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Abstract

Multi-arm bandit experimental designs are increasingly being adopted over standard
randomized trials due to their potential to improve outcomes for study participants,
enable faster identification of the best-performing options, and/or enhance the
precision of estimating key parameters. Current approaches for inference after
adaptive sampling either rely on asymptotic normality under restricted experiment
designs or underpowered martingale concentration inequalities that lead to weak
power in practice. To bypass these limitations, we propose a simulation-based
approach for conducting hypothesis tests and constructing confidence intervals for
arm specific means and their differences. Our simulation-based approach uses posi-
tively biased nuisances to generate additional trajectories of the experiment, which
we call simulation with optimism. Using these simulations, we characterize the
distribution potentially non-normal sample mean test statistic to conduct inference.
We provide guarantees for (i) asymptotic type I error control, (ii) convergence of
our confidence intervals, and (iii) asymptotic strong consistency of our estimator
over a wide variety of common bandit designs. Our empirical results show that our
approach achieves the desired coverage while reducing confidence interval widths
by up to 50%, with drastic improvements for arms not targeted by the design.

1 Introduction

In recent years, adaptive experimental designs have gained increasing popularity over the classic
randomized controlled trial. Bandit algorithms, where treatment assignment probabilities are updated
sequentially and simultaneously with data collection, are increasingly used for objectives such as
welfare maximization during experimentation [1, 20]], quickly identifying well-performing option(s)
[8L 11]], and maximizing power against particular hypotheses [[16} 25/ [37]]. Compared to classic fixed
designs, modern approaches offer the promise of flexible, efficient experimentation by leveraging
information collected during the experiment.

However, once the experiment is over, researchers are still interested in using adaptively collected
data to conduct inference on a variety of different quantities, including those not targeted by the
design. For example, while an adaptive design may sample the best-performing option at a higher rate,
experimenters may still be interested in conducting inference on all offered options in the experiment.
Policymakers may be interested in whether the best-performing option outperforms other alternatives
with a certain level of statistical significance to assess the credibility of their conclusions. Such goals
necessitate after-study inference. However, while adaptive experiments offer numerous benefits, they
pose challenges for after-study inference [2}[22]]. Unlike classic randomized controlled trials, standard
hypothesis tests and confidence intervals are not guaranteed to provide their nominal error control
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(e.g., contain the true target of inference with a pre-specified desired error probability) due to the
dependence across observations induced by adaptive sampling

Existing works addressing this issue primarily rely on two distinct approaches. Some works [4,
13]] propose reweighing approaches in order to enforce asymptotic normality and use Wald-style
confidence intervals. These approaches, however, restrict the class of experiment designs. Sampling
schemes must have nonzero probability of selecting an option at each timestep of the trial, which
excludes popular designs such as explore-then commit (ETC) and upper-confidence-bound style
(UCB) algorithms. As an alternative to asymptotic normality, anytime valid inference approaches
[5, [7, 18l 24, 132}, 133]] ensure correct error control across all adaptive designs. These approaches,
however, are often underpowered in many use cases due to protecting for all possible sampling
schemes, rather than the exact design used for data collection.

Contributions. We provide a novel asymptotic inference approach for adaptive experimental designs.
Our approach relies on a simulation procedure that adds positive bias towards estimated nuisances,
which we call simulation with optimism. Our procedure conducts hypothesis tests for values of
arm means and their differences using these simulated distributions, providing natural confidence
intervals and point estimates. We prove that our approach maintains desired type I error control over
a wide class of commonly used designs, including designs which violate the conditional positivity
assumption necessary for asymptotic approaches. Crucially, we show the benefits of our approach
on both synthetic data and real-world data collected adaptively from the Amazon MTurk platform.
Across experiments, our method demonstrate improvements in interval widths and estimation error
by up to 50%, with dramatic improvements for parameters not specifically targeted by the design.

Outline. In the remainder of this section, we provide a brief overview of inference approaches for
data collected under adaptive designs. In Section 2, we introduce the notation and set-up for our
problem. In Section 3, we introduce our algorithm. We provide intuition for our algorithm using a
simple ETC example, and show our approach protects type I error under multiple designs commonly
used in practice. In Section 4, we test our approach on both synthetic setups and real-world data
collected from a political science survey experiment, showing that our approach achieves tighter
confidence intervals while preserving Type I error control.

1.1 Related Works

Reweighing for Asymptotic Normality. Many existing works aim to provide valid inference and
hypotheses tests by reweighing existing estimators [6] for a fixed sampling scheme and stopping time.
These reweighing schemes [4] [13] [35] aims to stabilize variances and recover the conditions of a
martingale central limit (MCLT) theorem [14], enabling standard Wald-style confidence intervals
based on asymptotic normality. Popular approaches [[13]] propose weighing schemes that heuristically
aim to reduce variance, under variance convergence conditions sufficient for ensuring asymptotic
normality. These approaches rely on strict rates of exploration for asymptotic normality to hold.
Specifically, at each timestep, the design must have nonzero probability of selecting a given arm,
conditional on the observed history. This is violated even in the simplest of adaptive sampling
schemes, such as ETC and UCB. To provide inferential guarantees without such restrictions, other
works have proposed inferential tools that satisfy anytime validity, which provides valid inference
across all potential experiment designs.

Anytime Valid Inference. Anytime valid inference [[15} 124]] sidesteps asymptotic normality altogether
in order to provide inferential guarantees under any experiment design. Nonasymptotic anytime valid
inference rely on martingale concentration inequalities [30]] to obtain their guarantees. However, these
approaches require known bounds on the moment generating function of the underlying distribution
[15]. To improve power and sidestep these limitations, other works have provided anytime valid
approaches with asymptotic guarantees [, 132], which rely on invariance principles [21] to obtain
their approximate guarantees. While these approaches provide better power empirically than exact
approaches, asymptotic anytime valid approaches are often still conservative due to protecting for all
potential designs after a burn-in period, rather than the experiment design used in the study.

Existing Simulation-Based Approaches. Instead of enforcing asymptotic normality or providing
anytime valid guarantees, our approach leverages a generative simulation procedure to approximate
the distribution of our test statistic. Due to each observation depending on the entire history, bootstrap
and block bootstrap approaches [10l 28] are not directly applicable to adaptively collected data.



Previous works in this setting focus specifically on tractable experiment designs, such as play-the-
winner [34] sampling algorithm, in order to obtain analytical limiting distributions for inference.
Other works [26]] leverage a bootstrap procedure using an estimate of the data-generating distribution
in the case of Bernoulli data. Our approach most closely aligns with the latter approach. However,
our method can (i) handle more than two arms, (ii) accommodates nonparametric arm distributions,
and (iii) applies to a wide class of adaptive experiment designs commonly used in practice.

2 Notation and Set-up

Throughout this work, we denote random vectors and random variables as X and X in uppercase.
We denote realizations of random vectors and random variables as x and x in lowercase. We use the
set [IV] to denote the set of integers {1, ..., N }, and use the subscripts X; as the time index for ¢ € N.
We use 0%, n* to denote the true underlying value of unknown parameters 6, n in the experiment.

We aim to analyze data sequences generated by interactions between an environment and an experi-
menter in the multi-armed bandit setting. We assume there exists K treatments (or arms), each with
a distribution P, corresponding to each arm a € [K| = {1, ..., K'}. Over successive rounds ¢ € N,
an action A, from an action set K] is selected, then generates an outcome X; € R according to
a distribution Py4,. The action A; is selected based on a known policy m; : H;_1 — AK | where
H,_1 = (A;, Xi)ﬁ;% denotes all observations up to time ¢t — 1 and AX denotes the probability simplex
over [K. The experiment terminates at time 7', resulting in an observed sequence Hy = (A;, X;)T .

We denote the number of pulls and the sample mean of arm a up to time ¢t € [T] as Ny(a) =
¢ —alX,
2521 1[A; = a] and fir(a) = W respectively. We assume that the sampling scheme

m = {m¢ }rer is known, as is common in practice for adaptive experiments. Furthermore, we put the
following assumptions on our adaptive design {7 };c[r) and arm distributions { Py },¢[x]-

Assumption 1 (Infinite Sampling). For each a € [K], limr_, Nt (a) diverges to infinity almost
surely for any set of arm distributions { Py } oc[K)-

This assumption is generally satisfied in practice, even in designs that aggressively aim to maximize
the average outcome. Regret-optimal sampling schemes (i.e., sampling schemes that achieve the
largest possible expected value within the trial duration) satisfy Assumption [I|by sampling all arms
at least on the order of log(T") [19]. Assumption [1|does not imply conditions such as conditional
positivity, where the probability of selecting an arm a € [K] must remain above zero for all ¢ € [T]].

Remark 1 (Assumption of Known Policy). We note that knowledge of the experiment policy is a
standard assumption for after-study inference in adaptive experiments. Even when using reweight-
ing/martingale methods, knowledge of the policy (i.e. full knowledge of conditional propensity scores
at each time t) is required to implement existing inference approaches. Zhang et al. [36] use a
reweighted estimator based on the martingale central limit theorem (MCLT) that directly leverages
the true propensity scores in each term of the summation, and propose a weighting scheme that also
incorporates the true propensity scores. Bibaut et al. [3|] use a different reweighting approach for a
similar inference approach based on the MCLT and still require knowledge of the true propensity
scores at each time to construct their confidence interval. Lastly, Hadad et al. [13] build upon unbi-
ased scoring rules that leverage the propensity scores in the denominator (similar to the augmented
inverse propensity weighted (AIPW) approach), and assume that the conditional propensities (and
therefore the sampling scheme) are known.

2.1 Problem Statement

In this work, we focus on conducting inference on arm-specific means and their pairwise differences.
We denote i, = Ep, [X] as the mean of arm a for each arm a € [K], and use 7, 4/ = ftq — flo’ tO
denote the difference in means between arms a and a’. We use 6 to denote our target parameter (i.e.,
an arm-specific mean or their pairwise difference). Our goal is to conduct pointwise hypothesis tests
for values of  and construct confidence intervals for §* that provide asymptotic type I error control at
level a. We formally define asymptotic error control for our hypothesis tests and confidence intervals,
starting with hypothesis tests in Definition [I]

Definition 1 (Type I Error Control). Let £ : (6y,a, Hr) — {0,1} be a test for null hypothesis
0 = 0o with nominal Type I error probability c. Let £(0y, «, Hr) = 1 denote rejection of the null



0 = 0. We say that the test {(0y, o, Hr) has Type I error control if the probability of rejecting 6
when 0* = 0y is at most v as T — 00, i.e.

lim sup Pg«—g, ({(00, , Hr) = 1) < . ()

T—o0

Similarly, we define error control for confidence intervals with respect to the probability that a
constructed interval does not contain 8%, the ground truth value of our target parameter of interest 6.

Definition 2 (Coverage of Confidence Set). Let C'(«, Hr) be a mapping from a prespecified a-level
and the observed data Hr to an interval in R. We say that the set C(«, Hr) has asymptotic coverage
1 — « if 6% is contained in the (random) confidence interval with at least probability 1 — o, i.e.

limsupP (0* ¢ C(o, Hy)) < & 2)

T—o0

A test with type I error control directly leads to a confidence interval for the true value of 6. By
including all values of 6 not rejected by a test with type I error control, one obtains a confidence
set with the desired coverage level. In the following section, we provide our simulation-based test
that satisfies the asymptotic error control condition in Definition[I] for common adaptive designs. By
inverting this test, we construct asymptotically valid confidence intervals that satisfy Definition [2|and
heuristic point estimates for our parameter of interest.

Remark 2 (Why asymptotic control?). One may ask why we seek asymptotic control, rather than
control for any sample size T € N. We note that this is in line with standard approaches for
statistical inference. Empirically well-powered approaches for inference with adaptively collected
data [3) 51 [13] only offer asymptotic guarantees as in Definitions[l|and[2] Even in standard settings
where observations are distributed independently, the most common mode of inference is the Wald
confidence interval, which offers only asymptotic guarantees for type I error and coverage.

3 Simulation Based Inference

To simplify exposition, we focus on arm-specific means as our target parameter, using (., the mean
of arm 1, as our running example. We provide equivalent results for the difference-in-means target
parameter in Appendix [B] We first provide the pseudocode our simulation-based inference approach.
We then discuss nuisance estimation, and introduce the principle of simulation with optimism. We
demonstrate the importance of this principle with case study using a simple ETC design, and provide
theoretical guarantees regarding type I error for designs used commonly in practice. Finally, we
provide our confidence interval and point estimate that leverage our testing procedure. We show
minimal convergence guarantees for both approaches, and discuss their practical considerations.

3.1 Pseudocode for our Approach

Our approach for conducting tests and constructing confidence intervals is based on a generative
procedure for producing simulated experiment trajectories under the null hypothesis = 6,. While
the null hypothesis specifies the value of the target parameter, we require arm distributions and means
for all other arms in order to simulate trajectories, which we refer to as nuisance parameters. We
provide a simulation procedure in Algorithm[I] which generates observations from each arm with
Gaussian nois Under the Gaussian noise trajectory simulation, we set our nuisances 7} to be the
means of all arms other than target arm 1, as well as the variances for all arms. Note that we do not
assume that the true underlying arm distributions follow a normal distribution.

Given our trajectory simulation procedure, we provide our approach for point null hypothesis testing
in Algorithm [2} Our procedure first computes the sample mean test statistic p(Hr) = fir(1) on
the observed data Hp. We then generate B trajectories of our experiment using Algorithm [T to
approximate the distribution of the sample mean test statistic under the null § = 6y. We reject the
point null § = 0y if the observed sample mean p(Hy) falls below (or above) the lower (or upper)
a/2 quantile of the simulated distribution, resembling a standard two-sided test. In Algorithm we
return our decision to reject/accept the null # = 6 and its corresponding p-value.

'In the setting of parametric arms (e.g., Bernoulli arms), where arm means specify each arm’s distribution,
the nuisance parameters 7 for target parameter @ = p; are just all other arm means p_; = [p2, ..., uk]-



Algorithm 1 Trajectory Simulation

1: input: observed data Hy, sampling scheme 7, point null value 6.

: Estimate nuisance parameters 1) = [fla, ..., fixc, 53, ..., 03]

: Set Hy = {0}, and set t = 0.

: for tin [T] do

Sample A, according to the policy m; : Hy,_1 — AlX],

Generate X, according to the normal distribution N (1[A; # 1]fia, + 1[A; = 1]60,57, ).
Set IA{t = Ht,1 @] (At,Xt).

: Return fIT.

Algorithm 2 Point Null Testing via Resimulation

1: input: observed data Hp, sampling scheme 7, type I error «, sim. number B, null value 6.
Estimate nuisance parameters 7}, and estimate observed test statistic p(Hr) = %.
for i in [1, B] do

Generate trajectory H. ;f ) by resimulating the experiment according to Algorithm

Calculate the test statistic from the generated trajectory p(*) = p(H. (TZ )).
Denote the CDF of the simulated distribution as F'(z) = 5 Zil 1[p(” < z]. Calculate
F (p(Hr)), the CDF of simulated test statistic evaluated at the observed test statistic p(Hr).

7: Return (1 —1 [a/z < F(p(Hp) <1— a/z} , F(p(HT))).

AN AR S

The choice of the sample mean test statistic p(Hy) = ji7(1) is motivated by minimal power results
for our test. Specifically, under Assumption|I] the sample mean test statistic guarantees that Algorithm
[]rejects the nulls 6y # 6* as the trial duration grow large. We formalize this in Lemma [T] below.

Lemma 1 (Test of Power 1.). Let 8 = 0y be the point null, and assume Assumption |l| holds.
Furthermore, assume that for all a € [K], the variances of distribution P, is finite. Then, if 0y # 0*,
the probability that Algorithm 2] rejects 0 converges to 1 almost surely as T — oc.

Lemmal(T]is a direct consequence of the strong law of large numbers for sample means, which holds
under the conditions of Assumption [I|even under adaptive designs. While asymptotic power is
guaranteed by choosing the sample mean as our test statistic, obtaining valid type I error guarantees
is obtained by our method of estimating nuisances 7). By estimating nuisances optimistically, we
show that our simulation-based test provides valid error control.

3.2 Simulating with Optimism

The estimation of nuisances 77 plays a crucial role in controlling the type I error rate. Even with
simple adaptive designs in the two-armed case, simple plug-in nuisances do not provide type I error
guarantees even if nuisances are estimated at parametric (i.e. ©(1/ \/T)) rates. As a leading example
of this phenomenon, we present a simple ETC design with two arms in Example ]

Example 1 (Two-Armed ETC). Let K = 2, and arm outcome distributions Py, Py be any two
distributions with finite variance. For t < T /2, let 7, map to the uniform distribution over [K|. For
t>T/2, let Py, (A; = a) = 1 for a = argmax,, fip/2(a), and Pr,(A; = a) = 0 otherwise.

Consider the case where both arm distributions are known to be Bernoulli, such that the only nuisance
7 is pi2, the mean of arm 2. When pj = pb = 1/2, the limiting distribution of the sample mean test
statistic p(Hr) is given in Equation 3] where Z;’s denote i.i.d. standard normal variables.

A 171> Z 27
lim VT (p(Hr) — 1) g 2t LU0 2 2] V22

If the distribution of observed statistic p(Hr) and the simulation-based statistic p(H. q(f )) are asymp-

totically equivalent under the correctly specified null §, = 1/2, the CDF of p(H¥ )) converges to
that of p(Hr). This directly implies that Algorithmprovides asymptotic control of type I error.
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Figure 1: Plot of Realized Type I Error Rate with Plug-in and Optimistic Nuisances for ETC adaptive
design with two arms. Y-axis corresponds to the difference between realized and nominal (i.e.
desired) type I error rates. Shaded regions denote 90% confidence intervals for error rates over 10,000
simulations. Additional details for this set-up are provided in Appendix

However, standard estimates for the nuisance po fail to provide distributional convergence. Using the
sample mean estimate /i (2), the limiting distribution of p(H¥ )) is given by

Zo+1[Z2> 71122
Zl +1 |:Z1 Z Z2 + 1+2[(1[Z2>]Zl]) 4i| \/QZ?)

Zo+1[Z2>2Z1|V224 ’ @)

lim lim \/T(p(Hq(f)) —/ﬁ) —d

T—00 B—oo

which does not match the distribution of the observed test statistic p(Hr).

Remark 3 (Failure Even With Parametric Rates). For Example[I] we show in Appendix|D|that for

p(Hr) and p(HT@) to share the same distribution, we require \/T (fiz — pi3) —, 0. Even with T

Z\+1[Z1>Z2+Z4/2]V 225
14+2(1[Z1>2Z2+Z4/2])

failing to match the distribution of the observed test statistic p(Hr). As a result, asymptotic equiv-

independent samples from arm 2, the right-hand side of Equationbecomes

alence in the distribution for the test statistic p(Hr) and the simulated distribution of p(Héf )) is

unachievable, even if nuisances are estimated at parametric rates on the order of © (1 / VT )

Given that the distribution of the simulated test statistic p(H¥ )) does not converge to that of p(Hr),
one may wish to avoid nuisance estimation altogether. A simple way to do so is to scan over all
possible values of the nuisances that affect both the experiment design and the distribution of the
test statistic. In the ETC example above, this means sweeping over all possible values of p to test a
single-point null § = 6. We reject the null § = 6, if we reject this null for every value of po using
Algorithm 2] With a grid fidelity of G over arm mean values, K arms, and B number of simulations,
we require G ~! B number of experiment simulations to test a single point null §. This approach
becomes computationally infeasible rapidly for even moderate values of K and G.

3.2.1 Preserving Type I Error with Optimistic Nuisances

To avoid such an approach while preserving type I error, we add a small, positive bias to the estimated
arm means in the nuisance vector when simulating new trajectories, which we call simulation with
optimism. By adding positive bias to the mean of arm 2 in our ETC example, we obtain valid
type I error control as the number of simulations B grows large. Figure [I] plots the difference in
realized and nominal error rates under p2 = fi7(2) (plug-in) and our optimistic simulation procedure
o = fir(2) + loglog N1 (2)/+/Nr(2). Optimistic nuisances result in type I error rates matching
the nominal level, while the plug-in approach results in error rates up to 12% larger than desired.

Beyond our simple ETC example, the principle of optimism when simulating experiment runs
controls type I error for a various designs, including reward-maximizing designs that violate positivity
conditions necessary for popular reweighing approaches [13]] (Example[2) and clipped experimental
designs commonly used in practice (Example [3).

Example 2 (UCB). Let the arm distributions be any set of distributions { P, },c[x] with means p
such that for all a € [K), there exists a B such that P, is B-subgaussian. Let w;(H;_1) select the

arm Ay, = argmax ¢ x) (fir—1(a) + /210g(T) /Ny _1(a))-




Example 3 (Clipped Reward Maximizing Scheme). Let the arm distributions be any set of any set of
distributions { P, } o[ With finite variance and means 1, where there exists a unique optimal arm
a* such that pg« > g for all a € [K]\ {a*}. Let m(Hi—1) be a randomized algorithm such that
with probability v > 0, we select over the arms uniformly, and with probability 1 — ~, we select an
arm such that P(A; # a*) < c/t, where c is a constant independent of t.

We present our results for optimistic nuisance estimation across all examples in Theorem [} which
provides an approach for estimating the nuisance vector 7 for Algorithm|I]that preserves type I error.

Theorem 1 (Error Control with Optimism). For nuisance estimation in Algorithm |l| set i, =

fr(a) + €4, where (i) ¢, > 0, and (ii) %/ea — 0as T — oo Let 62 =

ﬁ@) 23;1 1[A; = a] (X; — pir(a)). Denote Algorithm @’s decision to accept/reject the null
hypothesis 0q as £(0, Hr, o). Then, for all o € [0, 1], type I error is asymptotically controlled under
Examples[1} 2] and 5| as the number of simulations B grows large, i.e.,
lim sup Blim PO, a,Hr) =1) < . )
—00

T—o0

Because we add positive noise to all other mean arms (other than target arm 1), we call our procedure
simulation with optimism. Intuitively, our approach is inspired by the fact that in many common
designs, larger values for other arms’ means leads to less samples being allocated to target arm 1.
Although fewer samples naturally lead to larger upper (and smaller lower) quantiles for p(Hr)’s
distribution in the i.i.d. case, it is unclear whether this holds for adaptively collected data. In Appendix
[D| we show that this holds across all examples discussed in Theorem I}

Among our three examples, Example [I)is unique in that it does not permit asymptotic inference using
a stability condition [[18] such as Example |2 or with inverse-propensity-weighted estimates such as
Example[3] Our approach uniquely addresses designs such as ETC, where (i) the number of arm pulls
does not converge in probability as 7" — oo and (ii) observations cannot be reweighted for a similar
form of stabilization as in Hadad et al. [13]]. Our approach offers a valid form of inference beyond
using only the data collected in the exploration period or conservative finite-sample inference.

Remark 4 (Applicability of Theorem|[I). While Examples I and 2 describe explicit sampling schemes
(explore-then-commit and one particular version of UCB respectively), Example 3 consists of a
broad range of experimental designs. In particular, Example 3 corresponds to regret-optimal (i.e.
reward-maximizing) algorithms modified with a positive lower bound on its selection probabilities,
provided that the experiment has a unique best arm. To connect regret optimality with the conditions
of Example 3, note that the minimum possible regret scales on the order of log(T') as T — oo [8]. As
such, a bandit algorithm is only regret optimal if and only if there exists a fixed constant c such that
suboptimal arms are pulled at the rate c/t at each timepoint due to ZtT:l 1/t = log(T). Example
3 therefore captures any reward-maximizing scheme known to be theoretically optimal (e.g. UCB
variants such as MOSS-UCB [9)], Thompson Sampling [12)]) modified with clipping for arm instances
with a unique best arm. We note that these clipped schemes are often used for empirical studies in
the literature, with applications from political science surveys [23|] to digital health interventions
[12l], where one typically assumes that a best arm exists. Thus, while our examples may seem limited,
many real-world applications use the experiment designs covered in Examples 1, 2, and 3.

Decay of Bias Term. The order of the bias € in Theorem [1}is a direct consequence of the law of
iterated logarithm, which states that the difference between the sample mean and the true mean is on
the order of /loglog N7 (a)/Nr(a). By adding positive bias that dominates this term as 7' — oo,
Theorem [T]ensures that our approach adds asymptotically positive bias to the arm mean nuisances.

Remark 5 (Selecting bias term €.). While Theorem|l|provides a lower bound on the order of the
bias €, it does not specify an upper bound. In Appendix[D| we justify our choice to make ¢ — 0
as Np(a) — oo using our ETC setup in Example We show that with vanishing bias €, our
simulation procedure has higher power; leading to larger probabilities for rejecting mispecified
nulls and smaller confidence interval widths. We empiricalllﬁ validate our choice of vanishing bias

e = loglog Nr(a)/+/Nr(a) used in Figurein Appendix

Importantly, simulation with optimistic nuisances preserves the computational tractability of this
procedure. While sweeping over all possible nuisance values requires G ~! B number of simulations
for type I error control, our hypothesis testing procedure with optimism reduces the number of
simulations to simply B, removing the runtime dependence on grid fidelity G and number of arms K.




Algorithm 3 Confidence Interval and Point Estimate

1: input: observed data Hr, sampling scheme 7, Type I error «, simulation number B, grid of
target parameter values ©g.

2: Initialize C'(c) = {p(Hr)} as the set containing the sample mean test statistic.
for 0y in ©g do
4:  Run Algorithm 2] with null hypothesis 6, denoting accept/reject and the estimated quantile

value as (f(GO,HT,a),F(QO)).
5. If&(6o, Hr, o) = 0, then set C(ar) = C(a) U {6}.
6: Return Confidence interval C'(r) and point estimate § = argming ) |F(0) —1/2|.

ol

3.3 Confidence Intervals and Point Estimation

Our approach for confidence interval construction and point estimation (provided in Algorithm [3)
directly leverages the point null testing approach of Algorithm 2] Given a set of null values, we run

our hypothesis testing procedure in Algorithmfor each null value. Our confidence interval C (o) is
the subset of nulls that are not rejected by our hypothesis testing procedure. As our point estimate,
we select the null that maximizes the minimum difference between quantile of observed test statistic
and quantile rejection thresholds {a/2,1 — o/2}, which gives the expression in Algorithm[3] We
provide minimal convergence results for our confidence intervals and point estimate in Lemma 2]

Lemma 2 (Convergence of Point Estimate and Confidence Sequence). Let Assumption[I|hold, and
assume arm variances are finite. Furthermore, assume 0* € Oy, i.e. the true null value is contained
in the grid of tested nulls in Algorithm Then, for any « € [0, 1], our confidence interval converges

almost surely to a zero-width set containing only 0%, and our point estimate 0 converges to 0* almost
surely, i.e.
lim lim C(a) —as {#*}, lim lim 6 —,, 6% (6)

T—o00 B—o T—o00 B—oo

Both convergence results in Lemma 2] are direct consequences of Lemmal [I] which provides uniform
guarantees of rejection for all nulls 6y # 6*. Because all §y # 0* are rejected almost surely, the

confidence set (), which consists of nulls that fail to be rejected, converges to {6*}. Similarly,
because € C'(a), § must also converge to 6*.

Remark 6. One may ask whether our assumption that the ground truth value 0™ lies in the set of tested
target parameter values Oy is reasonable, particularly for continuously valued 0. In cases where 0
is known to lie in a bounded interval ©, one may set © to be a grid over © as an approximation.
We demonstrate that this does not affect empirical performance in Sectiond|below. For unbounded
parameters, one may use another confidence interval to get a bounded interval, then use a finely
spaced grid over this interval for O using an adjusted a-leve

Runtime Relative to Other Methods Our runtime results in Appendix [C|show that to construct
our confidence intervals run in reasonable times for moderate values of G, the size of the grid, and B,
the number of simulations per null value. Even when run locally, our confidence intervals take less
than a minute to construct. In applications such as political science (shown in our case study example)
or healthcare, where data collection is expensive/time-consuming and tight inference is of paramount
importance, we expect that runtime of our approach will not be the bottleneck for data analysis.
Furthermore, we note that existing approaches often use simulation as a subroutine for their estimation
procedure. As discussed in Remark [T} reweighing/MCLT approaches for inference on adaptively
collected data require knowledge of the true conditional propensity scores. To obtain the true
conditional propensity scores under popular sampling schemes such as Thompson sampling (which
does not have clear, closed-form propensity scores such as e-greedy sampling schemes), works such
as [36] and [[13]] simulate the sampling policy 7 using history H;_; to obtain conditional propensity
scores T at each time point. While the reweighing/MCLT approaches do not directly require
resimulation, it is common practice to estimate the true propensity scores needed for reweighing
approaches by simulating the known sampling policy.

We discuss this approach in Appendixusing the anytime valid bounds of Waudby-Smith et al. [32]
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Figure 2: Coverage probabilities, average CI widths, and MSE for synthetic setup, with 7" values 200,
400, 800, 1600. Results are averaged over 200 simulations. Shaded region denotes 1 standard error.

4 Experimental Results

We provide experimental results for type I error and confidence interval widths across both syn-
thetic and real-world data. For all experiments, we set type I error rate « = 0.1, and set
e = loglog Nr(a)/+/Nr(a), which satisfies the conditions of Theorem |1} We provide additional
details, including runtime, baseline pseudocode, and results for alternative setups, in Appendix [C]

Synthetic Experiment Setup. For the synthetic experiments, we set K = 3 and set our target
parameter to be the mean of arm 1. All arms are distributed according to a Bernoulli distribution with
mean vectors g = [0.45,0.5,0.55], [0.5,0.5,0.5], and [0.55, 0.5, 0.45] corresponding to the worst
arm, no signal, and best arm settings respectively. For our confidence intervals, we test a grid of
100 null values evenly spaced between [0, 1], the range of mean values, with B = 200 simulations

per mean value. To compute mean square error (MSE), we use the null 6 with p-value E' (p(Hr))
closest to 0.5 as a heuristic point estimate. As our baselines, we test three distinct approaches for
valid inference for adaptively collected data: (i) an empirical Bernstein anytime valid approach [31]],
(ii) an asymptotic approach based on variance stabilizing weights [13}136], and (iii) an asymptotic
approach based on variance minimizing weights [[13]]. To accommodate the latter two approaches, we
present results using a modified UCB (Example [2)) scheme with clipping at the rate of t=°-7.

Real-World Data. To assess the performance of our approach on real-world data, we reanalyze
the results of an adaptive experiment run by Offer-Westort et al. [23]. The adaptive experiment
design used a batched Thompson sampling procedure with 7" = 1000 on Amazon’s MTurk platform.
Arms correspond to different wordings of the ballot measure, and outcomes corresponding to binary
responses indicating whether the respondent would support the measure. As an additional baseline,
we provide the intervals reported by Offer-Westort et al. [23]]. For each confidence interval based
on our simulation procedure, we test a grid of 200 null values evenly spaced between [0, 1], with
B = 1000 simulations per null value, and use the same heuristic as above for our point estimate.

The sampling policy for the collected data falls under Example 3. In Appendix B.1. of Offer-Westort
et al. [23]], the authors state "For estimation and hypothesis testing, we have assumed that there
is a unique best arm." Empirical results in Figures 3 and 4 of [23] (right-side figures correspond
to our data) suggest that this is true. In page 19 of [23]], the authors discuss clipping, which was
enforced through sampling with Thompson sampling with probability 0.9, and uniformly at random
with probability 0.1. This satisfies the clipping requirement, where v = 0.1 as defined in Example
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Figure 3: 90% Confidence Intervals for real-world data. The difference in CI widths between our
simulation-based approach and the smallest width interval among baselines is annotated as AW.

3. Existing work [[17]] has shown that batched TS preserves the problem-specific regret optimality.
Following the argument outlined in Remark [4] it follows that there exists a fixed constant ¢ < co
such that P(A; # a*) < ¢/t. Thus, our approach offers valid inference on this dataset.

Discussion of Results. Our empirical results demonstrate the key benefits of our simulation-based
approach: across both synthetic and real-world data, our simulation-based confidence intervals tend
to produce smaller confidence intervals, while maintaining similar coverage (e.g. type I error) as
existing approaches. Across all experiments, confidence interval widths are reduced by as much as
50% relative to the next best method, demonstrating the benefits of simulation-based inference.

Figure 2] plots the results of our synthetic experiments with respect to 7', the total duration of
the experiment. The rates of coverage (i.e. the probability that the null § = pJ is not rejected)
demonstrates that our approach provides similar type I error guarantees to the two other asymptotic
methods. Given similar coverage/error rates, our simulation-based confidence intervals and point
estimates provide the tightest confidence intervals on average and smallest MSE across all setups.
The largest gains, particularly in terms of confidence interval width, are in the setting where we
conduct inference on the worst arm, where we see up to 50% reductions in average width.

Our real-world experiments demonstrate similar results to our synthetic setup. For arms that appear to
be the worst-performing (such as Proposal 3 (CA)), our simulation-based approach reduces confidence
interval widths drastically. The three proposals with the lowest support see reductions of up to roughly
50% in terms of confidence interval width relative to the intervals reported by Offer-Westort et al.
[23]. While the best performing arms see a slight increase in interval width, we note that the width
decreases in the worst performing arms are significantly larger than the width gains in the best
performing arms. Intervals grow by at most 0.059 relative to the best performing baseline, while
being decreasing widths up to 0.1. Furthermore, simulation outperforms all existing baselines for a
majority of treatment arms and is never widest among all approaches.

5 Conclusion

This paper introduces a simulation-based method for conducting inference in experiments with
adaptive designs, where traditional confidence intervals and hypothesis tests often fail. By simulating
the experiment under the null hypothesis using optimistic nuisances with positive bias, the method
ensures valid type I error control. Across both synthetic and real-world experiments, empirical results
show that our simulation-based approach significantly reduces confidence interval widths—up to 50%
smaller for undersampled arms—while maintaining accurate statistical coverage. Future directions
of our method include extensions for (i) additional experiment designs beyond our examples, (ii)
valid error control under settings with contextual information, (iii) inference approaches that allow
sequential testing across time.
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instructions for how to replicate the results, access to a hosted model (e.g., in the case
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to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
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material?

Answer: [Yes]

Justification: All code necessary to run the experiment is provided in the supplementary
material. We provide documentation for hyperparameters and related details in Appendix [C]
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public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
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* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).
* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: The paper provides all such details in Sectiond and Appendix [C]
Guidelines:

» The answer NA means that the paper does not include experiments.

» The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: All figures presented in this paper have error bars (even if hard to see).
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).
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8.

10.

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

e It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

e It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: All such details are provided in Appendix [C|of this paper.
Guidelines:

» The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: Our research takes into account the following factors (if relevant): potential
harms caused by the research process, societal impact and potential harmful consequences,
and impact mitigation measures.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: We discuss broader impacts of our work in Appendix [E]
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.
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» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: There is no/little risk of misuse for the contents of this paper.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: We cite the original study where our real-world dataset comes from multiple
times throughout the paper, and the license/terms are respected.

Guidelines:

* The answer NA means that the paper does not use existing assets.
 The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.
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* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

 For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: This paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [Yes]

Justification: We provide the exact questions used by Offer-Westort et al. [23]] in Appendix
[C] referencing the previous work.

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: The paper does not involve study participants directly. All data used from
crowdsourcing was collected by a previous paper (Offer-Westort et al. [23]), and proper
citations were provided.

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
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* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used

only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: LLMs were only used for editing/summarizing within this manuscript and
formatting of the figures in Python.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A Additional Results for Inference on Means

A.1 Intuition on Vanishing Bias ¢,

A natural question is why we choose the bias term to vanish. Under the conditions of Theorem I]
simply setting [i, = 1 (the upper bound of the support) preserves Type I error. To see the value of
vanishing positive bias, consider the ETC design discussed in Section[3.2] but 3 < pj < 1. The
limit distribution of p(Hr), the sample mean of arm 1, takes the form:

. 20*Z1+2\/§U*Z2 20*Z3
lim VT (p(Hr) — p}) —a — 122 =1 7
Jim VT (p(Hr) = p1) —a 3 5 @)
where oF = \/pi (1 — p¥) is the true standard deviation of arm 1 and Z;, Z, Z3 are i.i.d. normal
random variables. If we set the nuisance value 7) = fi5 equal to the maximum possible value of 1,

then, for any null value 6, the distribution of the test statistic using simulated trajectories H, :(,3 ) is
given by

lim V7T (p(Hffri)) - 90) —ra 221/ (1 = 00)00 ®

T—o0

for all 6 € [0, 1). In contrast, under a simulation procedure where 7} — w3, the limiting distribution
of the test statistic takes a piecewise form, given by the following:

274 (]. — 90)90 + (1[90 > ,UQ]) Z3 8(1 — 90)90
1+2(1[60 > p2)) '

While the power (i.e. the probability of rejection when 0y # p7) is unchanged for values of 6y < u3, a
vanishing bias term results in improved power for all values of 6y > 5. When 6y > 2, the simulated

(€))

: ()N _
din VT (U5 = 00) =

distribution of the test statistic p(H. % )) is more tightly centered around the value 6y compared to the
choice of fi; = 1 by a factor of 1/4/3. As a result, the probability that our observed test statistic
p(Hr) lies beyond the lower and upper quantiles of simulated distribution is larger under nuisances
7 that converge to n*.

A.2 Confidence Intervals for Unbounded Parameter Spaces.

While the main body of our paper focuses on bounded parameter spaces (e.g. 6* € [0, 1]), one can
construct a bounded region of the parameter space by using the confidence interval in Theorem 2.2 of
Waudby-Smith et al. [32] with a1, then use ao for Algorithm@ where a1 + as = «. This maintains
statistical validity by a union-bound argument. Note that to preserve power as close as possible to our
simulation procedure, one should set ay > a1, as «; is only used to construct a bounded set over
which we construct a fine grid.

B Inference on Difference in Means

For our difference-in-means parameter, our approach is almost unchanged. Without loss of generality,
assume that our target parameter is now § = p; — po. We can use the same exact approach as the main
boyd of our paper, where we use a plug-in estimate /i with positive bias and now vary 0 = pqy — po.
Note that in effect, varying 6 = 1 — o is the same as varying § = p in our simulations. We opt
for the same test statistic as before.

Note that to preserve statistical validity, one cannot select p; (or ps) into the nuisance vector 7)
while looking at the data. However, if one knows that the design will pull an arm more often (e.g.
control-augmented sampling such as Offer-Westort et al. [23]), then one should use the arm that will
be pulled more often to improve power.

One may ask why we do not recommend using a test statistic such as the difference in sample means.
Note that by using two sums (rather than one) as our test statistic, the variance of our test statistic
increases, and therefore results in less power. As such, randomly selecting one of the arms’ sample
mean as the test statistic for the difference-in-means target parameter will have higher power (lower
variance) than including both means.
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C Additional Experimental Results

All computational results in both the main body and the appendix were run locally on a 14-inch
MacBook Pro with an Apple M2 Pro chip and 16GB of memory.

C.1 Runtime

Our confidence interval runtimes (i.e. the time to construct a confidence set) depend on (7, the number
of point nulls in O, our set of nulls, and B, the number of simulations done per null. In particular,
our runtime scales on the order of O(GB). To demonstrate this scaling, we provide runtime results
in Table[T] using the real-world dataset collected under a batched Thompson sampling scheme.

G B | Runtime (seconds)
50 | 50 11.50 £ 0.22
50 | 100 20.21 £0.32
100 | 50 20.66 £+ 0.30
100 | 100 39.17 £ 0.36
Table 1: Table of runtimes for constructing confidence intervals for the real-world dataset.

Our table verifies our runtime scaling. As G doubles, the runtimes doubles exactly. Likewise, as B
doubles, the runtime also doubles. We note that these runtimes are obtained by running this code
locally. Running experiments on a cluster or a HPC setup will likely improve performance, but
runtimes are reasonable even even on local devices. As such, we do not believe our approach is
prohibitively expensive computationally.

C.2 Additional Experiment Details

Synthetic Experiments We provide additional pseudocode for all sampling schemes used in our
experiments. We begin with our clipped modifications to UCB, where we provide our clipping
procedure in Algorithm []

Algorithm 4 Clipped Adaptive Design with Decaying Exploration

—_

Input: horizon T', arm number K, sampling scheme 7, decay rate 8 € [0, 1].
Initialize fip(a) = 0, Nr(a) = 0 forall a € [K].
Sample each arm @ € [K] once.
for¢ € [T] do
Sample b ~ Unif[0, 1].
if b < ¢t~ ° then
Sample an arm A; € [K], with P(A; = a|H;—1) = 1/K.
else
Sample an arm A; ~ 7w (Hy—1).
Return trajectory Hr.

VRN RDD

—

For our clipped UCB scheme, we use the sampling scheme 7 described in Example 2] An-
other choice of m we test below is the e-greedy scheme, where m:(H;_1) selects the arm A; =
argmax,, ¢k fie—1(a), and explore based on the decay rate 3 € [0, 1]. For both our clipped UCB and
e-greedy scheme, we set 5 = 0.7, matching the exploration decay rates found in Hadad et al. [[13]].

Real-World Experiments The real-world dataset we use for constructing confidence intervals
was collected by Offer-Westort et al. [23]] on the Amazon MTurk Platform. Here, 1000 participants
were recruited from June 21st, 2018 to June 30th, 2018, where each subject was paid 1$ for their
participation. We construct confidence intervals on the RTW treatments and responses. The wordings
of each ballot measure can be found in Table 2 of Offer-Westort et al. [23]], and are based on ballot
measures in Missouri, North Dakota, Oklahoma, and South Dakota.
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Details for Figure[I] In Figure[I] we generate observations from two arms, both with rewards
X; ~ N(0,1). We slightly modify our ETC example, where we sample both arms 7'/10 times, and
commit to the arm with the largest empirical mean at time 7'/5 for the remaining duration of 47'/5.
We set T = 5000, with 10,000 replications for Figure|[T]

C.3 Additional Experiment Results

We provide additional experimental results regarding (i) a different sampling scheme as our adaptive
design and (ii) a different choice of bias for the ETC example in Figure ]

e-Greedy Design We choose the e-greedy design as an additional candidate for our approach.
This design is known to have poor limiting distribution properties (see the first figure of Khamaru
and Zhang [18])). We present our results in Figure [5] Our conclusions remain unchanged, as we
see the largest gains (e.g. decreases in interval width) for the means of arms that are sampled less
often. Interestingly, we see that our heuristic for selecting the point estimate outperforms all other
approaches here. We plan to investigate this in future work by providing theoretical guarantees
regarding our point estimate approach.

Choice of Bias Term To investigate our choice of optimistic bias term, we test multiple different
choices of €, in Figure ] under the same setting as Figure|[T]

log log N (a)

* Bias 1 denotes ¢, = Nr(a)
T(a

log Nt (a)
A/ NT(a)

e Bias 3 denotes ¢, = 1.

e Bias 2 denotes ¢, =

Bias 2 and 3 are intended to demonstrate that our choice of bias term (Bias 1), which is close to the
lower bound rate of /loglog N7 (a)/Nr(a) in Theorem |1} is preferable in practice. While All three
methods provide appropriate type I error control (as defined in Definition[T), Bias 1 (the bias term
used in our paper) demonstrates superior power for nulls 6y = 0.02 close to the ground truth value
of @* = 0. This suggests that the bias term €, should be set as close to \/log log Nr(a)/Nr(a) as
possible.

=4
1=}
o

o
=)
S

1

|

1

1
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= -0.10

-0.15
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-0.20 —— Simulation (Bias 1)
—— Simulation (Bias 2)

025 " simulation (Bias 3)

0.0 0.2 0.4 0.6 0.8 1.0
Nominal Type | Error Rate

—— Simulation (Bias 1)
—— Simulation (Bias 2)
—— Simulation (Bias 3)

0.0 0.2 0.4 0.6 0.8 1.0
Nominal Type | Error Rate

Figure 4: Top: Type I error rates based on magnitude of bias term ¢,, using the null 6* = 0. Bottom:
Power against the null 8y = 0.02
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Figure 5: Coverage probabilities, average CI widths, and MSE for synthetic setup using the clipped
e-greedy scheme, with 7" values 200, 400, 800, 1600. Results are averaged over 200 simulations.
Shaded region denotes 1 standard error.

Violation of Assumptions To test whether our approach is sensitive to violations of our assumptions,
we test Beta-Bernoulli Thompson sampling without batching and clipping, a design that does not
satisfy the requirements of any of our examples. We provide the results for inference on the best
arm and the worst arm for a three-armed experiment with p = [0.55,0.5,0.45]. We set o = 0.1
and T' = 400, and all other parameters identical to those used in Section[d] We note that we set the
horizon to a relatively small number to avoid issues with zero propensity scores (which would make
our baselines produce trivial results). We report our results with 100 simulations of our method in the
Tables |Z| and@below, with one standard deviation provided in the 4 terms.

Method Coverage CI Width MSE

Anytime-Valid 0.98 £0.01 0.23£0.002 0.006 &+ 0.000
Stable Weights 0.89 £0.03 0.14£0.002 0.004 £+ 0.000
Two Point Weights  0.84 +£0.04 0.16 £0.002 0.006 £ 0.000
Simulation 0.87£0.03 0.13£0.002 0.004 & 0.000

Table 2: Inference on best arm mean p3 = 0.55.

Method Coverage CI Width MSE

Anytime-Valid 0.88£0.03 0.31£0.001 0.005 4 0.000
Stable Weights 0.69 £0.05 0.18 £0.001 0.005 % 0.000
Two Point Weights  0.69+0.05 0.21 £0.001 0.006 £ 0.000
Simulation 0.88£0.03 0.21£0.001 0.004 &+ 0.000

Table 3: Inference on worst arm mean pq = 0.45.

Our results demonstrate that relative to the baselines, the simulation procedure provides tighter
confidence intervals without sacrificing type I error. When conducting inference on the best arm,
our approach achieves close to the nominal coverage level, while producing the tightest confidence
interval among all methods. For the worst arm, we see that stable weights and two point weights,
inference approaches based on martingale central limit theorems (MCLT), provide relatively small
confidence intervals, but suffer from significant undercoverage. In contrast, both our anytime-valid
baseline and our simulation approach result in coverage close to nominal levels. Between these two
methods, our simulation approach produces much smaller confidence intervals, demonstrating its
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benefits empirically. Thus, while we may currently lack theoretical guarantees for general sampling
algorithms, our simulation approach retains its competitive inference performance without sacrificing
type I error empirically.

D Proofs of Theoretical Results

We use w to index sample paths from the set of all sample paths €2, where P(§2) = 1. For a random
variable X, we use the notation X (w) to index its sample path. Before providing our proofs, we
provide a technical lemma from existing work that provides almost sure convergence guarantees. For
completeness, we provide these results below.

Lemma 3 (Fact E.1, Shin et al. [27]]). Suppose that there exists a process (Yy,)22_, indexed by n, and
Y,, = Y a.s. as n — oo. Furthermore, assume that there exists an index process (N (t)),-, indexed
by t such that N(t) — oo a.s. ast — oo. Then Yy ) — Y ast — oo.

We also provide a simplified version of the law of iterated logarithm, which underlies the magnitude
of the positive bias term ¢, added to preserve type I error.

Lemma 4 (Law of Iterated Logarlthm [32]). Let (X )52, be a sequence of i.i.d. random variables
with mean y and variance 0% < co. Let jip = i Zi:l X;. Then, the following holds almost surely:

lim sup ————— \FVLT — /!
T—so0 m/210glogT

As a direct application of Lemmas [3] and 4] we obtain a simple, yet useful result regarding our
optimistic nuisances [i,.

(10)

Corollary 1 (Almost-Sure Positive Bias). Let fi, = fir(a) + €4, where [ir(a) denotes the sample
mean up to time t and €, satisfies the conditions posed in Theorem([l} Let Assumption[I|hold, and
assume arm variances are finite. Then, as T — 00, fi, > s almost surely, i.e.

P <limsup{w €N :1[fg(w) > pi] = O}) =0. (11)

T—o0

Proof of Corollary[l] This follows directly from Lemmas [3|and[d For completeness, we provie this
result by contradiction. Assume there exists a set of sample paths Q' C Q such that P(w’) > 0,
and P(lim supp_, . {w € Q' : 1[f1o(w) > p] = 0}) = 1. Then, this implies that for w € €Y/, the
following must hold:

lmsup fia(w) — g = lmsup ir()() + ea(w) — i < 0. (12)
we, T—oo we, T—oo

Multiplying by — \/2V101;1To(g\(r:za)(w) on both sides, we obtain

Jim sup Nr(a)(w) (Ar(a)(w) — pg) N Nr(a)(w)
weQ, T—oo O \/2 loglog Nr(a)(w) ok \/2 log log N (a)(w)

By the condition on €, in Theorem|I] the second term on the LHS diverges to infinity, so the first term
must diverge to negative infinity. However, note that by Lemmas [3|and[4] the following must hold:

imenp VIT@@ir@)e) — ] _ "
wEQ,T— o0 v/2loglog Nr(a)(w)

Because ' C €, we obtain the following inequality:

VN (a)W)lar(a)w) —pal VN (a)W)lar(a)w) —pal _

€, <0. (13)

lim su < limsu , (15)
wGQ’,THoo \/2 loglogNT( )( ) wEe, T~>oo \/2 IOg logNT(a)( )
which results in a contradiction and therefore completes our proof. O

Lastly, we present a known result regarding asymptotic normality of sample means.
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Lemma 5 (Asymptotitc Normality under Stability [[18]). Let P, have finite variance, and assume
that there exists a constant N} (T') such that the following holds:

(i) Nr(a) —»p NX(T)asT — o0

(i) NX(T) — ocasT — oc.

Oa

Then, whenever 6, is a consistent estimate of o;, 1/ Nz(a) (fir(a) — pk) =4 N(0,1).
We will leverage this result heavily for the proof of Examples[2]and [3|in Theorem [I]

D.1 Proof of Lemmal(l]

By the infinite sampling condition in Assurnption as T — 00, Ny(a) — oo for all a € [K] for
any underlying arm distributions { P, } c[x7. Note that this includes any potential choice of null
used in Algorithms[I]and 2] By direct application of Lemma[3]and the strong law of large numbers

(SLLN), under any choice of null value 6, the sample mean test statistic p(H¥ )) —a.s. 0. By
definition of almost sure convergence, using ¢ to denote the simulation number and w to index the
sample path of the observed experiment,

P (hmsup{i €[Bl,we: |p(H¥))(w) — o] > e}) =0 foralle > 0. (16)
T—o00

For any 6y # 6%, let ¢* = @. AsT — oo, forallw € €, Equationimplies that there exists
an T1(w) < oo such that sup;¢(p |p(H¥))(w) — 0| < e forall T > Ty (w).

For the observed test statistic p(Hr ), by Assumption |l|and Lemma we obtain p(Hr) —q.s. 0%,
i.e. for all w € €, there exists a Th(w) < oo such that [p(Hr)(w) — 6%| < €* forall T' > Th(w).
Putting these results together, we obtain that for any w € (2, there exists a finite 7*(w) =
max (71 (w), Ta(w)) < oo such that sup;¢p |p(H7(f)) — 0g| < € and |p(Hr) — 6% < €*. As
a result, we obtain the quantile of p(Hy) with respect to the simulated test statistic distribution

L\ B
(p(Ht(l))) s either zero or one. To see this, without loss of generality, assume that 6y < 6*.

B
,forall w € Q,
i=1

1=

Then, for T > T*(w), denoting F'(-) as the quantile function on (p(Ht(z)))

B
F(plHr)(w)) = 35 Y Up(Hr)() < pl(HE) ) -

B

- ;21 (o)) = 07) — (WED) @) —80) + 0"~ 0] (8)
B

< %Z 1 (—||p(Hr)(w) — 0%+ ‘P(Hq(f))(w) — 90’ +60*—0,<0| (19)
- < <e*
B .

<;;<1{—2(639@+(9*—90)<0] 20)
B -

:}9111[9 300§0}=0. 1)

Note that ' is bounded between 0 and 1, so F' (p(Hr)(w)) must be 0. Line [19| follows from
the almost sure convergence results discussed previously and the fact that the indicator function
monotonically increases as the LHS inside the indicator decreases. Line [20|follows by definition
from the definition of €*. Lastly, our final result follows from our assumption that 6* > 6. Our proof

proceeds analogously in the case where 6y > 6*, with the end result showing that F* (p(Hr)(w)) = 1.
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As a result, we obtain that for any w € €2, we reject 0y # 0* almost surely in Algorithm[2] i.e.

P (w €Q: lim F (p(Hr)w)) € {0, 1}) -1 22)

D.2 Proof of Theorem [T]
We prove the results for Theorem [I] for each case separately, beginning with Example [I] Before
proceeding, we prove a result regarding the convergence of the variance estimators in Lemma 6]

Lemma 6 (Convergence of Variance Estimates.). Let Assumption [I| hold, let arm variances be
finite, and let 62 be defined as in Theoreml | Then, our variance estimate is strongly consistent, i.e.
62 =45 O

Proof of Lemmal6] To prove this result, we first expand the variance estimator as follows:

~

= a](X; — fir(a))? (23)

(24)

I:\ E
><
N
/—\
$
-
ot
B
Il
&
v
[\v]

We now show that (a) —p ()% + ()% and (b) —p (uf)2.

For term (b), note that by Assumptionand Lemma (ﬁ@) er:l 1[A; = a]Xi) —a.s. . By

the continuous mapping theorem, (b) —,.s. (113)2.

For term (a), we can further decompose the estimate as follows:

T
(@) = NTl(a) ;”At = ol — g+ )’ (25)
1 T
= Faay 2o LA = X =+ s DAL 20X, — )+ 26)

@ (49)
Term (i) converges almost surely to (o*)? by definition of variance, the strong law of large numbers,
and Lemma Term (7i) converges to 0 almost surely due to the fact that ﬁw) ZiTzl 1[A; =
a](X; — ) —a.s. 0. As aresult, we obtain (a) —4.5 (07)% + (ui)?.

Putting the convergence results of (a) and (b) together, we obtain that 62 —, 5. (o). O

We also provide a simple, but useful result regarding the limiting type I error control under two key
conditions.

Lemma 7 (Asymptotic Type I Error Control). Let w € ) denote a sample path, such that the set
of sample paths has probability 1, i.e. P(Q) = 1. Let F(-) and F(-)(w) denote the CDF of the

test statistic distribution for observed test statistic p(Hr) and simulated test statistic p(Hq(qZ )) under

sample path dependent nuisances f)(w). Let F~' and F*I(w) denote their respective quantile
functions. Assume that the following conditions hold:

(i) imsupp_, o F (supweg Pl (a/2) (w)) + (1 - F (infweg Pl (1-a/2) (w))) <a,
(ii) P (p(HT) c {F*l (@/2) (w), = (1 — a/2) (w)}) = 0forallw € .
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Then, denoting the decision for rejecting/accepting the ground truth null 0* as £(6*, o, Hr),
lim sup hm P(&(0*,a,Hr)=1) < «, (27)
T—o0
i.e. type I error is asymptotically controlled.

Condition (i) of Lemma([7]states that the quantiles of the simulated distribution for all sample paths
w are more extreme than that of the observed test statistic distribution. Condition (ii) is a technical
condition for an application of the continuous mapping theorem, and is satisfied in most general cases
(e.g. the distribution of p(Hr) is dominated by the Lebesgue measure). Below, we show how these
two conditions provide valid type I error control.

Proof of Lemmal7} We first write out the event in which we reject the null #*, then leverage the
Glivenko-Cantelli theorem and the dominated convergence theorem to obtain the desired results.

Denoting F5(-)(w) as the simulated CDF with B simulations, we obtain the following inequality:
limsup lim P (£(0%, «, Hr) = 1) (28)

T—oc0 B—oo

— limsup lim P ({FB (p(Hp)) (W) > 1 — a/2} U {FB (p(Hp)) (W) < 1— a/2}> (29)

T—oo B—o0

= limsup /w L [ / 1 [,;(HT) > p(H;“)} €[0,a/2 U1 — a/2,1] dF(H}i))(w)} dw (30)

T—o0
Line [30| follows from (i) the dominated convergence theorem (DCT), (ii) the continuous mapping
theorem (CMT), and (iii) the Glivenko-Cantelli theorem as B — co. Note that because indicator
functions are bounded, we can move the limit with respect to B within the outer probability integral
using DCT, and by condition (ii) in Lemma /] we can pass this limit within the indicator function

using CMT. By the fact that each p(H:(pi )) is identically and independently distributed, as B — oo, the

Glivenko-Cantelli Theorem states that our empirical CDF function F(-)(w) converges to F(-)(w)
for all w € . Further expanding our line[30] we obtain

lim sup L;gnwp(f(9*, o, Hr) =1) 3D
< 11;njip . (1 [ p(Hr) > p(H(Z))} €[0,0/2] dF(H;“)(w)D duw (32)
S ( /1[ (Hp) > p H“))} ell—a/2,1] dF(H;i))(w)D dw (33)
we

= limsup / . (1 [F(oHr)) (@) < af2] ) dw+ / . (1 [Fottn) @) 2 1= 5]) dw
(34)
~ limsup / (1ot < 77 072 @] ) o (35)
+ /wEQ (1 [p(HT) > ft (1 - %) (w)D dw (36)
= hgfipF (21618 Fl(a/2)(w)) + (1 - F <ui)1€1§2 Fr1 - a/2)(w)>> (37)
< a. (38)
O

The inequality in line [32]follows directly from a union bound argument. Line [37|follows from the
fact F'(-) is a monotonically increasing function. The last line follows by condition (i) of Lemma
giving us the desired result.

D.2.1 Proof for Example ]

We focus on two distinct cases: (i) ui # pb, and (ii) uj = ps. Let of, o5 denote the true standard
deviations of arm 1 and 2 respectively.
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Analysis of Case (i) We first characterize the distribution of the observed sample mean test statistic
under the ETC design for Case (i), keeping the true arm distributions P;, P, fixed. The observed
sample mean test statistic p(Hr) converges to the following distribution:

_ * * > *
lm vPPHD) =6 221+ (Al 7*/12})3\/522
T—o0 o1 1+ 2(1[pg > p3))

(39)

where Z; denotes a standard normal random variable. The standard normal random variables are a
direct consequence of Slutksy’s lemma using the the central limit theorem and &7 —p o] (shown
in Lemma @).The indicator term 1[u} > pj] denotes the commit stage, where arm 1 is sampled
T'/2 additional times beyond the exploration stage. Because we assume p; # po, the indicator
function 1[fi7/2(1) > fir/2(2)] converges to 1[u} > p3] almost surely. This follows from the fact

that P (w € Q : limp_o0 1[fir/2(1)(w) > fir/2(2)(w)] # 1[uf > p3]) = 0 by the SLLN.

We now show that for every sample path w € €2, the simulated distributions of p(H. g )) uniformly
protect type I error for 6y = 6*. To show this, note that the distribution of the simulated test statistic

p(H;7 ))(w), depends on the plug-in estimate i3 (w) used in the simulation.

We first note that the bias condition on €, in Theorem states that W /€, — 0. Under

Assumption Nrp(2) — oo almost surely (a.s.), so this condition permits two regimes: setting €,
such that (a) bias term €, converges a.s. to zero, and (b) bias term €, does not converge a.s. to zero.
loglog Nt (a)
Nr(a)
to RHS of Equation matching the distribution of the true test statistic p(Hr). This follows
directly from the Slutsky’s lemma, now including a vanishing term ¢, —4.5. 0. As B — o0, the
Glivenko-Cantelli theorem [29] ensures that the simulated distribution converges to that of the true
distribution, ensuring type I error guarantees.

In setting (a), such as when ¢, = , the test statistic p(HC(FZ ))(w) converges in distribution

In setting (b), such as when ¢, is a positive constant, the simulated distribution p(Hg )) for sample
path w € (Q takes the form in Equation Note that our convergence in distribution denotes
convergence of the simulated distribution (over the randomness generated by Algorithm [I]) for a fixed
sample path w € Q as T — oo.

(e =) 9z (2t @) 232
A T M T i s e

(40)

We now examine the limiting behavior of ez (w) as T' — oo. If e2(w) < |u] — pd| as T — oo, then
we obtain the same distribution as the RHS in Equation 39 If €5(w) > |uf — p3| as T — oo, then

the distribution of p(H¥ )) still provides valid type I error guarantees.

To show this, consider the case where pf < pb. If eo(w) > p3 — pi, then the distribution of the

observed test statistic p( Hr) and sample-path dependent simulated distribution p(H:(FZ ))(w) match in
distribution due to 1[pf > pd+ea(w)] = L[ > pd]. Inthe case where 7 > pj, if ea(w) > pi—us,
the distribution of the observed test statistic obtains the limiting distribution

Hr) — 0* 27 227 27
f VT OHD) Z00) 220237 22
T— o0 o1 3 \/g

(41)

whereas the simulated test statistic distribution p(H¥ ))(w) for sample path w € () takes the form

. ﬁ(p<H¥>)<w> o)

—q 2721 Ywe. 42)
T—o0 al(w

The observed test statistic has a tighter limiting distribution around 8* than our simulated test statistic,
resulting in valid type I error control. By the Glivenko-Cantelli theorem [29] for uniform almost
sure convergence for the empirical CDF (applied to the number of simulations ), we obtain the
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following result, where p is a dominating measure for the test statistic p(H:S} )).

lim lim P({F(p(HT)) > 1 —a/2} U {F(p(HT)) < 1—a/2}) 43)

T—o00 B—oo

=i P (1] 1 [otn) = )] € Dap0 0 - ar21)| du(oi))
< Jim ]p><1 { / [ (Hr) > p(H“))] € [0,04/2]] du(p<H¥>))> (45)

+gim P (1] [1[ottr) = o] € 1= ap2,11] du(otr?)) 6)
oy (\/§<I>_1(a/2)> + (1 — 9 (\/3@_1(04/2))) (47)
<a/24+a/2=aq, (48)

where ®(-) and ®~!(-) denote the CDF and quantile function of a standard random normal variable.
Line 44| follows from the Glivenko-Cantelli theorem as B — oo and the dominated convergence
theorem applied to our indicator functions in order to move the limits within the outer probability
integral. The inequality in line 6] follows from a simple union bound. Line[#7]is a direct consequence
of the limiting results in equations (@I) and (2). Finally, line 8] follows from the fact that (i)
® (®'(a/2)) = /2, (ii) ® () is a monotone function, and (iii) v3®~!(/2) < ®~!(a/2). This
finishes the proof in the case where p} # u3.

Analysis of Case (ii) When p] = p3, the decision for the commit stage is nondeterministic as
T — oo, resulting in the distribution of the observed test statistic p(H7) taking the following form:

Hr) — 0* 27 1o 2, > o3575]) 20/27.
lim \/T(P( T) ) Sy 1V + (1[0 21 > 03 23)) 2V/2 2
T—o0 01 1+2(1[O’IZ1 ZU§23])

(49)

This result follows from similar arguments to the section above, but because uj = p5, we are left
with only noise scaled by the standard deviations of each arm.

We now prov1de the limiting distribution for the simulated test statistic p(H Y )) for all sample paths
w € (. For a given sample path w € (2, the limiting distribution takes the form

. ﬁ(p<H¥>)<w> o)

T—o 61 (w)

—a277 Ywe. (50

We prove the result of Equation[50|below. This result is a direct consequence of our additional bias
term €,, which satisfies the condition ( %) /€a — 0. At time T'/2 in our simulation, we
decide the arm 1 to sample an additional 7'/2 times based on the following indicator function (where
1 implies that we sample arm 1 7'/2 additional times):

1 [m )+ ;;%z > i (2)(w) + ale) + A 7 (51)
~1 [\/T (1f — i (2)(w)) + 261 (w) Z1 — 262(w) > \/Teg(w)] (52)

1[ VNTQ)W) (1 — fir )W) | 261(W) 21 — 262(w) (53)
Nr(2)(w) log log N7 (2)(w) loglog N7 (2)(w) —

(b)

\ ¥ : 54
log log NT(2 w) :| S

C

We analyze the limits of terms (a), (b), and (c) below.
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For term (a), we upper bound its limiting value and show that it must be finite. Note that W <2

for all w € €2, and lim_, o — YL %M — fr(2)(W)] < 03V2 forall w € Q by Lemmas
oglog Nt w
andand the assumption that 7 = p5. Because we assume o < 00, term (a) is upper bounded by
the constant 0/2. For term (b), note that & (w) — o and 62 (w) — o for all w € €2, meaning that
the scalar values in the numerator are finite. Because Ny (2)(w) — oo for all w € ©, term (b) — 0
—1
for all w € 2. Lastly, for term (c), we use the condition that (62 (w)/ ( %)) =0
for all w € €, which implies that (c) diverges to infinity. As a result, (¢) — oo almost surely.

Putting these pieces together, we obtain that our indicator function is equal to 0 as 7' — oo for all
sample paths w € €. As a result, we obtain as 1" — oo, for all realized sample paths w € €2, our
simulated sample paths select arm 2 as the arm to sample an additional 7'/2 times, resulting in the
distribution provided in Equation [50]

We now show that the CDF of our simulated test statistic provides valid type I error control
using Lemma (7. We start with condition (i). Let ¢ = /T (p(Hr) — 0*) /26, and ¢(w) =
VT (p(H¥>)(w) - 9*) /261 (w). Lete = &1 (a/2), ¢ = ®1(1 —a/2). Let F(-) and F~(-)(w)

denote the limiting CDF and inverse CDF of ¢ and ¢(w) as T" — oo respectively. We show that
F(c)+1— F(d) < a. We start with F'(c), deriving an expression equivalent to F'(c) — /2.

Fc) =P(¢ <) (55)
1 o 1 Zy4+V22Z, ob
=-P(Z1<c|Z1 < =Z3 |+ P | ——— <c|Z1 > =75 (56)
2 o 2 3 o]

1 * *
F(e) - /2= F() - 5 (]P’ <21 <z < "323> 4P (Zl <z, > 0323)) (57)
0y 07
1 7, +2Z : :
LB (A% p s By b (2 <oz > D, (58)
2 3 ol oy
1 (7, +v22 :
(BN ], Ty (59)
2 3 o
1 (7, +v22 :
_Ip L\HZCZZl 212223 (60)
2 3 o7
1 27 27 :
:*/P V2% o g s B g df) (61)
2/, 3 3 o}
1 27 27 :
"/P V2% 5 o5 2 5 s By 2= o) df(e) (62)
2/, 3 3 o

(63)

Note that line [58| follows from the expansion of F'(¢) provided in line and line (62| adds an
additional conditioning statement to fix the value of Z3, a standard normal random variable, with an
additional integral over the standard normal distribution density df (z). Leveraging the fact that (i) the
truncated standard normal distribution with bounds [a, b] has CDF (®(z) — ®(a)) / (®(b) — ®(a))
evaluated at « and (ii) Z;’s are all independent, we obtain
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F(e) — a/2 = » /IP’ <*/EZ2 <e<®\m> %y, 2= x) df (2) (64)

2 3 1
_;/zp<\/§322>c>2§1 Z1>Z§t23,23:x>df(x) (65)
L (3 (262 - fioé‘;/af) (66)
f /T (ﬁzc ( ® (20/2(1))(:72@(/05193/0;))
(-2 () (s e 0

() () e ()

Repeating the same steps, we obtain that (1 — F'(¢)) — /2 is equivalent to

o ry e [ 1O (0 (1) o (%) ), o

21— ®(05u/07) ;
Combining these two expressions, we obtain F'(¢) + (1 — F(¢')) — « is equivalent to

1 / O(3¢/2)(3¢/2) [ (2(3¢/2) — @(3¢'/2)) (1 + @(o3w/0})) +2(2(3¢/2)* — @(3¢/2)*)
2 ), 1—®(o3a/0}) D(3c/2)0(3c/2)

(70)

Consider the numerator of the second term within the integral. Note that ®(3¢/2) < ®(3¢'/2) by
definition of ¢ = ®~!(/2) and ¢ = ®~!(1 — «/2). From this simple observation, we obtain that
the first and second terms in the numerator are nonpositive and nonnegative, i.e.

(®(3¢/2) — ®(3¢'/2)) <0, (71)
(1+ ®(o3z/07)) + 2 (2(3¢/2)? — ©(3¢/2)%) > 0, (72)
which provides the desired result that

Fle)+(1—-F()—a= (73)

1 [ ®(3¢/2)®(3¢/2)
5/36 1—®(ojz/07) 74

(®(3¢/2) — @(3c'/2)) (1 + ®(05z/07)) + 2 (D(3¢/2)* — ®(3¢/2)?)
>0 <0

B(3c/2)B(37)2) dfw) 5
<0. (76)

Now, note that by Equation [50] we know that the following holds:
lim sup F~'(a/2)(w) = ® '(a/2), lim inf F7'(1—a/2)(w)=d"11—a/2). (17
T—oo ,e0 T—oc0 we)

Thus, as T' — oo, by the dominated convergence theorem (which applies for any « € (0, 1)),

lim sup F (Sup F_l(a/2)(w)) - (1 - F <ixen; P71 — a/2)(w)>> (78)

T—o00 weN

=F(c)+ (1 -F()) <a. (79)

This verifies condition (i). Condition (ii) is satisfied by the fact that the probability of p(Hr) taking
two specific values has probability O due to p(Hy) being a random variable dominated by the
Lebesgue measure. Therefore, by Lemma(7] we have type I error control.
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Proof for Example 2| We prove this result by first leveraging stability results for UCB presented by
Khamaru and Zhang [18]. For completeness, we provide this result below in Lemmal§]

Lemma 8 (Theorem 3.1 of Khamaru and Zhang [18]). Denote A, = (maxqc|x) pt;, — j17;), and
assume that the following conditions hold:

(i) 0 < A,/v2logT = o(1) forall a € K],

(ii) Py, is Ag-subgaussian for all arms a € [K), where |\,| < B for some constant B.

Nt (a) * . . .
Then, N ST E —p 1, where N* is defined as the unique solution to the following:

1

=1 (80)
aClK] <\/T/N* + /TAZ/2log T)

We show that under our simulation procedure, for all possible experiment sample paths w € 2, the
number of samples N (1)(w) converges in probability to a smaller limiting value than under the true
vector of means p*, resulting in larger upper (and smaller lower) quantiles using Lemma [5]

By Corollary (1} there exists a T'(w) for all w € € such that fi,(w) > p for all a # 1. Let

A4 (w) = max{ 0", maxgrei 1 f7(0') (@) + €0 (@)} — Lo 1 (i (@) + €0 w)) — 1]a = 16",
and let A, denote the ground truth equivalent with respect to true mean vector u*. By Lemma(§] we

obtain that the number of arm pulls N (1)(w) under simulations of p(H;)) satisfies the following
limit:
Nr(1)(w) 1

(1/\/JV*7+ A2(w /21ogT) <\/T/N7*+\/m>

(31)
Because liminfr_, o fiq(w) > we for all a # 1 and w S Q,

(1/y/ N (@) +v/AZ(@)/2108T) ~ -
(1/\/F+\/Ag/210gT) -

Lemma As a result, for each w € €, (i) (1/\/N - )1\7?/(2)2(?)))/21 T)_2 —p 1, and (ii)
*(w)+ a(w og

-2
limsup,,cq 700 Nr(1)(w)/ (1/\/N* + \/A?L/QlogT> < 1. This implies that for each

simulation under w, the distribution of p(H. ,E,} ))(w) is asymptotically normal and centered at ;13, but

=1.

limsupp_, < 1 for all w € €2, where N* is as defined in

has larger limiting variance than p(H:(Fl )). By the same argument (i.e. for all w € €, larger 1 — «/2

quantiles, smaller «/2 quantiles for p(H;Z ))(w)) as case (ii) in Example 1, we preserve type I error.

Proof for Example[3] Example 3| proceeds similarly Example 2] First, we show that under this
design, the test statistic p(Hr) is asymptotically normal. Second, we show that simulated distribu-

tion of p(H}7 ))(w) has wider quantiles as a result of (i) lower limiting sampling rates and (ii) an
asymptotically normal distribution for all w € 2.

First, let a* = argmax, ¢ x| Mg Where a™ is assumed to be unique by definition. For all arms a # a”,

Nr(a) Nr(a)
Ty/K > T(1—v)+Tv/K
assume suboptimal arms are selected at a smaller rate than ¢/T" for some constant c at each timestep,
resulting in

note that —p 1, and for a = a* —p 1. This follows from the fact that we

N T/K log(T
limsupM < lim YT/ K + clog(T) —pv/K Va#a". (82)
T—00 T—o00 T

Likewise, an equivalent lower bound for the leftmost expression above is obtained by ignoring all

samples of arm a that are not obtained through forced exploration with probability . We obtain
the expression for a = a* by noting that ) K NTT@) = 1 by definition. Given that the number
of arm pulls converge to a constant (dependent on sample path) in probability, Lemma 3] states that

Nr(1)p(Hr)/01 —4 N(0,1). With positive bias term ¢, added to all other means, if ¢, — 0 as
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T — oo, then the best arm does not change, and therefore the limiting distribution for p(H:(FZ )) and
the limiting distribution for observed test statistic p( Hr) are identical, and therefore we preserve type
Ierror. If limp_, o, €, > 0, then note that the only change in distribution may be that arm 1 goes from
the best arm under p* to a suboptimal arm under estimated nuisances fx = [0, fi, ..., fix|. If this

change does occur, then the simulated distribution p(H;2 )) has larger 1 — o/2 quantiles and smaller
a/2 quantiles as T, B — oo due to (i) a centered normal distribution where (ii) standard deviations
scale with the number of arm pulls. By the same argument as case (ii) in Example 1, we preserve
type I error.

D.3 Proof of Lemma/[2]

Before showing the proof of this approach, we first note a minor clarification that will be added to the
main body in Remark[7} We assume the change in Remark[7]in our proof.

Remark 7. Lemma@assumes that C () is not the empty set almost surely - we will make this explicit
in the next possible edit by modifying C(«) to always include the empirical mean estimate [i7(1).

The proof of Lemma [2] follows directly from Lemma [[ We prove this result using proof by
contradiction, showing that the upper and lower bounds of our confidence set must converge to *

almost surely. To begin, we start with the lower bound L (o) = min{6 : 6 € C()}.

To contradict L(c) —v4.5. 0%, we assume that there exists a sample path w € Q (where P(Q) = 1)
and € > 0, such that limy_, o |L(e)(w) — 6*| > e. However, by Lemma for all w € (2, there
exists a T'(w) such that for L(a)(w) # 6%, F (p(Hr)(w)) € {0,1} for all T > T'(w), meaning that
L(e)(w) & C () by definition in Algorithm 2} This results in a contradiction, demonstrating that

L(e) —q.5. 0*. We repeat this proof for U/ (o) = max{6 : § € C'(a)} to obtain analogous results,
proving that C'(«) —4.s. {6*}. Because 6 € C(«) and C(«) —4.5. {6*}, we obtain § —, . 0*.

E Limitations and Broader Impacts

Limitations The key limitation of this approach is that (i) there exists minimal unifying theory on
what/which designs this approach provides valid type I error and (ii) its relatively high computational
expense compared with standard inference approaches. As shown in Appendix [D} for each example
in Theorem [I] we verify the examples on a case-by-case basis. It would be of great interest to have a
unifying condition on designs and arm instances under which this approach provides valid inference.
Furthermore, our approach, while maintaining a reasonable level of computational tractability relative
to the grid-scanning approach discussed in Section[3] is far more expensive than methods such as a
Wald confidence interval. Thus, our approach is best suited for settings where experiment horizons
are moderate and one wishes to conduct inference on treatments/arms not specifically targeted by
the design. Our approach provides the largest gains for target parameters not targeted by the design
(e.g. arms with relatively low means), and should be used in settings where inference on all options
offered throughout the experiment is desired/necessary.

Broader Impacts Our work contributes to the literature on inference post adaptive experimentation,
and is among the few works (to the best of our knowledge) that aims to use a computational approach
to conduct inference in this setting. Much like how bootstrap approaches generally tend to outperform
asymptotic or finite-sample inference based on Gaussian approximations or concentration inequali-
ties, our empirical results suggest our simulation-based approach may improve power and reduce
confidence interval widths for many classical settings. Furthermore, our work relaxes conditions
such as conditional positivity, while maintaining asymptotic control of type I error. We note that
our guarantees on error rates is asymptotic, and therefore caution practitioners who hope to use our
approach when sample sizes are overly small.
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