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Summary

Mean field type games (MFTGs) describe Nash equilibria between large coalitions: each
coalition consists of a continuum of cooperative agents who maximize the average reward of
their coalition while interacting non-cooperatively with a finite number of other coalitions.
Although the theory has been extensively developed, we are still lacking efficient and scalable
computational methods. Here, we develop reinforcement learning methods for such games in
a finite space setting with general dynamics and reward functions. We start by proving that
MFTG solution yields approximate Nash equilibria in finite-size coalition games. We then
propose two algorithms. The first is based on quantization of mean-field spaces and Nash Q-
learning. We provide convergence and stability analysis. We then propose a deep reinforcement
learning algorithm, which can scale to larger spaces. Numerical experiments in 5 environments
with mean-field distributions of dimension up to 200 show the scalability and efficiency of the
proposed method.

Contribution(s)

1. We prove that the solution of an MFTG provides an e-Nash equilibrium for a game between
finite-size coalitions (Theorem 2.4), which provides a motivation for solving MFTGs.
Context: None

2. We propose a tabular RL method based on quantization of the mean-field spaces and Nash
Q-learning (Hu & Wellman, 2003). We prove the convergence of this algorithm, analyzing
the error due to the discretization (Theorem 3.2).

Context: None

3. We propose a deep RL algorithm based on DDPG (Lillicrap et al., 2016) which does not
require quantization and hence is more scalable to problems with a large number of states.
Context: None

4. We illustrate both methods in 5 environments with distribution in dimension up to 200.
Context: Since this paper is the first to propose RL algorithms for (finite space) MFTGs
with general dynamics and rewards, there is no standard baseline to compare with. We thus
carry out a comparison with two baselines inspired by independent learning.
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Abstract

Mean field type games (MFTGs) describe Nash equilibria between large coalitions:
each coalition consists of a continuum of cooperative agents who maximize the aver-
age reward of their coalition while interacting non-cooperatively with a finite number
of other coalitions. Although the theory has been extensively developed, we are still
lacking efficient and scalable computational methods. Here, we develop reinforcement
learning methods for such games in a finite space setting with general dynamics and
reward functions. We start by proving that MFTG solution yields approximate Nash
equilibria in finite-size coalition games. We then propose two algorithms. The first is
based on quantization of mean-field spaces and Nash Q-learning. We provide conver-
gence and stability analysis. We then propose a deep reinforcement learning algorithm,
which can scale to larger spaces. Numerical experiments in 5 environments with mean-
field distributions of dimension up to 200 show the scalability and efficiency of the
proposed method.

1 Introduction

Game theory has found a large number of applications, from economics and finance to biology and
epidemiology. The most common notion of solution is the concept of Nash equilibrium, in which
no agent has any incentive to deviate unilaterally (Nash, 1951). At the other end of the spectrum is
the concept of social optimum, in which the agents cooperate to maximize a total reward over the
population. These notions have been extensively studied for finite-player games, see e.g. (Fudenberg
& Tirole, 1991). Computing exactly Nash equilibria in games with a large number of players is
known to be a very challenging problem (Daskalakis et al., 2009).

To address this challenge, the concept of mean field games (MFGs) has been introduced in (Lasry
& Lions, 2007; Huang et al., 2006), relying on intuitions from statistical physics. The main idea is
to consider an infinite population of agents, replacing the finite population with a probability distri-
bution, and to study the interactions between one representative player with this distribution. Under
suitable conditions, the solution to an MFG provides an approximate Nash equilibrium for the cor-
responding finite-player game. While MFGs typically focus on the solution concept of Nash equi-
librium, mean field control (MFC) problems focus on the solution concept of social optimum (Ben-
soussan et al., 2013). The theory of these two types of problems has been extensively developed, in
particular using tools from stochastic analysis and partial differential equations, see e.g. (Bensoussan
et al., 2013; Gomes & Saude, 2014; Carmona & Delarue, 2018) for more details.

However, many real-world situations involve agents that are not purely cooperative or purely non-
cooperative. In many scenarios, the agents form coalitions: they cooperate with agents of the same
group and compete with other agents of other groups. In the limit where the number of agents is
infinite while the number of coalitions remains finite, this leads to the concept of mean-field type
games (MFTGs) (Tembine, 2017). Various applications have been developed, such as blockchain to-
ken economics (Barreiro-Gomez & Tembine, 2019), risk-sensitive control (Tembine, 2015) or more



38
39
40
41
42
43
44
45
46
47
48
49
50
51

52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69

70
71
72
73
74
75
76
77
78
79
80
81

82
83
84
85
86
87

Under review for RLC 2025, to be published in RLJ 2025

broadly in engineering (Barreiro-Gomez & Tembine, 2021). Similar problems have been studied un-
der the terminology of mean field games among teams (Subramanian et al., 2023) and team-against-
team mean field problems (Sanjari et al., 2023; Yiiksel & Basar, 2024). The case of zero-sum MFTG
has received special interest (Basar & Moon, 2021; Cosso & Pham, 2019; Guan et al., 2024), but the
framework of MFTGs also covers general sum games with more than two (mean-field) coalitions.
MFTGs are different from MFGs because the agents are cooperative within coalitions, while MFGs
are about purely non-cooperative agents. They are also different from MFC problems, in which the
agents are purely cooperative. As a consequence, computational methods and learning algorithms
for MFGs and MFC problems cannot be applied to compute Nash equilibria between mean-field
coalitions in MFTGs. MFTGs are also different from multi-population MFGs and MFC problems
(see (Bensoussan et al., 2018, Section 3)). Last, graphon games (Caines & Huang, 2019) and mixed
mean field control games (Angiuli et al., 2023a) correspond to limit scenarios with infinitely many
mean-field groups. In such games, each player has a negligible impact on the rest of the population,
which is not the case in MFTGs, see (Tembine, 2017), so new methods are required for MFTGs.

Inspired by the recent successes of RL in two-player games such as Go (Silver et al., 2016) and
poker (Brown et al., 2020), RL methods have been adapted to solve MFGs and MFC problems,
see e.g. (Subramanian & Mahajan, 2019; Guo et al., 2019; Elie et al., 2020; Cui & Koeppl, 2021)
and (Gu et al., 2021; Carmona et al., 2023; Angiuli et al., 2023b) respectively, among many other ref-
erences. We refer to (Lauriere et al., 2022) and the references therein for more details. Such methods
compute the solutions to mean field problems. A related topic is mean field multi-agent reinforce-
ment learning (MFMARL) (Yang et al., 2018), which studies finite-agent systems and replaces the
interactions between agents with the mean of neighboring agents’ states and actions. Extensions
include situations with multiple types and partial observation (Ganapathi Subramanian et al., 2020;
2021). However, the MFMARL setting differs substantially from MFTGs: (1) it does not take into
account a general dependence on the mean field (i.e., the whole population distribution), (2) it aims
directly for the finite-agent problem while using a mean-field approximation in an empirical way,
and (3) it is not designed to tackle Nash equilibria between coalitions. The works most related to
ours applied RL to continuous space linear-quadratic MFTGs by exploiting the specific structure of
the equilibrium policy in these games (Carmona et al., 2020; uz Zaman et al., 2024; Zaman et al.,
2024). In these settings, policies can be represented exactly with a small number of parameters. In
contrast, we focus on finite space MFTGs with general dynamics and reward functions, for which
there has been no RL algorithm thus far to the best of our knowledge.

Main contributions. Our main contributions are as follows:

1. We prove that solving an MFTG provides an e-Nash equilibrium for a game between finite-size
coalitions (Theorem 2.4), which justifies studying MFTGs for finite-player applications.

2. We propose a tabular RL method based on quantization of the mean-field spaces and Nash Q-
learning (Hu & Wellman, 2003). We prove the convergence of this algorithm, analyzing the error
due to the discretization (Theorem 3.2).

3. We propose a deep RL algorithm based on DDPG (Lillicrap et al., 2016) which does not require
quantization and hence is more scalable to problems with a large number of states.

4. We illustrate both methods in 5 environments with distribution in dimension up to 200. Since
this paper is the first to propose RL algorithms for (finite space) MFTGs with general dynamics
and rewards, there is no standard baseline to compare with. We thus carry out a comparison with
two baselines inspired by independent learning.

The rest of the paper is organized as follows. In Section 2, we define the finite-agent problem
with coalitions, its mean-field limit, and establish their connection. We then reformulate the MFTG
problem in the language of mean field MDPs. In Section 3, we present an algorithm based on the
idea of Nash Q-learning, and we analyze it. Section 4 gives our deep RL algorithm for MFTG,
without mean-field discretization. Numerical results are given in Section 5. Section 6 is dedicated
to a summary and a discussion. The appendices contain proofs and additional numerical results.



88

89
90
91
92

93

94
95
96
97
98
99

100

101
102
103
104
105
106
107
108
109
110

111
112

113
114
115
116

117
118
119

120

121
122
123
124
125
126
127
128
129

130
131

RL for Finite Space MFTG

2 Definition of the model

In this section, we define the finite-population m-coalition game and the limiting MFTG with m
(central) players. We will use the terminology agent for an individual in a coalition and central
player for the player who chooses the policy to be used by her coalition. We will sometimes write
player instead of central player.

2.1 Finite-population m-coalition game

We consider a game between m groups of many agents. Each group is called a coalition and behaves
cooperatively within itself. Alternatively, we can say that there are m central players, and each of
them chooses the behaviors to be used in their respective coalition. For each i € [m], let S and A’
be respectively the finite state space and the finite action space for the individual agents in coalition
i. Let N; denote the number of individual agents in coalition i. Let A(S?) and A(A?) be the sets of
probability distributions on S® and A?, respectively. Agent j in coa11t10n ] has a state z,’ at time .

The state of coalition i is characterized by the empirical distribution " = ~ Z;Vl 10,1 € A(SZ)

and the state of the whole population is characterized by the joint empirical distribution: p¥ =
(ur™ .., M), The state of every agent j € [N;] in coalition i evolves according to a transmon
kernel p 1S x At x H 1 (Si/) — A(S?). If the agent takes action a,’ and the distribution is ;8"
then: z}) ; ~ p i \xt ,at , V). We assume that the states of all agents in all coalitions are sampled
1ndependently During this transition, the agent obtains a reward 7 (:E;J , aij , 1Y) given by a function

DSt x AT X TT0 A(S! " — R. All the agents in coalition ¢ independently pick their actions
accordmg to a common policy m* : §*x A(S')x---x A(S™) = A(A"), ie. ,al forall j € [N;] are
i.i.d. with distribution 7% (|2}’ , u¥). Notice that the arguments include the individual state and the
distribution of each coalition. We denote by I the set of such policies. The average social reward
for the central player of population i is defined as: J*V (7!,... 7™) = N Z [Zt>0 ytr?],
where v € [0, 1) is a discount factor and the one-step reward at time ¢ is 7,” = rt(xfﬂ cay?, ulN). We
focus on the solution corresponding to a Nash equilibrium between the central players.

Definition 2.1 (Nash equilibrium for finite-population m-coalition type game) A policy profile
(rl,...,7™) € II' x -+ x I is a Nash equilibrium for the above finite-population game if:
foralli € [m), for all m* € TI', JoN(nt; n7%) < JON (7wl w7 ?), where ¢ denotes the vector of
policies for central players in other coalitions except 1.

In a Nash equilibrium, there is no incentive for unilateral deviations at the coalition level. When
each N; goes to infinity, we obtain a game between m central players in which each player controls
a population distribution. Such games are referred to as mean-field type games (MFTG for short).

2.2 Mean-field type game

Informally, as N; — o0, the state ui’N of coalition 4 has a limiting distribution pi € A(S?)
for each i € [m], and the state u¥ of the whole population converges to p; = (uf,...,u") €

A(SY) x -+ x A(S™). We will refer to the limiting distributions as the mean-field distributions.
Based on propagation-of-chaos type results, we expect all the agents’ states to evolve independently,
interacting only through the mean-field distributions. It is thus sufficient to understand the behavior
of one representative agent per coalition. A representative agent in mean-field coalition ¢ has a state
z} € S* which evolves according to: x} , ~ p'(-|z}, ai, pue), ai ~ 7 (-|ai, ), where 7¢ € TI is
the policy for coalition i. We consider that this policy is chosen by a central player and then applied
by all the infinitesimal agents in coalition 4. The total reward for coalition i is: J*(7!,... ™) =

E [ SisoYirt(xh, al, ,ut)} , where, intuitively, the expectation takes into account the average over all
the agents of coalition ¢. Then, the goal is to find a Nash equilibrium between the m central players.
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Definition 2.2 (Nash equilibrium for m-player MFTG) A policy profile (r},...,7) € I x

-+ x II"™ is a Nash equilibrium for the above MFTG if: for all i € [m], for all e II,
Ji(rhy Y < Ji(wi; w0 t), where 1t denotes the vector of policies for players in other coali-
tions except i.

In other words, in a Nash equilibrium, the central players have no incentive to deviate unilaterally.
This can also be expressed through the notion of exploitability, which quantifies to what extent a
policy profile is far from being a Nash equilibrium, see (Heinrich et al., 2015; Perrin et al., 2020).

Definition 2.3 (Exploitability) The exploitability of a policy profile (7!,...,7™) € TI* x --- x
omis E(at, .. 7™) = S0 Xty .., m™), where the i-th central player’s exploitability is:
Ermt,. .., m™) = maxzicm JURG ) — JH(wt ).

Notice that £(wt, ..., 7™) quantifies how much player i can be better off by playing an optimal
policy against 7 ¢ instead of 7%, In particular £(7!,...,7™) = 0 if and only if (7!,...,7™)isa
Nash equilibrium for the MFTG. More generally, we will use the exploitability to quantify how far
(ml,...,7™) is from being a Nash equilibrium.

The main motivation behind the MFTG is that its Nash equilibrium provides an approximate Nash
equilibrium in the finite-population m-coalition game, and the quality of the approximation increases
with the number of agents. In particular, we can show that solving an MFTG provides an e-Nash
equilibrium for a game between finite-size coalitions. The following assumptions are classical in the
literature on MFC and MFTGs, see e.g. (Cui et al., 2024; Guan et al., 2024).

Assumption 1 (a) For each i € [m], the reward function r*(z,a, ) is bounded by a constant
C, > 0 and Lipschitz w.r.t. i with constant L.

(b) The transition probability p(z'|x, a, i) satisfies the following Lipschitz bound: ||p(-|z,a, p) —
p(|lz,a, @)|l1 < Lpd(u, i) for every x € S%, a € A%, and p, i € A(S?).

(c) The policies m(a|x, ) satisfy the following Lipschitz bound: ||7w(-|z,p) — w(-|z, f)]1 <
Ld(u, it) for every x € S%, and i, i € A(S?).

Theorem 2.4 (Approximate Nash equilibrium) Suppose that Assm. 1 holds. Let (w%,...,7™) €
II! x --- x II™ be a Nash equilibrium for the MFTG. When the discount factor vy satisfies ~y(1 +

Ly + Lp) < 1, then max JON (7 a7t < Ji’N(wi;ﬂ;i) + e(N), for all i € [m)], with e(N)

C max;e[m] {|Si|\/ |Ai|/\/N¢}, where C'is a constant.

In other words, if all the agents use the policy coming from the MFTG corresponding to their coali-
tion, then each coalition can increase its total reward only marginally (at least when the number of
agents is large enough). In contrast with e.g. (Saldi et al., 2018, Theorem 4.1), our result provides
not only asymptotic convergence but also a rate of convergence.

Proof:(sketch) The proof consists of three main steps. First, we show that the distance be-
tween p; and pl¥ for any + > 0 can be controlled by the distance between po and pd’, and
MaxX;em] {|Sl| VA /v N; }, using the idea of propagation of error and analyzing the state-action
distribution. Second, based on the Lipschitz conditions, we use the derived bound to control

|JoN (zd, . ™) — Ji(xt, ..., 7™)|. Lastly, we prove the approximated Nash equilibrium by
rewriting maxz: JON (7% 77 — J4N (ri;w77) and the triangle inequality. More details of the
proof are provided in Suppl. A. (]

2.3 Reformulation with Mean-Field MDPs

Our next step towards RL methods is to rephrase the MFTG in the framework of Markov decision
processes (MDPs). Since the game involves the population’s states represented by probability dis-
tributions, the MDPs will be of mean-field type. We will thus rely on the framework of mean-field
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Markov decision processes (MFMDP) (Motte & Pham, 2022; Carmona et al., 2023). But in con-
trast with these prior works, we consider a game between MFMDPs, which is more challenging
than a single MFMDP. The key remark is that, since x} has distribution z¢ and a! has distribution
7 (+|zt, p1e), the expected one-step reward can be expressed as a function 7 of the i-th policy and

the distributions: ) )
s m) = Y pile) Y wilale)r (2, a, ),
rEeSt ac Al

where 7! = 7i(-|-, ). This will help us to rewrite the problem posed to central player ¢, as an
MDP. Before doing so, we introduce the following notations: >< S ? is the (mean-field) state
space, where S° = A(S?) is the (mean-field) state space of populatlon 1. The (mean-field) state is
5 = €8S; At = A(Az)‘s | is the (mean-field) action space; 7 : S x A° — R is as defined
above p:Sx A x ... x A™ — S is defined such that: p(st,at, ..., a") = 3py1 where, if
= (ug,..., ) and aj = (|-, i), then S,11 = (pipq, ..., 1%y ), where we recall that i}
is the distribution of x} ;. In other words, p encodes the transitions of the mean-field state, which
depends on all the central players’ (mean-field) actions. To stress the fact that the transitions are
deterministic, we will sometimes use the notation 7' = P to stress that this is a transition function
(at the mean-field level). A (mean-field) policy is now a function 7° : S — A’. In other words,
the central player first chooses a function 7 of the mean field. When applied on g, 7 (j1¢) returns
a policy for the individual agent, i.e., () : S* 3 2t — (g, 2t) = 7(-|2t, ue) € A(AY).
Although this approach may seem quite abstract, it allows us to view the problem posed to the
i-th central player as a “classical” MDP (modulo the fact that the state is a vector of probability
distributions). We can then borrow tools from reinforcement learning to solve this MDP.

Remark 2.5 Notice that an action for central player i, i.e., an element @' of A*. From the point of
view of an agent in coalition i, it is a decentralized policy. Then T is a mean-field policy for the
central player, whose input is a mean field. This generalizes the approach proposed in (Carmona
et al., 2023) to the case of multiple controllers. It is different from e.g. (Yang et al., 2018), in which
there is no central player and no mean-field policies. This allows to represent coalitions’ behaviors
that react to other coalitions’ mean fields.

2.4 Stage game equilibria

We now rephrase the notion of MFTG equilibrium using the notion of value function, which will
lead to a connection with the concept of stage-game. To make the model more general, we also
assume that the reward of coalition ¢ could function depend on the actions of all central players.

The central player of coalition i aims to choose a policy 7' to maximize the discounted sum of
rewards: v%(3) = v'(5,7) = Ez [Ziio ’y%%@ﬁi)}, where # = (7!,...,@™) is the policy

profile and 59 = 3, 5,41 ~ p(-|5¢,a@l,...,a0"), @ ~ 7(-|5),5=1,...,m, t > 0.

We can now rephrase the notion of Nash equilibrium for the MFTG (Def. 2.2) in this framework.

Definition 2.6 (Nash equilibrium for MFTG rephrased) An MFTG Nash equilibrium T =

(7L, @™ is such that foralli = 1,...,m: v'(5,7.) > v'(5, (7%, 7)), V5 € S,vx! € II'.
To simplify the notation, we let @ = (a',...,a™), #~*(da~*|5) = H ;i (da’|s),a e A
. AJ. The Q-function for central player i is defined as: Q% (5, a 7(5;,a
YD) play ™ t= ory

S,ag = Ei] .. We now introduce an (MF)MDP for central player ¢ when the other players’ policies
are fixed. We define the following MDP, denoted by MDP(7~%).

Definition 2.7 (MDP(7 %)) An MDP for —a central player i against fixed poli-
cies of other players is a tuple (S,A' pz-i,Fr-i,7y) where px-i(3]5,a") =

(5|5, @) (da"’|s), Fa-i(s,a’) =7

A—i
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Next, we define the notion of stage game, which is a Nash equilibrium for a one-step problem. This
serves as an intermediate goal in Nash Q-learning, to learn a global-in-time Nash equilibrium.

Definition 2.8 (Stage game and stage Nash equilibrium) Given a (mean-field) state 5 € S and a
policy profile ®# = (71,...,7™), the (mean -field) stage game induced by s and 7 is a static game
in which player i takes an action @' € A’, i=1,....,m and gets the reward Q. (5,a',...,a™).
Player i is allowed to use a mixed strategy o' € A(AZ) A Nash equilibrium for this stage game is
a strategy profile o, = (ol,... a™) such that, for all o € A(A?),

APQLG) 2 oo P Q)
where we define o* - -- 0™ Q% (5) = 7(5,0") + ’y/ / (5',m)p(ds'|5,a)o(da|s), with A =
Al x - x A™, o(dal|3s) = [[[~, o%(da‘|5), and 7 ( = EgimoiT (5, a).

We now define a mean-field version of the NashQ function introduced by Hu & Wellman (2003).
Intuitively, it quantifies the reward that player ¢ gets when the system starts in a given state, all the
player uses the stage-game equilibrium strategies for the first action, and then play according to a
fixed policy profile for all remaining time steps.

Definition 2.9 (NashQ function) Given a Nash equilibrium (o}, ...,0l"), the NashQ function of
player i is defined as: NashQL (3) = o} ---o™QL(3).

We conclude by showing the link between Defs. 2.2 and 2.8 (the proof is in Suppl. B).

Proposition 2.10 The following statements are equivalent () 7 = (7L,...,7™) is a Nash
equilibrium for the MFTG with equilibrium payoff (v% s, U ), (i) For every 5 € S,
(7L(5),...,7™(5)) is a Nash equilibrium in the stage game induced by state 5 and policy profile .

3 Nash Q-learning and Tabular Implementation

In this section, we present an adaptation of the celebrated Nash Q-learning of Hu & Wellman (2003)
to solve MFTG. It should be noted that the original Nash Q-learning algorithm Hu & Wellman (2003)
is for finite state and action spaces and to the best of our knowledge, extensions to continuous spaces
have been proposed only in special cases, such as Vamvoudakis (2015); Casgrain et al. (2022), but
there is no extension to continuous spaces for general games that could be applied to MFTGs. The
main difficulty is the computation of the solution to the stage-game at each iteration, which relies on
the fact that the action space is finite. So this algorithm cannot be applied directly to solve MFTGs.

In order to implement this method using tabular RL, we will start by discretizing the simplexes
following the idea in Carmona et al. (2023). This allows us to analyze the algorithm fully. However,
this approach is not scalable in terms of the number of states, which is why in Section 4, we will
present a deep RL method that does not require simplex discretization.

3.1 Discretized MFTG

Since S® and A? are finite, S* = A(S?) and A(A?) are (finite-dimensional) simplexes. We endow
S and A(A’) with the distances d5(5,5") = 3 ,c(,, d(5, s'") = Dicim] Lowesi (@) — p ()],
and d 4: (a@*(3), (Z’i(g)) =2 a \wi(alz, 5) — 7" (a|z, 5)|, where 5¢ = pf, a‘(5) = 7(-|-, 5). In the
action space A* = {S — A(A*)}, we define the distance d 5: (a’, a’ l) = sup;cg dai(a@(s),a” (s))
However, S and A° are not finite. To apply the tabular Q- learning algorithm, we replace S and
A" with finite sets. For i = 1,...,m, let §* C S and A(A") C A(A?) be finite approxi-

mations of Sl and A(Ai).v ‘We then define the (mean-field) finite state space and action space
S =125 c Sand A' = {a' : S — A(A")}. Let es = maxzcgming g dg(5,5) and
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€A = max; MaxXg: 4 Mg 4 d 5: (@', a’), which characterize the fineness of the discretiza-
tion.The policy space of each player i is II* = {#* : S — A(A?)}. We will also use the projection
operator Projg : S — S, which maps 5 to the closest point in S (ties broken arbitrarily). This will
ensure the state takes value in S. Specifically, given a state 3; and a joint action (a}, ..., a}"), we
generate 5,11 = F(3;,a;,...a"). Then, we project 5;,1 back to S and denote the projected state
by 5,41 = Projg(5:+1). This finite space setting can be regarded as a special case of an m-player
stochastic game, and the Theorem 2 in (Fink, 1964) guarantees the existence of a Nash equilibrium.

3.2 Nash Q-learning algorithm

We briefly describe the tabular Nash Q-learning algorithm, similar to the algorithm of Hu & Wellman
(2003). The main idea is that, instead of using classical ()-learning updates, which involve only the
player’s own @Q-function, the players will use the Nash() function for a stage game.

At each step t, the players use their current estimate of the ()-functions to define a stage game. They
compute the Nash equilibrium, say (5*,...,6™) € [[;~, II*, and deduce the associated Nash@
function, which is then used to update their estimates of the ()-functions.

At each step t, player i observes § and takes an action according to a behavior policy chosen to
ensure exploration. Then, she observes the reward, actions of each player, and the next state §’. She
then solves the stage game with rewards (Q}(3'),..., Q7 (§)), where Qi(3') : (al,...,a™) —
Qi(s',a',...,am). Let (xb'(§),..., 7™ (5')) be the Nash equlhbrlum obtained on player i’s
belief. The NashQ function of player i is defined as: NashQ?(5') = 72" - - - #L"™Q%('). From here,
she updates the Q-values according to the following rule, where o is a learmng rate:

Qiyi(5,a,...,am) = (1 — ap)Qi(3,a",...,a™) + oy (7; + BNashQ}(5)). (1)

It is noted that in each iteration, the Q-values of each player are updated asynchronously based on
the observation. The detailed algorithm is described in Algo. 1.

Algorithm 1 Discretized Nash Q-learning for Mean Field Type Game (DNashQ-MFTG)

1: Inputs: A series of learning rates a;; € (0,1), ¢ > 0, and exploration levels ¢, ¢t > 0
2: Outputs: Nash Q-functions QZ fori=1,.

3: Initialization: Qf (5, a',...,a™) = 0 for all § € S and @' € AY;

4: fork:O,l,...,N—ldo

5 Initialize state 3

6 fort=0,..., T —1do

7: Generate a random number ¢; ~ U[0, 1]

8 if (; > ¢; then _ 4

9 Solve the stage game Q?@t(ét) and get strategy profile (72*, ..., #2™)fori=1,...,m
10: Sample Gi ~ 7l fori = 1,...,m

11: else

12: Sample action @ uniformly from A’ fori =1,...,m

13: end if

14: Observe r},..., ", at,..., a7, and §;11 = Projg(F (3, at,..., am))

15: Solve the stage game Q}C’t(étﬂ) and get strategy profile (ﬁ;i717 . 7?*1 ™ for i =

1,....,m
16: Compute NaShQi. t(§t+1) ﬁ' ‘ T Z7 Qk‘ t(st+1)
17: Copy Qk 1 = Qk ,fori=1,...,m and update Qk,t+1 by:
Qi (Byat,...am) = (1*at)Q2,t(5taé1a oo, @™) +ay(ry+BNash@Qy 4(8141))

18:  end for

19: Copy Qh 0= Qhp_q fori=1.....m
20: end for
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3.3 Nash Q-learning analysis

We will see that Q% from Algo. |1 converges to Qﬁ,* under the following assumption, which is
classical in the literature on NashQ-learning, see e.g. Hu & Wellman (2003); Yang et al. (2018).
We use it for the proof although it seems that in practice the algorithm works well even when this
assumption does not hold.

Assumption 2 (a) Every state § € S and action ' € A’ i ..., m, are visited infinitely often.

(b) oy satisfies the following two condmonsfor all t, EL am™: 1.0 < oy(,at,...,a™m) < 1,

Scpou(s,at,. .. am) = oo, ooy af(8,a am) < oo, the latter two hold umformly and
with probability 1. 2. oy (3,a,...,a™m) = 0, lf(s aty...,d™) # (8e,ap, ., a1").

(¢c) One of the following two condmons holds: 1. Every stage game (Q1(3 )7 ., Q1 (8) forall t
and 3, has a global optimal point, and players’ payoff in this equilibrium are used to update their
Q-functions. 2. Every stage game (Q}(3'),...,Q(3)) for all t and 3, has a saddle point, and
players’ payoff in this equilibrium are used to update their Q-functions.

Here, a global optimal point is a joint policy of the stage game such that each player receives her
highest payoff following this policy. A saddle point is a Nash equilibrium policy of the stage game,
and each player would receive a higher payoff provided at least one of the other players takes a
policy different from the Nash equilibrium policy.

Theorem 3.1 (NashQ-learning convergence) UnderAssm 2, Qt (QF,...,QM), updated by (1)
converges to the Nash equilibrium Q-functions Q. = (QL Fore Q ).

We omit the proof of Theorem 3.1 as it is essentially the same as in (Hu & Well-
man, 2003). We then focus on the difference between the approximated Nash Q-function,
Qi (Proj(5), Proj 41 (a'), ..., Proj 4m (a™)) and the true Nash Q-function, Q% (5,a'...a™), in
the infinite space S x A* x --- x A™. For this proof, we use the following assumption, which is an
extension to the multi-player setting of the assumptions in (Carmona et al., 2023).

Assumption 3 (a) For each i, 7 is bounded and Lipschitz continuous w.r.t. (8¢, d%) with constant
L. F is Lipschitz continuous w.r.t. (3,a',...,a™) with constant L in expectation.
(b) v% is Lipschitz continuous w.r.t. 3 with constant Ly_

Assm. 3 (a) can be achieved with suitable conditions on the game. The boundedness of the reward
function, together with the discount factor 0 < v < 1, can also lead to the boundedness of the payoff
function 17; For classical MDPs, Lipschitz continuity of the value function can be derived from
assumptions on the model as in (Motte & Pham, 2022).

To alleviate the notation, we let: Proj(s,a' ...a™) = (Projg(s), Proj 11 (@'), ..., Proj zm (@™)).

Theorem 3.2 (Dlscrete problem analysis) Let € > 0. Suppose Assm. 3 holds and there is a unique
pure policy 7% for the MFTG for each i and 5 € S, the function v’ p(s) is a global optimal point

for the stage game Ql (5) Then, lft is large enough, for each i, 5 € S, i = 1,2,---, we have
|Qi(Proj(s, a' )) QLr r(5,a"...a"m)| < €, where € = e+ Crea + Caes, with €5 and €4

defined above, respectlvely, 01 (Lrl +vLgi LFm) and Cy = */L@% + Ly +vLy Lp.

Note the first € in the bound €’ can be chosen arbitrarily small provided ¢ is large enough. The
second and the third term are controlled by € 4 and €5 and can be small if we choose a finer simplex
approximation. The proof is provided in Suppl. C.

4 Deep RL for MFTG

While the above extension of the NashQ learning algorithm has the advantage of being fully analyz-
able and enjoying convergence guarantees, it is not scalable to large state and action spaces. Indeed,
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it requires discretizing the simplexes of distributions on states and actions. The number of points
increases exponentially in the number of states and actions, which makes the algorithm intractable
for very fine discretizations. Furthermore, each step relies on solving a stage game and computing a
Nash equilibrium is a difficult task for large games, even they are static.

For this reason, we now present a deep RL algorithm whose main advantages are that it does not
require discretizing the simplexes and does not require solving any stage-game. The state and action
distributions are represented as vectors (containing the probability mass functions) and passed as in-
puts to neural networks for the policies and the value functions. At the level of the central player for
coalition 7, one action is an element a* € A?. Although it corresponds to a mixed policy at the level
of the individual agent, it represents one action for the central player. We focus on learning deter-
ministic central policies, meaning functions that map a mean-field state 5 to a mean-field action a’.
To this end, we use a variant of the deep deterministic policy gradient algorithm (DDPG) (Lillicrap
et al., 2016), as shown in Algo. 2. Our algorithm substantially differs from the DDPG algorithm as
the two players’ behaviors are coupled. Each player interacts with a dynamic environment that the
other player also influences. Unlike the tabular Nash Q-learning algorithm, it is generally difficult
to have a rigorous proof of convergence due to the complexity of deep neural networks. Although
the theoretical convergence of some algorithms has been studied, such as deep Q-learning (Fan
et al., 2020), deterministic policy gradient (Xiong et al., 2022), and actor-critic algorithms with
multi-layer neural networks (Tian et al., 2024), to the best of our knowledge, the convergence of
DDPG under assumptions that could be applied to our setting has not been established. Also, in the
case of MFTGs, we would need to analyze the convergence to a Nash equilibrium, which is more
complex than the solution to an MDP. Therefore, we leave for future work the theoretical analysis
and focus on numerical analysis: we use several numerical metrics to measure the performance of
DDPG-MFTG Algo. 2, as detailed in the next section.

Algorithm 2 DDPG for MFTG

1: Inputs: A number of episodes V; a length T" for each episode; a minibatch size Npyech; a
learning rate 7.

2: Outputs: Policy functions for each central player represented by 7rfu
3: Initialize parameters 6; and w; for critic networks Qéi and actor networks wi,i, i=1,....m
4: Initialize 6} < 6, and w} < w; for target networks Qig/_ and 7, i=1,...m
5: Initialize replay buffer Ryyfer ' '
6: fork=0,1,....N —1do
7:  Initialize distribution 5
8: fort=0,1,...,7—1do
9: Select actions @¢ = 7rZJ (5¢) + €, where ¢, is the exploration noise, fori = 1,...,m
10: Execute a, observe reward 7 (5;, at), fori = 1,...,m
11: Observe 5441
12: Store transition (8¢, @y, ..., @y, 7ty ooy 71, S441) in Rpufrer
13: Sample a random minibatch of Ny transitions (5;,a;, ..., 7", 7, ...,75*,5;41) from
Rbuffelr ) . .
14: Set y; = ’F} + ’YQ’L% (§j+17 ’7le; (§j+1)) fori = ]., e, m, ] = ]., ey Nbatch
15: Update the critic networks by minimizing the loss: Li(6;) = ﬁ > (ys — Qy,(55,a%))2,
fori=1,...m
16: Update the actor policies using the sampled policy gradients V,,,v¢, fori = 1,...,m:
i 1 R i (=
vwi v (w’i) ~ Noach Z vfli Qei (Sj7 T (Sj))vwi s (Sj)
J

17: Update target networks: 6} <— 70; + (1 — 7)0;, w} < T7w; + (1 — 7)(w}), fori = 1, ..., m.
18:  end for
19: end for
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5 Numerical experiments

Metrics. To assess the convergence of our algorithms, we use several metrics. First, we check the
testing rewards of each central player (i.e., the total reward for each coalition, averaged over the
testing set of initial distributions). But this is not sufficient to show that the policies form a Nash
equilibrium of the MFTG. For this, we compute the exploitability. This requires training a best
response (BR) policy for each player independently, which is also done with deep RL, using the
DDPG method. Last, we also check the evolution of the distributions to make sure that they match
what we expect to happen in the Nash equilibrium. The pseudo-codes for evaluating a policy profile
and computing the exploitability are respectively provided in Algs. 4 and 5 in Suppl. D.

Training and testing sets. The training set consists of randomly generated tuples of distributions,
and each element of the tuple represents the initial distribution of a player. The testing set consists
of a finite number of tuples of distributions that are not in the training set. Details of the training and
testing sets are described case by case.

Baseline. To the best of our knowledge, there are no RL algorithms that can be applied to the
type of MFTG problems we study here. In the absence of standard baselines, we will use two
types of baselines, for each of our algorithms. For small-scale examples, we discretize the mean-
field state and action spaces and employ DNashQ-MFTG. Here, we use as a baseline an algorithm
where each coalition runs an independent mean field type Q-learning (after suitable discretization
of the simplexes). We call this method Independent Learning-Mean Field Type Game (IL-MFTG
for short). For larger scale examples with many states, we use the DDPG-based methods described
in the previous section. In this case, we use as a baseline an ablated DDPG method in which each
central player can only see her own (mean-field) state. For both our algorithms and the baselines,
the exploitability is computed using our original class of policies, see Algo. 5.

Games. We present here 3 examples. Two more are presented in Suppl. E.4 and E.5. Table 1 in
Suppl. summarizes the average improvements obtained by our method (at least 30% in each game).

Example 1: 1D Population Matching Grid Game There are m = 2 populations. The agent’s
state space is a 3-state 1D grid world. The possible actions are moving left, staying, and moving
right, with individual noise perturbing the movements. The rewards encourage Coalition 1 to stay
where it is initialized but also to consider avoiding Coalition 2, and encourage Coalition 2 to match
Coalition 1. For the model details and the training and testing distributions, see Suppl. E.1. We
implement DNashQ-MFTG to solve this game. The numerical results are presented in Fig. 1. We
make the following observations. Testing reward curves: Fig 1 (left) shows the testing rewards.
In this game setting, the Nash equilibrium is that Coalition 1 stays where it is but considers the
impact of Coalition 2 at the same time, while Coalition 2 matches with Coalition 1 perfectly. The
testing reward for Coalition 1 increases during the first two thousand episodes. The testing reward
for Coalition 2 increases at the first three thousand episodes and fluctuates below 0 due to the noise
in the dynamics. Exploitability curves: Fig. 1 (middle) shows the averaged exploitabilities over
the testing sets and players. The game reaches Nash equilibrium around 4000 episodes, with slight
fluctuations after that. However, the independent learner remains high exploitability. Distribution
plots: Fig. | (right) illustrates the distribution evolution during the game. After training, Coalition 1
mainly stays where it is while Coalition 2 tries to match with Coalition 1. See Suppl. E.1 for details.

t=0 t=4
1.0
HE Population 1 I Population 1
o 10000 . .
= 0 > w000 DNashQ-MFTG Population 2 0.8 Population 2
= -2000 = 2
D 4000 Q6000 06
£ g : ]
o -60001 | 5 4000 8os
-E -8000 L— reward population1 | Q. 2000 l
é _10000] 1 —— reward population2 | 3 o 02

0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000

Episode Episode St;te ’ !

2 3
State

Figure 1: Ex. 1: Left and middle: averaged testing rewards and exploitabilities resp. (mean =+
stddev). Right: one realization of population evolution at ¢ = 0 and 4 for one testing distribution.
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Example 2: Four-room with crowd aversion There are m = 2 populations. The agent’s state
space is a 2D grid world composed of 4 rooms of size 5 X 5 connected by 4 doors, as shown in
Fig. 2 (right). The policies’ inputs are thus of dimension 2 x 4 x 5 x 5 = 200. The reward function
encourages the two populations to spread as much as possible (to maximize the entropy of the
distribution) while avoiding each other; furthermore, Coalition 2 has a penalty for going to rooms
other than the one she started in. See Suppl. E.2 for details of the reward and the training and testing
distributions. We implement DDPG-MFTG to solve this game. The numerical results are presented
in Fig. 2. We make the following observations. Testing reward curves: Fig. 2 (left, top) shows
the testing rewards. Exploitability curves: Fig. 2 (left, bottom) shows the average exploitabilities
over the testing set and players. The DDPG-MFTG algorithm performs better. Distribution plots:
Figs. 2 (right) illustrates the distribution evolution during the game for a (pair of) initial distributions
and for the policy obtained by DDPG-MFTG algorithm and the baseline. We see that the populations
spread well in any case, but with DDPG-MFTG, Coalition 1 can see where Coalition 2 is and then
decides to avoid that room. This explains the better performance of the DDPG-MFTG algorithm.

o airei apiihr SN

L "WW"""' bl

o]
o

Testing reward
B (=)}
o o

N
o

—— DDPG-MFTG
0 —— Baseline

100 30000 50000
Episode

—— DDPG-MFTG
307} —— Baseline

Exploitability

1000 30000 50000
Episode

Figure 2: Ex. 2: Left, top and bottom: averaged testing rewards and exploitabilities resp. (mean +
stddev). Right, two top rows: distribution evolution of the two populations with our method. Right
two bottom rows: distribution evolution with the baseline. Colorbars indicate density values.

Example 3: Predator-prey 2D with 4 groups We now present an example with more coalitions.
There are m = 4 populations. The player’s state space is a 5 x 5-state 2D grid world with walls on
the boundaries (no periodicity). The reward functions represent the idea that Coalition 1 is a preda-
tor of Coalition 2. Coalition 2 avoids Coalition 1 and chases Coalition 3, which avoids Coalition 2
while chasing Coalition 4. Coalition 4 tries to avoid Coalition 3. There is also a cost for moving.
See Suppl. E.3 for details of the reward and the training and testing distributions. We implement
DDPG-MFTG to solve this game. The numerical results are presented in Fig. 3. We make the
following observations. The testing reward curves (Fig. 8 in Suppl.) do not show a clear increase
for the same reason as the previous example. Exploitability curves: Fig. 3 (left) shows the aver-
aged exploitabilities over the testing set and players. Initially, the baseline and DDPG-MFTG have
similar exploitability for the first several thousand episodes. However, after that period, the baseline
maintains higher exploitability than DDPG-MFTG. The exploitability of DDPG-MFTG is close to 0
but still fluctuates between 0 and 100. This instability is because Deep RL can only approximate the
best response and cannot achieve it with absolute accuracy. Distribution plots: Fig. 3 (right) shows
the distribution evolution during testing. Coalition 1 chases Coalition 2. Coalition 2 tries to catch
Coalition 3 while avoiding Coalition 1. Coalition 3 tries to catch Coalition 4 while escaping from
Coalition 2. Coalition 4 simply escapes from Coalition 3. Testing rewards are shown in Suppl. E.3.
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r 1.0
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t=0 1o t=5 t=10 t=15 t=20
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? 9 0.1 9 0075 9 0050 1
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a { 9 0075 ¢ 9
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Figure 3: Ex. 3: Left: averaged exploitabilities (mean =+ stddev). Right: populations evolution, one
coalition per row and one time per column: ¢ = 0, 5, 10, 15, 20. Colorbars indicate density values.

6 Conclusion

Summary. In this work, we made both theoretical and numerical contributions. First, we proved
that the Nash equilibrium for a mean-field type game provides an approximate Nash equilibrium
for a game between coalitions of finitely many agents, and we obtained a rate of convergence. We
then proposed the first (to our knowledge) value-based RL methods for MFTGs: a tabular RL and a
deep RL algorithm. We applied them to several MFTGs. Our proposed methods provide a way to
approximately compute the Nash equilibrium of finite number players, which is known to be hard
to solve numerically. We proved the convergence of the tabular algorithm, and through extensive
experiments, we illustrated the scalability of the deep RL method.

Related works. Carmona et al. (2020); uz Zaman et al. (2024); Zaman et al. (2024) studied RL for
MFTGs of LQ form only, with specific methods when the policy is deterministic and linear, while
our algorithms are for generic MFTGs with discrete spaces. (Motte & Pham, 2022; Carmona et al.,
2023) focused on single MFMDPs while we consider a game between MFMDPs. Subramanian &
Mabhajan (2019); Guo et al. (2019); Elie et al. (2020); Cui & Koeppl (2021) propose RL for MFGs
but are limited to population-independent policies. Perrin et al. (2022) studied population-dependent
policies, but only for MFGs, in which players are infinitesimal; their method cannot solve MFTG
because each player has a macroscopic impact on the other groups.

Limitations and future directions. We did not provide proof of convergence for the deep RL algo-
rithm due to the difficulties related to analyzing deep neural networks and because we aim for Nash
equilibria and not just MDPs. Furthermore, we would like to apply our algorithms to more realistic
examples and investigate further the difference with the baseline. We are also interested in applying
other deep RL algorithms and seeing their performance in MFTGs of increasing complexities.

Reproducibility statement. We have included all the relevant details to ensure reproducibility
and give pseudo-codes for all the algorithms, including how we evaluate the performance of our
method using the exploitability metric. Suppl. E gives all the detailed definition of the environments,
provides extra numerical results and also gives all the details about the implementation such as
neural network architectures and hyperparameter choices for training. and Suppl. F shows sweeps
over hyperparameters to illustrate the sensitivity of our algorithms.

Broader Impact Statement

The research question addressed in this paper does not have any negative impact on the real world.
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579 A Proof of Approximate Nash Property

580 We prove Theorem 2.4.

Proof: For each i € [m], we first define the distance between two distributions 4¢, jit € A(S?) to

be
d(pi, i) = |lui — gl = Y i) — ()]
€St

For ju, jiy € A(SY) x - -+ x A(S™), we also define

d(pe, fir) = max d(py, fif)

581 We first derive a bound for E| \ué’N — pb|l1. The idea is inspired by the Lemma 7 in (Guan et al.,
582 2024). Since x§ areii.d. from pf, for all z € S°,

2
N
i,N i 1 - i
Ellug™ — phll3 =E Z N Z(sxgﬂ' (z) — po(z)
z€S! =1
r 2
1 [&
=E| Y 5= (2 (6@ - b))
zest v \Jj=1
2
1 N;
= > 2B | [ 2 (6 @ - b))
zesi * Jj=1
1 il
= Z 5 Var Z(Sa:éj (x)
zesi *t Jj=1
1 -
=3 ZVar (5:,:;'3' (x)) as xj are i.i.d.
v zesStj=1
1 Al 2
= N2 Z <E [5iﬁj (x)} - (No(x)) )
v j=1ges?
1 N 2
== (k@) = (ub(@)”)  asE |62, (2)] = ub(a)
v j=1zes?
N,
1 - . 1
< N2 po(x) = — (2)
U j=1gzes ¢
So we have:
i, N i ; i, N i s
Ellpg™ = poll < VISTElug™ — phll2 < ‘N_|

the second inequality above is due to the Jensen’s inequality. Thus, for each i € [m], as N; — +oo,
we have -
Ed(ud, o) — 0 ace.
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Next, we consider the distance between the joint state-action distribution of population ¢ at time ¢
and its empirical distribution. We denote the joint state-action distribution of population ¢ at time ¢
to be

vi(w,a) = py(w)mi(alz, )

and the empirical state-action distribution of population ¢ at time ¢ to be

_ 1 N;
i, N _ o
A = 2
Jj=1
then, we have
]EZ|Vt z,a) — v
= EZ ‘Nt

+Mi’ (z)mi(alz, pe) —

N i 7,

+ g (m)wt(a‘xa:u‘t ) — v

< EZW alz, ) (pi(x) — py™

+]EZ|M

V(z, )|
N ,
w)mi(ale, pe) — py (@) (ale, o)

CLHCENTY
Y(a.a)
(@)

(@)(my(alz, pu) — i (alz, i)

YN 0 (@ a)
+E 67.] . ax N =1 T 0
2N Z ( ) S )

N, 2vj=19%

<E3 Imi(afe mll(4(x) ~ ui” (@)
+EZ|M

o)||(my(alw, pe) — mi(ale, py)]

N; 1 N;
1 - : N N; Z] 153:” a”(x a’)
+E — 8 ii(z) | mialz, 1Y) — .
E:NzE:lt()<t(| pe' ) N%Z;Vﬂéw?(x)

PN (@) | Lrd (g, 1Y)

]. . N N Z] 1 3:” a” (x a’)
Y EES 6@ <wz<a|x,uiv ) - .
' N Zj'vzl 8,1 (x)

wi(ale, ul¥) - -
S b ()

) N;
S y ( i N Alf 2= 105y a?(x a))

Given {z} }}Yi), let N(z) = Zj 2y 0,6(@) = NipiN (z). We can decompose S° into §¢ =
S’ U Sg, where 8% = {x € S* : Nf(x) > 0} and S = {x € S*: N/(z) = 0}. For x € Sj, we
(z) = 0and /"

have ™ (x,a) =0,s0

E ™ (2)m(ale, pf’) = vy (2,0)| = 0
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For a fixed z € 5%, since a? are i.i.d. with distribution 7% (-|z, uY ), we have

) i(r,a ) _
[Z]ZIN‘”(; 1_,((@ )] = mi(alz, i)

ij

ag
j=1"x
584  Thus, similarly to (2), for x € S*_ we have
N; 2
e Y6 )
]Ea? 7Tt('|xhut )_ 1 N;
FZJ 16m ( ) 2
NS 2
=5 | 5 {sieted) 50 0
ac At =1
< 1
TNV (@) ]
and
N; :
i N N%ZJ 1055 05 (@) VA"
Eaij 7Tt('|x7/*6t )_ 1 N; < T
) ﬁiz]':1 6117' (2) L (x)
585 Thus,
N1
NLZ] 1 w a.j(x7a)>
N;
! Z] 1693 (l‘>

ZE Z(S i <7Tt alz, Ny -
x,a N;
< SO [N ) AL
Rt I NE
N,

Ni(z)
= ZE\/ ,

S/ 1A7]

Therefore, we have

]EZM (z,a)

On the other hand, for any ¢ > 1, we have

= 3" ol a, )iz, a)

x,a

Mt+1

Nz, a),

and
Zp |, a, i)

Ht+1
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586 Moreover,

i i, N
Ellpiq — ui’+1ll1

—EZ|/~%+1 Mt+1( ')
*EZIZP |z, a, pe)vi (2, a) Zp N, a, 1) N (2, 0)|
<EZ|ZP |z, a, e )vi (x, a) Zp o a, )i (2, a)
+EZIZP ', a, )y, Zp N, a, Yo (2, )
< Z]E|1/t s, a) i’ (s,a)]
+EZZ| o\, a, ) — pla'|w, a, pi )N (@, )

z/ x,a

< S Eli(s,a) — iV (s,0)| + ES Lyd(uh 1™ )i (2, a)

z,q

< (1 L LB o) + 1571 AT
587 Thus, fort > 1
Ed(pte41, p10y1) < (1+ L + Lyp)Ed(pe, ) + |S|\/\/Nm 3)
where ‘S‘\/ﬁl | = max; {IS I\/F ™ . Therefore,

)|S|JW
VN

Ed(je, p) < (14 L + Lp) Bd (o, ) + M (¢t

588 where M (t) = %

. . . ; Y
589  We can also rewrite the reward functions using v; and v, as:

Jirt . ™) =k ZVtTi(mi, aj, i)

>0
=>4 pia Zmalxm (z,a, )
t>0 T
*Z’y Zl/txa “(x,a, )
t>0 z,a

590 and

_ Ni . _
JON (rt ™) :E{%ZZVT (2, a | 1] )}

v j=11t>0

= S Y oy o )]

t>0 T,a
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Given a joint policy (7!,...,7™) € IT! x --- x TI"™, we have
[N (et ™) = T (! "
= |ny Z]E{y z,a)r'(z,a ,ut } l/t'(m,a)ri(a:,a,
t>0 T,a t>0 x,a
<13 B o] - ZE[’
t>0 z,a t>0 z,a

)|

(557 a?ﬂ’t) |

+|ZytZE{VZ’N(x,a xaut} Z'y Zytxa Wz, a, )]

t>0 z,a t>0 x,a

< | AEY [ @) (@ ) = v a )]
t>0 z,a
+ Z’yt ZCTIE‘VZ’N(L a) — vi(x, a))

t>0 x,a
<N A'LEd(pd ) + YA Co(1+ La)Ed (il e +th0 |1S'1V/1A7] W
t>0 >0 >0
< ALy + Co(1+ L)) Ed(pf ) + Y7 CrlS" i
>0 >0
<D (L + Co(1+ L)' (1+ L + L) Ed(ud, o)
t>0
I\/IA ¢ |5|\/|A
+S (L, +C.(1+ L, +3 Ao,
Z;( (1+ L)' o ;
When the discount factor -y satisfies
vy1+ L+ L, <1 4)
we have
Z ‘(Lr +Cr(1+ Lﬂ))'yt 1+ L+ Lp)t <
>0
S (Lr+ Cr(l+ L)y M(t) <00, Y ~'Cr < o0
>0 >0
Thus,
. . S|v/|A
| N (7L, ..,ﬂm)—JZ(Tl'17...,Tl'm)|§M7| R 5)
VN
where
M= (L. +Cr(1+4 Le))Y (14 Lr + Ly)'
t>0
+ > (L 4+ Cr(1+ L)Y M () + Y A'C,
>0 >0
is finite.
Let (7l,...,7™) € IT! x --- x II"™ be a Nash equilibrium for the mean-field type game and 7* be

the policy for an agent in coalition ¢ of the finite-population m-coalition game such that

JoN (777t = max JON (7 w0,
miell?
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we have
TN (@ a ) = SN (i n ) = TN (R r) = TR
+ JH(F ) = T (k)
+ Ji(mlm ) — TN (el m )
< TN @) = T E )
T (s = TN ()|
_ 2M|5|V/IA]
- YN
The last two inequalities are due to the definition of 72 and (5). (]

B Connection between MFTG and stage-game Nash equilibria

We prove Proposition 2.10.
Proof: Proof of <=: If (ii) is true, without loss of generality, we consider player i. we have for
5€8,
Uz, (3) > 7‘ri(§)~ AN E)E(E)TT(3) T (5) Q% (53)

+7// (d5'|5,at a™)r,(da'|s) -t (da'ls) - - - 7 (da™|8) g (5)
By iteration and substituting v: (5") with the above inequality, we have

U, (5) = U (5)

for all #* € II%, where @’ = (%},..., %%, ... ®™). Since i is arbitrary, by the definition of Nash
equilibrium, we have (7}, ..., 7#™) is a Nash equilibrium for the MFTG.

Proof of =: If (i) is true, then 7% is also the optimal policy for the MDP(7, %). For each 3, 7%(3)
maximizes

(5.0 47 [ B (055,0)0m (5) ©)

S
So @i(5) is the best response of player i in stage game (Q%_ (5),...,Q% (5)). The result
also applies to other players, so (71(5),...,77(5)) is a Nash equilibrium in the stage game
(Q%.(3),..., Q7. (3)). 0

C Analysis of Discretized NashQ Learning

We now prove Theorem 3.2.

Proof: Let 7% be a unique pure policy for the discretized MFTG such that for each i and § € S, the

payoff function v}, ($) is a global optimal point for the stage game () _» (3).

|Q}(Projs(5), Proj s (@'),..., Proj 1. (a™)) — Qs (5.a" ...a™)|

< |Qi(Projg(5), Proj 41 (@), ..., Proj jm (@™)) — Qk» (PrOJS( 5), PrOJAl( 1),...,Pr0jAm(Fzm))|
+ @5z (Projg(5), Proj i (@'), ..., Proj gm (a™)) — Qg
+ Qs (Projg(5), Proj i ('), ..., Proj 4 (™)) — Qz-,g@ a' am>|

From Theorem 3.1, when ¢ is large enough, we have

|Qt(PI‘OJS( 5),Proj s (a ),...,ProjAm(ELm))—Q (PrOJS( ), Proj s (a 1),...,ProjAm(dm)ﬂ < €.
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We now consider the second term on the RHS of (7). Using the notation

(Projs(8), Proj 4. (@'), ..., Proj zm (@™)) = (3,a",...,a™).

and
F(3,a",...,a™) = Proj(F(3,a',...,a™))

619 then we have

|Q%r(3,a",...,a™) = Qhr(3,a",...,a™)]
<AE[p (F(3,0", ... a™) —vgp (F(3,a,...,a™)]
<AEL (F(5,a,...,a™) — vk (F(5,4",...,a™)]

©))

< 'yIEHNaShQZ (F(é a,...,a™)) — NaShQi_f(F( caty @™ + Lo, €s

where we used the assumption that 17%* is Lipschitz continuous w.r.t. 5 with constant Ly, _. Namely,

620 Let F'(3,a',...,a™) =4 and (al,...,a™), (al,...,a") such that

621 consider the term

S b
= QLe(¥,ay,...,a0") — Qur (8, Proj 11 (al), . .., Proj zm (@)
+ Q%r (5, Proj 41(ay), - . ., Proj gm (a")) — Qr (8, Proj 5 (ay), . .., Proj 4m (al"))
+Q§—,g(5'aPr0jAl(@i) -, Proj jm(al")) — Q% (¥, ay, ..., al")
> —[|Q%r — Qrlloo + 7 (¥, Proj 5 (al)) — 7 (¥, al)
+yEvly (F(5, Proj 4 (al), ..., Proj 4 (@) — 1Bvky (F(5',al,...,al"))

(10)

> —[|Qxr — Qpzlloc — Lrid(as, Projz:(as)) — vLy, Lp Z d(ay, Proj 4.(a%))

i=1

the last inequality is due to the Lipschitz continuous assumptions on 7 and F'. Namely,

(5, a") = 7(s", )| < Ly (ds(5,5) + d g (@', )

and
EIF(s,a,....a") — F(sa", .. a™)| < Lp(ds(5.8) + Y dg(@,a’))

1€[m]
622  On the other hand,
QZ (/7via"'7a’:<n)_Q;f(élvaiw"aa:l)
_Ql (v,vv*v"'adT)7@;5(5/5[1»1:7"' )+QZ (V7 *avdln)i 7:"\-5(5/’&17"'56‘:1)

< 1Qxz — Qxelloo
(1)
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623 Thus, we have
Qhr (5, ... a") — Qb (3,al, ... al")]
< 7(|Q%r — Qrlloc + Lriea +yLgi Lpmea) + Lo, e€s

624  Therefore, we have

Qs — Qhrlloe < ﬁ (Lw’GA + YLy Lpmea + Loy, ES)
625  For the last term on the RHS of (7), we have

|Q}T5 (Projz(5), Proj z1(a'), ..., Proj 4m (@™)) — ng(& a...am)|

< |7*(Projs(5), Proj 4:(a*)) — 7(5,a")|

+ VE[0r (F(Projg(s), Proj 41 (@'), ..., Proj 4m (@™))) — Var (F(5,a" ...a™))]

< Ly (dg(Projg(5), 5) + d.a: (Proj 4.(a'), @)
+ 7Ly E(F(Projg(), Projz(a'), ..., Proj 4. (a™)) — F(s,a’...a™))
< Lii(es + €a) + 7Ly Lp(es +mea)

626 Finally, we get the result by combining inequalities (8), (13), and (14) together.
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D Pseudo-codes for the evaluation metrics

In this section, we present pseudo-codes used for evaluation.

* Algorithm 3 shows how to do the inference of DNash-MFTG given the Q-functions of agents.
* Algorithm 4 explains the way to evaluate policies.

» Algorithm 5 presents the general structure of computing exploitability.

* Algorithm 6 presents a detailed version of computing the exploitability.

Algorithm 3 DNashQ-MFTG inference

1: Inputs: Nash Q-functions Qﬁv for+ = 1,..., m; number of steps T’
2: Outputs: v* = (5], a8, rd,... 8% ab vk fori=1,....m
3: Initialize 3y and trajectory v°
4: fort=0,...,7—1do _ _
5: Solve the stage game Q' (3;) and get strategy profile (72", ..., #2™) fori =1,...,m
6:  Sample ai ~ 7l fori = 1,...,m
7. Observe r},..., " and 8,41 = Projg(F (3, a} ..., a))
8 Store (3¢, al,rl) to v’
9: end for
10: return Trajectory v’
Algorithm 4 Policies evaluation
1: Inputs: Policy profile # = (7!,...,7™), testing set of initial distributions Diey
2: Outputs: Values J*(7)
3: Initialize Vi =0,i=1,...,m
4: for pg € Diey do
5 Run an episode starting from initial distribution (o and using policies 7
6:  LetV; be the total reward, i =1,...,m
7: LetVi:Vi—i-VlfO,i:l,...,m
8: end for
9: Let J* :l‘D:Klestl‘/i
10: Return J*, i =1,...,m
Algorithm 5 Exploitability computation
1: Inputs: Policy profile 7 = (7?1, ..., ®™), training set of initial distributions Dy, testing set of

initial distributions Dieg

2: Outputs: Exploitabilities £*(7),i = 1,...,m

3: fori=1,...,mdo

4. Compute BR 7¥* = argmaxz; J*(7; 7 %) using RL with testing set Diey

5. Compute M* = J*(7%*; 7~*) using Algo. 4 with policy profile (7**; 7 ) and Diey
6:  Compute V' = Ji(7%; 7~%) using Algo. 4 with policy profile (7*; 7 ~*) and Diey

7: Let Bt = M* —V?

8: end for

9: Return E%, i =1,...,m
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Algorithm 6 Exploitability computation

1: Inputs: Policy profile # = (7!,...,7™), testing set of initial distributions Diey,
2: Outputs: Exploitabilities E4(7),i = 1,...,m
3: Initialize M* =0,E' =0,i=1,...,m
4: fori=1,...,mdo

5 for (g in Dyey do

6 Initialize replay buffer and optimizers
7: forj=1,...,Ndo
8: Compute BR 7 = arg max;, J*(7*; 7~) using RL with the initial distribution 1
9: Compute M} = J*(75*; 7~") using Algo. 4 with policy profile (7%*; 7~*) and pg
10: M* = M'+ M;

11: end for

12: M?= M'/N

13: Compute Vi = J¢(7%; 7#7%) using Algo. 4 with policy profile (7%; 7 ~%) and po
14: Ei=E' +M! -V!

15:  end for

. i1 i
6 E'= 5k
17: end for

18: Return B, i =1,...,m
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E Details on numerical experiments

E.1 Example 1: 1D Target Moving Grid Game

Model. The model is as follows:

* Number of populations: m = 2.
* State space: S = S = {1,2,3,...,G} fori = 1,2, which represents locations.

* Action space: A = A = {0,—1,1} for i = 1,2, represents the agent will stay, move left, or
move right respectively

* Individual dynamics: z} |, = 2} + a} + &/, where (£}),>1 is a sequence of i.i.d. random vari-
ables taking values in A” and sampled from a predefined distribution as noises. We use periodic
boundary conditions, meaning that agents who move left (resp. right) while in the O (resp. G)
state end up on the other side, at the G (resp. 0) state.

* Mean-field transitions: we can formulate the element in k-th row, (-th column in the G x G
transition matrix P*(5}, a;) is equal to p* (5, | = k|5] = £, a},&})

* Rewards: Population 1 receives a high penalty when it moves, while Population 2 tries to match
with Population 1’s current position. We use the following rewards:

1
stay

—a;]2) —e2(5' x 5%), 7(5) = —er(||s" — 57[2)

1/- =1 _
m(5,a,) = —ci(l|a
where c; = 1000 and co = 10. As a consequence, we expect that, at Nash equilibrium, Coalition 1
stays where it is but also tries to avoid coalition 2, while Coalition 2 matches Coalition 1 perfectly.

Training and testing sets. In this example, we use G = 3 points in the 1D grid. (Scaling up to
larger spaces would require a huge amount of memory due to the required discretization of the state
space. This motivates the deep RL algorithm we use in the next examples.) We use the following
sets of initial distributions for training and testing.

* Training distributions: We employ a random sampling technique to generate the training distribu-
tion at the beginning of each training episode. Specifically, we first sample each element in the
state matrix from a uniform distribution over the interval [0, 1) and then divide each element by
the total sum of the matrix to normalize it.

* Testing distributions: we use the following pairs:

Diest = {((1.0,0.0,0.0), (0.0,0.0,1.0)), ((0.0,0.0,1.0), (1.0,0.0,0.0)),
((0.0,1.0,0.0), (0.0,1.0,0.0)) }

Parameters and Hyper-parameters In the tabular case, we take the following hyper-parameters
for both inner Q learning and outer Nash Q earning:

* alearning rate oy = where n;(3;,a', @) is the number of time that tuple (5, a',a?)

1
o ny(5¢,at,a?)
visited.

* ¢ = €end + (Estart — €end) exp(—%), where T is the total training episode, €.,q = 0.01, and
€start — 099

« & ~{0.99,0.005,0.005}

Evaluation We evaluate the policy of each player by computing exploitability in Algo. 6. We
perform tabular Q learning to solve an MDP to generate the best response.

Baseline The baseline for DNashQ-MFTG is different from other examples. Each coalition learns
the game independently through Q-learning after the same discretization as our DNashQ-MFTG,
while for the exploitability computation, we still perform standard Q-learning with full observation
of mean-field states to generate the best response.
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We show more examples of distribution evolution in Fig. 4.

t=0 t=1 t=2 t=3 t=4
1.0 R 1.0 . 1.0 1.0 R 1.0 N
l I Population 1 l EEm Population 1 l I Population 1 l I Population 1 l W Population 1
0.8 Population 2 0.8 Population 2 0.8 Population 2 0.8 Population 2 0.8 Population 2
2.4 2.l 2. 2., 2,4
706 206 506 506 506
M | B | B | M | N |
D04l QOA. DOAl DOAl goal
il | il | il | il il
00 2 005 2 3 005 2 3 00T 2 3 005 2 3
State State State State State
t=0 t=1 t=2 t=3 t=4
1.0 - 1.0 R 1.0 R 1.0 . 1.0
I Population 1 EEm Population 1 EEm Population 1 I Population 1 EEm Population 1
0.8 Population 2 0.8 Population 2 0.8 Population 2 0.8 Population 2 0.8 Population 2
> > - B - B - B |
Z06 . F0.6 l Z06 l Z0.6 l 206 l
c c c c c
w [ v w o
0 0.4 . 004 . Qo4 . 004 . 0 0.4 l
0.2 l 0.2 l 0.2 l 0.2 l 0.2 l
o i 2 0075 2 3 0 i 2 3 o 2 3 o 2
State State State State State
t=0 t=1 t=2 t=3 t=4
1.0 . 1.0 . 1.0 1.0 . 1.0 N
I Population 1 W Population 1 I Population 1 I Population 1 EEm Population 1
0.8 Population 2 0.8 Population 2 0.8 Population 2 0.8 Population 2 0.8 Population 2
) [ | 2 [ | z [ | ) [ | ) [ |
2
706 G 0.6 506 706 G 0.6
5 g g g §
Soa . Boa . Qo4 l Qo4 . 004 .
0.2 I 0.2 I 0.2 I 0.2 I 0.2 I
o i 3 o 3 o T 3 00 3 o i

1

2 2 2 2 2
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Figure 4: 1D Target Moving Grid Game: Population evolution of testing distribution at ¢t =
0,1, 2,3, 4. From up to bottom are the evolution of testing distribution 1,2,3.

E.2 Example 2: Four-room with crowd aversion

Model. We consider a 2-dimensional grid world with four rooms and obstacles. Each room has
only one door that connects to the next room and has 5 x 5 states.

* Number of populations: m = 2.
* State space: S = {0,..., N1} x {0,..., N2}, where we set N! = N2 = 10.

* Action space: A = {(-1,0),(1,0),(0,0),(0,1),(0,—1)}, which represents move left, move,
right, stay, move up, and move down, respectively.

* Transitions: At time n, the agent at position s,, = (x,y) chooses an action a,,, the next state is
computed according to

Sp + an + €n41, if s, + @y + €,41 1s not in a forbidden state (15)

Sn+1 = .
Sn, otherwise

where {¢, }, is a sequence of i.i.d. random variables taking values in A, representing the random
disturbance.

The mean-field distribution 5i(z, y) is computed according to

St1(2,y) = 5 (2,)a' ((0,0)|(z, y)) + 5y (2, y — 1)a’((0,1)[(z,y — 1))
+ 5 (2,y +1)a' (0, =Dl(z,y + 1)) + 5z + 1,y)a’((-1,0)|(z + 1))
+5(x = 1,9)a'((1,0)[(z — 1,9))

where 5% (a, b) is the density of Coalition i at the location (a, b) at time step t.

* One-step reward function:

7 (5¢,57) = —5; - log(5; + 57)/log(100)
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72(51,5%) = —52 - log(5; + 52)/log(100) — 30 x (53(2, 5) 4+ 52(8,5) + 52(5,2) + 52(5, 8))

where - is the inner product.

¢ Time horizon: N = 40.

Training and testing sets  For the training set, each player chooses locations among the four rooms
with the sum of probability density equal to 1 as the initial distribution. We used three pairs of
distributions as the testing set. Each of them is a uniform distribution among selected locations. The
testing distributions are illustrated in Fig. 5.

Figure 5: 3 pairs of testing distributions. For each pair, the left one is the initial distribution of Player
1, and the right one is the initial distribution of Player 2.

Neural network architecture and hyper-parameters In the actor network, each state vector is
initially flattened and fed into a fully connected network with a Tanh activation function, resulting
in a 200-dimensional output for each. These outputs are then concatenated and processed through
a two-layer fully connected network, each with 200 hidden neurons, utilizing ReLU and Tanh ac-
tivation functions. The final output dimension is |S| x |A|. The output is then normalized using
the softmax function. The critic network follows a similar architecture. During the training, we use
the Adam optimizer with the actor network learning rate equal to 5 x 1075 and the critic network
learning rate equal to 0.0001. The standard deviation used in the Ornstein—Uhlenbeck process is
0.08. We also use target networks to stabilize the training and the update rate is 0.005. The replay
buffer is of size 100000, and the batch size is 32. The model is trained using one GPU with 256GB
memory, and it takes at most seven days to finish 50000 episodes.

E.3 Example 3: Predator-prey 2D with 4 groups

Model. In this 5 x 5 dimensional grid world, The transition dynamics and the action space are the
same as in Example 2. In this game, we have one coalition acting as predator and another coalition
as prey. Their reward function can be formulated as follows:

’Fl(gtadl) = Clrmove(gl,al) + 0251 . 52

Vo)

F4(‘§t7 6’4) = Cl’rmove(g?, 64) - C2§3 .5t

»

The remaining two coalitions act as predator and prey at the same time, with rewards:

7(5¢,a°) = C17move(5%,@%) + co(5° - 5° — 51 - 57)
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030 1 0.03

- 0.02
- 0.01

-0.25

-0.00

r 0.50

0.2

- 0.25
-0.1

-0.00 - 0.0

r0.02

-0.01

F0.50

-0.25

- 0.00

Figure 6: Ex. 2: populations evolution 2. The top two rows show the distribution evolution of the
two players. The bottom two rows show the corresponding distribution evolution of the baseline
model.

f?’(gh 63) = C1’I"m0\,e(§3, ag) + 02(53 S5t - 52, §3>7

where ¢; = ¢y = 100. Each episode has a time horizon 7" = 21 and v = 0.99.

Training and testing set For the training set, we sample each element in the grid world from a
uniform distribution over the interval [0, 1) and then divide each element by the total sum of the
matrix to normalize it. Testing set can be found in Fig. 7.

Neural network architecture and hyper-parameters The architectures of the actor and critic
networks are the same as those used in the discrete planning 2D (Suppl. E.4). We use the Adam
optimizer, with learning rates set to 0.0005 for the actor network and 0.001 for the critic network.
The Ornstein-Uhlenbeck noise standard deviation is set to 0.8. Target networks are updated at a rate
of 0.0025. The replay buffer has a capacity of 50,000 and a batch size of 64. This experiment was
run on a GPU with 64GB of memory, taking two days to complete 80,000 episodes of training.

Numerical results. We conducted this experiment over 5 runs, with each run corresponding to a
specific testing distribution from the testing set. For each run, we averaged the exploitability of all
players to determine the run’s exploitability. We then calculated the mean and standard deviation
of exploitability across the 5 runs. Additionally, for the testing reward, we calculated the mean and
standard deviation for each player over the 5 runs. Fig. 8 shows the testing rewards.

E.4 Example 4: Distribution planning in 2D

There are m = 2 populations. The agent’s state space is a 5 x 5 state 2D grid world, with the center
as a forbidden state. The possible actions are: move up/down/left/right or stay, and there is no in-
dividual noise perturbing the movements. The rewards encourage each population to match a target
distribution (hence the name “planning”): Population 1 and 2 move respectively towards the top left
and bottom right corners, with a uniform distribution over fixed locations (see Fig. 11). We describe
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Figure 7: 5 sets of testing distributions for predator-prey 2D with 4 groups. Each row shows one set
of testing distribution for 4 coalitions. For each row, from the left to the right are the coalition 1 to
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Figure 8: Ex. 3: testing rewards.
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the model details and the training and testing distributions below. We implement DDPG-MFTG to
solve this game. The numerical results are presented in Figs. 9 and 10. We make the following ob-
servations. Testing reward curves: Fig. 9 (left) shows the testing rewards. In this game setting, the
Nash equilibrium for each coalition is to move to its target position without interacting with the other
coalition. We observe that the testing rewards increase and then stabilize with minimal oscillation.
The reward curve of the baseline stays below the one using DDPG-MTFG. Exploitability curves:
Fig. 11 (right) shows the averaged exploitabilities over the testing set and players. We observe that
the game reaches Nash equilibrium around 15000 episodes. The baseline shows higher exploitability
than the DDPG-MFTG algorithm. Distribution plots: Fig. 10 illustrates the distribution evolution
during the game. With the policy learned using DDPG-MFTG, each player deterministically moves
to the target position in several steps and avoids overlapping with the other player during movement.

-10
g -20 >15.0 . , — Baseline
5 -25
;—30
_E -35
8 301 pppe-MFTG
—45 ‘“4” 7 . )
50 i Baseline .
- 0.0 -
0 10000 20000 0 10000 20000
Episode Episode

Figure 9: Left: Testing rewards. Right: exploitabilities.

Figure 10: Distribution planning in 2D: The top row and the bottom respectively show the distribu-
tion evolution of player 1 and 2 using the policy learned by DDPG-MFTG.

Model.

* Number of populations: m = 2.
* State space: S = {0,..., N1} x {0,..., N2}, where we set N! = N2 = 4.

* Action space: A = {(-1,0),(1,0),(0,0),(0,1), (0, —1)}, which represents move left, move,
right, stay, move up, and move down, respectively.

* Transitions: At time n, the agent at position s,, = (x,y) chooses an action a,,, the next state is
computed according to

Sn + ay,, if s, 4+ a, is not in a forbidden state
Spt1 = (16)

Sn, otherwise
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The mean-field distribution 5i(z, y) is computed according to

§i+l(x?y) = 52(1}, y)di((0,0) (l’, y)) + §i($,y - 1)@1((07 1)|($,y - 1))
+ 5 (z,y +1)a'((0,=Dl(z,y + 1)) + 5z + 1,y)a'((-1,0)|(z + 1))
+5;(z — Ly)a'((1,0)|(z - L,y))

where 5i(a, b) is the density of Population i at the location (a, b) at time step ¢.

* One-step reward function: Each central player ¢ aims to make the population match a target
distribution m; while maximizes the reward. For each player 4, the reward of each step is

o o By 1
7'(8;,5;,a") = c1Tmove (5", @") + car(8',m;) + c3r(5°,5°),

where ripove (5%, @') = —5° - ||@’|| is the cost for moving, 7(5%, m;) = —dist(5%, m;) is the distance

to a target distribution, (5!, 52) = —3!-52 is the inner product of the two population distributions.

¢; is the coefficient, for i = 1,2, 3. Here, ¢c; = 1, co = 2, and c3 = 5.

¢ Time horizon: Ny = 10.

Training and testing sets. The training set consists of a randomly sampled location with a prob-
ability density 1 representing the initial state. See Fig. 12 for testing distribution.

025 025
0 0

020 020
1 1

015 015
2 2

010 010
3 3

005 005
4 4

0.00 0.00

o 1 2 3 4 o 1 2 3 4

Figure 11: Target distributions for player 1 (left) and player 2 (right).

Figure 12: 4 pairs of testing distributions. For each pair, the left one is the initial distribution of
player 1, and the right one is the initial distribution of player 2.
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Neural network architecture and hyper-parameters In the actor network, each state vector is
initially flattened and fed into a fully connected network with a ReLU activation function, resulting
in a 200-dimensional output for each. These outputs are then concatenated and processed through
a two-layer fully connected network with 200 hidden neurons, utilizing ReLU and Tanh activation
functions. The final output dimension is |S| X |A|. The output is then normalized using the softmax
function. The critic network follows a similar architecture, where we use ReLU in the last layer.
During the training, we use the Adam optimizer with the actor-network learning rate equal to 5 X
1075 and the critic-network learning rate equal to 0.0001. Both learning rates are reduced by half
after around 6000 and 12000 episodes. The standard deviation used in the Ornstein—Uhlenbeck
process is 0.08 and is also reduced by half after around 6000 and 12000 episodes. We also use target
networks to stabilize the training and the update rate is 0.005. The replay buffer is of size 50000,
and the batch size is 128. The model is trained using one GPU with 256GB memory, and it takes at
most two days to finish 20000 episodes.

E.5 Example 5: Cyber Security

We now present another example in a cyber security setting inspired by Kolokoltsov & Bensoussan
(2016) in the context of MFGs and Carmona et al. (2023) in the context of discrete-time MFC. The
original formulation has only one type of player, namely computers defending themselves against
a virus. Here, we add another group, corresponding to attackers, and we study the MFTG. The
defenders cooperate with each other, and likewise for the attackers. Each of the two populations
competes with the other to maximize its reward.

Model. The model is as follows:

* Number of populations: m = 2, defenders and attackers.

* State spaces: For defenders, S/ = {DI, DS,UI,US}, standing respectively for defended
and infected, defended and susceptible of infection, undefended and infected, undefended and
susceptible of infection. For attackers, S** = {active, inactive}. When an attacker is active, it
is able to infect the defenders. As we will see below, the defenders’ transitions from susceptible
to infected are affected by the proportion of active attackers.

* Action space: The central player of each population can influence the state in the following
way. The defenders’ central player can influence the transition probability between defended
and undefended. The attackers’ central player can influence the transition probability between
active/inactive. The action space is A = {0, 1} for both populations. The central player of a
population chooses 0 if they are satisfied with the current level, and 1 if they want to switch to the
other level.

* Dynamics: We describe the model in continuous time and then its discrete-time version. When
the central player chooses to change the current state for the agents in a specific state, the update
occurs at an update probability A for both two populations. If the agents use pure policies, then
at each of the states, the central player for defenders (resp. attackers) only chooses one action per
state and applies it to all the agents among the defenders (resp. attackers) at that state. If the agents
use mixed control, then for each state, the central player for defenders (resp. attackers) chooses a
distribution over actions and each agent among the defenders (resp. attackers) in this state picks
independently an action according to the chosen distribution. When infected, each defender agent
may recover at a rate g2, or ¢, depending on whether it is defended or not. Also, a defender
agent may be infected either directly by an attacker agent at rate vy gl 5 or qung depending
on whether it is defended or not. A defender can also get infected by undefended infected (UI)
defenders, at rate Syyu(UI) or Bypu(UT) depending on whether it is undefended or not; it
can also get infected by defended infected (DI) defenders, at rate Spyu(DI) or Bppu(DI),
depending on whether it is undefended or not. Here v stands for the proportion of attackers who
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are active. In short, the transition rate matrix is given by:

5 Pps-pr Aa 0
Pdef _ Grec o 0 Aa
Ha \a 0 e qgc
0 Aa Prsur

where . 5
PRS_pr = VEGins + Bpppe(DI) + Bupp(UT)
Pisur = UHquf + Buum(UI) + Bpu e (DI)

The attackers’ transition matrix is:
Patt o o e )\a
pa >\a e :

In these matrices, a represents the action for the corresponding distribution. The summation of
every row of these transition rate matrices is 0. From this continuous-time model, we derive a
discrete-time version, which will fit in the MDP framework. We consider a time step size At. We
formulate the transition probability matrices as follows:

d defT
ﬂti{ = My </ I+ Pj,eafAt)
il = T (1 + PLAD),
where I denotes the identity matrix, and I + ij"af At and I + P;jf;At represent the transition

probability matrices for defenders and attackers respectively. For transition probability matrices,
the summation of each row equals 1.

¢ Reward functions: We use:

R = —20p,(DI) — 10p4(DS) — 10, (U )
R = 10u¢(DI) + 104 (UT) — 10p(active)

For this game, we consider a terminal horizon 7" and we accumulate the rewards every time step
until 7. The steps are of length At.

e Parameter values: We use Sypy = 0.3, Bup = 04, Bpy = 0.3, Bpp = 0.4, A = 0.8,
2. = 0.5, q%, = 04, qglf = 04, qf{lf = 0.3. In the experiments, we take T = 10 and
At =0.1.

Training and Testing Data Sets. We used different initialization methods for training in the inner
loop and outer loop. For the outer loop, we used a uniform random sampler which samples a random
number in the interval [0, 1) according to uniform distribution in each entry in the initial state. Then
we normalized the initial state to make the sum of the distribution of each population equals to 1.
For exploitability computation, we run the inner loop for a fixed initial distribution so we set the
training initial distribution the same as the testing initial distribution. For the experiments using
our algorithm, DDPG-MFTG, and the baseline, there are eight different fixed initial distributions,
and we run each of them three times with different random seeds. So the exploitability curve for
each population is plotted based on the average of numerical results from 24 experiments. The eight
initial testing distributions are:

Drest = {((0.8,0.05,0.05,0.1), (0.3,0.7)), ((0.5,0.2,0.2,0.1), (0.3,0.7)),
((0.1,0.1,0.7,0.1), (0.7,0.3)), ((0.5,0.0,0.5,0.0), (0.55,0.45)),
((0.25,0.15,0.35, 0.25), (0.55,0.45)), ((0.35,0.35,0.15,0.15), (0.3,0.7)),
((0.45,0.35,0.15,0.05), (0.2,0.8)), ((0.15,0.25,0.25,0.35), (0.7,0.3)) }

Neural Network Architecture and Hyper-Parameters. We implement the same neural network
structure for both populations. For the actor network, the input is the concatenated vector of states for
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the two populations, and there are two hidden layers with 100 neurons in each layer. All activation
functions in both hidden layers and the output layer are set to be sigmoid. The output dimension
of the actor network is the same as the dimension for the action vector for the defenders/attackers,
depending on which population the network is used for. For the critic network, the input is the
concatenated vector of the states for the two populations, and together with the action vector for the
defenders/attackers, depending on which population the critic network is used for. The architecture
of hidden layers and corresponding activation functions is same as the actor network. For the output
layer of the critic network, the activation function is an identity function, and the output is a single
value. For both the inner loop and outer loop, the learning rates are set as follows: for the defenders,
the learning rates for actor and critic are respectively 0.0006 and 0.0009; for the attackers, the
learning rates for actor and critic are respectively 6 x 107° and 9 x 10~5. The replay buffer is of
size 5000 and the batch size is 64. The model is trained using one CPU with 256GB memory, and
it takes around 24 hours to finish 100 episodes. The exploitability is calculated every 4 episodes
within the first 20 episodes, and then every 10 episodes from 20 to 100 episodes. The length of an
inner loop to learn the best response is 400 episodes.

Numerical results. We implement DDPG-MFTG to solve this game. The numerical results are
presented in Figs. 13 and 14. We make the following observations based on the provided plots.
Exploitability curves: Fig. 13 shows that for the defenders’ exploitability curve, both the baseline
and the DDPG-MFTG algorithm converge to 0, which indicates the algorithms are learning a Nash
equilibrium. For the attackers’ exploitability curve, we can see a clear gap between the exploitability
curve of our DDPG-MFTG algorithm and the baseline, which shows the improvement made by our
algorithm. Also, both two curves tend to reach towards 0, which shows that the algorithms are
converging to a Nash equilibrium. Population Distribution curves: Fig. 14 provides two examples
of population distributions used for testing.

ility for attackers

30
B —— DDPG-MFTG
25 = —— Baseline

Exploitability

30 40 50 60 70
Episode

Exploitability for defenders

—— DDPG-MFTG
125 —— Baseline

Exploitability

Figure 14: Two examples of population distribution evo-

—— lution. The first row is for the initial distribution

T ptse” T ((0.35,0.35,0.15,0.15), (0.3,0.7)), the second row is for

((0.5,0.2,0.2,0.1),(0.3,0.7)). The left column is for the

Figure 13:  Testing ex-  (djstribution of attackers, and the right column for the distri-
ploitability for two popula-  pytion of defenders.

tions

E.6 Summary of improvements

In Table 1, we summarize the improvement brought by our method compared with the corresponding
baseline, in each example. The quantities are:

* Baseline Exploitability: The baseline’s mean value (as described in the paper).

* Our Exploitability: Our method’s mean value (as described in the paper).

35



Under review for RLC 2025, to be published in RLJ 2025

* Improvement: The percentage improvement is calculated as:

Baseline — Ours

Improvement (percentage) = - x 100.
Baseline
Example 1 | Example 2 | Example 3 | Example 4 | Example 5
Baseline Exploitability 2355.35 3.13 131.43 2.69 6.93
Our Exploitability 471.40 2.16 38.75 1.39 3.14
Improvement 79.98% 31.0% 70.52% 48.3% 54.69%

Table 1: Comparison of baseline and our exploitability metrics across the 5 examples described in
the text, along with percentage improvement.
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861 F Hyperparameters sweep

862 We explore various batch sizes, actor learning rates, and standard deviations of Ornstein-Uhlenbeck
863 noise (OU noise) across all numerical experiments. Heuristically, we set Qiritic = 2 X Qaetor and 7 =

864 5 X Qacror- Each hyperparameter group is evaluated during one player’s exploitability computation
865 stage, and the results are presented as follows:

866 F.1 Predator-prey 2D with 4 groups

Figure 15: Exploitability computation training reward with a0 = 5 X 1072, Batch size from left
to right: 16, 32, 64, 128

Figure 16: Exploitability computation training reward with aeor = 0.0005. Batch size from left to
right: 16, 32, 64, 128

Figure 17: Exploitability computation training reward with ayeor = 0.005. Batch size from left to
right: 16, 32, 64, 128

Figure 18: Exploitability computation training reward with .oy = 0.05. Batch size from left to
right: 16, 32, 64, 128
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867 FE.2 Distribution planning in 2D

Figure 19: Exploitability computation training reward with ayeor = 0.0005. Batch size from left to
right: 16, 32, 64, 128

Figure 20: Exploitability computation training reward with a0 = 5 x 107>, Batch size from left
to right: 16, 32, 64, 128

Figure 21: Exploitability computation training reward with cieor = 5 x 1076, Batch size from left
to right: 16, 32, 64, 128
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868 F.3 Four-room with crowd aversion

Figure 22: Exploitability computation training reward with aucor = 0.005. Batch size from left to
right: 16, 32, 64, 128

Figure 23: Exploitability computation training reward with qaeor = 0.0005. Batch size from left to
right: 16, 32, 64, 128

Figure 24: Exploitability computation training reward with ci,eor = 5 x 1075, Batch size from left
to right: 16, 32, 64, 128

Figure 25: Exploitability computation training reward with a0 = 5 x 107, Batch size from left
to right: 16, 32, 64, 128
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F.4 Cyber security

Figure 26: Exploitability computation training reward for defenders with a,eor = 0.06. Batch size
from left to right: 16, 32, 64, 128

Figure 27: Exploitability computation training reward for defenders with qaeror = 0.006. Batch size
from left to right: 16, 32, 64, 128

Figure 28: Exploitability computation training reward for defenders with oy = 0.0006. Batch
size from left to right: 16, 32, 64, 128

Figure 29: Exploitability computation training reward for defenders with cacior = 6 x 1072, Batch
size from left to right: 16, 32, 64, 128
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Figure 30: Exploitability computation training reward for attackers with c,cor = 0.006. Batch size
from left to right: 16, 32, 64, 128

Figure 31: Exploitability computation training reward for attackers with ceior = 0.0006. Batch size
from left to right: 16, 32, 64, 128

Figure 32: Exploitability computation training reward for attackers with cueor = 6 X 1075, Batch
size from left to right: 16, 32, 64, 128

Figure 33: Exploitability computation training reward for attackers with ciueor = 6 x 1075, Batch
size from left to right: 16, 32, 64, 128
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