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Abstract
We study variance-dependent regret bounds for
Markov decision processes (MDPs). Algo-
rithms with variance-dependent regret guaran-
tees can automatically exploit environments with
low variance (e.g., enjoying constant regret on
deterministic MDPs). The existing algorithms
are either variance-independent or suboptimal.
We first propose two new environment norms to
characterize the fine-grained variance properties
of the environment. For model-based methods,
we design a variant of the MVP algorithm (Zhang
et al., 2021a). We apply new analysis tech-
niques to demonstrate that this algorithm enjoys
variance-dependent bounds with respect to the
norms we propose. In particular, this bound is si-
multaneously minimax optimal for both stochas-
tic and deterministic MDPs, the first result of its
kind. We further initiate the study on model-
free algorithms with variance-dependent regret
bounds by designing a reference-function-based
algorithm with a novel capped-doubling refer-
ence update schedule. Lastly, we also provide
lower bounds to complement our upper bounds.

1. Introduction
We consider episodic reinforcement learning (RL) on tab-
ular Markov Decision Processes (MDPs). Existing algo-
rithms can be categorized into two classes: model-based
methods whose space complexity scales quadratically with
the number of states (Auer et al., 2008; Agrawal & Jia,
2017; Azar et al., 2017; Dann et al., 2017; 2019; Zanette
& Brunskill, 2019; Zhang et al., 2021a) and model-free
methods whose space complexity scales linearly with the
number of states (Jin et al., 2018; Bai et al., 2019; Zhang
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et al., 2020b; Li et al., 2021).

The MDPs in practice often enjoy benign structures,
so problem-dependent regret bounds are of great inter-
est (Zanette & Brunskill, 2019). RL algorithms often per-
form far better on these MDPs than what their worst-case
guarantees would suggest. Motivated by this observation,
we want to systematically study algorithms with regrets
depending on quantities that characterizes the hardness of
MDPs. Ideally, such algorithms should automatically ex-
ploit the MDP instance without the prior knowledge of
problem-dependent quantities. As a motivating example,
for time-homogeneous MDPs with total reward bounded
by 1, the minimax regret bound for deterministic MDPs
is OpSAq where S and A are number of states and ac-
tions, respectively and the worst-case minimax optimal re-
gret bound for stochastic MDPs is rO

`
?
SAK

˘

where K
is the number of episodes. Many problems can be formu-
lated as deterministc MDPs, such as shortest path (maze,
real world navigation), combinatorial optimization, Atari
games (Mnih et al., 2013) and many games (mountain
car, lunar lander, robotics, etc.) in OpenAI Gym (Brock-
man et al., 2016). Deterministic systems can also approxi-
mate stochastic systems well (see Section 2 and 6 in Bert-
sekas (2012)). We want an algorithm designed for generic
stochastic MDPs with worst-case minimax optimal regret
bound while enjoying the OpSAq bound when the MDP is
deterministic.

Zanette & Brunskill (2019) is a pioneer work which pro-
vides a model-based algorithm whose regret scales with
variance-depedent quantities. They defined a quantity, Q‹,
named the maximum per-step conditional variance to char-
acterize the randomness of the MDP instance, and showed
a regret bound of rOp

?
HQ‹ ¨ SAK ` H5{2S2Aq, where

H is the planning horizon. This bound is still not satisfac-
tory because: ① There exist MDPs with Q‹ “ Ωp1q, so
the regret reduces to rOp

?
HSAKq which does not match

the minimax optimal bound rOp
?
SAKq. ② For determin-

istic MDPs (Q‹ “ 0), the regret reduces to rOpH5{2S2Aq,
which does not match the optimal OpSAq bound.
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1.1. Contributions

This paper makes the following contributions which signif-
icantly advance our understanding of problem-dependent
bounds in reinforcement learning.

‚ First, We introduce the total multi-step conditional
variance, VarΣK and the maximum policy-value variance,
Var‹, to provide fine-grained characterizations of the vari-
ance in the MDP (see Section 4 for the formal definitions).
Importantly, regret bounds that depend on these quantities
will reduce to the minimax optimal bound in the worst case
whereas the existing notion HQ‹ cannot.

‚ Second, for model-based methods, we identify the ob-
stacles preventing the current state-of-the-art minimax op-
timal algorithm, MVP (Zhang et al., 2021a), from being
variance-dependent. We make necessary improvements
and introduce a truncation method to bound the total vari-
ance. We show the regret bound of the improved algo-
rithm, MVP-V, scales with Var‹ or VarΣK . In particular,
these bounds imply that, MVP-V is minimax optimal for
both the classes of stochastic and deterministic MDPs. To
our knowledge, this is first result of such kind. See Table 1
for comparions between model-based methods.

‚ Third, we initiate the study of model-free algo-
rithms with variance-dependent regrets. We explain
why existings model-free algorithms cannot be variance-
dependent. We futher propose a new model-free algo-
rithm, UCB-Advantage-V, which relies on a a capped-
doubling manner of updates for reference values. We fur-
ther utilize a novel analysis technique which bounds value
gaps directly from the existing uniform convergence bound
to give the first variance-dependent bound for model-free
algorithms. Importantly, this bound reduces to the mini-
max optimal bound for the worst-case MDPs. See Table 2
for comparisons between model-free algorithms.

‚ Lastly, we prove minimax regret lower bounds for the
class of MDPs with bounded variances. We show that the
main order terms of our regret upper bounds match these
lower bounds, so our proposed algorithms are minimax op-
timal for the class of variance-bounded MDPs.

1.2. Technical Overview

For model-based algorithms, existing state-of-the-art work
(Zhang et al., 2021a) fails to be variance-dependent. It is
hard to bound the total variance by its expectation using
martingale concentration inequalities directly, while avoid-
ing an H-dependency. This is because the total variance
within an episode can be as large as ΩpHq. We introduce
a novel analysis technique which truncates the total vari-
ance of each episode to a constant and apply martingale
concentration inequalities on this sequence, and show that
with high probability there is no truncation. We also ap-

ply a more refined concentration inequality to the transition
model to have a dependency on the maximum support in-
stead of the size of the state space. This step is crucial in
obtaining the tight bound for deterministic MDPs.

For the model-free algorithm, existing work (Zhang et al.,
2020b) upper-bounds all the four bias terms in their Equa-
tion (13) by variance-independent main order terms. We
identify the problem incurred by the large bias in refer-
ence values, and replace the update with a capped-doubling
manner. Since too frequent updates discard past data very
often, this method balances between the summation of
gaps of value functions and the waste of data. We inte-
grate directly over the error between the estimated value
and the optimal value to bound the total squared gaps be-
tween them, whereas Zhang et al. (2020b) bound them
with a coarse binary gap of either H or the final gap.
Combined with many other finer-grained analyses through-
out the proof, we can finally remove all the variance-
independent main order terms except for the total variance.

1.3. Paper Overview

The paper is organized as follows. We first list basic con-
cepts of MDPs in Section 3, then define variance quantities
in Section 4. Our main results then come in three sections:
Sections 5 and 6 show the algorithms, theorems, corollar-
ies and proof sketches of our model-based and model-free
methods, respectively. Section 7 shows our lower bounds
for the class of variance-bounded MDPs.

2. Related Works
Minimax optimal regret bounds. Algorithms for regret
minimization can be categorized into two classes: model-
based and model-free. Being model-free means the space
complexity is OpHSAq, prohibiting the estimation of the
whole transition model Phps1|s, aq. For model-based meth-
ods, there are previous work (Zhang et al., 2021a; 2022;
2020a; Wang et al., 2020) achieving a property called
horizon-free, which allows only logarithmic dependency on
H for regrets. As explained in Jiang & Agarwal (2018), in
many scenarios with a long planning horizon, the interest-
ing regime is K ! H . This underscores the importance
of being horizon-free, because for H-dependent bounds,
only when K " H they become sub-linear in K. Be-
ing horizon-free is challenging, because it requires utiliz-
ing transition data for the same state-action pair from dif-
ferent steps and handling a spike in rewards. There are
many works other than those we cite in Section 1 giving
nearly minimax optimal bounds: Bartlett & Tewari (2012);
Osband et al. (2013); Osband & Van Roy (2017); Fruit
et al. (2018a); Talebi & Maillard (2018); Simchowitz &
Jamieson (2019); Russo (2019); Zhang & Ji (2019); Neu
& Pike-Burke (2020); Xiong et al. (2021); Pacchiano et al.
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Algorithm Regret Variance-
Dependent

Stochastic-
Optimal

Deterministic-
Optimal

Horizon-
Free

Euler
Zanette & Brunskill (2019)

rOp
?
HQ‹ ¨ SAK ` H5{2S2Aq Yes No No No

rOp
?
SAK ` H5{2S2Aq No Yes No No

MVP
Zhang et al. (2021a)

rOp
?
SAK ` S2Aq No Yes No Yes

MVP-V
This work

rOp

b

mintVarΣK ,Var‹KuSA ` ΓSAq Yes Yes Yes Yes

Table 1. Comparisons between model-based algorithms for time-homogeneous MDPs with total reward bounded by 1. rO hides log-
arithm factors. S, A, Γ, H and K are number of states, actions, maximum support of the transition model, planning horizon and
interaction episodes. Q‹, VarΣK and Var‹ are variance notations in Section 4. Q‹ and VarΣK are upper bounded by 1 in the worst case
and become 0 when the MDP is deterministic. An “Yes” in each column means: Variance-Dependent: the regret has a main order term
scaling with any variance notation. Stochastic-Optimal: the regret has a main order term of rOp

?
SAKq which matches the minimax

lower bound. Deterministic-Optimal: the regret is rOpSAq on deterministic MDPs (with variance equal to 0). Horizon-Free: the regret
has only logarithmic dependency on H .

Algorithm Regret Variance-
Dependent

Stochastic-
Optimal

Q-learning (UCB-B)
Jin et al. (2018)

rOp
?
H4SAK ` H9{2S3{2A3{2

q No No

UCB-Advantage
Zhang et al. (2020b)

rOp
?
H3SAK `

4
?
H33S8A6Kq No Yes

Q-EarlySettled-
Advantage

Li et al. (2021)
rOp

?
H3SAK ` H6SAq No Yes

UCB-Advantage-V
This work

rOp

b

mintVarΣK ,Var‹KuHSA

`
4
?
H15S5A3Kq

Yes Yes

Table 2. Comparison between model-free algorithms for time-inhomogeneous MDPs with every reward bounded by 1. An “Yes” in
each column means: Variance-Dependent: the bound scales with the variance term that characterizes the randomness of the environment;
Stochastic-Optimal: in the worst-case, the regret’s dominating term becomes rOp

?
H3SAKq which matches the minimax lower bound.

(2020). We compare our results with the state-of-the-art in
Table 1 (model-based) and Table 2 (model-free).

Variance-dependent results. Talebi & Maillard (2018)
provides a problem-dependent regret bound that scales
with the variance of the next step value functions under
strong assumptions on ergodicity of the MDP. Namely, they
define V ‹

s,a for each ps, aq pair and derives a regret of

Õp

b

S
ř

s,a V
‹
s,aT q under the infinite horizon setting.

Simchowitz & Jamieson (2019) combines gap-dependent
regret with variances. The standard notation gapps, aq is
the gap between the optimal value function and the opti-
malQ-function, and gapmin is the minimum non-zero gap.
Let Var‹

h,s,a be the variance of optimal value function at
ph, s, aq triple, their regret approximately scales as

Õ

˜

ÿ

s,a

Hmaxh Var‹
h,s,a

maxtgapps, aq, gapminu
logpKq

¸

.

Variance-aware bounds exist in bandits (Kim et al., 2021;
Zhang et al., 2021b; Zhou et al., 2021; Zhao et al., 2023;
2022). We notice two concurrent works: Zhao et al. (2023)

studies variance-dependent regret upper bounds for linear
bandits and linear mixture MDPs, and Li & Sun (2023)
studies linear bandits and linear MDPs. They both define
the same variance as VarΣK (one of the two quantities also
proposed by us under the tabular setting). More recent
work generalized variance-aware bound from MDPs to la-
tent MDPs (Zhou et al., 2022).

Other problem-dependent results. Most problem-
dependent results prior to Zanette & Brunskill (2019)
focus on the infinite-horizon setting. Some depend on
the range of value functions (Bartlett & Tewari, 2012;
Fruit et al., 2018b). Maillard et al. (2014) introduces a
hardness measure called distribution norm. There are
gap-dependent results for multi-armed bandits and RL
(Even-Dar et al., 2006; Auer et al., 2008; Xu et al., 2021;
Yang et al., 2021).

Jin et al. (2020) shows that with a slight modification, the
algorithm in Zanette & Brunskill (2019) can have a first-
order regret, with the main order term depending on the
optimal value function. Wagenmaker et al. (2022) provides
a first-order regret for linear MDPs. When the total reward
is bounded by 1 almost surely, for any policy its variance is
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not larger than this value. This means a first-order depen-
dency is weaker than a variance-dependency.

3. Preliminaries
Notations. For any event E , we use 1rEs to denote the in-
dicator function. For any random variableX , we use VpXq

to denote its variance. For any set X , we use ∆pX q to de-
note the probability simplex over X . For any positive inte-
ger n, we denote rns :“ t1, 2, . . . , nu. For any probabil-
ity distribution P , we use supppP q “

ř

x 1rP pxq ą 0s

to denote the size of its support. Suppose x and y are
n-dimensional vectors, we denote xy :“

řn
i“1 xiyi and

xq :“ pxq1, x
q
2, . . . , x

q
nq for any number q. If x P ∆prnsq,

we use Vpx, yq “
ř

i xipyi ´ xyq2 “ xy2 ´ pxyq2 to de-
note the variance of y under x. We use 1k to denote a vector
with all 0 but an only 1 on the k-th position.

Finite-horizon MDPs. A finite-horizon MDP can be de-
scribed by a tuple M “ pS,A, P,R,Hq. S is the finite
state space with size S and A is the finite action space with
size A. For any h P rHs, Ph : S ˆ A Ñ ∆pSq is the
transition function and Rh : S ˆ A Ñ ∆pr0, 1sq is the
reward distribution with mean rh : S ˆ A Ñ r0, 1s. H
is the planning horizon, i.e., episode length. We denote
Γ :“ maxh,s,a supppPhp¨|s, aqq as the maximum support
of the transition function, and Ps,a,h :“ Php¨|s, aq.

Conditions for MDPs. We have two conditions more
general than the ordinary setting. As explained below them,
getting tight regret bounds are harder when they are met.

Condition 1. For any policy π, the total reward in a single
episode is upper-bounded by 1 almost surely.

For those MDPs not satisfying Condition 1, we can nor-
malize all the rewards by 1{H . Such a conversion usually
multiplies a factor of 1{H to the regret, but cannot take into
account a spike in rewards, e.g., some rhps, aq “ 1.

Condition 2. The MDP is time-homogeneous. Namely,
there exist P : S ˆ A Ñ ∆pSq, R : S ˆ A Ñ ∆pr0, 1sq

and r : S ˆ A Ñ r0, 1s such that for any ps, aq P S ˆ A,
Php¨|s, aq “ P p¨|s, aq, Rhps, aq “ Rps, aq and rhps, aq “

rps, aq for any h P rHs.

For simplicity, we denote Ps,a :“ P p¨|s, aq and Ps,a,s1 :“
P ps1|s, aq. Any time-inhomogeneous MDP can be instan-
tiated by a time-homogeneous one to satisfy Condition 2.
Let a mega state space S “ YH

h“1Sh, where each Sh

corresponds to the state space of the time-inhomogeneous
MDP. For any ph, s, aq, we construct P ps1

h`1|sh, aq “

Phps1|s, aq and Rpsh, aq “ Rhps, aq, where sh is the cor-
responding state of s in Sh. S is multiplied by H while Γ
remains the same, and the regret changes accordingly. This

condition underscores the algorithm’s ability to use infor-
mation of the same state-action pair from different steps.

We will introduce quantities in Section 4 to quantify de-
terminism, but a fully-deterministic MDP is very worth
studying because the regret lower bound is the well-known
ΩpSAq (under Conditions 1 and 2). Thus, we care about
whether the algorithms can have a constant regret (up to
logarithm factors) under the assumption of determinism.

Assumption 3. The MDP is deterministic. Namely, for any
ph, s, aq P rHs ˆ S ˆ A, Rhps, aq and Php¨|s, aq map to a
single real number and a single state respectively.

Policies. A history-independent deterministic policy π
chooses an action based on the current state and time step.
Formally, π “ tπhuhPrHs where πh : S Ñ A maps a state
to an action. We use Π to denote the set of all such policies.

Episodic RL on MDPs. Upon choosing action a at state
s when it is the h-th step in an episode, the agent ob-
serves a reward r „ Rhps, aq and the next state s1 „

Php¨|s, aq. When h “ H , the episode ends after this
observation. Thus, a policy π induces a (random) tra-
jectory ptsh, ah, rhuhPrHs, sH`1q where s1 is exogenously
generated, ah “ πhpshq, rh „ Rhpsh, ahq and sh`1 „

Php¨|sh, ahq for h P rHs. The episodic RL on MDPs pro-
ceeds in a total of K episodes. When one episode ends, a
new initial state s1 is generated. The agent should (adap-
tively) choose a policy πk for the k-th episode, put it into
action and cannot change it within an episode.

Value functions and Q-functions. Given a policy π, we
define its value function and Q-function as

V π
h psq :“ Eπ

«

H
ÿ

t“h

rt

ˇ

ˇ

ˇ

ˇ

ˇ

sh “ s

ff

,

Qπ
hps, aq :“ Eπ

«

H
ÿ

t“h

rt

ˇ

ˇ

ˇ

ˇ

ˇ

psh, ahq “ ps, aq

ff

.

It is easy to verify that Qπ
hps, aq “ rhps, aq ` Ps,a,hV

π
h`1.

Performance measure. The goal of episodic RL on
MDPs is to find the policy which maximizes the total re-
ward collected in an episode, regardless of the initial state.
Given M , such a goal can be achieved using dynamic
programming. Given this, we denote V ‹ :“ V π‹

and
Q‹ :“ Qπ‹

. We use cumulative regret as a performance
measure:

RegretpKq :“
K
ÿ

k“1

pV ‹
1 psk1q ´ V πk

1 psk1qq.
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4. Variance Quantities for MDPs
We use the notion of variance to quantify the degree of
determinism of MDPs. The first is called the maximum
per-step conditional variance (Zanette & Brunskill, 2019),
which is only relevant to the optimal value function.

Definition 4. The maximum per-step conditional variance
for a particular MDP is defined as:

Q‹ :“ max
h,s,a

tVpRhps, aqq ` VpPs,a,h, V
‹
h`1qu.

Zanette & Brunskill (2019) directly use HQ‹ to upper-
bound the total per-step conditional variances in an
episode, a quantity which can be upper-bounded by a con-
stant (see Lemmas 29 and 42). So when Q‹ ě ΩpHq (or
Ωp1{Hq under Condition 1), HQ‹ is not tight. In light of
this, we define the total multi-step conditional variance as
a better notation in place of HQ‹. This quantity is also
proposed in concurrent works (Zhao et al., 2023; Li & Sun,
2023).

Definition 5. The total multi-step conditional variance for
a trajectory τ “ tsh, ahuhPrHs is defined as:

VarΣτ :“
H
ÿ

h“1

pVpRhpsh, ahqq ` VpPsh,ah,h, V
‹
h`1qq.

During the learning process, let the trajectory of the k-
th episode be τk, then we denote VarΣpkq :“ VarΣτk , and

VarΣK :“
řK

k“1 Var
Σ
pkq.

We introduce another type of variance, called the maximum
policy-value variance, which is novel in the literature.

Definition 6. For any policy π P Π, its maximum value
variance is defined as Varπ :“ maxsPS Varπ1 psq, where

Varπ1 psq :“

Eπ

«

H
ÿ

h“1

`

VpRhpsh, ahqq ` VpPsh,ah,h, V
π
h`1q

˘

ˇ

ˇ

ˇ

ˇ

ˇ

s1 “ s

ff

.

The maximum policy-value variance for a particular MDP
is defined as:

Var‹ :“ max
πPΠ

Varπ.

Varπ1 psq is the variance of total reward of π starting from s,
and the justification can be found in Appendix B.1.

Under Condition 1, by Lemma 20 we know that Varπ1 psq ď

V π
1 psq ď V ‹

1 psq. So Var‹
ď V ‹

1 psq. This means a
variance-dependent regret is better than a first-order regret.

!!

"
# $ "
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Figure 1. Example of
Var‹ being arbitrarily
smaller than VarΣpkq.
Dashed arrows represent
probabilistic transitions
and solid arrows repre-
sent deterministic ones.
The only reward comes at
state s4 and on choosing
any action.

4.1. Comparing VarΣpkq and Var‹

We use this subsection to demonstrate that a small VarΣpkq

does not imply a small Var‹, and vice versa.

Deterministic MDPs have VarΣpkq “ Var‹
“ 0. Trivially,

Var‹
“ 0 ùñ VarΣpkq “ 0, while the reverse is not ture.

When VarΣpkq “ 0 ă Var‹. Consider the following time-
homogeneous MDP with horizon H: For each state s there
is a good action a1 with a deterministic reward rps, a1q “

1{H , and all other actions a1 have a deterministic reward
rps, a1q “ 0. For any state-action pair ps, aq, the transition
is identically Ps,a,s1 “ 1{S.

The optimal policy always chooses a1 at any state s, so for
any s and h, V ‹

h psq “ pH ´ h` 1q{H . For any ph, s, aq,

VpRps, aqq ` VpPs,a, V
‹
h`1q “ 0,

which means VarΣpkq “ 0. However, let π be a policy with
πHps1q “ a1 for a certain state s1, and πhpsq “ a1 for any
other h or s. Then π yields cumulative rewards of 1 and
1 ´ 1{H , each with non-zero probabilities. So Var‹

ą 0.

This example shows that deterministic MDPs are not the
only MDPs satisfying VarΣpkq “ 0, and that VarΣpkq “ 0
does not imply Var‹

“ 0.

When VarΣpkq “ 1{4 ą Var‹. Consider the time-
homogeneous MDP in Figure 1: Ps1,a,s2 “ p for any
a P A, and the rest probability is into an MDP with no
reward at all. s2 is a state which we want to have a high
VarΣpkq: Ps2,a,s3 “ Ps2,a,s4 “ 1{2, where s3 and s4 are
states with value 0 and 1 respectively. Thus at s2, a, h “ 3,

VarΣpkq ě VpRps2, aqq ` VpPs2,a, V
‹
3 q “

1

4
.

We also have that for any policy π, V π
1 ps1q “ p{2, so by

Lemma 20, Var‹
ď p{2. Taking p arbitrarily small gives

an arbitrarily large gap between VarΣpkq and Var‹.

This example shows that a small Var‹ does not imply a
small VarΣpkq, so using only VarΣpkq is insufficient.
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Algorithm 1 MVP-V
1: Input and initialize: Logarithm term ι; Trigger set L Ð

t2i´1
| 2i ď KH, i “ 1, 2, . . .u.

2: Set all Nps, aq, nps, aq, θps, aq, ϕps, aq, Nps, a, s1
q, pPs,a,s1

to be 0 and all Qhps, aq, Vhpsq to be 1.
3: for k “ 1, 2, . . . ,K do
4: Observe sk1 .
5: for h “ 1, 2, . . . , H do
6: Take action ak

h “ argmaxa Qhpskh, aq;
7: Receive reward rkh and observe skh`1;
8: Set ps, a, s1, rq Ð pskh, a

k
h, s

k
h`1, r

k
hq;

9: Set Nps, aq
`
Ð 1, θps, aq

`
Ð r, ϕps, aq

`
Ð r2,

Nps, a, s1
q

`
Ð 1.

10: if Nps, aq P L then
11: Set prps, aq Ð θps, aq{Nps, aq;
12: Set zVarRps, aq Ð ϕps, aq{Nps, aq ´ prps, aq

2;
13: Set pPs,a,rs Ð Nps, a, rsq{Nps, aq for all rs P S;
14: Set nps, aq Ð Nps, aq;
15: Set TRIGGERED = TRUE.
16: end if
17: end for
18: if TRIGGERED then
19: for h “ H,H ´ 1, ..., 1 and ps, aq P S ˆ A do
20: Set

bhps, aq Ð 4

d

Vp pPs,a, Vh`1qι

maxtnps, aq, 1u

` 2

d

zVarRps, aqι

maxtnps, aq, 1u
`

21ι

maxtnps, aq, 1u
;

Qhps, aq Ð mint1,

prps, aq ` pPs,aVh`1 ` bhps, aqu;

Vhpsq Ð max
a

Qhps, aq.
21: end for
22: Set TRIGGERED = FALSE.
23: end if
24: end for

5. Results of the Model-Based Algorithm
We propose MVP-V (Algorithm 1, where “V” stands for
“Variance-dependent”), a model-based algorithm with a
variance-dependent regret bound. Based on MVP (Zhang
et al., 2021a) which is minimax optimal under Conditions 1
and 2, we make necessary alterations to make the regret
variance-dependent.

Common notations. These are notations shared with our
model-free algorithm. Let skh, a

k
h and rkh denote the state,

action and reward at the h-th step of the k-th episode. Let
V k
h and Qk

h denote Vh and Qh at the beginning of the k-th
episode. rO hides polylogpH,S,A,K, 1{δq factors.

Algorithm description. MVP-V re-plans whenever a
state-action pair’s visitation is doubled. The bonus function
depends on the variance of the next-step value functions. It
achieves variance-dependent regret by using the empirical

variances of rewards in the bonus, as opposed to using the
empirical rewards themselves in MVP. MVP-V is capable of
handling Conditions 1 and 2 and Assumption 3.

Theorem 7. Assume that Conditions 1 and 2 hold. Let δ P

p0, 1q be the confidence parameter and that H,S,A,K, δ
be known. With probability at least 1 ´ δ, the regret of
MVP-V (Algorithm 1) run with

ι “ 99

ˆ

ln

ˆ

30002H5S7A5K5

δ2

˙

` 1

˙

is bounded by

RegretpKq ď rOp

b

mintVarΣK ,Var
‹KuSA` ΓSAq.

When Condition 1 holds, we have Var‹
ď 1. Thus,

our result is better than the rOp
?
SAK ` S2Aq regret of

MVP, and achieves the horizon-free (only logarithm depen-
dency on H) property. It is also strictly better than the
rOp

?
HQ‹ ¨ SAK `H5{2S2Aqq regret in Zanette & Brun-

skill (2019).

Proof sketch. See Appendix B.2 for the rigorous proof.
We follow the outline in Zhang et al. (2021a), realizing that
the total regret is upper-bounded byM1 `M2 `M3, where

M1 «

K
ÿ

k“1

H
ÿ

h“1

pPskh,a
k
h

´ 1skh`1
qV k

h`1,

M2 «

K
ÿ

k“1

H
ÿ

h“1

pV k
h pskhq ´ rpskh, a

k
hq ´ Pskh,a

k
h
V k
h`1q,

M3 «

K
ÿ

k“1

˜

H
ÿ

h“1

rpskh, a
k
hq ´ V πk

1 psk1q

¸

.

We expand rpskh, a
k
hq by Bellman equation to derive a

tighter bound for M3. This change is necessary to remove
a variance-independent rOp

?
Kq term. M1,M2,M3 can be

then related to a crucial variance term

M4 «

K
ÿ

k“1

H
ÿ

h“1

pVpRpskh, a
k
hqq ` VpPskh,a

k
h
, V k

h`1qq

so the regret is approximately rOp
?
SAM4q. The difference

between VarΣK and M4 is of a lower order. To upper bound
M4 directly, we introduce bonus-correction terms

bckhps, aq :“ V k
h psq ´ Ps,aV

k
h`1 ´ rps, aq.

Let BCk
hpsq :“ bckhps, aq ` Ps,aBC

k
h`1 with a “ πk

hpsq,
then it can be proven that BCk

hpsq “ V k
h psq ´ V πk

h psq.
Thus, M4 can be bounded by the sum of

Z «

K
ÿ

k“1

H
ÿ

h“1

VpPskh,a
k
h
,BCk

h`1q

6
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and

W “

K
ÿ

k“1

H
ÿ

h“1

pVpRpskh, a
k
hqq ` VpPskh,a

k
h
, V πk

h`1qq,

where Z is of a lower order and W ď rOpVar‹Kq. How-
ever, the bound of W cannot be derived using martingale
concentration inequalities directly, because the summation
of variances within an episode can be of order ΩpHq, which
will introduce a constant term of H , ruining the horizon-
free property. We first prove that the total variance in an
episode is bounded by rOp1q with high probability, then the
martingale concentration inequality can be applied to terms
truncated to rOp1q. To get the Γ-dependency in the lower
order term, we observe that Ps,a “ 0 ùñ pPs,a “ 0 and
put this into concentration bounds.

Corollaries. We study deterministic MDPs first.

Corollary 8. Assume that Conditions 1 and 2 and As-
sumption 3 hold. Let δ P p0, 1q be the confidence pa-
rameter and that H,S,A,K, δ be known. With probabil-
ity at least 1 ´ δ, the regret of MVP-V (Algorithm 1) run
with ι “ 99plnp30002H5S7A5K5{δ2q ` 1q is bounded by
RegretpKq ď rOpSAq.

This is because Var‹
“ 0 and Γ “ 1 when the MDP is

deterministic. With a more refined analysis, we can totally
eliminate the dependency on δ. Up to logarithm factors,
MVP-V matches the lower bound of ΩpSAq. So MVP-V is
minimax optimal for the class of deterministic MDPs.

Another corollary arises when we remove Conditions 1
and 2. For MVP-V to work properly, we need to apply the
conversion methods written below the conditions.

Corollary 9. Let δ P p0, 1q be the confidence parameter
and that H,S,A,K, δ be known. With probability at least
1 ´ δ, the regret of MVP-V (Algorithm 1) run with ι “

99plnp30002H12S7A5K5{δ2q ` 1q is bounded by

RegretpKq ď rOp

b

mintVarΣK ,Var
‹KuHSA`H2ΓSAq.

Readers may notice that the scaling in main order term is
not standard. This is because when removing Condition 1,
VarΣK and Var‹ automatically scale by H2.

6. Results of the Model-Free Algorithm
We propose UCB-Advantage-V (Algorithm 2) to ini-
tiate the study of model-free algorithms with variance-
dependent regrets.

Algorithm description. In UCB-Advantage-V, the
update of value functions is triggered by the beginning of

Algorithm 2 UCB-Advantage-V
1: Input and initialize: Logarithm term ι; Stage lengths

e1 “ H , ei`1 “ tp1 ` 1{Hqeiu and stage trigger set
L Ð t

řj
i“1 ei | j “ 1, 2, . . .u; Reference trigger set

R Ð t60000 ¨ 22iSAH3ι | i “ 1, 2, . . . , i‹
u.

2: Set all Nhps, aq, qNhps, aq, θhps, aq, ϕhps, aq, qυhps, aq,
qµhps, aq, qσhps, aq, µref

h ps, aq, σref
h ps, aq to be 0 and all

Vhpsq, Qhps, aq, V ref
h ps, aq to be H .

3: for k “ 1, 2, . . . ,K do
4: Observe sk1 .
5: for h “ 1, 2, . . . , H do
6: Take action ak

h “ argmaxa Qhpskh, aq;
7: Receive reward rkh and observe skh`1;
8: Update accumulators:

n :“ Nhpskh, a
k
hq

`
Ð 1, qn :“ qNhpskh, a

k
hq

`
Ð 1;

θ :“ θhpskh, a
k
hq

`
Ð rkh, ϕ :“ ϕhpskh, a

k
hq

`
Ð prkhq

2;

qυ :“ qυhpskh, a
k
hq

`
Ð Vh`1pskh`1q;

qµ :“ qµhpskh, a
k
hq

`
Ð Vh`1pskh`1q ´ V ref

h`1pskh`1q;

qσ :“ qσhpskh, a
k
hq

`
Ð pVh`1pskh`1q ´ V ref

h`1pskh`1qq
2;

µref :“ µref
h pskh, a

k
hq

`
Ð V ref

h`1pskh`1q;

σref :“ σref
h pskh, a

k
hq

`
Ð pV ref

h`1pskh`1qq
2.

9: if n P L then
10: Set

pr Ð
θ

n
, zVarR Ð

ϕ

n
´

ˆ

θ

n

˙2

;

b̄ Ð 2

c

H2ι

qn
;

νref
Ð

σref

n
´

ˆ

µref

n

˙2

, qν “
qσ

qn
´

ˆ

qµ

qn

˙2

;

b Ð 4

c

νrefι

n
` 4

c

qνι

qn
` 2

d

zVarRι

n
`

90Hι

qn
;

Qhpskh, a
k
hq Ð min

"

pr `
qυ

qn
` b̄,

pr `
µref

n
`

qµ

qn
` b, Qhpskh, a

k
hq

*

;

Vhpskhq Ð max
a

Qhpskh, aq.
11: Set qNhpskh, a

k
hq Ð 0, qµhpskh, a

k
hq Ð 0,

qυhpskh, a
k
hq Ð 0, qσhpskh, a

k
hq Ð 0.

12: end if
13: if

ř

a Nhpskh, aq P R then V ref
h pskhq Ð Vhpskhq.

14: end for
15: end for

stages for each ps, a, hq triple separately, and the stage de-
sign approximately makes use of the last 1{H fraction of
data. Besides, the algorithm maintains reference values by
assigning value functions to them at another frequency. The
update rule using the reference value decomposition can be
illustrated as:

Qhps, aq Ð {Ps,a,hV ref
h`1 ` {Ps,a,hpVh`1 ´ V ref

h`1q ` prhps, aq ` bkhps, aq,

7
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where bkhps, aq is the bonus, prhps, aq, {Ps,a,hV ref
h`1 and

{Ps,a,hpVh`1 ´ V ref
h`1q are empirical estimates of rhps, aq,

Ps,a,hV
ref
h`1 and Ps,a,hpVh`1 ´ V ref

h`1q respectively. In ad-
dition, a very simple update rule

Qhps, aq Ð {Ps,a,hVh`1 ` prhps, aq ` bkhps, aq

is also in use to provide a guarantee of uniform convergence
of estimated value functions.

We make three major alterations to UCB-Advantage: ①
We use empirical variances of rewards in bonuses. ② Due
to a more refined analysis, we remove the rOpHpn´3{4 `

qn´3{4qq term in bonuses. ③ The reference value functions
are updated in a capped-doubling manner (cf. Line 13).

Alteration ③ is crucial to make the main order term
variance-dependent, because there exist constant gaps be-
tween reference values and optimal values, whose sum-
mation contributes to the regret as the main order term in
UCB-Advantage. By choosing an appropriate number
of updates, we can balance between the total constant gap
and the deviation introduced by frequent updates, making
the total variance the only factor in the main order term.

Theorem 10. Let δ P p0, 1q be the confidence parameter
and that H,S,A,K, δ be known. With probability at least
1´δ, the regret of UCB-Advantage-V (Algorithm 2) run
with

ι “ 99

ˆ

ln

ˆ

70002pHSAKq5

δ2

˙

` 1

˙

and

i‹ “

R

1

2
log2

ˆ

K

H5S3Aι2

˙V

is bounded by

RegretpKq ď rOp

b

mintVarΣK ,Var‹KuHSA `
4
?
H15S5A3Kq.

We have Var‹
ď H2, so our result is strictly bet-

ter than the rOp
?
H3SAK `

4
?
H33S8A6Kq regret of

UCB-Advantage.

Extra notations. Let V ref,k
h denote V ref

h at the begin-
ning of the k-th episode, and V REF

h :“ V ref,K`1
h denote

the final reference value function. Let νref,kh , qνkh , b
k
h denote

νref , qν, b for the value of Qk
hpskh, a

k
hq. Let Nk

h psq denote
ř

aNhps, aq at the beginning of the k-th episode. Let nkh
and qnkh be the total number of visits to pskh, a

k
h, hq prior to

the current stage and during the stage immediately before
the current stage with respect to the same triple.

Proof sketch. See Appendix B.3 for the rigorous
proof. From Zhang et al. (2020b), the regret is roughly
řK

k“1

řH
h“1pψk

h`1 ` ξkh`1 ` ϕkh`1 ` bkhq, where

ψk
h`1 « V ref,k

h`1 pskh`1q ´ V REF
h`1 pskh`1q,

ξkh`1 « pPsk
h,a

k
h,h

´ 1sk
h`1

qpV k
h`1 ´ V ‹

h`1q,

ϕkh`1 “ pPsk
h,a

k
h,h

´ 1sk
h`1

qpV ‹
h`1 ´ V πk

h`1q.

All these four terms are bounded loosely in Zhang et al.
(2020b) such that they are all main order terms. To estab-
lish a variance-dependent regret, we prove that only the b
term is the main order term after our aforementioned alter-
ations. The ϕ term is a martingale and shown to be rOpHq.
For the rest terms, we need the following argument:

Nk
h psq ě N0pϵq “ rO

ˆ

H5SA

ϵ2

˙

ùñ 0 ď V k
h psq ´ V ‹

h psq ď ϵ.

Notice that the reference trigger set R in Algorithm 2 is
composed of N0pβiq for i P ri‹s where βi :“ H{2i. There
is a constant gap of at least βi‹ between V REF

h psq and V ‹
h psq

in the worst case, because the number of updates is capped
by i‹. This argument branches into two corollaries. The
first one is we can bound value gaps directly:

K
ÿ

k“1

H
ÿ

h“1

pV k
h pskhq ´ V ‹

h pskhqq2 ď rOpH6SAq.

This can be utilized to bound the ξ term. The second one is
that, we define

Bref,k
h psq :“

i‹

ÿ

i“1

βi´11rN0pβi´1q ď Nk
h psq ă N0pβiqs,

then V ref,k
h psq´V REF

h psq ď Bref,k
h psq, V ref,k

h psq´V ‹
h psq ď

Bref,k
h psq ` βi‹ and

ÿ

k,h

Bref,k
h pskhq ď rOpH5S2A2i

‹

q,
ÿ

k,h

pBref,k
h pskhqq2 ď rOpH6S2Ai‹q.

So we can directly bound the ψ term. We show that

νref,kh Æ rOpVpPsk
h,a

k
h,h
, V ‹

h`1q ` pBref,k
h`1 pskh`1qq2 ` β2

i‹ q,

qνkh Æ OppBref,k
h`1 pskh`1qq2 ` β2

i‹ q.

The b term is hence bounded by

rOp

b

VarΣKHSA`
a

H5SAK{22i‹
q.

Analogous to the proof of Theorem 7, the difference be-
tween VarΣK and Var‹K is of a lower order. Finally, the
lower order terms are

rOp
a

H5SAK{22i‹
`H5S2A2i

‹

q.

We derive Theorem 10 by choosing the optimal i‹.

8
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Corollary. We study deterministic MDPs.

Corollary 11. Assume that Assumption 3 holds. Let
δ P p0, 1q be the confidence parameter and that
H,S,A,K, δ be known. With probability at least 1 ´

δ, the regret of UCB-Advantage-V (Algorithm 2) run
with ι “ 99plnp70002pHSAKq5{δ2q ` 1q and i‹ “
P

1{2 ¨ log2pK{H5S3Aι2q
T

is bounded by

RegretpKq ď rOp
4

?
H15S5A3Kq.

Notice that the regret under Assumption 3 is not constant
which we desire, this may be due to some fundamental
limit of model-free algorithms. However, since the re-
search on model-free algorithms is still at its nascent stage
and there lack thorough understanding, our result provides
the first look into the potential of such algorithms.

Intuitively, for any algorithm to have a constant regret on
deterministic MDPs, its value functions should also con-
verge in a constant steps. Previous model-free algorithms
all use historical data to estimate value functions. These
data are biased because some of them are not up-to-date,
making value functions hard to converge in a constant
steps. Here we identify difficulties for existing algorithms
to be variance-dependent for all K-related terms.

Q-learning (UCB-B) (Jin et al., 2018). In their
proof of Lemma C.3, when bounding |P3 ´ P4|, there is a
variance-independent 1{

?
t term in the gap between the es-

timations and true values. Notice that their result is possible
to be variance-dependent by not loosening

a

H7SAι{t ď

H `H6SAι{t above their Equation (C.10) while introduc-
ing a variance-independent K1{4 term.

UCB-Advantage (Zhang et al., 2020b). There are bi-
ases in the reference value functions, because they are up-
dated for only finite times. If the update is not capped by
a threshold, readers can easily verify that the ψ term will
become a variance-independent main order term.

Q-EarlySettled-Advantage (Li et al., 2021).
There is a same issue about the constant gap between the
reference value and the optimal value when bounding R3

defined in their Equation (39c).

7. Regret Lower Bounds
We show that for any algorithm and any variance V , there
always exists an MDP such that the regret main order terms
of Theorem 7, Corollary 9 and Theorem 10 are tight. This
means that MVP-V and UCB-Advantage-V are mini-
max optimal for the class of variance-bounded MDPs. The
proofs for this section are deferred to Appendix B.4.

Theorem 12. Assume S ě 6,A ě 2,H ě 3 tlog2pS ´ 2qu

and 0 ă V ď Op1q. For any algorithm π, there exists an
MDP Mπ such that:

• It satisfies Conditions 1 and 2;

• VarΣτ ,Var
‹

“ ΘpVq for any possible trajectory τ ;

• ForK ě SA, the expected regret of π in Mπ afterK
episodes satisfies

E

«

K
ÿ

k“1

pV ‹
1 psk1q ´ V πk

1 psk1qq

ˇ

ˇ

ˇ

ˇ

ˇ

Mπ,π

ff

“ Ωp
?
VSAKq.

Theorem 13. Assume S ě 6,A ě 2,H ě 3 tlog2pS ´ 2qu

and 0 ă V ď OpH2q. For any algorithm π, there exists an
MDP Mπ such that:

• VarΣτ ,Var
‹

“ ΘpVq for any possible trajectory τ ;

• For K ě HSA, the expected regret of π in Mπ after
K episodes satisfies

E

«

K
ÿ

k“1

pV ‹
1 psk1q ´ V πk

1 psk1qq

ˇ

ˇ

ˇ

ˇ

ˇ

Mπ,π

ff

“ Ωp
?
VHSAKq.

8. Conclusion
We systematically study variance-dependent regret bounds
for MDPs by introducing new notions of variances, propos-
ing model-based and model-free algorithms respectively,
and providing regret lower bounds for the class of variance-
bounded MDPs. Our results improve upon the previous
algorithms and achieves minimax optimal regrets for the
class of variance-bounded MDPs. Our model-based algo-
rithm is minimax optimal for deterministic MDPs. Finally,
we identify some possible limit of current model-free al-
gorithms. One possible future direction is to find a new
model-free algorithm with a constant regret for determinis-
tic MDPs.
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A. Technical Lemmas
Lemma 14 (Hoeffding’s Inequality). Let Z,Z1, . . . , Zn be i.i.d. random variables with values in r0, bs and let δ ą 0.
Then we have

P

«ˇ

ˇ

ˇ

ˇ

ˇ

ErZs ´
1

n

n
ÿ

i“1

Zi

ˇ

ˇ

ˇ

ˇ

ˇ

ą b

c

lnp2{δq

2n

ff

ď δ.

Lemma 15 (Bennett’s Inequality, Theorem 3 in Maurer & Pontil (2009)). Let Z,Z1, . . . , Zn be i.i.d. random variables
with values in r0, bs and let δ ą 0. Define VrZs “ ErpZ ´ ErZsq2s. Then we have

P

«
ˇ

ˇ

ˇ

ˇ

ˇ

ErZs ´
1

n

n
ÿ

i“1

Zi

ˇ

ˇ

ˇ

ˇ

ˇ

ą

c

2VrZs lnp2{δq

n
`
b lnp2{δq

n

ff

ď δ.

Lemma 16 (Theorem 4 in Maurer & Pontil (2009)). Let Z,Z1, . . . , Zn pn ě 2q be i.i.d. random variables with values in
r0, bs and let δ ą 0. Define Z̄ “ 1

nZi and V̂n “ 1
n

řn
i“1pZi ´ Z̄q2. Then we have

P

»

–

ˇ

ˇ

ˇ

ˇ

ˇ

ErZs ´
1

n

n
ÿ

i“1

Zi

ˇ

ˇ

ˇ

ˇ

ˇ

ą

d

2V̂n lnp2{δq

n´ 1
`

7b lnp2{δq

3pn´ 1q

fi

fl ď δ.

Lemma 17 (Lemma 11 in (Zhang et al., 2021c)). Let pMnqně0 be a martingale such that M0 “ 0 and |Mn ´Mn´1| ď c
for some c ą 0 and any n ě 1. Let Varn “

řn
k“1 ErpMk ´ Mk´1q2|Fk´1s for n ě 0, where Fk “ σpM1, . . . ,Mkq.

Then for any positive integer n and any ϵ, δ ą 0, we have that

P
”

|Mn| ě 2
a

2Varn lnp1{δq ` 2
a

ϵ lnp1{δq ` 2c lnp1{δq

ı

ď 2

ˆ

log2

ˆ

nc2

ϵ

˙

` 1

˙

δ.

Lemma 18 (Lemma 10 in Zhang et al. (2022)). Let X1, X2, . . . be a sequence of random variables taking values in r0, ls.
Define Fk “ σpX1, X2, . . . , Xk´1q and Yk “ ErXk | Fks for k ě 1. For any δ ą 0, we have that

P

«

Dn,
n

ÿ

k“1

Xk ě 3
n

ÿ

k“1

Yk ` l lnp1{δq

ff

ď δ,

P

«

Dn,
n

ÿ

k“1

Yk ě 3
n

ÿ

k“1

Xk ` l lnp1{δq

ff

ď δ.

Lemma 19 (Lemma 30 in Chen et al. (2021)). For any two random variables X,Y , we have

VpXY q ď 2VpXqpsup |Y |q2 ` 2pErXsq2VpY q.

Consequently, sup |X| ď C implies VpX2q ď 4C2VpXq.

Lemma 20 (Bhatia–Davis Inequality). For any random variable X , VpXq ď psupX ´ ErXsqpErXs ´ infXq.

B. Missing Proofs
B.1. Justification for Definition 6

Let Xπ
h psq denote the random variable of cumulative reward starting from s as the h-th step. Clearly, V π

h psq “ ErXπ
h psqs.

We denote Varπhpsq :“ VpXπ
h psqq. Since π P Π is deterministic, let a “ πhpsq. Law of total variance states that

VpY q “ ErVpY |Xqs ` VpErY |Xsq, so

Varπhpsq “ Er„Rhps,aq,s1„Ps,a,h
rVpr `Xπ

h`1ps1qqs ` Vr„Rhps,aq,s1„Ps,a,h
pErr `Xπ

h`1ps1qsq

“ Er„Rhps,aq,s1„Ps,a,h
rVpXπ

h`1ps1qqs ` Vr„Rhps,aq,s1„Ps,a,h
pr ` ErXπ

h`1ps1qsq

“ Es1„Ps,a,h
rVarπh`1ps1qs ` Vr„Rhps,aqprq ` Vs1„Ps,a,h

pV π
h`1ps1qq

12
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“ Ps,a,hVar
π
h`1 ` VpRhps, aqq ` VpPs,a,h, V

π
h`1q.

Let dπh P ∆pSqp¨|sq denote the state visitation distribution at the h-th step conditioned on the first state being s, i.e.,

dπhps1|sq :“ Pπrsh “ s1 | s1 “ ss.

By induction, we can prove that (with ah “ πhpshq)

Varπ1 psq “

H
ÿ

h“1

Esh„dπ
hp¨|sqrVpRhpsh, ahqq ` VpPsh,ah,h, V

π
h`1qs

“ Eπ

«

H
ÿ

h“1

`

VpRhpsh, ahqq ` VpPsh,ah,h, V
π
h`1q

˘

ˇ

ˇ

ˇ

ˇ

ˇ

s1 “ s

ff

.

B.2. Model-Based Algorithm: MVP-V (Algorithm 1)

Summary of notations. Let skh, a
k
h and rkh denote the state, action and reward at the h-th step of the k-th episode. Let

V k
h psq, Qk

hps, aq, nkps, aq and pP k
s,a,s1 denote Vhpsq, Qhps, aq, nps, aq and pPs,a,s1 at the beginning of the k-th episode.

Let K be the set of indexes of episodes in which no update is triggered. By the update rule, it is obvious that
ˇ

ˇKC
ˇ

ˇ ď

SAplog2pKHq ` 1q. Let h0pkq be the first time an update is triggered in the k-th episode if there is an update in this
episode and otherwise H ` 1. Define X0 :“ tpk, h0pkqq | k P KCu and X :“ tpk, hq | k P KC , h0pkq ` 1 ď h ď Hu.

Let Ipk, hq :“ 1rpk, hq R X s. We use the “check” notation to denote the original value timed with Ipk, hq, e.g., qV k
h :“

V k
h Ipk, hq and qβk

h :“ βk
hIpk, hq.

Proof of Theorem 7. We first run MVP-V (Algorithm 1) with ι “ 99plnpHSAK{δq ` 1q which is large enough for all the
probabilistic inequalities to hold. This choice will make the success probability be 1 ´ polypS,A,H,K, ιqδ. The lemmas
are also proved assuming this choice of ι at first.

Based on Lemma 7 in Zhang et al. (2021a), by Lemmas 23 and 25 we have that

RegretpKq ď

K
ÿ

k“1

H
ÿ

h“1

pPsk
h,a

k
h

qV k
h`1 ´ qV k

h`1pskh`1qq

looooooooooooooooooooomooooooooooooooooooooon

“:M1

`

K
ÿ

k“1

H
ÿ

h“1

qβk
hpskh, a

k
hq

loooooooooomoooooooooon

“:M2

`

K
ÿ

k“1

˜

H
ÿ

h“1

rpskh, a
k
hqIpk, hq ´ V πk

1 psk1q

¸

loooooooooooooooooooooooomoooooooooooooooooooooooon

“:M3

`
ˇ

ˇKC
ˇ

ˇ .

We utilize Equation (39) in Zhang et al. (2021a): for any non-negative sequence pwk
hqkPrKs,hPrHs,

K
ÿ

k“1

H
ÿ

h“1

Ipk, hq

nkpskh, a
k
hq

ď OpSAιq,
K
ÿ

k“1

H
ÿ

h“1

d

wk
hIpk, hq

nkpskh, a
k
hq

ď O

¨

˝

g

f

f

eSAι
K
ÿ

k“1

H
ÿ

h“1

wk
hIpk, hq ` SAι

˛

‚.

Thus by Lemma 25 we have

M2 ď O

¨

˚

˚

˚

˚

˚

˝

g

f

f

f

f

e

SA
K
ÿ

k“1

H
ÿ

h“1

pVpRpskh, a
k
hqq ` VpPsk

h,a
k
h
, V k

h`1qqIpk, hq

looooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooon

«:M4

ι`

g

f

f

f

f

e

ΓSA
K
ÿ

k“1

H
ÿ

h“1

VpPsk
h,a

k
h
, V k

h`1 ´ V ‹
h`1qIpk, hq

loooooooooooooooooooooooomoooooooooooooooooooooooon

«:M5

ι

`

g

f

f

f

f

e

SA
K
ÿ

k“1

H
ÿ

h“1

pVpRpskh, a
k
hqq ` VpPsk

h,a
k
h
, V ‹

h`1qqIpk, hq

looooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooon

«:M6

ι` ΓSAι2

˛

‹

‹

‹

‹

‹

‚

.
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We need to substitute Ipk, hq with Ipk, h ` 1q to get the precise definition of M4,M5 and M6. Such substitution only
introduces an error of Op

ˇ

ˇKC
ˇ

ˇq. By VpX ` Y q ď 2VpXq ` 2VpY q,

M6 ď OpM4 `M5q, and M4 ď OpM5 `M6q.

• If we use the former relation, M2 ď Op
?
SAM4ι `

?
ΓSAM5ι ` ΓSAι2q. Plugging in Lemma 26 and Lemma 28,

we have

M2 ď O

¨

˝

a

ΓSAM2ι`

g

f

f

eSA
K
ÿ

k“1

Varπ
k

ι` ΓSAι2

˛

‚.

Solving the inequality gives

M2 ď O

¨

˝

g

f

f

eSA
K
ÿ

k“1

Varπ
k

ι` ΓSAι2

˛

‚.

By Lemma 8 of Zhang et al. (2021a), M1 ď Op
?
M4ι` ιq. Further plugging in Lemma 27 gives

RegretpKq ď M1 `M2 `M3 `
ˇ

ˇKC
ˇ

ˇ ď O

¨

˝

g

f

f

eSA
K
ÿ

k“1

Varπ
k

ι` ΓSAι2

˛

‚ď Op
?
Var‹SAKι` ΓSAι2q.

• If we use the latter relation, M2 ď Op
?
SAM6ι `

?
ΓSAM5ι ` ΓSAι2q. First plug in Lemma 28, we have M2 ď

Op
?
ΓSAM2ι`

?
SAM6ι` ΓSAι2q, which implies

M2 ď Op
a

SAM6ι` ΓSAι2q.

For the regret, we need M1 ď Op
?
M4ι` ιq, Lemmas 27 and 29 and M4 ď OpM5 `M6q, so

RegretpKq ď Op
a

SAM6ι` ΓSAι2q ď Op

b

VarΣKSAι` ΓSAι2q.

The above results hold with probability at least 1 ´ 19HS2AKιδ. To establish the final result, we need to scale δ to make
the success probability be 1 ´ δ1. We upper-bound ι by 100pHSAK{

?
δ ` 1q and solve the inequality:

1900HS2AK

ˆ

HSAK
?
δ

` 1

˙

δ ď δ1.

Take δ “ pδ1{3000H2S3A2K2q2. By lnpHSAK{pδ{3000H2S3A2K2q2q ď Opιq, we conclude the proof.

Lemma 21. Define the following events:

E1 :“

$

&

%

@ps, a, h, kq P S ˆ A ˆ rHs ˆ rKs,
ˇ

ˇ

ˇ
p pP k

s,a,s1 ´ Ps,a,s1 qV ‹
h`1

ˇ

ˇ

ˇ
ď 2

d

Vp pP k
s,a, V

‹
h`1qι

nkps, aq
`

14ι

3nkps, aq

,

.

-

, (1)

E2 :“

$

’

&

’

%

@ps, a, kq P S ˆ A ˆ rKs,
ˇ

ˇ

prkps, aq ´ rps, aq
ˇ

ˇ ď 2

g

f

f

e

zVarR
k
ps, aqι

nkps, aq
`

14ι

3nkps, aq

,

/

.

/

-

, (2)

E3 :“

#

@ps, a, s1, kq P S ˆ A ˆ S ˆ rKs,
ˇ

ˇ

ˇ

pP k
s,a,s1 ´ Ps,a,s1

ˇ

ˇ

ˇ
ď

d

2Ps,a,s1ι

nkps, aq
`
1rPs,a,s1 ą 0sι

nkps, aq

+

, (3)

E4 :“

#

@ps, a, h, kq P S ˆ A ˆ rHs ˆ rKs,
ˇ

ˇ

ˇ
p pP k

s,a,s1 ´ Ps,a,s1 qV ‹
h`1

ˇ

ˇ

ˇ
ď

d

2VpPs,a, V ‹
h`1qι

nkps, aq
`

ι

nkps, aq

+

. (4)

We have that

PrE1s ě 1 ´HSAKιδ, PrE2s ě 1 ´ SAKιδ, PrE3s ě 1 ´ S2AKιδ, PrE4s ě 1 ´HSAKιδ.
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Proof of Lemma 21. PrE1s and PrE2s are direct results by applying Lemma 16 and 1
x´1 ď 2

x , taking union bounds over
the mentioned quantifiers and that nkps, aq P t1, 2, . . . , tlog2pHKquu. PrE3s and PrE4s are direct results by applying
Lemma 15 and that Ps,a,s1 “ 0 ùñ pP k

s,a,s1 “ 0, finally taking union bounds over the mentioned quantifiers and that
nkps, aq P t1, 2, . . . , tlog2pHKquu.

Lemma 22 (Adapted from Lemma 14 in Zhang et al. (2021a) and Lemma 16 in Tarbouriech et al. (2021)). For any fixed
dimension D, let Υ :“ tv P RD : v ě 0, }v}8 ď Bu. For any two constants c1, c2 satisfying c21 ď c2, let f :

∆prDsq ˆ Υ ˆ R ˆ R Ñ R with fpp, v, n, ιq “ pv ` max

"

c1

b

Vpp,vqι
n , c2

Bι
n

*

. Then for all p P ∆prDsq, v P Υ and

n, ι ą 0,

1. fpp, v, n, ιq is non-decreasing in v, i.e.,

@pv, v1q P Υ2, v ď v1, it holds that fpp, v, n, ιq ď fpp, v1, n, ιq;

2. fpp, v, n, ιq ě pv ` c1

2

b

Vpp,vqι
n ` c2

2
Bι
n .

Lemma 23. Conditioned on the successful events of Lemma 21, we have that for any ps, a, h, kq P S ˆ A ˆ rHs ˆ rKs,
Qk

hps, aq ě Q‹
hps, aq.

Proof of Lemma 23. Let k be fixed and omit it for simplicity. The proof is conducted by induction in the order of h “

H ` 1, H, . . . , 1. QH`1ps, aq “ 0 ě 0 “ Q‹
H`1ps, aq holds trivially for any ps, aq P S ˆ A. Now assume Qh`1ps, aq ě

Q‹
h`1ps, aq for any ps, aq P S ˆ A, hence Vh`1psq “ maxaPAQh`1ps, aq ě maxaPAQ

‹
h`1ps, aq “ V ‹

h`1psq for any
s P S.

prps, aq ` pPs,aVh`1 ` bhps, aq

“

¨

˝

prps, aq ` 2

d

zVarRps, aqι

nps, aq
`

5ι

nps, aq

˛

‚`

¨

˝
pPs,aVh`1 ` 4

d

Vp pPs,a, Vh`1qι

nps, aq
`

16ι

nps, aq

˛

‚

(i)
ě rps, aq ` pPs,aVh`1 ` max

$

&

%

4

d

Vp pPs,a, Vh`1qι

nps, aq
,

16ι

nps, aq

,

.

-

looooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooon

“fp pPs,a,Vh`1,ι,nps,aqq

(ii)
ě rps, aq ` pPs,aV

‹
h`1 ` max

$

&

%

4

d

Vp pPs,a, V ‹
h`1qι

nps, aq
,

16ι

nps, aq

,

.

-

looooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooon

“fp pPs,a,V ‹
h`1,ι,nps,aqq

(iii)
ě rps, aq ` pPs,aV

‹
h`1 ` 2

d

Vp pPs,a, V ‹
h`1qι

nps, aq
`

8ι

nps, aq

(iv)
ě rps, aq ` Ps,aV

‹
h`1

“ Q‹
hps, aq,

where (i) is by E2 (Equation (2)); (ii) is by recognizing the last part as the function in Lemma 22, pc1, c2, Bq “ p4, 16, 1q

satisfying that c21 ď c2 and using the first property based on the induction that Vh`1 ě V ‹
h`1; (iii) is by the second property

in Lemma 22; (iv) is E1 (Equation (1)). So Qhps, aq ě Q‹
hps, aq.

Lemma 24. With probability at least 1 ´ 2SAKιδ, we have that for any ps, a, kq P S ˆ A ˆ rKs,

zVarR
k
ps, aq ď O

ˆ

VpRps, aqq `
ι

nkps, aq

˙

.
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Proof of Lemma 24. Let s, a, k be fixed and omit k for simplicity. Assume that all the nps, aq realizations of Rps, aq are
pr

piq
s,aq

nps,aq

i“1 . We have that

zVarRps, aq “
1

nps, aq

nps,aq
ÿ

i“1

prpiq
s,aq2 ´

¨

˝

1

nps, aq

nps,aq
ÿ

i“1

rpiq
s,a

˛

‚

2

.

From Lemma 15,

P

»

–

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

nps, aq

nps,aq
ÿ

i“1

prpiq
s,aq2 ´ ErRps, aq2s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ą

d

2VpRps, aq2qι

nps, aq
`

ι

nps, aq

fi

fl ď δ,

P

»

–

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

nps, aq

nps,aq
ÿ

i“1

rpiq
s,a ´ ErRps, aqs

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ą

d

2VpRps, aqqι

nps, aq
`

ι

nps, aq

fi

fl ď δ.

By Lemma 19, VpRps, aq2q ď 4VpRps, aqq. So
ˇ

ˇ

ˇ

zVarRps, aq ´ VpRps, aqq

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

nps, aq

nps,aq
ÿ

i“1

prpiq
s,aq2 ´ ErRps, aq2s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

¨

˝

1

nps, aq

nps,aq
ÿ

i“1

rpiq
s,a

˛

‚

2

´ ErRps, aqs2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď 2

d

2VpRps, aqqι

nps, aq
`

ι

nps, aq
`

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

nps, aq

nps,aq
ÿ

i“1

rpiq
s,a ` ErRps, aqs

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

nps, aq

nps,aq
ÿ

i“1

rpiq
s,a ´ ErRps, aqs

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď 2

d

2VpRps, aqqι

nps, aq
`

ι

nps, aq
` 2

d

2VpRps, aqqι

nps, aq
`

2ι

nps, aq

“ 4

d

2VpRps, aqqι

nps, aq
`

3ι

nps, aq
.

Using 2
?
xy ď x` y, we have

zVarRps, aq ď VpRps, aqq ` 4

d

2VpRps, aqqι

nps, aq
`

3ι

nps, aq
ď 2VpRps, aqq `

11ι

nps, aq
.

This completes the proof.

Lemma 25. Conditioned on the successful events of Lemmas 21 and 24, we have that for any ps, a, h, kq P S ˆAˆ rHs ˆ

rKs

Qk
hps, aq ´ rps, aq ´ Ps,aV

k
h`1 ď βk

hps, aq,

where

βk
hps, aq “ O

¨

˝

d

VpPs,a, V k
h`1qι

nkps, aq
`

d

VpPs,a, V ‹
h`1qι

nkps, aq
`

d

ΓVpPs,a, V k
h`1 ´ V ‹

h`1qι

nkps, aq
`

d

VpRps, aqqι

nkps, aq
`

Γι

nkps, aq

˛

‚.

Proof of Lemma 25. For any ps, a, h, kq P S ˆ A ˆ rHs ˆ rKs,

p pP k
s,a ´ Ps,aqpV k

h`1 ´ V ‹
h`1q

“
ÿ

s1PS
p pP k

s,a,s1 ´ Ps,a,s1 qrV k
h`1ps1q ´ V ‹

h`1ps1q ´ Ps,apV k
h`1 ´ V ‹

h`1qs
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(i)
ď

ÿ

s1PS

d

2Ps,a,s1ι

nkps, aq

ˇ

ˇV k
h`1ps1q ´ V ‹

h`1ps1q ´ Ps,apV k
h`1 ´ V ‹

h`1q
ˇ

ˇ `
ÿ

s1PS

1rPs,a,s1 ą 0sι

nkps, aq

ď

d

2ι

nkps, aq

ÿ

s1PS

b

1rPs,a,s1 ą 0sPs,a,s1 rV k
h`1ps1q ´ V ‹

h`1ps1q ´ Ps,apV k
h`1 ´ V ‹

h`1qs2 `
Γι

nkps, aq

(ii)
ď

d

2ι

nkps, aq

d

ÿ

s1PS
1rPs,a,s1 ą 0s

d

ÿ

s1PS
Ps,a,s1 rV k

h`1ps1q ´ V ‹
h`1ps1q ´ Ps,apV k

h`1 ´ V ‹
h`1qs2 `

Γι

nkps, aq

“

d

2ΓVpPs,a, V k
h`1 ´ V ‹

h`1q

nkps, aq
`

Γι

nkps, aq
,

where (i) is by E3 (Equation (3)); (ii) is by Cauchy-Schwarz inequality. While retaining most other steps in Appendix C.1
of Zhang et al. (2021a) which require E4 (Equation (4)), we have

βk
hps, aq “ O

¨

˚

˝

d

Vp pP k
s,a, V

k
h`1qι

nkps, aq
`

d

VpPs,a, V ‹
h`1qι

nkps, aq
`

d

ΓVpPs,a, V k
h`1 ´ V ‹

h`1qι

nkps, aq
`

g

f

f

e

zVarR
k
ps, aqι

nkps, aq
`

Γι

nkps, aq

˛

‹

‚

.

Similar as the steps above Equation (36) in Zhang et al. (2021a) which require E3 (Equation (3)), we have that

Vp pP k
s,a, V

k
h`1q ď O

ˆ

VpPs,a, V
k
h`1q `

Γι

nkps, aq

˙

.

Combined with Lemma 24 we have the desired result.

Lemma 26. Conditioned on the successful events of Lemma 25, with probability at least 1 ´ 5Kιδ, we have that

M4 ď O

˜

K
ÿ

k“1

Varπ
k

`M2 ` SAι2

¸

ď OpVar‹K `M2 ` SAι2q.

Proof of Lemma 26. Define

bckhps, aq :“ V k
h psq ´ Ps,aV

k
h`1 ´ rps, aq P r´1, 1s, (5)

which stands for bonus-correction. By Lemma 25, bckhps, aq ď βk
hps, aq. However, we make the distinction here to be

more precise. Let BCk
hpsq :“ bckhps, aq ` Ps,aBC

k
h`1 with a “ πk

hpsq and boundary condition BCk
H`1psq :“ 0. We can

prove by induction that

BCk
hpsq “ pV k

h ´ V πk

h qpsq P r0, 1s. (6)

First,

BCk
Hpsq “ bckHps, aq “ V k

Hpsq ´ rps, aq “ V k
Hpsq ´ V πk

H psq.

Then assume that BCk
h`1 “ V k

h`1 ´ V πk

h`1, we have

BCk
hpsq “ bckhps, aq ` Ps,apV k

h`1 ´ V πk

h`1q

“ V k
h psq ´ Ps,aV

k
h`1 ´ rps, aq ` Ps,apV k

h`1 ´ V πk

h`1q

“ V k
h psq ´ prps, aq ` Ps,aV

πk

h`1q

“ V k
h psq ´ V πk

h psq.

Define a series of random variables and their truncated values: for any k P rKs,

W k :“
H
ÿ

h“1

pVpRpskh, a
k
hqq ` VpPsk

h,a
k
h
, V πk

h`1qq, W k :“ mintW k, 50ιu.
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Correspondingly, define the following event, which means there is no truncation:

EW :“ tW k “ W k, @k P rKsu.

We now calculate the probability of no truncation happens. For any fixed 1 ď k ď K,

W k
(i)
ď

H
ÿ

h“1

rPsk
h,a

k
h
pV πk

h`1q2 ´ pV πk

h`1pskh`1qq2s `

H
ÿ

h“1

rpV πk

h pskhqq2 ´ pPsk
h,a

k
h
V πk

h`1q2s `

H
ÿ

h“1

rpskh, a
k
hq ´ pV πk

1 psk1qq2

(ii)
ď 2

g

f

f

e2
H
ÿ

h“1

VpPsk
h,a

k
h
, pV πk

h`1q2qι` 6ι` 2
H
ÿ

h“1

pV πk

h pskhq ´ Psk
h,a

k
h
V πk

h`1q `

H
ÿ

h“1

rpskh, a
k
hq

(iii)
ď 4

g

f

f

e2
H
ÿ

h“1

VpPsk
h,a

k
h
, V πk

h`1qι` 3
H
ÿ

h“1

rpskh, a
k
hq ` 6ι

ď 4
?
2W kι` 3 ` 6ι,

where (i) is by Lemma 20, VpRps, aqq ď ErRps, aqs; (ii) is by Lemma 17 with c “ ϵ “ 1, which happens with probability
at least 1 ´ 2ιδ, and a2 ´ b2 ď pa ` bqmaxta ´ b, 0u when a, b ě 0; (iii) is by Lemma 19 with C “ 1. Solving the
inequality of W k, we have that

W k ď 50ι.

This means PrEW s ě 1 ´ 2Kιδ.

From now on, we suppose EW holds. We are ready to bound M4:

M4 “

K
ÿ

k“1

H
ÿ

h“1

pVpRpskh, a
k
hqq ` VpPsk

h,a
k
h
, V k

h`1qqIpk, h` 1q

(i)
ď 2

K
ÿ

k“1

H
ÿ

h“1

pVpRpskh, a
k
hqq ` VpPsk

h,a
k
h
, V πk

h`1qqIpk, h` 1q ` 2
K
ÿ

k“1

H
ÿ

h“1

VpPsk
h,a

k
h
,BCk

h`1qIpk, h` 1q

loooooooooooooooooooooomoooooooooooooooooooooon

“:Z

(7)

ď 2
K
ÿ

k“1

W k ` 2Z

(ii)
“ 2

K
ÿ

k“1

W k ` 2Z

(iii)
ď 6

K
ÿ

k“1

ErW k | Fks ` 2Z ` 100ι

ď 6
K
ÿ

k“1

ErW k | Fks ` 2Z ` 100ι2

“ 6
K
ÿ

k“1

Varπ
k

1 psk1q ` 2Z ` 100ι2

ď 6
K
ÿ

k“1

Varπ
k

` 2Z ` 100ι2

ď 6Var‹K ` 2Z ` 100ι2,

where (i) is by Equation (6) and VpX ` Y q ď 2VpXq ` 2VpY q; (ii) is by EW ; (iii) is by Lemma 18 with l “ 50ι, which
happens with probability at least 1 ´ δ.
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It remains to bound the quantity Z we encountered:

Z “

K
ÿ

k“1

H
ÿ

h“1

rPsk
h,a

k
h
pBCk

h`1q2 ´ pBCk
h`1pskh`1qq2sIpk, h` 1q

`

K
ÿ

k“1

H
ÿ

h“1

rpBCk
hpskhqq2Ipk, hq ´ pPsk

h,a
k
h
BCk

h`1q2Ipk, h` 1qs ´

K
ÿ

k“1

pBCk
1psk1qq2

ď

K
ÿ

k“1

H
ÿ

h“1

rPsk
h,a

k
h
pBCk

h`1q2 ´ pBCk
h`1pskh`1qq2sIpk, h` 1q

`

K
ÿ

k“1

H
ÿ

h“1

rpBCk
hpskhqq2 ´ pPsk

h,a
k
h
BCk

h`1q2sIpk, h` 1q `
ˇ

ˇKC
ˇ

ˇ

(i)
ď 2

g

f

f

e2
K
ÿ

k“1

H
ÿ

h“1

VpPsk
h,a

k
h
, pBCk

h`1q2qIpk, h` 1qι` 6ι

` 2
K
ÿ

k“1

H
ÿ

h“1

maxtBCk
hpskhq ´ Psk

h,a
k
h
BCk

h`1, 0uIpk, h` 1q `
ˇ

ˇKC
ˇ

ˇ

(ii)
ď 4

g

f

f

e2
K
ÿ

k“1

H
ÿ

h“1

VpPsk
h,a

k
h
,BCk

h`1qIpk, h` 1qι` 6ι` 2
K
ÿ

k“1

H
ÿ

h“1

maxtbckhpskh, a
k
hq, 0uIpk, h` 1q `

ˇ

ˇKC
ˇ

ˇ

ď 4
?
2Zι` 6ι` 2

K
ÿ

k“1

H
ÿ

h“1

qβk
hpskh, a

k
hq ` 2

ˇ

ˇKC
ˇ

ˇ

ď 4
?
2Zι` 2M2 ` 8SAι,

where (i) is by Lemma 17 with c “ ϵ “ 1, which happens with probability at least 1 ´ 2ιδ; (ii) is by Lemma 19 with
C “ 1. Solving the inequality of Z, we have that

Z ď 4M2 ` 48SAι. (8)

So plugging back into the bound of M4 gives the final result.

Lemma 27. Conditioned on the successful events of Lemma 26, with probability at least 1 ´ 2ιδ, we have that

M3 ď Op
a

M4ι`
a

M2ι` SAιq.

Proof of Lemma 27.

M3 “

K
ÿ

k“1

˜

H
ÿ

h“1

rpskh, a
k
hqIpk, hq ´ V πk

1 psk1qIpk, 1q

¸

“

K
ÿ

k“1

˜

H
ÿ

h“1

pV πk

h pskhq ´ Psk
h,a

k
h
V πk

h`1qIpk, hq ´ V πk

1 psk1qIpk, 1q

¸

ď

K
ÿ

k“1

H
ÿ

h“1

pV πk

h`1pskh`1q ´ Psk
h,a

k
h
V πk

h`1qIpk, h` 1q `
ˇ

ˇKC
ˇ

ˇ

(i)
ď 2

g

f

f

e2
K
ÿ

k“1

H
ÿ

h“1

VpPsk
h,a

k
h
, V πk

h`1qIpk, h` 1qι` 6ι` SAι

(ii)
ď 4

a

M4ι` 4
?
Zι` 7SAι

(iii)
ď 4

a

M4ι` 8
a

M2ι` 35SAι,
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where (i) is by Lemma 17 with c “ ϵ “ 1, which happens with probability at least 1 ´ 2ιδ; (ii) is by Equation (6),
VpX ` Y q ď 2VpXq ` 2VpY q and definition of Z (Equation (7)); (iii) is by Equation (8).

Lemma 28. Conditioned on the successful events of Lemma 25, with probability at least 1 ´ 2ιδ, we have that

M5 ď OpM2 ` SAιq.

Proof of Lemma 28. Define rV k
h “ V k

h ´ V ‹
h .

M5 “

K
ÿ

k“1

H
ÿ

h“1

rPsk
h,a

k
h
p rV k

h`1q2 ´ p rV k
h`1pskh`1qq2sIpk, h` 1q

`

K
ÿ

k“1

H
ÿ

h“1

rp rV k
h pskhqq2Ipk, hq ´ pPsk

h,a
k
h

rV k
h`1q2Ipk, h` 1qs ´

K
ÿ

k“1

p rV k
1 psk1qq2

ď

K
ÿ

k“1

H
ÿ

h“1

rPsk
h,a

k
h
p rV k

h`1q2 ´ p rV k
h`1pskh`1qq2sIpk, h` 1q

`

K
ÿ

k“1

H
ÿ

h“1

rp rV k
h pskhqq2 ´ pPsk

h,a
k
h

rV k
h`1q2sIpk, h` 1q `

ˇ

ˇKC
ˇ

ˇ

(i)
ď 2

g

f

f

e2
K
ÿ

k“1

H
ÿ

h“1

VpPsk
h,a

k
h
, p rV k

h`1q2qIpk, h` 1qι` 6ι

` 2
K
ÿ

k“1

H
ÿ

h“1

maxt rV k
h pskhq ´ Psk

h,a
k
h

rV k
h`1, 0uIpk, h` 1q `

ˇ

ˇKC
ˇ

ˇ

(ii)
ď 4

a

2M5ι` 2
K
ÿ

k“1

H
ÿ

h“1

qβk
hpskh, a

k
hq ` 2

ˇ

ˇKC
ˇ

ˇ

ď 4
a

2M5ι` 2M2 ` 8SAι,

where (i) is by Lemma 17 with c “ ϵ “ 1, which happens with probability at least 1´2ιδ; (ii) is by Lemma 19 with C “ 1
and the following argument: by Lemma 25,

rV k
h pskhq ´ Psk

h,a
k
h

rV k
h`1 ď rQk

hpskh, a
k
hq ´ Psk

h,a
k
h

rV k
h`1 ď βk

hpskh, a
k
hq.

Solving the inequality of M5, we have that

M5 ď 4M2 ` 48SAι.

This completes the proof.

Lemma 29. With probability at least 1 ´ 4Kιδ, we have that for any k P rKs,

VarΣpkq ď Opιq.

As a result,

M6 ď VarΣK ď OpKιq.

Proof of Lemma 29. For any k P rKs,

VarΣpkq ď

H
ÿ

h“1

rPsk
h,a

k
h
pV ‹

h`1q2 ´ pV ‹
h`1pskh`1qq2s `

H
ÿ

h“1

rpV ‹
h pskhqq2 ´ pPsk

h,a
k
h
V ‹
h`1q2s `

H
ÿ

h“1

rpskh, a
k
hq ´ pV ‹

1 psk1qq2
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(i)
ď 2

g

f

f

e2
H
ÿ

h“1

VpPsk
h,a

k
h
, pV ‹

h`1q2qι` 6ι` 2
H
ÿ

h“1

maxt V ‹
h pskhq ´ Psk

h,a
k
h
V ‹
h`1

loooooooooooomoooooooooooon

ěQ‹
hpsk

h,a
k
hq´Psk

h
,ak

h
V ‹

h`1ě0

, 0u ` 1

(ii)
ď 4

g

f

f

e2
H
ÿ

h“1

VpPsk
h,a

k
h
, V ‹

h`1qι` 7ι` 2
H
ÿ

h“1

pV ‹
h`1pskh`1q ´ Psk

h,a
k
h
V ‹
h`1q ` 2V ‹

1 psk1q
looomooon

ď2

(iii)
ď 4

b

2VarΣpkqι` 9ι` 4

g

f

f

e2
H
ÿ

h“1

VpPsk
h,a

k
h
, V ‹

h`1qι` 12ι

ď 8
b

2VarΣpkqι` 21ι,

where (i) is by Lemma 17 with c “ ϵ “ 1, which happens with probability at least 1 ´ 2ιδ; (ii) is by Lemma 19 with
C “ 1; (iii) is by Lemma 17 with c “ ϵ “ 1, which happens with probability at least 1 ´ 2ιδ. Solving the inequality of
VarΣpkq, we have that

VarΣpkq ď 170ι.

So taking a union bound over k we have the desired result.

B.3. Model-Free Algorithm: UCB-Advantage-V (Algorithm 2)

Summary of notations. Let skh, a
k
h and rkh denote the state, action and reward at the h-th step of the k-th episode. Let

V k
h psq,Qk

hps, aq, V ref,k
h ,Nk

h ps, aq and qNk
h ps, aq denote Vhpsq,Qhps, aq,Nhps, aq and qNhps, aq at the beginning of the k-th

episode. Let V REF
h :“ V ref,K`1

h denote the final reference value function. Let Nk
h psq :“

ř

aPAN
k
h ps, aq. NK`1

h ps, aq

denotes the total number of visits of ps, a, hq after all K episodes are done.

Define e1 “ H and ei`1 “ tp1 ` 1{Hqeiu. The definition of stages is with respect to the triple ps, a, hq. For any fixed pair
of k and h, we say that pk, hq falls in the j-th stage of ps, a, hq if and only if ps, aq “ pskh, a

k
hq and the total visit number of

pskh, a
k
hq after the k-th episode is in p

řj´1
i“1 ei,

řj
i“1 eis.

Let qυkh, qµk
h, qσk

h, µref,k
h , σref,k

h , zVarR
k

h, b̄kh, νref,kh , qνkh and bkh denote qυ, qµ, qσ, µref , σref , zVarR, b̄, νref , qν and b calculated for the
value of Qk

hpskh, a
k
hq.

For each k and h, let nkh be the total number of visits to pskh, a
k
h, hq prior to the current stage with respect to the same triple

and let nkh be the number of visits to the same triple during the stage immediately before the current stage. Let lkh,i and qlkh,i
denote the index of the i-th episode among the nkh and qnkh episodes defined above, respectively. When h and k are clear
from the context, we use li and qli for short.

Proof of Theorem 10. We first run UCB-Advantage-V (Algorithm 2) with ι “ 99plnpHSAK{δq ` 1q which is
large enough for all the probabilistic inequalities to hold. This choice will make the success probability be 1 ´

polypS,A,H,K, ιqδ. The lemmas are also proved assuming this choice of ι at first.

Define

ψk
h`1 :“

1

nkh

nk
h

ÿ

i“1

Psk
h,a

k
h,h

pV ref,li
h`1 ´ V REF

h`1 q,

ξkh`1 :“
1

qnkh

qnk
h

ÿ

i“1

rPsk
h,a

k
h,h

pV ref,qli
h`1 ´ V ‹

h`1q ´ pV ref,qli
h`1 ps

qli
h`1q ´ V ‹

h`1ps
qli
h`1qqs,

ϕkh`1 :“ Psk
h,a

k
h,h

pV ‹
h`1 ´ V πk

h`1q ´ pV ‹
h`1pskh`1q ´ V πk

h`1pskh`1qq.

Combining Section 4.2 in Zhang et al. (2020b) with Lemmas 30 to 33 and 36 to 41, we have that with probability at least

21



Near-Optimal Variance-Aware Bounds for Tabular MDPs

1 ´ 35HSAKιδ,

RegretpKq ď

K
ÿ

k“1

H
ÿ

h“1

ˆ

1 `
1

H

˙h´1

pψk
h`1 ` ξkh`1 ` ϕkh`1 ` 2bkhq

ď Op

b

VarΣKHSAι`
a

H5SAKι2{22i‹
`H5S2A2i

‹

ι2q.

Taking i‹ “
P

1{2 ¨ log2pK{H5S3Aι2q
T

, we have:

RegretpKq ď Op

b

VarΣKHSAι`
4

?
H15S5A3Kι6q.

Now we apply Lemma 42. With probability at least 1 ´ 46HSAKιδ,

RegretpKq ď O

¨

˝

g

f

f

eHSAKι
K
ÿ

k“1

Varπ
k

`
4

?
H15S5A3Kι6

˛

‚ď Op
?
Var‹HSAKι`

4
?
H15S5A3Kι6q.

The final result is established by scaling δ to make the success probability be 1 ´ δ1. We upper-bound ι by
100pHSAK{

?
δ ` 1q and solve the inequality:

4600HSAK

ˆ

HSAK
?
δ

` 1

˙

δ ď δ1.

Take δ “ pδ1{7000H2S2A2K2q2. By lnpHSAK{pδ{7000H2S2A2K2q2q ď Opιq, we conclude the proof.

Lemma 30. With probability at least 1 ´ 15HSAKιδ, we have that for any ps, a, h, kq P S ˆ A ˆ rHs ˆ rKs,

Q‹
hps, aq ď Qk`1

h ps, aq ď Qk
hps, aq.

Proof of Lemma 30. Recall that the update rule is:

Qhpskh, a
k
hq Ð min

"

prhpskh, a
k
hq `

qυ

qn
` b̄

loooooooooomoooooooooon

①

, prhpskh, a
k
hq `

µref

n
`

qµ

qn
` b

looooooooooooooomooooooooooooooon

②

, Qhpskh, a
k
hq

*

. (9)

We prove by induction on k. Clearly for k “ 1 the argument is true.

For case ① in Equation (9), we have that (omit the subscripts of h and superscripts of k for simplicity)

Qk`1
h ps, aq “ rhps, aq `

1

qn

qn
ÿ

i“1

V li
h`1pslih`1q ` pprhps, aq ´ rhps, aqq ` b̄

(i)
ě rhps, aq `

1

qn

qn
ÿ

i“1

V ‹
h`1pslih`1q ` pprhps, aq ´ rhps, aqq ` b̄

(ii)
ě rhps, aq ` Ps,a,hV

‹
h`1 ´

c

H2ι

2qn
` pprhps, aq ´ rhps, aqq ` b̄

(iii)
ě rhps, aq ` Ps,a,hV

‹
h`1 ´

c

H2ι

2qn
´

c

ι

2n
` b̄

ě Q‹
h`1ps, aq,

where (i) is by induction V u ě V ‹ for any 1 ď u ď k; (ii) is by Lemma 14 with b “ H , which holds with probability at
least 1 ´ δ; (iii) is by Lemma 14 with b “ 1, which holds with probability at least 1 ´ δ.

Define

χ1 :“
1

n

n
ÿ

i“1

pV ref,li
h`1 pslih`1q ´ Ps,a,hV

ref,li
h`1 q,
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χ2 :“
1

qn

n
ÿ

i“1

rpV li
h`1 ´ V ref,li

h`1 qpslih`1q ´ Ps,a,hpV li
h`1 ´ V ref,li

h`1 qs.

For case ② in Equation (9), we have that

Qk`1
h ps, aq “ prhps, aq ` Ps,a,h

˜

1

n

n
ÿ

i“1

V ref,li
h`1

¸

` Ps,a,h

˜

1

qn

qn
ÿ

i“1

pV
qli
h`1 ´ V ref,qli

h`1 q

¸

` χ1 ` χ2 ` b

(i)
ě rhps, aq ` Ps,a,h

˜

1

qn

qn
ÿ

i“1

V
qli
h`1

¸

` χ1 ` χ2 ` prhps, aq ´ prhps, aqq ` b

(ii)
ě rhps, aq ` Ps,a,hV

‹
h`1 ` χ1 ` χ2 ` prhps, aq ´ prhps, aqq ` b

“ Q‹
hps, aq ` χ1 ` χ2 ` prhps, aq ´ prhps, aqq ` b,

where (i) is by that V ref,u
h`1 is non-increasing in u; (ii) is by the induction V u ě V ‹ for any 1 ď u ď k.

From Lemma 17 with c “ H, ϵ “ c2, we have that with probability at least 1 ´ 2ιδ,

|χ1| ď
1

n

¨

˚

˚

˚

˚

˝

2

g

f

f

f

f

e

2
n

ÿ

i“1

VpPs,a,h, V
ref,li
h`1 q

looooooooooomooooooooooon

“:X

ι` 6Hι

˛

‹

‹

‹

‹

‚

. (10)

Define

χ3 :“
n

ÿ

i“1

rPs,a,hpV ref,li
h`1 q2 ´ pV ref,li

h`1 pslih`1qq2s,

χ4 :“
1

n

˜

n
ÿ

i“1

V ref,li
h`1 pslih`1q

¸2

´
1

n

˜

n
ÿ

i“1

Ps,a,hV
ref,li
h`1

¸2

,

χ5 :“
1

n

˜

n
ÿ

i“1

Ps,a,hV
ref,li
h`1

¸2

´

n
ÿ

i“1

pPs,a,hV
ref,li
h`1 q2,

then it is easy to verify that

X “ nνref ` χ3 ` χ4 ` χ5. (11)

By Lemma 17 with c “ H2, ϵ “ c2, and Lemma 19 with C “ H , we have that with probability at least 1 ´ 2ιδ,

χ3 ď 2

g

f

f

e2
n

ÿ

i“1

VpPs,a,h, pV
ref,li
h`1 q2qι` 6H2ι ď 4H

?
2Xι` 6H2ι. (12)

By Lemma 17 with c “ H, ϵ “ c2, we have that with probability at least 1 ´ 2ιδ,

χ4 ď
1

n

ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

i“1

pV ref,li
h`1 pslih`1q ` Ps,a,hV

ref,li
h`1 q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

i“1

pV ref,li
h`1 pslih`1q ´ Ps,a,hV

ref,li
h`1 q

ˇ

ˇ

ˇ

ˇ

ˇ

ď 2Hp2
?
2Xι` 6Hιq. (13)

By Cauchy-Schwarz inequality, χ5 ď 0. Thus, X ď nνref ` 18H2ι` 8H
?
2Xι. Solving the inequality,

X ď 2nνref ` 164H2ι.

Plugging back into Equation (10), we have

χ1 ď 4

c

νrefι

n
`

p4
?
82 ` 6qHι

n
.
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By a similar reasoning, we have that with probability at least 1 ´ 6ιδ,

χ2 ď 4

c

qνι

qn
`

p4
?
82 ` 6qHι

qn
.

By Lemma 16 and 1
x´1 ď 2

x , we have that with probability at least 1 ´ δ,

|rhps, aq ´ prhps, aq| ď 2

d

zVarRhps, aqι

n
`

14ι

3n
. (14)

Therefore, we have b ě |χ1| ` |χ2| ` |rhps, aq ´ prhps, aq|, which means Qk`1
h ps, aq ě Q‹

hps, aq.

Lemma 31 (Adapted from Lemma 5 and Corollary 6 in Zhang et al. (2020b), and Corollary 6 in Chen et al. (2021)).
Conditioned on the successful events of Lemma 30, with probability at least 1´HKδ, we have that for any ϵ P p0, Hs and
any h P rHs,

K
ÿ

k“1

1rV k
h pskhq ´ V ‹

h pskhq ě ϵs ď 60000
H5SAι

ϵ2
“: N0pϵq.

As a result, for every state s we have that

Nk
h psq ě N0pϵq ùñ 0 ď V k

h psq ´ V ‹
h psq ď ϵ.

Proof of Lemma 31. To derive the constant 60000, we only need to solve the inequality:

K
ÿ

k“1

1rδkh ě ϵs ď

řK
k“1 1rδkh ě ϵsδkh

ϵ
ď

240H5{2

b

}w}8 SAι
řK

k“1 1rδkh ě ϵs ` 3SAH3 }w}8

ϵ

which is below Equation (48) in Zhang et al. (2020b), using x ď a
?
x` b ùñ x ď a2 ` 2b.

The second part can be proven in a similar way as Corollary 6 in Chen et al. (2021).

Lemma 32. Conditioned on the successful events of Lemma 31, we have that

K
ÿ

k“1

H
ÿ

h“1

pV k
h pskhq ´ V ‹

h pskhqq ď Op
?
H7SAKιq,

K
ÿ

k“1

H
ÿ

h“1

pV k
h pskhq ´ V ‹

h pskhqq2 ď OpH6SAι2q.

Proof of Lemma 32. Let c be a fixed constant, then

K
ÿ

k“1

H
ÿ

h“1

pV k
h pskhq ´ V ‹

h pskhqq “

K
ÿ

k“1

H
ÿ

h“1

pV k
h pskhq ´ V ‹

h pskhqq1rV k
h pskhq ´ V ‹

h pskhq ă cs

`

K
ÿ

k“1

H
ÿ

h“1

pV k
h pskhq ´ V ‹

h pskhqq1rV k
h pskhq ´ V ‹

h pskhq ě cs

(i)
ď cHK `

K
ÿ

k“1

H
ÿ

h“1

ż H

0

1rV k
h pskhq ´ V ‹

h pskhq ě xs1rpV k
h pskhq ´ V ‹

h pskhqq ě cs dx

“ cHK `

K
ÿ

k“1

H
ÿ

h“1

ż H

c

1rV k
h pskhq ´ V ‹

h pskhq ě xsdx
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“ cHK `

ż H

c

˜

K
ÿ

k“1

H
ÿ

h“1

1rV k
h pskhq ´ V ‹

h pskhq ě xs

¸

dx

(ii)
ď cHK `

ż H

c

O

ˆ

H6SAι

x2

˙

dx

ď O

ˆ

cHK `
H6SAι

c

˙

,

where (i) is by n “
ş8

0
1rn ě xs dx for any non-negative real n and V ‹

h ď V k
h ď H (Lemma 30); (ii) is by Lemma 31.

Taking c “
a

H5SAι{K gives the first result.

Similarly,

K
ÿ

k“1

H
ÿ

h“1

pV k
h pskhq ´ V ‹

h pskhqq2

“

K
ÿ

k“1

H
ÿ

h“1

pV k
h pskhq ´ V ‹

h pskhqq21rV k
h pskhq ´ V ‹

h pskhq ă cs

`

K
ÿ

k“1

H
ÿ

h“1

pV k
h pskhq ´ V ‹

h pskhqq21rV k
h pskhq ´ V ‹

h pskhq ě cs

ď c2HK `

K
ÿ

k“1

H
ÿ

h“1

˜

ż H

0

1rV k
h pskhq ´ V ‹

h pskhq ě xs1rpV k
h pskhq ´ V ‹

h pskhqq ě csdx

¸2

“ c2HK `

K
ÿ

k“1

H
ÿ

h“1

˜

ż H

c

1rV k
h pskhq ´ V ‹

h pskhq ě xsdx

¸2

“ c2HK `

ż H

c

˜

ż H

c

˜

K
ÿ

k“1

H
ÿ

h“1

1rV k
h pskhq ´ V ‹

h pskhq ě xs1rV k
h pskhq ´ V ‹

h pskhq ě ys

¸

dx

¸

dy

“ c2HK `

ż H

c

˜

ż y

c

˜

K
ÿ

k“1

H
ÿ

h“1

1rV k
h pskhq ´ V ‹

h pskhq ě ys

¸

dx`

ż H

y

˜

K
ÿ

k“1

H
ÿ

h“1

1rV k
h pskhq ´ V ‹

h pskhq ě xs

¸

dx

¸

dy

ď c2HK `

ż H

c

˜

py ´ cqO

ˆ

H6SAι

y2

˙

`

ż H

y

O

ˆ

H6SAι

x2

˙

dx

¸

dy

ď c2HK `O

˜

H6SAι

ż H

c

dy

y

¸

“ O

ˆ

c2HK `H6SAι ln
H

c

˙

,

and taking c “ 1{
?
HK gives the second result.

Lemma 33. Define βi :“ H{2i for i P t0, 1, . . . , i‹u, N0
0 :“ 0 and N i

0 :“ N0pβiq “ 60000 ¨ 22iSAH3ι (defined in
Lemma 31) for i P ri‹s. Define

Bref,k
h psq :“

i‹

ÿ

i“1

βi´11rN i´1
0 ď Nk

h psq ă N i
0s.

Conditioned on the successful events of Lemma 31, we have that

V ref,k
h psq ´ V REF

h psq ď Bref,k
h psq,

V ref,k
h psq ´ V ‹

h psq ď Bref,k
h psq ` βi‹ ,
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and

K
ÿ

k“1

H
ÿ

h“1

Bref,k
h pskhq ď OpH5S2A2i

‹

ιq,

K
ÿ

k“1

H
ÿ

h“1

pBref,k
h pskhqq2 ď OpH6S2Ai‹ιq.

Proof of Lemma 33. For i ď i‹ ´ 1, by Lemma 31, if Nk
h psq ě N i

0 “ N0pβiq then V k
h psq ´ V ‹

h psq ď βi. Let k0 be the
minimum k such that Nk

h psq ě N i
0. By the updating rule in Algorithm 2 and non-increasing property of V k (Lemma 30),

it must satisfy that V k
h psq ď V ref,k

h psq ď V k0

h psq. Since V ‹
h psq ď V REF

h psq (Lemma 30), we have that

V ref,k
h psq ´ V REF

h psq ď V k0

h psq ´ V ‹
h psq ď βi.

If Nk
h psq ě N i‹

0 “ N0pβi‹ q then V ref,k
h psq “ V REF

h psq and V ref,k
h psq ´ V ‹

h psq ď βi‹ , which corresponds to Bref,k
h psq “ 0.

Since the indicator functions are disjoint, we have the first part of results.

The remaining result is proven by:

K
ÿ

k“1

H
ÿ

h“1

Bref,k
h pskhq “

ÿ

sPS

K
ÿ

k“1

H
ÿ

h“1

i‹

ÿ

i“1

H

2i´1
1rs “ skh, N

i´1
0 ď Nk

h psq ă N i
0s

ď
ÿ

sPS

H
ÿ

h“1

i‹

ÿ

i“1

H

2i´1
N i

0

ď O

˜

SH
i‹

ÿ

i“1

H

2i
¨ 22iSAH3ι

¸

ď OpH5S2A2i
‹

ιq;

K
ÿ

k“1

H
ÿ

h“1

pBref,k
h pskhqq2 “

K
ÿ

k“1

H
ÿ

h“1

i‹

ÿ

i“1

β2
i´11rN i´1

0 ď Nk
h psq ă N i

0s

ď O

˜

SH
i‹

ÿ

i“1

H2

22i
¨ 22iSAH3ι

¸

ď OpH6S2Ai‹ιq.

This completes the proof.

Lemma 34 (Lemma 11 in Zhang et al. (2020b)). For any non-negative weights pwhps, aqqsPS,aPA,hPrHs and α P p0, 1q, it
holds that

K
ÿ

k“1

H
ÿ

h“1

whpskh, a
k
hq

pnkhqα
ď

2α

1 ´ α

ÿ

s,a,h

whps, aqpNK`1
h ps, aqq1´α,

K
ÿ

k“1

H
ÿ

h“1

whpskh, a
k
hq

pqnkhqα
ď

22αHα

1 ´ α

ÿ

s,a,h

whps, aqpNK`1
h ps, aqq1´α.

In the case α “ 1, it holds that

K
ÿ

k“1

H
ÿ

h“1

whpskh, a
k
hq

nkh
ď 2

ÿ

s,a,h

whps, aq lnNK`1
h ps, aq,

K
ÿ

k“1

H
ÿ

h“1

whpskh, a
k
hq

qnkh
ď 4H

ÿ

s,a,h

whps, aq lnNK`1
h ps, aq.

26



Near-Optimal Variance-Aware Bounds for Tabular MDPs

Lemma 35. For any non-negative sequence pXk
hqkPrKs,hPrHs, we have that

K
ÿ

k“1

H
ÿ

h“1

1

nkh

nk
h

ÿ

i“1

X
lkh,i

h ď 2ι
K
ÿ

k“1

H
ÿ

h“1

Xk
h ,

K
ÿ

k“1

H
ÿ

h“1

1

qnkh

qnk
h

ÿ

i“1

X
qlkh,i

h ď

ˆ

1 `
1

H

˙ K
ÿ

k“1

H
ÿ

h“1

Xk
h .

Proof of Lemma 35. Refer to Equation (58) in Zhang et al. (2020b) for the first inequality. Refer to Equation (15) and the
paragraph below it in Zhang et al. (2020b) for the second inequality.

Lemma 36. Conditioned on the successful events of Lemma 33, with probability at least 1 ´ δ, we have that

K
ÿ

k“1

H
ÿ

h“1

ˆ

1 `
1

H

˙h´1

ψk
h`1 ď OpH5S2A2i

‹

ιq.

Proof of Lemma 36. Since ψk
h is non-negative and p1 ` 1{Hqh´1 ď 3 when h ď H , we have that

K
ÿ

k“1

H
ÿ

h“1

ˆ

1 `
1

H

˙h´1

ψk
h`1 ď O

˜

K
ÿ

k“1

H
ÿ

h“1

ψk
h`1

¸

“ O

¨

˝

K
ÿ

k“1

H
ÿ

h“1

1

nkh

nk
h

ÿ

i“1

Psk
h,a

k
h,h

pV
ref,lkh,i

h`1 ´ V REF
h`1 q

˛

‚

(i)
ď O

¨

˝

K
ÿ

k“1

H
ÿ

h“1

1

nkh

nk
h

ÿ

i“1

Psk
h,a

k
h,h
B

ref,lkh,i

h`1

˛

‚

(ii)
ď O

˜

K
ÿ

k“1

H
ÿ

h“1

Psk
h,a

k
h,h
Bref,k

h`1

¸

(iii)
ď O

˜

K
ÿ

k“1

H
ÿ

h“1

Bref,k
h pskhq `Hι

¸

(iv)
ď OpH5S2A2i

‹

ιq,

where (i) is by Lemma 33; (ii) is by Lemma 35; (iii) is by Lemma 18 with l “ H , which holds with probability at least
1 ´ δ; (iv) is by Lemma 33.

Lemma 37. Conditioned on the successful events of Lemma 32, with probability at least 1 ´ 5HSAιδ, we have that

K
ÿ

k“1

H
ÿ

h“1

ˆ

1 `
1

H

˙h´1

ξkh`1 ď OpH7{2SAι3{2q.

Proof of Lemma 37. We borrow the beginning part of proof of Lemma 15 in Zhang et al. (2020b), and perform more fine-
grained analyses on the remaining part. Let xkh be the number of elements in current stage with respect to pskh, a

k
h, hq.

Define

θjh`1 :“

ˆ

1 `
1

H

˙h´1 K
ÿ

k“1

1

qnkh

qnk
h

ÿ

i“1

1rqlkh,i “ js, rθjh`1 :“

ˆ

1 `
1

H

˙h´1

Y

p1 ` 1{Hqxjh

]

xjh
ď 3,

and

K :“ tpk, hq | θkh`1 “ rθkh`1u, KK
h ps, aq :“ tk | pskh, a

k
hq “ ps, aq, k is in the second last stage of ps, a, hqu.
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Let θh`1ps, aq and rθh`1ps, aq denote θkh`1 and rθkh`1 respectively for some k P KK
h ps, aq. By Equation (61) in Zhang et al.

(2020b),

K
ÿ

k“1

H
ÿ

h“1

ˆ

1 `
1

H

˙h´1

ξkh`1 ď

K
ÿ

k“1

H
ÿ

h“1

rθkh`1rPsk
h,a

k
h,h

pV k
h`1 ´ V ‹

h`1q ´ pV k
h`1pskh`1q ´ V ‹

h`1pskh`1qqs

loooooooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooooooon

“:①

`
ÿ

pk,hqPK

pθkh`1 ´ rθkh`1qrPsk
h,a

k
h,h

pV k
h`1 ´ V ‹

h`1q ´ pV k
h`1pskh`1q ´ V ‹

h`1pskh`1qqs

loooooooooooooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooooooooooooon

“:②

.

We now bound both terms:

①
(i)
ď O

¨

˚

˚

˚

˚

˝

g

f

f

f

f

e

K
ÿ

k“1

H
ÿ

h“1

VpPsk
h,a

k
h,h
, pV k

h`1 ´ V ‹
h`1qq

loooooooooooooooooooooomoooooooooooooooooooooon

“:Z

ι`Hι

˛

‹

‹

‹

‹

‚

,

②
(ii)
“

ÿ

s,a,h

pθh`1ps, aq ´ rθh`1ps, aqq
ÿ

kPKK
h ps,aq

rPsk
h,a

k
h,h

pV k
h`1 ´ V ‹

h`1q ´ pV k
h`1pskh`1q ´ V ‹

h`1pskh`1qqs

ď
ÿ

s,a,h

ˇ

ˇ

ˇ
θh`1ps, aq ´ rθh`1ps, aq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

kPKK
h ps,aq

rPsk
h,a

k
h,h

pV k
h`1 ´ V ‹

h`1q ´ pV k
h`1pskh`1q ´ V ‹

h`1pskh`1qqs

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

(iii)
ď O

¨

˝

ÿ

s,a,h

¨

˝

d

ÿ

kPKK
h ps,aq

VpPsk
h,a

k
h,h
, V k

h`1 ´ V ‹
h`1qι`Hι

˛

‚

˛

‚

(iv)
ď O

¨

˝

d

HSAι
ÿ

s,a,h

ÿ

kPKK
h ps,aq

VpPsk
h,a

k
h,h
, V k

h`1 ´ V ‹
h`1q `H2SAι

˛

‚

(v)
ď Op

?
HSAZι`H2SAιq,

where (i) is by Lemma 17 with c “ 3H, ϵ “ c2, which holds with probability at least 1 ´ 2ιδ; (ii) is by the step above
Equation (63) in Zhang et al. (2020b); (iii) is by

ˇ

ˇ

ˇ
θh`1ps, aq ´ rθh`1ps, aq

ˇ

ˇ

ˇ
ď 3 and Lemma 17 with c “ H, ϵ “ c2, which

holds with probability at least 1 ´ 2HSAιδ; (iv) is by Cauchy-Schwarz inequality; (v) is by the following argument: for
any non-negative sequence pXk

hqkPrKs,hPrHs,

ÿ

s,a,h

ÿ

kPKK
h ps,aq

Xk
h “

K
ÿ

k“1

H
ÿ

h“1

Xk
h

ÿ

s,a,h1

ÿ

k1PKK

h1 ps,aq

1rpk1, h1q “ pk, hqs

“

K
ÿ

k“1

H
ÿ

h“1

Xk
h

ÿ

s,a

1rk P KK
h ps, aqs

ď

K
ÿ

k“1

H
ÿ

h“1

Xk
h

ÿ

s,a

1rpskh, a
k
hq “ ps, aqs

ď

K
ÿ

k“1

H
ÿ

h“1

Xk
h .

It remains to bound Z:

Z ď

K
ÿ

k“1

H
ÿ

h“1

Psk
h,a

k
h,h

pV k
h`1 ´ V ‹

h`1q2
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(i)
ď O

˜

K
ÿ

k“1

H
ÿ

h“1

pV k
h`1pskh`1q ´ V ‹

h`1pskh`1qq2 `H2ι

¸

(ii)
ď OpH6SAι2q,

where (i) is by Lemma 18 with l “ H2, which holds with probability at least 1 ´ δ; (ii) is by Lemma 32.

Lemma 38. With probability at least 1 ´ 6ιδ, we have that

K
ÿ

k“1

H
ÿ

h“1

ˆ

1 `
1

H

˙h´1

ϕkh`1 ď OpHιq.

Proof of Lemma 38. Since p1 ` 1{Hqh´1 ď 3 when h ď H , we have that

K
ÿ

k“1

H
ÿ

h“1

ˆ

1 `
1

H

˙h´1

ϕkh`1 “

K
ÿ

k“1

H
ÿ

h“1

ˆ

1 `
1

H

˙h´1

rPsk
h,a

k
h,h

pV ‹
h`1 ´ V πk

h`1q ´ pV ‹
h`1pskh`1q ´ V πk

h`1pskh`1qqs

(i)
ď O

¨

˚

˚

˚

˚

˝

g

f

f

f

f

e

K
ÿ

k“1

H
ÿ

h“1

VpPsk
h,a

k
h,h
, V ‹

h`1 ´ V πk

h`1q

loooooooooooooooooooomoooooooooooooooooooon

“:Y

ι`Hι

˛

‹

‹

‹

‹

‚

,

where (i) is by Lemma 17 with c “ 3H, ϵ “ c2, which happens with probability at least 1 ´ 2ιδ. Next we bound Y :

Y “

K
ÿ

k“1

H
ÿ

h“1

rPsk
h,a

k
h,h

pV ‹
h`1 ´ V πk

h`1q2 ´ pV ‹
h`1pskh`1q ´ V πk

h`1pskh`1qq2s

`

K
ÿ

k“1

H
ÿ

h“1

tpV ‹
h pskhq ´ V πk

h pskhqq2 ´ rPsk
h,a

k
h,h

pV ‹
h`1 ´ V πk

h`1qs2u ´ pV ‹
1 psk1q ´ V πk

1 psk1qq2

(i)
ď 2

g

f

f

e2
K
ÿ

k“1

H
ÿ

h“1

VpPsk
h,a

k
h,h
, pV ‹

h`1 ´ V πk

h`1q2qι` 6H2ι

` 2H
K
ÿ

k“1

H
ÿ

h“1

maxtV ‹
h pskhq ´ V πk

h pskhq ´ Psk
h,a

k
h,h

pV ‹
h`1 ´ V πk

h`1q
loooooooooooooooooooooooooooomoooooooooooooooooooooooooooon

ěQ‹
hpsk

h,a
k
hq´rhpsk

h,a
k
hq´Psk

h
,ak

h
,hV

‹
h`1“0

, 0u

(ii)
ď 4H

?
2Y ι` 6H2ι` 2H

K
ÿ

k“1

H
ÿ

h“1

rV ‹
h`1pskh`1q ´ V πk

h`1pskh`1q ´ Psk
h,a

k
h,h

pV ‹
h`1 ´ V πk

h`1qs

` 2HpV ‹
1 psk1q ´ V πk

1 psk1qq
loooooooooooooomoooooooooooooon

ď2H2

(iii)
ď 4H

?
2Y ι` 8H2ι` 4H

?
2Y ι` 12H2ι

ď 8H
?
2Y ι` 20H2ι,

where (i) is by Lemma 17 with c “ H2, ϵ “ c2, which happens with probability at least 1 ´ 2ιδ, and a2 ´ b2 ď

pa ` bqmaxta ´ b, 0u when a, b ě 0; (ii) is by Lemma 19 with C “ H; (iii) is by by Lemma 17 with c “ H, ϵ “ c2,
which happens with probability at least 1 ´ 2ιδ. Solving the inequality of Y , we have that

Y ď 168H2ι.

Plugging Y back gives the desired result.
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Lemma 39. Conditioned on the successful events of Lemma 33, with probability at least 1 ´ 4ιδ, we have that for any
pk, hq P rKs ˆ rHs

νref,kh ď O

˜

VpPsk
h,a

k
h,h
, V ‹

h`1q `
H2ι`

řnk
h

i“1 Psk
h,a

k
h,h

pBref,li
h`1 q2

nkh
` β2

i‹

¸

.

Proof of Lemma 39. Let pk, hq be fixed. We prove by first bounding νref,kn ´ 1
nk

h

řnk
h

i“1 VpPsk
h,a

k
h,h
, V ref,li

h`1 q. By Equa-
tion (11),

νref,kn ´
1

nkh

nk
h

ÿ

i“1

VpPsk
h,a

k
h,h
, V ref,li

h`1 q

loooooooooooomoooooooooooon

“X(abusing notation)

“ ´
χ3 ` χ4 ` χ5

nkh
.

Since we can use Equations (12) and (13), we only need to bound ´χ5.

´χ5 “

nk
h

ÿ

i“1

pPsk
h,a

k
h,h
V ref,li
h`1 q2 ´

1

nkh

¨

˝

nk
h

ÿ

i“1

Psk
h,a

k
h,h
V ref,li
h`1

˛

‚

2

(i)
ď

nk
h

ÿ

i“1

pPsk
h,a

k
h,h
V ref,li
h`1 q2 ´

1

nkh

¨

˝

nk
h

ÿ

i“1

Psk
h,a

k
h,h
V REF
h`1

˛

‚

2

“

nk
h

ÿ

i“1

pPsk
h,a

k
h,h
V ref,li
h`1 ` Psk

h,a
k
h,h
V REF
h`1 qpPsk

h,a
k
h,h
V ref,li
h`1 ´ Psk

h,a
k
h,h
V REF
h`1 q

ď 2H

nk
h

ÿ

i“1

pPsk
h,a

k
h,h
V ref,li
h`1 ´ Psk

h,a
k
h,h
V REF
h`1 q

(ii)
ď 2H

nk
h

ÿ

i“1

Psk
h,a

k
h,h
Bref,li

h`1 ,

where (i) is by V ref,li
h`1 ě V REF

h`1 (Lemma 30); (ii) is by Lemma 33. Combining bounds of χ3 (Equation (12)) and χ4

(Equation (13)), we have:

νref,kn ´
X

nkh
ď

8H
?
2Xι` 18H2ι` 2H

řnk
h

i“1 Psk
h,a

k
h,h
Bref,li

h`1

nkh
.

Since 8H
?
2Xι ď X ` 32H2ι, we have:

νref,kn ´
2X

nkh
ď O

˜

H2ι`H
řnk

h

i“1 Psk
h,a

k
h,h
Bref,li

h`1

nkh

¸

.

For the desired result, we finally bound:

X

nkh
´ 2VpPsk

h,a
k
h,h
, V ‹

h`1q “
1

nkh

nk
h

ÿ

i“1

pVpPsk
h,a

k
h,h
, V ref,li

h`1 q ´ 2VpPsk
h,a

k
h,h
, V ‹

h`1qq

(i)
ď

2

nkh

nk
h

ÿ

i“1

VpPsk
h,a

k
h,h
, V ref,li

h`1 ´ V ‹
h`1q

ď
2

nkh

nk
h

ÿ

i“1

Psk
h,a

k
h,h

pV ref,li
h`1 ´ V ‹

h`1q2
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(ii)
ď

2

nkh

nk
h

ÿ

i“1

Psk
h,a

k
h,h

pBref,li
h`1 ` βi‹ q2

ď
4

nkh

nk
h

ÿ

i“1

Psk
h,a

k
h,h

pBref,li
h`1 q2 ` 4β2

i‹ ,

where (i) is by VpX `Y q ď 2VpXq `2VpY q; (ii) is by Lemma 33. So by HPsk
h,a

k
h,h
Bref,li

h`1 ď OpH2 `Psk
h,a

k
h,h

pBref,li
h`1 q2q

we have the result.

Lemma 40 (Analogous to Lemma 24). With probability at least 1 ´ 2HSAKιδ, we have that for any ps, a, h, kq P

S ˆ A ˆ rHs ˆ rKs,

zVarR
k

hps, aq ď O

ˆ

VpRhps, aqq `
ι

nkhps, aq

˙

.

Lemma 41. Conditioned on the successful events of Lemmas 39 and 40, with probability at least 1 ´ δ, we have that

K
ÿ

k“1

H
ÿ

h“1

ˆ

1 `
1

H

˙h´1

bkh ď Op

b

VarΣKHSAι`
a

H5SAKι2{22i‹
`H4S3{2Ai‹1{2ι2q.

Proof of Lemma 41. Since bkh is non-negative and p1 ` 1{Hqh´1 ď 3 when h ď H , we have that

K
ÿ

k“1

H
ÿ

h“1

ˆ

1 `
1

H

˙h´1

bkh ď O

¨

˚

˝

K
ÿ

k“1

H
ÿ

h“1

¨

˚

˝

d

νref,kh ι

nkh
`

d

qνkhι

qnkh
`

g

f

f

e

zVarR
k

hι

nkh
`
Hι

qnkh

˛

‹

‚

˛

‹

‚

ď O

¨

˝

K
ÿ

k“1

H
ÿ

h“1

¨

˝

d

νref,kh ι

nkh
`

d

qνkhι

qnkh
`

d

VpRhpskh, a
k
hqqι

nkh
`
Hι

qnkh

˛

‚

˛

‚,

where the last step is by Lemma 40. Using Lemma 34, we have that

K
ÿ

k“1

H
ÿ

h“1

Hι

qnkh
ď OpH3SAι2q.

Next, we bound the terms of νref and qν separately.

Plugging in Lemma 39, we have

K
ÿ

k“1

H
ÿ

h“1

¨

˝

d

νref,kh ι

nkh
`

d

VpRhpskh, a
k
hqqι

nkh

˛

‚

ď O

¨

˚

˝

K
ÿ

k“1

H
ÿ

h“1

d

pVpRhpskh, a
k
hqq ` VpPsk

h,a
k
h,h
, V ‹

h`1qqι

nkh
`

K
ÿ

k“1

H
ÿ

h“1

Hι

nkh

`

K
ÿ

k“1

H
ÿ

h“1

1

nkh

g

f

f

e

nk
h

ÿ

i“1

Psk
h,a

k
h,h

pB
ref,lkh,i

h`1 q2ι`

K
ÿ

k“1

H
ÿ

h“1

d

β2
i‹ι

nkh

˛

‹

‚

(i)
ď O

¨

˚

˝

ÿ

s,a,h

b

NK`1
h ps, aqpVpRhpskh, a

k
hqq ` VpPs,a,h, V ‹

h`1qqι`H2SAι2

31



Near-Optimal Variance-Aware Bounds for Tabular MDPs

`

K
ÿ

k“1

H
ÿ

h“1

c

ι

nkh

g

f

f

e

1

nkh

nk
h

ÿ

i“1

Psk
h,a

k
h,h

pB
ref,lkh,i

h`1 q2 `

b

β2
i‹ι

ÿ

s,a,h

b

NK`1
h ps, aq

˛

‹

‚

(ii)
ď O

¨

˚

˝

d

HSAι
ÿ

s,a,h

NK`1
h ps, aqpVpRhps, aqq ` VpPs,a,h, V ‹

h`1qq `H2SAι2`

`

g

f

f

e

K
ÿ

k“1

H
ÿ

h“1

ι

nkh

g

f

f

e

K
ÿ

k“1

H
ÿ

h“1

1

nkh

nk
h

ÿ

i“1

Psk
h,a

k
h,h

pB
ref,lkh,i

h`1 q2 `

d

HSAβ2
i‹ι

ÿ

s,a,h

NK`1
h ps, aq

˛

‹

‚

(iii)
ď O

¨

˚

˝

g

f

f

f

f

f

e

HSAι
K
ÿ

k“1

H
ÿ

h“1

pVpRhpskh, a
k
hqq ` VpPsk

h,a
k
h,h
, V ‹

h`1qq

loooooooooooooooooooooooooooomoooooooooooooooooooooooooooon

“VarΣK

`H2SAι2 `

b

H2SAβ2
i‹Kι`

?
HSAι2

g

f

f

e

K
ÿ

k“1

H
ÿ

h“1

Psk
h,a

k
h,h

pBref,k
h`1 q2

˛

‹

‚

(iv)
ď O

¨

˝

b

VarΣKHSAι`H2SAι2 `

b

H2SAβ2
i‹Kι`

?
HSAι2

g

f

f

e

K
ÿ

k“1

H
ÿ

h“1

pBref,k
h pskhqq2 `Hι

˛

‚

(v)
ď Op

b

VarΣKHSAι`
a

H4SAKι{22i‹
`H7{2S3{2Ai‹1{2ι3{2q.

where (i) is by Lemma 34; (ii) is by Cauchy-Schwarz inequality; (iii) is by Lemmas 34 and 35; (iv) is by Lemma 18 with
l “ H , which happens with probability at least 1 ´ δ; (v) is by Lemma 33.

K
ÿ

k“1

H
ÿ

h“1

qνkh ď

K
ÿ

k“1

H
ÿ

h“1

1

qnkh

qnk
h

ÿ

i“1

pV
ref,qlkh,i

h`1 ps
qlkh,i

h`1q ´ V
qlkh,i

h`1ps
qlkh,i

h`1qq2

ď

K
ÿ

k“1

H
ÿ

h“1

1

qnkh

qnk
h

ÿ

i“1

pV
ref,qlkh,i

h`1 ps
qlkh,i

h`1q ´ V ‹
h`1ps

qlkh,i

h`1qq2

(i)
ď

K
ÿ

k“1

H
ÿ

h“1

1

qnkh

qnk
h

ÿ

i“1

pB
ref,qlkh,i

h`1 ps
qlkh,i

h`1q ` βi‹ q2

(ii)
ď O

˜

K
ÿ

k“1

H
ÿ

h“1

pBref,k
h pskhqq2 ` β2

i‹HK

¸

(iii)
ď OpH6S2Ai‹ι`H3K{22i

‹

q.

where (i) is by Lemma 33; (ii) is by Lemma 35; (iii) is by Lemma 33. So

K
ÿ

k“1

H
ÿ

h“1

d

qνkhι

qnkh
ď

g

f

f

e

K
ÿ

k“1

H
ÿ

h“1

ι

qnkh

g

f

f

e

K
ÿ

k“1

H
ÿ

h“1

qνkh
(i)
ď OpH4S3{2Ai‹1{2ι3{2 `

a

H5SAKι2{22i‹
q.

where (i) is by Lemma 34.

Lemma 42. With probability at least 1 ´ 11Kιδ, the following results hold: For any k P rKs,

VarΣpkq ď OpH2ιq,
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hence

VarΣK ď OpH2Kιq.

Alternatively,

VarΣK ď O

˜

K
ÿ

k“1

Varπ
k

`H2ι2

¸

ď OpVar‹K `H2ι2q.

Proof of Lemma 42. We first prove the result depending on VarΣK similar to Lemma 29. For any k P rKs,

VarΣpkq

(i)
ď

H
ÿ

h“1

rPsk
h,a

k
h,h

pV ‹
h`1q2 ´ pV ‹

h`1pskh`1qq2s `

H
ÿ

h“1

rpV ‹
h pskhqq2 ´ pPsk

h,a
k
h,h
V ‹
h`1q2s `

H
ÿ

h“1

rhpskh, a
k
hq ´ pV ‹

1 psk1qq2

(ii)
ď 2

g

f

f

e2
H
ÿ

h“1

VpPsk
h,a

k
h,h
, pV ‹

h`1q2qι` 6H2ι` 2H
H
ÿ

h“1

maxt V ‹
h pskhq ´ Psk

h,a
k
h,h
V ‹
h`1

looooooooooooomooooooooooooon

ěQ‹
hpsk

h,a
k
hq´Psk

h
,ak

h
,hV

‹
h`1ě0

, 0u `H

(iii)
ď 4H

g

f

f

e2
H
ÿ

h“1

VpPsk
h,a

k
h,h
, V ‹

h`1qι` 7H2ι` 2H
H
ÿ

h“1

pV ‹
h`1pskh`1q ´ Psk

h,a
k
h,h
V ‹
h`1q ` 2HV ‹

1 psk1q
loooomoooon

ď2H2

(iv)
ď 4H

b

2VarΣpkqι` 9H2ι` 4H

g

f

f

e2
H
ÿ

h“1

VpPsk
h,a

k
h,h
, V ‹

h`1qι` 12Hι

ď 8H
b

2VarΣpkqι` 21H2ι,

where (i) is by by Lemma 20, VpRhps, aqq ď ErRhps, aqs; (ii) is by Lemma 17 with c “ H2, ϵ “ c2, which happens with
probability at least 1 ´ 2ιδ; (iii) is by Lemma 19 with C “ H; (iv) is by Lemma 17 with c “ H, ϵ “ c2, which happens
with probability at least 1 ´ 2ιδ. Solving the inequality of VarΣpkq, we have that

VarΣpkq ď 170H2ι.

So taking a union bound over k we have the first result.

Next we prove the result depending on Var‹. This is similar to the proof of Lemma 26. Define a series of random variables
and their truncated values: for any k P rKs,

W k :“
H
ÿ

h“1

pVpRhpskh, a
k
hqq ` VpPsk

h,a
k
h,h
, V πk

h`1qq, W k :“ mintW k, 50H2ιu.

By VpPs,a,h, V
‹
h`1q ď 2VpPs,a,h, V

πk

h`1q ` 2VpPs,a,h, V
‹
h`1 ´ V πk

h`1q, we know that

VarΣK ď 2
K
ÿ

k“1

W k ` 2Y,

where Y ď OpH2ιq (with probability at least 1 ´ 4ιδ) is defined in the proof of Lemma 38. Correspondingly, define the
following event, which means there is no truncation:

EW :“ tW k “ W k, @k P rKsu.

For any fixed 1 ď k ď K,

W k ď

H
ÿ

h“1

rPsk
h,a

k
h,h

pV πk

h`1q2 ´ pV πk

h`1pskh`1qq2s `

H
ÿ

h“1

rpV πk

h pskhqq2 ´ pPsk
h,a

k
h,h
V πk

h`1q2s `

H
ÿ

h“1

rhpskh, a
k
hq ´ pV πk

1 psk1qq2

33



Near-Optimal Variance-Aware Bounds for Tabular MDPs

(i)
ď 2

g

f

f

e2
H
ÿ

h“1

VpPsk
h,a

k
h,h
, pV πk

h`1q2qι` 6H2ι` 2H
H
ÿ

h“1

pV πk

h pskhq ´ Psk
h,a

k
h,h
V πk

h`1q `H

(ii)
ď 4H

g

f

f

e2
H
ÿ

h“1

VpPsk
h,a

k
h,h
, V πk

h`1qι` 7H2ι` 2H
H
ÿ

h“1

rhpskh, a
k
hq

ď 4H
?
2W kι` 9H2ι,

where (i) is by Lemma 17 with c “ H2, ϵ “ c2, which happens with probability at least 1 ´ 2ιδ; (ii) is by Lemma 19 with
C “ H . Solving the inequality, W k ď 50H2ι. This means, PrEW s ě 1 ´ 2Kιδ. Now on suppose EW holds, then

K
ÿ

k“1

W k “

K
ÿ

k“1

W k

(i)
ď 3

K
ÿ

k“1

ErW k | Fks ` 50H2ι2

ď 3
K
ÿ

k“1

ErW k | Fks ` 50H2ι2

“ 3
K
ÿ

k“1

Varπ
k

1 psk1q ` 50H2ι2

ď 3
K
ÿ

k“1

Varπ
k

` 50H2ι2

ď 3Var‹K ` 50H2ι2,

where (i) is by Lemma 18 with l “ 50H2ι, which happens with probability at least 1 ´ δ.

B.4. Proof of Lower Bounds

We modify Theorem 9 in Domingues et al. (2021) for a bounded-reward, time-homogeneous lower bound (Theorem 12).
Theorem 13 is much more straightforward. To this end, we borrow necessary notations from Domingues et al. (2021),
adapted to time-homogeneous setting.

A policy π interacting with an MDP M defines a stochastic process denote by ppSk
h, A

k
h, R

k
hqhPrHsqkě1, where Sk

h, A
k
h

and Rk
h are the random variables representing the state, the action and the reward at time h of episode k. As explained by

Lattimore & Szepesvári (2020), the Ionescu-Tulcea theorem ensures the existence of probability space pΩ,F ,PMq such
that

PMrSk
h`1 “ s|Ak

h, I
k
hs “ P ps|Sk

h, A
k
hq, and PMrAk

h “ a|Ikhs “ πk
hpa|Ikhq,

where π “ pπk
hqkPrKs,hPrHs and

Ikh :“ pS1
1 , A

1
1, R

1
1, . . . , S

1
H , A

1
H , R

1
H , S

2
1 , A

2
1, R

2
1, . . . , S

k´1
H , Ak´1

H , Rk´1
H , Sk

1 , A
k
1 , R

k
1 , . . . , S

k
hq

is the random vector containing all state-action pairs observed up to step h of episode k, but not including Ak
h. Here we

assume the rewards are deterministic as in Domingues et al. (2021). Next, we denote by PIK
H

M the pushforward measure of
IKH under PM,

PIK
H

MriKH s :“ PMrIKH “ iKH s “

K
ź

k“1

H
ź

h“1

πk
hpakh|ikhqP pskh`1|skt , a

k
t q, (15)

where iKH is a realization of IKH .
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Definition 43. The Kullback-Leibler divergence between two distributions P1 and P2 on a measurable space pΩ,Gq is
defined as

KLpP1,P2q :“

ż

Ω

ln

ˆ

dP1

dP2
pωq

˙

dP1pωq,

if P1 ! P2 and `8 otherwise. For Bernoulli distributions, we define @pp, qq P r0, 1s2,

klpp, qq :“ KLpBppq,Bpqqq “ p ln

ˆ

p

q

˙

` p1 ´ pq ln

ˆ

1 ´ p

1 ´ q

˙

.

Lemma 44 (Adapted from Lemma 5 in Domingues et al. (2021)). Let M and M1 be two MDPs that are identical except
for their transition probabilities, denoted by P and P 1, respectively. Assume that we have @ps, aq, P p¨|s, aq ! P 1p¨|s, aq.
Then for any K,

KL
´

PIK
H

M,PIK
H

M1

¯

“
ÿ

ps,aqPSˆA

EM
“

NK
s,a

‰

KLpP p¨|s, aq, P 1p¨|s, aqq,

where NK
s,a :“

řK
k“1

řH
h“1 1rpSk

h, A
k
hq “ ps, aqs.

Lemma 45 (Lemma 1 in Garivier et al. (2016)). Consider a measurable space pΩ,Fq equipped with two distributions P1

and P2. For any F-measurable function Z : Ω Ñ r0, 1s, we have

KLpP1,P2q ě klpE1rZs,E2rZsq,

where E1 and E2 are the expectations under P1 and P2 respectively.

Proof of Theorem 12. We retain most of the proof of Theorem 9 and Appendix C in Domingues et al. (2021), while incor-
porating the hard instance design in Section 5.5.1 in Zhou et al. (2022). Namely, we change the A-ary tree in Domingues
et al. (2021) with the binary tree in Zhou et al. (2022). This change does not affect the proof, while circumventing the
requirement of S “ 3 ` pAd ´ 1q{pA ´ 1q where d is the tree height. We can find S1 “ 2 ` 2tlog2pS´2qu “ ΩpSq and
replace S with S1. We still use d “ tlog2pS ´ 2qu to denote the tree height.

We change the transition at sg: P psb|sg, aq “ 1 for any a P A. This means for any trajectory, the agent can only get reward
once, then loops at sb.

Another important change in design is to scale the reward at sg by t ď 1, with t depending on V the variance we desire. So
rpsg, aq “ t.

To be precise, let E0 and Epℓ‹,a‹q be the expectation taken with respect to the reference MDP (with no special leaf-action
pair) and Mpℓ‹,a‹q. We have that

RKpπ,Mpℓ‹,a‹qq ě tKε

ˆ

1 ´
1

K
Epℓ‹,a‹q

”

NK
pℓ‹,a‹q

ı

˙

,

where NK
pℓ‹,a‹q

“
řK

k“1 1rpSk
d`1, A

k
d`1q “ ps, aqs. Hence,

max
pℓ‹,a‹q

RKpπ,Mpℓ‹,a‹qq ě tKε

¨

˝1 ´
1

LAK

ÿ

pℓ‹,a‹q

Epℓ‹,a‹q

”

NK
pℓ‹,a‹q

ı

˛

‚. (16)

Since NK
pℓ‹,a‹q

{K P r0, 1s, by Lemma 45,

kl

ˆ

1

K
E0

”

NK
pℓ‹,a‹q

ı

,
1

K
Epℓ‹,a‹q

”

NK
pℓ‹,a‹q

ı

˙

ď KLpPIK
H

0 ,PIK
H

pℓ‹,a‹q
q.

By Lemma 44,

KL
´

PIK
H

0 ,PIK
H

pℓ‹,a‹q

¯

“ E0

”

NK
pℓ‹,a‹q

ı

kl

ˆ

1

2
,
1

2
` ε

˙

.
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Assume that ε ď 1{4, then klp1{2, 1{2 ` εq ď 4ε2. By Pinsker’s inequality, pp´ qq2 ď klpp, qq{2, it implies

1

K
Epℓ‹,a‹q

”

NK
pℓ‹,a‹q

ı

ď
1

K
E0

”

NK
pℓ‹,a‹q

ı

`
?
2ε

c

E0

”

NK
pℓ‹,a‹q

ı

.

Since
ř

ph‹,a‹q N
K
pℓ‹,a‹q

“ K, by Cauchy-Schwarz inequality we have

1

K

ÿ

pℓ‹,a‹q

Epℓ‹,a‹q

”

NK
pℓ‹,a‹q

ı

ď 1 `
?
2ε

?
LAK.

Plugging this back to Equation (16), and taking ε “ p1 ´ 1{LAq
a

LA{8K, we have

max
pℓ‹,a‹q

RKpπ,Mpℓ‹,a‹qq ě Ωpt
?
SAKq.

To ensure that ε ď 1{4, we need K ě SA.

Now we calculate the variances. We know that V ‹
d`2psbq “ 0 and V ‹

d`2psgq “ t. For any trajectory τ , we look at step
h “ d` 1. If psh, ahq ‰ pℓ‹, a‹q, then

VarΣτ ě Vpp1{2, 1{2q, p0, tqq “ Ωpt2q.

If psh, ahq “ pℓ‹, a‹q, then

VarΣτ ě Vpp1{2 ´ ε, 1{2 ` εq, p0, tqq “

ˆ

1

4
´ ε2

˙

Ωpt2q.

Notice that ε ď 1{4, so VarΣτ ě Ωpt2q for any τ , and

Var‹
ě Varπ

‹

ě min
τ

VarΣτ ě Ωpt2q.

Since the total reward in each episode is upper-bounded by t, we know that VarΣτ ,Var
‹

ď Opt2q. Thus,

VarΣτ ,Var
‹

“ Θpt2q.

For the desired result, we set t “ Θp
?
Vq.

Proof of Theorem 13. We retain most of the proof of Theorem 9 in Domingues et al. (2021), while incorporating the hard
instance design in Section 5.5.1 in Zhou et al. (2022). Namely, we change the A-ary tree in Domingues et al. (2021)
with the binary tree in Zhou et al. (2022). This change does not affect the proof, while circumventing the requirement of
S “ 3 ` pAd ´ 1q{pA ´ 1q where d is the tree height. We can find S1 “ 2 ` 2tlog2pS´2qu “ ΩpSq and replace S with S1.
We still use d “ tlog2pS ´ 2qu to denote the tree height.

Another important change in design is to scale the reward at sg by t ď 1, with t depending on V the variance we desire. So
rhpsg, aq “ t1rh ě H ` d` 1s. This modification does not affect the choice of ε and H in Domingues et al. (2021), only
scales the optimal value and regret linearly, so we have that

max
ph‹,ℓ‹,a‹q

RKpπ,Mph‹,ℓ‹,a‹qq ě Ωpt
?
H3SAKq.

Now we calculate the variances. We know that V ‹

H`d`1
psbq “ 0 and V ‹

H`d`1
psgq “ tpH ´ H ´ dq “ ΩptHq. For any

trajectory τ , we look at step h “ H ` d. If psh, ahq ‰ pℓ‹, a‹q, then

VarΣτ ě Vpp1{2, 1{2q, p0,ΩptHqqq “ Ωpt2H2q.

If psh, ahq “ pℓ‹, a‹q, then

VarΣτ ě Vpp1{2 ´ ε, 1{2 ` εq, p0,ΩptHqqq “

ˆ

1

4
´ ε2

˙

Ωpt2H2q.
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Notice that ε ď 1{4 in Domingues et al. (2021), so VarΣτ ě Ωpt2H2q for any τ , and

Var‹
ě Varπ

‹

ě min
τ

VarΣτ ě Ωpt2H2q.

Since the total reward in each episode is upper-bounded by OptHq, we know that VarΣτ ,Var
‹

ď Opt2H2q. Thus,

VarΣτ ,Var
‹

“ Θpt2H2q.

For the desired result, we set t “ Θp
?
V{Hq.
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