Published as a conference paper at ICLR 2026

RADAR: LEARNING TO ROUTE WITH ASYMMETRY-
AWARE DISTANCE REPRESENTATIONS

Hang Yi', Ziwei Huang', Yining Ma?, Zhiguang Cao'

1Singapore Management University 2Massachusetts Institute of Technology
hang.yi.2024@phdcs.smu.edu.sg, ziweihuang@smu.edu.sg
yiningma@mit.edu, zgcao@smu.edu.sg

ABSTRACT

Recent neural solvers have achieved strong performance on vehicle routing prob-
lems (VRPs), yet they mainly assume symmetric Euclidean distances, restricting
applicability to real-world scenarios. A core challenge is encoding the relational
features in asymmetric distance matrices of VRPs. Early attempts directly encoded
these matrices but often failed to produce compact embeddings and generalized
poorly at scale. In this paper, we propose RADAR, a scalable neural framework
that augments existing neural VRP solvers with the ability to handle asymmetric
inputs. RADAR addresses asymmetry from both static and dynamic perspectives.
It leverages Singular Value Decomposition (SVD) on the asymmetric distance ma-
trix to initialize compact and generalizable embeddings that inherently encode the
static asymmetry in the inbound and outbound costs of each node. To further model
dynamic asymmetry in embedding interactions during encoding, it replaces the
standard softmax with Sinkhorn normalization that imposes joint row and column
distance awareness in attention weights. Extensive experiments on synthetic and
real-world benchmarks across various VRPs show that RADAR outperforms strong
baselines on both in-distribution and out-of-distribution instances, demonstrating
robust generalization and superior performance in solving asymmetric VRPs.

1 INTRODUCTION

Vehicle Routing Problem (VRP) represents a classical NP-hard problem in combinatorial optimization
with widespread applications such as transportation (Toro O et al., 2016). It requires finding optimal
routes to serve spatially distributed customers under various operational constraints. Traditional
solvers (Helsgaun, 2017} Lawler & Wood, |1966)) either suffer from exponential computational
complexity or depend heavily on handcrafted heuristics, which often limit scalability on large-
scale VRPs. These challenges have sparked growing interest in neural combinatorial optimization
(NCO), which leverages deep learning to develop data-driven solvers that approximate VRP solutions
efficiently with reasonable optimality gaps (Huang et al., |2025; [Luo et al.| [2023). Among those
models, constructive neural solvers (Kwon et al.} 2020; 20215 |Drakulic et al., 2023} [2025; Berto et al.,
2024) have proven particularly efficient, as they sequentially select nodes based on partial solutions
and instance features, i.e., an approach that closely mirrors the natural process of route construction.

Despite this progress, a significant gap remains between research and real-world applicability. In
practice, travel costs are shaped by factors such as road topology, traffic directionality, and physical
barriers, introducing asymmetries like one-way streets and time-dependent congestion (Cubukcu &
Hatchal, 2016)). Yet, most neural VRP solvers assume symmetric Euclidean instances (Kool et al.,
2019; Kwon et al., 2020; Luo et al.l 2023;|Gao et al., 2024} Berto et al.| |2024) and rely on coordinate
inputs, making them not applicable when only pairwise asymmetric distance matrices are available,
as is common in real-world systems. This remains a major bottleneck for deploying NCO models in
practical, asymmetric routing scenarios (Son et al.| 2025).

To address this limitation, a key challenge is effectively encoding the relational structure of asymmetric
distance matrices. In this paper, we consider the modeling of asymmetry into two aspects: static
asymmetry and dynamic asymmetry. Static asymmetry refers to directional discrepancies in the input
distance matrix. Current neural solvers incorporate this primarily in two places: encoder attention



Published as a conference paper at ICLR 2026

and initialization. In attention, many methods concatenate dot-product scores with distance signals
to inject static asymmetry information (Kwon et al., 2021). At initialization, however, encoding
asymmetry is intrinsically more difficult: asymmetric costs are defined at the edge level, while most
architectures operate on node-level representations (e.g., (Drakulic et al., [2023} [Luo et al.,|2023)).
Unlike Euclidean settings, where coordinates provide a geometric scaffold that fully recovers the
distance structure, asymmetric matrices lack such geometry, making directional patterns harder to
learn. Prior attempts to encode static asymmetry at initialization often lose global structure and
thus underperform (Zhou et al., 2025} |Son et al., [2025). Dynamic asymmetry refers to learned,
layer-dependent interactions differences that emerge inside the encoder’s attention. At each layer,
the interaction score for i — j, fused with edge signals, need not equal that for 7 — ¢, and these
discrepancies evolve dynamically with context and depth. However, current solvers rely on row-wise
softmax attention, which integrates information only over the neighborhood of node 7. Consequently,
A; ; reflects 4’s local context but ignores how j interacts with the rest of the graph, limiting the
model’s ability to capture global distance information, particularly in asymmetric settings.

We introduce RADAR: Learning to Route with Asymmetry-aware DistAnce Representations. RADAR
tackles both static and dynamic asymmetries through two key components to learn asymmetry-aware
embeddings. For static asymmetry, we propose an initialization scheme based on Singular Value
Decomposition (SVD) of the cost matrix. By decomposing it into left and right singular vectors,
RADAR learns compact node embeddings that encode each node’s role as a source and destination,
preserving global directionality. For dynamic asymmetry, we replace the softmax function in the
attention mechanism with Sinkhorn normalization (Sinkhorn, |1966), which jointly normalizes rows
and columns of the attention matrix. This enforces balanced bidirectional flows, enabling the attention
score to capture interactions that depend not only on each node’s own neighborhood but also on the
neighborhood structure of its counterparts.

Our contributions are as follows: (1) We investigate neural VRP solvers under realistic asymmetric
distance matrices, advancing the applicability of NCO methods to real-world scenarios; (2) We
introduce an SVD-based initialization that captures global directional relationships from the input
distance matrix, improving generalization across instance sizes. We also show that Sinkhorn nor-
malization yields substantial gains, underscoring the importance of capturing the full neighborhood
context of both interacting nodes during attention. (3) We evaluate RADAR on 17 synthetic and
3 real-world VRP variants. Across all cases, RADAR consistently outperforms state-of-the-art
baselines, demonstrating strong performance. (4) We provide several in-depth analyses, including
the structural properties of the input, the role of coordinates under asymmetry, and the evaluation of
initialization strategies across different asymmetry levels.

2 RELATED WORKS

Neural Solvers for VRPs. They generally fall into three categories. Constructive methods generate
routes sequentially by selecting one node at a time, such as AM (Kool et al.|[2019) and POMO (Kwon
et al} 2020). Improvement methods (Wu et al., 2021} Ma et al.| 2021} [2023) begin with an ini-
tial solution and learn to iteratively refine it, often combined with classical techniques like local
search (Hudson et al.,|2021), beam search (Choo et al., [2022)), or dynamic programming (Kool et al.,
2022). Heatmap-based methods (Joshi et al.| 2019; [Sun & Yang] [2023} Min et al.| [2023) predict
pairwise connection probabilities via GNNs and extract solutions from these learned heatmaps using
heuristics or post-processing. Among these, constructive approaches are most common but are
typically designed for Euclidean VRPs and perform poorly in asymmetric settings.

Solvers Using Distance Matrices. Several recent methods address the limitations of coordinate-
centric neural solvers by directly encoding the distance matrix. MatNet (Kwon et al., 2021) reformu-
lates ATSP (asymmetric traveling salesperson problem) as a bipartite graph, but its one-hot embedding
limits scalability. UniCO (Pan et al., [2025) extends this with pseudo one-hot encodings for larger
instances. ICAM (Zhou et al., [2025) replaces fixed embeddings with k-nearest distances, enabling
generalization to instances with up to 1000 nodes. ReLLD (Huang et al., [2025)) improves MatNet’s
decoder with identity mapping and feed-forward layers. RRNCO (Son et al., 2025)) incorporates
context-aware gating, adaptive biases, and distance-based probabilistic sampling, and further validates
its effectiveness on real-world datasets. Post-improvement methods like GLOP (Ye et al.,2024) and
UDC (Zheng et al., [2024) adopt divide-and-conquer strategies to improve scalability. Despite these
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advances, most models still fail to effectively capture both static and dynamic asymmetry, limiting
performance on real-world asymmetric VRPs.

Graph Positional Encoding. To embed structural information into node representations, various
graph positional encoding techniques have been developed. These methods fall into three main
categories: (1) Matrix factorization approaches (Yang et al., |2017; Song et al., [2009; |[Katz} [1953)
compute a proximity matrix (e.g., using spectral or diffusion metrics) and apply dimensionality
reduction to derive node embeddings; (2) Random-walk-based methods (Perozzi et al., 2014} Grover
& Leskovec, 2016) simulate walks to capture local structure, assigning similar embeddings to
frequently co-occurring nodes; (3) Autoencoder-based methods (Wang et al., 2016} |Cao et al.|[2016)
learn low-dimensional embeddings by reconstructing graph structure through neural networks. These
techniques inspire embedding strategies in VRP solvers where structural signals, especially under
asymmetric cost matrices, need to be effectively encoded.

3 PRELIMINARIES

A typical VRP instance comprises a set of nodes, including one or more depots and multiple customers,
and is defined by either a distance matrix or coordinates. The objective is to construct a set of routes
that (1) visit each customer exactly once, (2) start and end at a depot, (3) satisfy all task-specific
constraints (e.g., vehicle capacity), and (4) minimize total travel cost such as the distance. VRP
encompasses a wide range of variants depending on the constraints, such as the Capacitated VRP
(CVRP), VRP with Time Windows (VRPTW), and Asymmetric VRPs (e.g., ATSP). These variants
reflect different practical requirements and significantly increase problem complexity. In this work,
we study 17 asymmetric VRP variants. Among them, one is ATSP, and the remaining 16, whose
symmetric versions are adapted from RouteFinder (Berto et al.| 2024)), and we replaced coordinates
with asymmetric distance matrices to them. Full details are provided in

4 METHODOLOGY

Figure [1| depicts the overall framework of RADAR. Given an asymmetric distance matrix D, we
compute a truncated SVD D~ U3 kaT. The left and right factors encode outgoing and incoming
signals. We compute a truncated SVD and retain the top-%£ singular values with their left/right
factors (U, Xk, Vi ). We form the distance feature by concatenating the left and right components

Uk E,lﬁ/ % and Vi E,lg/ 2), then concatenate this with node features (e.g., demand) and project the result
into the embedding space. We use 5 encoder layers; each has a multi-head attention, two add and
normalization, and a feed-forward blocks. In the attention block, D and DT are concatenated with
the dot product scores, then passed through two linear layers, and normalized by Sinkhorn to obtain
doubly stochastic attention scores. At each decoding step, we mask visited nodes and pick the next
node by sampling or greedily from the predicted probabilities, until the tour is completed.

4.1 STATIC ASYMMETRY: SVD-BASED EMBEDDINGS

A core principle of a successful neural architecture for VRPs is its ability to generate node embeddings
that encapsulate both node-specific attributes (e.g., demands) and the relational features (e.g., distance
matrix) of the graph. However, we emphasize a crucial point: most of such designs cannot effectively
exploit relational structure unless the initial node embeddings are distinguishable and capture
directional distance information. When all nodes start with identical embeddings, attention outputs
remain identical regardless of attention weights, as they are convex combinations over identical value
vectors. This renders the model unable to learn effective representations.

Unlike Euclidean problems, where the coordinates of nodes provide strong inductive priors for such
node embedding initialization, asymmetric distance matrices lack such geometric structure, making
it difficult to generate initial node embeddings to capture their inherent directional patterns. In the
absence of informative node features, alternative initialization strategies are required to introduce
node-specific variation before relational reasoning begins. Two main approaches have emerged in the
literature to address this challenge: uninformed initialization and informed initialization.



Published as a conference paper at ICLR 2026

Static Asymmetry —-{ Distance Feature ‘ ‘ Node Feature ‘ / Dynamic Asymmetry
l - l ,’I [ Linear Layer ]
[ Linear Layer ] 4
nxn l ) Q ‘ K v
Asymmetric Distance Matrix Encoder Layers / Matmul
| ( Multi-Head Attention | [:al u
( SVD J ! \ Disance Mt
1 l ( Add & Norm )\ | xn cale
\ Concat
[ Feed Forward ] \ L ®
[ Add & Norm ] ‘\ [ Feed Forward ]
U/ T € 7K Vi3, € RN*K l ‘\‘ 1
\ [ Sinkhorn ]
5 [ Decoder ] \
Concat \ l
@ - i—----————-—--l \ [ Matmul ]
nx 2k | prop  Current Node Probability | \
: Sampling 1
'S I pTTTiTiTiimim mimrmmimisisisisisimim s N
DT o : (WO g : : [] Features (3 Layers w/o Learnable Parameters :
: O : : D Layers w/ Learnable Parameters !

Figure 1: Framework of RADAR, which features two key designs for asymmetric VRPs: (1)
an SVD-based embedding method that captures static asymmetry in the distance matrix; and (2)
Sinkhorn-normalized attention in the encoder layers, replacing standard Softmax to enforce balanced
incoming and outgoing attention, modeling dynamic asymmetry in representation learning.

Uninformed initialization introduces node-distinguishing signals without relying on input structure.
These methods provide synthetically distinguishable embeddings, e.g., node indices, fixed positional
patterns, or randomly initialized vectors. For example, MatNet (Kwon et al.,[2021) initializes row
and column embeddings with zero and one-hot vectors. As each node requires a unique one-hot
vector in a d-dimensional space, the number of nodes n must not exceed d. UNICO (Pan et al., |2025)
introduces pseudo-hot encoding (POE) to relax the dimensionality constraint for large-scale problems.
Although uninformed embeddings can assign distinguishing embeddings, they introduce random
noise that lacks any semantic grounding in the input and may break the node symmetry w.r.t. graph
structure. As a result, the model must learn to ignore or override meaningless differences, which can
hinder learning efficiency and misalign with the task’s structural inductive bias.

Informed initialization constructs node embeddings by leveraging structural information embedded
in input edge features, i.e., the distance matrix D € R™*™. This matrix encodes static asymmetry
and captures the overall topology of the instance. Rather than injecting arbitrary signals, informed
embeddings aim to derive node representations directly from this relational structure, allowing the
network to start from relationally meaningful representations. However, informed embeddings also
pose unique challenges. The values in the distance matrix D are mutually dependent and collectively
define the instance topology. As a result, any projection from edge space to node space can become
inherently tied to the number of nodes n. This entanglement often leads to size-specific embeddings
that generalize poorly to problem instances with different sizes than those seen during training.
A common strategy is to summarize each node’s neighborhood, e.g., by selecting top-k nearest
neighbors (Zhou et al.| 2025)) or sampling neighbors based on distance-based probabilities (Son et al.,
2025)), and project the local context into the embedding space. However, such direct use of raw
distances as node features fails to capture the underlying topological structure of the graph.

To address the limitations of existing informed embeddings, we focus on the embedding itself and its
capacity to encode the structural information of the distance matrices. The inherent asymmetry of
the distance matrix is called static asymmetry. Ideally, we hope that the initial embeddings could
represent the static asymmetry. So, we introduce a formal definition to describe when an embedding
can be said to represent static asymmetric relational information.

Definition 1 (Asymmetry-Aware Embedding). An embedding matrix X € R™*¥ is said to be
asymmetric-aware w.r.t. a feature matrix D € R™*"™ if there exist two distinct linear transformations
Wy, Wy € R %k guch that

| XWy(XWs)T = D5 ~ 0. (1)

4
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This definition formalizes the capacity of embeddings to represent static asymmetry in a form
compatible with attention mechanisms. Attention computes pairwise interactions as QK ". We
adopt a similar bilinear form X W; (X WQ)T, with Wy £ W5 to produce a non-symmetric interaction
matrix that reflects the asymmetry in the original distance matrix. To construct such embeddings, we
introduce truncated SVD (TSVD) to reconstruct each node’s relative coordinates:

D =~ U2V, )

where U, € R"** and Vj, € R™** contain the top-k left and right singular vectors of D, respectively,
and X3, € R*** is a diagonal matrix consisting of the top-k singular values.

In the cost matrix, each entry D; ; represents the cost from node 7 (departure) to node j (arrival).
Accordingly, the rows of D correspond to departure nodes, and the columns correspond to arrival
nodes. Based on this structure, we can construct two intermediate representations X and Xp,
which captures the row-wise features associated and the column-wise features. The distance feature
X € R"*2F js defined as the concatenation of X1, and X along the feature dimension:

X, =UpvVE:, Xp=VivEr, X=[Xr|Xg]. 3)

The obtained X is asymmetry-aware w.r.t. D as there exist two projection matrices:

Wi =[I|0]" e R**** Wy = [0 I) " € RP**K )
such that
XWy = U2k, XWo =Vi/ES, XWi(XWa)' = ULV, = D. 3)

Therefore, the model is theoretically capturing static asymmetry through a single embedding matrix.
The process is shown in Algorithm[I] We analyze the reconstruction quality of the input distance
matrix under different truncation levels. The top 10 singular values could capture around 85% of the
matrix information, while 20 and 30 singular values improves the retention to about 93% and 97%,
respectively. We choose the top 10 singular values as a trade-off between both in-distribution and
out-of-distribution generalization. The effectiveness of this choice is further discussed in Section [6]

4.2 DYNAMIC ASYMMETRY: SINKHORN NORMALIZATION

In asymmetric VRPs, directional dependencies should be preserved not only at initialization but also
during representation learning. In attention-based encoders, node embeddings are updated dynami-
cally layer by layer through weighted aggregation of information from other nodes. The asymmetry
learned during encoder attention is called dynamic asymmetry. Existing works (Kwon et al.| 2021}
Drakulic et al., [2025)) typically incorporate the distance matrix directly into the computation of
attention scores. Formally, the attention from node ¢ to its neighbors is given by:

Ai,: = Softmax ([Slm(Xl, Xj’ Dz}j» Dj,i>]§y:1)), (6)

where Sim(+) denotes a similarity function measuring the compatibility between node ¢ and node
7 conditioned on both their embeddings and pairwise distances. Compared to vanilla attention,
this formulation explicitly integrates node-to-node relational signals (D; ;, D; ;) into the similarity
function. The subsequent row-wise Softmax normalizes these scores across all neighbors of 1,
coupling local distance information with broader relational patterns in its neighborhood.

However, such modeling only makes the attention score A; ; aware of distance information in the
neighborhood of node i (i.e., D; . and D. ;), while remaining unaware of the complete neighborhood
structure of node j, i.e., D;. and D. ;. We hypothesize that this limitation weakens the encoder’s
ability to capture global directional dependencies, since the interaction between ¢ and j is evaluated
without considering how j itself relates to the rest of the graph. Notably, this issue is absent in the 2D
Euclidean setting, where the entire distance matrix D can be reconstructed from node coordinates,
and thus its information is already embedded in the node representations X .

To address this, we propose replacing the row-wise Softmax with Sinkhorn normalization (Sinkhorn|
1966), which iteratively normalizes rows and columns of the attention matrix, see Algorithm This



Published as a conference paper at ICLR 2026

ensures that each attention score A; ; reflects a more complete characterization of both nodes 4 and j,
by incorporating the full set of distance-based relations directly connected to them.

Algorithm 1 SVD-based Initialization Algorithm 2 Sinkhorn Normalization
Require: Distance matrix D € R™*"™, rank k Require: Score matrix S € R™*" iterations T’
Elnsure: 5{ ode (ezlr)n)l)eddln%st j?ﬁDmsl Ensure: Normalized matrix P
: i< Mean(D), o +

2 D (D—p)jo 1: P < exp(S)

3: [U, S, V] < SVD_lowrank(D, k) 2: fort =1t T do

4 Q+U-VS 33 P+« P/Y ., (P)

A AN £ P P/Y(P)

6: X + [Q| K] s end f

7: Xfina < Linear(X) - end tor

8: return Xy, 6: return P

5 EXPERIMENT

We compare RADAR against baselines on synthetic single-task instances, a multitask setting covering
16 asymmetric VRP variants, and real-world datasets from RRNCO (Son et al., 2025). We then
provide several in-depth analyses, examining the effects of coordinates, varying asymmetry levels,
and demand distributions, followed by ablation studies. All experiments are run on a single NVIDIA
RTX 3090 GPU (24 GB). More details and results are provided in[Appendix B|and [Appendix C} Our
code is available at https://github.com/yihang0410/RADAR.

5.1 SYNTHETIC ATSP AND ACVRP

Setup. We evaluate RADAR on synthetic instances of sizes 100, 200, 500, and 1000. All instances
are randomly generated following (Kwon et al.,|2021} [Luo et al., 2023} |Kwon et al.| 2020). We train
RADAR and all baselines on size 100, and evaluate zero-shot generalization to instances of size 200,
500, and 1000 without finetuning. Training takes 39.31h for ATSP and 54.74h for ACVRP.

Baselines. (/) Traditional solvers. LKH3 (Helsgaun, 2017) with 100, 1k and 10k search trials
(10k omitted for ATSP as performance saturates by 100). HGS (Vidal, |2022)) under two different
time budgets aligned with LKH-1000 and LKH-10000. (2) Constructive neural solvers. We retrain
MatNet (Kwon et al.}[2021), ICAM (Zhou et al., [2025), ELG (Gao et al.,|2024), and ReLD (Huang
et al.,|2025) under our setup; all are evaluated with z-score normalization. We also report MatNet
trained for 2100 epochs under its original setting (no z-score). UNICO (Pan et al.,[2025) is evaluated
using its released checkpoint. We further include MatNet variants: Single (One-hot) replaces the dual
embeddings with one-hot vectors, and Single (Random) uses a Uniform(0, 1) scalar mapped by a
linear projection layer. Since ELG does not natively support asymmetry, we adapt it by replacing
its encoder with MatNet using random embeddings and removing Euclidean-specific components
in the local policy; we then retrain on synthetic data and apply local policy from epoch 1750. In
ACVRP, MatNet (Demand) uses only demand as the initial node feature while retaining the original
dual-embedding design; MatNet-Single (Demand)™ is a single-branch version that initializes solely
from demand. MatNet-Single (Random) follows the same configuration as in ATSP setup. (3)
Improvement Neural Solvers. GLOP (Ye et al.| [2024) is evaluated on our retrained MatNet with
z-score but shows no improvement over the authors’ original setting. UDC (Zheng et al., |[2024) is
also retrained in our setup. For fairness, mixed-size training is disabled for both ICAM and UDC.

Results. As shown in Table [[, RADAR consistently outperforms prior learning-based baselines.
On ATSP, RADAR achieves the lowest objective values and gaps among neural methods, and the
gap remains small even as the problem size increases to 1000. On ACVRP, RADAR achieves the
best performance among all learning-based methods, and even surpasses LKH on ACVRP200. In
Appendix we also compare RADAR with Matnet and its variants with augmentation on ATSP.
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Table 1: Performance on ATSP and ACVRP.

Testing (1k instances) Generalization (1k instances)
ATSP100 ATSP200 ATSP500 ATSP1000

Method Ob;. Gap Time Ob;. Gap Time Ob;. Gap Time Ob;. Gap Time

LKH-100 1.5643  0.00% 1.08m | 1.5721  0.00% 2.44m | 1.5763  0.00% 7.32m | 1.5739  0.00%  21.92m
LKH-1000 1.5643 * 591m | 1.5721 * 16.40m | 1.5763 * 44.45m | 1.5739 * 1.71h

GLOP* 1.8848 20.49% 2.75m | 2.0584 30.93% 3.07m | 2.2345 41.76% 3.72m | 23429 48.86% 7.29m
UDC-2250% (a = 50) 1.5921 1.78% 1.02h | 1.7577 11.81% 2.04h 23810  51.05% 6.41h 3.0734  9527% 19.12h
Matnet™* 1.6161 3.32% 0.03m | 19111 21.56%  0.14m - - - - - -

Matnet-Single (One-hot)™ | 1.5995 2.25%  0.02m | 1.6727 6.40% 0.12m

Matnet-Single (Random)* | 1.5969  2.08%  0.02m | 1.6543  5.23% 0.13m | 1.8610 18.10% 1.34m | 2.1821 38.64% 11.1lm

Matnet 1.6473  531% 0.03m | 3.1925 103.07%  0.14m - - - - - _

MatPOENet-8x* 1.8719 19.67% 0.54m | 2.7033  71.95% 2.33m | 4.1189 161.30% 21.87m | 5.5072 24991%  2.98h
ICAM* 1.6580 599% 0.0lm | 1.8471 17.49%  0.06m | 24592 56.01%  0.73m | 29069 84.69%  9.80m
ELG* 1.5982  2.17%  0.06m | 1.6423  4.47% 0.27m | 1.7456 10.74%  2.60m | 1.8441 17.17% 22.31m
ReLD™ 1.5900 1.64% 0.03m | 1.6310  3.75% 0.15m | 1.7873  13.39%  1.49m | 2.0723 31.67% 12.18m
RADAR™ ‘ 1.5756  0.72%  0.04m ‘ 1.5879 1.01% 0.15m ‘ 1.6098 2.13% 1.45m | 1.6389 4.13%  11.57m
Testing (1k instances) Generalization (1k instances)
ACVRP100 ACVRP200 ACVRP500 ACVRP1000
Method Ob;. Gap Time Ob;. Gap Time Ob;. Gap Time Ob;. Gap Time
LKH-100 22526  6.05%  2.20m | 2.2245 2.77%  3.24m | 24155 320% 11.58m | 2.5092  2.84% 1.00h
LKH-1000 2.1635 1.86% 17.64m | 2.1807 0.75%  25.32m | 2.3605 0.86% 1.06h | 2.4569  0.69% 2.86h
LKH-10000 2.1240  0.00%  2.79h | 2.1645 0.00% 4.25h | 23405 0.00%  10.29h | 2.4400  0.00% 36.25h
HGS-Short™ 2.1614 1.76% 16.67m | 2.0806 -3.88% 25.38m | 2.3011 -1.68%  1.08h | 2.1094 -13.55%  2.9%h
HGS-Long” 2.0942 -140%  2.78h | 19733 -8.83%  4.24h | 2.1451 -835% 10.47h | 1.9792 -18.89%  36.33h
Matnet (Demand)™ 2.1968 3.42%  0.04m | 3.1620 46.10% 0.20m | 4.4847 91.58% 1.92m | 5.7523 135.76% 13.59m

Matnet-Single (Demand)™ | 2.1821  2.73%  0.03m | 2.6283 21.43% 0.15m | 3.4994 49.46% 1.67m | 43736 79.25% 11.79m
Matnet-Single (Random)* | 2.1813  2.70%  0.03m | 2.2372 336%  0.15m | 3.3697 43.98% 1.73m | 3.9904 63.52% 11.38m
ReLD* 2.1656  1.96%  0.04m | 2.1635 -0.05% 0.18m | 3.4507 47.40% 196m | 47424 94.45%  13.80m

RADAR™ ‘2.1588 1.64%  0.05m ‘2.1483 -0.75%  0.14m ‘2.4198 3.39%  1.75m ‘2.4634 0.96%  11.60m

Note. * denotes evaluation using the authors’ official checkpoints; + indicates training and testing with z-score normalization. # indicates that
HGS yields infeasible solutions under the given time budgets. Consequently, we do not use it as the baseline for gap computation, and the
detailed infeasible rates are reported in Appendix@ Results for UDC and ICAM differ from their original reports because we disabled their
mixed-size training scheme to ensure fairness. MatNet with one-hot node embeddings fails to generalize to N € {500, 1000}, as the identity
embedding is tied to a fixed 256-dimensional space. The boldface indicates the best result among learning-based methods.

5.2 MULTI-TASK LEARNING ON VARIOUS ASYMMETIC VRP VARIANTS

Setup. We further integrate our RADAR into the multi-task framework in RouteFinder (RF) (Berto
et al.,2024) and follow its experimental setup to demonstrate its strong generalizability. The model is
trained on 16 asymmetric VRP variants and evaluated on 1,000 test instances per variant.

Baselines. We adopt the traditional solver HGS (Vidal, Table 2: Average performance.
2022])). For neural baselines, we adapt ROUTEFINDER with
two changes: (i) replace its encoder attention with MatNet

Method Avg. Obj. Avg. Gap (%)

. .. . e e . HGS 2.4709 -

attention; and (ii) modify the initialization, yielding two OR-Tools 25409 30863
variants, i.e., RF, which uses no distance features and RF 35330 > 1685
initializes solely from node attributes (e.g., demand, time RE-NN 25216 1.9875
windows), and RF-NN, which uses top-k nearest-neighbor RADAR 2.5047 1.3331

distances concatenated with the node features.

Results. Table 2] summarizes average performance over 16 asymmetric VRP variants in the multitask
setting. Despite the diversity of constraints, RADAR remains competitive and achieves the lowest
average gap among all neural methods. This validates RADAR’s asymmetry-centric design across a
broad spectrum of asymmetric routing problems. See Table [§] for more results.

5.3 REAL WORLD DATASETS

We evaluate RADAR on real-world asymmetric benchmarks introduced by RRNCO (Son et al., 2025)).
Following their framework, we train our model on the same datasets using Min-Max normalization.
Since the test sets remain unchanged, we directly reuse the GCN and MatNet results reported
in their paper, excluding other baselines due to incompatible settings. Unlike synthetic datasets,
RRNCO provides both realistic node coordinates and asymmetric distance matrices (Section [5.4]
further analyzes their individual impact). Table [3]shows the results across three real-world tasks.
RADAR consistently achieves lower costs and smaller optimality gaps across all tasks and distribution
settings. It also generalizes well to both in-distribution and out-of-distribution instances, highlighting
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Table 3: Performance on Real-world Datasets for ATSP, ACVRP, and ACVRPTW.

In-distribution Out-of-distribution (city) Out-of-distribution (cluster)

| \ \ \
Task | Method | Cost Gap (%) Time | Cost Gap (%) Time | Cost Gap(%) Time
N ‘ LKH3 ‘ 38.387 * 1.6h ‘ 38.903 * 1.6h ‘ 12.170 * 1.6h
E MatNet 39.915 3.98 27s 40.548 4.23 27s 12.886 5.88 27s
< RRNCO 39.077 1.80 21s 39.783 2.26 21s 12.450 2.30 21s
| RADAR | 38671 074  2Is | 39272 095  2Is | 12314 118  2Is
PyVRP 69.739 * Th 70.488 * Th 22.553 * Th
OR-Tools 72.597 4.10 Th 73.286 3.97 Th 23.576 4.54 Th
-3
<7 GCN 90.546 29.84 17s 90.805 28.82 17s 34.417 52.61 17s
B MatNet 74.801 7.26 30s 75.722 7.43 30s 24.844 10.16 30s
< RRNCO 72.145 3.45 23s 72.999 3.56 23s 23.280 3.22 23s
‘ RADAR ‘ 71.557 2.61 23s ‘ 72.336 2.62 23s ‘ 23.137 2.59 23s
= PyVRP 118.056 * Th 118.513 * Th 39.253 * Th
E OR-Tools | 119.681 1.38 7h 120.147 1.38 Th 39.903 1.66 7h
g ‘ RRNCO ‘ 122.693 3.93 32s ‘ 123.249 4.00 32s ‘ 41.077 4.65 32s
< ‘ RADAR ‘ 121.260 2.71 32s ‘ 121.841 2.81 32s ‘ 40.459 3.07 32s

Note. The boldface indicates the best result among learning-based methods.

Table 4: Study on the effect of coordinates in asymmetric settings (ATSP100).

\ In-distribution | Out-of-distribution (city) | Out-of-distribution (cluster)
Method | Cost Gap Time | Cost Gap Time | Cost Gap Time
LKH ‘ 38.387 * 1.6h ‘ 38.903 * 1.6h ‘ 12.170 * 1.6h
RRNCO (w/o coords) 39.624 3.22% 7s 40.670 4.53% Ts 12982 6.68% 7s
RRNCO (w/o coords + aug) | 39.309 240% 21s | 40.020 2.87% 21s 12.567 3.26% 21s
RADAR (w/o coords) 38.958 1.49% 7s 39.551 1.66% s 12.413  2.00% 7s
RRNCO (w/ coords) 39.385 2.60% 7s 40.383  3.80% 7s 12717  4.50% 7s
RRNCO (w/ coords + aug) 39.077 1.80% 21s | 39.783 2.26% 21s 12.450 2.30% 21s
RADAR (w/ coords) 38972 1.52% 7s 39.765 2.22% 7s 12.487 2.61% 7s

RADAR (w/ coords + aug) | 38.671 0.74%  21s | 39.272 0.95% 21s 12.314  1.18% 21s

its robustness under real-world variability. These results underscore RADAR’s practicality and
effectiveness in handling complex, asymmetric routing in real-world scenarios.

5.4 COORDINATES VS. DISTANCE MATRICES

We study whether coordinates provide meaningful signals in asymmetric routing tasks. Following the
ATSP setup from RRNCO (Son et al.,|2025), we can isolate the effect of coordinates. We compare
RADAR and RRNCO under various coordinate usage conditions, applying the augmentation strategy
from POMO (Kwon et al.|[2020). Since RADAR employs deterministic initialization, the (w/o coords
+ aug) case yields identical outputs and is therefore omitted. Results show that RRNCO degrades
noticeably without coordinates, while RADAR maintains strong performance. Remarkably, even
without coordinates, RADAR outperforms RRNCO with coordinate augmentation, indicating that
our distance-based embeddings effectively capture structural information without positional cues.
When coordinate augmentation is applied, both methods improve, with RADAR being the best. This
shows that, in asymmetric tasks, the main value of coordinates may lie in enabling augmentation and
promoting diversity, rather than encoding structure.

5.5 EFFECT OF INITIALIZATION UNDER DIFFERENT ASYMMETRY LEVELS

In real-world scenarios, distance matrices often violate geometric assumptions such as the triangle
inequality. As asymmetry increases, structural regularity deteriorates, making it harder for models
to extract meaningful representations. Since initialization influences early learning dynamics, it
is important to understand how varying asymmetry levels impact embedding quality. To simulate
this, we generate node coordinates uniformly in [0, 1]? and compute pairwise Euclidean distances
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Table 5: Cost and relative GAP (%) under varying asymmetry levels. RADAR serves as the baseline.

Low Asymmetry ‘ Medium Asymmetry High Asymmetry

Method ‘
| 50 GAP 100 GAP | 50 GAP 100 GAP

50 GAP 100 GAP

Random® | 4.6851 1.41% 63244 224% | 4.5128 2.72% 62680 3.70% | 40722 3.70% 59836 6.41%
UNICO? 4.6235 0.08% 64936 4.98% | 44896 2.19% 7.2094 19.27% | 4.0759 3.80%  6.5876 17.14%
ICAM? 4.6966 1.66% 63632 2.87% | 44840 2.06% 6.2293 3.05% | 40636 3.48% 59471 5.75%

MatNet" 4.6446  0.54% 6.2992 1.83% | 4.8124 9.55% 6.7598 11.84% | 4.7877 21.93% 6.9756 24.04%
RRNCOF | 4.6995 1.73% 6.4048 3.54% | 4.5005 2.44% 63436 4.95% | 4.1282 5.13%  6.0893  8.28%

RADAR' | 4.6198 * 6.1858 * ] 43933 6.0444 * 3.9268 * 5.6235 *

Note. T indicates uninformed embedding; * indicates informed embedding.

to form a symmetric matrix. Asymmetry is introduced by multiplying each entry D;; with a noise
coefficient 6;; sampled from N (1, 02), where o controls asymmetry: weak (o0 = 0.1), moderate
(o0 = 0.2), and strong (¢ = 0.3). We compare initialization strategies from RRNCO (Son et al.,
2025)), UniCO (Pan et al., [2025)), MatNet (Kwon et al.,[2021), ICAM (Zhou et al., [2025)), and random
initialization. For RRNCO and ICAM, we use single-embedding variants without coordinate inputs
to isolate initialization effects. All methods are evaluated using a unified MatNet-style attention
architecture, trained on 50-node instances and tested on 50- and 100-node sets. Training runs for
1200 epochs, with performance recorded at epoch 1101. Additional settings follow Section [5.1}

The results in Table[5] presents the performance of different initialization strategies under increasing
levels of asymmetry. Overall, performance tends to degrade as asymmetry intensifies, but the rate of
degradation varies significantly across methods. Approaches such as MatNet and UniCO (') exhibit
sharp increases in relative gaps, particularly at larger problem sizes and higher asymmetry levels. In
contrast, informed initialization methods (*) degrade more gradually and maintain lower overall gaps.
Notably, RADAR demonstrates consistently strong performance across all settings.

5.6 DIFFERENT DEMAND DISTRIBUTION

In VRP models, customer demands are typically sampled from a discrete uniform distribution over
{1,...,9}. While this demand setting is convenient for training and evaluation, it provides only a
limited view of the demand landscape. A model that fits well under this single distribution may lack
sensitivity to distributional shifts, leading to degraded performance once the demand law deviates
from the training regime. See Appendix [C.3| Table[9]for more details.

6 ABLATION STUDY AND DISCUSSIONS

6.1 SVD-BASED INITIALIZATION

Current Initialization Methods. We evaluate the proposed initialization against ICAM (Zhou et al.|
2025)), UniCO (Pan et al.,[2025)), Random, MatNet (Kwon et al.,[2021), and RRNCO (Son et al., 2025
under the same experimental setup described in Section[5.5] UniCO could not run on ATSP1000 due
to memory constraints. As shown in Figure 2] the proposed initialization yields consistent gains on
in-distribution instances and exhibits stronger out-of-distribution generalization to larger problem
sizes, outperforming all baselines in both regimes.

Alternative SVD Initialization Methods. We compare our SVD-based initialization with eigenvalue
decomposition (EVD), multidimensional scaling (MDS) (Beals et al.,|1968)), QR decomposition (Fran;
cis,|1961)), and random approximation (RA) variants on ATSP100-1000. As evidenced by Table
and the theoretical analysis in Appendix [D.2] our method aligns best with the asymmetric structure of
the distance matrices, leading to superior performance over existing alternatives.

Effect of k in Informed Embedding. We further examine the effect of %, the number of informative
neighbors used during initialization. We apply this analysis to ICAM, RRNCO, and our method
with k& € {10,30,50}. Figure [3| shows radar plots of generalization performance. We report an
Efficiency Score, defined as max(1 — Gap, 0), to capture both accuracy and stability. Increasing k
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Table 6: Ablation on SVD and Sinkhorn for RADAR.

Method  SVD  Sinkhorn 100 Gap(%) Time 200 Gap(%) Time 500 Gap(%) Time 1000 Gap(%)  Time

RADAR X X 1.5969 2.08 0.02m  1.6543 523 0.13m 1.8610 18.06  1.34m 2.1821 38.64 1l.1lm
RADAR Vv X 1.5928 1.82 0.03m  1.6273 3.51 0.14m 1.7418 1050  144m 1.9342 22.89 11.45m
RADAR X v 1.5829 1.19 0.03m  1.6007 1.82 0.13m  1.6379 391 1.43m  1.6878 7.24 11.37m
RADAR v v 1.5756 0.72 0.04m  1.5879 1.01 0.15m  1.6098 2.13 1.45m  1.6389 4.13 11.57m

improves in-distribution accuracy but tends to degrade generalization to larger instances. Since our
method remains low-cost and stable across all tested k, we fix top-10, which offers the strongest
generalization while retaining competitive in-distribution performance.

Runtime Ananlysis. We profile the SVD step to characterize its computational cost. Our implementa-
tion employs a randomized, truncated SVD that is GPU-accelerated and supports batched evaluation
across instances. As shown in Figure.|4|and discussed in Appendix end-to-end runtime scales
smoothly with problem size, and SVD becomes progressively less dominant at larger scales.

6.2 SINKHORN NORMALIZATION

Sinkhorn Normalization. To isolate the impact of Sinkhorn normalization, we compare RADAR
with and without it. As shown in Table[6] incorporating Sinkhorn significantly improves performance
across all instance sizes, highlighting its importance in modeling directional flow consistency.

Sinkhorn VS. Softmax. To highlight the advantage of Sinkhorn over the standard softmax normaliza-
tion, we conduct an additional comparison on ATSP100. Specifically, we contrast the first 10 epochs
and the last 10 epochs of training, as reported in Appendix The results show that Sinkhorn
enables faster convergence and yields better performance on asymmetric problems.

Runtime Analysis. We further profile the Sinkhorn normalization on ATSP100 (see Fig. @] and
Appendix [D.6). Our measurements separate end-to-end wall time from module breakdowns. The
GPU-batched implementation keeps Sinkhorn’s overhead modest and stable across problem sizes.

Number of Iterations. In all main experiments we set the number of Sinkhorn iterations to T = 10.
In Appendix we conduct a sensitivity study on ATSP with iterations.

7 CONCLUSION

This work introduces a framework for effectively incorporating asymmetric distance information into
neural VRP solvers. By leveraging SVD-assisted structured initialization and Sinkhorn-normalized
attention, our approach achieves strong and consistent performance across a wide range of asymmetric
VRP variants. More importantly, it demonstrates improved generalization and robustness in modeling
asymmetric structures, making it well-suited for the decision-making in real-world VRP scenarios.
In future work, we aim to steer NCO toward more realistic settings. First, we will extend RADAR
to a broader class of combinatorial optimization problems in which relational (edge) features are
central. Our recipe use a SVD-based initialization to turn edge signals into compact node-level
anchors. We expect this to improve cold-start quality. Second, we plan to integrate RADAR with
richer paradigms, such as improvement heuristics and search-based solvers, where RADAR provides
asymmetric, cost-aware priors to guide neighborhood selection and move acceptance. We believe
these directions will further enhance robustness under distribution shift and strengthen the application
of NCO models in solving real-wolrd VRPs.

ACKNOWLEDGMENTS

This research is supported by the National Research Foundation, Singapore under its Al Singapore
Al Research Fundamental Research Collaborative (US-NSF Researcher Call) (AISG Award No:
AISG3-RP-2025-036-USNSF) and its Al Singapore Programme (AISG Award No: AISG3-RP-2022-
031). Any opinions, findings and conclusions or recommendations expressed in this material are
those of the author(s) and do not reflect the views of National Research Foundation, Singapore. This
research/project was supported by the Singapore Ministry of Education (MOE) Academic Research
Fund (AcRF) Tier 1 grant (Grant Approval No: 22-SIS-SMU-064).

10



Published as a conference paper at ICLR 2026

REFERENCES

Richard Beals, David H Krantz, and Amos Tversky. Foundations of multidimensional scaling.
Psychological review, 75(2):127, 1968.

Federico Berto, Chuanbo Hua, Nayeli Gast Zepeda, André Hottung, Niels Wouda, Leon Lan,
Junyoung Park, Kevin Tierney, and Jinkyoo Park. Routefinder: Towards foundation models for
vehicle routing problems. arXiv preprint arXiv:2406.15007, 2024.

Shaosheng Cao, Wei Lu, and Qiongkai Xu. Deep neural networks for learning graph representations.
In Proceedings of the AAAI conference on artificial intelligence, volume 30, 2016.

Jinho Choo, Yeong-Dae Kwon, Jihoon Kim, Jeongwoo Jae, André Hottung, Kevin Tierney, and
Youngjune Gwon. Simulation-guided beam search for neural combinatorial optimization. Advances
in Neural Information Processing Systems, 35:8760-8772, 2022.

K. Mert Cubukcu and Taha Hatcha. Are euclidean distance and network distance related ?
Environment-Behaviour Proceedings Journal, 1:167-175, 09 2016. doi: 10.21834/e-bpj.v1i4.137.

Darko Drakulic, Sofia Michel, Florian Mai, Arnaud Sors, and Jean-Marc Andreoli. BQ-NCO:
Bisimulation quotienting for efficient neural combinatorial optimization. In Advances in Neural
Information Processing Systems, volume 36, 2023.

Darko Drakulic, Sofia Michel, and Jean-Marc Andreoli. GOAL: A generalist combinatorial optimiza-
tion agent learner. In International Conference on Learning Representations, 2025.

Lu Duan, Yang Zhan, Haoyuan Hu, Yu Gong, Jiangwen Wei, Xiaodong Zhang, and Yinghui Xu.
Efficiently solving the practical vehicle routing problem: A novel joint learning approach. In
Proceedings of the 26th ACM SIGKDD international conference on knowledge discovery & data
mining, pp. 3054-3063, 2020.

John GF Francis. The gr transformation a unitary analogue to the Ir transformation—part 1. The
Computer Journal, 4(3):265-271, 1961.

Chengrui Gao, Haopu Shang, Ke Xue, Dong Li, and Chao Qian. Towards generalizable neural solvers
for vehicle routing problems via ensemble with transferrable local policy. In IJCAI, 2024.

Aditya Grover and Jure Leskovec. node2vec: Scalable feature learning for networks. In Proceedings
of the 22nd ACM SIGKDD international conference on Knowledge discovery and data mining, pp.
855-864, 2016.

Keld Helsgaun. An extension of the lin-kernighan-helsgaun tsp solver for constrained traveling
salesman and vehicle routing problems. Roskilde: Roskilde University, 12:966-980, 2017.

Ziwei Huang, Jianan Zhou, Zhiguang Cao, and Yixin Xu. Rethinking light decoder-based solvers for
vehicle routing problems. arXiv preprint arXiv:2503.00753, 2025.

Benjamin Hudson, Qingbiao Li, Matthew Malencia, and Amanda Prorok. Graph neural network
guided local search for the traveling salesperson problem. arXiv preprint arXiv:2110.05291, 2021.

Chaitanya K Joshi, Thomas Laurent, and Xavier Bresson. An efficient graph convolutional network
technique for the travelling salesman problem. arXiv preprint arXiv:1906.01227, 2019.

Leo Katz. A new status index derived from sociometric analysis. Psychometrika, 18(1):39—43, 1953.

Wouter Kool, Herke van Hoof, and Max Welling. Attention, learn to solve routing problems! In
International Conference on Learning Representations, 2019.

Wouter Kool, Herke van Hoof, Joaquim Gromicho, and Max Welling. Deep policy dynamic pro-
gramming for vehicle routing problems. In International conference on integration of constraint
programming, artificial intelligence, and operations research, pp. 190-213. Springer, 2022.

Yeong-Dae Kwon, Jinho Choo, Byoungjip Kim, Iljoo Yoon, Youngjune Gwon, and Seungjai Min.
Pomo: Policy optimization with multiple optima for reinforcement learning. Advances in Neural
Information Processing Systems, 33:21188-21198, 2020.

11



Published as a conference paper at ICLR 2026

Yeong-Dae Kwon, Jinho Choo, Iljoo Yoon, Minah Park, Duwon Park, and Youngjune Gwon. Ma-
trix encoding networks for neural combinatorial optimization. Advances in Neural Information
Processing Systems, 34:5138-5149, 2021.

Eugene L Lawler and David E Wood. Branch-and-bound methods: A survey. Operations research,
14(4):699-719, 1966.

Fu Luo, Xi Lin, Fei Liu, Qingfu Zhang, and Zhenkun Wang. Neural combinatorial optimization with
heavy decoder: Toward large scale generalization. Advances in Neural Information Processing
Systems, 36:8845-8864, 2023.

Dennis Luxen and Christian Vetter. Real-time routing with openstreetmap data. In Proceedings of the
19th ACM SIGSPATIAL international conference on advances in geographic information systems,
pp- 513-516, 2011.

Yining Ma, Jingwen Li, Zhiguang Cao, Wen Song, Le Zhang, Zhenghua Chen, and Jing Tang.
Learning to iteratively solve routing problems with dual-aspect collaborative transformer. Advances
in Neural Information Processing Systems, 34:11096—-11107, 2021.

Yining Ma, Zhiguang Cao, and Yeow Meng Chee. Learning to search feasible and infeasible regions
of routing problems with flexible neural k-opt. Advances in Neural Information Processing Systems,
36:49555-49578, 2023.

Yimeng Min, Yiwei Bai, and Carla P Gomes. Unsupervised learning for solving the travelling
salesman problem. In Advances in Neural Information Processing Systems, 2023.

OpenStreetMap contributors. Planet dump retrieved from https://planet.osm.org . https://www,
openstreetmap.org, 2017.

Wenzheng Pan, Hao Xiong, Jiale Ma, Wentao Zhao, Yang Li, and Junchi Yan. Unico: On unified
combinatorial optimization via problem reduction to matrix-encoded general tsp. In The Thirteenth
International Conference on Learning Representations, 2025.

Bryan Perozzi, Rami Al-Rfou, and Steven Skiena. Deepwalk: Online learning of social representa-
tions. In Proceedings of the 20th ACM SIGKDD international conference on Knowledge discovery
and data mining, pp. 701-710, 2014.

Richard Sinkhorn. A relationship between arbitrary positive matrices and stochastic matrices.
Canadian Journal of Mathematics, 18:303-306, 1966.

Jiwoo Son, Zhikai Zhao, Federico Berto, Chuanbo Hua, Changhyun Kwon, and Jinkyoo Park. Neural
combinatorial optimization for real-world routing. arXiv preprint arXiv:2503.16159, 2025.

Han Hee Song, Tae Won Cho, Vacha Dave, Yin Zhang, and Lili Qiu. Scalable proximity estimation
and link prediction in online social networks. In Proceedings of the 9th ACM SIGCOMM conference
on Internet measurement, pp. 322-335, 2009.

Zhiqing Sun and Yiming Yang. Difusco: Graph-based diffusion solvers for combinatorial optimization.
Advances in neural information processing systems, 36:3706-3731, 2023.

Eliana M Toro O, Antonio H Escobar Z, and Mauricio Granada E. Literature review on the vehicle
routing problem in the green transportation context. Luna Azul, (42):362-387, 2016.

Thibaut Vidal. Hybrid genetic search for the cvrp: Open-source implementation and swap* neighbor-
hood. Computers & Operations Research, 140:105643, 2022.

Daixin Wang, Peng Cui, and Wenwu Zhu. Structural deep network embedding. In Proceedings of
the 22nd ACM SIGKDD international conference on Knowledge discovery and data mining, pp.
1225-1234, 2016.

Yaoxin Wu, Wen Song, Zhiguang Cao, Jie Zhang, and Andrew Lim. Learning improvement heuristics

for solving routing problems. /EEE transactions on neural networks and learning systems, 33(9):
5057-5069, 2021.

12


 https://www.openstreetmap.org 
 https://www.openstreetmap.org 

Published as a conference paper at ICLR 2026

Cheng Yang, Maosong Sun, Zhiyuan Liu, and Cunchao Tu. Fast network embedding enhancement
via high order proximity approximation. In IJCAI, volume 17, pp. 3894-3900, 2017.

Haoran Ye, Jiarui Wang, Helan Liang, Zhiguang Cao, Yong Li, and Fanzhang Li. GLOP: Learning
global partition and local construction for solving large-scale routing problems in real-time. In
Proceedings of the AAAI Conference on Artificial Intelligence, 2024.

Zhi Zheng, Changliang Zhou, Tong Xialiang, Mingxuan Yuan, and Zhenkun Wang. UDC: A unified
neural divide-and-conquer framework for large-scale combinatorial optimization problems. In
Advances in Neural Information Processing Systems, 2024.

Changliang Zhou, Xi Lin, Zhenkun Wang, Tong Xialiang, Mingxuan Yuan, and Qingfu Zhang.
ICAM: Rethinking instance-conditioned adaptation in neural vehicle routing solver, 2025. URL
https://openreview.net/forum?id=gyTkfVYL45.

Jianan Zhou, Zhiguang Cao, Yaoxin Wu, Wen Song, Yining Ma, Jie Zhang, and Chi Xu. MVMoE:
Multi-task vehicle routing solver with mixture-of-experts. In International Conference on Machine
Learning, 2024.

13


https://openreview.net/forum?id=gyTkfVYL45

Published as a conference paper at ICLR 2026

A PROBLEM DETAILS

This section defines the five key constraints used in the 17 asymmetric VRP variants. These variants
are commonly used in previous work (e.g., (Zhou et al.,|2024; Berto et al.| 2024))) as benchmarks to
evaluate the applicability and multitask performance of learned VRP solvers. We follow the setup in a
recent work, RouteFinder (Berto et al.l [2024), to generate instances for each variant. To better reflect
real-world conditions such as one-way streets and traffic patterns, all problems are made asymmetric,
meaning the travel cost from node ¢ to node j may differ from the cost from j to ¢, consistent with the
MatNet setting (Kwon et al.||2021). Note that the term ACVRPTW used in Section 5.3 is equivalent
to AVRPTW in this table.

Open route (O). The vehicle does not need to return to the starting point after visiting all customers.

Capacity (C). Under this constraint, each customer is associated with a fixed nonnegative demand,
representing the quantity of goods to be delivered. Each vehicle has a predefined capacity limit, which
denotes the maximum total demand it can serve on a single route. A route is considered feasible only
if the sum of the demands of all customers assigned to it does not exceed the vehicle capacity. This
constraint ensures that vehicles do not operate beyond their load limits.

Backhauls (B). In the backhaul constraint, customers are divided into two groups: linehaul customers,
who need goods delivered from the depot (positive demand), and backhaul customers, who need
goods picked up and brought back to the depot (negative demand). The constraint requires that
all deliveries to linehaul customers must be completed before starting any pickups from backhaul
customers on the same route. This rule limits the order in which customers can be visited.

Duration limit (L). Each vehicle is limited by a maximum travel time or distance. The total time
or distance of the route must be within this limit. If the route exceeds the limit, it is considered
infeasible.

Time window (TW). The time window constraint assigns each customer a time interval during which
the visit must occur. A vehicle can only serve a customer if it arrives within the time window. If it
arrives early, it must wait until the window opens; if it arrives late, the service is considered infeasible.

B EXPERIMENT DETAILS

B.1 DETAILS OF ATSP AND ACVRP

Problem setting. We construct distance matrices following MatNet (Kwon et al.,|2021) and enforce
the triangle inequality to ensure metric consistency. We perform Z-score normalization on distance
matrices, where each entry is transformed by subtracting the mean and dividing by the standard
deviation of pairwise distances. Customer demands are randomly sampled as integers from 1 to 9,
based on LEHD (Luo et al.|[2023)) and POMO (Kwon et al.,|2020)), and normalized by their total sum.
Vehicle capacities are set at 50, 80, 100, and 250 for ACVRP instances of sizes 100, 200, 500, and
1000, respectively, following LEHD (Luo et al., 2023).

Training Setting. The embedding dimension is set to 256, with 8 attention heads and 5 encoder
layers. We use the Adam optimizer with an initial learning rate of 4 x 10~* and a weight decay
of 107°. The model is trained for a total of 2100 epochs. A learning rate scheduler is employed,
maintaining a constant learning rate before epoch 2001, after which a decay factor of v = 0.1 is
applied. Each epoch consists of 10,000 instances and a batch size of 64. Compared to MatNet (Kwon
et al., |2021)), which employs 16 attention heads and 12000 training epochs, fewer attention heads and
epochs are used in our RADAR to reduce memory usage and improve training efficiency. In addition,
bias terms are introduced in the projection matrices W, and Wj,. As a result, our training process
achieves a 89% reduction in training time compared to MatNet.

Testing Setting. A greedy decoding strategy is used for inference. Following MatNet (Kwon et al.,
2021)), the number of trajectories is set equal to the number of nodes. Each test set contains 1000
instances, and the reported inference time reflects the total wall-clock time for the full test set. The test
batch sizes are configured to fully use the memory of one GPU card as follows: 1000 for ATSP100,
400 for ATSP200, 50 for ATSP500, and 3 for ATSP1000.
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Baseline. The selected baselines represent both strong traditional and state-of-the-art reinforcement
learning-based methods, each reporting performance surpassing that of MatNet (Kwon et al., 2021)
to handle asymmetric VRPs. All constructive neural solvers are retrained using our training setup,
except UNICO (Pan et al}[2025)), where the released checkpoint is used. Since UNICO was trained
on the same distribution as our test data, the provided checkpoint remains representative for fair
comparison. These baselines reflect the representative design choices of learning-based approaches to
handle asymmetric VRPs in the current literature. MatNet and MatPOENet-8x adopt dual embedding
architectures, which separately encode source and target nodes, and can naturally capture directional
distance information. Therefore, they do not require the transposed distance matrix in encoder
attention. Other constructive neural solvers use single embeddings and typically incorporate the
transposed distance matrix to model asymmetry.

Our Model. We build upon Matnet (Kwon et al.,|2021) by replacing its original dual embedding
with our SVD-based initialization and substituting the softmax with Sinkhorn normalization in the
encoder.

B.2 DETAILS OF MULTI-TASK VRP

Problem Setting. All problem instances are generated following Routefinder (Berto et al.| 2024)),
except for the coordinates, which are replaced by an asymmetric distance matrix constructed based
on MatNet (Kwon et al., [2021) and standardized via z-score normalization. However, enforcing
strict satisfaction of the triangle inequality across all datasets becomes computationally expensive
during instance generation in the training phase. To mitigate this, we relax the constraint by applying
a correction: for each node triplet, the direct distance is updated as D;; = min(Dij7 ik + Dkj)
over n iterations. This approximation is reasonable in the context of hard benchmarks, as real-world
routing data often deviates from a strict triangle inequality. Service times are uniformly sampled in
the range [0.12, 0.15], and time window lengths are drawn from [0.15, 0.3]. Other problem settings
follow Routefinder (Berto et al.,|2024).

Training Setting. We follow the same training setting as Routefinder Berto et al.| (2024). We train
each model for 300 epochs using dynamically generated VRP instances, with 100,000 samples per
epoch. The optimization is performed by the Adam algorithm with an initial learning rate of 3 x 10~*
and a batch size of 256. The learning rate is reduced by a factor of 0.1 at epochs 270 and 295.

Testing Setting. We use the same evaluation setting as RouteFinder with greedy decoding. For each
instance, we generate as many solution trajectories as the number of nodes as (Kwon et al.|[2020) and
(Kwon et al.||2021). Each variant’s test set consists of 1000 instances of size 100, and the reported
inference time is measured over the entire set.

Baseline. Since the original RouteFinder architecture is not designed for asymmetric vehicle routing
problems, we introduce two modified variants, RF and RF-NN, which represent the minimal changes
required to adapt it to our setting. Both variants are implemented within the RouteFinder framework
and incorporate MatNet attention to model asymmetric relationships. In RF, each node is initialized
using only its own node features, such as demand and service time window, without access to any
pairwise distance information. RF-NN extends this by incorporating the distances to the 50 nearest
neighbors as additional node features, following the initialization used in ICAM (Zhou et al.| 2025).

Our Model. To verify the effectiveness of our method, we build upon the RouteFinder framework by
replacing its original coordinate embedding with our SVD-based initialization and modifying the
attention mechanism to Matnet attention with Sinkhorn normalization.

B.3 DETAILS OF REAL-WORLD DATASETS

Problem Setting. The RRNCO dataset (Son et al., 2025) is used to evaluate the performance of neural
solvers in real-world instances. It is constructed from 100 cities distributed across six continents: 25
in Asia, 21 in Europe, 15 in North America, 15 in South America, 14 in Africa, and 10 in Oceania.
For each city, a 3x3 km region is extracted from OpenStreetMap (OpenStreetMap contributors, |2017)).
The travel distances and durations between locations are calculated using a locally deployed OSRM
server (Luxen & Vetter, 2011). VRP instances are subsequently generated by subsampling locations
and assigning demand vectors and time windows, while the original spatial topology and routing
constraints are preserved.
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Table 7: Comparasion with Matnet Augmentation on ATSP.

ATSP100 ATSP200 ATSP500 ATSP1000
Method Obj. Gap Time Ob;j. Gap Time Ob;. Gap Time Ob;j. Gap Time
LKH-1000 \ 1.5643 * 591m \ 1.5721 * 16.40m \ 1.5763 * 44.45m \ 1.5739 * 1.71h
Matnet (x128) 1.6002  2.29% 4.39m | 3.0272 92.56% 20.34m - - - - - -
Matnet™ (x128) 1.5863 141% 4.40m | 1.8428 17.22% 20.34m - - - - - -

Matnet-Single (One-hot)* (x128) | 1.5778 0.86% 3.16m | 1.6305 3.71%  16.33m - - - - — —
Matnet-Single (Random)™ (x128) | 1.5780 0.88% 3.14m | 1.6173 2.88%  16.33m | 1.8061 14.58%  2.95h | 2.0836 32.38% 21.84h

RADAR™* ‘ 1.5756 0.72% 0.04m ‘ 1.5879 1.01% 0.15m ‘ 1.6098 2.13% 1.45m ‘ 1.6389 4.13% 11.57m
Note. T indicates training and testing with z-score normalization. The boldface indicates the best result among learning-based methods.

Training Setting. We follow the same training setting as RRNCO for a fair comparison. We train
the model for 200 epochs using the Adam optimizer with an initial learning rate of 4 x 10~4, which
is decayed by a factor of 0.1 at epochs 180 and 195. Each epoch processes 100,000 instances with
a batch size of 256. The model employs 128-dimensional node embeddings, 8 attention heads,
512-dimensional feedforward layers, and a total of 12 Transformer layers.

Testing Setting. We follow the same testing setting as RRNCO. The test batch size is set to 32.
Data augmentation is made possible by the inclusion of coordinate features. Thus, we apply a data
augmentation factor of 8 to the input coordinates. Each test set consists of 1280 instances of size 100,
and the reported inference time is measured over the entire test set.

Baseline. Given that our experiments follow the same datasets and evaluation protocol as RRNCO,
we directly adopt the baseline results reported in their work. The selected baselines include Mat-
Net (Kwon et al., 2021) RRNCO, and GCN (Duan et al.,|[2020). Other models are not included in
the comparison, mainly due to, 1) RRNCO already achieved state-of-the-art performance among
neural solvers as reported in (Son et al.,|2025), and 2) most of the baseline methods used in (Son
et al.| [20235)), such as LEHD (Luo et al.,2023) and POMO (Kwon et al., 2020), do not support explicit
distance matrices as input, making the comparison unfair.

Our Model. To verify the effectiveness of our method, we build upon the RRNCO framework
by replacing its original distance embedding with our SVD-based initialization and modifying the
attention mechanism to Matnet attention with Sinkhorn normalization.

C MORE RESULTS AND DISCUSSION

C.1 METNET AUGMENTATION

MatNet’s one-hot node initialization introduces stochasticity in the constructive policy. To make use
of this, the original paper introduces an augmentation scheme that repeats each instance 128 times
and returns the best solution among the independent runs (we denote this as MatNetx128). In this
section, we report MatNet_X 128 on ATSP and also include new variants for comparison. For ACVRP,
MatNet variants in our setup employ demand-based projections (deterministic), so the 128-repeat
augmentation is not applicable. As indicates in Table[7] matNet augmentation reduces the gap but
incurs a substantial runtime increase and still fails to surpass RADAR™ across scales.

C.2 MULTI-TASK LEARNING ON VARIOUS ASYMMETIC VRP VARIANTS

This section reports detailed multitask results across 16 asymmetric VRP variants. Across all
problems, RADAR consistently surpasses the learning-based baselines, achieving the lowest gaps
and strong overall efficiency; see Table[8|for per-variant numbers.

C.3 DIFFERENT DEMAND DISTRIBUTION

In VRP models, customer demands are typically sampled from a discrete uniform distribution over
{1,...,9}. While this demand setting is convenient for training and evaluation, it provides only a
limited view of the demand landscape. A model that fits well under this single distribution may lack
sensitivity to distributional shifts, leading to degraded performance once the demand law deviates
from the training regime. To probe robustness and distribution awareness, we further evaluate it on
two out-of-distribution demand distributions. Skewed-small. 80% of customer demands are sampled
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Table 8: Performance on 16 VRP variants at problem size N = 100 (each with 1K test instances).

ACVRP AOVRP AVRPB AVRPL
Method Ob;. Gap Time | Obj. Gap Time | Obj. Gap Time | Obj. Gap Time
HGS 2.197 * 5.93m | 1.587 * 5.81m | 2.285 * 5.90m | 2.191 * 6.21m
OR-Tools | 2.326 5.87% 6.0lm | 1.665 491% 6.07m | 2397 4.90% 5.99m | 2.308 5.34% 5.83m
RF 2246 223% 2.39s | 1.635 3.02% 1.98s | 2363 3.41% 1.89s | 2242 237% 191s

RF-NN 2232 1.59% 3.11s | 1.626 2.46% 1.99s | 2348 2.76% 1.90s | 2229 1.73% 1.94s
RADAR | 2222 1.14% 3.51s | 1.618 1.95% 2.39s | 2.334 2.14% 231s | 2218 1.23% 2.34s

\ AOVRPB \ AOVRPL \ AVRPBL \ AVRPTW
HGS 1763  *  590m | 1.594  *  6.03m | 2286 _ *  589m [ 3281 *  587m
OR-Tools | 1.820 3.23% 6.0Im | 1.665 4.45% 5.98m | 2402 507% 6.09m | 3.328 1.43% 6.00m
RF 1.804 233% 2.00s | 1.643 3.07% 1.99s | 2364 3.41% 1.92s | 3386 3.20% 1.96s

RF-NN 1.797 193% 2.02s | 1.634 251% 2.00s | 2.351 2.76% 1.92s | 3.374 2.83% 1.98s
RADAR | 1.784 1.19% 2.43s | 1.625 1.94% 2.42s | 2335 2.14% 235s | 3.344 1.92% 2.38s

| AOVRPBL | AOVRPTW | AVRPBTW | AVRPLTW
HGS 1.760 * 6.03m | 2.443 * 5.87m | 3.581 * 5.83m | 3.277 * 5.93m
OR-Tools | 1.831 4.03% 5.87m | 2.457 0.57% 6.00m | 3.666 237% 6.0lm | 3.372 290% 5.90m
RF 1.804 2.50% 2.01s | 2.467 098% 2.12s | 3.699 330% 1.99s | 3.388 3.39%  2.00s
RF-NN 1.795 1.99% 2.02s | 2459 0.65% 2.00s | 3.681 2.79% 1.92s | 3.374 2.96% 1.98s
RADAR | 1.782 1.25% 2.43s | 2.444 0.00% 2.55s | 3.649 1.90% 2.41s | 3.350 2.23% 2.42s

| AOVRPBTW AOVRPLTW AVRPBLTW AOVRPBLTW
HGS 2.624 * 6.06m | 2.435 * 5.86m | 3.604 * 5.87m | 2.627 * 5.97m
OR-Tools | 2.653 1.11% 5.87m | 2462 1.11% 6.00m | 3.667 1.75% 6.0lm | 2.636 0.34% 6.05m
RF 2650 099%  2.15s | 2.458 094% 2.12s | 3.727 3.41% 2.02s | 2.652 0.95% 2.16s

RF-NN 2.640 0.61% 2.02s | 2.449 057% 2.00s | 3.710 294% 192s | 2.646 0.72% 1.98s
RADAR | 2.627 0.11% 2.56s | 2.435 0.00% 2.52s | 3.676 2.00% 2.43s | 2.632 0.19% 2.57s

Note. The boldface indicates the best result among learning-based methods.

Table 9: Performance under skewed demand distributions of ACVRP100.

Skewed-Large Skewed-Small

Method ‘ ‘
| Obj. Gap Time | Obj. Gap Time

LKH-100 2.3626 4.97% 2.19m 1.8474 2.05% 2.04m
LKH-1000 2.2507 - 18.08m 1.8105 - 17.55m
MatNet 2.2806 1.33% 0.04m 1.8937 4.60% 0.04m
MatNet-Single (Demand) 2.2641 0.60% 0.03m 1.8821 3.95% 0.03m
MatNet-Single (Random) 2.2631 0.55% 0.03m 1.8760 3.63% 0.03m
ReLLD 2.2480 -0.12% 0.04m 1.8575 2.60% 0.04m
RADAR ‘ 2.2428 -0.35% 0.04m 1.8536 2.38% 0.03m

Note. The boldface indicates the best result among learning-based methods.

from U(1, 3), and the remaining 20% from U/ (4, 10). Skewed-large. 80% of customer demands
are sampled from ¢/(4, 10), and the remaining 20% from ¢/(1, 3). As shown in Table[9] our method
consistently attains the lowest average cost under both skewed distributions.

D ABLATION STUDY

D.1 CURRENT INITIALIZATION METHODS

Figure 2] shows the generalization performance of different initialization methods trained on ATSP100
and evaluated on larger sizes. MatNet and UNICO use dual embeddings, while others use single
embeddings. ICAM includes distances to the 50 nearest neighbors, and RRNCO samples 25 neighbors
based on distance-derived probabilities.
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Figure 2: Different initialization performance under varying size of ATSP.

The figure shows that the performance differences between initialization methods become more
pronounced as the problem size increases. While several methods exhibit significant degradation, our
initialization remains stable across scales. This indicates that a well-designed initialization improves
solution quality on large instances and contributes to better generalization across problem sizes.

D.2 ALTERNATIVE SVD METHODS

To substantiate the effectiveness of our SVD-based embedding, we compare it against several common
matrix—factorization baselines. Below we summarize the intuition behind each family and why their
behavior differs in our setting.

Eigenvalue Decomposition (EVD). EVD factors matrix as QAQ . It captures global spectral
structure well on symmetric distances. Analogous to our truncated setup, we retain the top-k
eigenpairs (here k=10). Because for symmetric decompositions the left and right eigenvectors

coincide, we form the embedding with a single factor (), and A,lg/ 2,

Multidimensional Scaling (MDS). Classical MDS applies double—centering B = —%J D?J with
J =1- 1117, and recovers an embedding by the EVD of B. Compared with plain EVD, MDS

improves the geometry by (i) removing the effect of global translation via J, and (ii) operating on
squared distances so that B behaves like a Gram matrix of an Euclidean embedding.

QR Decomposition. QR factorizes A = QQ R with @ orthonormal and R upper—triangular. Since QR
decomposition provides no spectral ordering, we take the first £ columns of @) and the first k rows of
R and use their product to go through projection layer to obtain the embeddings.

Random Approximation (RA). We uniformly initialize a low-dimensional vector for each node. To
encourage asymmetry-aware embeddings, we add an information loss that penalizes the mismatch
between the predicted scores and D:

T
Linto = HXW1(XW2) —D’17 @)

where we use an elementwise ¢; distance. The overall objective is
Liota = Luask + A »Cinfm 3

with A > 0 balancing task performance and the asymmetry-aware constraint.
From the results in Table 5] several key observations can be made.

Eigenvalue-based methods. EVD and MDS consistently achieve competitive results across different
problem sizes. Their advantage lies in capturing global spectral structures, which are beneficial for
encoding relational information. However, since EVD is fundamentally designed for symmetric
matrices, its direct application to asymmetric distance matrices leads to degraded performance, as
reflected in the moderate gap compared to the RADAR baseline.

QR decomposition. In contrast, the QR-based approach yields the weakest performance across all
scales. Unlike EVD, QR decomposition does not produce eigenvalues and therefore lacks a natural
criterion for ordering feature significance. When truncated to a fixed dimension, this absence of a
ranking mechanism results in substantial structural loss.
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Table 10: Comparison with other SVD-based methods.

Method |  ATSPI00 | ATSP200 |  ATSP500 |  ATSP1000
| Obj.  Time | Obj.  Time | Obj.  Time | Obj.  Time
EVD 15960 004 | 1.6420 0.6 | 1.8447 147 | 22576 1181
QR 16137 003 | 16822 0.3 | 20650 134 | 27875 1147
MDS 15983 005 | 16371 019 | 17893 159 | 20737 1205

RAI-L1 1.6003 0.03 1.6577 0.12 1.9356 1.30 2.5125 11.11
RA2-1L2 1.5971 0.03 1.6448 0.13 1.8384 1.30 2.2518 11.11
RAI-LS 1.5973 0.03 1.6548 0.13 1.9087 1.30 23916 11.11
RADAR | 1.5928 0.04 1.6273 0.15 1.7418 1.45 1.9342 11.57

Note. RA1-L1 denotes injecting the information loss after the first encoder layer with A = 1; RA2-L2 uses the same placement with A = 2;
RA1-L5 injects the information loss after the fifth encoder layer with A = 1.

Random Approximation (RA) variants. The RA family shows partial improvements when stronger
geometric guidance is injected, either by increasing the loss coefficient or by pushing the injection
point deeper into the encoder. Nevertheless, the overall performance of the RA variants remains infe-
rior to RADAR. This suggests that the information loss supervision, while theoretically encouraging
asymmetry awareness, also increases the optimization burden.

D.3 EFFECT OF k IN INFORMED EMBEDDING.

Figure 3|illustrates the top-k selection distribution across different instance sizes for three informed
initialization methods: ICAM, RRNCO, and RADAR. Each subplot corresponds to a different top-k
threshold (10, 30, 50), showing how frequently each method selects high-quality solutions at different
ATSP problem sizes (100, 200, 500, 1000). The radar plots provide a visual summary of how each
method behaves under varying k values and problem scales. The efficiency score is defined as
1 — GAP, where higher values indicate better initialization quality.

TOP-10 TOP-30 TOP-50
100 100 100
/ \ //A\\ / 5
/ ‘ \\ / \
[ \\
1{000 20 1}000 200 1’000
/ | \ / /
\ / \ / / \\\ )
o e e
500 500 500
ICAM » RRNCO RADAR 1CAM RRNCO RADAR ICAM RRNCO RADAR

Figure 3: Efficiency Score of informed initialization across different top k on ATSP.

We can observe that as k increases from 10 to 50, a general decline in performance is observed across
all methods, suggesting a reduced generalization under larger candidate sets. RADAR consistently
outperforms ICAM and RRNCO across all settings, with the performance difference becoming more
pronounced as the problem size increases. Based on this trade-off between candidate flexibility and
generalization performance, we adopt k£ = 10 as the default setting in our experiments.

D.4 SVD RUNTIME ANALYSIS

To quantify the runtime impact of the SVD step, we conduct two complementary experiments.

Remove SVD. We retrain a variant with the SVD step removed and compare end-to-end training
time and inference latency against full RADAR. The ablation shows a modest reduction in training

19



Published as a conference paper at ICLR 2026

Method  Train Time ATSP100 ATSP200 ATSP500 ATSP1000

RADAR 39.31h 0.04m 0.15m 1.45m 11.57m
w/o SVD 35.67h 0.03m 0.13m 1.43m 11.37m

Table 11: Ablation on SVD. Removing SVD shortens training by 9% with negligible differences in
inference latency across sizes.

time, while inference latencies across ATSP-100/200/500/1000 remain essentially unchanged. These
results indicate that SVD is not the main runtime bottleneck at scale.

Profiling of the SVD step. We profiled the runtime overhead of SVD during inference. Specifically,
we reused the RADAR test setup and evaluated 1,000 instances per setting across multiple problem
sizes. As shown in Fig. 4] while the total runtime increases with problem size, the relative cost of
SVD diminishes and is no longer the dominant components at larger scales.

26.25%
Total time (s) SVD %

SVD time (s) Sinkhorn %
—+— Sinkhorn time (s)

10t

Time (seconds, log scale)
Share of total time (%)

6.77%

5 3.75%
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0.38% 027% 0.28%
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ATSP size (n) ATSP size (n)

10 1.04%

Figure 4: The left panel shows wall-clock time versus ATSP size (log scale) for the total pipeline,
SVD, and Sinkhorn. The right panel reports the percentage share of the total runtime attributable to
SVD and Sinkhorn at each size. Each measurement averages 1,000 test instances.

Finally, considering that many real world routing problems may often involve fewer than one thousand
nodes owing to logistical, geographical or operational limitations, we believe that the computational
burden of current SVD step remains well within acceptable bounds for practical applications.

D.5 SINKHORN V.S SOFTMAX

To test whether Sinkhorn can serve as a drop-in alternative to softmax, we compared the first 10
epochs and the final 10 epochs (2091-2100) on ATSP100 under identical settings except for the
attention normalization. Sinkhorn reduces the score from 3.06 to 1.69 by epoch 10, whereas softmax
goes from 3.05 to 1.79. In late training, Sinkhorn stabilizes around 1.577-1.579, while softmax
remains around 1.591-1.596. Thus, Sinkhorn both converges faster early on and attains a lower final
score, supporting its use as a substitute for softmax in ATSP.

D.6 SINKHORN RUNTIME ANALYSIS

We measured the cumulative runtime of SINKHORN across ATSP test sets of increasing size (see
Fig.[). Empirically, its share of the overall wall-clock time tends to decrease as problem size grows
and remains modest at the largest size we evaluate. This suggests that, under our implementation, the
normalization step scales favorably and is unlikely to dominate end-to-end runtime.

D.7 NUMBER OF SINKHORN ITERATIONS

We additionally conducted a sensitivity study on the ATSP with the number of Sinkhorn iterations set
toT € {1,5,10}. Tableindicates that increasing 7" consistently improves solution quality, while
the associated runtime overhead remains marginal. Therefore, a larger 7" yields clear accuracy gains
with almost no additional computational cost.
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Figure 5: ATSP-100: Softmax vs. Sinkhorn. Left: Early training (epochs 1-10) showing faster
convergence with Sinkhorn. Right: Late training (epochs 2091-2100) zoo m-in, where Sinkhorn
stabilizes at a lower objective than Softmax.

Table 12: Effect of Sinkhorn Iterations on RADAR.

Method  Iteration 100 GAP Time 200 GAP Time 500 GAP Time 1000 GAP Time

RADAR 1 1.5815 1.10% 0.04m 1.6005 1.81% 0.14m 1.6542 494% 1.43m 1.7576 11.67% 11.42m
RADAR 5 1.5764  0.77% 0.04m 1.5909 1.20% 0.14m 1.6210 2.84% 1.44m 1.6590 5.41% 11.50m
RADAR 10 1.5756 0.72% 0.04m 15879 1.01% 0.15m 1.6098 2.13% 1.45m 1.6389 4.13% 11.57m

D.8 STATISTICAL SIGNIFICANCE EXPERIMENT

To validate the training stability and performance advantage of our model, we conduct a statistical
significance experiment based on multiple independent runs. We select ReLD (Huang et al., [2025)),
the strongest baseline model, as the comparison target. For each model, we run three independent
training processes on the ATSP100 dataset and record the training scores at each epoch.

Figure[6]shows the training curves of RADAR and ReLD on ATSP100. The shaded regions denote
the standard deviation over multiple runs, indicating variance across training trajectories. The left
panel corresponds to the first 10 epochs (early stage), and the right panel corresponds to the final 10
epochs (late stage), highlighting differences in both convergence behavior and final stability.
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Figure 6: Training curves of RADAR and ReLLD on ATSP100: early-stage (left) and late-stage (right)
comparison over the first and last 10 epochs.

RADAR achieves lower scores than ReLLD in both stages. Moreover, its training curves exhibit a
smaller variance, as indicated by the narrower shaded regions. This suggests that RADAR not only
converges faster, but also maintains more stable performance with less fluctuation during training.

To further validate the robustness of our approach, we compare the test performance of RADAR and
ReLD. Figure|/| shows the score distributions of RADAR and ReLD on four ATSP test sets with
100, 200, 500, and 1000 nodes, respectively. Each boxplot summarizes the results over 1000 distinct
test instances. Statistical significance is assessed using two sample ¢-tests, with significance levels
denoted by asterisks: *p < 0.05, **p < 0.01, and ***p < 0.001.

21



Published as a conference paper at ICLR 2026

2.4

* Fokk kokok *okok
2.4 24 26
22
22 24
N . 2o 2.2
2.0 . : B
T N 4 2.2
2 L 220 e
318 S1s8 5 5
» @ @ o
= L | P
1.6 1.8 4
16
= 1.8
L 16 E=
1.4
1.2 ° R o €L 16
o . B 14 0
RelD RADAR RelD RADAR RelD RADAR RelD RADAR
Method Method Method Method

Figure 7: Statistical comparison of RADAR and ReLLD on ATSP test instances. Each subplot presents
the score distributions over multiple runs on ATSP100, ATSP200, ATSP500, and ATSP1000 test
sets, respectively. Statistical significance is assessed using independent two-sample z-tests. Asterisks
indicate significance levels: *p < 0.05, **p < 0.01, and ***p < 0.001.

Table 13: Performance of Different Normalization on Synthetic ATSP.

Method 100 GAP  Time 200 GAP Time 500 GAP Time 1000 GAP Time
LKH 1.5643 - 1.05m  1.5721 - 443m  1.5763 - 29.96m 15739 - 130.15m
RADAR- 1.5840 1.26% 0.04m 1.6939 7.75% 0.15m  3.7412  137.34% 145m  6.0139 281.42% 11.57m
RADAR+ 1.5776  0.85% 0.04m 15917 1.25%  0.15m  1.6247  3.07% 145m 16756  6.27% 11.57m
RADAR* 15756 0.72% 0.04m 15879 1.01% 0.15m 1.6098 2.13% 145m  1.6389 4.13% 11.57m
ReLD- diverge - - diverge - - diverge - - diverge - -
ReLD+ 1.5976  2.13% 0.03m 1.6403  434%  0.15m 1.8207 1550% 1.49m 24648 56.32%  12.18m
ReLD* 1.5900 1.64% 0.03m 1.6310 3.75% 0.15m 1.7873 13.39% 1.49m 20723 31.67% 12.18m
Matnet-Single (Random)-  diverge - - diverge - - diverge - diverge -

Matnet-Single (Random)+  1.6245 3.85% 0.02m  1.6907 754%  0.13m  1.9651 24.67% 1.34m  2.8334  79.70% 11.11m
Matnet-Single (Random)*  1.5969 2.08% 0.02m 1.6543 5.23% 0.13m 1.8610 18.10% 1.34m  2.1821 38.64% I1.11m

ICAM- 1.6440 5.09% 0.0lm 19715 2541% 0.06m 2.6485 68.02%  0.73m 33871 114.82%  9.80m
ICAM+ 1.6638 6.36% 0.0lm 19735 2553% 0.06m 3.0408 9291%  0.73m 43716 177.26%  9.80m
ICAM* 1.6580 5.99% 0.0lm 1.8471 17.49% 0.06m 2.4592 56.01% 0.73m  2.9069 84.69% 9.80m
One_hot- diverge - - diverge - - diverge - - diverge - -
One_hot+ 1.6038 2.53% 0.02m 1.6601 5.60%  0.12m - - - - - -
One_hot* 1.5995 2.25% 0.02m 1.6727 6.40%  0.12m - - - - - -
Matnet- 1.6473  531% 0.03m 3.1925 103.07% 0.14m - - - - - -
Matnet+ 1.6158 3.29% 0.03m 3.1493 100.32% 0.14m - - - - - -
Matnet* 1.6158 3.29% 0.03m 19111 21.56% 0.14m - - - - - -
ELG- 1.6080 2.79% 0.06m 1.8492 17.63% 027m 23966 52.04%  2.60m 2.5286 60.37%  22.3lm
ELG+ 15907 1.69% 0.06m 1.6287 3.60% 027m 1.7404 10.41% 2.60m 19380 2291%  22.31m
ELG* 15982 2.17% 0.06m 1.6423  447% 027m 1.7456  10.74%  2.60m 1.8441 17.17%  22.31m

Note. the suffix “-” denotes no normalization, “+” denotes min—max normalization, and “*” denotes z-score normalization. Boldface indicates
the best-performing normalization variant within each method.

RADAR consistently produces lower scores than ReLLD across all instance sizes. The performance
gap increases with problem scale, and the statistical significance of the difference becomes more
evident on larger instances, reflecting RADAR’s stronger scalability and effectiveness in asymmetric
settings.

E EFFECT OF NORMALIZATION

The use of z-score normalization in Table[T] was guided by a standard deep-learning consideration:
normalizing input scales reduces sensitivity to magnitude variations and stabilizes gradient flow.
This is especially important for attention-based models that consume raw distance matrices, whose
values can differ substantially across instances. To verify that imposing a uniform z-score setting
on all baselines does not bias the comparison, we re-evaluated all constructive neural solvers on
the ATSP benchmarks under three strictly matched input regimes (z-score, min—max normalization,
and no normalization), while keeping architectures, training schedules, and evaluation protocols
identical. Table[I3]indicates z-score normalization remained consistently competitive and, in most
cases, yielded the best performance relative to min—max or unnormalized inputs.
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Figure 8: Visualization of attention weight matrices produced by Softmax and Sinkhorn.

Table 14: Infeasible rate on ACVRP instances.

Infeasible Rate ACVRP100 ACVRP200 ACVRP500 ACVRP1000

HGS-Short 25.9% 48.7% 92.2% 6.6%
HGS-Long 2.5% 0.1% 4.6% 0.00%

F SINKHORN ATTENTION HEATMAP

Sinkhorn normalization improves generalization because it introduces an explicit column-
communication mechanism. With standard Softmax attention, each row is normalized independently,
so the model can assign disproportionately large probability mass to a few “attractor” nodes that
naturally receive high incoming attention from many rows. This creates strong column imbalance:
a small set of nodes dominate the attention matrix, while most columns stay uniformly low. Dur-
ing decoding, once those high-attention nodes are visited and removed from the candidate set, the
remaining columns are all similarly small, so the attention distribution becomes nearly flat and the
model is forced to make decisions under high uncertainty because there is no clear preference signal
left. Sinkhorn iteratively normalizes both rows and columns. This prevents any single column from
absorbing too much global mass and redistributes attention more evenly across nodes. As a result,
even after some nodes are selected, the remaining nodes still maintain meaningful relative attention
differences instead of collapsing to a uniform low baseline. In practice, this makes the decoder’s
selection policy more stable and less dependent on distribution-specific “hub” patterns.

G INFEASIBLE RATE OF HGS ON SYNTHETIC ACVRP

Since HGS can return infeasible solutions, we additionally report the infeasible rate to provide a
more complete picture of its practical reliability under each computational budget. The infeasible
rate denotes the proportion of runs in which HGS fails to construct a solution that satisfies all vehicle
capacity constraints. As shown in Table[T4] the short-budget configuration (HGS-Short) exhibits a
substantial fraction of infeasible runs. Increasing the time budget to HGS-Long substantially improves
robustness, driving the infeasible rate down to 2.5% on ACVRP100, below 5% on ACVRP500, and
effectively zero for ACVRP200 and ACVRP1000. These results highlight that, while HGS can be
made highly reliable given sufficient runtime, its solution quality under tight time budgets must be
interpreted together with the corresponding infeasible rate.

H MORE SCENARIOS ON SVD-BASED INITIALIZATION

Our approach can apply to a broader class of tasks where the instance can be represented by a
relational matrix R (not necessarily distance matrix). R encodes directed or asymmetric relations
between entities, such as costs, compatibilities, precedences, processing times, or transition penalties.
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Table 15: Results on FFSP with and without SVD-based initialization.

Method ‘ FFSP20 ‘ FFESP50 ‘ FFSP100
| MS Gap Time | MS Gap Time | MS Gap Time
MatNet 28.0676 03 0.82m | 52.5973 0.6 1.36m | 93.0295 0.6 2.39m

MatNet_.SVD | 27.9727 0.0 0.85m | 52.3042 0.0 1.39m | 92.4473 0.0 2.43m

By decomposing R into asymmetric components at initialization and injecting these components into
the attention mechanism, the model can recover and propagate relational signals throughout message
passing, rather than relying solely on node-wise features.

A representative example beyond routing is the Flexible Flow Shop Scheduling Problem (FFSP).
In FFSP, multiple production stages each contain several parallel machines, and each job must be
processed sequentially across stages. The decision is to assign jobs to machines and determine the
processing order to minimize makespan or total completion time. In MatNet, FFSP instances are
encoded as matrices of processing times between jobs and machines at each stage. These entries are
relational features rather than geometric distances: they describe directed interactions such as “job ¢
processed on machine m requires time p; ,,”.

To illustrate the generality of our method in this setting, we applied the proposed asymmetric SVD-
based relational-feature encoding to MatNet under the FFSP configuration. Specifically, we replaced
MatNet’s original initialization with our decomposition-based initialization and retrained the model
on instances of size N = 20. We then evaluated the resulting model in a zero-shot fashion on
larger out-of-distribution sizes N = 50 and N = 100. The results (Table[I3)) show that the same
decomposition-plus-attention mechanism extends naturally to non-routing relational problems and
yields strong generalization beyond the training size.

We report MS (makespan)as the primary objective, which measures the completion time of the last
job in the schedule; lower MS indicates a better schedule with shorter overall production horizon.
Under this greedy inference setting, replacing MatNet’s original matrix encoder with our SVD-based
relational-feature encoding yields consistent improvements across sizes.

I LARGE LANGUAGE MODELS (LLMS) USAGE

We employed LLMs in a limited, non—substantive role for (i) linguistic refinement and (ii) minor
coding assistance.

Writing. All technical content and arguments were authored by the researchers. Drafts were subse-
quently polished with LLMs to improve clarity, grammar, and stylistic consistency; no conceptual or
methodological changes were introduced by LLM outputs.

Coding. Implementation work was primarily derived from Matnet (Kwon et al.,|2021), and the design
of our proposed SVD-based initialization and Sinkhorn normalization was developed independently
by the authors.

Scope and provenance. LL.M-assisted edits were performed under human supervision and verified
for correctness. All ideas, algorithms, and results are attributable to the authors; LLMs were not used
for data generation, evaluation, or decision making.
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