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Abstract

We revisit the REINFORCE policy gradient algorithm from the literature that works with
reward (or cost) returns obtained over episodes or trajectories. We propose a major en-
hancement to the basic algorithm where we estimate the policy gradient using a smoothed
functional (random perturbation) gradient estimator obtained from direct function measure-
ments. To handle the issue of high variance that is typical of REINFORCE, we propose two
independent enhancements to the basic scheme: (i) use the sign of the increment instead
of the original (full) increment that results in smoother convergence and (ii) use clipped
gradient estimates as proposed in the Proximal Policy Optimization (PPO) based scheme.
We prove the asymptotic convergence of all algorithms and show the results of several ex-
periments on various MuJoCo locomotion tasks wherein we compare the performance of our
algorithms with the recently well-studied proposed ARS algorithms in the literature. Our
algorithms are seen to be competitive when compared to ARS.

Key Words: smoothed functional REINFORCE policy gradient algorithms, stochastic
shortest path Markov decision processes, signed updates, objective function clipping.

1 Introduction

Policy gradient methods, see Sutton et al.| (1999); [Sutton & Barto| (2018)), are a popular class of approaches
in reinforcement learning (Bertsekas| (2019)); Meyn| (2022))). Randomized policy is normally used in these
approaches that is, however, parameterized, and one updates the policy parameter along the gradient search
direction. The policy gradient theorem, cf. [Sutton et al.| (1999); [Marbach & Tsitsiklis| (2001)); (Cao| (2007)),
which is a fundamental result in these approaches, relies on an interchange of the gradient and expectation
operators and in such cases turns out to be the expectation of the gradient of noisy performance functions
much like the perturbation analysis-based sensitivity approaches studied earlier for simulation optimization;
see Ho & Caol (1991); [Chong & Ramadge| (1993).

The REINFORCE algorithm, cf. Williams| (1992); [Sutton & Barto| (2018]) is a noisy gradient scheme for
which the expectation of the gradient is the policy gradient, i.e., the gradient of the expected objective
w.r.t. the policy parameters. The updates of the policy parameter are however obtained once after the full
return on an episode has been found. Actor-critic algorithms, see |Sutton & Barto| (2018); Konda & Borkar
(1999); [Konda & Tsitsiklis| (2003); [Bhatnagar et al.| (2009; [2007)), have been presented in the literature as
alternatives to the REINFORCE algorithm as they perform incremental parameter updates at every instant
but do so using two-timescale stochastic approximation algorithms.

In this paper, we revisit the REINFORCE algorithm and present new algorithms for the case of episodic
tasks, also referred to as the stochastic shortest path setting. Our algorithms perform parameter updates
upon termination of episodes, that is when the goal or terminal states are reached. As with REINFORCE,
parameter updates are performed only at instants of visit to a prescribed recurrent state, see |Caol| (2007));
Marbach & Tsitsiklig| (2001)). Our first algorithm is based on a single function measurement or simulation
at a perturbed parameter value where the perturbations are obtained using independent Gaussian random
variates. The problem, however, is that it suffers from a large bias in the gradient estimator. We show
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analytically the reason for the large bias here. Subsequently, we present the two-function measurement
variant of this scheme which we show, in a result, has lower bias. Our algorithms rely on a diminishing
sensitivity parameter sequence {d,, } that appears in the denominator of an increment term in our algorithms.
This can result in high variance at least in the initial iterates. To tackle this problem, we introduce the
signed analogs of these algorithms where we only consider the sign of the increment terms (the ones that
multiply the learning rates in the updates). Subsequently, we also incorporate variants that use gradient
clipping as with the proximal policy optimization (PPO), see [Schulman et al.| (2017)). A similar scheme as
our first (single-measurement) algorithm is briefly presented in [Bhatnagar| (2023) that, however, does not
present any analysis of convergence or experiments. Our paper not only provides a detailed analysis and
experiments with the one-measurement scheme, but also analyzes several other related algorithms both for
their convergence and empirical performance. We do not analyze, however, the finite-time convergence of
our algorithms. We refer the reader to|[Yuan et al.| (2022)) for a sample complexity analysis in the discounted
reward setting of REINFORCE with regular PG estimates. While such analysis is meaningful, it is beyond
the scope of our current work.

Gradient estimation in our algorithm is performed using the smoothed functional (SF) technique for gradient
estimation (Rubinstein, |1981; Bhatnagar & Borkar,2003; Bhatnagar,2007; Bhatnagar et al.,|2013). The basic
problem in this setting is the following: Given an objective function J : RY — R such that J(0) = E¢[h(8, €)],
where § € R? is the parameter to be tuned and ¢ is the noise element, the goal is to find #* € R? such that
J(0%) = erg;éld J(#). Since the objective function J(-) can be highly nonlinear, one often settles for a lesser

goal — that of finding a local instead of a global minimum.

In (Salimans et al., 2017]), evolutionary strategy (ES), also sometimes referred to as basic random search
(BRS) based zeroth order gradient estimation algorithms involving one and two measurement smoothed
functional estimators have been proposed as alternatives to the REINFORCE algorithm. One of the mea-
surements in the two-measurement estimator is the running parameter making the estimator one-sided
(instead of the two-sided estimator that we use). During each run of the algorithm, in the ES or BRS pro-
cedure, a certain number (k) of gradient estimates is obtained by randomly sampling the search directions
and an average over the k gradient estimates is then used in the procedure. In (Mania et al., |2018a3b)), the
Augmented Random Search (ARS) procedures are proposed as modifications to the ES procedure where the
best b out of the k directions are used and the average over these samples is further divided by the standard
deviation of the 2b returns. These algorithms are seen to show good results. We also implement the ARS
algorithms in our work. Further, in prior work, asymptotic convergence analyses of ES or ARS had not been
provided. We provide the first asymptotic convergence analysis of ES/ARS algorithms.

In (Malik et all) [2020), smoothed functional algorithms (both one and two simulation) are applied for
policy optimization in the setting of a linear quadratic regulator (LQR) problem on linear policies and non-
asymptotic regret bounds are obtained. The cost function in this setting is seen to satisfy nice properties
such as the Polyak-Lojasiewicz (PL) condition. Unlike (Malik et al., 2020), we do not restrict ourselves to
linear policies or to linear state evolution dynamics as our state process follows a general nonlinear dynamics
and our cost function can be highly nonlinear and non-convex with multiple local optima.

Random search methods such as simultaneous perturbation stochastic approximation (SPSA) (Spall, |1992;
1997; Bhatnagar} |2005)), smoothed functional (SF) (Katkovnik & Kulchitsky, [1972; [Bhatnagar & Borkar,
2003; |[Bhatnagar, 2007)) or random directions stochastic approximation (RDSA) (Kushner & Clark] [1978;
Prashanth et al., 2017) have the advantage that they typically require only one or two system simulations
to estimate the objective function gradient regardless of the parameter dimension d. Textbook treatment
of random search approaches (including both gradient and Newton algorithms) for stochastic optimization
are available in Bhatnagar et al| (2013); [Prashanth & Bhatnagar| (2025). Before we proceed further, we
present the basic Markov decision process (MDP) framework and recall the REINFORCE algorithm that we
consider for the episodic case.

In addition to proving the asymptotic convergence, we empirically study the performance of our algorithms
along with their clipped and signed variants with the ARS algorithms on four different MuJoCo locomotion
tasks, namely, Swimmer, Hopper, HalfCheetah and Walker2d, respectively. It has been observed in the past,
see for instance, (Mania et al., 2018aib|) that ARS algorithms show significantly better performance on most
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tasks than other model-free algorithms such as PPO, TRPO, CEM and A2C. Hence, we restrict ourselves
to comparisons of our algorithms with ARS and refer to (Mania et al., 2018alb)) for the comparisons with
other algorithms.

2 The MDP Framework

By a Markov decision process (MDP), we mean a controlled stochastic process {X,,} whose evolution is
governed by an associated control-valued sequence {Z,,}. It is assumed that X,,n > 0 takes values in a set

A
S called the state-space. Let A(s) be the set of feasible actions in state s € S and A = UzegA(s) denote the
set of all actions. When the state is say s and a feasible action a is chosen, the next state seen is s’ with a

probability p(s’|s, a) 2 P(X,11=5| X, =s5,Z, = a), Yn. Such a process satisfies the controlled Markov
property, i.e., P(X,41 = 8" | Xpn, Zn, ..., X0, 2Z0) =p(s' | Xn, Z,) a.s., ¥n > 0.

By an admissible policy or simply a policy, we mean a sequence of functions m = {uo, g1, pio, . ..}, with
w2 S — A, k>0, such that pi(s) € A(s), Vs € S. When following policy 7, a decision maker selects action

1k (s) at instant k, when the state is s. A stationary policy 7 is one for which p, = 2 1 (a time-invariant
function), Vk,I = 0,1,.... Associated with any transition to a state s’ from a state s under action a, is a
‘single-stage’ cost g(s,a,s’) where g : S x A x S — R is called the cost function. The goal of the decision
maker is to select actions ag, k > 0 in response to the system states si, k > 0, observed one at a time, so as
to minimize a long-term cost objective. We assume here that the number of states and actions is finite.

2.1 The Episodic or Stochastic Shortest Path Setting

We consider here the episodic or the stochastic shortest path problem where decision making terminates
once a goal or terminal state is reached. We let 1,..., p denote the set of non-terminal or regular states and
t be the terminal state. Thus, S = {1,2,...,p,t} denotes the state space for this problem (Bertsekas) 2019).

Our basic setting here is similar to Chapter 3 of Bertsekas| (2012)) (see also [Bertsekas| (2019)), where it is
assumed that under any policy there is a positive probability of hitting the goal state ¢ in at most p steps
starting from any initial (non-terminal) state, that would in turn signify that the problem would terminate
in a finite though random amount of time.

Under a given policy 7, define

T

Vri(s) = Ex ZQ(kaﬂk(Xk)7Xk+l) | Xo=s], (1)
k=0

where T' > 0 is a finite random time at which the process enters the terminal state t. Here E,[] indicates
that all actions are chosen according to policy m depending on the system state at any instant. We assume
that there is no action that is feasible in the state ¢ and the process terminates once it reaches t.

Let IT denote the set of all admissible policies. The goal here is to find the optimal value function V*(i),i € S,
where
V(i) =min V(i) = Vp (i), i € S, (2)
well
with 7* being the optimal policy. A related goal then would be to search for the optimal policy 7*. It turns
out that in these problems, there exist stationary policies that are optimal, and so it is sufficient to restrict
the search to the class of stationary policies.

A stationary policy 7 is called a proper policy (cf. pp.174 of Bertsekas| (2012]))) if

In other words, regardless of the initial state s, there is a positive probability of termination after at most
p stages when using a proper policy 7 and moreover P(T < oo) = 1 under such a policy. An admissible
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policy (and so also a stationary policy) can be randomized as well. A randomized admissible policy or
simply a randomized policy is the sequence ¢ = {¢o, ¢1, ...} with each ¢; : S — P(A) being a distribution
¢i(s) = (¢i(s,a),a € A(s)) for the action to be chosen in the ith stage in state s. A stationary randomized

. . . A . .
policy is one for which ¢; = ¢, = ¢, Vj,k = 0,1,.... Here and in the rest of the paper, we shall assume
that the policies are stationary randomized and are parameterized via a certain parameter § € C C RY, a
compact and convex set. We make the following assumption:

Assumption 1 All stationary randomized policies ¢y parameterized by 0 € C' are proper.

In practice, one might be able to relax this assumption (as with the model-based analysis of Bertsekas| (2012]))
by (a) assuming that for policies that are not proper, V(i) = oo for at least one non-terminal state i and

(b) there exists a proper policy. The optimal value function satisfies the Bellman equation: For s =1,...,p,
P
V*(s) = min | g(s,a)+ i s,a)V*(5) |, 3
= i, |60+ 3 0t0 sV Q
p
where g(s,a) = Zp(j|s,a)g(s,a7j) + p(t|s,a)g(s,a,t) is the expected single-stage cost in a non-terminal
j=1

state s when a feasible action a is chosen. It can be shown, see Bertsekas| (2012)), that an optimal stationary
proper policy exists.

2.2 The Policy Gradient Theorem

Policy gradient methods perform a gradient search within the prescribed class of parameterized policies.
Let ¢g(s,a) denote the probability of selecting action a € A(s) when the state is s € S and the policy
parameter is § € C. We assume that ¢y(s,a) is continuously differentiable in . A common example

here is of the parameterized Boltzmann or softmax policies. Let ¢(s) 2 (¢o(s,a),a € A(s)), s € S and
G = (do(s),s € S).

We assume that trajectories of states and actions are available either as real data or from a simulation. Let
T—1

Gy = Z gj denote the sum of costs until termination (likely when a goal state is reached) on a trajectory
j=k

starting from instant k. Note that if all actions are chosen according to a policy ¢, then the value and

Q-value functions (under ¢) would be Vy(s) = Eg[Gy | Xi = s] and Q4(s,a) = Ey|Gr | X = 5,2 = al,

respectively. In what follows, for ease of notation, we let Vg = V;,, and Qy = Q4,, respectively.

The policy gradient theorem for episodic problems has the following form, cf. Chapter 13, pp.325, of |Sutton
& Barto| (2018):

VVa(s0) Zu Z Vor(s,a)Qo(s,a), (4)

ses a€A(s)

) .
ZZE&)?(’) where 7(s Zp slso, #), s € S, with p*(sso, ¢o)

being the k-step transition probability of going to state s from sg under the policy ¢g.

The REINFORCE algorithm (Sutton & Barto| (2018); (Williams| (1992)) makes use of the expression in (4.
In what follows, we present an alternative algorithm based on REINFORCE that incorporates one and
two measurement (zeroth order) SF gradient estimators. Since our algorithm caters to episodic tasks, it
performs updates whenever a certain prescribed recurrent state is visited, see |Caol (2007)); Marbach & Tsit-
siklis| (2001). We refer to our one-simulation (resp. two-simulation) algorithm as the One-SF-REINFORCE
(SFR-1) (resp. Two-SF-REINFORCE (SFR-2)) algorithm.

where p(s),s € S, is defined as p(s) =
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3 The One-Simulation SF REINFORCE (SFR-1) Algorithm

We assume that data on the mth trajectory is represented in the form of the tuples (si',ai, g, 57 1), k =

0,1,...,T, —1 with T}, being the termination instant on the mth trajectory, m > 1. Also, s7" is the state at

instant j in the mth trajectory. Further, ai* and g;* are the action chosen and the cost incurred, respectively,

at instant k in the mth trajectory. Let I' : R? — C denote a projection operator that projects any

= (z1,...,24)T € R?to its nearest point in C. For ease of exposition, we assume that C'is a d-dimensional
d

rectangle having the form C' = H[ci7min,ci7max], where —00 < €jmin < Cimax < 00, Vi = 1,...,d. Then
i=1

D(x) = (T1(z1), ..., Ta(za))? with T; : R = [¢imin, Ci,max] such that T';(x;) = min(c; max, max(¢; min, i),

=1,..

i .,d. Also, let C(C) denote the space of all continuous functions from C to R9.

In what follows, we present a procedure that incrementally updates the parameter 6. Let 6(n) denote the
parameter value obtained after the nth update of this procedure which depends on the nth episode and which
is run using the policy parameter I'(0(n)+0,A(n)), for n > 0, where 6(n) = (01(n),...,0:(n))T € R, 6, >0
Vn with §, — 0 as n — oo and A(n) = (A1(n),...,Aq(n))",n > 0, where A;(n),i = 1,...,d,n > 0 are
independent random variables distributed according to the N(0,1) distribution.

Algorithm below is used to update the parameter § € C € R?. Let x™ denote the nth state-action

trajectory x™ = {s{,ag, st,al,...,sh_q,a%_,,s%}, n > 0 where the actions afj, ...,a’}_; in x"™ are obtained

using the policy parameter 6(n) + 6, A(n). The instant 7" denotes the termination instant in the trajectory

x™ and corresponds to the instant when the terminal or goal state ¢ is reached. Note that the various actions

in the trajectory x" are chosen according to the policy ¢(g(n)+s,A(n))- The initial state is assumed to be
T—1

sampled from a given initial distribution v = (v(¢),7 € S) over states. Let G" = Z gr denote the sum of
k=0

costs until termination on the trajectory x™ with g = g(sj,ap, s}, ;). The update rule that we consider

here is the following: For n > 0,2 =1,...,d,

O;(n+1) =T, (92»(71) — a(n) (Ai(n) ?)) . (5)

2
Assumption 2 The step-size sequence {a(n)} satisfies a(n) > 0, Vn, Za(n) = 00, Z (ozén)) < 0.

n

After the (n — 1)st episode, 6(n) is computed using . The perturbed parameter 8(n) + 6, A(n) is then
obtained after sampling A(n) from the multivariate Gaussian distribution as explained previously and there-
after a new trajectory governed by this perturbed parameter is generated with the initial state in each episode
sampled according to a given distribution v.

4 Variants for Improved Performance

We present here variants of this algorithm that result in improved bias and/or variance performance. We
show the convergence results for all the algorithms and also test their performance empirically.

4.1 Two-Simulation SF REINFORCE (SFR-2) Algorithm

The idea here is to use two system simulations instead of one in order to reduce the estimator bias. As with
SFR-1, we assume that we have access to trajectories of data that are used for performing the parameter
updates. Let x™* and x"~ denote two state-action trajectories or episodes generated after the nth update

of the parameter. These correspond to X"+ = {sg*,ag™,s7T al™, ... s2F Jat,, sit), n > 0 where
the actions af",...,a}", are obtained using the policy parameter 6(n) + 6,A(n). Likewise, the actions
ag”,...,aq_4 in x™ are obtained using the policy parameter 8(n)—d,A(n). As before, a new random vector
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A(n) is generated after 6(n) is obtained using the algorithm but the same A(n) is used in both the policy
parameters used to generate the two trajectories. The initial state in both these episodes is independently

T-1
sampled from the same initial distribution v = (v(i),i € S) over states. Let G"' = Z gi" denote the
k=0
return or the sum of costs until termination on the trajectory x"*, with gp* = g(s} ™, a} ™, SZL). Similarly,
T-1
we let G = Z g~ denote the return or the sum of costs until termination on the trajectory x"~, with
k=0
gr =g9(s; ,a;",s:7,). The update rule that we consider here is the following: For n > 0,i =1,...,d,

Gt - G
outn+ 1) =T (6 - ato) (20 ) ) (6)
Lemma 1 The gradient estimator in SFR-2 has a lower estimator bias than the one in SFR-1.

Proof: 'We show the proof of this result in Appendix [A23] [ |

4.2 SF REINFORCE with Signed Updates

As expected and (also) reported in the literature (Sutton & Barto| (2018)), REINFORCE typically suffers
from high iterate-variance. We observe this problem even when SF-REINFORCE is used. To counter
the problem of high iterate-variance, we use the sign function sgn(-) in the updates defined as follows:
sgn(x) =41 if x > 0 and sgn(z) = —1 otherwise.

4.2.1 SFR-1 with Signed Updates

The update rule is exactly the same as except that only the sign of the increment is used in the update:
Vi=1,...,d,

0;(n+1) =T, <9i(n) — a(n)sgn (Ai(n)f;:l)) . (7)

4.2.2 SFR-2 with Signed Updates

As with the SFR-1 case, the update rule here is the same as (@ except that the update rule involves the
sign of the update increment. Thus, we have, Vi =1,...,d,

0;(n+1) =T, <9i(n) — a(n)sgn (Ai(n)(Gn;”Gn_)» . (8)

4.3 Two-Simulation SF REINFORCE with Clipped Updates

We present here updates obtained after using norm-wise (Zhang et al., |2020|) or component-wise (Pascanu
et al, 2013) clipping on the gradients. Norm clip f,, : R? — R? of a vector = in R? is defined as the
projection of = onto the ball of radius m, centered at the origin, i.e., f,(x) = min(m, ||J,‘H)ﬁ Similarly,

component-clip f.: R? — R? of a vector x in R? is defined as the projection of  onto the box centered at
origin of side 2¢. That is, for z = (z1,...,z4), we let f.(z) = (max(min(z1, ¢), —c), ..., max(min(x4, c), —c)).

Then, for f € {fc, fm}, the updates will be of the form
n+ _ n—
Oi(n+1) =T (Gz(n) —a(n)f (Az(n)(G%C:))> . 9)

We have the following basic result on variance of the signed as well as clipped updates.

Lemma 2 (i) Let Y = sgn(X) be a random variable that is the sign of another random variable X.
Then Var(Y) < 1 regardless of Var(X).
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(ii) Let U be a random vector in R, and V = f(U) € R, f € {fe, fm}, then
Tr(CovV) = E||V — EU||? < E||U — EU|? := Tr(CovU).

Proof: The proof of this result is given in Appendix [A:4]

Remark 1 (i) It follows from Lemma @(2} that Var (sgn (Az(n)%)) <1, V0, for Signed SFR-1 and

similarly, Var (sgn (Az(")%

) < 1, V0, for Signed SFR-2. Notice that the estimators
without the sign function, namely SFR-1 and SFR-2, are expected to have higher variance as G™,
G™* and G™~ are the returns or sum of rewards on the trajectories that are then divided by a small
quantity d,. Clearly, unlike Signed SFR-1 and Signed SFR-2, one cannot provide a uniform bound
on the variance of the estimators in SFR-1 and SFR-2 and their variance is expected to be much

higher than the signed versions. This is also validated through our experiments.

(ii) It follows from Lemma @(u} that the total variance of the gradient, must decrease after projection in
SF Reinforce with Clipped Updates. This is because

) < meo ()

TrCov f (Ai(n) 25 (G+_Gn_>> .

26,
4.4 Evolutionary Strategies (ES) Algorithms

We recall the evolutionary strategies (ES) algorithms, see (Flaxman et al.||2005; |Salimans et al., 2017; Mania
et al.,|2018a)). There are two versions of this update rule that are popular in the literature. These are based
on one and two simulation SF. We refer to these as ES-v1 and ES-v2, respectively, depending on whether
the gradient estimator used is SFR-1 or SFR-2. Let A™(n),m = 1,...,k be independent random vectors
A™(n) = (AT(n),...,A%(n))T with the A"(n),i = 1,...,d, m = 1,...,k, n > 0 being ii.d random
variables with each having the distribution N (0, 1).

4.4.1 ES-vl

Let x™™, m = 1,...,k denote k state-action trajectories run with parameters 8(n)+4,A™(n), m =1,... k,
respectively, and G™" denote the return on the mth trajectory starting from time 0. Here, £ > 1 is a given
fixed integer. The update rule then is as follows: Fori=1,...,d,

k
bin+1) =T, (ei(m ~atg A;”(mc"”“) , (10)

This algorithm requires k function measurements for one update. The value of k is chosen by the user. Note
k =1 corresponds to SFR-1 in this case.

442 ES-v2

Let x™™ % and x™™~, m = 1,..., k denote 2k state-action trajectories run with parameters 6(n) + 6, A™(n)
and 6(n) — 6,A™(n), m = 1,...,k, respectively. Let G™™T and G™™~ denote the returns obtained on
X™™* and x™"™™, respectively, starting from time 0. The update rule here is the following: Fori =1,...,d,

k
Gz(n + ].) =TI (91(TL) — a(n)%én Z Azn(n) (Gﬂ,m-l- _ Gn,m—)) ) (11)

As before, k is a priori chosen. The algorithm requires 2k function measurements for any given parameter
update, and for k = 1, we recover the SFR-2 update. We present an asymptotic convergence analysis of
ES-v1 and ES-v2.

Remark 2 The ARS algorithms of Mania et al.| (2018ayb]) that we implement, make use of best b out of k
directions over which the above sample averages are taken, see Appendiz[B-1] for details of ARS. We show
the asymptotic analysis of the ES variants. The same for the ARS variants is not shown as it follows along
the same lines as the ES algorithms with the average taken over b (best directions) instead of all k directions.
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5 Convergence Analysis

We present here the main convergence results for all the algorithms considered. The detailed proofs of all of
these results are provided in Appendix A.

5.1 Convergence of SFR-1

The detailed proofs of the various results here are given in Appendix [A1]
We begin by rewriting the recursion as follows:

0;(n+1) =T <9i(n) —a(n)E {Ai(n)f;ﬁ}'n} + M}LH) : (12)

where M} | = Ai(n)%: -FE [Ai(n)%|fn] ,n > 0, with 7, 2 o(@(m),m < n,A(m),x™,m < n),n > 1,

being a sequence of increasing sigma fields with Fy = o(6(0)). Let M, 2 (MY ..., MHT n>0.

n?

Lemma 3 (M,, F,),n > 0 is a martingale difference sequence.

Proposition 1 We have
G’I’L

E {Ai(n)én

| }—n] = Z v(8)ViVhn)(s) + 0(0n) a.s.

seS

In the light of Proposition [1, we can rewrite (5]) as follows:

O(n+1) = T(0(n) — a(n)(Y_ v(s)VVim)(s) + Mus1 + B(n))), (13)
G’fL
o

where B(n) = (Bi(n),...,Ba(n))T with B;i(n) = E {A,(n)

| fn} — >, v(8)ViVy(ny(s). From Proposi-
tion [1} it then follows that B(n) = o(d,).

Lemma 4 The function VVy(s) is Lipschitz continuous in 0. Further, 3 a constant K1 > 0 such that
| VVa(s) I< Ki(1+ [ 6 1))

~

L N
Lemma 5 The sequence (M,,F,), n > 0 satisfies E[|Muy1|* | Fn] < 52 for some constant L > 0.

n—1
Define now a sequence Z,,n > 0 according to 7, = Z a(m)My,+1, n > 1, with Zy = 0.

m=0
Lemma 6 (Z,,F,), n >0 is an almost surely convergent martingale sequence.

Consider now the following ODE:

0(t) =T(=>_v(s)VVa(s)), (14)

S

where T : C(C) — C(RY) is defined according to
(v(x)) = lim (F(“m’(””)) ‘"”) (15)

n—0 n

Let H 2 {0 T(=32, v(s)VVy(s)) = 0} denote the set of all equilibria of . By Lemma 11.1 of |Borkar
(2022)), the only possible w-limit sets that can occur as invariant sets for the ODE (|14)) are subsets of H. Let
H C H be the set of all internally chain recurrent points of the ODE . Our main result below is based
on Theorem 5.3.1 of [Kushner & Clark (1978)) for projected stochastic approximation algorithms. We state
this theorem in Appendix A along with the assumptions needed there that we verify for our analysis.
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Theorem 1 The iterates 8(n),n > 0 governed by (@ converge almost surely to H.

5.2 Convergence of SFR-2

The proofs of the results below are given in Appendix [A.2] The analysis proceeds in a similar manner here
as for the one-simulation SF. Let

Vbn 67LA7L7%7L §(n)A(n
Hi(9(n)7A(n))Ai(n)< etyog Vit (>>

Proposition 2

n+ _ n—
E [Az(n) <G26nG> | ]:n} = Zu(s)E[Hi(H(n), A(n)|Fa] = Zu(s)Vng(n) (8) + 0(6n) a.s.

s seS

The main result on convergence of the stochastic recursions is the following:

Theorem 2 The iterates 6(n),n > 0 governed by (@ converge almost surely to H.

5.3 Convergence of Signed SFR-2

We present here the convergence analysis of the two-simulation signed SF REINFORCE algorithm (or Signed
SFR-2). The analysis of the one-simulation counterpart is analogous and hence is not provided.

Let e;(n) 2 H;(0(n), A(n)) — ViVp(n). Further, let Fi(e|d) = P(e;(n) < elf(n) = ) be the conditional
distribution of e;(n) given §(n) = §. We make the following assumptions:

(A1) P(ei(n) <eld(m),m <n) = F;(e|d(n)) independent of n.
(A2) The maps (e,0) — F;(e]d) and 0 — V,;Vp are Lipschitz continuous.

(A3) Forall @ andi=1,...,d, F;(0]0) =1/2.
(A4) a(n) >0, ¥n, Za(n) = 00, Z (aé:)) < 0o

n
Consider the following ODE associated with the above recursion:

0i(t) = Ti(—(1 = 2F;(= > v(s)ViVa(s)l0))), t =0, i=1,....d. (16)
For z = (21,...,24)7, let T'(z) = (T1(z1),...,Ta(za))?. Also, let F(—V1p)|0) 2 (Fi(=>_,v(s)ViVa(s)]0),
o Fa(=>-,v(s)VaVp(s)]0)) and let K = {6|(I‘( (1 - 2F( Yo v(5)VVy(s)|#)) = 0) denote the set of
equilibria of (16). Further, let K C K C {0]0(((1 — 2F (=3, v(s)VVy(s)]0)), >, v(5)VVy(s))) = 0} denote

the largest invariant set contained in K.

Theorem 3 (Convergence of Signed SFR-2) {6(n)} governed as per (§) converges as n — oo almost
surely to K.

Proof: The proof is given in Appendix [

Remark 3 Suppose 0 € K is such that 0 is in the interior of the constraint set. Then, from Assump-
tions (A2)-(A3) and Theorem@ > v(s)VVa(s) = 0. For 6 on the boundary of the constraint set, either
S v(8)VVy(s) = 0 or S, v(s)VVp(s) # 0 but in the latter case, ['(Y_, v(s)VVy(s) = 0). The latter are
spurious fixed points that occur at the boundary of the constraint set, see | Kushner € Yin| (1997).
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5.4 Convergence of Two-Simulation SF REINFORCE with Clipped Gradients

Theorem 4 (Convergence of SFR-2 with Clipped Gradients) {6(n)} governed as per (9) converges
as n — oo almost surely to K, for each of the settings (i) f = f. and (i) f = fm.

Proof: The proof is given in Appendix [AZ6] [ |

5.5 Convergence of ES-vl

Theorem 5 (Convergence of ES-v1) The iterates 0(n), n > 0 governed according to (@) converge al-
most surely to H as n — oo.

Proof: 'The proof is given in Appendix [A7] |

5.6 Convergence of ES-v2

v

Theorem 6 (Convergence of ES-v2) The iterates 0(n), n > 0 governed according to converge al-

most surely to H as n — oo.

Proof: 'The proof is available in Appendix [A-] [ |

6 Numerical Results

We evaluate the performance of our proposed SF-REINFORCE algorithms and their variants on MuJoCo
locomotion tasks (Todorov et al., 2012), comparing them to the ARS algorithm (Mania et al. 2018b).
Beyond convergence, we focus on how efficiently each algorithm uses environment interactions. The full
ARS pseudo-code is provided in Appendix

ARS employs multiple workers to evaluate 2 x k perturbed policies along k directions and selects the top b
directions to estimate a gradient, which is then normalized using the standard deviation of returns. Thus,
ARS can consume up to 2kH environment interactions per update, where H is the horizon size. In contrast,
SFR-2 simplifies this by setting & = b = 1 and normalizes the gradient using the standard deviation of
perturbations, resulting in the consumption of upto only 2H interactions per update.

Smaller k£ values reduce total interactions when the number of updates is fixed. For a fair comparison,
however, we fix the total number of environment interactions (Table and evaluate performance under
that constraint. We also explore the effect of standard optimization techniques such as component-wise and
norm-based gradient clipping, signed gradients, and direct policy updates using gradient estimates.

While ARS leverages a greater number of trajectories per update to reduce variance in its gradient estimates,
this leads to fewer updates under a fixed interaction budget. In contrast, SFR-2 updates its policy more
frequently, albeit with noisier gradients due to limited trajectory usage per update. To address this trade-
off, we investigate the extent to which variance-control techniques—such as gradient clipping and signed
updates—can mitigate instability and enhance performance across both algorithms.

We conduct experiments with various hyperparameter settings: k, b, o, and v. Initially, optimization algo-
rithms are run using a grid search over all hyperparameter combinations with a single seed per combination.
From this, the best-performing hyperparameter configuration is selected and further evaluated across four
additional seeds (five seeds in total). Table 2| reports the mean + standard deviation for these five seeds.

The hyperparameter grids used are detailed in Appendix The optimal hyperparameter setting can be
see in Appendix For better visualization, we also show in Appendix the best seeded plots, viz.,
the plots corresponding to the seed that achieves the highest peak reward for each variant.

10
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HalfCheetah: ARS-v1
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Total Env Interactions

Total Env Interactions

Task

Max Timesteps

HalfCheetah

50,000,000

‘Walker2d

50,000,000

Hopper

30,000,000

Total Env Interactions

Swimmer

10,000,000

Table 1: Max timesteps for various tasks.

From Table [2] as expected, the unmodified ARS-v1t and ARS-v2t algorithms outperform the unmodified
SFR-2 across most tasks. However, when modifications such as Component_ Clip, Norm__Clip, and Signed
Update are introduced, the variance in policy updates is reduced. This is particularly beneficial for SFR-2,
which performs a larger number of updates within a fixed environment interaction budget. As a result, SFR-

11
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Task Algo Algo with Original Algo Algo with Algo with
used Component,_ Clip Norm__ Clip Signed Update
Swimmer ARS-v1t | 356.83 £ 0.35 356.82 £+ 0.80 356.52 £+ 0.54 356.10 £+ 0.56
ARS-v2t | 345.57 £+ 27.36 357.60 £ 1.17 356.54 £+ 0.55 354.95 £+ 2.39
SFR-2 357.19 £ 1.85 268.55 £+ 121.01 3574 £ 1.26 357.89 £+ 1.36
HalfCheetah | ARS-v1t | 4097.17 £ 156.33 | 3889.75 £+ 601.84 | 3786.04 £ 140.15 | 3345.06 + 518.20
ARS-v2t | 4849.18 £ 1094.69 | 4621.09 £+ 908.41 | 4377.46 £ 724.93 | 4110.96 £ 846.69
SFR-2 5762.27 £ 499.75 | 2977.42 £ 929.95 | 5082.51 + 605.8 5042.62 £+ 341.89
Hopper ARS-v1t | 2312.74 £ 817.09 | 2603.87 £ 591.21 | 1924.58 £ 752.77 | 2612.73 + 307.14
ARS-v2t | 3639.82 £ 52.60 3719.36 £ 110.70 | 3511.56 £+ 151.94 | 3518.42 £ 103.51
SFR-2 3256.43 £ 698.7 3215.54 £ 757.42 | 3123.01 £ 422.79 | 3194.95 £ 410.85
Walker2d ARS-v1t | 3354.91 £ 567.67 | 2822.74 £ 700.24 | 2295.12 £ 687.07 | 2234.53 £ 578.97
ARS-v2t | 2652.87 £ 1594.69 | 2689.41 £ 1121.71 | 2179.55 £ 810.47 | 2028.48 £ 441.79
SFR-2 2718.52 £ 1875.69 | 1640.73 £ 1072.84 | 1382.85 £ 1051.86 | 1310.45 £ 1560.97
Table 2: Average reward and standard error performance on each task
‘ Task ‘ Tot. Env. Interactions ‘ ARS ‘ SFR-2 ‘ PPO ‘ A2C ‘ CEM ‘ TRPO ‘
Swimmer 108 361 | 355.37 | =110 ~ 30 ~0 ~ 120
Hopper 108 3047 | 2749.79 | ~ 2300 | =900 ~ 500 | = 2000
HalfCheetah 108 2345 | 3392.27 | &~ 1900 | ~ 1000 | =~ —400 ~0
Walker2d 106 894 | 1040.4 | =~ 3500 | = 900 ~ 800 | = 1000
Table 3: Maximum average reward achieved in 10° interactions of algorithms with the environment on

various tasks (mean across 3 seeds) — the columns of values except for SFR-2 are the same as Table 2 of
Mania et al.| (2018a)). Refer to Table [4| for standard deviation and optimal hyperparameters for SFR-2.

2 shows notable performance gains. On the Swimmer and HalfCheetah tasks, it consistently outperforms
both ARS variants across all three modifications. For Hopper, the modified versions of SFR-2 surpass
ARS-v1t but remain slightly behind ARS-v2t. In the Walker2d environment, SFR-2 with Component_ Clip
outperforms ARS-v2t, though it still trails ARS-v1t. Overall, these results suggest that SFR-2 benefits more
from the introduced variance-control techniques, making it highly competitive with ARS when the number
of interactions with the environment is held fixed across algorithms.

Looking at Table 3] SFR-2 achieves the highest reward on HalfCheetah and ranks second on both Swimmer
and Hopper, closely trailing ARS. It also surpasses ARS on Walker2d. Overall, our results suggest that
SFR-2, with clipping and signed update mechanisms, is competitive when compared with ARS across a
variety of continuous control tasks.

7 Conclusions

We presented model-free smoothed functional algorithms as suitable Monte-Carlo based alternatives to
REINFORCE for the setting of episodic tasks. We also presented the clipped and signed variants of the
algorithms and analysed the convergence of all the presented algorithms. We showed detailed empirical
results of our algorithms on MuJoCo locomotion tasks and showed performance comparisons with other
algorithms, in particular, the ARS algorithms that have been investigated recently. For a fixed number of
environment interactions, our algorithms are competitive against ARS and in fact their signed and clipped
variants are superior to ARS on half of the settings tried. As future work, it would be of interest to
theoretically study the asymptotic rate of convergence results of the algorithms presented here. Such results
for all algorithms including ES/ARS are not currently available.
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A Details of the Convergence Analysis

We present here the details of the convergence analysis and give the proofs of the various results. We
begin first with the results for the One-Simulation SF REINFORCE algorithm. We will subsequently sketch
the analysis of the two-simulation SF algorithm. Finally, we shall discuss the convergence analysis of the
algorithms with signed updates.

A.1 Convergence of SFR-1

Proof of Lemma [3t Notice that

n—1 n—1
¢ - F Ai(n— 1)?

n—1 n—1

M! = Ay(n—1)

n

‘ -/T"n—l

The first term on the RHS above is clearly measurable F,, while the second term is measurable F,_; and
hence measurable F,, as well. Further, from Assumption [I] each M,, is integrable. Finally, it is easy to verify
that

EM | F,] =0, Vi.

The claim follows.

Proof of Proposition [T} Note that
Gt
On,

G’IL

E [Ai(n) |]-'n} =FE {E {Ai(n)én \ Qn] Ifn] ;

where G, 2 o(@(m),A(m),m < n,x™,m < n),n > 11is a sequence of increasing sigma fields with Gy =
a(6(0), A(0)). It is clear that F,, C G,,Vn > 0. Now,

plam$ 6] - 2 pie 6.

Let s§f = s denote the initial state in the trajectory x™. Recall that the initial state s is chosen randomly
from the distribution v. Thus,

E[G" | G,] = ZV(S)E[Gn | 50 = 8, Po(n)+6,A(n)]

= Z V(S)Vb(n)-i-énA(n) (5)

Thus, with probability one,

E {Ai(n)f;: | gn} = u(s) (Ai(n)W> .

Hence, it follows almost surely that
el Vo(n)+6,a(n)(8)
E {Ai(n)dn |]-'n] = E v(s)E [Ai(n)dn | Frl -

S

Using a Taylor’s expansion of Vj(y)4s,a(n)(s) around (n) gives us
S
Vo(m)+,a0m) (5n) = Vo) (5n) + 0 A1)V V() (50) + T A1) TV V() (52)A(n) + 0(57).
Now recall that A(n) = (A;(n),i=1,...,d)T. Thus,

Von)+s,am)(Sn) 1
A\ () RIS — = A () V(o (50)
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+A () A1)V V() (sn)
+%A(n)A(n)TV2V9(n) (sn)A(n) + o(dy).

Now observe from the properties of A;(n), Vi, n, that
(i) E[A(n)] = 0 (the zero-vector), Vn, since A;(n) ~ N(0,1), Vi, n.
(i) E[A(n)A(n)T] = I (the identity matrix), Vn.

d
(i) £ | > Ai(n)Aj(n)Ak(n)| =0.
i,g, k=1

Property (iii) follows from the facts that (a) E[A;(n)A;(n)Ag(n)] =0, Vi # j # k, (b) E[Ai(n)A3(n)] =0,
Vi # j (this pertains to the case where i # j but j = k above) and (c) E[A3(n)] = 0 (for the case when
i = j = k above). These properties follow from the independence of the random variables A;(n), i =1,...,d
and n > 0, as well as the fact that they are all distributed N(0,1). The claim now follows from (i)-(iii)
above.

Recall that from Proposition |1} it follows that 8(n) = o(d,,).

Proof of Lemma (4} It can be seen from that Vpy(s) is continuously differentiable in 6. It can also be
shown as in Theorem 3 of [Furmston et al. (2016) that V?Vj(s) exists and is continuous. Since @ takes values
in C, a compact set, it follows that V2Vj(s) is bounded and thus VVj(s) is Lipschitz continuous.

Finally, let L > 0 denote the Lipschitz constant for the function VVy(s). Then, for a given 6y € C,
1 VVa(s) [ = 1| VVa, (s) I<Il VVa(s) = VVy,(s) |l
SLY|0—0o |
SLUO I +LT [ 0o || -

A A
Thus, || VV(s) [[<I| VVhy(s) | +L7 || 6o [| +L7 || 0 | . Let Ko = [[VVy,(s)l| + Lill6o]| and K, =
max(K,,L§,s € S). Thus, | VVy(s) ||[< K1(1+ || € ||). Note here that since |S| < oo, K1 < o0 as
well. The claim follows.

Proof of Lemma [Bt Note that
d

1My l® = (M)

i=1

o (Gn)2 1 n 2
=3 (A2 + S EAmG" | T

i=1 n n

—2Ai(n)%E [A;()G™ | Fl )
Thus,
d
Bl Ml | Bl = 5 3 (BIAN )G | 7]
n =1

_E?[Ai(n)G" | ]-“n]).

The claim now follows from Assumption [l and the fact that all single-stage costs are bounded (cf. pp.174,
Chapter 3 of [Bertsekas| (2012)).

Proof of Lemma [6} It is easy to see that Z,, is F,,-measurable Vn. Further, it is integrable for each n and
moreover E[Z,11 | Fn| = Z, almost surely since (M, 11, Fy,), n > 0 is a martingale difference sequence by
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Lemma It is also square integrable from Lemma The quadratic variation process of this martingale
will be convergent almost surely if

> Bl Zni1 = Zu|? | Fa] < o0 as. (17)
n=0
Note that
El|Znt1 = Znl* | Fa] = a(n)?E[|Myia|* | Fal.
Thus,
> EllZnsr = Zal? | Fal = Y a(n)® El| My || | F)
n=0 n=0
0o 2
. a(n)
<L —
<1y ()

n=0

by Lemma now follows as a consequence of Assumption 2| Now (Z,, F,), n > 0 can be seen to be
convergent from the martingale convergence theorem for square integrable martingales Borkar| (1995]).

Our main result below is based on Theorem 5.3.1 of [Kushner & Clarkl (1978) for projected stochastic
approximation algorithms. Before we proceed further, we recall that result below.

Let C C R? be a compact and convex set as before and ' : R? — ' denote the projection operator that
projects any = = (z1,...,24)7 € R? to its nearest point in C.

Consider now the following the d-dimensional stochastic recursion
Xng1 = T'(Xn + a(n)(h(Xn) + & + Bn)), (18)
under the assumptions listed below. Also, consider the following ODE associated with :
X(t) =(h(X(1))). (19)

Let C(C) denote the space of all continuous functions from C' to R?. The operator T' : C(C) — C(RY) is

defined according to
- L Iz 4+ nu(x)) —x
I'v(x)) = 7171:% ( 7 ) (20)

for any continuous v : C — R?. The limit in exists and is unique since C' is a convex set. In case this
limit is not unique, one may consider the set of all limit points of . Note also that from its definition,
T'(v(z)) = v(z) if x € C° (the interior of C'). This is because for such an z, one can find > 0 sufficiently
small so that « + nv(x) € C° as well and hence I'(z + nv(z)) = = + nv(x). On the other hand, if x € 9C
(the boundary of C) is such that x + nuv(x) ¢ C, for any small n > 0, then T'(v(x)) is the projection of v(z)
to the tangent space of 9C' at z.

Consider now the assumptions listed below.

(B1) The function h : R — R? is continuous.

(B2) The step-sizes a(n),n > 0 satisfy

a(n) > 0Vn, Za(n) =00, a(n) — 0as n — .

n

(B3) The sequence §,,n > 0 is a bounded random sequence with 3, — 0 almost surely as n — oc.

(B4) There exists T' > 0 such that Ve > 0,

m(jT+t)—1
i )| > =0.
S Pl D el ze) =0
- 1=m(y
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(B5) The ODE has a compact subset K of R as its set of asymptotically stable equilibrium points.

Let t(n),n > 0 be a sequence of positive real numbers defined according to ¢(0) = 0 and for n > 1,

n—1
t(n) = Z a(j). By Assumption (B2), t(n) — oo asn — oo. Let m(t) = max{n | t(n) < t}. Thus, m(t) = oo
J=0
as t — 0o. Assumptions (B1)-(B3) correspond to A5.1.3-A5.1.5 of [Kushner & Clark (1978) while (B4)-(B5)
correspond to A5.3.1-A5.3.2 there.

(Kushner & Clark] |1978 Theorem 5.3.1 (pp. 191-196)) essentially says the following:

Theorem 7 (Kushner and Clark Theorem:) Under Assumptions (B1)-(B5), almost surely, X,, — K
asmn — oo.

Finally, we come to the proof of our main result.

Proof of Theorem (1} In lieu of the foregoing, we rewrite according to

O;(n+1)=T; (91(n) —a(n) Z v(8)ViVomn)(s)

S

—a(n)Bi(n) + M1 ) (21)

where 3;(n) is as in . We shall proceed by verifying Assumptions (B1)-(B5) and subsequently appeal
to Theorem 5.3.1 of [Kushner & Clark| (1978) (i.e., Theorem 1 above) to claim convergence of the scheme.
Note that Lemma [4] ensures Lipschitz continuity of VVy(s) implying (B1). Next, from (B2), since d,, — 0,
it follows that a(n) — 0 as n — oco. Thus, Assumption (B2) holds as well. Now from Lemma (4} it follows
that > v(s)VVy(s) is uniformly bounded since # € C, a compact set. Assumption (B3) is now verified from
Proposition |1} Since C' is a convex and compact set, Assumption (B4) holds trivially. Finally, Assumption
(B5) is also easy to see as a consequence of Lemmal[6} Now note that for the ODE (14)), F(0) = >_, v(s)Vy(s)
serves as an associated Lyapunov function and in fact

VF(O)'T(= Y v(s)VVils))

S

= (D _v(s)VeVa(s))"T(= > _v(s)VVy(s)) < 0.

S S

For 0 € C° (the interior of O), it is easy to see that T'(—= Y. v(s)VVy(s)) = — >, v(s)VVa(s), and

VF(O0)'T(=) v(s)VVy(s) < 0if6e H°NC

= 0o.w.

For 0 € 6C (the boundary of C), there can additionally be spurious attractors, see Kushner & Yin| (1997,
that are also contained in H. The claim now follows from Theorem 5.3.1 of |Kushner & Clark| (1978).

A.2 Convergence of SFR-2

n—+ n—

The analysis proceeds in a similar manner as for the one-simulation SF except with %
n

G
on

in place of

Proof of Proposition

A similar calculation as with the proof of Proposition [I] would show that

G"t —Gn (Vom)+6.a0m) () = Vo) —s,a(m)(5)
E[Ai(n) <25) |]—"n] =3 u(s)E [Ai(n) R e A P

S
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Using Taylor’s expansions of V)45, A(n)(5) and V)5, A(n)(s) around 6(n) gives us

Ve n nA(n (Sn) - Ve n)—onA(n (Sn)
A Fotetestea(oe) o0 ) A1) ) Vit 50) + 0(8)

The zero order and second order terms directly cancel above instead of being zero-mean, thereby resulting
in lower gradient estimator bias. The rest follows from properties (i)-(iii) mentioned previously for the
one-simulation gradient SF. In particular, E[A(n)A(n)T] = 1.

Proof of Theorem 2t

In the light of Proposition [2] the proof here follows in a similar manner as one-simulation SF.

A.3 Proof that SFR-2 has Lower Bias than SFR-1

Proof of Lemma [I]

We show as part of the proof of Proposition [I] that

B2 0] = 3 vio) [ P20 g )

Using a Taylor’s expansion of Vy(n)4s,a(n)(s) around 6(n) gives us

Vo) +5,a0m)(8n) _ Vo) (sn)
On On

Now recall that A(n) = (A;(n),i=1,...,d)T. Thus,

+ A(n)TVVQ(n)(Sn) + %”A(n)Tv?‘/g(n)(sn)A(n) +0(dy).

Vouyanam(on) _ 1 oy, (sn)—i—A(n)A(n)TVVg(n)(sn)+%A(n)A(n)TV2%(n) (52)A(n)+0(0,,).

o on
(23)

A(n)

Taking now the conditional expectation as required in the RHS of , it can be seen that

Vo(n)+6,A(n) (5)

| 0(n)| = ViVhm)(sn) + O(n).

Now in the SFR-2 case, we require one more Taylor’s expansion, namely of Vj(,)_s,a(n) around the point
6(n). Here, like (23)), one obtains

Votm)—s,a@m)(5n) 1

On
A(n) 5 = 6—A(n)V9(n)(sn)—A(n)A(n)TVVg(n)(sn)+7A(n)A(n)TV2V9(n)(sn)A(n)+o(6n).
(24)
As part of the proof of Proposition 2] we observe as with Proposition [I] that
Gt — G~ B Vo(n)+5,a(n)(8) = Vom)—6,a(n) (8)
Bain (C5 5 ) 12 = S v s o 7] @)

From and (24)), one then gets

(‘/Gn-‘r&nAn(s)i‘/@n—&l,An(s)
E{Ai(n) (n) ()25 (n)=3,A(n)

The important difference to note between the Taylor’s expansions in the case of SFR-1 and SFR-2 is that in

1 On
SFR-2, there is a direct cancellation of the bias terms 5—A(n)V9(n)(sn) and ?A(n)A(n)TVQVg(n)(sn)A(n)

that does not happen in SFR-1. The second term above does not contribute as much to the bias as the first
term because the latter term has d,, in the denominator that is expected to be small, in fact, §, — 0 as
n — oo. This term averages out to zero eventually in SFR-1. In SFR-2, this term simply does not exist.
This results in lower bias in SFR-2 as opposed to SFR-1 and eventually results in improved performance of
SFR-2 over SFR-1.
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A.4  Proof of Lower Variance in the Signed and Clipped Variants

Proof of Lemma [2

(i) Note from definition, Y2 = 1, thereby E[Y?] =1 and 0 < E[Y]? < 1. Thus, Var(Y) < 1.

(ii) Recall f € {fe, fm} is a projection map from R¢ to C' C R%, where C is a compact and convex set.
We first show that this map is nonexpansive. In other words, we show that

£ (@) = f@)Il < llz —yll, Va,y € RE
Note that since C' is convex and compact,
(- f(x),z— f(x)) <0, Vz € C.

Now since f(y) € C, we have
(z = f(x), fy) — f(2)) <0. (26)

Similarly, we also have

(y—fy), f(z) = fly)) <0.

Changing the sign in both terms above gives us
(fy) =y, fly) — f(z)) <0. (27)
Adding and gives
(= f(@)+ f(y) =y, fly) — f(z)) <0.

In other words,
(@ —y, fly) = f@) +{fly) = (), f(y) — fz)) <0.

Thus,
1f(y) = f@)]* < (y — 2, fy) = f(2))

< lly = «llllf(y) = f@)],
by the Cauchy-Schwarz inequality. It now follows that

1/(y) = F@) < lly = =[]

Thus, E[|[U-EU|]? > E|| f(U)— f(EU)||?. The claim now follows since Ef(U) = argmin,E| f(U)—t|2.
O

A.5 Convergence of Signed SFR-2

Recall that we have

Vomy+smyam) — Vam)—sn)am)

H (000, Aln) = Aulo) | 25(n)

As explained previously,
E[H;(0(n), A(n)|Fn] = ViVy) + 0(6(n)).

Also, recall the ‘error’ in the 7th component is given by

ei(n) = H;(0(n), A(n)) — V;Vy) = ZAi(n)Aj(n)vjVG(n) +0(6(n)).
i

Proof of Theorem [3}
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We rewrite the algorithm as follows:
0i(n +1) =T(0:(n) — a(n)sgn(H;(0(n), A(n))))
=Ti(0i(n) — a(n)(I(Hi(0(n), A(n)) > 0) — I(H;(0(n), A(n)) < 0))),
where I(-) is the indicator function. Thus, we have
0i(n+1) =T(0:(n) — a(n)(1 — 2I(H;(0(n), A(n)) < 0)))
=T3(6;(n) — a(n)(1 — 2P(H;(6(n), A(n)) < 0|F,) + M;i(n + 1)),

where
M;(n+1) = 2P(H;(0(n), A(n)) < 0|F,) — 2I(H;(6(n), A(n)) < 0),

=2P(e;i(n) < — Z v(8)ViVon)(8)|Fn) — 2I(es(n) < — Z v(8)ViVomn)(s))

=2P(ei(n) < =D v(s)ViVou (5)[0(n)) = 21(ei(n) < =Y v(s)ViVim)(s)),

by (Al). It is easy to see that (M;(n),F,),n > 0 is a martingale difference sequence. Since
sup,, |M (n)| < 1, and under (A4), it follows from an application of the martingale convergence theorem

that Z M,,+1,n > 1 is an almost surely convergent martingale.

It is easy to verify that W(0) = 3" v(s)Vy(s) itself is a Lyapunov function for the ODE since

dw)
dt

~T(((1=2F(=)_ v(s)VVi(s)[0)), > v(s)VVa(s)))

S S

HMZ

(L=2F;(= > v(s)ViVa(s)10)) > v(s)ViVa(s)).

S

AW (0
From (A3), if 3, v(s)ViVa(s) > 0, (1 — 2F(— >, v(s)ViVa(s)|)) > 0 and W) <0. Similarly, if
d dw (0
ViVo < 0, (1 —2F;(—V;Vl0)) < 0 and % < 0. Further, when ) v(s)V;Vy(s) = 0, W) =0.

From Lasalle’s invariance theorem in conjunction with Theorem 2 of Chapter 2 of Borkar| (2022), it

follows that 6(n),n > 0 converges almost surely to the largest invariant set K C K C {0|T({(1 —
2F (=, v(s)VVp(9)]0)), >, v(5)VVp(s))) = 0}. The claim follows.

A.6 Convergence of SFR-2 with Clipped Gradients

Proof of Theorem [

Recall that the projection operator f € {fes fm}- Further, both f = fc and f = f,, are continuous functions.
Thus, observe that f(VVy) — f(VVa), V6, where VVg (n) denotes the gradient estimate obtained from the
two-simulation SF.

Following the same sequence of steps as in Theorem [2] it can be seen that the underlying ODE tracked by
the algorithm is

0(t) = T(= Y v(s)f(VVa(s)))- (28)

S

Note also that by construction in either case, namely (i) f = f. and (ii) f = f,, we have that f(VVy(s)) =0
if and only if VVjy(s) = 0.
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A.7 Convergence of ES-vl

Proof of Theorem [

Denote by F(y) the mean squared difference function in variable y € R? defined as below:

2
(w _ yTA(n)> |9(n>] :

Then,

v, P = B |- (el ra ) amiow) .

Note now that
E[(y" A(n))A(n)[0(n)] = E[A(n)A(n)y|0(n)] =y,

since E[A(n)A(n)T] =T (the identity matrix). Equating V,F(y) to zero gives us upon simplification
Von)+6.4(n) ()
= b [ A o)

thereby resulting in the gradient estimate

k
. 1 m
§(n) = 5= > Va4, ammyA™(n),
" m=1

where the A™(n),m = 1,..., k are independent, having the multivariate Gaussian distribution with mean 0
and covariance matrix I. One may write

g(”) = (gl(n)’ <o 7@d(n))T7
where
1 E
ﬁz(n) = ﬁ Z %(n)+5nA7”(n))A?(”)»
™ m=1
i =1,...,d. Thus, in the ES procedure, instead of using one sample of multivariate Gaussian, one calls k

samples of the same and takes the sample average of these. It can be seen that Using a Taylor’s expansion
of Vy(n)+s,amn)(s) around 0(n) gives us

52
Vg(n)+§nA'rrL(n) (Sn) = Vg(n)(sn) + (5nAm(n)TVV9(n) (Sn) + ?HA(H)TV2V9(,1)(SR)A(TL) + 0((5721)
Now recall that A™(n) = (A™(n),i =1,...,d)T. Thus,

m ‘/On 6nAmn(5n) 1 m
AT () RS — AT (1) Vi (1)

+A™ () A™ (1) TV V() (5n)

00 AT () A (1) T2V (5) () + (61,

Now observe from the properties of A"(n),Vm,i,n, that
(i) E[A™(n)] = 0 (the zero-vector), ¥n, Vm = 1,...,k, since AT (n) ~ N(0,1), Vi,n,m.
(ii) E[A™(n)A™(n)T] = I (the identity matrix), ¥n, Vm =1,... k.
d
(i) £ | > AMn)AT(n)AR(n)| =0.
i\j, k=1

Property (iii) follows from the facts that (a) E[A]"(n)AT'(n)A"(n)] =0, Vi # j # 1, Vm = 1,...,k, (b)
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E[AT(n)(AT)?(n)] = 0, Vi # j, Vm = 1,...,k (this pertains to the case where i # j but j = k above for
any given m = 1,...,k) and (c) E[(A7)3(n)] = 0 (for the case when i = j = [ above). These properties
follow from the independence of the random variables A" (n), i =1,...,d, m=1,...,k and n > 0, as well
as the fact that they are all distributed N(0,1). As with Proposition [1} it can be seen that
E[j(n) | 6(n)] = VV(n)(s) + O(6n).
Now rewrite as
0i(n+1) =T (0:i(n) — a(n)E[gi(n)|0(n)] — a(n)M;(n) — a(n)Ni(n)) (29)

where

and

k
1 m n,m
Ni(n) = T Z AT (n)(G™™ = Vo(n) 46, am(n))s
" m=1

As in Proposition |1} it can also be seen that N;(n),n > 0 is a martingale difference sequence under the

sequence of sigma algebras G,,n > 1, redefined as under: G, = a(0(1),A™(1),1 < n,x"™ < n,m =
1,...,k),n > 1 is a sequence of increasing sigma fields with Gy = o(0(0), A(0)). The rest of the proof now
follows via an application of the Kushner-Clark lemma as with SFR-1.

A.8 Convergence of ES-v2

As with the case of ES-v1, define in this case

F(y):iE

20,

(‘/e(n)JrénA(n)(S) — Vo -s.am(5) _ yTA(n)>2 |9(n)] :

Finding now VF(y) and setting it to zero gives us

y— |:<V@(n)+6n,A(n)(s)ZgnVG(n)—énA(n)(s)) A(n)|9(n)} ’

resulting in the gradient estimate

Ead

. 1
gn) = 5 > Votmyss,amm)) — Vom)—s,amm))) A(m),

" m=1
and as with Proposition [2] using a similar sequence of steps as in Theorem [5| above, we obtain
E[j(n) | 6(n)] = VVy(n)(s) + 0(6n).

Note that one obtains o(d,) above as against O(d,,) in a similar expansion in Theorem [5} This is because
of the use of two function measurements at each epoch as opposed to one and which results in a direct
cancellation of the first term on the RHS of the Taylor’s expansions of Vj(,)4s,am(n) and Von)—s, am(n)
around 6(n), see Proposition [2 The rest of the proof now follows along the same lines as Theorem

B Numerical Results

B.1 Comparison with the ARS paper

We first describe the ARS algorithm from (Mania et al.l |2018azb|) and the various versions of it in detail as
we incorporate this for purposes of comparison.
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Algorithm 1 Augmented Random Search (): four versions V1, V1-t, V2 and V2-t

1: Hyperparameters: step-size «, number of directions sampled per iteration k, standard deviation of
the exploration noise v, number of top-performing directions to use b (b < k is allowed only for V1-t
and V2-t)

2: Initialize: My =0 € RP*™ 15 =0 € R", and %y =1, € R"*", j =0.
3: while ending condition not satisfied do
4:  Sample 01, 0s,...,0; in RP*™ with i.i.d. standard normal entries.
5. Collect 2k rollouts of horizon H and their corresponding rewards using the 2k policies
Vi: {Wj,l,Jr T M; +vé)x
mii,—(x) = (M; —véy)z

diag (%)~ (z — 1)
diag(%5) ™ (x — )

forl € {1,2,...,k}.

6:  Sort the directions §; by max{r(m;; ), 7(m;;, )}, denote by d¢y the I-th largest direction, and by
7j,(1),+ and 7; ), the corresponding policies.

7:  Make the update step:

b

M1 = Mj+ 52 [r(m,00.4) — 7(m5,0.-)] 00y,
=1

where o is the standard deviation of the 2b rewards used in the update step.

8 V2 : Set pjy1, ¥j4+1 to be the mean and covariance of the 2kH (j + 1) states encountered from the
start of training

9: j—i+1

10: end while

The ARS paper (Mania et al.,|2018al) has ARS-v1 and ARS-v2, as given in the above algorithm. It uses only
two-sided measurements since they result in more stable gradient estimates. Note from here on, in terms of
ARS and our experiments, we do not deal with the one-sided version at all. Only two-sided is used. When
we say reward, we refer to the total return of the episode. This is as per the terminology used in the original

paper.

The authors use M; for the weights of the linear policy at iteration j. They sample N perturbations and
perturb the policy in two ways (+ and —) and obtain the total episodic reward against each perturbed policy
(total of 2 X N episodes are run through). As we read through the algorithm, the policy function of our
SFR-1 and SFR-2 are similar to ARS-v1 from the line 5 of the algorithm mentioned below. ARS-v2 uses
additional normalization for the states. We confirm from line 8 that they are calculating the mean and
covariance of all states encountered by the algorithm upto that point and using it in line 5 for normalization.
As an enhancement, the authors select only b out of the N directions.

In line 7, the update step is very similar to SFR, except the authors, in the denominator, use cr = standard
deviation of returns from each perturbed policy. Instead, in our implementation, we just use the standard
deviation of perturbations v. The update step at line 7 then becomes the following.

b
My =M+ £ [r(mm.+) = r(m.m).-)] Sk
k=1
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B.2 Best Seeded Runs

We plot the returns of the hyperparameter (including the seed) that reach the highest return during training.
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B.3 Hyperparameters

B.3.1 Optimal Hyperpameters
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task transform step_size delta_std reward

Swimmer none 0.005 0.02 355.37 + 2.21
Hopper component__clip 0.005 0.025 2749.79 + 428.79
HalfCheetah component_ clip 0.010 0.02 3392.27 + 289.96
Walker2d none 0.0015 0.02 1040.4 + 792.8

Table 4: Best reward (mean across 3 seeds) achieved by SFR-2 within 1 million interactions with environment,

with respective hyperparameters

delta_ std | deltas_used | n_ directions | step_ size transform
0.020 20 120 0.020 component__clip
0.020 20 120 0.020 none

0.020 20 40 0.020 norm__clip
0.020 20 80 0.020 signed

Table 5: ARS-v1 best hyperparameters for HalfCheetah

delta_std | deltas_used | n_ directions | step_ size transform
0.020 20 80 0.020 component__clip
0.020 20 80 0.020 none

0.020 20 80 0.020 norm__clip
0.020 20 40 0.020 signed

Table 6: ARS-v2 best hyperparameters for HalfCheetah

delta_std | deltas_used | n_ directions | step_ size transform
0.030 8 32 0.020 component__clip
0.030 8 16 0.020 none
0.020 8 32 0.020 norm_ clip
0.020 8 16 0.020 signed

Table 7: ARS-v1 best hyperparameters for Hopper

delta_ std | deltas used | n_ directions | step_ size transform
0.030 8 32 0.020 component__clip
0.030 8 32 0.020 none
0.030 8 16 0.020 norm__clip
0.020 8 32 0.020 signed

Table 8: ARS-v2 best hyperparameters for Hopper

delta_std | deltas_used | n_ directions | step_ size transform
0.020 30 30 0.020 component__clip
0.020 10 50 0.020 none
0.020 30 30 0.020 norm__clip
0.020 10 30 0.020 signed

Table 9: ARS-v1

best hyperparameters for Swimmer

delta_std | deltas_used | n_ directions | step_ size transform
0.020 10 30 0.020 component__clip
0.020 10 50 0.020 none
0.020 30 30 0.020 norm__clip
0.020 30 50 0.020 signed

Table 10: ARS-v2 best hyperparameters for Swimmer
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delta_ std | deltas_used | n_ directions | step_ size transform
0.025 40 80 0.030 component__clip
0.025 40 80 0.020 none
0.025 40 100 0.020 norm__clip
0.025 40 80 0.020 signed

Table 11: ARS-v1 best hyperparameters for Walker2d

delta_std | deltas_used | n_ directions | step_ size transform
0.025 40 80 0.030 component__clip
0.025 40 80 0.030 none
0.025 40 80 0.030 norm__clip
0.025 40 100 0.020 signed

Table 12: ARS-v2 best hyperparameters for Walker2d

delta_ std | step_ size transform
0.020 0.005 component__clip
0.020 0.005 no_ transform
0.020 0.010 norm__clip
0.020 0.040 signed

Table 13: SFR best hyperparameters for HalfCheetah

delta_ std | step_ size transform
0.020 0.005 component__clip
0.020 0.005 no_ transform
0.020 0.005 norm__clip
0.020 0.005 signed

Table 14: SFR best hyperparameters for Hopper

delta_ std | step_ size transform
0.020 0.020 component__clip
0.020 0.020 no__transform
0.020 0.020 norm__clip
0.020 0.020 signed

Table 15: SFR best hyperparameters for Swimmer

delta_ std | step_ size transform
0.025 0.003 component__clip
0.025 0.003 no_ transform
0.025 0.003 norm__clip
0.025 0.003 signed

Table 16: SFR best hyperparameters for Walker2d
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B.3.2 All hyperparameters

Parameter Value

k [40, 80, 120]

b [40, 80, 20, 120]

« 0.02

v 0.02

transform | [norm_ clip, component_ clip, signed, none]

Table 17: ARS all hyperparameters for HalfCheetah

Parameter Value

k (32, 16]

b [8, 16, 32]

« 0.02

v [0.02, 0.03]

transform | [norm_ clip, component_ clip, signed, none]

Table 18: ARS all hyperparameters for Hopper

Parameter Value

k (50, 30]

b [10, 50, 30]

« 0.02

v [0.02, 0.01]

transform | [component_ clip, signed, none, norm__clip]

Table 19: ARS all hyperparameters for Swimmer
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Parameter Value

k [80, 100]

b [40, 80, 100]

@ [0.03, 0.02]

v 0.025

transform | [component_ clip, signed, none, norm__clip]

Table 20: ARS all hyperparameters for Walker2d

Parameter Value

«@ [0.04, 0.01, 0.005, 0.03]

v 0.02

transform | [norm_ clip, component_ clip, signed, none]

Table 21: SFR-2 all hyperparameters for HalfCheetah

Parameter Value

o [0.001, 0.005, 0.01]

v [0.02, 0.025]

transform | [norm_ clip, component_ clip, signed, none]

Table 22: SFR-2 all hyperparameters for Hopper

Parameter Value

« 0.02

v [0.02, 0.01]

transform | [norm_ clip, component_ clip, signed, none]

Table 23: SFR-2 all hyperparameters for Swimmer

Parameter Value

@ [0.003, 0.01]

v [0.025, 0.02]

transform | [component_ clip, signed, none, norm__clip]

Table 24: SFR-2 all hyperparameters for Walker2d
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