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Abstract

We study variance-dependent regret bounds for
Markov decision processes (MDPs).  Algo-
rithms with variance-dependent regret guaran-
tees can automatically exploit environments with
low variance (e.g., enjoying constant regret on
deterministic MDPs). The existing algorithms
are either variance-independent or suboptimal.
We first propose two new environment norms to
characterize the fine-grained variance properties
of the environment. For model-based methods,
we design a variant of the MVP algorithm (Zhang
et al,, 2021a). We apply new analysis tech-
niques to demonstrate that this algorithm enjoys
variance-dependent bounds with respect to the
norms we propose. In particular, this bound is si-
multaneously minimax optimal for both stochas-
tic and deterministic MDPs, the first result of its
kind. We further initiate the study on model-
free algorithms with variance-dependent regret
bounds by designing a reference-function-based
algorithm with a novel capped-doubling refer-
ence update schedule. Lastly, we also provide
lower bounds to complement our upper bounds.

1. Introduction

We consider episodic reinforcement learning (RL) on tab-
ular Markov Decision Processes (MDPs). Existing algo-
rithms can be categorized into two classes: model-based
methods whose space complexity scales quadratically with
the number of states (Auer et al., 2008; Agrawal & Jia,
2017; Azar et al., 2017; Dann et al., 2017; 2019; Zanette
& Brunskill, 2019; Zhang et al., 2021a) and model-free
methods whose space complexity scales linearly with the
number of states (Jin et al., 2018; Bai et al., 2019; Zhang

"Paul G. Allen School of Computer Science & Engineering,
University of Washington, Seattle, WA, USA. Correspondence to:
Simon S. Du <ssdu@cs.washington.edu>.

Proceedings of the 40" International Conference on Machine
Learning, Honolulu, Hawaii, USA. PMLR 202, 2023. Copyright
2023 by the author(s).

et al., 2020b; Li et al., 2021).

The MDPs in practice often enjoy benign structures,
so problem-dependent regret bounds are of great inter-
est (Zanette & Brunskill, 2019). RL algorithms often per-
form far better on these MDPs than what their worst-case
guarantees would suggest. Motivated by this observation,
we want to systematically study algorithms with regrets
depending on quantities that characterizes the hardness of
MDPs. Ideally, such algorithms should automatically ex-
ploit the MDP instance without the prior knowledge of
problem-dependent quantities. As a motivating example,
for time-homogeneous MDPs with total reward bounded
by 1, the minimax regret bound for deterministic MDPs
is O(SA) where S and A are number of states and ac-
tions, respectively and the worst-case minimax optimal re-
gret bound for stochastic MDPs is O (\/ SAK ) where K
is the number of episodes. Many problems can be formu-
lated as deterministc MDPs, such as shortest path (maze,
real world navigation), combinatorial optimization, Atari
games (Mnih et al., 2013) and many games (mountain
car, lunar lander, robotics, etc.) in OpenAl Gym (Brock-
man et al., 2016). Deterministic systems can also approxi-
mate stochastic systems well (see Section 2 and 6 in Bert-
sekas (2012)). We want an algorithm designed for generic
stochastic MDPs with worst-case minimax optimal regret
bound while enjoying the O(SA) bound when the MDP is
deterministic.

Zanette & Brunskill (2019) is a pioneer work which pro-
vides a model-based algorithm whose regret scales with
variance-depedent quantities. They defined a quantity, Q*,
named the maximum per-step conditional variance to char-
acterize the randomNness of the MDP instance, and showed
a regret bound of O(v/HQ* - SAK + H®/?S?A), where
H is the planning horizon. This bound is still not satisfac-
tory because: @ There exist MDPs with Q* = (1), so
the regret reduces to O(v/HSAK) which does not match
the minimax optimal bound O(v/SAK). ®@ For determin-
istic MDPs (Q* = 0), the regret reduces to O(H%/252A),
which does not match the optimal O(SA) bound.
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1.1. Contributions

This paper makes the following contributions which signif-
icantly advance our understanding of problem-dependent
bounds in reinforcement learning.

e First, We introduce the total multi-step conditional
variance, Var% and the maximum policy-value variance,
Var*, to provide fine-grained characterizations of the vari-
ance in the MDP (see Section 4 for the formal definitions).
Importantly, regret bounds that depend on these quantities
will reduce to the minimax optimal bound in the worst case
whereas the existing notion HQ* cannot.

e Second, for model-based methods, we identify the ob-
stacles preventing the current state-of-the-art minimax op-
timal algorithm, MVP (Zhang et al., 2021a), from being
variance-dependent. We make necessary improvements
and introduce a truncation method to bound the total vari-
ance. We show the regret bound of the improved algo-
rithm, MVP-V, scales with Var* or Var%. In particular,
these bounds imply that, MVP-V is minimax optimal for
both the classes of stochastic and deterministic MDPs. To
our knowledge, this is first result of such kind. See Table 1
for comparions between model-based methods.

o Third, we initiate the study of model-free algo-
rithms with variance-dependent regrets. = We explain
why existings model-free algorithms cannot be variance-
dependent. We futher propose a new model-free algo-
rithm, UCB-Advantage-V, which relies on a a capped-
doubling manner of updates for reference values. We fur-
ther utilize a novel analysis technique which bounds value
gaps directly from the existing uniform convergence bound
to give the first variance-dependent bound for model-free
algorithms. Importantly, this bound reduces to the mini-
max optimal bound for the worst-case MDPs. See Table 2
for comparisons between model-free algorithms.

o Lastly, we prove minimax regret lower bounds for the
class of MDPs with bounded variances. We show that the
main order terms of our regret upper bounds match these
lower bounds, so our proposed algorithms are minimax op-
timal for the class of variance-bounded MDPs.

1.2. Technical Overview

For model-based algorithms, existing state-of-the-art work
(Zhang et al., 2021a) fails to be variance-dependent. It is
hard to bound the total variance by its expectation using
martingale concentration inequalities directly, while avoid-
ing an [{-dependency. This is because the total variance
within an episode can be as large as Q(H). We introduce
a novel analysis technique which truncates the total vari-
ance of each episode to a constant and apply martingale
concentration inequalities on this sequence, and show that
with high probability there is no truncation. We also ap-

ply a more refined concentration inequality to the transition
model to have a dependency on the maximum support in-
stead of the size of the state space. This step is crucial in
obtaining the tight bound for deterministic MDPs.

For the model-free algorithm, existing work (Zhang et al.,
2020b) upper-bounds all the four bias terms in their Equa-
tion (13) by variance-independent main order terms. We
identify the problem incurred by the large bias in refer-
ence values, and replace the update with a capped-doubling
manner. Since too frequent updates discard past data very
often, this method balances between the summation of
gaps of value functions and the waste of data. We inte-
grate directly over the error between the estimated value
and the optimal value to bound the total squared gaps be-
tween them, whereas Zhang et al. (2020b) bound them
with a coarse binary gap of either H or the final gap.
Combined with many other finer-grained analyses through-
out the proof, we can finally remove all the variance-
independent main order terms except for the total variance.

1.3. Paper Overview

The paper is organized as follows. We first list basic con-
cepts of MDPs in Section 3, then define variance quantities
in Section 4. Our main results then come in three sections:
Sections 5 and 6 show the algorithms, theorems, corollar-
ies and proof sketches of our model-based and model-free
methods, respectively. Section 7 shows our lower bounds
for the class of variance-bounded MDPs.

2. Related Works

Minimax optimal regret bounds. Algorithms for regret
minimization can be categorized into two classes: model-
based and model-free. Being model-free means the space
complexity is O(H S A), prohibiting the estimation of the
whole transition model P, (s’|s, a). For model-based meth-
ods, there are previous work (Zhang et al., 2021a; 2022;
2020a; Wang et al., 2020) achieving a property called
horizon-free, which allows only logarithmic dependency on
H for regrets. As explained in Jiang & Agarwal (2018), in
many scenarios with a long planning horizon, the interest-
ing regime is K « H. This underscores the importance
of being horizon-free, because for H-dependent bounds,
only when K >» H they become sub-linear in K. Be-
ing horizon-free is challenging, because it requires utiliz-
ing transition data for the same state-action pair from dif-
ferent steps and handling a spike in rewards. There are
many works other than those we cite in Section 1 giving
nearly minimax optimal bounds: Bartlett & Tewari (2012);
Osband et al. (2013); Osband & Van Roy (2017); Fruit
et al. (2018a); Talebi & Maillard (2018); Simchowitz &
Jamieson (2019); Russo (2019); Zhang & Ji (2019); Neu
& Pike-Burke (2020); Xiong et al. (2021); Pacchiano et al.
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. Variance- Stochastic- Deterministic- Horizon-

Algorlthm Regret Dependent Optimal Optimal Free

Euler O(VHQ* - SAK + H%?S%A) Yes No No No

Zanette & Brunskill (2019) 6(\/5147 + HS/QSQA) No Yes No No

MVP ~ 2

Zhang et al. (20212) O(WSAK + 5%A) No Yes No Yes
MVP-V ~ . *

This work O(\/ min{Vary,Var* K}SA + T'SA) Yes Yes Yes Yes

Table 1. Comparisons between model-based algorithms for time-homogeneous MDPs with total reward bounded by 1. O hides log-
arithm factors. S, A, I', H and K are number of states, actions, maximum support of the transition model, planning horizon and
interaction episodes. Q*, Var¥ and Var* are variance notations in Section 4. Q* and Var% are upper bounded by 1 in the worst case
and become 0 when the MDP is deterministic. An “Yes” in each column means: Variance-Dependent: the regret has a main order term
scaling with any variance notation. Stochastic-Optimal: the regret has a main order term of 6(\/ S AK) which matches the minimax
lower bound. Deterministic-Optimal: the regret is 5(5 A) on deterministic MDPs (with variance equal to 0). Horizon-Free: the regret

has only logarithmic dependency on H.

Algorithm Regret I;Iiria'lce" Sg’;{ﬁ;‘f
Q-learning (UCB-B) ~ 1 9/2 @3/2 £3/2
Jin et al, (2018) O(WH*SAK + HY*8%2A°%=) No No
UCB-Advantage ~ 3 4/7733C8 A6
Zhang et al. (2020b) O(VH3SAK + v/ H33S8ASK) No Yes
QO-EarlySettled- -
Advantage O(WHB3SAK + H®SA) No Yes
Li et al. (2021)
UCB-Advantage-V 5(\/min{Var§<, Var*K}HSA Yes Yes
This work +VHBSSARK)

Table 2. Comparison between model-free algorithms for time-inhomogeneous MDPs with every reward bounded by 1. An “Yes” in
each column means: Variance-Dependent: the bound scales with the variance term that characterizes the randomness of the environment;
Stochastic-Optimal: in the worst-case, the regret’s dominating term becomes O (v H3S AK') which matches the minimax lower bound.

(2020). We compare our results with the state-of-the-art in
Table 1 (model-based) and Table 2 (model-free).

Variance-dependent results. Talebi & Maillard (2018)
provides a problem-dependent regret bound that scales
with the variance of the next step value functions under
strong assumptions on ergodicity of the MDP. Namely, they
define V', for each (s,a) pair and derives a regret of

O0(,/8 Y%6.a Vs,oT) under the infinite horizon setting.

Simchowitz & Jamieson (2019) combines gap-dependent
regret with variances. The standard notation gap(s,a) is
the gap between the optimal value function and the opti-
mal Q-function, and gap,,;,, is the minimum non-zero gap.
Let varj , , be the variance of optimal value function at
(h, s, a) triple, their regret approximately scales as

- H maxy Vary,
@) 2 log(K) | .
<2 max{gap(s,a), gaPmin} el ))

s,a

Variance-aware bounds exist in bandits (Kim et al., 2021;
Zhang et al., 2021b; Zhou et al., 2021; Zhao et al., 2023;
2022). We notice two concurrent works: Zhao et al. (2023)

studies variance-dependent regret upper bounds for linear
bandits and linear mixture MDPs, and Li & Sun (2023)
studies linear bandits and linear MDPs. They both define
the same variance as Vari (one of the two quantities also
proposed by us under the tabular setting). More recent
work generalized variance-aware bound from MDPs to la-
tent MDPs (Zhou et al., 2022).

Other problem-dependent results. Most problem-
dependent results prior to Zanette & Brunskill (2019)
focus on the infinite-horizon setting. Some depend on
the range of value functions (Bartlett & Tewari, 2012;
Fruit et al., 2018b). Maillard et al. (2014) introduces a
hardness measure called distribution norm. There are
gap-dependent results for multi-armed bandits and RL
(Even-Dar et al., 2006; Auer et al., 2008; Xu et al., 2021;
Yang et al., 2021).

Jin et al. (2020) shows that with a slight modification, the
algorithm in Zanette & Brunskill (2019) can have a first-
order regret, with the main order term depending on the
optimal value function. Wagenmaker et al. (2022) provides
a first-order regret for linear MDPs. When the total reward
is bounded by 1 almost surely, for any policy its variance is
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not larger than this value. This means a first-order depen-
dency is weaker than a variance-dependency.

3. Preliminaries

Notations. For any event £, we use 1[£] to denote the in-
dicator function. For any random variable X, we use V(X)
to denote its variance. For any set X', we use A(X) to de-
note the probability simplex over X. For any positive inte-
ger n, we denote [n] := {1,2,...,n}. For any probabil-
ity distribution P, we use supp(P) = » 1[P(z) > 0]
to denote the size of its support. Suppose x and y are
n-dimensional vectors, we denote xy := Z?’zl x;y; and
29 := (2,21 ... 22) for any number q. If z € A([n]),
we use V(z,y) = >, zi(yi — zy)? = zy® — (zy)? to de-
note the variance of y under . We use 1, to denote a vector
with all O but an only 1 on the k-th position.

Finite-horizon MDPs. A finite-horizon MDP can be de-
scribed by a tuple M = (S, A, P,R,H). S is the finite
state space with size S and A is the finite action space with
size A. Forany h € [H], P, : S x A — A(S) is the
transition function and Ry, : S x A — A([0,1]) is the
reward distribution with mean rj, : § x A — [0,1]. H
is the planning horizon, i.e., episode length. We denote
I' := maxp 5,4 supp(Pr(-|s,a)) as the maximum support
of the transition function, and P , 5, := Py (:|s, a).

Conditions for MDPs. We have two conditions more
general than the ordinary setting. As explained below them,
getting tight regret bounds are harder when they are met.

Condition 1. For any policy 7, the total reward in a single
episode is upper-bounded by 1 almost surely.

For those MDPs not satisfying Condition 1, we can nor-
malize all the rewards by 1/H. Such a conversion usually
multiplies a factor of 1/H to the regret, but cannot take into
account a spike in rewards, e.g., some (s, a) = 1.

Condition 2. The MDP is time-homogeneous. Namely,
there exist P : S x A — A(S), R : § x A — A([0,1])
andr : S x A — [0,1] such that for any (s,a) € S x A,
Ppn(-|s,a) = P(-|s,a), Ry(s,a) = R(s,a) and ry(s,a) =
r(s,a) forany h € [H].

For simplicity, we denote P , := P(:|s,a) and P o ¢ :=
P(s'|s,a). Any time-inhomogeneous MDP can be instan-
tiated by a time-homogeneous one to satisfy Condition 2.
Let a mega state space S = UL | Sy, where each S,
corresponds to the state space of the time-inhomogeneous
MDP. For any (h,s,a), we construct P(sj |sp,a) =
Py(s'|s,a) and R(sp,a) = Ryu(s,a), where sy, is the cor-
responding state of s in Sp,. S is multiplied by H while I'
remains the same, and the regret changes accordingly. This

condition underscores the algorithm’s ability to use infor-
mation of the same state-action pair from different steps.

We will introduce quantities in Section 4 to quantify de-
terminism, but a fully-deterministic MDP is very worth
studying because the regret lower bound is the well-known
(SA) (under Conditions 1 and 2). Thus, we care about
whether the algorithms can have a constant regret (up to
logarithm factors) under the assumption of determinism.

Assumption 3. The MDP is deterministic. Namely, for any
(h,s,a) e [H] x S x A, Rp(s,a) and Py(-|s,a) map to a
single real number and a single state respectively.

Policies. A history-independent deterministic policy 7
chooses an action based on the current state and time step.
Formally, 7 = {mp, } pe[zr) Where 7, : & — A maps a state
to an action. We use II to denote the set of all such policies.

Episodic RL on MDPs. Upon choosing action a at state
s when it is the h-th step in an episode, the agent ob-
serves a reward r ~ Ry(s,a) and the next state s’ ~
Py(-|s,a). When h = H, the episode ends after this
observation. Thus, a policy 7w induces a (random) tra-
jectory ({8n, an, Th}ne[r], SH+1) Where s1 is exogenously
generated, ap, = mn(sn),Tn ~ Rp(sp,ap) and sp41 ~
Py, (-|sp,ap) for h € [H]. The episodic RL on MDPs pro-
ceeds in a total of K episodes. When one episode ends, a
new initial state sy is generated. The agent should (adap-
tively) choose a policy * for the k-th episode, put it into
action and cannot change it within an episode.

Value functions and Q-functions. Given a policy 7, we
define its value function and )-function as

H
]EW[En sh—sl,
lz re | (sp,an) = (s, a)} )

Qh(s Cl

It is easy to verify that Q7 (s, a) = rp(s,a) + Psan Vi, .

Performance measure. The goal of episodic RL on
MDPs is to find the policy which maximizes the total re-
ward collected in an episode, regardless of the initial state.
Given M, such a goal can be achieved using dynamic
programming. Given this, we denote V* := V™ and
Q* := Q™. We use cumulative regret as a performance
measure:

K
(V7 (sh) = V™ (s)):
k=1

Regret(K
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4. Variance Quantities for MDPs

We use the notion of variance to quantify the degree of
determinism of MDPs. The first is called the maximum
per-step conditional variance (Zanette & Brunskill, 2019),
which is only relevant to the optimal value function.

Definition 4. The maximum per-step conditional variance
for a particular MDP is defined as:

Q" := max{V(Ru(s,a)) + V(Psan, Vie1)}-

73,(1

Zanette & Brunskill (2019) directly use HQ* to upper-
bound the total per-step conditional variances in an
episode, a quantity which can be upper-bounded by a con-
stant (see Lemmas 29 and 42). So when Q* > Q(H) (or
Q(1/H) under Condition 1), HQ* is not tight. In light of
this, we define the total multi-step conditional variance as
a better notation in place of HQ*. This quantity is also
proposed in concurrent works (Zhao et al., 2023; Li & Sun,
2023).

Definition 5. The total multi-step conditional variance for
a trajectory T = {sp, n }he[m] is defined as:

H
Vary := > (V(Rn(sn,an)) + V(Psy apr Vit 1))
h=1

During the learning process, let the trajectory of the k-
th episode be 7k then we denote Var(zk) = Varfk, and

Y . vk b
Varg 1= 3, Varg,.
We introduce another type of variance, called the maximum
policy-value variance, which is novel in the literature.

Definition 6. For any policy m € 11, its maximum value
variance is defined as Var™ := max,egs Vary (s), where

Var] (s) :=
H

Ex | > (V(Ru(sn,an)) + V(Payann: Virr)) | 51 = 8] .
h=1

The maximum policy-value variance for a particular MDP
is defined as:

Var® := max Var™.
mell

Var] (s) is the variance of total reward of 7 starting from s,
and the justification can be found in Appendix B.1.

Under Condition 1, by Lemma 20 we know that Var7 (s) <
Vi (s) < V¥(s). So Var* < Vy*(s). This means a
variance-dependent regret is better than a first-order regret.

e T Figure 1. Example of
i Var* being arbitrarily
9 E Any MDP smaller  than Vara).
E Sy Dashed arrows represent
p o reward probabilistic  transitions
: and solid arrows repre-
sent deterministic ones.
The only reward comes at
@ state s4 and on choosing
any action.

4.1. Comparing Vara) and Var*

We use this subsection to demonstrate that a small Var(zk,)
does not imply a small Var”, and vice versa.

Deterministic MDPs have Var(z}c) = Var® = 0. Trivially,
Var* = (0 = Var(zk) = 0, while the reverse is not ture.

When Var(zk) = 0 < Var®. Consider the following fime-
homogeneous MDP with horizon H: For each state s there
is a good action aq with a deterministic reward r(s,a;) =
1/H, and all other actions o’ have a deterministic reward
r(s,a’) = 0. For any state-action pair (s, a), the transition
is identically P; , o = 1/S.

The optimal policy always chooses a at any state s, so for
any s and h, V;*(s) = (H —h + 1)/H. For any (h, s, a),

V(R(Sv a’)) + V(Ps,a, V}:-H) =0,

which means Var(zk) = 0. However, let 7 be a policy with
mr(s1) = o for a certain state s1, and 7, (s) = a; for any
other h or s. Then 7 yields cumulative rewards of 1 and
1 — 1/H, each with non-zero probabilities. So Var® > 0.

This example shows that deterministic MDPs are not the
only MDPs satisfying Var(zk) = 0, and that Var(zk) =0
does not imply Var* = 0.

When Var(zk) = 1/4 > Var*. Consider the time-
homogeneous MDP in Figure 1: P, o5, = p for any
a € A, and the rest probability is into an MDP with no
reward at all. so is a state which we want to have a high
Vara): Py, 055 = Psy a5, = 1/2, where s3 and s4 are
states with value 0 and 1 respectively. Thus at s, a, h = 3,

1

Var(y,y = V(R(s2,0)) + V(Pay.a0, V5) = T

We also have that for any policy 7, V{"(s1) = p/2, so by

Lemma 20, Var* < p/2. Taking p arbitrarily small gives
an arbitrarily large gap between Va r(zk,) and Var”*.

This example shows that a small Var* does not imply a
small Var(z,c), so using only Var(zk) is insufficient.
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Algorithm 1 MVP-V
1: Input and initialize: Logarithm term ¢; Trigger set £ «
(272" < KH,i=1,2,...}.
2: Setall N(s,a), n(s,a), 9(8 a), #(s,a), N(s,a,s"), Ps 4.

to be 0 and all Qh(s a), Vi(s) tobe 1.
3: fork=1,2,..., K do
4 Observe s’f
50 forh=1,2,...,Hdo
6: Take action af = arg max, Qn (s}, a);
7: Receive reward F and observe s¥ 1
8 Set (s,a,s’,r) « (sF,af, sk 1,rF);
9 Set N(s,a) < 1, 6(s,a) < r, ¢(s,a) < 12,
N(s,a,s') < 1.
10: if N(s,a) € L then
11: Set 7(s,a) <« 6(s,a)/N(s,a);
12: Set VarR(s, a) < ¢(s,a)/N(s,a) — (s, a)?;
13: Set P o5 < N(s,a,3)/N(s,a) forall s € S,
14: Setn(s,a) < N(s,a);
15: Set TRIGGERED = TRUE.
16: end if
17:  end for
18: if TRIGGERED then
19: forh=H,H—1,...,1and (s,a) € S x Ado
20: Set =
V(Ps ayVh+1)L
b 4y | s VRAL)Y
n(s,a) max{n(s,a), 1}
49 VarR(s,a)t 21

max{n(s,a),1} = max{n(s,a), 1};
Qr(s,a) <« min{l,

?(57 (1) + lss,thJrl + b}L(S, a)};
Vi(s) « max Qn(s,a).

21: end for

22: Set TRIGGERED = FALSE.
23: end if

24: end for

5. Results of the Model-Based Algorithm

We propose MVP-V (Algorithm 1, where “V” stands for
“Variance-dependent”), a model-based algorithm with a
variance-dependent regret bound. Based on MVP (Zhang
et al., 2021a) which is minimax optimal under Conditions 1
and 2, we make necessary alterations to make the regret
variance-dependent.

Common notations. These are notations shared with our
model-free algorithm. Let s¥ b ah and rh denote the state,
action and reward at the h-th step of the k-th episode. Let
V¥ and QF denote V}, and @), at the beginning of the k-th

episode. O hides polylog(H, S, A, K, 1/4) factors.

Algorithm description. MVP-V re-plans whenever a
state-action pair’s visitation is doubled. The bonus function
depends on the variance of the next-step value functions. It
achieves variance-dependent regret by using the empirical

variances of rewards in the bonus, as opposed to using the
empirical rewards themselves in MVP. MVP -V is capable of
handling Conditions 1 and 2 and Assumption 3.

Theorem 7. Assume that Conditions 1 and 2 hold. Let § €
(0,1) be the confidence parameter and that H,S, A, K, ¢
be known. With probability at least 1 — 0, the regret of
MVP-V (Algorithm 1) run with

2H5 7A5K5
o (i (S )

is bounded by

Regret(K) < 5(\/min{Var§(, Var*K}SA+TSA).
When Condition 1 holds, we have Var* < 1. Thus,
our result is better than the O(v/ SAK + S?A) regret of
MVP, and achieves the horizon-free (only logarithm depen-
dency on H) property. It is also strictly better than the

O(VHQ* - SAK + H%?S5?A)) regret in Zanette & Brun-
skill (2019).

Proof sketch. See Appendix B.2 for the rigorous proof.
We follow the outline in Zhang et al. (2021a), realizing that
the total regret is upper-bounded by M; + My + Ms, where

Z Z “Li,

)Vh-&-lv

k
-r Sh’ a’h) Ps;“,ah Vh+1>

||MN HMN |
\\Mml

(2

We expand r(s¥,af) by Bellman equation to derive a
tighter bound for M;. This change is necessary to remove
a variance-independent O(+v/K) term. My, My, M3 can be
then related to a crucial variance term

M4&sz=]z=]

so the regret is approximately 5(\/ SAMy,). The difference
between Vari and My is of a lower order. To upper bound
My directly, we introduce bonus-correction terms

th(s) — r(s,a).

Let BCE(s) := bcj(s,a) + PsoBCy., witha = 772:(5),
then it can be proven that BCF(s) = ViF(s) — VT (s).
Thus, M, can be bounded by the sum of

~ Z Z sk aks Bch+1)
k=1h=1

k
Sha ah -V (Slf)> .

R(sh,ap)) + V(P sk ak 65 Vice))

bci(s, a) = PS,aV}f'Jr1 —
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and
K H
P

where Z is of a lower order and W < O(Var*K). How-
ever, the bound of W cannot be derived using martingale
concentration inequalities directly, because the summation
of variances within an episode can be of order Q(H ), which
will introduce a constant term of H, ruining the horizon-
Jfree property. We first prove that the total variance in an
episode is bounded by O(1) with high probability, then the
martingale concentration inequality can be applied to terms
truncated to O(1). To get the I'-dependency in the lower
order term, we observe that P, , = 0 — ]33@ = (0 and
put this into concentration bounds.

sh7ah ) + V(Ps;‘ a 7Vh+1))

Corollaries. We study deterministic MDPs first.

Corollary 8. Assume that Conditions 1 and 2 and As-
sumption 3 hold. Let § € (0,1) be the confidence pa-
rameter and that H, S, A, K, 0 be known. With probabil-
ity at least 1 — 0, the regret of MVP-V (Algorithm 1) run
with ¢ = 99(In(3000% H5S7 A5 K5 /5%) + 1) is bounded by
Regret(K) < O(SA).

This is because Var* = 0 and I' = 1 when the MDP is
deterministic. With a more refined analysis, we can totally
eliminate the dependency on 6. Up to logarithm factors,
MVP-V matches the lower bound of Q(SA). So MVP-V is
minimax optimal for the class of deterministic MDPs.

Another corollary arises when we remove Conditions 1
and 2. For MVP-V to work properly, we need to apply the
conversion methods written below the conditions.

Corollary 9. Let 6 € (0,1) be the confidence parameter
and that H, S, A, K, 6 be known. With probability at least
1 — 6, the regret of MVP-V (Algorithm 1) run with 1 =
99(In(30002 H'2S7 A5 K° /62) + 1) is bounded by

Regret(K) < 6(\/min{Var§(, Var*K}HSA + H*T'SA).

Readers may notice that the scaling in main order term is
not standard. This is because when removing Condition 1,
Va rIE( and Var* automatically scale by H?2.

6. Results of the Model-Free Algorithm

We propose UCB-Advantage-V (Algorithm 2) to ini-
tiate the study of model-free algorithms with variance-
dependent regrets.

Algorithm description. In UCB-Advantage-V, the
update of value functions is triggered by the beginning of

Algorithm 2 UCB-Advantage-V

1: Input and initialize: Logarithm term ¢; Stage lengths
er = H, eiz1 = |[(1+1/H)e;| and stage trigger set
L« {37 _jei|j = 1,2,...}; Reference trigger set
R « {60000 - 2 SAH3 |i=1,2,...,i*}.

2: Set all Ni(s,a), Nu(s,a), On(s,a), ¢n(s,a), On(s,a),

fn(s,a), Tnis,a), uf(s,a), oiff(s,a) to be 0 and all

Vi(s), Qn(s,a), Vi¥(s,a) tobe H.

fork=1,2,..., K do
Observe s¥.
forh=1,2,...,H do

Take action af = arg max, Qn(sF,a);
Receive reward F and observe s¥ 1
Update accumulators:

ni= Nu(sf,af) <1, 7 := Ni(sk af) & 1;

ul

(ri)%;

A

>

= On(sh,an) <k, ¢ = on(sh,al)

’Uh(slfmaﬁ) < Vh+1(32+1)'

S
[

fin (Smalﬁ) <« Vh+1(5§+1) Vh’::fl(sﬁ‘Fl);
(Vh+1(5§+1) - Vﬁil@ﬁﬂ))%

Vi (sha);
o = i (sh, ak) < (Vi (sha1))”.

9: if n € £ then

10: Set 2

?4—%, VarR<—?— <g> ;

n n

=<
[

5’h(51ﬁ7 a’fb) e

Q«
i

ref ref / k k
W=y (Shyar)

b2

~ ~\ 2
_T_(RY.
ﬁ(>7

VarRL 90H L

be 4 /VrefL /

Qn(sk,ab) emm{ Py

7

3<\ <

ref ~

Pty % +b, Qu(sh,af) };

n
Vi(sh) < max Qn(sh, a).

11: Set Nh(sﬁ,a@ ~— 0, ﬁh(sﬁ7a’fl) — 0,
Un(st, ar,) < 0, 5n(sr, ar) < 0.

12: end if

13: if >, Nu(sk,a) € R then Vi (sf) «

14: end for

15: end for

Vh(sﬁ)

stages for each (s, a, h) triple separately, and the stage de-
sign approximately makes use of the last 1/H fraction of
data. Besides, the algorithm maintains reference values by
assigning value functions to them at another frequency. The
update rule using the reference value decomposition can be
illustrated as:

Qn(s,a) « PsanVief, + Ps,a,h(vh+1 — Vit ) + Fu(s, a) + b (s, a),
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where bf(s,a) is the bonus, 75(s,a), PsanVyef and
P on (Vg1 — V}{i‘cl) are empirical estimates of 7,(s, a),
Rg7a7hV};‘3rfl and Ps o p (Vi1 — V,{‘fl) respectively. In ad-
dition, a very simple update rule

— R i
Qn(s,a) « Ps o nVis1 + Tr(s,a) + bi(s,a)

is also in use to provide a guarantee of uniform convergence
of estimated value functions.

We make three major alterations to UCB-Advantage: @
We use empirical variances of rewards in bonuses. @ Due
to a more refined analysis, we remove the O(H (n=3/* +
77%/%)) term in bonuses. ® The reference value functions
are updated in a capped-doubling manner (cf. Line 13).

Alteration @ is crucial to make the main order term
variance-dependent, because there exist constant gaps be-
tween reference values and optimal values, whose sum-
mation contributes to the regret as the main order term in
UCB-Advantage. By choosing an appropriate number
of updates, we can balance between the total constant gap
and the deviation introduced by frequent updates, making
the total variance the only factor in the main order term.

Theorem 10. Ler § € (0,1) be the confidence parameter
and that H, S, A, K, 6 be known. With probability at least
1—4, the regret of UCB—Advantage—V (Algorithm 2) run

with
2 5
L — 99 <1n (7000 (];IQSAK) ) +1)

and

v e (B
YT 27982\ mhgsan

is bounded by

Regret(K) < 5(\/min{Var§<,Var*K}H5’A + VHS5A3K).

We have Var*~ < H?2, so our result is strictly bet-
ter than the O(VH3SAK + v H33S8ASK) regret of
UCB-Advantage.

Extra notations. Let V" denote V;*f at the begin-

ning of the k-th episode, and VREF := V" F1 denote

the final reference value function. Let l/ref g ,UF bF denote

vt U, b for the value of QF(sF, al). Let N"( ) denote
D N 1(s,a) at the beginning of the k-th episode. Let nf
and 71} be the total number of visits to (sf, a¥, k) prior to
the current stage and during the stage immediately before
the current stage with respect to the same triple.

Proof sketch. See Appendix B.3 for the rigorous
proof. From Zhang et al. (2020b), the regret is roughly

K H
et ey (Vg FEF L+ OF Ly + bf), where

£k
V1 ~ Vi (siyn) = ViRe (sh41)s

&~ (Pt arn — Lar, )(Vh+1 = Vi)
* k
Priq = (Pararn — Lo ) (Viir = Vi)

All these four terms are bounded loosely in Zhang et al.
(2020b) such that they are all main order terms. To estab-
lish a variance-dependent regret, we prove that only the b
term is the main order term after our aforementioned alter-
ations. The ¢ term is a martingale and shown to be O(H).
For the rest terms, we need the following argument:

= 0< th(s) —

H5SA
s ) Vii(s) <e.

Nfi(s) = No(e) = O (

Notice that the reference trigger set R in Algorithm 2 is
composed of No(f3;) for i € [i*] where §3; := H /2%. There
is a constant gap of at least 3;- between V,REF (s) and V;* ()
in the worst case, because the number of updates is capped
by i*. This argument branches into two corollaries. The
first one is we can bound value gaps directly:

Z Z Vh Sh Vi (s Z))z
k=1h=1

This can be utilized to bound the £ term. The second one is
that, we define

< O(H®SA).

By (s Zﬁz 11[No(Bi-1) <

( ) < NO(Bz)]

then V¥ (5) — VREF (5) < By (), V¥ (s) =V (s) <
B,rlef’k(s) + B and

Z Bref k E(Bref k
So we can directly bound the v term. We show that

ref » S O(%’(]Ds’c ,ar hy Vh*-',-l) (B;Le-]:-f(sz+1))2 + 612*)7
£ S OUBNY (s 1)) + B2).

O(H®S?A2") 2 < O(HSS?Ai*).

The b term is hence bounded by

O(\/Varz HSA + \/H5SAK [227).

Analogous to the proof of Theorem 7, the difference be-
tween Vary and Var*K is of a lower order. Finally, the
lower order terms are

O(HPSAK /22" + H5S?A2")

We derive Theorem 10 by choosing the optimal 7*.
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Corollary. We study deterministic MDPs.

Corollary 11. Assume that Assumption 3 holds. Let
0 € (0,1) be the confidence parameter and that
H,S, A, K,§ be known. With probability at least 1 —
0, the regret of UCB-Advantage-V (Algorithm 2) run
with © = 99(In(7000%2(HSAK)®/§%) + 1) and i* =
[1/2 -logy (K /H®S3 A?)| is bounded by

Regret(K) < O(VH'5 S5 A3K).

Notice that the regret under Assumption 3 is not constant
which we desire, this may be due to some fundamental
limit of model-free algorithms. However, since the re-
search on model-free algorithms is still at its nascent stage
and there lack thorough understanding, our result provides
the first look into the potential of such algorithms.

Intuitively, for any algorithm to have a constant regret on
deterministic MDPs, its value functions should also con-
verge in a constant steps. Previous model-free algorithms
all use historical data to estimate value functions. These
data are biased because some of them are not up-to-date,
making value functions hard to converge in a constant
steps. Here we identify difficulties for existing algorithms
to be variance-dependent for all K -related terms.

QO-learning (UCB-B) (Jin et al., 2018). In their
proof of Lemma C.3, when bounding |P5 — P4/,
variance-independent 1/+/¢ term in the gap between the es-
timations and true values. Notice that their result is possible
to be variance-dependent by not loosening /H"S A/t <
H + HYS Av/t above their Equation (C.10) while introduc-

ing a variance-independent K '/* term.

UCB-Advantage (Zhang et al., 2020b). There are bi-
ases in the reference value functions, because they are up-
dated for only finite times. If the update is not capped by
a threshold, readers can easily verify that the ) term will
become a variance-independent main order term.

Q-EarlySettled-Advantage (Li et al., 2021).
There is a same issue about the constant gap between the
reference value and the optimal value when bounding R3
defined in their Equation (39c).

7. Regret Lower Bounds

We show that for any algorithm and any variance V), there
always exists an MDP such that the regret main order terms
of Theorem 7, Corollary 9 and Theorem 10 are tight. This
means that MVP-V and UCB-Advantage-V are mini-
max optimal for the class of variance-bounded MDPs. The
proofs for this section are deferred to Appendix B.4.

Theorem 12. Assume S > 6, A = 2, H > 3 |log,(S — 2)|
and 0 <V < O(1). For any algorithm T, there exists an
MDP M . such that:

e [t satisfies Conditions I and 2;

* Var®,Var* = O(V) for any possible trajectory T;

e For K = S A, the expected regret of ™ in My
episodes satisfies

K
Zvl 51

after K

Vi () ‘ /\/l,,,ﬂ-] = Q(VVSAK).

Theorem 13. Assume S > 6, A > 2, H > 3 |logy(S — 2)|
and 0 <V < O(H?). For any algorithm T, there exists an
MDP M such that:

* Var®,Var* = O(V) for any possible trajectory T;

e For K = HSA, the expected regret of 7 in M after

K episodes satisfies

K
Z Vi (sh) — v (sh) ' M,,,w] = Q(WVHSAK).

8. Conclusion

We systematically study variance-dependent regret bounds
for MDPs by introducing new notions of variances, propos-
ing model-based and model-free algorithms respectively,
and providing regret lower bounds for the class of variance-
bounded MDPs. Our results improve upon the previous
algorithms and achieves minimax optimal regrets for the
class of variance-bounded MDPs. Our model-based algo-
rithm is minimax optimal for deterministic MDPs. Finally,
we identify some possible limit of current model-free al-
gorithms. One possible future direction is to find a new
model-free algorithm with a constant regret for determinis-
tic MDPs.
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A. Technical Lemmas

Lemma 14 (Hoeffding’s Inequality). Let Z, Z1, ..., Z, be i.i.d. random variables with values in [0,b] and let 6 > 0.
Then we have

2n

1 n
Amnzil

Lemma 15 (Bennett’s Inequality, Theorem 3 in Maurer & Pontil (2009)). Let Z, Z1, ..., Z, be i.i.d. random variables
with values in [0, ] and let § > 0. Define V|Z] = E[(Z — E[Z])?]. Then we have

l % i 2] n(2)5) , bln(2/6)] -5

n n
Lemma 16 (Theorem 4 in Maurer & Pontil (2009)). Let Z,Z1, ..., Z, (n = 2) be i.i.d. random variables with values in
[0,b] and let § > 0. Define Z = 1 Z, and V,, = L LS (Zi — Z)2. Then we have

m@/&]@

2V, In(2/8)  7bIn(2/6)

<4
n—1 3(n—1)

1 n
Amaz

Lemma 17 (Lemma 11 in (Zhang et al., 2021¢)). Let (M,,)n>0 be a martingale such that My = 0 and |M,, — M,_1| < ¢
for some ¢ > 0 and any n > 1. Let Var, = > E[(M}, — My_1)?|Fyx_1] for n = 0, where Fy, = o(Mj, ..., My).
Then for any positive integer n and any €, > 0, we have that

P [|M,L| > 2+/2Var, In(1/8) + 2+/eIn(1/6) + 26111(1/5)] <2 (1og2 <”:2> + 1) 6.

Lemma 18 (Lemma 10 in Zhang et al. (2022)). Let X1, Xo, ... be a sequence of random variables taking values in [0,1].
Define Fi, = (X1, Xo, ..., Xk—1) and Yy, = E[ Xy | Fi] for k = 1. For any 6 > 0, we have that

Pl3n, ) Xp=3) Yi+ un(l/a)] <9,
k=1

k=1
P [am R 2 Xy + UIn( 1/5)1
k=1 k=1

Lemma 19 (Lemma 30 in Chen et al. (2021)). For any two random variables X,Y, we have

V(XY) < 2V(X)(sup |Y])? + 2(E[X])?V(Y).

Consequently, sup | X| < C implies V(X?) < 4C?V(X).
Lemma 20 (Bhatia—Davis Inequality). For any random variable X, V(X) < (sup X — E[X])(E[X] — inf X).

B. Missing Proofs
B.1. Justification for Definition 6

Let X[ (s) denote the random variable of cumulative reward starting from s as the h-th step. Clearly, V;7(s) = E[X] (s)].
We denote Varj(s) := V(X[ (s)). Since m € II is deterministic, let a = 5 (s). Law of total variance states that
V() =E[V(Y|X)] + V(E[Y|X]), so
VarZ(s) = ET~R,,(S a),s'~P, , h[V(T + XI71r+1(s,)):| + VT"Rh(SﬂI),S'N’Ps‘a‘h (E[T. + X;[—&-l(s/):l)
=E, r~Ry(s,a),s'~Ps on [V(X;;Ll(s/))] + V7'~Rh(s,a),s’~Ps,u.h (7" + E[X;;Ll(‘s/)])
= ES’~P5,a,h [Varh+1(s/)] + VT~R;,(s,a) (T) + VS,NP&,a,h (Vfgl(s/))

12
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= P, o nVary 1 + V(Rp(s,a)) + V(Psan, Vig1)-
Let df € A(S)(+|s) denote the state visitation distribution at the h-th step conditioned on the first state being s, i.e.,
di(s's) :=Pr[sp = 5" | 51 = s].

By induction, we can prove that (with a;, = 7, (sp))

Varf (s Z B, ~dg(1s) [V (Br(sns an)) + V(Ps, 0,0, Vi)
S1 = S] .

Summary of notations. Let sf Sh af and ry denote the state, action and reward at the h-th step of the k-th episode. Let
ViE(s), QF(s,a), n*(s,a) and Pg o denote Vi, (s), Qn(s,a), n(s,a) and Ps 4 o at the beginning of the k-th episode.

H
= Z (Rn(sn>an)) + V(Ps, ap.n Vili1))

B.2. Model-Based Algorithm: MVP-V (Algorithm 1)

Let K be the set of indexes of episodes in which no update is triggered. By the update rule, it is obvious that |ICC| <
SA(logy(KH) + 1). Let ho(k) be the first time an update is triggered in the k-th episode if there is an update in this
episode and otherwise H + 1. Define X := {(k, ho(k)) | k € K} and X := {(k,h) | ke K ho(k) +1 < h < H}.
Let I(k,h) := 1[(k,h) ¢ X]. We use the “check” notation to denote the original value timed with I(k, h), e.g., XV/h’“ =
ViFI(k, h) and BE == BFI(k, h).

Proof of Theorem 7. We first run MVP-V (Algorithm 1) with ¢« = 99(In(HSAK /d) + 1) which is large enough for all the
probabilistic inequalities to hold. This choice will make the success probability be 1 — poly(S, A, H, K, ¢)é. The lemmas
are also proved assuming this choice of ¢ at first.

Based on Lemma 7 in Zhang et al. (2021a), by Lemmas 23 and 25 we have that

K H o K H K
Regret(K) < Y " (Pusat Viter — Vi (sE0)) + D) D) Bh(shoaf) + (

h=1 k=1h=1 k=1
. A

TIMm

r(sp, ap)I(k, h) — Vfrk(slf)) + k€.

o
[

=:M,; =:M, =:Mj;

We utilize Equation (39) in Zhang et al. (2021a): for any non-negative sequence (w,’i) ke[K],he[H]s

PPECe]

Thus by Lemma 25 we have

K H w,Ikh) K H .
SO(SA), DD 42 <O | |SAD Z FI(k h) + SAu
k=1h=1

Shvah) k=1h=1 nk sh7ah)

K H K H
My <O SA YT Y UV(R(sy, af)) + V(Pag ap, VE ) (R, h) + | TSA Z Z Py or, VE L = Vi DI (k)
k=1h=1 k=1h=1
z?ZrVLI ~:M;
K H
+ | SAD N (V(R(sE, af)) + V(Py ar, Virsr) I (k, k) + TS AL
k=1h=1
~: Mg
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We need to substitute I(k, h) with I(k,h + 1) to get the precise definition of My, M5 and M. Such substitution only
introduces an error of O(|K¢|). By V(X +Y) < 2V(X) + 2V(Y),

Mg < O(M4 + M5), and My < O(M5 + Mg)

* If we use the former relation, My < O(+/SAMy1 + /TSAMz. + I'S Ai?). Plugging in Lemma 26 and Lemma 28,
we have

K
My <O | \TSAMyt + | SA Y Var™ 1 + TSA?
k=1

Solving the inequality gives

K
My <O SA Z Var™ 1 + TS A2

k=1

By Lemma 8 of Zhang et al. (2021a), My < O(y/Myt + ¢). Further plugging in Lemma 27 gives

K
SA Y Var™ L+ TSA? | < O(VVar' SAK. + T'SAL).
k=1

Regret(K) < My + Ms + M; + |[K¢| < O

* If we use the latter relation, My < O(v/SAMgt + v/TSAM;5. + I'SAi?). First plug in Lemma 28, we have My <
O(VTSAMyt + /SAMg. + T'S A?), which implies

My < O(v/SAMegt + TS AL?).
For the regret, we need My < O(v/Myt + ¢), Lemmas 27 and 29 and M, < O(Ms5 + Ms), so
Regret(K) < O(v/SAMgt + T'SAL?) < O(y/VarzSAi + TSAL?).
The above results hold with probability at least 1 — 19H.S? AK 5. To establish the final result, we need to scale § to make

the success probability be 1 — §’. We upper-bound ¢ by 100(HSAK /+/5 + 1) and solve the inequality:
HSAK

N
Take § = (0’ /3000H2S3 A% K?)2. By In(HSAK /(§/3000H253 A2 K?)?) < O(t), we conclude the proof. O

1900HS?AK ( + 1) §<d.

Lemma 21. Define the following events:

~ . V(PF,, Vi ) 14
& = V(s,a,h k) € S x Ax [H] x [K], |(PF,., — P&G,S,)Vh“’ <= Z)“ el O
VarR' (s, a) 14
— ~k _ < ar S,a)l L
Ey: V(s,a,k) €S x Ax [K], |[F*(s,a) — r(s,a)| <2 (s, ) S (s.a) 2
. 9Py gyt 1Psay > 0]t
S / k L | < s,a,s s,a,s
Es {V(s,a,s k) eS X AxSx[K], |Pd, o~ Psas (s, a) k(s ) } , 3)
N . WV (Pya, Vi ) .
Ey = {V(s,mh,k) eS x Ax[H| x[K], (Psk,a,s' — Pg,a,sf)VhH‘ < (s a}SH (s ) } 4

We have that

P[&)] > 1 — HSAKS, P[&]>1— SAKS, P[Es]>1— S2AK.5, P[] >1— HSAK.S.

14
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Proof of Lemma 21. P[€;] and P[&;] are direct results by applying Lemma 16 and ﬁ < % taking union bounds over
the mentioned quantifiers and that n”(s, a) € {1,2,...,|log,(HK)|}. P[&s] and P[&4] are direct results by applying
Lemma 15 and that P, , o = 0 = P9 0y =0, ﬁnally taking union bounds over the mentioned quantifiers and that
n*(s,a) € {1,2,...,|log,(HK)|}. O

Lemma 22 (Adapted from Lemma 14 in Zhang et al. (2021a) and Lemma 16 in Tarbouriech et al. (2021)). For any fixed

dimension D, let T := {v € RP : v > 0,|v]|,, < B}. For any two constants ci,cs satisfying c; < ca, let f :

A([D]) x T xR xR — Rwith f(p,v,n,t) = pv+ rnax{cm/w’;;”)b, 02%}. Then for all p € A([D]),v € Y and
n,t >0,
1. f(p,v,n, ) is non-decreasing in v, i.e.,

V(v,v') € Y2, v </, it holds that f(p,v,n,t) < f(p,v',n,1);

2. f(p,U,TLL) va‘f'%\/@_f_ %%

Lemma 23. Conditioned on the successful events of Lemma 21, we have that for any (s,a,h, k) € S x A x [H] x [K],

Qi(s.a) = Qj (s, a).

Proof of Lemma 23. Let k be fixed and omit it for simplicity. The proof is conducted by induction in the order of h =
H+1,H,...,1. Qu4+1(s,a) = 0> 0 = Q% (s, a) holds trivially for any (s,a) € S x A. Now assume Q41(s,a) >

Q7 ,1(s,a) for any (s,a) € S x A, hence Vj,11(s) = maxged Qni1(s,a) = maxees Q. (s,a) = Vi, (s) for any
seS.

7(s,a) + PS Vet +bn(s,a)

VarR V(Py o, Vi 1
= [7(s,a) +2 il (S %) P, aVhy1 +4 (P, Vi)t + O
n(s a) n(s,a) n(s,a)

@

V(B, o, Vi 16
> r(s,a) + Pg aVh+1 + max h1)t ‘

n(s,a) ' n(s,a)

~—

Vig1,bn(s,a))

{4
(ii) {4 Ps.q, h+1) 16¢

> r(s,a) + P, Vi1 + max o) n(s.a)

=f(Py o, Vi1 stm(s,0))

(iii) V Ps aaV* 8
> r(s,a) + P, AV +2 ( )l !

n(s,a) n(s,a)

(i)
=r(s,a) + PsoVi

- Qh (57 a/)a
where (i) is by & (Equation (2)); (ii) is by recognizing the last part as the function in Lemma 22, (¢1, ¢, B) = (4,16, 1)
satisfying that ¢ < co and using the first property based on the induction that V}, 1 > V}* 15 (iii) is by the second property
in Lemma 22; (iv) is £ (Equation (1)). So Qn(s,a) = Q7 (s, a). O

Lemma 24. With probability at least 1 — 25 AK 16, we have that for any (s,a,k) € S x A x [K],

VarR (s,a) < O <V(R(s, a)) + L) .

nk(s,a)

15
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Proof of Lemma 24. Let s, a, k be fixed and omit & for simplicity. Assume that all the n(s, a) realizations of R(s,a) are
(r) ™M) We have that

VarR(s a) ry
i=1 (S’a) i=1
From Lemma 15,
n(s,a) l
1 ; 2V(R(s,a)?)t L
P 2 (ri2)’ —ElR(s,0)’]| > n(s,a) n(s,a) <0
Mo -
[ Z 1 - BRG] = [P L <
S n(s,a n(s,a
By Lemma 19, V(R( ) <4 . So
]v/aﬁ(s,a) - V(R(s,a))]
n(s,a 1 n(ia) o 2
e (s,a)%]| + r{) | —E[R(s,a)]?
i=1 n(s’a) i=1
n(s,a) n(s,a)
2V(R(s, 1 o 1
) +E[R () —E[R
TL(S, (S,CL) Z_le Ts,a + [ ( )] n(s,a) < Ts.a [ (Sva)]
<9 (s,a))e L + 5 2V(R(s,a))t 2
n(s,a) n(s,a)
2V (R(
n(s,
Using 2,/zy < x + y, we have
— 2V(R(s,a))t 3 11
VarR(s,a) < V(R(s,a)) + 4 ) .0 < 2V(R(s,a)) + (s, )
This completes the proof. O

Lemma 25. Conditioned on the successful events of Lemmas 21 and 24, we have that for any (s,a, h, k) € S x A x [H]| x

[K]
Qlfi(& a) - T(S’ a) - PS@th-&-l < 55(87 a)7
where
BE(s,a) = O V(PM,V;Z“H)L " V(Ps,as Viria ) i FV(PS@’Vierl_V}:Jrl)L i V(R(Sva))ﬂ+ I
™ nk(s,a) nk(s,a) nk(s,a) nk(s,a) nk(s,a)

Proof of Lemma 25. For any (s,a,h, k)€ S x A x [H] x [K],

(Pk - sa)(th-&-l - Vf:+1)

Z (Pska s Ps,a,s’)[vhkﬂ(s/) = Vi) - Ps,a(thﬂ — Vi)l
s'eS

16
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(') s a,s'lt * : * ]l[Ps,ms’ > O]L
Z |Vh+1 ) = Vi (s)) = Poa(Viter = V)| + 2 B e
nk(s,a)
s'eS s'eS

2L N . I
<S4 wF(s,a) Z \/]l[Psvavs’ > 0] P05 [ViF 1 (8) = Vi (8) = Pa (Vi = Vi )12 + 7 (s,a)

(“) [ & k * k * Iy
nk (s,a) s eS Poar= . s;s Poas [VhH(SI) a VhH(SI) B Ps’a(VhH - Vh+1)]2 + nk(s,a)

AV(P, ., VE, — Vi) T
B nk(s,a) nk(s,a)’

where (i) is by &3 (Equation (3)); (ii) is by Cauchy-Schwarz inequality. While retaining most other steps in Appendix C.1
of Zhang et al. (2021a) which require &4 (Equation (4)), we have

_——k
P vk (Ps.a, V¥ TV(Ps o, VFE =V )t VarR (s,a)t I
k 5,0 h+1 5,0 h+1 s,as V41 htl )
ya) =0
Bn(s,a) nk(s,a) \/ nk(s,a) +\/ nk(s,a) + nk(s,a) + nk(s,a)

Similar as the steps above Equation (36) in Zhang et al. (2021a) which require &5 (Equation (3)), we have that

I
k
V( sa’Vh-‘rl) <0 (V(Ps,aavhﬂ) + nk(s,a)) :

Combined with Lemma 24 we have the desired result. O

Lemma 26. Conditioned on the successful events of Lemma 25, with probability at least 1 — 5K 16, we have that
K k
M, <0 (Z Var™ + M + SAL2> < O(Var'K + My + SAL?).
k=1
Proof of Lemma 26. Define
bCZ(S, a) = th(s) - Ps,a‘/}f;l - T(Sv CL) € [717 1]3 (5)

which stands for bonus-correction. By Lemma 25, bcﬁ(s, a) < Bi(s,a). However, we make the distinction here to be

more precise. Let BCJ(s) := bc}(s,a) + P, BC ., with a = 7}(s) and boundary condition BC%; , ; (s) := 0. We can

prove by induction that
BCh(s) = (Vi = Vi )(s) € [0,1]. ©)
First,
BC;(s) = befy(s,a) = Vii(s) = r(s,a) = Vii(s) = Vi (s).

Then assume that BCh =V 1T Vh”_:l, we have

BCy(s) = bey(s,a) + Paa(Vityy — Viyy)
= Vif(s) = PaaVitiy — 7(5,0) + P (Vi — Vi)
= ViF(s) = (r(5,0) + Pu Vi)
= Vif(s) = Vi (s).

Define a series of random variables and their truncated values: for any k € [K],

H
WE = 3 (V(R(sf, af)) + V(Peg op, Viri1))s - WF = min{W*, 500},
h=1

17
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Correspondingly, define the following event, which means there is no truncation:

= {(WF =Wk, Vke [K]}.

We now calculate the probability of no truncation happens. For any fixed 1

H
@) ok
Wk < [Psi,,,aﬁ (Vh+1) (Vh+1 3h+1 Z
h=1 h=1
(ii) Ll Ll
<2, (2 ) V(Pyp (Vi )2+ 6042 Y (V7
h=1 h=1

(iii)
<442 ) V(P o, Vi)t
h=1

< AV2WEL + 3 + 64,

s,,,ah ) + 6¢

an

H
(PSﬁ@?,,VfZTH + Z r(sy,ap) — (V7 ( N)?
h=1

< }C < }KT,

H
us
Psk a;Vh+1 )+ Z T sh,ah
h=1

where (i) is by Lemma 20, V(R(s,a)) < E[R(s,a)]; (ii) is by Lemma 17 with ¢ = ¢ = 1, which happens with probability
at least 1 — 2.4, and a® — b?> < (a + b) max{a — b,0} when a,b > 0; (iii) is by Lemma 19 with C' = 1. Solving the

inequality of W*, we have that
W* < 50..

This means P[Ew] = 1 — 2K 0.

From now on, we suppose &y holds. We are ready to bound My:
K H
My= 3 S (V(R(sh, af)) + V(Pyg s, Vi D) (R, B+ 1)

K H
<2 Y (V(R(sf,ap)) + V(Pa o, Vil ) (k7 + 1)

I
[\]
Nk
3
_l’_
[\]
N

=
=

N
D
Ngle

E[WF | Fi.] +2Z + 100

>
Il
-

E[W* | Fi] + 2Z + 100,

N
[«2)
1=

e
Il
—

Var? (s) + 27 + 100.2

I
1

>
Il
—

Var™ + 27 + 100.2

N
[«2)
D=

>
Il
—

< 6Var*K + 27 + 10042,

r2

k

1

>

h

1

V(P ar, BCh 1) I(k, b+ 1)

=7

(7

where (i) is by Equation (6) and V(X + Y) < 2V(X) + 2V(Y); (ii) is by Ew; (iii) is by Lemma 18 with [ = 50¢, which

happens with probability at least 1 — 9.

18
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It remains to bound the quantity Z we encountered:

K H
Z = 2 2 P qx (BCh11)* = (BCh 1 (si0)) 21 (K, b+ 1)

k=1h=1
K H K

+ 37 D BCE(E)? Ik, h) — (Pyg x BCE )T (k b+ 1)] = > (BCY(sh))
k=1h=1 k=1

K H
<, Z [Pys o (BCE )2 — (BCE (sh 1)) (k. + 1)

k=
o K H
<242 Y V(P ot (BCly )2 (kb + 1) + 6

(u) K H K H
230 3 V(Pyg 0, BCE )T (kb + 1)+ 61 + 2 Z 2 max{bcf; (s, af), 0} (k,h + 1) + |KC|

K H
<AV2Zu+60+2 ) Y BR(sk af) + 2 |KC|
k=1h=1

<4V2Z1+ 2Ms + 85 Au,

where (i) is by Lemma 17 with ¢ = € = 1, which happens with probability at least 1 — 2:4; (ii) is by Lemma 19 with
C = 1. Solving the inequality of Z, we have that

7 < 4My + 485 Av. (8)

So plugging back into the bound of M, gives the final result. O

Lemma 27. Conditioned on the successful events of Lemma 26, with probability at least 1 — 2.6, we have that
OV Myt + A/ Mot + SAL).

Proof of Lemma 27.

r(sf, af)I(k,h) — ka(s’f)l(k,l))

=

[
D=
M=

I
M=

N
M=

b
I
—
i
—_

(Vi (sF) = Parar Vit )L (ks ) — VI (51 (K, 1))

B
Il
—
>
Il

1

(Vi1 (sh41) = P at Vil DI (R, b+ 1) + |K€|

N
D=
M=

>

>
Il
—

INE
—~ l
[\
1=
M=

M
—
>
Il

—_

V(P o, Vim I (ko4 1)+ 60 + S A

(n

My + 4V Z1L + TS AL
(lu) 4/ Myt + 84/ Mot + 355 Au,
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where (i) is by Lemma 17 with ¢ = ¢ = 1, which happens with probability at least 1 — 2.4; (ii) is by Equation (6),
V(X +Y) <2V(X) + 2V(Y) and definition of Z (Equation (7)); (iii) is by Equation (8). O

Lemma 28. Conditioned on the successful events of Lemma 25, with probability at least 1 — 2.6, we have that

My < O(Msy + SAL).

Proof of Lemma 28. Define th = th -V

K H
My = Y S [Py ar (VE )2 — (VL (85 00)) 21 (ke o+ 1)

k=1 h=1
K H K
+ 20 Y VEE))T (K, h) = (Pag 0 Vil )2 T (R b+ 1)] = D (]
k=1h=1 k=1
K H N N
< Z Z [Pet.ar (Viri1)? = (Vikea (sh) M (k b+ 1)
k=1h=1

K H
+ 30 DUV (sE))? = (Pag o Vi )21 (e, b+ 1) + K€

k h=
K H
22 D V(Pg ot (VE )2 (kb + 1)+ 6

=1h=1

K H
+2 Z Z maX{Vh (Sh) q ath+1,0}I(k h+ 1 + |KC|
k=1h=1

(") 4/2Ms50 + 2 Z Z ﬁh sk ak)y +2‘/CC’

k=1h=1

< 4r/2M51 + 2M5 + 8S A,

where (i) is by Lemma 17 with ¢ = ¢ = 1, which happens with probability at least 1 — 2:4; (ii) is by Lemma 19 with C' = 1
and the following argument: by Lemma 25,

‘7*(32) - Ps;‘l,aﬁj‘?}ﬁrl @ (s an) — Pgy Vh+1 B (sh, ap)-
Solving the inequality of Mj, we have that
My < 4Ms + 485 Av.
This completes the proof. O
Lemma 29. With probability at least 1 — 4K 10, we have that for any k € [ K],
Vara) < O(v).
As a result,

Mg < Vary < O(Ku).

Proof of Lemma 29. For any k € [K],

M=

H H
Vargyy < 3 [Poar (Vin)® = (Vi (sh o))+ 25TV (0))? = (P Vi )1+ 1 (s i) = (V7 (1))
h=1

h h=1

1
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H H
23 V(Pygap, (Via)?)e + 60+ 2 Y max{ Vi (s5) = Pag o Viryr ,0} + 1

h@p?
\ h=1 h=1

«(ok ok
ZQh(Sh:ah)*PS};.a’ﬁVl 120

H H

(ii)

<Ay 2 ) V(P o, Vi e+ T+ 2 ) (Vi (s 1) = Porar Vieer) + 2V7(sF)
hZ::l +1 ;;1 + + 100N +

<2

H
(iii)
< An/2Vargye 4+ 9+ 4y |2 )] V(P ar, Vi e+ 120
h=1
< 84/2Vara)b + 214,

where (i) is by Lemma 17 with ¢ = ¢ = 1, which happens with probability at least 1 — 2:J; (ii) is by Lemma 19 with
C = 1; (iii) is by Lemma 17 with ¢ = € = 1, which happens with probability at least 1 — 2:§. Solving the inequality of
Va r(%c), we have that

Var(;,) < 170..

So taking a union bound over k£ we have the desired result. O

B.3. Model-Free Algorithm: UCB-Advantage-V (Algorithm 2)

Summary of notations. Let s}, af and 7} denote the state, action and reward at the h-th step of the k-th episode. Let
VE(s), Qk (s, a), Vi, N (s, a) and N} (s, a) denote Vi, (s), Qn(s, a), Ny (s, a) and Ny (s, a) at the beginning of the k-th
episode. Let V,REF .= fo’KH denote the final reference value function. Let NfF(s) := Y .. s NF(s,a). NSt (s,a)
denotes the total number of visits of (s, a, h) after all K episodes are done.

Define e; = H and e;41 = |(1 + 1/H)e;]. The definition of stages is with respect to the triple (s, a, h). For any fixed pair
of k and h, we say that (k, h) falls in the j-th stage of (s, a, h) if and only if (s, a) = (s¥, a¥) and the total visit number of

(sk,ak) after the k-th episode is in (37"} e;, 37_, e;].

Let UF, ik, VZ, ,u;ff k rEf k VarRh, b’,j, V,rff k UF and by denote U, [i, & , 1o, o™f, VarR, b, v"¢f, ¥ and b calculated for the

value of Q¥ (¥, af).

For each k and h, let nfL be the total number of visits to (sF s al ¥, h) prior to the current stage with respect to the same triple
and let nf + be the number of visits to the same triple during the stage immediately before the current stage. Let Ik hiand ,’i .
denote the index of the i-th episode among the nﬁ and ﬁﬁ episodes defined above, respectively. When h and k are clear
from the context, we use [; and lvZ for short.

Proof of Theorem 10. We first run UCB-Advantage—-V (Algorithm 2) with « = 99(In(HSAK/§) + 1) which is
large enough for all the probabilistic inequalities to hold. This choice will make the success probability be 1 —
poly(S, A, H, K, 1)d. The lemmas are also proved assuming this choice of ¢ at first.

Define

k . ref,l; REF
¢h+1 . k Z PS, ,af,h Vh+1 - h+1)7
h i=1

£, £, I I
Ehir = oF Z ath(Vied = Viren) = (Vi (Sig1) = Vi (sie))]
h =1

K k
¢Z+1 = Psﬁ,ag,h(vh*ﬂ - V}Zr+1) - (Vh*+1(5;€z+1) - Vhﬂ+1(55+1))-

Combining Section4.2 in Zhang et al. (2020b) with Lemmas 30 to 33 and 36 to 41, we have that with probability at least
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1 —-35HSAK.I,

K H h—1

1 .

Regret(K) < >, ' <1 + H) (F 1+ €8+ dF L+ 2bF)
k=1h=1

< O(\/Vary HS AL + A/H>SAK2/22" + H®S? A2 /2).
Taking i* = [1/2 - log, (K /H?S3 Ai?)], we have:
Regret(K) < O(y/Vary HS AL + vV H S5 A3K 15).

Now we apply Lemma 42. With probability at least 1 — 46 HS AK .0,

K
Regret(K) < O | \| HSAKL Y Var™ + VHBS5ASKS | < O(VVar' HSAK . + VH S5 ASK.6).
k=1

The final result is established by scaling J to make the success probability be 1 — ¢§’.  We upper-bound ¢ by
100(HSAK /v/§ + 1) and solve the inequality:

HSAK
NG
Take 6§ = (§'/7T000H?S?A?K?)2. By In(HSAK /(6/7T000H?S? A2 K?)?) < O(1), we conclude the proof. O

4600HSAK ( + 1) §<d.

Lemma 30. With probability at least 1 — 15HSAK 10, we have that for any (s,a,h, k) € S x A x [H]| x [K],
Qh(s,a) < Q" (s,a) < Qji(s,a).
Proof of Lemma 30. Recall that the update rule is:

) R ] - ref ~
Qh(sz,a;ﬁ) — mln{ rh(s’ﬁ,a’fl) + -+, rh(sﬁ,a;’i) + ﬂn + a + b, Qh(sﬁ,aﬁ) } . 9)

n

3

@ @
We prove by induction on k. Clearly for k = 1 the argument is true.

For case @ in Equation (9), we have that (omit the subscripts of ~ and superscripts of k for simplicity)

2*1(5,@ =rp(s,a) + V,f;l(sﬁzﬂ) + (Pn(s,a) —h(s,a)) + b

3¢~
D=

S
I
—_

0 . v ~
Vh+1(52+1) + (Pn(s,a) — rp(s,a)) + b

= rp(s,a) +

3¢~
D=

-
Il
—

i

Q) .
> r(s,0) + PoanViin =

+ (Tr(s,a) —rp(s,a)) + b

[
¢

(iii) _
= Th(sva) + Ps,a,hvh*-',-l - +b

S

L
2n
= Q;H—l(sv a)a

where (i) is by induction V* = V* for any 1 < u < k; (ii) is by Lemma 14 with b = H, which holds with probability at
least 1 — §; (iii) is by Lemma 14 with b = 1, which holds with probability at least 1 — 4.

Define
L NA o refil, ) L ref,l
X1 = I Z(Vthi '(5h1+1) - Ps,a,hv}wi')v
im1
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n
L fliy g L 1, £l
Z Vh+1 hri1 )(5h+1) - Rsna-,h(vhﬂ - fou )]

£,
Vi ) + Psan (

h+1> +Xx1+x2+ (rh(87a) - ?h(sva)) +b

:(\ —

For case @ in Equation (9), we have that

n .
Z(fozﬂ Vhrifll )) + X1+ Xx2+b
i=1

3\»—‘
3¢~

Z+1(S a) =7rp(s,a -I—Psah(

\Y

3<\ —

rh(s,a) +Psah<

VE

rh(s,a) + Psan Vi +x1+ x2 + (ru(s,a) —7r(s,a)) + b
=@ (s,a) + x1 + x2 + (ru(s,a) — Tr(s,a)) + b,

where (i) is by that V}:'iflu is non-increasing in u; (ii) is by the induction V* > V* forany 1 < u < k.

From Lemma 17 with ¢ = H, e = c?, we have that with probability at least 1 — 2.5,

1 re
hal < — ZV éah,vhjf)urﬁm

Define

n

ref,l; ref,l;
Xa = 2 [Poan(Visi)? = (Vi (s))?],
=1
1 ’ 1 [ ’
L ref,l; o I, ref,l;
X4-—'n/<_ Viii'(s h+1)) T (ZS«PeahV%+1 > )
Ps,a hV};jfll ) Z s,a hV}:jfll )

(.

By Lemma 17 with ¢ = H 2, € = 2, and Lemma 19 with C = H, we have that with probability at least 1 — 2.6,

=<
(@2
i
3 |-
iD= 1P

then it is easy to verify that

X:nu'ef+xg+x4+x5.

n
5 < 2,2 V(Paan, (Vi) + 6H? < AHV2X 1 + 6H?:.

i=1

By Lemma 17 with ¢ = H, € = c?, we have that with probability at least 1 — 2.6,

h+1

n
refl 1, refl
Z Vh+1 sh+1 +P5ath+1

3\)—‘

By Cauchy-Schwarz inequality, x5 < 0. Thus, X < nv"*f + 18 H2, + 8 H+/2X . Solving the inequality,
X < 2nvf + 164H%..

Plugging back into Equation (10), we have

ref
<4 /l/nL N (4\/82; 6)H.

23

Z Viehli(sh ) = PoanVisi)| < 2H(2v2X 0 + 6Hu).
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(1)

12)
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By a similar reasoning, we have that with probability at least 1 — 6.9

v 44/82 + 6)H
o< 4y VB2 H 6 HL

n n

N

By Lemma 16 and ﬁ < % we have that with probability at least 1 — 6,

~ mh(s, a)e 14
- SN —mMMM—+ —. 14
|rn(s,a) — Tr(s,a)l - + an (14)
Therefore, we have b > |x1| + |xa| + |rn(s,a) — 71 (s, a)|, which means Q¥ (s,a) > Q},(s, a). O
Lemma 31 (Adapted from Lemma35 and Corollary 6 in Zhang et al. (2020b), and Corollary 6 in Chen et al. (2021))

Conditioned on the successful events of Lemma 30, with probability at least 1 — H K6, we have that for any € € (0, H| and
any h € [H],

K J
Z [VE(sE) = Vi (sh) = €] < 60000H SAL —: No(e).

As a result, for every state s we have that

NFE(s) = Nole) = 0< ViF(s) = Vi (s) <e

Proof of Lemma 31. To derive the constant 60000, we only need to solve the inequality:

K k ko 240H520/|wl||., SAYE 1[5k > €] + 3SAH3 |w
ot o < SH 105t > st V0wl SACSE 1[5k > o] .,

€

=

€

which is below Equation (48) in Zhang et al. (2020b), using # < ay/x + b = x < a? + 20b.

The second part can be proven in a similar way as Corollary 6 in Chen et al. (2021).
Lemma 32. Conditioned on the successful events of Lemma 31, we have that
K H
2 2 (Vii(sh) = Vi () < O(VHTSAKL),
k=1h=1
K H
2 Z Vh S

=1

Ky —Vir(sh)? < O(H®SAL?).

=~
=

=1
Proof of Lemma 32. Let c be a fixed constant, then

H

K K H
D0 2 Vi sh) = Vir(si)) = 25 DL (Vi (sh) = Vil (sh)LIViE (sh) — Vil (sh) < ]

k=1h=1

K H
+ 0 2 (Vi(sh) = Vi (sED LIV (sh) — Vi (sh) = o

k=1h=1

0 SR k¢ k k k(b k

ScHK + Z Z L L[V, (sp) — Vi (sy) = ] L[(Vy' (sy,) — Vi (s)) = ] dw
k=1h=1
K H H

—etk+ YY) f LVF(sE) — Vi (sh) > 2] da
k=1h=1"¢
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H K H
= cHK +J (Z DTAVE(sE) = Vi (sh) = x]) dz

C

i H 6
2aHK+J 0 HSAvdx
X

C

6
<0<CHK+H SAL),
C

where (i) is by n = SSO 1[n > x]dz for any non-negative real n and V;* < V;¥ < H (Lemma 30); (ii) is by Lemma 31.
Taking ¢ = 4/ H®S At/ K gives the first result.

Similarly,

k=1h=1
K H
= 20 D (Vir(sh) = Vir (sh)) LIV (s) — Vir () < ]
k=1h=1
K H
£ 30 D) — Vi ()P — Vi (sh) > o
k=1h=1

N
o)
=
+

D=

M=

H 2
| utvitsh) = virsh) = i) - virGshn = o dx)

B
Il
—
>
Il
—

K H 2
= PHK + )] J L[VE(sE) = Vi (sF) = 2] dx)

b
Il
-
>
Il
—

D=
T/~

=c?HK +

P —
T
/N
N—
-~
Ngls
D=
=
=
@
B
|
=3
o
B
WV
B
=
=
%
N
|
=
@
=
WV
=,
~
o,
=
~
(=¥
NS

H 1, K H H /K H

= ?HK +J (J (Z DIAVE(sE) = Vi (sh) = y]) da +J (Z DAV (sE) = Vi (sh) = x]) dx) dy
¢ ¢ k=1h=1 Y k=1h=1
H 6 . H 6 .

<02HK+J ((y—c)O ezl 52'A ) J O(H:;A >dx> dy

Yy
H
<HK +0 (HGSALJ dy)

=0 <62HK + H%SArIn 7
C

—— <

and taking ¢ = 1/+/ H K gives the second result. O

Lemma 33. Define 3; := H/2' fori € {0,1,...,i*}, N§ := 0 and N} := No(B;) = 60000 - 22SAH3. (defined in
Lemma 31) for i € [i*]. Define

By (s) i= Y] B I[N < NE(s) < Ng].
1=1

Conditioned on the successful events of Lemma 31, we have that

Vit (s) = VIR (s) < By (9),

ViR (s) — Vi (s) < BiM(s) + Bin,
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and

Bt (sp) < O(H?S?A2" 1),
1

Ngls ek
D= TP

(Bie™*(s8))? < O(H®S*Ai*1).
k

1h

Il
—

Proof of Lemma 33. Fori < i* — 1, by Lemma 31, if NJ¥(s) = N} = No(53;) then V;*(s) — V;*(s) < S:. Let ko be the
minimum k such that [V, }’f (s) = N{. By the updating rule in Algorithm 2 and non-increasing property of V* (Lemma 30),
it must satisfy that V;*(s) < V" (s) < V}*(s). Since V;*(s) < V;REF(s) (Lemma 30), we have that

Viek (s) — VREF(s) < VI (s) — Vi (s) < 6.

It Nji(s) = Ni' = No(Bi-) then V" (s) = V;REF(s) and V,;*"*(s) — V;*(s) < B+, which corresponds to BiS*(s) = 0.
Since the indicator functions are disjoint, we have the first part of results.

The remaining result is proven by:

K H K H H
ref k i— i
ZZB}L (SZ)I Z 2222‘_11[82827]\70 1<Nflf(3)<N0]
k=1h=1 s€eS k=1h=11i=1
H i
H i
< Z 21—1N0
seS h=11i=1
i H
<O|SH), & ~22zSAH3L>
i=1

< O(HSS?Ai*1).
This completes the proof. O

Lemma 34 (Lemma 11 in Zhang et al. (2020b)). For any non-negative weights (wp(s, a))ses, aeA,ne[r] and a € (0,1), it
holds that

& & wh(sfwal{i) 2% K+1 11—«
2 e S Toa & wn(s )W s @),
k=1h=1 \"'h s,a,h
K H k k 20 I
wy (s, ap,) 2°*H K+1 1—a
= < wp(s,a)(N, (s,a)) ~*.
k\a _ ) h )
kgl 1;1 (nh)a l-a s%h
In the case o = 1, it holds that
K H k ok
wp(sy,a;)
2 2 % <2 Z wy(s,a) In NE<T(s, a),
k=1h=1 h s,a,h
K H k ok
Z 2 %}Z%) <4H Z wy(s,a) In N (s, a).
k=1h=1 LA s,a,h
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Lemma 35. For any non-negative sequence (X ,’f) ke[K],he[H]» We have that

Iz
k=1h=1 ""h i=1 k=1h=1
K H ay K H
1 ! l;“ . 1 k
Z Z X s 1+ i Z Z Xp
h=1h=1 "h i=1 k=1h=1

Proof of Lemma 35. Refer to Equation (58) in Zhang et al. (2020b) for the first inequality. Refer to Equation (15) and the
paragraph below it in Zhang et al. (2020b) for the second inequality. O

Lemma 36. Conditioned on the successful events of Lemma 33, with probability at least 1 — 6, we have that
K H 1\ 1
Dy (1 + H) U1 < O(HPS?A270).
k=1h=1

Proof of Lemma 36. Since 1)y is non-negative and (1 + 1/H)"~! < 3 when h < H, we have that

& & 1 refl
Z Z Tk Z P ag n (Vi VhRH)

ke
Il
-
>
Il
—

NE
QS

iD=
M=

,_.

>
Il

—

ref .k
Psﬁ,aﬁ’hBhH)

B;Lef’k(slfb) + HL)

=

NS
@)
bl
[Ansks
M=
:‘%r‘ .
i
e
}
D“
:‘Ud"
+ o

=~
Il
—
>
Il
—

D=
M=

INE

L OS2 A2 1),

where (i) is by Lemma 33; (ii) is by Lemma 35; (iii) is by Lemma 18 with [ = H, which holds with probability at least
1 —4; (iv) is by Lemma 33. O

Lemma 37. Conditioned on the successful events of Lemma 32, with probability at least 1 — 5H S A, we have that
K H 1\ 1
2, 2 (1 + H) S < O(H2SAPP).
k=1h=1

Proof of Lemma 37. We borrow the beginning part of proof of Lemma 15 in Zhang et al. (2020b), and perform more fine-

grained analyses on the remaining part. Let :rZ be the number of elements in current stage with respect to (s’fb, a’fb, h).

Define

e () 10

I Mﬁ

I\ E
J 1 I - <
0., = ( + H) ; o o 3,

and
K= {(k,h)|0F , = 5’,§+1}, Kit(s,a) := {k | (s5,aF) = (s,a), k is in the second last stage of (s, a, h)}.

27



Near-Optimal Variance-Aware Bounds for Tabular MDPs

Let 0y11(s,a) and §h+1(5, a) denote 07 | and HN,ﬁH respectively for some k € ki (s, a). By Equation (61) in Zhang et al.
(2020D),

K H 1\"1 K H _
B% (14 ) e s X% AalPaa i~ Vi) - (i) Vi ok
k=1h=1 k=1h=1
—o
+ (95+1 9h+1)[P k k;,h(V}fH - Vh*+1) - (th+1(51i§+1) - V}:-H(SE-H))] .
(k,h)ek
—®
‘We now bound both terms:
W K H
@ < O Z 2 Shrar N Vh+l Vf:+1)) L+ H. 5
k=1h=1
=:Z
@ (]__I) Z (9h+1<87a) - eh-‘rl(s’a)) [Ps;”,ah h(th+l - Vh*+1) - (th+1(52+1) — V}:+1(SZ+1))]
s,a,h keKi (s,a)
< Z ‘9“1(3"1) - 9h+1(3’a)’ ng kR Vh+1 Vig) — (szﬂ(SZH) - V};+1(3]ﬁ+1))]
s,a,h keKi(s,a)
(iii)
% Z Z V(Ps;‘,af,,havthl Vf:Jrl)L-l-HL

s,a,h kekKi(s,a)

s,a,h keKi: (s,a)

<o \/HSALZ ST V(P Vi — Vi) + H2SA

®)
< OWHSAZL+ H*SAL),
where (i) is by Lemma 17 with ¢ = 3H, e = ¢?, which holds with probability at least 1 — 2.5; (ii) is by the step above
Equation (63) in Zhang et al. (2020b); (iii) is by ’9h+1(s, a) — Onsn (s, a)‘ < 3 and Lemma 17 with ¢ = H, ¢ = ¢2, which
holds with probability at least 1 — 2H.S Awd; (iv) is by Cauchy-Schwarz inequality; (v) is by the following argument: for
any non-negative sequence (XF) ke[K],he[H]>

PIDINE G

s,a,h keki-(s,a)

X}]f Z Z 1[(klvh/) = (k7h)]

s,a,h' kel (s,a)

I
D=
=

b
Il
—
=
Il
—_

X,’fz 1[k € Ki(s,a)]

s,a

X}’le shvah ,a)]

I
D=
M=

b
II
—
>
Il
—

Mx
D=

LS
Il
_
=
Il
—_

N
D=
M=
el

s
I
—_
i
—_

It remains to bound Z:

K H
Z < Z Z Pyt n(Vity = Viry)?

k=1h=1
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K H
0 Z Z .
¢ ( (Vi (h41) = Virpa (sh1))? + HQL)
=1

ii)
(< (H9SAL?),
where (i) is by Lemma 18 with [ = H?, which holds with probability at least 1 — d; (ii) is by Lemma 32. O

Lemma 38. With probability at least 1 — 616, we have that

K H 1 h—1
3 <1 ; H) ob ., < O(H).
k=

Proof of Lemma 38. Since (1 + 1/H)"~1 < 3 when h < H, we have that

K H 1 h—1 K
S22 (1) k=)
1h=1

h—1
1 * ﬂ'k * 71'1c
(1 n H) [Pyt ot n (Vs — Vi) — (Vo (s an) — Vs (s8]

K H
(i) . -
<O 2 Z V(PSMZ; o Vg1 — Vh+1)L+ H. |,

=Y

K H
Y = Z Z [Psf Jak, h(Vh*Jrl - VI"ZT+1)2 - (Vh*+1(32+1) - szr+1(32+1))2]

(V3 () = Vi (s0))? = [Pagapn(Viir = VDT = (Vi (s1) = VT (s1))?

K H
+2H Y Y maX{Y{(S’Z) — Vi (sh) = Ps;,a, (Ve = Vi), 0}

=Q; (sy,ap)—rn(sy ’ah)_PsE sk h Vi1 =0

K H
(i) & N ok
<4HV2Y .+ 6H, +2H Z Z [Viga( 5h+1 szr+1(3]fi+1) = P ot n (Vi = Vigya)]
k=1h=1
+ 2H (VY (s5) — Vi (sh)

<2H?

(iii)
< AHN2Y 1+ 8H?1 + 4HV2Y L + 12H?,
< 8HWV2Y 1+ 20H?,

where (i) is by Lemma 17 with ¢ = H?2 ¢ = c¢2, which happens with probability at least 1 — 2.6, and a? — b? <

(a + b) max{a — b,0} when a,b > 0; (i) is by Lemma 19 with C = H; (iii) is by by Lemma 17 with ¢ = H,e = ¢?,

which happens with probability at least 1 — 2:§. Solving the inequality of Y, we have that
Y < 168H..

Plugging Y back gives the desired result. O
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Lemma 39. Conditioned on the successful events of Lemma 33, with probability at least 1 — 410, we have that for any
(k,h) € [K] x [H]

k
Ny

H2, + Z Lh (Bfeﬁli)2
V;Lef k < O (V(PS;: ah’h, Vh*+1) + Smaha h+1 n /812* )

Proof of Lemma 39. Let (k, h) be fixed. We prove by first bounding v/ef*F — L Z:th V( Pyt a b Vf;if’lli). By Equa-

tion (11),

Ed

n

IS + X4 + X5
ref.k ref,l; X3 X4 X5
Vp T Z V(PSE,aﬁ,h’ Vh+1 ) = T .
Ny i Ny,
=X (abusing notation)
Since we can use Equations (12) and (13), we only need to bound — .
2
ny 1
_ ref,l;\2 ref l;
—X5 = Z( sy 7ah,hvph-ﬁ-l ) - Tk Z Ps, ,ap h h+1
; n
i=1 h
(i) m, 1 o i
! ref,l; REF
< ( sphap,h Vh+1 ) 7]{: Z sphap,h h+1
i=1 np,
n,
_ ref,l; REF ref,l;
- 2( sk,af,h Vh+1 + Psﬁ,aﬁ,thJrl)( sk,af,h Vh+1 - s, ak, th )
i=1
"h
yrefils REF
2 shoaf, h h+1 Shaaf ,th+1)
k
(") & ref,l;
2H Psk Jakh nBrit's
i=1
. f
where (i) is by Vhrill hRle (Lemma 30); (ii) is by Lemma 33. Combining bounds of y3 (Equation (12)) and x4

(Equation (13)), we have.

ref,l;
e X _ SH~2X: + 18H?, + 2HZ Pyt o n Byt ’
n; n;

Since 8HV/2X 1 < X + 32H?., we have:

k
2 n ref,l;
l/fef,k _ 2X < O <H Lt Hzi:hl PSE)“nvhBh+1 >
< .

&
LS

For the desired result, we finally bound:

nﬁ
5 —2V(P v viehly —ov (P, Vit o))
nh sk.ak by h+1 s, ,ar hy Va1 sk,ak hy V41
ref,l; *
< Z Sma,ﬂhv Vh+ - Vh+1)
nﬁ
ref,l; * 2
< Z sk,ak.h Vh+ Vh+1)
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th

= ) Py o (B + B )?

nhz 1

(11) 2

th

ref,l; 2
nky 2 Psh,ah, Bh-‘rl ) + 4ﬂi*’
h i=1

where (i) is by V(X +Y) < 2V(X) +2V(Y); (i) is by Lemma 33. So by H Pyt or B;Leii < O(H? + Psﬁ’aﬁ,h(B;fii )?)
we have the result. O

Lemma 40 (Analogous to Lemma 24). With probability at least 1 — 2HSAK S, we have that for any (s,a,h, k) €
S x Ax [H] x [K],

VarR, (s,a) < O (V(Rh(s,a)) 4 ,j) .

np (87 CL)

Lemma 41. Conditioned on the successful events of Lemmas 39 and 40, with probability at least 1 — 6, we have that
H

K h—1

1 n
O (1 + H> bi < O(\/Varg HSAu + /HPSAK 2 /22" + H*S%?4i*1/%,2).
k=

Proof of Lemma 41. Since b is non-negative and (1 + 1/H)"~! < 3 when h < H, we have that
K H h—1 K H ref k & Tk
1 v, L Uit VarR,. Hu
§8 (2] ueo($ 5[0 L
k=1h=1 k=1h=1 " " "
5L refk 2! V(Rp(sF,ak))e  Heu
Z Z g T k =z ||
h=1h=1 np, np, np,

Next, we bound the terms of "*f and i separately.

Plugging in Lemma 39, we have

K H ref k
22¢ ¢RW“
k=1h=1

K H K H
(V(Rh(sh, ah)) + V( sk.ak hs Vh+1)) H.
<ol £ %) . g
k=1h=1 h i—1ho1
Sl 1 o refl gt 52 2
+Z Z 717 ZPS,,a,,h h+1 2L+Z Z Y
k=1h=1""h \i=1 k=1h=1
<0 VN (5, ) (VR (55, 08)) + V(P Vieyy ) + H2S A2
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Gt L 1 2 refl / /
+ Z Z 7’17 nk Z Pszvau h-‘rl + 52 2 NK+1 S a
h

oy i=1 s,a,h

<o \/HSAL NS (s,a)(V(RA(s,a)) + V(Paan, Viyy) + H2SAC+

K H K H nk
+J DI NDID I W I AR \/HSA&%L >, N (s a)

s,a,h

K H

(iii) *

<O| |HSAY, Y (V(Ru(sk,af)) + V(P ag ny Virr1))
k=1h=1

. >
=Vary;

K H
+ H?SAP + \[H2SABZ K1 + VHS A2, | )] Z ot (Bier)?
k=1h=1

K H
Q0 [\NVark HsA 1 B25A2 + \[H2S AR KL+ VASAZ, | S S (B ()2 + He
2 O(\/Vary HS AL + A/HAS AK /22" + H7/253/2Ai*1/2/,3/2),

where (i) is by Lemma 34; (ii) is by Cauchy-Schwarz inequality; (iii) is by Lemmas 34 and 35; (iv) is by Lemma 18 with
I = H, which happens with probability at least 1 — d; (v) is by Lemma 33.

refl)i l}“ l’C l" 9
h+1 (Sh+1) Vh+1(8h+1))

N
D=
M=

3 =

U

’%

o>~
Il

-

i

-
>
©
I

—

K H
PIDI:
k=1h=1

refl s l’“ l’”
h+1 (Sh+1) Vh+1(5h+1))2

N
D=
M=

3 =

U

’%

]

I

—

>

I

—_
Sk

-

I

-

N
"
M=

~
Il
—
>
Il
—

INE
Q
/
Ngle
M= K=

ko
Il
—
>
Il

refl ; lk
(Bh+1 “(spia) + B )?

e

Q
I
-

(By"M(s)* + B2 HK)

1

< O(HOS2 A0 + H3 K /22°).

where (i) is by Lemma 33; (ii) is by Lemma 35; (iii) is by Lemma 33. So

K H ok, K H K H " v,
h 4.G3/2 4:%1/2 3/2 =
Z Z Wﬁ Z Zﬁfk Z Z <OH S/AZ / + H5SAKL2/22 )
k=1h=1 h k=1h=1"h \ k=1h=1
where (i) is by Lemma 34. ]

Lemma 42. With probability at least 1 — 11K 0, the following results hold: For any k € [K],
Var(zk) < O(H%),
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hence
Vary < O(H?K1).

Alternatively,
K i
Vary < O <Z Var™ + H2L2> < O(Var'K + H?/).

Proof of Lemma 42. We first prove the result depending on Va ri similar to Lemma 29. For any k € [K],

T

( * *
Var(zk) Z (Pt ot n(Viri1)? = Vit (s 1)) Z — (Pt ot 1 Virr1)’] Z n(sh,ar) — (Vi (sh))?
h=1 he1 =

H H
(u)
Z (Pyg ot (Vi)?)e + 6H?0+ 2H Y max{ Vi () — Pay g nViry1 0} + H

h=1
k ok
>Qz(sh7ah)7F)s;‘;.aﬁ,hvh+l =0

H
(111)
J Z V(P sk.ak h Vi + TH?. +2H 2 (Vi1 5h+1) Py qr s nVie1) + 2HVY (31)
—_—

h=1 h=1 e

H

Hy/2Var(ye + 9H?0+ AH, |2 Y V(P ap 1, Vityy )1 + 12H1
h=1

H /2Var yo+ 21H?.,

where (i) is by by Lemma 20, V(R (s, a)) < E[Rp(s,a)]; (ii) is by Lemma 17 with ¢ = H?, € = ¢, which happens with
probability at least 1 — 2:6; (iii) is by Lemma 19 with C' = H; (iv) is by Lemma 17 with ¢ = H, ¢ = ¢, which happens
with probability at least 1 — 2.d. Solving the inequality of Var(zk), we have that

Var(;,y < 170H>..

So taking a union bound over k we have the first result.

Next we prove the result depending on Var™. This is similar to the proof of Lemma 26. Define a series of random variables
and their truncated values: for any k € [K],

H
Z (Rn(sF,ak)) + V(Psﬁ;,af;,h»v}ﬂl))a Wk := min{W¥ 50H%}.
By V(Psan: Virp1) < 2V(Psa h’Vh-H) +2V(Ps g, Virpr — Vhﬂ-tl)’ we know that
K
Varg <2 > W42y,

k=1

where Y < O(H?.) (with probability at least 1 — 4.6) is defined in the proof of Lemma 38. Correspondingly, define the
following event, which means there is no truncation:

Ew = {WF =Wk, Vke [K]}.
For any fixed 1 < k£ < K,
H H .
Z Py ok n Vh+1) (Vh+1 shi1))’]+ Z - (Psﬁ,a;‘;,hvhﬂ-kl + Z ra(sy,ar) — (Vi (sf))?
h=1 h=1 h=1
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H
(1) k
Z (Pt ny (Vi 1)2)e + 6H? + 2H Z Vir' (s8) — Py gt nVirey) + H

h=1
(i) <l
<4H ZV S5 ak o hH)L—i—?HQL—!—QHZrh sk ak)
h=1 h=1

< AHV2Wk, + 9H?,,

where (i) is by Lemma 17 with ¢ = H2, € = ¢, which happens with probability at least 1 — 2:6; (ii) is by Lemma 19 with
C = H. Solving the inequality, W* < 50 H?2:. This means, P[£y/] = 1 — 2K:5. Now on suppose Ey holds, then

LMN
E

//\
Mw

E[WF | Fi] + 50H?.2

Eal
I
-

E[W* | Fi.] + 50H?:2

//\
Mw

E
Il
—

Var’fk (%) + 50H2?

Il
1>

kel
Il
—

Var™ 4 50H2,2

N
w
>

s
Il
—_

< 3Var'K + 50H%.2,

where (i) is by Lemma 18 with [ = 50 H?., which happens with probability at least 1 — 4. O

B.4. Proof of Lower Bounds

We modify Theorem 9 in Domingues et al. (2021) for a bounded-reward, time-homogeneous lower bound (Theorem 12).
Theorem 13 is much more straightforward. To this end, we borrow necessary notations from Domingues et al. (2021),
adapted to time-homogeneous setting.

A policy 7 interacting with an MDP M defines a stochastic process denote by ((S¥, Ay, Ry )ner)k=1, Where S§, Ay
and RZ are the random variables representing the state, the action and the reward at time % of episode k. As explained by
Lattimore & Szepesviri (2020), the Tonescu-Tulcea theorem ensures the existence of probability space (2, F,Pp¢) such
that

Pa[Sky1 = s|A}, IF] = P(s[SE, AR), and  Pu[Af = allf] = w5 (alIf),
where 7 = (7} ) ke[ k] he[ ) and
If = (S}, AL R}, ... Sk, Ay Ry, S2 A2 R? ... Skt Ak-L RECL QR AR RE . SK)

is the random vector containing all state-action pairs observed up to step h of episode k, but not including Af;. Here we

o
assume the rewards are deterministic as in Domingues et al. (2021). Next, we denote by IP’f\‘jt the pushforward measure of
I II{( under P4,

K H
5
Pilify] = Pl = igy] H 1_[ mh (akif) P(sh 1t af), (15)
k=1h=1

where i£ is a realization of I%.
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Definition 43. The Kullback-Leibler divergence between two distributions Py and Py on a measurable space (Q2,G) is
defined as

KL(P,Py) := L In ((ﬂ%(w)> dP; (w),

if P1 « Py and +o0 otherwise. For Bernoulli distributions, we define ¥(p, q) € [0, 1]?,
P l—p
ki(p, q) := KL(B(p), B(q)) = pln (q> +(1-p)n <1_q> :

Lemma 44 (Adapted from Lemma 5 in Domingues et al. (2021)). Let M and M’ be two MDPs that are identical except
for their transition probabilities, denoted by P and P’', respectively. Assume that we have ¥(s, a), P(:|s,a) < P'(-|s,a).
Then for any K,

KL(Pﬁ,Pﬁ,): N Em [NE]KL(P(|s,a), P'(]s,a)),
(s,a)eSxA
where NI, := Y, S3L, 1[(SF, Af) = (s,a)].

Lemma 45 (Lemma | in Garivier et al. (2016)). Consider a measurable space (), F) equipped with two distributions Py
and Py. For any F-measurable function Z : Q0 — [0, 1], we have

KL(P1,P2) = kI(E1[Z], E2[Z]),
where Eq1 and Eq are the expectations under Py and Py respectively.
Proof of Theorem 12. We retain most of the proof of Theorem 9 and Appendix C in Domingues et al. (2021), while incor-
porating the hard instance design in Section 5.5.1 in Zhou et al. (2022). Namely, we change the A-ary tree in Domingues
et al. (2021) with the binary tree in Zhou et al. (2022). This change does not affect the proof, while circumventing the

requirement of S = 3 + (A? — 1)/(A — 1) where d is the tree height. We can find S’ = 2 + 2ll°&:(S=2)] = (S) and
replace S with S”. We still use d = |log, (S — 2)| to denote the tree height.

We change the transition at s,: P(sy|sg,a) = 1 for any a € A. This means for any trajectory, the agent can only get reward
once, then loops at s;.

Another important change in design is to scale the reward at s, by ¢ < 1, with ¢ depending on V the variance we desire. So
r(sq,a) = t.

To be precise, let Ky and E4. 4+ be the expectation taken with respect to the reference MDP (with no special leaf-action
pair) and M . ,.). We have that

1
RK(TF,M(Z«’,I*)) > tKe <1 — XE(Z*’G*) [N(Il(m)a')]> R

K
where N(?a,) =D L[(Sk,,, A% ) = (s,a)]. Hence,

K
(?323() Ri(m, M o)) = tKe [ 1 — TAR Z*)E(Z*’a*) I:N(f*,a*)] ) (16)
Since N5, ,.)/K € [0,1], by Lemma 45,

1 K 1 K Iy olh
K (KEO [N(Mm] 2 Eer a0 [N(€*7a*)]> < KLY B[ ).

By Lemma 44,
K K 11
KL (]P(I)H ,pf;w)) — K, [N&i’a,)] ki (2, 5+ z—:) .
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Assume that ¢ < 1/4, then kI(1/2,1/2 + €) < 4¢2. By Pinsker’s inequality, (p — ¢)? < kl(p, q)/2, it implies

%E(M) B %Eo | N | + ﬁgm.

Since Z(h,’a,) N(]E(*,a*) = K, by Cauchy-Schwarz inequality we have

1
= ) B | Nl | <1+ V2VLAK,
()

Plugging this back to Equation (16), and taking ¢ = (1 — 1/LA)+/LA/8K, we have

ma{( RK(TI’,M(g*’a*)) = Q(t\/ SAK)

(£*,a%)
To ensure that ¢ < 1/4, we need K > SA.

Now we calculate the variances. We know that V', ,(s5) = 0 and Vj, ,(sy) = t. For any trajectory 7, we look at step
h=d+1.1f (sp,an) # (£*,a*), then

Var® > V((1/2,1/2), (0,t)) = Q(t?).

If (sp, ap) = (£*,a*), then

Var® > V((1/2 — ¢,1/2 4+ €),(0,1)) = (le - 62) Q(t?).

Notice that £ < 1/4, so Var® > Q(t?) for any 7, and

Var* > Var™ > minVarf > Q(t2).
T

Since the total reward in each episode is upper-bounded by ¢, we know that Va rf, Var* < O(t?). Thus,
VarZ, Var* = O(t?).

For the desired result, we set t = O(\/V). O

Proof of Theorem 13. We retain most of the proof of Theorem 9 in Domingues et al. (2021), while incorporating the hard
instance design in Section5.5.1 in Zhou et al. (2022). Namely, we change the A-ary tree in Domingues et al. (2021)
with the binary tree in Zhou et al. (2022). This change does not affect the proof, while circumventing the requirement of
S =3+ (A4 —1)/(A — 1) where d is the tree height. We can find " = 2 + 2°22(5=2)] = () and replace S with S".
We still use d = |log, (S — 2)] to denote the tree height.

Another important change in design is to scale the reward at s, by ¢ < 1, with ¢ depending on V the variance we desire. So
Th(sg,a) = t1[h = H + d + 1]. This modification does not affect the choice of € and H in Domingues et al. (2021), only
scales the optimal value and regret linearly, so we have that

(hméax )RK(ﬂ',M(h*l,_’a,)) > Q(tVvH3SAK).

(sp) = 0 and V£ (sq) = t(H — H—d) = Q(tH). For any

Now we calculate the variances. We know that V-*
H+d+1

o H+d+1
trajectory 7, we look at step h = H + d. If (sp, ap) # (€*,a*), then

Var>

T

> V((1/2,1/2),(0,Q(tH))) = Q(t*H?).

If (sp,apn) = (£*,a*), then
Var® > V((1/2 — £,1/2 + €), (0, Q(tH))) = (i - 52) Q(t2H?).
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Notice that ¢ < 1/4 in Domingues et al. (2021), so Var> > Q(t2H?) for any 7, and

Var* > Var™ > minVar> > Q(t?H?).
T

Since the total reward in each episode is upper-bounded by O(tH), we know that Var>, Var* < O(t2H?). Thus,
VarZ, Var* = O(t2H?).

For the desired result, we set t = O(v/V/H).
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