULARIZED RL

Theorem (Restatement of Theorem 2). Assume that there are an expert policy ™ such that Vi*(s1) —
V" (s1) < ew and a behavior cloning policy 75€ satisfying \/KLa; (7P [|75C) < exr. Let 7" be
err-optimal policy in \-regularized MDP with respect to n°°, that is, Vise y(s1)— V:;;LAJ < €RL.
Then w2 fulfills

Vi(s1) — Vi (s1) < eg + erp + Aep.

In particular, under the choice \* = ery/e%y., the policy 75 is (2ery, + er)-optimal in the original
(non-regularized) MDP.

Proof. We start from the following observation that comes from the assumption on expert policy
and a definition of regularized value

RL E RL E
Vi(s1) =V (s1) e+ Vi (1) = Vi (s1) < em+ Voo s 1(51) + A KL (77 7°°)
— Ve a1 (51) = AKLgra (P8 |75C) < e + enp + Aeky,

where in the last inequality we apply assumptions on 72€ and =®t. O

Here for completeness we present the proof of Theorem 3.

Theorem (Restatement of Theorem 3). Foralle > 0, § € (0, 1), the /l

algorithms defined in Appendix /Appendix are (,6)-PAC for the regularized BPI with sam-
ple complexity

H°d?

502
A°57A . ) (linear).

0(5,5):6< - )(ﬁnite) C(g,a):<5<

Additionally, assume that the expert policy is g, = &/2-optimal and satisfies Assumption 3 in the
linear case. Let wBC be the behavior cloning policy obtained using corresponding function sets
described in Section 3. Then demonstration-regularized RL based on

with parameters er1. = ¢/4, 6r. = 6/2 and \ = (5(NE€/(SAH)) /(5(NE5/(dH)) is (g,0)-PAC

for BPI with demonstration in finite / linear MDPs and has sample complexity of order

H5S53A?
NEg2

6 73

> (finite) C(e, N 5) = (5<H d

E ~
C(E,N ,6):(9( Nng

> (linear).

Proof. The first part of the statement is a combination of Theorem 5 and Theorem 6. The second
part of the statement follows from an upper bound on €%, by a behavior cloning (see Appendix
and Appendix B.3) and Theorem 2. O
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D BEST POLICY IDENTIFICATION IN REGULARIZED FINITE MDPS
In this appendix, we present and analyze the algorithm for regularized BPI.

D.1 PRELIMINARIES

We first detail the general setting of KL-regularized MDPs.

Given some reference policy 7 and some regularization parameter A > 0, instead of looking at the
usual value function of a policy 7 we consider the trajectory Kullback-Leibler divergence regularized
value function V¥, | (s1) £ V{"(s1) — AKLgyaj (7, 7). In this case, the value function of the policy
7 is penalized for moving too far from the reference policy 7. Interestingly, we can compute the
value of policy 7 and the optimal value thanks to the regularized Bellman equations
Q% A, h(S a) = Th(s Cl) +phv%ﬂ:)\,h+l(sa Cl) ’
Fan(s) =T Q% A n(8) = AKL(ma(s)[|Tn(s)) ,
7r>\h(s a) =rn(s,a) + pVZ A ny1(s,a), (7

)=
)
an(s) = max {7Q% s p(s) = AKL(wa(s)|[7a(s)) }.
)=

an(8) = agrgeglaX{ﬂQw an(8) = AKL(ma(s) |70 (s)) }

where VI'y\ ;= VT{ au+1 = 0. Note that for 7 the uniform policy we recover the entropy-
regularized Bellman equations.

Next we define a convex conjugate to A KL(-||7(s)) as Fx, (s) \,n° RA SR

Fz, (s an(x) = max {(m,z) — AKL(7|7x(s))} = Alog(Z 7r(als) eXp{xa/)\}>.

TEA 4
acA

and, with a sight abuse of notation extend the action of this function to the ()-function as follows

VEan(9) = Fr)an(@z an(s: ) = max {mQ3 5 1,(s) = AKL(wl[n(s))}.

Thanks to the fact that the norm of gradients of KL (7|7, (s)) tends to infinity as 7 tends to a border
of simplex, we have an exact formula for the optimal policy by Fenchel-Legendre transform

W%,A,h(s) = arg IAnaX{ﬂ—Q%,A,h( s) — AKL(7||7x (s } Vth(s A h( :?,)\,h(sv )
TEA A

Notice that we have V Fx, (o), ,\,h(Q% An(8:)) € A4 since the gradient of ® diverges on the bound-
ary of A 4.

Finally, it is known that the smoothness property of Fx, (s) x,n plays a key role in reduced sample
complexity for planning in regularized MDPs (Grill et al., 2019). For our general setting we have
that since A KL(-[|7y,(s)) is A-strongly convex with respect to ||-||1, then I, (5, is 1/A-strongly
smooth with respect to the dual norm |||/

1
Frn)an(@) < Frysyan(@) + (VEz ) an (@), — ') + e = |2,

We notice that KL-divergence is always non-negative and, moreover, V- , , (s) > 0 for any s since
the value of the reference policy 7 is non-negative.

D.2 ALGORITHM DESCRIPTION

In this appendix we present the algorithm, a modification of the algorithm UCBVI-Ent
proposed by Tiapkin et al. (2023), that achieves better rates in the tabular setting. The

algorithm works by sampling trajectory according to an exploratory version of an optimistic solution
of the regularized MDP and is characterized by the following rules.
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Sampling rule To obtain the sampling rule at episode ¢, we first compute a policy 7 by optimistic
planning in a regularized MDP,

Qh(s,a) = clip(ra(s, @) + PV (s, @) + 0" (5,0), 0, H)

Vi(s) = max {7Q(s) - NKL(r|[7(5)) } . ®)
7 (5) = angmax{ 7@, (5) ~ AKL(rl[7(s)) |

Lt . . . . s .
with V., = 0 by convention, where p' is an estimate of the transition probabilities defined in

Appendix and bP* some bonus term, defined in (10), Appendix . It takes into account an
estimation error for transition probabilities. Then we define a family of policies aimed to explore
actions for which @-value is not well estimated at a particular step. That is, for ' € [0, H], the

policy 7t (h) first follows the optimistic policy 7 until step h where it selects an action leading to
the largest confidence interval for the optimal )-value,

) 7" (als) = 7t (als) ifh N
T, (als) = t,(h") ol ’ t / : /
) (als) = ]l{ae argmax, ¢ 4(Qp(s,a’) —Q}’L(S,a))} ifh="n,

where Qt is a lower bound on the optimal regularized ()-value function, see Appendix . In
particular, for A’ = 0 we have 7%(?) = 7*. The sampling rule is obtained by picking up uniformly

at random one policy among the family 7/ = 7t () B/~ UYnif[0, H] . Note that it is equivalent to
sampling from a uniform mixture policy 7™ over all 4’ € [0, H].

Stopping rule and decision rule To define the stopping rule, we first recursively build an upper-
bound on the difference between the value of the optimal policy and the value of the current opti-
mistic policy 7!,

1 a
Wis0) = (14 7 )hGha () + 157 500),
1 t 2 ®
troy — qin [ st B ol Nt
Gi(5) = etip (7174 (5) + 5 max (@ .0) — Q) 0,17 ).

where b%ap’t is a bonus defined in (12), Appendix , V' is a lower-bound on the optimal value
function defined in Appendix and G, +1 = 0 by convention. Then the stopping time : =
inf{t € N: G} (s1) < €} corresponds to the first episode when this upper-bound is smaller than e.

At this episode, we return the policy 7 = 7.

The complete procedure is described in Algorithm 3.

Algorithm 3

1: Input: Target precision ¢, target probability &, bonus functions b
2: while true do
3:  Compute 7! by optimistic planning with (8).

t,KL
,b .

4:  Compute bound on the gap G (s, a) with (9).
5:  if Gi(s1) < ¢ then break

6:  Sample i/ ~ Unif[H] and set 7t = 7t:(1"),
7. for h € [H] do

8: Play a}, ~ 7} (s})

9: Observe s}, | ~ pn(s},a})
10:  end for

11:  Update transition estimates 7.
12: end while
13: Output policy 7 = 7t.
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D.3 CONCENTRATION EVENTS

We first define an estimate of the transition kernel. The number of times the state action-pair
(s,a) was visited in step & in the first ¢ episodes are nf,(s,a) 2 Si_, 1{(s},a},) = (s,a)}. Let
nt,(s'|s,a) 2 S0 1{ (s}, al,sh,1) = (s,a,8')} be the number of transitions from s to s’ at step
h. The empirical distribution is defined as pf (s'[s,a) = njf(s'|s,a)/n}(s,a) if n},(s,a) > 0 and
pi(s'|s,a) £ 1/Aforall s’ € S else.

Following the ideas of Ménard et al. (2021), we define the following concentration events. First, we
define pseudo-counts as a sum of conditional expectations of the random variables that correspond

to counts
t
~t
a) =) dj (s,0),
i=1

where 7% is a mixture policy played on ¢-th step. In particular, we have
i 1 ul )
dp, (s,a) = H+1 Z dp, (s,a),
h'=0
where 7r,’( )(s, a) is a greedy-modified policy 7! in h/-step:

(R _ )
7 M) (a]s) = ' /)(a|8) =3 (als) it h # 1/
h 71';’(}1 )(a|s) = ]l{a = argmaxaleA(@Z(s, a') — QZ(S, a’))} ifh=~h"

Let gKL gent : (0,1) x N — R, be some functions defined later on in Lemma 12. We define the
following favorable events

£XL(5) 2 {Vt € N,Vh € [H],¥(s,a) € S x A: KL} (5, )[lpn(s, ) < P O:(5:0)) (S a)) }

EM(S) = {Vt € N,Vh € [H],¥(s,a) € S x A: nl(s,a) > =7} (s,a) — () }

We also introduce an intersection of these events of interest, G(§) = EXL(§) N £(5). We prove
that for the right choice of the functions %, 3™ the above events hold W1th high probablhty

Lemma 12. For any 6 € (0, 1) and for the following choices of functions 3,
BEL(5,n) £ log(2SAH/S) + Slog(e(1 + n)),
B (6) 2 log(2S AH5),
it holds that
PIEKL(@D)] > 1-6/2, PET(8)] > 16/,
In particular, P[G(6)] > 1 — 0.
fmog.ﬂApplying Theorem 9 and the union bound over h € [H], (s,a) € S x A we get P[EXE(5)] >

By Theorem 10 and union bound, P[£°**(§)] > 1 — 6/2. The union bound over three prescribed
events concludes PGy (6)] > 1 — d and P[Gp(d)] > 1 — 6. O

Lemma 13. Assume conditions of Lemma 12. Then on event EX%(§), for any f: S — [0, H|,t €
N, h € [H],(s,a) e S x A

2H?BRL (0, mj, (s, a))

nj, (s, a)

[pr — Dhlf (s,0) < \/
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Proof. By a Holder and Pinsker inequalities

[ph — D) f (s, a) < Hlpn(s,a) — P (s,a)[1 < H\/QKL(ﬁL(S,a)Ilph(Sva))-

Applying the definition of the event £XI we conclude the statement. O

Lemma 14. Assume conditions of Lemma 12. Then on event EXV(§), for any f: S — [0, H],
teN,h€[H] (s,a) €S x A

o — i1 f(s.0) < =547 (s.0) + 2H(2H5KL(5’ ni(s,a) 1>,

H ni(s,a)
KL t
D%, — prlf(s,a) < %phf(s,a) + 2H<2Hﬁ né?;jl;)(& a)) A 1>.

Proof. Let us start from the first statement. We apply the second inequality of Lemma and
Lemma 33 to obtain

(o — By (5,0) < y/2Vary, [£](5, @) - KL(B, [pr)

< 2, /Varg, [f](s, @) - KL(B} [pn) + 3H KL(F, |pn)-

Since 0 < f(s) < H we get
Varg: [f](s,a) < pp[f*](s,a) < H - P, f (s, a).

Finally, applying 2vab < a + b, a,b > 0, we obtain the following inequality

(B, — ) (5,0) < 73,1 (5,0) + 4H KL [pn).

The definition of EXL(§) implies the part of the statement. At the same time we have a trivial bound
since f(s) € [0, H|

1
[P — Bh1f(s,0) < 2H < 2}, f(s, 0) + 2H.

To prove the second statement, apply the first inequality of Lemma 32 and proceed similarly. O

D.4 CONFIDENCE INTERVALS

Similar to Azar et al. (2017); Zanette & Brunskill (2019a); Ménard et al. (2021), we define the upper
confidence bound for the optimal regularized Q-function with Hoeffding bonuses.

Then we have the following sequences defined as follows
Qn(s,0) = clip(r(5.0) + PV (5,0) + B (5,0),0.H)

71 (5) = max (7@ (5) = AKL(w |7 (5))}

—t

Vi(s) = 7,7 Qh(s) = AKL( () [ (5))
Vizs(s) =0,
and the lower confidence bound as follows
Q’;(s, a) = clip(rh(s7 a) +phVh (s, a) — bZ’t(s, a), 0, H)
Vi(s) = ggﬁ{ﬂQZ(s) — AKL(7[|7n(s))},
Vira(s) =0,

where we have two types of transition bonuses that will be specified before use. The Hoeffding
bonuses are defined as follows

B (s.) 2 \/QH%KL«S, nf (s, )] (10)

nfl(s,a)
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Proposition 1. Let 6 € (0,1). Assume Hoeffding bonuses (10). Then on event G(J) for any ¢ € N,
(h,s,a) € [H] x § x Aitholds

Q' (s,0) < Qi an(s.0) S Qplsia), V4 ,(s) < VEyals) < Viuls).

Proof. Proceed by induction over h. For h = H + 1 the statement is trivial. Now we assume
that inequality holds for any ' > h for a fixed h € [H|. Fix a timestamp ¢ € N and a state-

. . —t . . . . .
action pair (s, a) and assume that Q,(s,a) < H, i.e. no clipping occurs. Otherwise the inequality
Q% .1 (5,a) < Q(s,a) is trivial. In particular, it implies nj, (s, a) > 0.

In this case by Bellman equations (7) we have

—t —t ,t
[Qn = Q3 anl(5,0) = BV iga(s,a) = PaVE s s (5,0) + b (s,a) -
To show that the right-hand side is non-negative, we start from the induction hypothesis

—t * * N
(@, — Q5 1l(s,a) > 23 = pulVZ \ pya(s,a) + bit(sa a).

The non-negativity of the expression above automatically holds from Lemma 13. To prove the
second inequality on @-value, we proceed exactly the same.

Finally, we have to show the inequality for V-values. To do it, we use the fact that V-value are
computed by F, (5),x,» applied to Q-value

N N —t —t
Zf\,h(s) = Fﬂ(s)A,h(QZ)@)a %,,\,h(S) = F%h(s),/\,h(Q%,,\,h)(S)a V,\,h(s) = F%h(s),/\th(Qh)(S)-

Notice that VF%, (4),, takes values in a probability simplex, thus, all partial derivatives of
F5, (s),,n are non-negative and therefore F5, (5) 5,1 is monotone in each coordinate. Thus, since

QZ(s,a) < ;ir’)\’h(s,a) < @2(8,@), we have the same inequality V! (s) < V%/\h(s) <

VZ (). O
D.5 SAMPLE COMPLEXITY BOUNDS

In this section, we provide guarantees for the regularization-aware gap that highly depends on the
parameter .

Let us recall the regularization-aware gap that is defined recursively, starting from G, 11 £ 0and

1 .
Wis0) = (14 7 )hGha () + 057 500)

(IT)
. _ 1 —t 2
G (s) = clip (wzﬂwﬁ(s) + oY gleaj((Qh(s, a) — QZ(S, a)) ,0, H),
where the additional bonus is defined as
AH2BKL (5. nt
b%ap,t(s,a) é 6 t( 7nh($7a))’ (12)
ny (Sa a)
and the corresponding stopping time for the algorithm
t=inf{t e N:G(s1) < e} (13)

The next lemma justifies this choice of the stopping rule.

Lemma 15. Assume the choice of Hoeffding bonuses (10) and let the event G(§) defined in
Lemma 12 holds. Then for anyt € N, s € S, h € [H]

7Tl_t+1

?r*,A,h(S) - %,A,h(s) < GZ(S)

Proof. Let us proceed by induction. For h = H + 1 the statement is trivial. Assume that for any
h' > h the statement holds. Also assume that G (s) < H, otherwise the inequality on the policy
error holds trivially. In particular, it holds that n}, (s, a) > 0 forall a € A.

40



Published as a conference paper at ICLR 2024

We can start analysis from understanding the policy error by applying the smoothness of Fx, (s).x.x

V2 an(s) = VENA(8) = Fr 0@ an(s:)) = (757 QE () = AKL(7 () 7 (5)) )

4

< F%h(s),/\,h(@;b(sv )) + <VF%;1(S WA h(@:z(sv ))’ Q:NT A, h(87 ) - @h(sa )>

t4+1

L= t t ~

51 @h = Q2 anlZ(s) = (717 QE N () = AKL(7 ()7 (5))).
Next we recall that
THL(8) = Vs, (9 an (@n(5:7)s  Fa (o) an(@n)(s) = T51Q) (5) — AKL(TE L (s) |7 (5)),

thus we have

t4+1 Fttl

Fr o n(@n)() = (REQEA(5:) = AKL(TE (5)[17n(s)) ) = 717 [@h — QEanl(5)

and, by Bellman equations

t+1 t+1 1 —t
Tr*,,\,h( s) — Vﬂ,\ n(s )<7Tt+1{ EW wAh}( )+ 7||Qh_ t,\th(S)
t+1

< T [Vianss — Vi) () + g5 1@ — Q5 all209)

By induction hypothesis we have

i1 11—t
V%*,,\,h(s) - V)\,h (s) < 7Tt+ th)\ h+1( 5) + 5“62}1 - :T—Ah“i(s)
Next, we apply Lemma

PrhGanti(s,a) = PG nr1(s,a) + [pn — PLIGS 1y1 (s, @)

1 4H2 KL K} t
S <1+H>ﬁlG§\7h+1(s,a)+ ﬁ ( 7nh(83a))

L2 Wh(s,a),
ni (s, a) n(s:0)

thus

Ft+1

* — 1 —t *
Zan(s) =V, (s) < Wi (s) + ﬁ”Qh - Q%,/\,h”zo(S)-

Finally, by the definition of ||| - and Proposition

t+1 t 2 A
Veanls) = Vi (5) < 7 W) + o ma(@h(s.0) — @) (5,)) 2 Ghs).
O

Theorem 5. Lete > 0,0 € (0,1), S > 2and A < H. Then algorithm with Hoeffding
bonuses and a stopping rule v (13) is (g,0)-PAC for the best policy identification in regularized
MDPs.

Moreover, the stopping time . is bounded as follows

=0

H5SA - (log(SAH/8) + SL) - L
( 5 )

where L = O(log(SAH log(1/0)/(e\))).

Proof. To show that is (g,0)-PAC we notice that on event G(¢) for 7 = x* by
Lemma

Viaa(s) = Visa(s1) < Gi(s1) <,

and the event G(0) holds with probability at least 1 — d. Next we show that the sample complexity
is bounded by the quantity mentioned above.
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Step 1. Bound for G’ (s;) First, we start from bounding W} (s, a) and G (s). By Lemma 14 we
can define the following upper bound for W} (s, a)

8H? 31 (0, nj (s, a))
nj(s,a)

2
Wi (s,a) < (1 + H>thZ+1(3,a) +
Therefore we obtain

2 SH2BKL(§5. nt .
GZ(S) < Ezea {<1+H)G2+1(3h+1)+ B* (6, Y, (sh, an))

TLZ(S}“ ah)

Shp = S:| y
By rolling out this expression

th(sl) S Eﬁt+1 [ZH: <1 + 2>h8H25KL(5’ nl};(sh’ a’h))

— H nk (sh,an)

+ 1 max(@ﬁl(sh, a) — Q;(sh, a))2

2\ acA

(14 2) L (@) - @ o)
=) —ma sp,a) —Qf (sp,a)) |.
H) 2X aea \ohioh @)= 2y 5h,

Using the fact that (1 +2/H)" < e2, we have

H

3 BEE(, ﬂﬁ(shaah))}

ny,(sn, an)

Gﬁ (81) S 8€2H2Eﬁ.t+1

h=1

(A)
H

Z gleai((@Z(sh, a) — QZ(Sh, a))j .
h=1

(B)

2

+ %Eﬁt+1

Term (A). The analysis of the term (A ) follows Ménard et al. (2021): we switch counts to pseudo-
counts by Lemma 28 and obtain

- =t
(A) <32°H?Y ) d;‘“(s,a)w.

=t
h=1 (s,a)€Sx A ny,(s,a) V1

Term (B). For this term we analyze each summand over h separately. By Lemma

Exes1 [I&a}(QZ(Sh’ a) — QZ(S}“G))j =E t+1,m) [(QZ(Shyah) - QZ(SM ah)f}

Next, we analyze the expression under the square. First, we have

—t —t
Qh(S}u ah) - QZ(S}M Clh) < Zb%t(sin ah) + m[vh+1 - ZZH}(S}“ a'h)-

By Lemma
—t —t
Qn(sn,an) — QZ(Sh, an) < 42" (s, an) +2n Vs = Vil (sh, an).

using Vf\’hﬂ () = V5 hya(s) < 7oy {@ZH - 7’;“} (s) and the definition of Hoeffding bonuses

By Lemma 28, Jensen inequality, and a change of policy 7**! to w*+1(") by Lemma 35 we have

H KL(§ mt
ot ¢ 3/2 2B5L(8, myy (sne, an))
— <4H E, 41, E .
Qh(sh7 ah) Qh(sh) ah) = mt+1,(h) [ ﬁz/ (Shl7ah1) vV 1 | h

h'=h

(10), thus, rolling out this recursion

H
Qh(snran) — Q' (snyan) < 4H - Eqonn [Z \/QﬁKL((S, g, (5w, an))

h=h nz/(sh/7 ah/)
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By taking the square we get
— . 2
Bovn [mag (@) — Q4 n.0)) |

H _
2B8KL(§5 7t (s, ans
]Eﬂtﬂ,(h) [Z ﬁ ( 2 T (Sh ah ))

o ﬁz,(sh/,ah/) V1

< ].6H3]E7rt+l,(h)

Sh‘|‘| .
The telescoping property of conditional expectation yields the final bound
|:25KL (5, ﬁl};’ (Sh/ , QR )) :|

ﬁ}i,(sh/, ah/) V1

H
— ¢ 2
]Eﬁ.u-l {r&ax(QZ(sh, CL) — QZ(Sma)) ] S Z 32H3Eﬂ.t+1,(h)

h'=1

Finally, collecting bounds over all h € [H] we have

16e H3 ol Ls,mt, (s,a))
(B) Zzzd n’,}(s,Z)\/l '

h=1 s,a h'=1

The final bound for an initial gap follows

=l N KL(s =t
Gi(s) <3222H2 Y. S0 dn” (5, 0) D0 (5, 0))

=1
h'=1 (s, a)€$><.A nh,(s’ a) vl

166 H3 ol Ls,mt (s,a))
Zzzd n}"l,(s,g)\/l '

h=1 s,a h/=1

Since A\ < H, we have that H? < H?3 /). Using a convention dZ/ "(s,a) = d;{f“ ©

Gt (51 4862H3 Z Z Z dﬂf (h) (57 ﬁ’;L/(S, a)) )
nz, (s,a)V1

h=0 s,a h'=1

(s,a) we have

By changing the summation order and noticing that

it 1 ot (R)
i, (s,a) = CES Z dy, s, a)

for H + 1 < 2H we get

96e H* ﬂ_mlxt ﬁ L(s,7mt (s,a))
Gt(sl ;hz:ld S a W

Step 2. Sum over ¢ < (. Assume ¢ > 0. In the case ¢ = 0 the bound is trivially true. Notice that for
any ¢t < ¢ we have
Gf\,1 (81) > €,

thus, summing upper bounds on Gf\ 1(s1) overall t < ¢ we have

t—1

9662H4 et BKL (6,7t (s,a))
L—]. <ZG}\181 sz S,aw.
(s,a,h) t=1

Notice that 5X(6, -) is monotone and maximizes at ¢ — 1, and df" " (s,a) = nLt'(s,a) —
n} (s,a). Thus, applying Lemma 29, we have

384e?HOS A

e(t—1) < efﬁKL(é, t—1)log(e).
Then by definition of X
384e*HOS A
et—1) < ef - (log(2SAH/S) + Slog(er)) - log(e).
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Step 3. Solving the recurrence. Define A = 384> H°SA/()\e) and B = log(2SAH/§) + S. Our
goal is to upper bound solutions to the following inequality

t <1+ A(Slog(e) + B) - log(t).

First, we obtain a loose solution by using inequality log(¢) < ¢? /3 that holds for any ¢ > 1. Taking
B =1/3 we have

L <1+43A3S -3+ B) M3,
Also we may assume that ¢ > 2, thus 1 < ¢/2 and we achieve

23 <6A(3S3 + B).

Solving this quadratic inequality in .'/3, we have

_ (18AS +/(1845)? + 24AB
= 2

>3 < (ISAS + \/W)g.

Define L. = 3log (54AS + \/18AB>. Then we can easily upper bound the initial inequality as

follows
t<1+ A(B+SL)L.

O

44



Published as a conference paper at ICLR 2024

E BEST POLICY IDENTIFICATION IN REGULARIZED LINEAR MDPS

In this appendix, we first state some useful properties of regularized linear MDPs and describe the
algorithm.

E.1 GENERAL PROPERTIES OF LINEAR MDPs

Let us start with a description of how to generalize the techniques of regularized MDPs to the setup
of linear function approximation (Jin et al., 2020). Again, we consider the case of KL-regularized
MDPs with respect to a reference policy 7. In this setting the - and V'-values could be defined
through regularized Bellman equations

Zan(s,a) =rn(s,a) + prViy (s, a),
Fon(8) = Q% \ n(s) — AKL(mn(s)[[7n(s)).
Moreover, for optimal Q- and V -functions we have
QR an(s,a) =rn(s,a) + PV \ hyai(s,a),
Vian(s) = max {nQ% () = AKL(r| 7 (5))).
Note that the value of a policy could be arbitrarily negative, however, we know a priori that the

optimal policy has non-negative value V>, , € [0, H], since the policy 7 itself has non-negative
value.

In particular, under this assumption, we have the following simple proposition

Proposition 2. For a linear MDP, for any policy 7 such that V', ; (s,a) > 0 for any (s,a,h) €
S x A x [H] there exists weights {w] } e[z such that for any (s,a,h) € S x A x [H] we have
Q% n(s,a) = ¥(s,a)"wy. Moreover, for any h € [H] itholds |[w}[|2 < 2H+/d.

Proof. By Bellman equations
d

QFan(s,a) = 7a(s,a) + prVi s u(s,a) = ¥(s,0) 0 + /S VER() - D (s, a)ipn,i(ds')

=1

_ <¢(s,a),ah+/Svgm(s')uh(ds')>.

To show the second part, we use Definition 2. First, we note that ||6,] < V/d and, at the same time

/S VE\n (8 (ds’) < HVA.

since the value is bounded by H.

O
E.2 ALGORITHM DESCRIPTION
In this appendix, we describe the algorithm for regularized BPI in linear MDPs.
is characterized by the following rules.
Sampling rule As for the algorithm we start with regularized optimistic planning
under the linear function approximation
— .
Qh(sv a) = ¢h(8, a)Tw;z + bz’tl(& a’) )
—t . —t ~
Vi (s) = clip <7¥relg>i{7rQh(s) — AKL(m, 7Th(s))}7 0, H), (14)
71 (s) = argmax{7Q),(s) — AKL(r, 75 (s))} .
TEA 4
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where b’ is some bonus defined as follows

b =B- \/ (s,a)]T[AL]™ Y (s, q)

for B > 0 a bonus scaling factor, and the parameter w!, is obtained by least-square value iteration
with Tikhonov regularization parameter « (Jin et al., 2020),

t
2
k k 2
@, = argmin > [ru(sh, af) + Vi (sh 1) = (sh, af)w]” + allwl3.
weRd k=1
We notice that there is a closed-form solution to this problem given by

wy, = At - lz (o [T'h + Vh+1(5h+1)w

T=1

where o] = (s}, af) and A}, = S0 @7 [W7]T + al.
Then we also define a family of exploratory policies by, for all A’ € [H],

, 7t (a|s) = 7t (als ith#Hn
e gy = {710 =l o s
7wt ) (als) = ]l{a € argmaxg e 4(Qp(s,a’) = Q, (s, a ))} ifh=~h

where Qt is some lower bound on the optimal regularized Q-value defined as follows

wi, = [Af]

t
Z Ui, [Tg + V§z+1(3£+1)}1 )

T=1

Q! (5,0) = [¥(s,a)]"wh — B-\/[v(s, a)]TAL] (s, a),
vt (s )chp(max {WQ (s) — )\KL(wH%h(s))},O,H),

(16)

The sampling rule is then obtained by picking uniformly at random a policy among the exploratory
policies, 7 = 7:("") for b’ ~ Unif[H]. Notice that it is equivalent to using a non-Markovian mix-
ture policy 7™ over all h € [H]. Additionally, it would be valuable to mention that computation
of this policy could be done on-flight since we can compute Q and Q.

Stopping and decision rule In the linear setting we use a simple deterministic stopping rule 7 = T’
for a fixed parameter 7'. In the finite setting, we were able to define an adaptive stopping rule by
leveraging a certain Bernstein-like inequality on the gaps (see Lemma 14). However, it is not clear
how to adapt such inequality to the linear setting.

As decision rule returns the non-Markovian policy 7, the uniform mixture over the
optimistic policies {ﬁt}tem The complete procedure is described in Algorithm 4.

Algorithm 4

1: Input: Number of episodes 7', bonus function b¢, Tikhonov regularization parameter c.
2: fort € [T] do
3:  Compute 7t by regularized optimistic planning with (14).
Sample h' ~ Unif{1,..., H} and set 7! = x*:("")
for h € [H] do
Play a} ~ 7t (st)
Observe s}, | ~ pp(s},, aj,)
8:  end for
9: end for
10: Output 7 the uniform mixture over {7"},c (7.

AN AN
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E.3 CONCENTRATION EVENTS

In this section, the required concentration events for a proof of sample complexity for
will be described. First, we define several important objects. Let /] = (s, a})
forany 7 € N, h € [H] and define

t

t
A =als+ ng[wg}i Ay = als+ ZEﬂmixwW(Sh,ah)[¢(8h7ah)]T|3ﬂv

T=1 T=1
where 7 is a uniform mixture policy of 7*("") defined in (15) overall b’ € {0,..., H}.

Let g°¢: (0,1) x N x Ry x Ry — R, and 8*: (0,1) x N — R, be some functions defined
later on in Lemma 1 6. We define the following favorable events for any fixed values of bonus scaling
B > 0 and Ridge coefficient o > 1 that will be specified later.

5COIIC((57B) é {Vt S N,Vh S [H] .

t

> i { Vi (k) = iV (shah) }

T=1

< 2dH /B> (5, 1, B)

(ARl

t
S OV (5T0) — PV (5T af))

T=1

< 2dH V ﬁconc(d)tB)})

[Af]-
1—
gent(g) & {Vt eN,Vhe [H]: Al §A2 — B, t)Id},

We also introduce an intersection of these events of interest, G(6,8) = £°7¢(§, B) N £(5).
We prove that for the right choice of the functions 3°°"¢, 3t the above events hold with high
probability.

Lemma 16. Let B, > 1 be fixed. For any § € (0,1) and for the following choices of functions 3,

H(1+ 2 2
peone(s,t, B) & 210g<(;_t)> +5+log (1 + 84242 . (é) ) ,

B8, ) £ 4log(8eH (2t + 1)/8) + 4dlog(3t) + 3,
for any fixed o > 1 it holds that
P[E™(5,B)] > 1—6/2, PE™(8)] >1-45/2,
In particular, P|G(5,B)] > 1 — 0.

Proof. Letus fix h € [H]|. Then for all t € N by Lemma |7 we have ||w} ||2 < 2H/dt/« and by a
construction of A‘;L we have )\min(AZ) > «. Therefore, combination of Lemmas 25 and 26 for any
fixed € > 0 we have with probability at least 1 — §/H

1/241/2
< 4H? [g 10g(H(t+a)> + dlog(l + 8Hdt>

t

S Evad T Evad T T
E ¢h{Vh+1(5h,+1) *thhﬂ(sh»ah)}
T=1

ad eal/2
[A7]7?
8d1/232 8t2 2
+d210g<1—|- . )}L <
Qe @

Next we take ¢ = Hd/t and obtain by using « > 1 and d > 1

t 2 2
< AH?d? [ng(H(l il )) +5

S Ui Visa (571) = Vi (ko ah)

T=1

4]

B 2
1/2,2
+log<1—|—8d t (Hd) )}

(AR
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Taking the square root we conclude the first half of the statement, the second half is exactly the
same, since Lemma 25 gives a bound uniformly over all value functions.

By Theorem 27 and union bound over h € [H], P[E(§)] > 1 — §/2. The union bound over two
prescribed events concludes P[G (6, B)] > 1 — 4. O

The proof of the following lemma remains exactly the same as in Jin et al. (2020).

Lemma 17. [Lemma B.2 by Jin et al. (2020)] For any (t,h) € N x [H] the weights w!, generated
by satisfies
lwh |2 < 2H+/dt/a.

E.4 CONFIDENCE INTERVALS

In this section, we provide the confidence intervals on the optimal Q-function that is required for the
proof of sample complexity of

We start from the specification of the required values of « and 5.

a7

24edHT
a22FM6,T)+1),  B=32dH log(ed> ,

)

where 3" is defined in Lemma
Proposition 3. Let o and B satisfy (17). Then on the event G(§) defined in Lemma 16 we have

. . —t . —t
(¢(s,a),wy,) — %,A,h(sv a) =pnl[Vipi1 — V%,/\,h+ﬂ(5a a) + Ay,
<"/}(S’ a)vﬂf‘) - Q:?,A,h(sﬂ a) =Dn [Kerl - V;:,A,h+1](87 a) + é]}sw

where Ay (s, a) and AL (s, a) satisfies

)
max{ |5, (s, )|, 1A} (5,0} < By/(¥(s,a), [Af]146(5,0))-

Proof. We provide the proof only for the first equation since proof of one statement completely
reassembles the other. By Proposition 2 and Bellman equations we have

%,A,h(sv a) = (Y(s,a),wp,) =ru(s,a) + phv?:/\,h-i-l(sv a),
therefore

@, —wj = [AL] 7

t t
T[T Evas T T T T * *
Z Vrlrh + Viga (shg)] — Z V(Y (shs ap), wh) — awh]
=1 T=1
1 I —t —t
= [A;L] w;; + [AZ] Z w}c |:Vh+1(sz+1) - phvh—i-l(827 CL;;):|
T=1
&1

&2

t
-1 T Tt T T
+ [AZ] § Ynpn {Vthl - Vﬁ*,)x,h+1} (sh»ap,) -
=1

&3
Next, we analyze the last term 3. By Definition 2 we have

Tt * T T T Tt *
bn [Vh+1 - V%,/\,h+1} (shsap) = <1/’h»/5[vh+1 - V%,,\,}L+1](3/)Nh(d$/)>v

thus

& = [A}] - (Z Uplp]" + adg — 041d> [/S[VZH - V%*,A,thl](S/)Hh(dsl)]

=1
—t « / -1 —t * / /
- /8 V1 = V2 ) ()i (ds) —a[AL] /S 71— V2 paa] () in(ds')

&4
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As a result, moving to Q-values directly we have

<¢(8aa)7@2> - QZ(S,G) = <¢(57G)a@fz - w;;>

= Ph[VZH = VZhl(s,0) + (¥(s,a),61 + &2 + &a) -

ZZ(s,a)

Next, we compute an upper bound for ZZ(S, a). We start from the first term, where we apply
Cauchy-Schwartz inequality and the second statement of Proposition

(s, @), €)1 = (s, @), awiding ] < allg(s, @)llig - - o lag»
< 2HVdal[4(s, a)l|jag)-1,

where we have used that ||[A}]7!||2 < 1/a. For the third term, we apply exactly the same con-
struction and obtain the same upper bound. For the second term, we also apply Cauchy-Schwartz
inequality and Lemma

t
bVl T Ev4d T T
Z (i [Vh+1(sh+1) = nV hy1(Shs ah)]

T=1

< 2dH ﬂCOUC(avt,B)HQZJ(S,G)H[AZ]*I-

[(¥(s,a),&0)] < [[(s, a)|az)-2

(AL

Thus, we have

—t
(55, )| < [24H /B3, T) + 4H /2(355(6,T) + 1)/ [0(s, ) T[AF =05, ).
The only part is to show that for our particular choice of B it holds

2dH/3one (5, T, B) + 4H/2d(5"(5,T) + 1) < B.

First, we notice that

24eHT

AH\/2d(B<(5,T) + 1) < 16Hd log( ) < B/2.

Thus, it is enough to show that

H(1+T?) 1250 B 2 1/ B\
conc < — .
8 ((5,T,B)210g(6 )+5—|—log<1+8d T 7 <15

First, we notice that since 7' > 1 and § € (0, 1) then

H(1 + T2 9T He?
21og((5+))+5g410g< 56),

and also, using the inequality log(1 + x) < x for any > 0

log | 1+ 8d'/2T? 5 i < log 1+i 5 i +10g<32.8.d1/2T2)
dH - 32\ dH

1/ B\
< (= -dT).
< 32<dH> +2log(16 - dT)

Thus, it is enough for B to satisfy the following inequalities

24eHT B \* 2T He> B \* B \*
)< —=— — | < | —= <|—=) .
log( 5 > = <32dH) ’ 41°g< 5 ) = <8dH>  210g(16dT) < <8dH>

It is clear that the choice B defined in (17) satisfies all required inequalities. O

Corollary 5 (Confidence intervals validity). Let constant o and BB defined in (17). Then on the event
G(0, B) we have @2(8,@) > Qx\n(s,a) > QZ(s,a) and V;(S) >V n(s) = V! (s) for any
te[T),he[H](s,a) €S x A
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Proof. Let us prove using backward induction over h € [H]. For h = H + 1 this statement is
trivially true. Let us assume that the statement holds for any &’ > h. Thus by Proposition

t

Qh(s,0) = Q3 a u(5,0) = By, @) + By/[w(s, )] IAG ]~ (s, 0) + b1 [Vir = Vit | (s, 0).

Notice that Z];L(s, a) + By/[(s,a)]"[A}]-1¢(s,a) > 0 and by induction hypothesis VZH -
Vi1 > 0 for any s’. Thus, we have proven the required statement for Q-values. To show it

for V-values, we notice that if upper clipping in the definition V" in (14) occurs, then the statement
trivially holds. Otherwise, we have

>t * -t *
Vh(s) - Vax,h(s) > F%h(s)A,h(Qh(S)) - F%h(5)7/\,h(Q%,/\,h(3))~

However, the function F%, (5),,5 18 monotone since its gradients lies in a probability simplex. Thus,

V;(s) — VZ,1(s) = 0. Using exactly the same reasoning we may show the lower confidence
bound. O

E.5 SAMPLE COMPLEXITY BOUNDS

In this section, we provide the sample complexity result of the algorithm. We start
from a general result that does not depend on the properties of linear MDPs, however, depends on
the properties of the algorithms.

Lemma 18. Let constants «, B be defined by (17). Then on event G(6, B) defined in Lemma 16 for
anyt €N, s € S,h € [H]

t+1
V?:,/\,h(s) - Vz, /\ r(8) Ezi

Zmax( )Q(sh,m].

Proof. Let us proceed by induction. For h = H + 1 the statement is trivial. Assume that for any
h' > h the statement holds. Also assume that G} (s) < H, otherwise the inequality on the policy
error holds trivially. In particular, it holds that n} (s,a) > 0 forall a € A.

We can start analysis from understanding the policy error by applying the smoothness of Fx, (s),x 4

VZan(s) = VENA(S) = P an(@3an(s, ) = (FEQE (5, 7) = AKL(7E™ (5)17n(s)) )
< Fr (9 an(@h(5:)) + (T Fs, 0 A (@1 (5,)) Qi (5,) = Qs ))
o l@h — Q5 alZ () — (7 QEN (5.~ AKLE ()17 (5))).

Next we recall that
t

w(s) = VE@4(s0), F@4)(s) = 7@ () = NKL(TE (3) [ (9)),
thus we have

t+1

F(@3)(s) = (75 Q5 a(s,) = AKL(FE ()17 (5))) = 7 1@ — QEanl(s)
and, by Bellman equations

t+1 _ " A+ 1, —¢ N
VZn(8) = Vaan(s) < at! {Q%,)\,h - Q% h}( )+ 5”@;1 — Qa3 (s)
_ . A1 1 ,—t
< 772+1ph {V%7/\,h+1 - V‘n’ A h+1} (s) + ﬁHQh -

5o (8)-

Next, we start by changing the norm and using the properties of ) and Q (see Corollary 5)

2

—t —t 2 —t
1@ = Qa2 (s) = max(Qh(s.0) = Q% 1 1(s,0)) < max(Q)(s,0) = Q) (s.0)) -
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Theorem 6. Let ¢ > 0,0 € (0,1). Then algorithm with a choice of parameters
described in (17) is (e, 8)-PAC for the best policy identification in regularized MDPs after

~( H5d?
T =
(%)

Proof. First, we notice that the definition of the output policy 7 as a mixture policy over all 7
allows us to define the following

iterates.

T
* & 1 * 7t
V%,)\71(31) - V%,/\,l(sl) = T Z{V%,/\,l(sl) - Vam(sl)}a
=1

therefore it is enough to compute only the average regret of the presented procedure. In the sequel
we assume the event G(d, B) for B defined in (17).

Step 1. Study of sub-optimality gap Letus fix ¢ € [T], then by Lemma |18 we have

H

- 2
(s1) < % hz::l Ezen {glea}(Qi - QZ) (5n, a)} :

Next, we analyze each term separately, starting from the difference between Q-values inside. Let us
fix h € [H|, then by Proposition

Qn(s,0) — Q! (s,0) = [@), — QErnl(s,0) — [Q — Q% 4)(5,0)
< 0 [Viss = Vi | (5,0) + 48] (s,0) g

t4+1

Vj,k,l(sl) - Vlfr

s

(18)

Next, we have for any b’ € [H] andany s’ € §
Vi - Vi) < mi (@ - @] ),

therefore we can roll-out the equation (18) and obtain

@Z(S, Cl) - QZ(& CL) < 4BIE;T¢+1

H
D lblsnrs an)lae )1

h'=h

(sp,an) = (s,a)].
Next, we apply Lemma 35 for any fixed h € [H]|

Eﬁ.t-f—l [?eaj((Q];l _ QZ)Q(S]“ CL)|81:| = Eﬂ.t+1,(h) |:<Q; o QZ)Q(Sh’ah)|81:|

and for any b/ > h

Bovrs [0 an g -1 o100 = (5,00 = B B0 an g 12 om,00) = (5.

Therefore, applying Jensen’s inequality to conditional measure and the tower property of condi-
tional expectation

H 2
¢ 2
Erir [?eaj((cgh—@;) (sh,a)|sl} < 16B%E, 01100 <Z||¢(sh,7ah,)||m,]l> |1

h'=h

H
< 16B*H Z E t41.n) [‘W(Sh’,ah’)H[QA;,]*l ‘81}
h'=h

H
<168°H Y Epeinon [Hip(sh/,ah/)HfAzl],l\31} .
h'=1
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Summing over all » and recalling 7 as a mixture policy of all t+1:(%)

- 5 H H
Exet1 {rggaz(@i —QZ) (sh,a)|51} < 16B*H Z ZElea(h) [Hq/)(sh/,ah/)HfAzl],l\sl}

h'’=1h=1

H
= 1662 H? 3 B [[i6(sm an)l[e 111
h'=1

Step 2. Summing sub-optimality gaps Next, we sum all sub-optimality gaps and obtain

T T-1
* ot * gttt
Z{V%,/\,l(sl) - V%,,\,1(51)} <H+ Z{V%,m(sl) -V (s1)}
t=1 t=1
16B2H2
<H-+ f Z Z Efrm"‘v“'l [Hw(sh’aa’h’)H[QAZ,]—l ‘81:|-
h=1 t=1
Next, we apply the definition of event £(§)
1— _ -1
A} = SR, = 86 T = (A7 < 2 [AZ — 28 (, T)Id} .

Notice that by the choice of o = 2(3*(4,¢) + 1) we have

t
K;l £ K; — QBcnt((Sa T)Id =214+ Z Emix, [w(sh’ ah)[w<sh’ ah)]T]'

T=1
Thus, we may apply Lemma
T-1 T—1
> a0, an)lg 1| €237 B [||w<shuah/>||@,]_l|s1

< 4logdet (K{,) .

To upper bound the determinant, we upper bound the operator norm using the triangle inequality

T—-1

21, + Z Ez+ [ (sh, an)[Y(sh, an)]']

=1

IAR 112 = <24 (T-1),

2

therefore, combining with a definition of B given in (17) we have

T
_t 64 - 322d?H° - log(T + 1 24edHT
S (Vaalor) ~ VIS a(s0)) < H + (BTEL) o (2edHT,
t=1

yielding

™ T,

x 7 H  64-32%d>H5 - log(T + 1 24edHT
Viaalse) = Vi (s1) < 7T T B ) ~log(5>.

In particular, this implies that

~( H°d?
r-6(4 %)

is enough to obtain e-accurate policy.
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F DEMONSTRATION-REGULARIZED PREFERENCE-BASED LEARNING

F.1 MAXIMUM LIKELIHOOD ESTIMATION FOR REWARD MODEL

In this section, we discuss the maximum likelihood estimation problem for the reward estimation,
following Zhan et al. (2023a). Let G be a function class of reward functions that satisfies the follow-
ing assumption

Assumption 6. For a function class G we assume that the true reward belongs to it: * € G.
Additionally, for the following function family Q@ = {q.(70,71) = o(r(11) — r(70)) : r € G}
equipped with an {.,-norm has a finite bracketing dimension, that means there is a d, > 0 and
R, > 0 such that

Ve € (0,1) : log Vi€, @, ||[lsc) < dglog(Rg/e).

The bracketing numbers are commonly used in statistics for MLE, M-estimation, and, more gener-
ally, in the empirical processes theory, see van de Geer (2000). Related to our setting, this assump-
tion is satisfied in the setting of tabular MDPs with a dimension dg = SAH and linear MDPs with
dimensions dg = dH, see Lemmas 19-

For each r € G and a pair of trajectories (79, 71) define the induced preference model as follows
¢ (10,71) = 0(r(71) — 7(70)).
To measure the complexity of the reward class G we will use the bracketing numbers of the function

class @ = {q.: T x T —[0,1] : r € F,.}, where T = (S x A)H is a space of all trajectories. See
Definition 7 for the definition of bracketing numbers.

Given the dataset of preferences DEM = {(7% 75 o*)}V"" we define the maximum likelihood
estimate of the reward model as follows

NRM
7 = arg max Z o log g, (78, 7F) + (1 — o) log(1 — (18, 71)) 3. (19)
reg k=1

The following result is a standard result on MLE estimation and, generally, M-estimation, see van de
Geer (2000). The proof heavily uses PAC-Bayes techniques by Zhang (2006), see also Agarwal et al.
(2020) for non-i.i.d. extension. We notice that a similar result could be extracted from Lemma 2 by
Zhan et al. (2023a), however, we did not find the proof of exactly this statement in their paper or
references within.

Proposition 4. Let Assumptions 4-6 hold. Let DM be a preference dataset and assume that tra-
jectories 7 and 7 were generated i.i.d. by following the policy 7. Then for any § € (0, 1) with
probability at least 1 — ¢ the following bound for the MLE reward estimate 7 given by solution to
holds

2 4 2dg log(Rg /N®M) + log(1/8
ETQ,Tqu" [(Q*(Toﬂ'l)_Qf(TO,Tl))Q} S g g( %RM ) g( / )7

where ¢ is a distribution over trajectories induced by policy 7

Proof. In the sequel, we drop the superscript from DM and N®M to simplify the notation.

Let us consider a maximal set of e-brackets B of size NVjj(e, Q, ||||o) and apply Lemma 2.1 by
Zhang (2006) (or Lemma 21 by Agarwal et al. (2020)), where consider brackets [¢,u] from B
as parameters 6, prior 7 is a uniform over B, and the density wp([¢,u]) is equal to a (properly
weighted) Dirac measure on a bracket [¢*, u*] that contains the MLE estimate (ties are resolved
arbitrary). It implies that for any function £: B x D — R it holds

Ep [exp{ £(D, [¢*,u"]) — log Bpr [e“P D] —log Mfj(e, Q. |l }] < 1,

where D’ is an independent copy of the dataset D and the KL-divergence between a Dirac measure
on an MLE bracket and the uniform distribution is computed exactly. Since we can control the
exponential moment, by a simple Chernoff argument we have with probability at last 1 — §

—log Epy [“P 1| < —£(D, 1%, 0]) + log N (¢, Q, || ) + Jog(1/0)-
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Next we choose L(D, [¢, u]) as log-likelihood ratio

N
1 oF log q. Tk Tk
£t =5 Y { AT
k=1

(o lost .51

ok logu(r, 1) + (1 — ok ) log(1 — £(7§, 1))

By the choice of a brackets [¢, u] it holds £* (79, 71) < ¢#(70,71) < u*(70,71). Using the fact that 7
is a solution to (19)

N
—L(D, [(*,u*]) = lz{ ok log . (15, 7f') + (1 — o") log(1 — g, (7§, 7)) }
Y 2 | oFlogu(rf, mf) + (1 — oF) log(1 — £(5, 1))
N
< 1Z{Oklogq*(TéC,le)Jr(1—0’“)10%(1—61*(75771’“))} <0
=2 22\ Flogar () + (1 on) log(1 — ge(f, 71)

At the same time

PR 1 0log g« (70, 71) + (1 — 0) log(1 — qx(70,71))
—logEqp [e£PHE D = _NlogE —= i ’
08 Ep [e } BE P T2 0logur (r0, 1) + (1 — o) log(1 — *(r0, 7)) J |’

where in the last expectation 79,71 ~ ¢™, 0 ~ Ber(q. (70, 71))-

By Fubini’s theorem, we have

1 S e w
N log Ep- {eE(D M ])} =—logE, - |:\/q*(7'0,’1'1)u(7'0,7'1)

+ \/(1 — qu(10,71))(1 — 6(7'0,7'1))} .

Next, we study the expression under the square root. By the definition of the e-bracket we have
t*(10,m) < g#(70,71) < w*(70,71) and w*(70, 1) — £*(70,71) < €, therefore

V@ (10, 7)u(70,71) < V@ (10, 71)(@7(T0, 1) + €) < Vau (70, 71)q7 (70, 1) + VE.

and the similar bound for the second term. Applying inequality — log(x) > 1 — x we have

1 P
-~ log Epr [GE(D U ])] >1-E, |:\/q*(7’077'1)q72(7'0,7—1)

+ VA= g (o)1 = m,n»] oz

By the properties of the Hellinger distance dy (see Section 2.4 and Lemma 2.3 by Tsybakov 2008)
we have

1—Erpn [\/Q*(TO,Tl)Qf(To,Tl) + \/(1 - q*(To,ﬁ))(l - Qf(TO,Tl))]

1

= iETo,Tl [d’zH(Ber(Q*(TOaTl))?Ber(Qf(TOa 7_1))} Z ETo,ﬁ [(Q*(Toﬂ Tl) - qf(TOa Tl))2

Overall, we obtain

log Ny(€, , ||| o0) + log(1/9)

Erym [(q*(T()le) - Qf(T077—1))2:| < 2\£+ N .

Taking ¢ = 1/N? and applying the upper bound on the bracketing number by Assumption 6 we
conclude the statement. O

And also we have a simple corollary of this result that shows convergence of the reward models.

Theorem 7. Let Assumptions 4-6 hold. Let D™ be a preference dataset and assume that trajec-
tories ¥ and TF were generated i.i.d. by following the policy . Then for any 6 € (0,1) with
probability at least 1 — § the following bound holds

Errimge [(T*(ﬁ) —ry(10) — 7(11) + 72(7-1))2} < 2(2dg log(Rg/JJ\;i:\[/I) +¢? log(e2/6),

where ( = 1/(inf e[ g, 1y 0" (2)) the non-linearity measure of the link function o defined in As-
sumption 4.
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Remark 7. We additionally notice that since two trajectories are i.i.d., we have

* * A A 2 * N
Ery runa [ (7 (71) = ()] = [7(1) = #(70)])?| = 2Varge[r* (m1) = #()].
In particular, it means that if the reward function is estimated up to a constant shift, then the MLE
estimation error is zero.

Remark 8. In the setting of a sigmoid link function o(z) = 1/(1 + exp(—z)) we have { =
exp{©(H)}, yields the exponential dependence on the reward scaling. This could be avoided by
using a more problem-dependent way to obtain a bound on rewards given bound on the induced
preference model.

Proof. Follows from the application of Proposition 4 and the following application of mean-value
theorem for any two fixed 79, 7y

[ (1) — 7 (70)] = [F(71) = 7(10)] = 0~ (g (70, 71)) — 0" (a7 (70, 71))
(0™ (©)lax(10,71) = gi(70, 1)),
).

The observation (o~ 1) (&) = 1/0'(671())
O

where £ is a point between ¢, (79, 71) and g»(70, 1
yields the statement.

Next, we compute the required quantities dg for the case of finite and linear MDPs for a choice of
o =1/(1+ exp(—) as a sigmoid function.

Lemma 19. Let a reward function {74 (s, a)}nhe[n) be an arbitrary function r,: S x A — [0,1].

Let us define G = {r(7) = Zthl r1(Sh, ap)}. Then Assumption 6 holds with constants dg = HS A
and Rg = 3H/2.

Proof. Let us define a functional class of interest @ = {q,(71,72) = o(r(m1) — r(12)) | r € G}
Since o is a monotonically increasing function that satisfies o’(z) < 1/4. Thus, by combination of
Lemma 21 and Lemma 22 we have

Ni(E Qo) < N(22, G, |-lloo)-

Next we define a function classes Fp, = {rp: S x A — [0, 1]} of one-step rewards. By Lemma
it holds

H
A/[](257g7 ”HOO) < HM](zE/H7‘Fh7 ””00)
h=1

Then we can associate a function space Fj, with a parameters ©;, = [0,1]°4 and by Lemma
and a standard results in bounding of covering numbers of balls in normed spaces, see van Handel
(2016),

Niy(e, Fis -lloe) < N (e/2, 10,1154, [l ]oo) < (3/2)4.

As a result, we have
log NVj(g, Q. [I-lloo) < HSAlog(3H/(2¢)).

O
Lemma 20. Let a reward function {7y (s, a)}ne(r) be parametrized as r1,(s, a) = (s, a)" 0y for
V: S x A — R? that satisfies |[1(s,a)||2 < 1, and 0y, € Oy, for Oy, = {0, € R? | ||64]] < Vd}.
Let us define G = {r(r) = Zthl r1(Sh, an)}. Then Assumption 6 holds with constants dg = dH
and Rg = 3H/d/2.

Proof. Let us define one-step rewards as follows Fj, = {rp,(s,a) = ¢(s,a)™0, | 6, € R%, [|6,] <
V/d}. Then following exactly the same reasoning as in Lemma

H
Ni(e, QIHlso) < TT My(2e/H, Fis I1llcc).

h=1
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Next we notice that F, is Lipschtiz in ¢5-norm with respect to parameters 6, with a constant 1:
rn(s,a) — (s, a)| = [¥(s,a)"(On — O1,)] < [10n — Op|2-
Therefore, since Oy, is a ball of radius V/d we obtain
Ny(e Fi [Hllse) < N (e/2,0m, 1 l2) < (3Vd/2)"

As a result, we have
log N (e, Q, ||-llsc) < dH log(3HVd/(2¢)).

F.2 PROPERTIES OF BRACKETING NUMBERS

In this section, we provide a list of elementary properties of bracketing numbers for completeness.
See Section 7 of Dudley (2014) for additional information.

Lemma 21. Let (G, ||||co) be a normed space of functions over a set X that takes values in
the interval I and let o: I — [0,1] be a monotonically increasing link function that satisfies
sup,c;o'(xz) < C for C > 0. Then for F = 00G = {f = ocog | g € G} it holds for any
e>0

Ny (& Filllloc) < Np(e/C, G, [ lloo)-

Proof. Let G be a minimal set of ¢ brackets that covers G. Then let us take a set of brackets
F ={[ool,00u] : [l,u] € G}. The set of F consists of brackets since o is monotone, and it covers
all the space F. Additionally, we have

|00 u(x) — oo l(z)] =o' (§|(u(x) — £(x))| < Ce,
therefore the set F' consists of Ce-brackets. By rescaling we conclude the statement. O

Lemma 22. Let (G, ||-||o) be a normed space of functions over a set X and let us define a set of
Sfunctions over X x X as F = {f(x,2') = g(x) — g(2') | g € G}. Then it holds

Proof. Let G be a minimal set of € brackets that covers G. Let us define the following set of brackets

F={[fe(z,2') = l(z) = u(a'), fulx,2") = u(z) — ()] | [(,u] € G}

We may check that elements cover all the set F. Let us take f € F and the corresponding g € G.
Then let us take a bracket [¢, u] that covers g. In this case, we have

felw,a') = () —u(@') < g(a) — 9(a’) < u(@) — (') = ful, '),

At the same time, we have
1fe = fulloo < 2[lu — €)|oo < 2e.

Thus, F'is a set of 2¢-brackets that covers F. ]

Lemma 23. Let {Qk}ff:l be a sequence of spaces of functions over a set X equipped with a norm
|- lloe and let us define a set F of functions over X as follows

K
F = {f(xl,...,:zrk) :ng(xk) | gk eg}.

k=1

Then the following bound holds

K
Ny FlHllee) < TTMie/KL G, [Hlloo)-
k=1
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Proof. For any k € [K] let G) be a minimal set of & brackets that covers G, Then we construct the
set F' as follows

K k
F= { [fz(x) = te(wr), ful@) =D urlzx) | | VE € [K] : [l up) € gk}-
k=1

k=1

It holds that | F| < [+, |G| and also it is clear that F' consists of brackets and covers all the set
F. Additionally, we notice that

K
k=1

By rescaling we conclude the statement. O

Lemma 24. Let © be a set of parameters and let F = { fo(z) | 0 € O} be a set of functions over
X. Assume that fo(x) is L-Lipschitz in  with respect to an arbitrary norm ||-||:

Vo € X :|fo(x) — for(x)| < LJIO— 0.

Then we have

N, F, o) < N (=/(20), 0, 1.

Proof. Let X be ae-covering of © and letus defineaset F' = {[{ = fo—eL,u = fo+cL] | 0 € X}.
Let us show that F' consists of brackets. Let fy € F, then there is §# € X. By Lipchitzness

Vo € X : [ fola) = fy(z)| < L||6— 0] = Le,

therefore a bracket that corresponding ¢ and w indeed satisfy £(x) < fp(x) < u(x) for any z € X.
Also, we notice that ||¢ — u||oc = 2¢L, therefore by rescaling we conclude the statement. O

F.3 PROOF FOR DEMONSTRATION-REGULARIZED RLHF

During this section we assume that the MDP is finite, i.e. |S| < +o0 to simplify the manipulations
with the trajectory space. However, the state space could be arbitrarily large.

In this section, we provide the proof for the demonstration-regularized RLHF pipeline defined in
Algorithm 2. We start from the general oracle version of this inequality. For a reward function r let
the value with respect to this value be defined as follows

H

> rw(swyan) | sh=s

h'=h

Vir(s;r) =E, , Vf’)\yh(s;r) = Vi (s;1) — AKLraj(7|| ).

U

A similar definition holds for Q)-values. Additionally, let us define the following coefficient defined
by Zhan et al. (2023a) that additionally shows the closeness of 7 and 75€ in terms of the family
of reward functions.

]ETONWE,nNﬂ'BC [T*(To) - 7“*(7'1) - (T(TO) - T(Tl))]

CT(gJTE,’ﬂ'BC) £ max< 0, sup

(20)
reg \/ETO’TINT‘FBC [(r*(m) —r*(11) — (r(70) — 7"(71)))2}

We notice that the denominator could be written as
2 R
E o 1urBC [(r*(m) —r*(m) = (r(10) — (1)) } = 2Var, .sc[r* — 7.
Theorem 8. Let us assume that there is an underlying reward function r* such that
1. There is an expert policy 7% such that

Vi (sisr®) = Vi (s131%) < e
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2. There is a behavior cloning policy 7€ that satisfies

KLgyaj (B[] 7BC) < exr;

3. There is an estimate of reward function 7 that satisfies

\/Var se [r* (1) — #(7)] < erm;

Let m®% be a ey -optimal policy in the )\-regularized MDP for wB€ and using # as rewards:
Vise y1(s157) — Ve by a1 (5157) < ere.

Then we have the following optimality guarantees for T in the unregularized MDP equipped with
the true reward function

€2 4H
Vi(s1;r*) — Vf’RL(sl, ) < F/‘\M + 2eg + 2erL + 2Xe, + 3eRMEKL + ?é"KL

BC

Moreover; if we assume that C,.(G, 7" w8 is finite, we have

RL

Vi(s1;r™) = Vi (s1;17) < Pj\M + 2eg + 2eRrL + 2Xeky, + 3CH(G, 72, 7BC) - erm.

Additionally, under the choice \* as a positive solution to the equation 2e%; (\*)? = 2XeRL + €k
we have the following bound

Vi (s1;1%) — VerL(Su r*) < 2eg + 4egy, + 6exrerm + min{2Heg, Cr - epm |,

where C,. = C,.(G, ", mB€) is a concentrability coefficient.

Proof. We start from the following decomposition, using the assumption on the expert policy

RL

RL 3
Vi (si377) = VI (s137%) S VI (s10%) = Vi (s157%) + em.
Next, we change the reward function as follows

RL E RL E RL

VI () =V (o) = VI (s ) = Vi (s ) + V(™ = 7) = Vi (s — 7).
(A) (B)

We start from the analysis of the term (A). By properties of the behavior cloning policy and the BPI
policy 7R

L

(A) = Ve x 1 (51 7) + AR Lway (77]|75C) = Ve (137) = AR Ly (7 | 75)

R RL
S V‘[]'BC’A71(51;T) - V (517 ) + )\EKL < ERL + AEKL

Next, we have to analyze the second term (B). We decompose it as follows

BC BC RL

(B) =V (siir =) = VI (suir” — W)+ VT (sair" —#) =V (suir” — 7).
© D)

We start from the analysis of (D) because the analysis of term (C) depends on the concentrability
assumption.

For the term (D) we can apply the second part of Lemma 32 since the space of the trajectories is
finite

(D) = E e [ (1) = #(7)] — E e [r*(7) = #(7)]
< /2Var e [r(7) = #(7)] - Klapag(RE[[75€) < V/<Bar - KLera (nRL [7BO),
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where we applied an assumption on the reward estimate. Next, we have to estimate the trajectory
KL-divergence between 7% and 75€.

Let us apply the -optimality of the policy 7" with respect to reward # in the regularized MDP
VI (513 7) = AKLgea (7% [|75C) < VI (5157) + R, — A KLgray (77 75).
By rerranging the terms we have

1
KL ([ 75¢) < Y (VFRL(SU P) = VI (s137) + ERL> + %L,
1
< EE—F% + 3 (VlﬂRL (s1;7 —17%) — VfrE (5157 — r*)) +ekp
1

o . <RL R g + €
:X<Vl (sp;7* = 7) =V (Sl;T*—T))-i-E%(L-i-iE 3 RL
We notice that (B) £ V7™ (sy;7* — 7) — VfTRL (s1;7* — ), then we have the following recursion

(B) < (C) + /T (B) + (e -+ 20+ Acky )

Letus denote t? = (B) +cg +err, + Aeky, » @ = V/eau/A, b = (C) +eg +err, + Acky,. Then we
have the standard quadratic inequality in ¢, the maximal solution of which could be upper bounded
as t2 < a? + 2b which implies

2

(B) < ERTM + €g + ERL + AE%{L + 2(0)

Next, we analyze the term (C).

Without concentrability assumption By the first part of Lemma 32 we have
(C) =E e [r*(7) = #(7)] = E e [r (1) — 7(7)]

q
2H 2H
< \/QVaquBc - KLpaj (7E || 7BC) + 5 KL (75 |17BC) < V2 ermext + ?s%@.

Overall, we have the final rates

* * aRL * 612:{M 2 4H 2
Vl (81; r ) — Vl (81; r ) < T + 2eg + 2eRy, + 2)‘€KL + 3erMmEKT, + ?5KL'

With concentrability assumption Now we assume that C,.(G, 7%, 7€) is finite. In this situation,

we can upper bound (C) as follows

(C) =, v, poic [ (1) = (1) + (1) — #(70)]
< \/QCE(Q,WE,WBC) - Var .zc[r* — 7] < V2-C(G, 78, 7BC) - erum.

Overall, we have the final rates

2
Vl*(sl; r*) — VfTRL (SU T'*) < ERTM + 2eg + 2eRrL + 2)‘5%{L + 3CT(g, 7TE, 7TBC> - ERM-

Under the choice of \* To show the last part of the statement, we choose A* as a solution to the
following quadratic equation 2(\*)%e%; = 2\*egry, + €&, In particular, its positive solution is

equal to
¢ ERLF VeRy + 2e% . eRm
2e2 . ’
Applying firstly the quadratic formula and then the exact formula above we have

2
€
% + 2ery, + 2\ ey, = ANeky, = 2ern, + 24/ehy, + 265630 < 4eRL + 3ekLERM.

Combining this bound with the bound on performance we have
Vi (s1;1") — VfTRL(sl; r*) < 2eg + 4ery + 6ekLeERM + min{2H€f<L, Cy - erm},

where C,. = C,.(G, 7%, 7BC) is a concentrability coefficient.
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G DEVIATION INEQUALITIES

G.1 DEVIATION INEQUALITY FOR CATEGORICAL DISTRIBUTIONS

Next, we state the deviation inequality for categorical distributions by Jonsson et al. (2020, Proposi-

tion 1). Let (X;);en+ be i.i.d. samples from a distribution supported on {1, ..., m}, of probabilities
given by p € A,,,_1, where A,,_; is the probability simplex of dimension m — 1. We denote by p,,
the empirical vector of probabilities, i.e., forall k € {1,...,m},

R Aln
k2= > 1{X, =k}
Pnk “{e }

Note that an element p € A,,_; can be seen as an element of R™~! since p,,, = 1 — EZZII Pk
This will be clear from the context.

Theorem 9. Forallp € A,,_1 and forall § € [0,1],
P(3In € N*, n KL(py, p) > log(1/6) + (m — 1)log(e(1 +n/(m —1)))) < 4.

G.2 DEVIATION INEQUALITY FOR SEQUENCE OF BERNOULLI RANDOM VARIABLES

Below, we state the deviation inequality for Bernoulli distributions by Dann et al. (2017, Lemma
F.4). Let F; for t € N be a filtration and (X );cn+ be a sequence of Bernoulli random variables with
P(X; = 1|F;—1) = P; with P, being F;_-measurable and X; being F;-measurable.

Theorem 10. For all § > 0,
n n 1
P(dn: X < P/2 —log— | <6.
( Sy n gé)_

G.3 DEVIATION INEQUALITY FOR BOUNDED DISTRIBUTIONS

Below, we state the self-normalized Bernstein-type inequality by Domingues et al. (2021b). Let
(Y2)ten, (we)ren~ be two sequences of random variables adapted to a filtration (F3):cn. We assume
that the weights are in the unit interval w; € [0, 1] and predictable, i.e. F;_; measurable. We also
assume that the random variables Y; are bounded |Y;| < b and centered E[Y;|F;_1 ] = 0. Consider
the following quantities

t t )
Si2) wYs, Vi2) wi-E[VP|F ], and W&} w
s=1 s=1 o=t

and let h(z) = (z + 1) log(x 4+ 1) —  be the Cramér transform of a Poisson distribution of param-
eter 1.

Theorem 11 (Bernstein-type concentration inequality). For all § > 0,

P(Ht >1,(Vi/b* + 1)h<‘/b|itl|)2) > log(1/8) + log(4e(2t + 1))) <.

The previous inequality can be weakened to obtain a more explicit bound: if b > 1 with probability
at least 1 — 6, forallt > 1,

1Sy] < \/2V; log(4e(2t + 1)/8) + 3blog(4e(2t +1)/6).

G.4 DEVIATION INEQUALITY FOR VECTOR-VALUED SELF-NORMALIZED PROCESSES

Next, we state Lemma D.4 by Jin et al. (2020). For any symmetric positive definite matrix A we
define ||z]|a = VT Ax.

Lemma 25 (Jin et al. (2020)). Let {s,}22, be a stochastic process on the state space S adapted to
a filtration {F,}>° . Let {X,}>° be an R¥-valued stochastic process where 1), is F-predictable
(X, is Fr—1 measurable) and || X || < 1. Let Ay = aly + 23:1 X X[ and let V be a family of
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Sfunction over the state-space S such thatVV € V Vs € § : 0 < V(s) < H. Then forany 6 € (0,1)
with probability at least 1 — §

2.2
Vte N,YV €V §4H2[§log(t—;a'|/\fe|)]+8ts

1) «

)

. 2
Z XAV (sy) —Er1[V(s0)]}
=1

AT

where N is a minimal £-cover of V with respect to the distance p(V, V') = sup,cg |V (s) — V'(s)|.

Also, we state the result on the covering dimension of the class of bonus function, see Lemma D.6
by Jin et al. (2020) for a similar result.

Lemma 26. Let V be a class of functions over S such that

VseS:V(s)= Clip<rrelgx {7 [w (s, ) + BV, TATG(s, )| = An,s(m) |0, H)
TEAA

is parameterized by a tuple (w, 8, ) such that ||w|| < L,8 € [0,B], Amin(A) > a. Assume

l¥(s,a)|| < 1forany (s,a) € S x A. Then the covering number |N¢| of the function space V with

respect to the distance p(V,V') = sup,cs |V (s) — V'(s)| satisfies

4L 8d'/2 B2
log NV (g, V, p) < dlog(l + 6) + d? log(l + 62)
(67

Proof. Following the approach of Jin et al. (2020), we reparametrize the following set by setting
A = $?A~! and obtain

V(s) = clip <greli>i{7r [wTdJ(s, J+ V(s )TAY(s, )} — )\@h,s(ﬂ)}, 0, H),

for ||wl|l2 < L, ||All2 < B2a~!. Next, let Vi, Va € V be two functions that corresponds to parame-
ters (wy, A1) and (wsq, A2). Then, using non-expanding property of clip(-,0, H) and maxrea ,{-}
we have

SESTEAA

pYALVA) < sup s | (WTw(s.) + VBT TATD, ) ~ (s, + /O T 42005, )

< swp [[wl a5, 0) + /(e @) A (s, ) — W(s,a)TAW(s,a)}

s,aESXA

< sup  [(wy —wa, )|+ sup  /|PT(AL — A2)
L:|[p|<1 P:||¥]|<1

< Jlwr — wall2 + V|| A1 — Azl F.

The rest of the proof follows Lemma D.6 by Jin et al. (2020) and uses the result on covering numbers
of Euclidean balls in R<. O

G.5 DEVIATION INEQUALITY FOR SAMPLE COVARIANCE MATRICES

The following result generalizes Theorem 10 in the case of linear MDPs and generalized counters.

Let {X;}72, be a sequence of random vectors of dimension d adapted to a filtration {F;}?2; such
that || X¢||2 < 1 a.s.. Define a sequence of positive semi-definite matrices A; = E[X; X[ |F;_1].

Notice that [|A¢ll2 = Omax(As) < 1. Also define Ay = Ay + Y5 X;XJ and &, = Ay +
t

Zj:l Aj.

Lemma 27. Let § € (0,1). Then the following event

/ 1
£ (8) = {vt 2 1: Ar = 5K — B(6. )L}

under the choice B(6,t) = 4log(4e(2t+1)/0) +4d log(3t) 4 3 holds with probability at least 1 — 6.
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Proof. Let us fix a vector v from a unit sphere ||v||s = 1. Next, note that

t
UTAtU — ’UTKtU = Z <U,Xj>2 — E[<U,X]‘>2|]:j_1] .

j=1

Notice that AM; is a martingale-difference sequence that satisfied |[AM;| < 2 and

t t t
Z]E[AMJ?VH} = Z]E[AMﬂfj,l] < ZE[<U7XJ->4|;EJ»,1] < v Aw.

j=1 =1 j=1

Therefore, applying self-normalized Bernstein inequality (Theorem 1) we have that with probabil-
ity at least 1 — § forall ¢t > 1

[o"Ayv — vTA| < \/2vTKtv -log(4e(2t 4+ 1)/0) + 3log(4e(2t +1)/9).
Next, inequality 2ab < a? + b? implies that
_ 1
[vT Ay — v A < ivTAtU + 4log(4e(2t +1)/9).

Let us denote by N. a e-net over a unit sphere of dimension d. By union bound over this net we
have with probability at least 1 — ¢

Vo € N o [0TAD — v"Apd] < —0TAyd + 4log(de(2t 4 1)/6) + 4log(IN:]).

1
2
Let v be an arbitrary vector on a unit sphere and let & € A be the closest vector to v in the e-net.
Then for any matrix A € R%*< we have

[vTAv — 0T AD| < [vTA(v — 0)| + |(v — 0)TAD| < 2| A]|2.
Next we notice that ||A; — A¢||2 < 2t and ||A;|| < ¢. Then we have

Vo e 8% [T Aw — vAw| < %UTX{U + 4log(4e(2t +1)/6) + 4log(JNe|) + 3te.

Finally, we have the upper bound on covering number [NV;| < (3/¢)? and, taking ¢ = 1/t for all
fixed t > 1 we have

_ 1
Yo e St v Aw — vAw| < §UTAtv + 4log(4e(2t + 1)/6) + 4d log(3t) + 3.
Thus, with probability at least 1 — § we have forall ¢t > 1

3 1
§At + B(0,t)1q = Ay = §At — B(9,t) 1.

where 3(0,t) = 4log(4e(2t + 1)/9) + 4dlog(3t) + 3.
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H TECHNICAL LEMMAS

H.1 COUNTS TO PSEUDO-COUNTS

Here we state Lemma 8 and Lemma 9 by Ménard et al. (2021).

Lemma 28. On event E™, for any 5(0,-) such that x — (9, z)/x is non-increasing for x > 1,
x +— [(0, x) is non-decreasing Vh € [H|, (s,a) € S X A,

B9 njy(s,a)) < 4ﬁ(5 ny(s,a)).

vVt e N*
" nb(s,a) nl(s,a) V1

Lemma 29. For T € N* and (u;)sen-, for a sequence where u; € [0,1] and Uy = Zle ug, we get
Z T S Alog(Ur +1).

H.2 COUNTS TO PSEUDO-COUNTS IN LINEAR MDPs

Let {X,;}$2, be a sequence of random vectors of dimension d adapted to a filtration {F;}$2; such
that || X;||2 < 1 a.s.. Define a sequence of positive semi-definite matrices A, = E[X, X]|F;_1].

Notice that | A¢lla = omax(A¢) < 1. Also define Ay = Mg+ Y5 X;X] and A, = Mg +
Z;:l A]'
Lemma 30. Let A = 0 be a positive semi-definite matrix such that ||Al|2 < 1. Then

logdet(I + A) < Tr(A) < 2logdet(I + A).

Proof. Follows from eigendecomposition for A and numeric inequality log(1+z) < x < 2log(1+
x) forall z € [0, 1]. O

The next result generalized Lemma D.2 by Jin et al. (2020); see also (Abbasi-Yadkori et al., 2011).
Also, it could be treated as a generalization of Lemma 29 for linear MDPs.

Lemma 31. Let ||A¢|2 < 1forallt > 1. Then forany T > 1

det(Ar)
& det (K

det(Ar)

log XTA LX,|F, <21 .
; 1) Xy Fie 1] Ogd (Ao)

Proof. First, we notice that A,_ is F;_,-measurable, thus
E[X7 A1) X | Feon] = E[Tr([A—1] ' X X7) | Fima ] = Tr (A1) " EIX X[ | Fioi))
= ([ ]2 A) = Tr([Kt_l]‘l/QAt[Kt_l]‘l/2>.
Notice that Xy = [A;_1]~/2A;[A;_1]~/? is positive semi-definite matrix. Then by Lemma
logdet(Iq+ ) < E[X[[A—1] ' X¢|Fim1] < 2logdet(Iy + X).
At the same time, we have
det(R;) = det(Ry_y + A) = det(A;_y) - det (Id + [Kt,l]—l/QAt[Kt,l}—W).
Thus by telescoping property

det (KT)

T
1 — E XT At 1 Xt|ft_1] < 210g -
tz:; det(Ao)
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H.3 ON THE BERNSTEIN INEQUALITY

We restate here a Bernstein-type inequality by Talebi & Maillard (2018).

Lemma 32 (Corollary 11 by Talebi & Maillard, 2018). Let p,q € Ag, where Ag denotes the
probability simplex of dimension S. For all functions f : S — [0, b] defined on S,

pf—af < \/2Varq(f) KL(p, q) + %bKL(p, q)

af = pf < \J2Varg(f)KL(p,q).

where use the expectation operator defined as pf = Esp f(s) and the variance operator defined as
Vary(f) 2 Bowp (f(5) = Bonp ()" = p(f = pf)*.
Lemma 33. Letp,q € Ag and a function f : S — [0, ], then
Var,(f) < 2Var,(f) + 46> KL(p, q)
Var,(f) < 2Vary(f) + 46> KL(p, q).
Lemma 34. Forp,q € Ag, for f,g: S — [0,b] two functions defined on S, we have that
Var,(f) < 2Vary(g) + 2bp|f —g| and
Varg(f) < Vary(f) +3b%(lp — qll1,
where we denote the absolute operator by | f|(s) = | f(s)| forall s € S.

H.4 CHANGE OF POLICY

Let 7 and 7’ be two Markovian policies and let 7("") for b/ € [H] be a family of policies defined as
follows
(1) gy = Jmn(s) hF# N,
™ (8) = {W;L(s) h="1.
Lemma 35. For any measurable function f: S — R and any h < I it holds
Ex[f(sn)ls1] = Eqon[f(sn)ls1].
Moreover, for any measurable g: S X A — R and any h > I’

Er[g(sn,an)|(snr,an) = (s,a)] = E ) [g(sh, an)|(snr, an') = (s, a)].

Proof. At first, we recall that by definition of a kernel p;, we have for any measurable f:

Exlf(sn+1)|8nsan] = puf(sn,an), Ex[g(sn,an)|sn] = mhg(sn). 21

We show the first statement by induction over h < h'. For h = 1 the statement is trivial. Next, we
assume that it holds for & and we have to show for h + 1 < h'. By the tower property of conditional
expectation and (2 1)

Ex[f(snt1)ls1] = Ex[Ex[f(sh+1)[5n, anl[s1] = Ex[pn f(sn, an)|s1]
= Ex[Ex[pnf(sn,an)|snl|s1] = Ex[mn[pnf](sn)|s1].
We notice that since h < h' then 7, = )
function 7r§th )[phf] (sn)

Exlf(sn1)l51) = Belmnlpn ] (sn)ls1] = Bx[ef [pn f)(50) 1] = B [ (501 [1]:

. Then we can apply the induction hypothesis to a

To show the second statement, we use induction over all 4 > h'. For h = &' the statement is trivial.
Next, we assume that it holds for 4 > h’ and we have to show it for h + 1. Again, using the tower

property

Ex[9(sht1,an+1)|50, an] = Ex[Ex[g(Sht1, ht1)|Sh41]|Sh, an] = Ex[Thp19(She1)|shr, ans).
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We notice that 7541 = wfji)l since h > h'. Thus, again applying the tower property, (21), and
induction hypothesis

h/
Erlg(shr1, ans1)|sn, an] = Ex[Exlmy i g(sns1)lsn, anlsn, an]
h/
= B [pa[r" ) 9](sn, an)|snr, an]

h/
=E. o) [Pn [W;(L+)19}(8h7 an)|sns an] =E ) [9(She1s ang1)|sw s an].

O
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