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Abstract

Bellman residual minimization (BRM) provides a scalable, gradient-based ap-
proach to offline reinforcement learning in large state spaces. While globally
convergent gradient-based soft (i.e., entropy-regularized) BRM methods for neu-
ral networks have recently been established, their statistical complexity under
stochastic gradient descent remains largely unknown. In this paper, we address
this theoretical gap for soft BRM. Through a novel Lyapunov-based analysis, we
establish an O(1/n) average argument stability bound, which translates directly
into a O(1/n) statistical complexity for the soft BRM objective.

1 Introduction

Reinforcement learning (RL) provides a principled framework for sequential decision-making,
formalizing dynamic problems as Markov decision processes (MDPs) and learning policies that
optimize long-horizon rewards. In many high-stakes domains, however, online interaction is unethical,
dangerous, or prohibitively expensive [Jiang and Xiel 2024]. This motivates offline RL, where the
learner has access only to a fixed batch of data collected by a behavior policy, and its sister field,
inverse RL (IRL), which infers reward functions from logged expert trajectories.

Beyond the lack of online interaction, these problems pose both statistical and computational chal-
lenges: realistic state spaces are often high-dimensional or continuous, making exact dynamic
programming intractable. Following Jiang and Xie, [2024]], existing offline approaches can be broadly
organized into three paradigms: approximate dynamic programming, such as fitted (J-iteration
[Ernst et al., |2005]]; marginalized importance sampling [Liu et al., 2018]]; and Bellman Residual
Minimization (BRM) [Baird, [1995]]. In this work, we adopt the BRM as our primary framework.

BRM reformulates dynamic programming as fitting a value function to the Bellman equation and
minimizes the mean-squared Bellman discrepancy under the offline data distribution. Despite its
conceptual appeal and empirical effectiveness, BRM has historically had limited theory for global
optimality and convergence. A notable exception is SBEED [Dai et al.| 2018]], which establishes
stable convergence guarantees for the soft, i.e., entropy-regularized, BRM objective, replacing the
Bellman max operator with a softmaxﬂ

Building on this direction, [Kang et al.| [2025] analyzed the optimization landscape of soft BRM.
After a classical bi-conjugate transformation, they showed that, for common @Q-function classes
such as neural networkg’| the mean-squared Bellman error (MSBE) induces a Polyak—t.ojasiewicz
(PL)-strongly-concave minimax landscapeﬂ Consequently, plain stochastic gradient descent—ascent

! A more comprehensive discussion of related work is deferred to Appendix[D}

2Following|Liu et al.| [2022], this result uses neural networks whose width scales with radius

3The PL condition requires % (IVF(@)|12 > p(f(x)— f*) for some p1 > 0, and yields convergence guarantees comparable
to strong convexity even without convexity. In a PL—strongly-concave minimax problem, the inner maximization is strongly
concave and the outer minimization satisfies the PL condition.
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(SGDA) enjoys global convergence [Yang et al.,2020]]. While this line of work substantially clarifies
the optimization behavior of soft BRM, it leaves open the question of how statistical errors arising
from finite offline data affect the learned policyﬂ This raises the central question:

How many offline samples we need for BRM to recover a near-optimal value function, under SGDA?

Contributions. In this paper, we close this statistical gap for popular function classes such as
neural networks and linear functions. Building on the PL structure identified by Kang et al.[[2025]],
we develop a Lyapunov potential tailored to PL—strongly-concave optimization and blend it with
a modern on-average argument-stability analysis. Our main theorem shows that, for a dataset of
size n, SGDA attains an (’)(1 / n) excess MSBE loss, a rate that doubles the exponent enjoyed in

convex—concave optimization with Markov-sampled data, where the best known rate is O (1 / \/ﬁ)
[Wang et al.,|2022]. In particular:

1. We prove O(1/n) on-average argument-stability bound for SGDA under PL—strong concavity,
avoiding any independence assumptions on the minibatch sampling indices.

2. Leveraging this stability, we derive the O(1/n) generalization guarantee for BRM.

3. Our analysis is constructive, requires no variance reduction or extra regularisation, and applies
verbatim to standard neural-network parameterisations commonly used in offline RL.

At a technical level, we couple two SGDA runs on neighboring datasets using the same initialization
and the same minibatch index sequence. The Lyapunov potential contracts in expectation by a factor
(1 — eny), while the stochastic perturbations enter only through summable lower-order terms of
order n? and 7; /n. Under Robbins—Monro stepsizes, the accumulated contraction dominates these
perturbations, yielding the desired O(1/n) stability rate.

2 Setup and Backgrounds

Markov Decision Process. Throughout, we focus on a single-agent decision-making problem inter-
acting with a discounted Markov Decision Process (MDP) described by the tuple (S A, Pr, B, 1/0).
A state is an element of the measurable space S and the agent chooses actions from the finite set .A.
For any state—action pair (s, a) the transition kernel P(- | s, a) gives a probability distribution over
the next state and the reward function r : § x A — R gives the immediate reward. We study the
entropy-regularized control problem with regularization coefficient > 0, where the Shannon entropy
of a distribution ¢ € A4 is H(q) := — > ,c.4 q(a)logq(a). The scalar € (0,1) exponentially
discounts rewards that occur further in the future and vy denotes the distribution of the starting state
so. Throughout, the unsubscripted symbol 1 denotes the entropy-regularization coefficient; later, the
subscripted sequence (7););>o continues to denote the SGDA stepsizes.

Policy and value functions. A (stationary Markov) policy 7 € A‘Z assigns every state s to 7(-| s),
a distribution over actions .A; when the agent is in state s;, at time h it samples ap ~ 7(-|sp).
Combined with the initial draw sy ~ 19, a policy induces a probability measure P,, . on infinite
trajectories (s, ao, $1,a1, - - - ), and the corresponding expectation operator is written E,,, .. Under
this setup, we consider the entropy-regularized optimal policy and its corresponding value functions
defined as

7" = argmax eas Eug r [Z B (r(sn,an) +nH(x(- | sh)))]

V*(s) = E, »
(s) ax B,

Zﬂh (sn, an) +nH( (I%)))I%zs]

h=

(S0, ag +Zﬁh (Sh,an) +nH(m(: |sh)))|so—s,a0—a].

Q*(s,a) := Helix Evo x
s

4The main statistical guarantee of this paper was later referenced and used in the recent version of |[Kang et al|[2025]; see
Appendix [C.5]for details.
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One can show that the optimal policy 7* and the value functions satisfy the following entropy-
regularized Bellman optimality equations (Kang et al.|[2025]], Section 3.1 and Appendix B):

V*(s) = max {Eqng[Q"(s,a)] +nH(q)} =nln [Z exp (Q*(s,a /77)]

9€AA acA
*(als) = eXp (Q*(Sva)/n) — ex Q*(S’a) - V*(S) a
T =S e @G ) p( ) poraca
Q*(s,a) = 7‘(870,) + 6 : IEs’wP(-|s,a) [V*(S/) ‘ 570’]

The normalized formulation recovered by setting 7 = 1 coincides with the mean-zero Gumbel-based
softmax Bellman equations used in the econometrics literature [Rust,|1994, [Kang et al., 2025].

2.1 Bellman Residual Minimization

Bellman Error (Bellman Residual) and Temporal Difference Error. Define the function space
Q as the set of all bounded real-valued functions on the state-action space S x A:

Q:={Q:SxA—-R||Q]e < o0}
Under standard discounted-MDP assumption, the optimal action-value function, @™, is an element of
this space, i.e., @* € Q, provided that the discount factor /3 is in (0,1).
We introduce the (soft) Bellman optimality operator, T : Q@ — Q, defined for any Q) € Q by:

(TQ)(s,a) :=r(s,a)+BEyp(sa) [Vo(s') | s,a] where Vg(s) :=nln [Z exp (Q(s,a /17)] .
acA

Note that Q)* is the unique fixed point of 7 [Rust, [1994]]; Q* is the unique solution to the Bellman
optimality equation:

TQ* =Q* orequivalently, (7Q")(s,a) —Q*(s,a)=0.
The extent to which an arbitrary Q-function @ fails to satisfy the Bellman optimality equation
motivates the following definitions of error.

Definition 1 (Bellman Error (Bellman Residual)). For any function Q € Q, we define the Bellman
error (or Bellman residual) at a state-action pair (s, a) as the difference:

(TQ)(s,a) = Q(s,a)

Computing 7 @ requires knowledge of the transition kernel P, which is typically unavailable in
reinforcement learning. Instead, given a sampled transition (s, a, s’), we work with the sampled

Bellman operator, T Given a single transition tuple (s, a, s'), this operator is defined as:
TQ(s,a,s') :=r(s,a) + Bnlog Z exp (Q (s',d") /n)
a’eA
Definition 2 (Temporal-Difference Error). Using the sampled operator, we can define the Temporal-
Difference (TD) error for a given transition (s, a, s'):
6o(s,a,s') :==TQ(s,a,8) — Q(s,a)
The connection between the Bellman error and the TD error is established in the following lemma. It
shows that the TD error is an unbiased, single-sample estimate of the Bellman error.

Lemma 1 (Relationship between Bellman and TD Errors). For any QQ € Q and any state-action pair
(s, a), the expectation of the Sampled Bellman operator over the next state s’ recovers the original
Bellman operator:

Eymr(ion [TQsa.5)] = (TQ)(s,a)
Consequently, the expected TD error is equal to the Bellman error:

ES/NP("S,G) [6Q(57a’58,)] (TQ)(S (1) Q(S a)



79

80

81
82

83
84

85

86
87

88
89

90

91
92
93
94

95
96
97
98
99
100

Bellman Residual Minimization. Note that both Bellman error (Bellman residual) and its proxy,
the TD error, are functions of (s, a). To find ) that minimizes the Bellman error for all (s, a), we
can instead find ) that minimizes expected square error on the offline data distribution. That is, we
first define the Squared Bellman Error at (s, a) as Lse(Q)(s,a) == ((TQ)(s,a) — Q(s,a))” and
minimize the Mean Squared Bellman Error (MSBE), defined as:

‘CBE(Q) = ]E(s,a)rvﬂ'D,uo [EBE(Q)(Sa a)]
where mp is the policy used for collecting data. Furthermore, as a proxy for Squared Bellman Error,
we define the Squared TD Error: L1p(Q)(s,a,s") := dg(s,a,s’)? and minimize the Mean Squared
TD Error (MSTDE) as a proxy for MSBE, defined as:

TTD(Q) = E(g,a)w‘n’p,l/o I:]ES'NP('IS,CL) [‘CTD(Q)(Sa a, SI)H
Unfortunately, MSTDE is a biased proxy for MSBE. This bias happens because

Egwp(s,a) [0g (s,a,5") | s,a]2 # Egp(s,a) {5Q (s,a,s)° \ s,a} i.e., expectation and square

are not exchangeable. This issue is often called the double sampling problem |Antos et al.| |2008].
Specifically, one can show that

N 2
Lpp(Q)(s,a) =By p(|s.a) [LTD(Q) (5,0,5")] = Eynp(.s,a) {(TQ(& a) = TQ(s,a, 8/)) ]

=Eyp(isa) [LrD(Q) (5,a,8)] — BEgwp(.[s,a) [(VQ(SI) —Egnp(s,a) [VQ(S')])Z] -

(For the detailed derivation, see [Kang et al.,|2025, Appendix C.1].) Since the bias term includes the
E ~p(.|s,a) Part, correcting this bias term again remains challenging without full knowledge of the
system’s transition dynamics, P. To resolve this issue, we employ an approach often referred to as
the “Bi-Conjugate Trick” [Antos et al., 2008, |Dai et al., 2018} |Patterson et al., [2022]:

Le(Q)(s,a) =Eyp(|s,a) [0q (s,a,5") | s, a]2 = Iflbleaﬂé{z Eynp(ls,a) 100 (s,a,8") | s,a] - h — h?

According to [Kang et al.l 2025, Appendix C.1], this bi-conjugate form can be re-parametrized using
¢:=h—r(s,a) +Q(s,a) as:

L5e(Q)(5:0) = Bump(inn [L70(Q) (5,0.8)] = B min By pie) (Vo () = O] )

Now define the per-sample objective
2

f(Q7C7 S, @, S/) = ﬁTD(Q) (Sa a, S/) - 62 (VQ (8/) - C) . (2)
If we slightly abuse notation such that E o o [*] = Eg gnvg,xp [Es/mp(.|s,a)[*]], then minimizing
MSBE can be written as the following min-max problem:

mink . ) | F(Q.C(Q); 5, a, s’)} where ((Q) € argminE, , ¢ [(VQ (s') = C(s,a))°] .
Qeg % o o
By parametrizing ( as ¢, and @ as (), using function classes such as neural networks and relaxing
the definition of the per-sample objective

2
f(w7 v; s, a, S/) = f(QUM C'H; S, a, 5/) = ETD(QU}) (57 a, Sl) - /82 (VQU, (S/) - Cv) 5 (3)
the resulting parametrized problem becomes
mi}I/lv E(s,a,5) [f(w,0;5,a,5")]  where o(w) € argminE , o [(VQw (s') — C@(S,a))z} . @
we veV
Let’s consider Equation (#) as the expected risk minimization problem. Define Dy, ,, = {2}, as
the offline data collected from following 7 p starting from v, where each z; = (s;, a;, ;) denotes

a sample consisting of the current state, the action taken, and the resulting next state. Then, the
corresponding empirical risk minimization problem can be written as

min — Z f(w, v; 2), where v(w) € argmin% Z {(VQw (s') — Cv(s,a))ﬂ G))

2€D vey 2€Drp uo

Do

A canonical way of solving the mini-max problem is to apply the Stochastic Gradient Ascent Descent
(SGDA) algorithm [[Yang et all, 2020]. [Kang et al.| [2023]] proved that both (@) and (5) satisfy the
Polyak-t.ojasiewicz condition within a large enough ball around the initialization point for a Neural
Network parametrization of () with a sufficient network width (width scaling with radius®™), and
therefore the SGDA algorithm finds the (w, v) that are global minima of Equation (3). (For the
detailed discussion on neural networks, see Appendix [C.2})
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2.2 Stochastic Gradient Ascent-Descent Algorithm (SGDA)

As discussed earlier, Stochastic Gradient Ascent—Descent (SGDA) is the workhorse we use to solve
the minimax problem (3). Given a function f(w,v), at every iteration it performs a descent step
on the primal variable w and an ascent step on the dual variable v using (possibly noisy) gradients
computed from a minibatch of samples.

Let D = {z;}"_; denote the dataset, where each z; = (s;, a;, ;) denotes a sample consisting of the
current state, the action taken, and the resulting next state. Fix a minibatch size B € {1,...,n}. At
round ¢ we draw an index set I; C [n], |I;| = B, either with or without replacement (our theory does
not depend on this choice). With f standing for the relaxed per—sample saddle objective introduced
in (@), the averaged stochastic gradients are

1
9" = VuFr, (w,ve), g7 = Vo Fr, (we, v) where Fr(w,v) := ] Z f(w,v; 2;) forany I C [n].
jel
By a slight abuse of notation, when the subscript corresponds to the full dataset D, we write
Fp(w,0) = 2 Y. cp fw,v:2).

Unbiasedness is preserved: E[g;}’] = V., Fp(w;, v;) and likewise for v, while the variance contracts
by the usual 1/B factor. Using stepsize sequence (1;)¢>0, SGDA proceeds as

W1 = we — 1 Gt Vpy1 = Vg + N gt -
The recursion can be written as follows, which is the form used in the stability proofs of Section 3]

(Wig1, veg1) = (we, ve) + e (=945 97)

Algorithm 1 Minibatch SGDA on the empirical objective (3
Input: Dataset D = {z;}7_,, minibatch size B, stepsizes (1)), initial (wo, vo)
fort =0to7T"— 1do
Draw I; C [n] with |I;| = B uniformly at random
g’ % Zie]t Vo f(we, ve; 2;)
gf — % Zie[t vvf(wt; Ut Zz)
Wt — wy — Mgy {gradient descent}
Vi1 v + gy {gradient ascent}
end for
Output: (wr,vr)

With harmonic—stepsizes, we can state the global convergence guarantee of ALGORITHM 1 in the
parameter space:

Lemma 2 (Global convergence of minibatch SGDA in parameter space [Yang et al., [2020, Kang
et al.,2025])). Let the iterates in ALGORITHM 1 be written as {(wy, v;) }1>0, where w, parametrises
the action—value function Q.,, (primal variable) and v, parametrises (,, (dual variable). Choose
the harmonic step-sizes n; = ﬁ,t > 0 with some constants ¢ > 0 and co > 1 such that
ne <min{1/(4L), 1/p} for everyt. Then the ALGORITHM 1’s output sequence {(wy, v:)} converges
almost surely to a saddle point of the empirical objective [B), where the suboptimality of empirical

objective () is bounded by d;ijr 7 for some constants dy and ds.

Lemma [2] clarifies the optimization side of empirical BRM: under the PL—strongly-concave land-
scape, SGDA globally converges to a saddle point of the empirical objective. What remains is the
generalization side. The lemma does not address how errors induced by the finite offline dataset
propagate to the population BRM objective, or whether the value function learned from empirical
data generalizes to the underlying MDP distribution.

3 Stability and Generalization for Bellman Residual Minimization

We quantify generalization through algorithmic stability for minimax learning. Algorithmic stability
formalizes how sensitive a learning algorithm is to small changes in the training set: if replacing a
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single training example only slightly perturbs the algorithm’s output, then the algorithm is said to be
stable. The key fact is that stability implies generalization: algorithms that are stable on neighbouring
datasets exhibit small discrepancies between their empirical risk and population risk. As shown in
‘Wang et al.|[2022], this principle carries over to minimax optimization.

Notations. For the stability analysis, it is convenient to momentarily step back from the specific
Bellman-residual objective and view our problem as a generic empirical PL—strong-concave saddle-
point problem. In the BRM formulation, the primal variable w parametrizes the action—value function
Q. the dual variable v parametrizes the auxiliary function ¢,, and the empirical objective in (3] is
an average over samples z = (s, a, s’) drawn from the offline dataset. In this section we abstract
this structure and write f(w,v; z) for the per—sample saddle loss and Fp(w, v) for its empirical
average over a dataset D = {z; }"_,. Working in this slightly more abstract template keeps the proofs
uncluttered; in Theorem [6] we then specialize the resulting stability and generalization bounds back to
BRM.

In this section, for the sake of generality, we use notations that generalize the Bellman residual
minimization problem. Let D = (zy, ..., 2,) be a dataset with z; € Z. For any ¢ € [n] and any
%; € Z, define the replace-one neighbour of Dby D) := (21, ..., zi_1, %, Zit1, - - - » Zn ). We call
D and DY) neighbouring datasets. When comparing SGDA runs on D and D), we couple them
using the same minibatch index sequence (i;):>o (shared-index coupling). Expectations averaged
over i are taken with ¢ ~ Unif([n]). This coupling is the key mechanism that allows the analysis to
proceed without an i.i.d. assumption on the data. To see how it works, please check Appendix [C.3]

Throughout, we present all proofs for the single-sample (“minibatch-of-one”) variant of SGDA. The
extension to a minibatch of size B > 1 (or the full-batch case. B =n) is mechanical. Every stochastic-
gradient term is replaced by its averaged counterpart, which reduces all variance contributions by a
factor 1/ B, while the probability that a particular data point appears in the update increases from
1/n to B/n. Consequently, every lemma and theorem below remains valid verbatim—with constants
rescaled by these factors—and no new conceptual issues arise.

3.1 Stability

We consider an offline setting where the data may be dependently sampled (e.g., from a single
trajectory in a Markov Decision Process), violating the standard i.i.d. assumption. In this case, as in
Wang et al.|[2022], the concept of on-average algorithmic stability is useful.

Definition 3 (On-average algorithmic stability). Let A be a randomized learning algorithm that
maps a dataset D = (21, ..., z,) to a parameter output A(D). For each i € [n), let D) denote the
replace-one neighbor of D, where z; is replaced by an independent copy Z;. Then the on-average
argument stability of A after T iterations is er = L 3" | E[|A(D) — A(DW)||], where the
expectation is over the algorithm’s internal randomness and the choice of 1.

Intuitively, e measures how much the algorithm’s output changes when a single training point is
replaced on average. We analyze the on-average argument stability of SGDA (i.e., A =SGDA)
for smooth—strongly concave saddle problems, following the stability framework for minimax
optimization.

Let SGDA iterates start from the same initialization (wg, vg) = (w, v}):
Wiy1 = w — N Voo f (We, vt; 24,), U’£+1 =wp =y wa(wi,vé; Zz",,)a
Vi1 = v + 1 Vo f (Wi, vg; 24, ), U2+1 = Ué + 0 vvf(w1/£7vz/£; Zz/'t)a

with same-index coupling of datasets: zj; = z; for j # i and 2] = Z;. For D € {D, D)}, define
Fp(w,v) := %Zf(w,v;zjj-j)7 ®p(w) := max Fp(w,v), P} :=min®p(w).

We let Fy := o ((ws, vs, W), v},i5)0<s<¢) be the natural filtration and introduce a ghost index

ir ~ Unif({1,...,n}) independent of F;, shared by both runs. The role of the ghost index is to
decouple the sampling noise at time ¢ from the past and from the coupling across datasets.
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Throughout, we impose the following conditions [@H@] satisfied by the BRM objective[Kang
et al.| 2025] under Section [2| when the neural network parametrization’s width is enouglﬂ

(C1) Smoothness. F'p is L-smooth in the joint variable (w, v).

(C2) PL for ®p. ®p satisfies the Polyak—t.ojasiewicz (PL) inequality with parameter ppr, > O:
3IV@n(w)|?* = ppL(®p(w) — 3).

(C3) QG for ®p. ®p satisfies Quadratic Growth (QG) with parameter uqgg > 0: p(w) — &7 >
HS Juy — a7

(C4) Strong concavity in v. F)p(-, ) is p-strongly concave in v uniformly in w.

(C5) Bounded gradients on the effective domain. There exists a compact convex set Q@ C W x V
such that the sequence of iterates {(w;, v;)}Z_, generated by the algorithm remains within
almost surely. We define G' < oo as the uniform gradient bound on this set:

G:=  sup |[Vuf(w,v;2)||VI[[Vef(w,v;2)].
(w,w)EN,zEZ

(C6) Selected saddle point. Each dataset D admits at least one saddle point, and the SGDA iterates
initialized at (wq, vo) converge to an initialization-dependent saddle point (27, v, ), which we
call the selected saddle.

In addition, we impose the following settings for the stability analysis. [(ST)|is a relatively trivial
setting, [(S2)]is the key mechanism that allows the analysis to proceed without an i.i.d. assumption on
the data, and [(S3)|is standard in the stability literature: for more details, see Appendix [C.4]

(S1) Stepsizes. 0 < ; < min{;, % )

(S2) Shared-index coupling (no i.i.d. needed). The two coupled runs on D and D*) use the same
index sequence (i;);>0.

(S3) Uniformity of constants across datasets. The constants L, p, up1,, piqc, G are the same for
D and D@,

To establish stability in our PL—strongly-concave setting, a key difficulty is that SGDA is not
optimizing the value function ®(w) := max, Fp(w,v) directly, but rather the saddle objective
Fp(w,v). The gradient used for the primal update, V., Fp (wy, v¢), coincides with V® p (w;) only
when the dual variable v, is already at its inner maximizer v}, (w;); away from this manifold there
is a non-negligible “mismatch” term A; := V,, Fp(ws, v¢) — VO p(w;). As a result, tracking the
PL suboptimality ®p(w;) — ®%, alone does not yield a contracting recursion under SGDA, while
tracking only the dual gap ®p(wy) — Fp(wy, vy) ignores how far the primal iterate is from the BRM
minimizer.

To address this, we define the Lyapunov potential :
Vo, p(w,v) == &p(w) — B} +a - (p(w) — Fp(w,v)),

A(w) I'(w,v)

where o € [%2, oo). Our Lyapunov potential is designed precisely to couple these two effects

in a single scalar quantity: the PL term measures how close the current value function is to the
data-dependent BRM optimum, and the dual-gap term penalizes the inner mismatch strongly enough
that the beneficial drift from strong concavity in v dominates the adverse contribution of A; to the
primal dynamics.

With a suitable choice of the weight «, this potential contracts in expectation at each SGDA step, and
can then be translated back into a bound on the distance between coupled SGDA trajectories via PL
and QG. Because the step sizes in Lemmasatisfy the Robbins—Monro conditions ) , 1, = oo and
Do n? < oo, the contraction dominates these perturbations and keeps the two trajectories close for
large ¢. The next theorem formalizes this as an O(1/n) bound on the on-average argument stability
of SGDA, stated in a general PL—strongly-concave minimax setting that our BRM formulation
instantiates.

SFor details, See Appendix
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Theorem 3 (On-average argument stability of SGDA without i.i.d. samplini). Suppose that the

loss function f and datasets D, D satisfy|(C1H(C6) and under the setting Letep =
LS L E[lwr (D) — wr(DD)|| + |lvr(D) — vr (D ’))H. With choices of B := 2L and o above,

the following on-average argument stability bound holds:

T-1
3c — 3c - 1/2 ’
er <20 [ % B m w4 0, Yoo TRy G
7 t=0 "
where WIE< = maX{IE[\I/a7D(w0, vo)}, mMaxi<;<n E[\IIQ’D(U (wo, vo)} } yand ¢, Cl,., Caist, Clyy
are all constants depending only on L, p, uip1,, pqc, G|
To make the rate transparent, we now specialize the stepsizes to the harmonic Robbins—Monro rule
n: = c1/(c2+1t), which Kang et al.|[2025] chooses for Algorithmto prove Lemma This schedule
satisfies Setting|(S1)|for suitable ¢; > 0, co > 1 and turns the kernel sums in Theoreminto closed
forms. This yields the next corollary, which displays roughly O(Tﬁl/ 2) decay of the optimization
term while keeping the O(1/n) contribution explicit. See Appendix [B.2|for details.

Corollary 4 (Informal bound under a harmonic stepsize schedule). Choose the Robbins—Monro
stepsizes in ALGORITHM 1 as ny = ﬁ, t > 0, with constants c; > 0 and co > 1 small enough

that satistying Let ¢ := min{pup1/2, p/2}. Then from Theorem the stability constant e in
Theorem 3| admits the stability bound scales as

3ccy

er = 0<(CQ+T)‘““{5’ 3 }> + O(1).

3.2 Generalization

In this section, we quantify generalization through algorithmic stability we derived in the previous
section. Following the minimax stability framework of Wang et al.|[2022]], stability controls both
the primal function, which is the Bellman residual, and the weak primal-dual gap. We first define
these two risks, then invoke the transfer lemma that turns our stability bound from Theoreminto
generalization guarantees. Specifically, our goal is to 1) bound the difference between population Bell-
man-residual risk and empirical Bellman-residual risk and 2) bound the population Bellman-residual
risk of the SGDA output.

Definition 4 (Primal Risk). Under|(C4)| define the value function

R(w) := meach(w,v), R, (w) = meaécFD(w,v).

Definition 5 (Weak primal—dual risk). For (w,v) € W X V, define the population and empirical
weak—PD risks by

APP(w,v) := max F(w,v’) — min F(w’,v), APP(w,v) := max Fp(w,v') — min Fp(w',v).

v EV w eW v eV w eW

The key transfer principle is stability = generalization for minimax problems: if the SGDA iterate
(wr, vr) has on-average argument stability e on neighboring datasets, then the primal value-function
gap E[R(wr) — Ry, (wr)] and the weak primal—dual gap [FJAFP (wr, vr) — AP (wp, vr)]| can be
effectively upper bounded by constant times e from Theorem which is O(1/n). The remainder

of this subsection formalizes this to apply this transfer with our stability bound (Theorem 3 to obtain
Theorem[6] O(1/n) generalization for BRM under SGDA.

Lemma 5 (Theorem 5, Wang et al.|[2022]). Ler Conditions|(Cl1)|[(C4)| and|(C5)|hold. Let (wr,vr)
be the SGDA iterates produced on D,, and let

er = % ZE[IIwT(D) —wr(DO)|| + [lor(D) - vr(DW)]]

SNote that under the Robbins—Monro conditions >yme=ocandy_, 77t2 < 00, the optimization term (the square root
term) vanishes as 7" — oo [Garrigos and Gower} [2023]].

Tc:=min{upr,/2, p/2}, Cl.r = Cvar (L(l +L/p)+ o %) G? for some numerical constant Cyvar > 0, Cgisy =

VO 2y 5+ dpmici = (St 1) + 4 00 8).




254 be the on-average argument-stability constant from Theorem[3] Then

E[R(wr) — Ry(wr)] < (1+L/p) Ger,

|E[APD(wT,UT) — ASD(wT,vT)H < Ger.

255 Combining Corollary f]and Lemma 5] [Wang et al., [2022]], we arrive at Theorem [f] the main result of
256 this paper, i.e., the generalization guarantee of Bellman residuals. In words, the learned () (i.e., the
257 corresponding learned w) generalizes: its empirical Bellman residual on the offline dataset closely
258 matches its expected Bellman residual on the true MDP distribution. This is direct from the fact that
259 proving O(1/n) stability for SGDA immediately delivers O(1/n) generalization bounds for Bellman
260 residual minimization [Wang et al.,[2022].

261 Theorem 6 (Generalization for the empirical Bellman—residual objective). Let (@ (1) 6(T)) be the
262 parameters returned by ALGORITHM 1 after T SGDA iterations on the empirical objective (3).
263 Define the population and empirical risks

R(w) = E(s,a)wﬂp,uo Es’wP(~|s,a)[f(w7f}*;s»aas/)}a 7/én('w) = % Z [f(w,ﬁ*;s,a,s’)}

(5,0,5")EDx 1 1

264 where U* is the minimizer in (3). Then for et from Theorem[3| we have
E[R(@T) - Ru(@™)] < (1+ L/p) Ger,

[E[APR@D,50) - ARP@T,5)]| < Ger.

265 The generalization guarantee in Theorem [6]is a critical result, confirming that the empirical risk is a
266 reliable proxy for the true population risk. However, the ultimate measure of success for a learning
267 algorithm is its performance on the population distribution relative to the best possible model. This is
268 quantified by the population excess risk, which measures the gap R(w(7)) — R(w*).

269 Theorem 7 (Population excess risk). Let (@(T), 6(T)) be the SGDA iterate outcome of Algorithm

270 after T steps and w* € arg mingeyy R(w) its population minimiser. Then, with 1 from Theorem
27t and dy, dy defined in Lemmal2)

_ . d
E[ w(T))—R(w )} < (1+L/p)Ger + dziT
—_——

stability / generalization R
optimization error

222 4 Conclusion and Limitation

273 We studied the statistical behavior of Bellman Residual Minimization (BRM) in offline RL/IRL
274 through the lens of stability. Exploiting the PL—strongly-concave geometry of the bi-conjugate
275 formulation, we coupled two SGDA trajectories on neighboring datasets with a single Lyapunov
276 potential and a ghost-index decoupling device. This yielded an on-average argument-stability bound
277 with O(1/n) rate (Theorem [3), which directly implies O(1/n) generalization for BRM (Theorem [6)
278 and a population excess-risk bound that cleanly decomposes optimization and estimation errors (The-
279 orem . The analysis is constructive, tracks explicit constants in (L, p, pupr,, ptqa, G), accommodates
280 minibatching, and requires neither variance reduction nor independence assumptions on the sampling
281 indices. Together with the global convergence of SGDA in parameter space (Lemma2), these results
282 close the statistical gap for BRM and improve the sample-complexity exponent over the O(n’l/ 2)
283 rates known for convex—concave saddle problems.

284 About the future work, this work focuses on finite-sample stability and generalization guarantees
285 for smooth, entropy-regularized BRM, and therefore does not address genuinely non-smooth BRM
286 variants or the conversion from Bellman-residual guarantees to policy-performance guarantees
287 without additional coverage assumptions. We discuss these topics further in Appendix and
288 view them as natural next steps toward a more complete statistical theory of BRM-based offline
289 reinforcement learning.
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Appendix

A Notations

Symbol \ Meaning
S State space
A Action space
P(-|s,a) Transition kernel over the next state from the state-action pair (s, a)
r:SxA—R Deterministic reward function
Aé Set of stationary Markov policies
™€ AS Policy
H(q) Shannon entropy of an action distribution ¢
I} Discount factor
n Entropy regularization coefficient
T Bellman optimality operator
T Sampled Bellman operator
do(s,a,s) Temporal-Difference error
Q* (The unique) solution to Bellman optimality equation
zi = (85,04, 8;) i-th sample
D= {z}", Dataset
fw,v; 2;) Per-sample objective
D) neighbouring dataset
g9, 97 per-sample gradients.
e SGDA learning rate at time ¢
Fp(w,v) LS f(w,v;2P)
dp(w) max, Fp(w,v)
o7, min,, ®p(w)
L Smoothness (Condition
Upr Polyak—F.ojasiewicz condition constant (Condition
Hoc Quadratic Growth constant (Condition|(C3))
p Strong concavity constant (Condition ((C4))
G Per-sample gradient bound (Condition|(C5))
Uy p(w,v) Lyapunov potential, ®p(w) — @}, + a - (Pp(w) — Fp(w,v))
A(w bp(w) — D7,
I'(w,v) Op(w) — Fp(w,v)
R(w), Ry, (w) Primal Risk (Definition
APDP APD Weak primal-dual risk (Definition

Table 1: Notations

B Technical Proofs

B.1 Supporting Lemmas for proving Theorem 3]
Lemma 8 (Mismatch control). Let v}, (w) := argmax, Fp(w,v). Under|(CI)|and|(C4)
A(w,v) := VyFp(w,v) = VOp(w) = Vy Fp(w,v) — Vi Fp (w, v} (w))
satisfies || A(w,v)|| < L ||v — v} (w)||. Moreover,
N 2
lv —vp (w)|* < p (®p(w) — Fp(w,v)).

Proof. L-Lipschitzness of V,,Fp(w,-) yields the first bound. For g(-) := Fp(w,-), p-strong
concavity implies g(v*)—g(v) > (p/2)|lv—v*||? [Nesterov,[2004], which gives the second inequality.
O
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4
4

2 Lemma 9 (Smoothness of the value function ®). Assume |(C1) (joint L-smoothness) and |(C4)
3 (p-strong concavity in v). Then, for each dataset D:

414 (i) the maximizer vi,(w) := arg max, Fp(w,v) is well-defined and (L /p)-Lipschitz:

lvp(w) —vp )l < £ lw—ul Yw,u,

415 (ii) ®p(w) := max, Fp(w,v) is differentiable with V®p(w) = V,Fp(w, v} (w)) (Dan-
416 skin),
417 (iii) and ® p is Lg-smooth with

VP p(w) — Vop(u)| < L(1+%) lw—ul|  Yw,u

#18  Proof. (i) Lipschitzness of vy, (-). By [(C4), for each fixed w the map v — Fp(w,v) is p-
#19  strongly concave, so v}, (w) is unique. Using the first-order conditions V,Fp(w, v} (w)) = 0
a20 and V,Fp(u,v}(u)) = 0, write

0 = VuFp(w,vp(w)) = Vo Fp(u, vp(u))
= [VuFp(w, vp(w)) = Vo Fp(w,vp(w))] + [VoFp(w, vp () = Vo Fp(u, v (u))] -

@y (B)
a22  Strong concavity makes V, Fp (w, -) p-strongly monotone, so {((A), v} (w)—vp(u)) < —p|lv (w)—

423 vz,l((qf) [|?. Joint L-smoothness gives ||(B)|| < L|lw — u)|. Taking inner products with v}, (w) — v} (u)
424 yields

pllvp(w) —vp(u)]| < |

421

n

B < Liw—ul = Jup(w) —vp@)| < Lllw—ul.

4

n

s (ii) By joint smoothness, Danskin’s theorem applies: V& p(w) = V., Fp(w, v}, (w)).

426 (iii) Smoothness of ®p. For any w, u,

IV®p(w) = Vep(u)

= HVwFD(w,vB(w)) —VuFp (u,vB(u))H

< ||VwFp (w, v} (w)) = VuFp (w, vh(w)|| + ||VwFp (w,v)(w) = VuFp (u, v () ||

<Ljjvp (w)—vp (@)l SLflw—ul|

< L(% + 1>||w —ull.

427 The first two inequalities use joint L-smoothness (of V., F)p in both arguments); the last uses part (i).
a28 Thus Le < L(1+ L/p). O

429 Lemma 10 (Cross-dataset gradient sensitivity for ®). Under|(CI)| [[C4)|and[(C5)| for any w,u and
430 any I-sample replacement D — D),

°G /. L
IV®p(w) — Vo (u)]| < Lofw—ul + 7(147).

431 Proof. By Lemma [} v}, (-) is (L/p)-Lipschitz, ®p is Lg-smooth, and V®p(w) =

VuwFp(w, v} (w)). Hence
V@D (w) = VOpw (u)] < [[Vep(w) = Vep(u)l| + [[VEp(u) = Vpu (u)].
<

Lo [lw—ull (A)

[&)

4

@
N

*
D)

(A) = [[VuFp(t, 5 (1)) = Vs Fpoo (1, v () |
< |[VwFp(u, vp(w)) = VuFp(u, vhe (W) || + [[VuFp(u, vpe (0) = Ve Fpo(u, vhe (W),

SLjvp(w)=vr g (Wl < 28 py Condition[[C3)]

a33 We bound (A) by inserting and subtracting v% ;) (u) and using joint L-smoothness of F:

14



434 SO that
(A) < Lijvp(u) = vhe (u)]| + o

a5 Since v — Fp(u,v) is p-strongly concave, the gradient map is p-strongly monotone, which gives
436 the error bound with the normal cone Ny (-):

1
lv = vp ()| < ;dist(VvFD(u,v), Ny (v)) Yo e V.

a7 Apply this at v = v, (u). There are two cases.

438 (i) Unconstrained (or interior) maximizer. Then NV(UI*DU) (u)) = {0}, so
1 1
[vD (w)=vho (W) < ;HVvFD(%UE(i) (W)l = ;||VvFD(U7”B(i)(u))—vvFD@)(%Ufw) ()]l

439 (i) Constrained boundary maximizer. By KKT optimality,

0 € =VuFpe (u,vh0 (W) + Ny (vhe (0) <= VoFpe (1,056 () € Ny(vhe (u).
a0 Hence, choosing & := V, Fp) (u, v}y (1)) € Ny(vh, (u)), we obtain

diSt(VvFD(UaUBm (u)), NV(UI*:W) (U))) < HVUFD(UWBM (u)) — VvFDU)(UvUBm (u))”
441 In either case, using the single-sample replacement identity

VoFp(u,v) — Vo Fpe (u,v) = %(va(u, v; ;) — Vo f (u, v; Zi)),
a2 the triangle inequality and Condition [(C5)] give
[vp (u) — vpe (W) < 1dist(Vvl*b(%vBm (1), Ny (v (w)))

< = |IVoFp(u, vh (u) = Vo Fpe (u, v} (u))H
1 -
= [V f (1, 00y (w); i) = Vo f (u, 0] (w); ) |

< 2 L (I () 20|+ 170t 0 () 1)

D= =,DI=D

Q

<

hS)
S

443 Plugging this into the bound for (A) yields

) < .28.2%6 E(HL)’
on n n

p
444 and therefore

2G L
V@0 () = Voo @)l < Lalw —ul + 2514 ).
445 O

s Lemma 11 (Deterministic potential = distance). Under [[C3)|and for any o > 0 and any
a7 (w,v),

2
Jw - &bl + o — vl < J(Hi) N )

HQG

a8 Proof. Using [[v—v}|| < |lv—vh (w)|+]|v) (w)—v} | and the (L/p)-Lipschitzness of w — v, (w),

lw—apl + v —vpll < (1+ £)llw — 2| + [lv — v (w)].
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449

451

452

453

454

456

457
458

460

461

462
463

464
465

466
467

468

w—apll < /2 @o) — @5). v - vp ()] < /2(@p(w) — Fp(w.v)),
where v}, (w) € arg max,, Fp(w,u) and ®p(w) = max,, Fp(w, u).

Using the weighted Cauchy—Schwarz inequality with any o > 0,
(1+ %)\/MQ% (‘I)D(w) — <I>*D) + \/% (‘I)D(w) — FD(w,v))

= \/(%(w) —03) + a(Pp(w) — Fp(w,v)) /2L 4 2

rQa ap

Noting that ¥, p(w,v) := (®p(w) — ®}) + a(®p(w) — Fp(w,v)), we obtain

(1+ L) /225 (@p(w) — @) + /2 (@p(w) - Fo(w,v)) < y/Wa,p(w,v) 2L 4 2

HQG HQG ap

Lemma 12 (Saddle-point sensitivity). Let D) be obtained from D by replacing one sample. Assume

%C I ) ( ioint L-smoothness), (p-stron _ concavity in v), (per-sample gradients bounded by G),

‘(C2) (C3)|(PL and QG for ®p), and (the same constants hold for D and D®). Let (x%),v])

) be the selected saddle points from Condition|(C6) for D and DV, respectively.

3 2G<<1+L/p>2+1)
~ n \#prLige p/)

and (%), v
Then Then

*
D)

2D — 2pm |l + v — vhe

Proof. At (2%, v}, ), only one summand in Fp differs from Fp(;), and per-sample gradients are
bounded by G'. Hence,

IV Fp (2%, Vo)l = IV Fp (@ Vo) — VaFg (@, vhe )| < 22
Vo Fp (@50, Vi)l = IV Fb (@5, v ) — VeFg (@, vho )| < 2.
Using Lemmalg]

V@ (@ho)ll < IVwFp(@he, vpo)ll + Llvpe = vh(@he)ll < 3E 1+ L/p),

where the last step uses p-strong concavity to get [|[v}, ;) — v (25 )|l < %HVUFD (700> U e)I-

Since ¢ p satisfies PL and QG,

1 1+ L
o — o || € e [V ()| < 26 - 2P
VHPLHUQG VHPLHQG

For the dual variable, split and use the (L /p)-Lipschitzness of w — v},(w) (Lemma(9) and strong
concavity:

[vh — vpw I < llvp (@) — vh(ehw)Il + lvp(xhw ) — vhe (Ehw)ll
< %H?% —2holl+ 21V Fp(@he, vho)l
<20 (L L AtL/e 1)
- v Umeiae 7))
where the last inequality uses the same single-sample replacement and gradient bound as above (cf.
Lemma [I0). Adding the two bounds yields the claim. O

Lemma 13 (Coupled one-step bounds). Assume Define

B = Wap(ws,ve) + Y, po (wi, vy), Dy = lwy — will + [Jvy — vl

16



a9 Let ¢ := min{upy,/2,p/2} and Lo < L(1+ L/p) (Lemma@). Then, for By = By, = 8 and a
470 constant C,y > 0 that depends only on L, p, we have

(P) EE41 | F] < (1—em)E + Anf
+ Creakne Di + C Sy + Cin G®my + ne(1{iy = i} + 1{iy = i}) BoG?,

(6)

= . N 2G L
(Dweak) E[Diy1 | F] < (L4 6m) Dy + am/Er + e 1{iz =i} B1G + g 7(1 + ;)7
@)

471 where

A= Cvar<L(1+L/p) + aL2/p) G2, Clear = 2(2L + Lg),

2 2 2
ai=2Cau(L+ La), wi=2L, Coi=4(1+L/p), Cawi=[(1+%) —+—,
7 poe  ap

and Cin = 12+

472 Why introduce a ghost index? Writing and conditioning on the past, the primal descent term
a3 —me(V®(wy), Vo f (we, ve; 2;,)) has no sign we can control, since i, is already revealed in F;. We
a74  therefore add-subtract a ghost gradient and take E; [- | F]:

—m(V®(wy), g;) = = (Ve(we), ;) — m(VO(we), g9” — 9¢")-

475 The first term becomes the correct drift —n,(V®(w;), V, F (wy, v¢)), which contracts by PL for @,
476 while the second is a centered correction that we bound by Young’s inequality and the gradient bound
a7 |lg¥ — 9% < 2@, yielding an O(n,G?) remainder absorbed into the variance term. An identical
478 maneuver applies to the dual-gap part I'. This device avoids any i.i.d. sampling assumption and yields
479 the one-step recursion (P) with a contractive factor and small, explicit noise.

480 Proof. All expectations are conditional on Fy := o((ws, vs, W), vl is)o<s<t). Write 7y := n,. Fix
81 D € {D,DW} and abbreviate F := Fp, & := &p, ¥, := ¥, p, ['(w,v) := &(w) — F(w,v).
ag2 Set g 1=V fwy, vi; 24, ), 9° = Vo f (Wi, 015 23,)s

w+:wt_’}/gw7 U+:Ut+’79v’
483 and introduce a ghost index i independent of F; with g = V, f(wt,vt;ZEt), gv =

ass Vo, f (we, v z;t).

485 (a) Primal part ®. Recall w = w; — v g% with g% := V,, f(wy, v¢; 25, ) and let y := 7. By
486 Lg-smoothness of P,
O(wh) = d(wy) < =y (V(wr), ) + F2 9"

4s7  Insert and subtract a ghost gradient g := V,, f (w¢, v¢; z;t) with ; L F,, then take E;, [ | F¢]. Using
a8 E; [0V | Fi] = Vo F(wg,v) and [[g¥]] < G,

E; [®(wh) — ®(w,) | Fi] < =7 (VO(wy), Vi F(wi, v)) — v (VO(wy), ¢ — Vo F(we,ve)) + L2y2G2

1t

®)
ass  For the centered correction, Young’s inequality with ||g% — V,, F(wy, v¢)|| < 2G yields
YUV®(wy), g — VwF(wi,v))| < $7IVO(we)|* + 47 G )
a90  For the drift, write A, := V,, F(w,v;) — V®(w,). Then
~(Ve(wy), Vo F(w,vp)) = ~[[VO(w)|* — (VE(wr), Ar) < —5[IVO(wy)|* + %llAt(lllzo-)
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491

492

494

497

498
499

500
501

502

503
504

505

506

507

508
509

By Lemma [8|and p-strong concavity in v,

1A < Lloe—v (i)l < Ly/2T(wv) = AP < L T(wv), (D

2
o
where I'(w, v) := ®(w) — F(w,v). Combining (&), @), (I0), and (TT),

E; [@(wT) — ®(wy) | Fi] < =17 VO(wy)|* + %vF(wt,vt) + L2y2G? 4+ 44G2

Finally, by the PL inequality 3 ||V ®(w;)||? > ppr (®(wy) — @),
17 IVe ()| < —H5=y (D(w,) — ©*),
hence

E; [®(wh) — ®(wy) | Fy] < —HEEy (D(w;) — *) + % YT (we, vr) + 522G 4+ 44 G2

i
Since ®(w;) — ®* is F-measurable, adding it to both sides yields

E; [@(wh) = @ [ F] < (1 2549) ((ws) — %) + Ly D(we, ) + 527G + 47 G2,

(b) Dual-gap part I'. Recall I'(w,v) := ®p(w) — Fp(w,v) and write v = v, + v gy with
97 = Vo f(we,vg; 2,). By Lemma for fixed wy,

F(wt7v+) < (1 - 2pfy + pL,yZ) F(wt7vt)' (]2)

Let wh := wy — g with g = V, f(w, v 2i,). By Le-smoothness of ®p and joint L-
smoothness of F'p,

F(w+, U+) < F(quJr) - 7<V<I>D(wt),gi”> + 7<VwFD(wtvv+)agzﬂ> + %VQGQ-
Insert and subtract a ghost gradient gy’ := V., f (wy, v; 23, ), take E; [- | ], and use E; [g;" | F] =
VwFD(wt,’Ut). Then

E [F(w+,v+) | .7-',5] < T(wg,vT) = y(VOp(wy), Ve Fp(wy,vi))
+ 7<VwFD(wt, v1) — Vop(wy), VwFD(wt,vtD
+Y(VuwFp(we,v") = V®p(wy), g — Ve Fp(w, vy))

+ L¢;L72G2.

it

Decompose V., Fip (wy, v7) = V@ p(wy) = Ay + (Vo Fp(we, v1) — Vi Fp(wy, vr)), where A, =
VuwFp(wy,v) — VOp(w). Using Lemma 1A < L+/2T(wy,v¢)/p, joint L-smoothness,
[VwFp(wi, vt) = Vi Fp(wi, vp) || < LG, and [|g3 — Vo Fp (wy, ve) || < 2G,

’7‘<Ata gzu_vwFD(wtavt)” S %’Yr(wtvvt)'f‘SpL;WGQa

’7‘<vwFD(wt7v+)7VU}FD(wtvvt)a gzvawFD(wtavt)H S 2L72G23
2

(AL VuFp(we, v))| < §yT(we, v) + 257G,

’Y‘<VwFD(U/t,U+) — Vi Fp(wy, vt), vwFD(wt;vt)>| < L’Y2G2~

Combining the bounds with the ascent contraction (I2)), we can group the contributions as follows:

(1) From the primal descent step we obtain
37 IVep(w)|* < —#52(®p(we) — @),
where the inequality uses the PL condition. From the dual ascent we obtain
(1= 2py + pL?) T(wy, ve) = T(wy, ve) = 207 T(we, v) + O(7?),
so the leading negative part is —2py I'(w;, v;). Together, these two negative terms contract

the Lyapunov potential ¥, (wy, v¢) = (®p(wi) — D)) + o' (wy, vt), yielding a multiplicative
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510 shrinkage factor (1 — ¢y) ¥, (wy, v¢) with ¢ := min{upr,/2, p/2}. Furthermore, the positive
511 ~I" pieces produced by the algebra consist of

% yI'(wg,vs) and L? v T (wy, vt).

512 Together with the dual drift they appear as

—2apyT + a- 54T + %’yf = —2apyl + %’yI‘.
513 Choose o so that %2 < 2 (i.e. a > 2L?/p?). Then

—focva + 'yF < =0T

514 so these yI" remainders are dominated by the dual drift and absorbed into the contraction factor.
515 A simple sufficient standing choice is o > 4L?/p?.
st6  (ii) The mismatch bounds, ghost-correction terms, and gradient—difference terms contribute con-
517 stants times yG?2. All such pieces are nonnegative and can be grouped into a single term
518 Chin G2 7.

st9  (iii) Smoothness corrections (e.g. (Ls + L)/272G?, 2L v*>G?, L v?G?) contribute constants times
520 +v2G?. These are also nonnegative and can be collected into A 2.

s21  Putting the three groups together, the one-step recursion takes the form
E[\Ija(w+7v+) |-7:t} S (]— - C’Y) \I}a(wtvvt) + C'lin(;'z’y + A’yzv
s22 which is exactly the recursion (P) used in the stability analysis.
523 (¢) Two-run recursion. Recall Z; := W, p(wy, v¢) + V¥, pey (wy, v;) and Dy = [lwy — wi]| +

524 |lvs — vi||. Apply the one-run bound from part (b) to D and to D (same stepsize; shared index i;),
525 then sum:

E[Et+1 |ft] S (1 — C?’]t)Et + AU? + C]inG2 Mt
+ 77t<<V‘I’D(wt) = Vopm(wy), ') — (VuwFp(wy,v) — Vi Fpa (w), v)), gtw>>

=: Leak{"
(13)

+om (1{24 =il + 103, = i}) By G2
s26  Bounding the leak term by Cauchy—Schwarz, joint L-smoothness, and Lemma [I0] gives
|Leak;"| = Ut‘(v‘%(wt) — Vo (wy), 6¢) = (VwFp(wi, v) = Vi Fpo (wi, vy), gfe”>‘
(VOp(wy) — VO (wy), )| + [(VwFp(we, vi) — VwFpe (W), v1), 9%”>|)

< (HVCIDD wi) — V®p (wg)HHgth + ||vwFD('LUt7Ut) — VuwFpa (wé,vé)””gz"”)
(Cauchy-Schwarz)

< me( Lllwe = willllgi’| + LeJw: — wéllllgi”||+2L||vt*véllllgi"ll)

(Joint L-smoothness of gradients)

2G L
< ntG<(2L +2Lg)||we — wy|| + 2L|Jvy — vy + o (2 + p) ) (Lemmal(I0)
527 hence, with Dy = [Jwy — wy|| + ||ve
(w) G? L
Leak; := Leakt < Cleax G Dy + C, 7 N, Cleak := 2(2L+Lq>), C, = 4(2 + Z)
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528

529

530

531

532

533

534

535
536

538

539

540
541

542
543
544

545

547
548

Therefore

—_ —_ 2 . . 2 . ~
E[:t+1 | ft] S (lfcnt) =t =+ AT]tZ + Cleak G’f]t Dt + O* % Mt + Clin G2 Nt + s (I{Zt = Z}+1{Zt = Z}) BQGZ,
(14)
which matches (6)) up to explicit constants.

Weak distance recursion. A single SGDA step gives
w1 = wipr || < Nlwy = will + 1 (Voo f (Wi, 05 23,) — Vo f (i, 035 23,) || + 76 1{ie = 1} - 2G,
and similarly for v (with ascent). Joint L-smoothness yields
IV f (we, ve; 2) =V f (wy, v 2) | < L{lwe—will+Hve=vil)), Vo f()=Vuf )l < L{llwe—wi]|[+{ve—vil]).

Hence ~
E[Dt_;,_l |]:t] S (1 —I—I*i’r]t) Dt + Mt 1{Zt = ’L}B1G + Mt Tt7

with k := 2L and B; := 8.

To bound the term Y, which represents the expected difference in stochastic gradients, we first
analyze the difference of the full-batch gradients. We decompose this difference for the primal and
dual variables separately.

For the primal variable, we use the triangle inequality to introduce the value function ¢ and the
mismatch term A; := V,, Fp(wy, v¢) — VOp(wy):

IVwFp(we, vr) = Vi Fpe (wh, v))| < [VED(we) = VEp (w})]|

SLIPH"Ut*wLH‘F%(lJr%) by Lem.[T0]
+ [| Al + [ A
~—~—— ——

<Ly/2T¢/pbyLem.[§] <Ly/2T,/pbyLem.[§|

For the dual variable, we use joint L-smoothness and the single-sample replacement identity:

HVUFD(wt7vt) - VUFD(i> (’LU;?’U;)H < ”vvFD(wtvvt) - VUFD(UJ;’UQ)H + ||VUFD(’UJ£,7)£) - VUFD@ (’wé,U;)H
2G 2G
< L(|lwg — wi]] + llvg — vy]) + = LD; + -

Combining the bounds on the primal and dual components gives a complete bound on the full-batch
gradient difference. Summing the two inequalities and using D; > ||w; — w}||, we have:

2G L
||VFD(wt, Ut) - vaD(i) (wé,vé)”l S (Lq; + L)Dt + L\/ 2/[)(\/ Ft + v/ F;) + 7 (2 + p) .
We then convert the geometric quantities on the right-hand side (D; and I';) into the Lyapunov

potential =;. First, using the triangle inequality along with Lemmas|TT]and[12] we bound the distance
Dt:

Dy = [Jwy — wil| + [lve — vi|

< (lwe = 2pll + lloe = vp ) + (I2h = 2w | + 10D = v ) + (e — will + lvpw — vil)

sens

S.
< Caist\/ Ya,p(we, v¢) + . + Caist\/ Yo (W}, v1)

SSCHS —_— SSCHS
< Caist (\/ Vo + \/‘I’apu)) t—— < V2Caise V/Ee + :

n

Second, from the definition of the potential, we have /T; + /T} < 24/E;/a. Substituting these
into our main inequality gives:

Ssens

n

IV Fp (we, )=V Fpe (w), )1 < (Lo+L) (\/Ecdist\/ET + )+L\/27p (2 Et/a)—f—O(G/n).

The terms involving /=, can be collected and absorbed into a single term a+/=;, where a is a constant
that depends on the problem parameters (e.g., a := 2Cyq;st (L + Lg) serves as a valid, convenient
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550

551

553
554
555

556

557

558

559

560
561

562

563

564

565

566
567

568

569

upper bound). The remaining terms are of order O(1/n). Therefore, we state the final bound on T,
as:

2G L
Y, < 2Cqe(L+ Lo) VE; + —(1+—),
n p

and therefore

= . N 2G L
E[Diy1 | Fi] < (I4+wne) Dy + ane v/ Ee + me Wiy =i} BiG + o (1+5)7 a = 2C4ist(L+La).
(15)
]

Lemma 14 (One-step ascent for L-smooth, p-strongly concave g). Let g : R® — R be L-smooth
and p-strongly concave, and let v = v+~ Vg(v) withy > 0. Denote 6(v) := g(v*) — g(v), where
v* € argmax g. Then
o(vt) < (1-2py+ poyz) 0(v).
Consequently,
9(v*) = g(v™) < (1—2py +pL?) [g(v*) — g(v)].

Proof. For any L-smooth differentiable function / one has

h(y) > h(z) + (Vh(z), y — 2) — §ly — z|*.
Apply thistoh =g,z = v,y =vT = v +vVg(v):

9(v™) = g(v) +[Va()|* = 57 Vg(v)|*.
Rearranging gives

g(v") —g(w") < g(v*) —g(v) — (v = 57%) IVg(v)|*. (16)

Since g is p-strongly concave, f := —g is p-strongly convex; hence f satisfies the Polyak—t.ojasiewicz

(PL) inequality
sIVF@I? > p(f(=) = ),

with the same constant p [Karimi et al.l 2016||. Translating back to g gives
IVa@)I* = p(9(v*) = g(v)) = pO(v). (17)
Step 3 (Combine). Insert (I7) into (T6):
O(v") < O(v) — 2pv(1 - %7) 0(v) = (1—2py+pLy?) O(v),
O

Lemma 15 (Damping the weak distance recursion). Let S; := Zi;é ns and define the damped

distance Dy := e~ 25Dy from (7). Set \ := 2L for this lemma. Then, taking expectations and
averaging over 1,

= = _ 1/ - L
Dt+1 S .Dt + an 672Lst+1E[\/ Et] + ﬁ <2B1G+2G(1+ p)) Mt 67)\St+1.

Consequently, summing fromt =0to T — 1,
_ = g sTo = 1 (- L
Dr < oY me T EVE] 4 (2310 + 20(1 + )) . (18)
n P
t=0
Proof. Start from the weak distance recursion (7):

= . o 2G L
E[Di1 [ ] < (1+2Lmg) Dy +any \/:t+77t1{lt:Z}BIG‘i‘nt?(l‘F;)-
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580

581

582

583
584
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587
588

Multiply both sides by e =251 = ¢=2L(Se4m0) 1o get
e 2LSHE[D, | Fy] <e 2S5 (1+ 2L77t)e_2L7“Dt + am e 2ES /3,

. 2G L
+ e 5 1{i, =i}y BIG + npe 28 2 (1 + —).
n p

Since (1 + z)e™® < 1 forall z > 0, the first term is < e 215D, = D,. Taking total expectation
and then averaging over the replacement index 4, we make explicit that the hit 1{é; = ¢} contributes
to both coordinates in D; = ||wy — wj|| + ||vg — v}]|. For a fixed i,

= . . ) . 2G L
E[Diy1 | Fel < 1+ 2Ln) Dy + ane/Z¢ + e 1{iy =i} coG + e 1{is =i} .G+ 7(1 + ;)

= . N oF 2G L
< (A +2Ln) Dy + angE: + e Wiy =i} (2B1)G 41, o (1 + ;)7

where we bundle constants so that ¢,, = ¢, = B;. Multiplying both sides by e~2L5t+1 with
St = Zz;}) ns and using (1 + 2Ln;)e 27 < 1 yields

~ ~ ~ 2G L
]E|:Dt+1 ‘ .Ft] S Dt + an 672Lst+1 V Et + Mt 672LSt+1 l{lt = Z} (2Bl)G+nt€72LSt+l — (1-’-*),

n p
where D, := e2LSt D, Taking total expectation and then averaging over i (so that E[1{i, = i}] =
1/n) gives
Diy1 < Dy + ane P9 E[VE] + = <231G + 2G<1 + )) e ESe
n P

Summing the inequality from ¢ = 0 to T'—1 and noting that both runs start from the same initialization
(wo, vo) = (w},v}), we have Dy = 0 and hence Dy = 0 and Dy = 0. Therefore,

T-1 T—1
= = = — 1 ~ L
DT — DO = DT S a E T]t672LSt+1 E[ V Et] + — (231G + 2G(1 + )> E 77t€72LSt+1.
t=0 n P t=0

Applying Lemma [16| with v = A\ = 2L to the last sum and noting that €257 ¢=2L5t+1 —
T—1
e?E2imiia M yields

T-1
_ = - — 1 - L
Dy = 257D < ¢ 2 : ek ik ms EVE] + — (231G + 2G(1 + )) ,
t=0 An P
which is (T8). O

Lemma 16. Let (1) satisfy the Robbins—Monro conditions. For S; = Zi;é ns and any v > 0, any
T > 1, set Nmax,T := Maxo<i<T M. Then

S~

T_ e’W]max,T
eV i < C (1) <
Y Y

e’ﬂ]max,T

)

i
o

and

T-1
T—1
2 67'\/ Zszf,+1 Ns s 0
P "t T—o00 '

In particular, under Condition and with -y = 2L, one has Nmax,7 < 1/(4L) and therefore

T-1 1/2
Z i B*QL Zzz_tl-pl s < € .
P - 2L

Proof. Let S; := Zi;é 7ns and note S; T oo under Robbins—Monro. For the first display, fix ¢ and
any u € [Sg, Si4+1]. Then

B*V(ST*SHA) — e*’Y(ST*u) 67(8t+17'uf) < VMhmax,T e*’Y(ST*U)’
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sg9 since 0 < Siiq1 —u < Spp1 — St =Nt < Nmax,7- Hence

St41

i e*’Y(ST*StH) < @YMmax,T / 677(ST7u) du.
< .,
s00 Summing overt =0,...,7 — 1 and using ) _, 5:“ ()= fOST(~) gives

-1 T—1 St eV Mmax, T
§ i 677 Zs:t+l MNs < 67"7max,T ef’Y(ST*U) du —
=0 0 v v

s91  For the second display, fix ¢ > 0. Since ) _, n? < oo, pick T with Zt>TO n? < . Then split

T-1 To—1 T-1 To—1

T—1
§ n? e~V st s — E 771:2 e V(ST =Set1) | E 771:2 e~ V(81 =5i41) < e~ (ST —=51,) § 77t2+5-
t=0 t=0 t=T t=0

s92 Let T' — oo to send the first term to O (since S — o0), and then let £ | 0. Finally, under
503 Condition|(S1)|and v = 2L, we have Nax.r < 1/(4L), hence e?Mmax7 < e!/2, which yields the
s94 stated corollary. O

se5  Lemma 17 (Closing the potential recursion). After averaging () over i,

= c = 2 b2 f{
St < (1 - 577t):t + An; + 20+ (19)
596 With b := 2C10axCaist and H 1= 2BoG? + Cleak Ssens + C G, where
1+ L/p)? 1
Seens 1= 2G ((—F/p) + )
Vv HPLHQG 4

so7  is the constant from Lemmal[I2}

s98  Proof. Starting from (6)),
E[Et+1 | ft] < (1 — C?’]t) Et +A77f2 + Cleak m Dt + C* % e +7]t<1{7,t = ’L} + l{it = Z}) BO Gz.

599 By Lemma for each run ||w; — || + ||ve — v || < Caist /Yo, p(wy, v¢) and analogously for the
s00 primed run. Using the triangle inequality and Lemma [I2] for the cross-dataset saddle shift, we have

Dy = [lwy — wi[| + [lve — v

+lzpe = will + loe = vpll + llvp = v Il = vpe — vl
(Triangle inequality)

< |lwe = @pll + l#p = zpe

< G (/Wm0 4 Ve o)) + b = o | = [0 — v
(Lemmal[I2)
Ssens
< Caist (\/‘Pa,p(wmvt) + \/‘I’a,o(i) (wi, U{)) + . (Lemmal([TT))
so1  Since /W p < VEpand /¥, poy < V¢,
— SSenS
Dy < 2Caist VE: + B

602 Plug this into (6):

Clcaksscns
E[Z Fi] < (1—en) Ep + An? + 2C1eaClaist M \/ B + —18
[Eir1 | Fi] < (1—em) E¢ + Anp + 2CieaxClaist, M ¢+ "

=:b

603 Apply the inequality uv < %uz + %vz with u = /1;=¢, v = by /7y, and 7y = c to the mixed term:
b2

c
b =< - = — M.
Vot S 277t t+2c77t
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604 Therefore,

C’leakssens

_ b2 e
E[:‘tJrl | -Ft] < (1_*nt>ut + Ant QC Mt + e + C* % Mt + Mt (1{’Lt = Z}+1{Zt = Z}) B(] G2.

o5 Taking total expectation and averaging over ¢ (both indicators have mean 1/n) gives

_ b 1 ~
E't+1 S (1* 777f>~f + Ant + ?nt + (2BOG2+CleakSsens+C*G)nt

606 With H := 2ByG? + CiearSsens + C+G and b = 2C1eax Caist this is (T9). O
s07  Lemma 18 (Bounded weighted sum of potentials). Forany 6 € (3,1) and S; := ZS —o s

T-1 D)
T—-1 — T—1 —
6—6c23=t+1 Ns Et < T 6_% Zs:() UE EO
6—(9—§)CTImin,T

t=0 1
T—1 ~
2 c - 8 ¥ H
1 AN e EEiiane 4 1 Eyiaiell I
1— e—(9—§)c77min,T =0 c(l _ e—(9—§)cnmm,T) 2c n

608 In particular, since ¢ Nmin 7 < % (by Condition|(S1)) and hence 1 — e™* > x/2 for z € [0, %] we
609 have

T-1 4
Z —0c T t+1naét < - S*LZS ) =0
t=0 (9 - 7)077min,T
¢ 5~ T-1 16 ¥ H
+ A N 225:t+1n5+— — 4+ — 1.
(9 )cnmm T ; t (9 - %)02 77min,T 2c n
s10  Proof. Start from (T9) and unroll using 1 — <1y, < e 27
t—1
= _cq, = _c _ 2 )
Er < e NEg 4y e s (And 4 qmy),  qi= 5+ 2
k=0

s11  Multiply by the weight w; := e~ ?¢(ST=St+1) and sum over t = 0,...,7 — 1:

T—1t-1 T—1t-1
Zwt_t < Zwte_rst“o-i- AZZwte 5(Se=Sk41) 2+q Zwte 5(Se— S"“)nk
t=0 k=0 t=0 k=0
\—,_./
| I I
s12 Throughout, Condition [(S1)|{implies cn; < 3 (since ¢ < p/2 and n; < 1/p), hence 1 — e~ > x/2
s13 forz € [0, 1].

614 Claim A. For 0 € (% 1),

T-1

-5
1—0 1- eXp(_(G - 5)0 nrnin,T) (0 - 5)0 Thmin, T

615 Where Nyin, 7 := Ming<s<7 M-
616 Proof of Claim A. Using S; = Sy41 — ny and St = Si41 + (S — Si41)s

: : 1 :
e—0c(ST=S8t11) o= 58t _ =557 ,—(0—3)e(ST—Se+1) g5me

617 Since cny < %, e3M < el/4 < 2. Therefore,

T-1
| <2e” £Sr Z e—(9—2)C(ST Se+1)
t=0
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Because S7 — Siy1 > (T — 1 — t) fmin, 7 the sum is bounded by a geometric series, giving the first
display; the second follows from 1 — e™* > /2 for x € [0, 1].

Claim B. Let o := (8 — %)c > 0. For any fixed k € {0,...,T — 2},

T-1 9
Z wpe 55 =Sk) < 7 o=5(Sr—Skt) <

- 1 — e %"min,T
t=k+1

4

- e~ 5(ST=5Sk+1) |
(0 - §)C Tlmin,T

Proof of Claim B. As above,

wy e~ 5(8=8k41) — = 5(S7—8k41) =S =St41) 5N < 9 = 5(ST—Sk41) gmST—=Si41)

Let I; := fs“” e~(S7=u) dy, A direct computation gives

St41
1 _ _ _ _ _ o o
I, = — 57 Sf“)(l—e amil) = e ASr=5et1) — — L < ————— I,
« 1—e Tt+1 1— e TImin, T
) . . T-1
since 7t41 > Nminr- Summing over ¢ = k + 1,...,7 — 1 and using Zt:kJrlIt =

fiﬁl e~ 51w dy < 1/a yields the claim; the explicit bound uses 1 — e~ > /2 with

T = anmin,T S % A
With Claim A and 1 —e™® > /2,
2

I < T e~ 25T
1 _ e_(e_i)cnmin,T

)

and, applying Claim B for each fixed k inside the double sum and then summing in ¢,

T—-1t—-1
=" wpe 5SS

t=0 k=0
T—2 T-1

= E wte_%(S‘_SkJrl)nz (Fubini)
k=0 t=k+1
T—2 9

S ]. — e~ % Mmin, T e_E(ST_SkJrl)n’% (Clalm B)
k=0

For I, combine Claim B with the kernel bound from LemmalEl

T—-2 c

—5(ST—Skt1) <« 2¢zMmaxt < 4 : <1
E N e 2 S 0 =% (since ¢ Nmax, T < 3),
k=0

to obtain
8

c(l — 67(07%)6”‘“‘“”)

" <

Putting the three pieces together and reindexing the middle sum gives the first displayed bound
in the lemma. Putting the three pieces together and reindexing the middle sum gives the first
displayed bound in the lemma. The “in particular” version follows by 1 — e™* > /2 with
z=(0—3)cnminr < 5 O

B.2 Proof of Main Result

Proof of Theorem
From Lemmal(17] for ¢ := min{up1,/2, p/2} and every t,
= = b H
e < (1= m)S + An + m + 20)
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with the constants A, b, H defined in Lemma Unrolling (20) and using 1 — §m < e~ 2" yields

T—-1 2 ad

= _ceT-1 = _cNT-1 < b 2H

Er < e FTm S, 4 AY pPe TS 4 oFmenr <02 + cn>, )
t=0

where Nmax 7 ' = maXo<i<T M-
Lemma 5] (obtained from Lemma [I3](Dyeax)) gives

. r-1 _ 12 ,T-1 _ _ \1/2
DT — Chlt <a- ( 17? 672(2[’7%) Ef:til 775) / . ( Z efczz“:tl-#l s E[EJ) ! (21)
n t=0 t=0
VS VS,

where Chy; := % (231Gv + 2G(1 + %)) The potential sum, S, is bounded by Lemma To

combine the terms into the final compact form, we bound the products that arise after substitution.
Since S, is a convergent sum, it is bounded by a constant,

oo
Cs = Y
t=0

which depends only on the stepsize schedule {7;}. Under the harmonic rule n; = ﬁ, Cs =
Yl +1)72 < C%ﬂ;, and for ¢ > 1 one may also use Cg < cﬁl . Moreover S,, — 0 as
T — oo, while S,, need not vanish; in the product we will use only the decaying initialization term
and the variance component

SPH(T) = 3P Bk

S

~
I
o

This allows for two key bounds:

c T— —_ . . .
(i) The product involving the term e™ 2 i ms =y is bounded by absorbing .S,, into the constant:
S, e 52 grmax < O - e— 52 Ms Jmax,

(ii) The product of variance sums, .S, - Sy*"(T'), is bounded by a multiple of their sum: S, -
Syar(T) < Cg - Sy (T) < Cs - (Su + Sy (T)).

Substituting these bounds, grouping all constants (a2, Cs, etc.) into Cl.,, and relaxing the exponemﬂ
in S, by defining £ = min{2¢, 2L — £} yields the compact bound:

Dr <
T-1 o T-1 o
c T—1 2 - c —
2 Caiot | €™ ETI0 1 U 4 Coar (L(L+ L/p) + a2 ) G2| 7 g e 2 Bimiane 4 3 2 o™ $ 2o
t=0 t=0
(22)
2G ((1+ L/p)? 1 Chi
N <(/P) N > L Gt
.\ V/HPLHQG p n
. _ : 3c c
with ¥ = min{ ¢, 2L — $}. O

8Since 2 +—+ e~ is decreasing in v > 0, replacing the larger decay parameter by the smaller x := min{ 2L — 0, %c}
only increases the weighted sums, hence preserves a valid upper bound; we refer to this monotone weakening as “relaxing the
exponent.”
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Proof of Corollary@, Let 1, = %5 with ¢; > 0, o > 1, and ¢; < min{5, 2} so that the

geometric constants below are finite. Then:

A cts = 8 cg /7
s=0 s=0
6_523;01 Ns < ( c2 )8517 e—KZZ;OI Ns < ( C2 )Kcl7
T \ep+ T T \ep+ T
— 2 oy Tl C% [t 2 D C%
;e Fova=ttr e s Ny e 2 Les=t+1 s < )
% T 5 )@

Substituting these into the general bound above yields the explicit finite—7" rate:

2 \F o owe . Cuarcl(L(1+ L/p) + aL?/p)G? < 1 1 ) ] 2
(=25) " wmp +
T C1

€= DT < 2Cl4ist

0 (ca+T) 1-2kep  1-%
2G ((1+L/p)? 1 Chi
_|_((+/p)+>+ht. (23)
n \ JA@pLfiaa = p n

Thus, for fixed n and feasible (c1, ¢2), the optimization/stochastic term in decays at rate O((62 +

C2

cic
%27) " inside the square root. [J

T)~'/2), while the initialization bias decays polynomially as (

Proof of Theorem[z Write 0 := fU\(T), wgrM = wEEM

and subtract the empirical risks of these three parameters:
R(@) — R(w*) = [R(D) — Ru(@)] + [Ral(@) — Ra(werm)]

A) ©

and w* for the population minimizer. Add

bl
2
S
=
5
g
|
X
2
S*
+
)
2
g*
|
=
8-)(-

+]

Theorem 6| gives
o E[(A)] < (1+L/p)Ger.

Because w* is deterministic, E[(B)] = 0. From Lemmal[2] we have

)

(D) < 0 deterministically (by definition of the ERM) and thus can be discarded when taking an upper
bound.

Taking expectations and using E[(B)] = 0 and ():

E[R(®) — R(w*)] < (14 L/p)Ger + deﬁ

C Further discussions

C.1 Justification of Condition

Lemma 19 (Bounded effective domain and bounded per-sample gradients for AGDA). Fix a dataset
D = {z;}, and a per-sample objective f(-,-; z). Let the empirical saddle objective be

1« :
Fp(w,v) := ﬁZf(w,U;zi), gp(w) = méixFD(w,v), g = HEHQD(U)).
i=1
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Assume that Fp satisfies the following conditions (which are all shown to be satisfied in|Kang et al.
[2025)]), stated using the notation and constants of |[Yang et al.|[2020]]: there exist constants ly > 0
and (41 v, poy > 0 such that

(Y1) (Lipschitz gradient) Fp has ly-Lipschitz gradients in the joint variable (w,v) in the sense of
Yang et al.|[2020, Assumption 1].

(Y2) (Existence of saddle point) Fp has at least one saddle point as in|Yang et al.|[2020, Assump-
tion 2].

(Y3) (Two-sided PL) F'p satisfies the two-sided PL condition with constants |11 v, 42,y as in|Yang
et al.| [2020, Definition 2].

Run deterministic AGDA (i.e., Algorithm 1 of|Yang et al.|[2020]] with 0% = 0) with constant step sizes
2
[15R% 1

T AN

v
initialized at (wo, vo):

Wiy = wy — 71V Fp(we, vt), Vip1 = Vs + 1oV Fp(Wig1,vy).
Define the potential (same form as in|Yang et al.| [2020, Eq. (8)])

P, = (g9p(wi) —gp) + % (9p(wy) — Fp(we, vt)).

Then there exist a saddle point (w},v}) of Fp and a constant oy > 0 (depending only on
by, 1,y pt2,y ) such that for all t > 0,

2

M1,y [ t

lwe — w3+ [lve — vpl3 < ay (1_ 32,y) Py
3613

In particular, all iterates remain in the closed Euclidean ball
2 2
Q= {0 s llo —wpl + o = vbll} < avPo},
which is compact and convex.

Moreover, assume additionally that the sample space Z is compact (e.g., finite) and that (w, v, z) —
Vo f(w,v; 2) and (w, v, z) — V, f(w, v; z) are continuous. Then the constant
Gi= s max{||Vuf (w22 [Vof(w,02)]s}
(w,w)eQ, z€2
is finite, and hence Condition[(C3)|in our paper holds for the AGDA iterates.

Proof. Under (Y1)—~(Y3) and the specific choice of step sizes 71 = p3+/(1813) and 7o = 1/ly,
Theorem 3.2 of [Yang et al.| [2020] applies to the objective Fp and to the deterministic AGDA
recursion stated above. Therefore, there exist a saddle point (w},, v}) of Fp and a constant acy > 0
(depending only on Iy, p1,y, ft2,v) such that for all ¢ > 0,

Nl,YU%,Y)t P
_ mLYrey 0.

ok |12 k12 < (1
|we —wp ||z + [lve = vpllz < ay 3615

2 2
. . . . t
Since the contraction factor satisfies 0 < 1 — £ 1321;3“ < 1, we have (1 — £ 1;6”;32"{) < 1 for all
Y Y
t > 0. Hence
—wh|3 —vb|2 < ayP Vi >0
lwe —wpllz + [[ve —vplz < ayPo > 0.

This shows (w;, v) € 2 for all ¢. The set €2 is a closed Euclidean ball in a finite-dimensional space,
hence compact, and it is convex by construction.

By assumption, the maps (w, v, z) — V,, f(w,v; 2) and (w, v, 2) — V, f(w,v; z) are continuous,
and 2 x Z is compact. Therefore, by the extreme value theorem, the function

(w,v,2) = max{ Vo f (w, 05 2) 2, 1V f (w,52)]|2}

attains its maximum on 2 X Z, and the supremum

G= s max{||Vuf(w,vi2)lz [Vof(w,vi2)]a}
(w,w)eN, z€Z
is finite. This is exactly Condition in our paper. O
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C.2 Neural network parametrization and PL/QG condition.

Width/radius and high-probability regimes for uniform constants. This subsection records the

neural-network instantiation of Conditions [(C1)H(C6)}, mainly [(C2)H(C3)| Fix a dataset D = {z; }?;

and write, as in Section[2.2}
1 n
Fp(w,v) = — E flw,v; 2;), & p(w) := max Fp(w,v), o7 ;= min ®p(w).
n v w
i=1

Here w parametrizes the action-value network (Q,, and v parametrizes the auxiliary function (, in
the bi-conjugate BRM objective (3). The PL/QG statements below are local: fix a failure level
d € (0,1) and aradius R > 0, and take the effective domain in Conditionto be the initialization
neighborhood

Qg = {(w,v) : [[(w,v) = (wo,vo)|| < R} N (W x V).

All constants used in the stability theorem are then understood on this same set: L is the joint
smoothness constant of Fp, p is the strong concavity constant in v, G is the per-sample gradient
bound, and ppy,, piqa are the PL and QG constants for @ .

Consider a depth (H + 1) fully connected network of width m, initialized with i.i.d. Gaussian weights.
Let A\¢p > 0 denote the minimum eigenvalue of the empirical tangent kernel at initialization on the n
sample inputs, and let p, > 0 be the lower bound on the derivative of the last-layer activation used in
Liu et al.| [2022]. Choose the target PL constant ppy, so that

0< ppr < pg)\o.

Combining the over-parameterized neural-network PL result of [Liu et al.|[2022]] with the BRM
reduction of |Kang et al.|[2025]], there are problem-dependent constants, with logarithmic factors

hidden in (+), such that, if
_ 6H +2
m = <n R 2) ,
(Ao — ppL/p2)

then with probability at least 1 — § the value function @ p, satisfies the PL inequality throughout the
primal projection of Qp:

LIVl > (@0 (w) - 03).

Thus the constant appearing in Condition [(C2)|and in the contraction factor ¢ = min{up1,/2, p/2}
in Theorem [3| can be taken to be any admissible upy, € (0, p2 ) for which the displayed width
condition is imposed.

We work on the intersection of this PL event with the event that the SGDA iterates remain inside Qg;
see Theorem 7 of [Liu et al.|[2022] for the corresponding radius/width regime for stochastic gradient
methods. On this event, the softmax Bellman operator is smooth because 1 > 0, and the bi-conjugate
BRM objective has a p-strongly concave inner maximization in the auxiliary block [Kang et al.,
2025, |Yang et al.,[2020]]. Since ®p is C? on the local domain, the local PL-QG equivalence used in
Section|2.2]yields a constant j1qg > 0 such that

throughout the same domain, satisfying Condition For a neighboring dataset D(¥), the same
argument is applied to Fpy and ® () ; applying a union bound and then taking the larger upper-
bound constants for L, G and the smaller lower-bound constants for p, upr,, jiqg gives the uniform
constants required by Condition [(S3)}

For the rest of the conditions, under the same neural network Kang et al.|[2025]] proved that Conditions

737 [(CI)|hold (Lemma 29),|(C4)|is relatively obvious since f in our BRM is simply a quadratic function

738
739

of ¢ with negative leading term, [Yang et al.|[2020]] proved Condition |(C6)|holds for the problem of
minimising Equation (3. Condition is in Appendix
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C.3 How index paring worked

By synchronizing the minibatch selection, we neutralize it as a source of difference between the
two runs. Consequently, the parameter trajectories diverge only on the infrequent steps where the
replaced index 7 is sampled (a “hit”). On all other steps, the updates are identical, and the optimization
dynamics tend to pull the trajectories closer. The stability analysis thus bounds the cumulative effect
of these rare “hits” by balancing their small, infrequent perturbations against the constant, contractive
force of the optimization dynamics. This argument hinges entirely on the randomness of the sampling
process, which makes the “hits” probabilistic, and not on the statistical independence of the data
points, whose potential correlations are rendered irrelevant by the coupling.

C.4 Uniformity setting

The setting is standard in the stability literature: for example, |[Hardt et al.|[2016] assumed each
per-example loss f(+; z) is L-Lipschitz and S-smooth uniformly in z, and Wang et al.|[2022] assumed
the gradients and smoothness of f(w,v; z) are bounded by global constants GG and L for all z. These
conditions immediately imply that the corresponding constants are identical for any dataset.

C.5 Discussions on contributions

What Kang et al.|[2025] give us, and what they do not: |Kang et al.|[2025] establish that, after a
bi-conjugate transformation, both the population and empirical BRM objectives enjoy PL-strongly-
concave structure in the parameterization of ) and {. They then prove global convergence of SGDA
to the empirical minimizer, and use PL to translate optimization error into parameter error. However,
they:

* do not analyze algorithmic stability,

* do not analyze generalization (population vs empirical BRM). In fact, in the latest version
of Kang et al., Lemma 28 references and uses our present result for the BRM sample
complexity. Thus, on their side, we only inherit the PL result and strong-concavity constants
for BRM; on our side, they use our sample-complexity result.

What Wang et al.|[2022] give us, and what they do not |Wang et al.|[2022] develops on-average
argument stability for Markov chain SGD/SGDA and shows that for convex-concave or strongly-
convex-strongly-concave objectives, the excess population risk scales as O(1/+/n), with explicit
dependence on the mixing parameter of the Markov chain over indices. We summarize the difference
between Wang et al|[2022]] and our paper in Table[2] We reuse from Wang et al. [2022]:

» The concept of on-average argument stability and its connection to generalization (Lemma
5 in our notation).

* Some proof templates: two-run coupling on neighboring datasets and the idea of counting
"hits" of the replaced data point via an indicator 1 {i; = ¢}.

However, there are two crucial structural differences:

* Geometry: Wang et al. assume convex-concave or p-strongly-convex-strongly-concave
objectives. Our BRM objective is nonconvex in the primal parameters; only the value
function ®p(w) := max, Fp(w,v) is PL (and QG), and only in w. The algorithm,
however, is run on the bilevel saddle objective Fip(w, v), not on ®p. This destroys the
standard convexity-based distance contraction used in Wang et al.

* Object of interest: Wang et al. work directly with the original minimax [’ and directly
analyze its risk/generalization. We instead are interested in the value function ® p (Bellman
residual) and the primal-dual gap built on ® . The gradients used by SGDA at time ¢ are
biased w.r.t. V®p (w;) because the dual variable is not at its maximizer:

Ay =V Fp (wy,v;) = V®p (wy) #0

This mismatch term A, is absent in Wang et al. and is precisely what drives the need for our
Lyapunov potential.
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Table 2: Comparison with prior work.

Work Geometry Setting Stat. Rate  Opt. Rate
This paper PL-strongly concave  Offline BRM  O(1/n) O((cg 4 T)~ min{l/2 3cer/8})
Wang et al. (2022)  Convex-concave minimax O(1/yn)  OQ1/VT)

C.6 Discussion on potential extensions

Including experiments. It is not a usual practice for theoretical papers discussing stability bounds
and corresponding generalization guarantees to include experiments, and therefore, not including
experiments is not a weakness of this paper. Please refer to|Wang et al.|[2022], Bousquet and Elisseetff]
[2002], |Charles and Papailiopoulos|[2018]], Feldman and Vondrak! [2018]].

On non-smooth BRM. Our analysis, which is based on smooth Bellman—residual objectives, does
not lose any generality for the entropy-regularized formulation adopted in Section[2} In particular,
when 1 > 0, the optimality equations involve the entropic log-sum-exp (softmax) operator

Vo(s) =nlog > exp(Q(s,a)/n),

acA

so the Bellman operator and the resulting residual objective are differentiable and (under standard
boundedness conditions on the function class) admit Lipschitz gradients. By contrast, genuinely
non-smooth BRM variants (e.g., the hard max Bellman operator obtained in the zero-temperature
limit 7 — 0, or objectives with non-differentiable losses/parameterizations) require different tools,
such as proximal or sub-gradient dynamics, smoothing/Moreau-envelope arguments, and stability
analyses tailored to non-smooth saddle problems, and are therefore orthogonal to the paper’s goal.

Extending Bellman residual minimization to value function estimation.  Our main theorem
is stated for the Bellman Residual Minimization (BRM) objective. In offline RL, such a result is
often converted to a control-performance guarantee that is standard once one imposes a coverage
(a.k.a. concentrability) assumption that relates the state—action occupancy of the target/learned
policy to the data distribution. Under such coverage, a bound on the population Bellman residual
under the dataset distribution immediately yields a bound on the Bellman error along the policy’s
visitation distribution, which then translates to policy suboptimality via standard approximate dynamic
programming arguments. In fact, Kang et al.| [2025] utilizes our result to instantiate this pipeline for
offline inverse reinforcement learning and related entropy-regularized control problems.

D Related Works

Bellman Residual Minimization (BRM). Bellman Residual Minimization (BRM) can be viewed
as a regression-style approach on offline reinforcement learning, in which the squared Bellman
residual plays the role of a regression loss. It has been identified as a particularly direct way to enforce
Bellman consistency under flexible function approximation, including nonparametric or neural-
network parameterizations [Jiang and Xie}, 2024]]. A central obstacle, however, is the double-sampling
problem [Antos et al., 2008]: the squared Bellman residual involves the square of a conditional
expectation, which cannot be unbiasedly estimated from a single next-state sample. An influential
remedy is to introduce a dual, or debiasing, correction through a bi-conjugate reformulation [Antos
et al.} 2008, |Dai et al.| 2018 |Patterson et al., [2022]]. While this removes the statistical bias caused by
double sampling, it transforms BRM into a minimax optimization problem, whose primal component
is generally nonconvex under nonlinear function approximation. Consequently, BRM-style methods
have long been viewed as computationally delicate in offline RL, despite their conceptual appeal.

Recently, [Kang et al.| [2025]] showed that, for entropy-regularized BRM and under neural-network ap-
proximation satisfying suitable over-parameterization conditions, the bi-conjugate objective admits a
PL-strongly-concave geometry and SGDA converges globally to an empirical saddle point. However,
their result is primarily an optimization guarantee: it does not directly establish algorithmic stability
or a statistical generalization bound comparing the empirical BRM objective with its population
counterpart. This statistical question is the main focus of the present work.
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Algorithmic stability and generalization. Algorithmic stability is a classical approach to general-
ization analysis that controls how sensitively the output of a learning algorithm responds to small
perturbations of the training dataset [Bousquet and Elisseeff] |2002]]. This framework has been devel-
oped through several notions of stability, including uniform stability, hypothesis stability, argument
stability, and on-average stability [Bousquet and Elisseeft] 2002| Hardt et al., 2016} Kuzborskij and
Lampert, [2018] [Lei and Ying) |2020]]. For gradient-based learning, Hardt et al.| [2016] established
influential stability bounds for stochastic gradient descent, and subsequent works refined these bounds
using data-dependent or on-average notions of stability [[Kuzborskij and Lampert, 2018} [Lei and Ying|
2020, Lei et al.,|2021]]. Stability has also been used to study algorithms that converge to global optima
[Charles and Papailiopoulos| |2018]] and to obtain refined high-probability generalization guarantees
for uniformly stable algorithms [Feldman and Vondrak, 2018 |Bousquet et al., 2020].

More recently, stability-based generalization has been extended from minimization to minimax
optimization. This direction is particularly relevant for BRM because the bi-conjugate correction turns
the squared Bellman-residual objective into a saddle-point problem. Prior works studied the stability
and generalization of SGDA under various geometries, with recent extensions to decentralized,
distributed, and differentially private SGDA variants [Farnia and Ozdaglar, 2021} |Lei1 et al., 2021}
Zhu et al) 2023| Zhang et al) 2024]]. In parallel, [Wang et al| [2022] developed an on-average
argument-stability framework for stochastic gradient methods with Markov-chain sampling and
established stability-to-generalization guarantees for both minimization and minimax problems. This
is especially relevant to offline RL, where data are often generated by trajectories and therefore need
not be i.i.d. However, these existing minimax stability results do not directly apply to the BRM
problem studied here. The key difficulty is geometric: the BRM saddle objective is not convex in
the primal parameter, and the algorithm is run on Fp (w, v) rather than directly on the primal value
function ® p(w) := max, Fp(w,v). Thus the primal update contains a mismatch term
VuFp(we,v) — VOp(wy),
unless the dual variable is already maximized. Our analysis addresses this mismatch through a

Lyapunov potential that couples the PL suboptimality of ® , with the dual gap, yielding an O(1/n)
on-average argument-stability bound and the corresponding BRM generalization guarantee.

PL geometry and over-parameterized neural networks. The Polyak—}t.ojasiewicz (PL) condition
is a central relaxation of strong convexity that still yields global convergence of gradient-based
methods despite nonconvexity [Polyakl [1963| Karimi et al., 2016]. It has become particularly
important in the analysis of over-parameterized models, where classical convexity-based arguments
are often inappropriate. In modern neural-network theory, over-parameterized loss landscapes have
been studied through several complementary perspectives, including the absence of strict spurious
local minima, connectivity of sublevel sets or global-minimum manifolds, neural tangent kernel
(NTK) dynamics, and local or global PL-type conditions [Du et al.,|2019} Jacot et al.;, 2018| [Lee et al.|
2019, /Allen-Zhu et al.| 2019, |Arora et al., 2019, |Soltanolkotabi et al.,[2018, [Liu et al., 2022, |(Chen
et al.,2023| Xu et al.| [2025]]. In particular, Liu et al.|[2022] argue that sufficiently over-parameterized
nonlinear systems, including wide neural networks, satisfy a PL*-type condition in a neighborhood
of the initialization, and relate this property to tangent-kernel conditioning and Hessian norm control.
This line of work explains why gradient-based methods can converge globally in highly nonconvex
models without relying on convexity.

Our paper uses this perspective in the BRM setting: the relevant population and empirical soft
Bellman-residual objectives inherit a PL—strongly-concave structure under the neural-network
parametrization analyzed by [Kang et al.|[2025]. We then complement this optimization geome-
try with an algorithmic-stability analysis to obtain finite-sample statistical guarantees.

Projected Mean-Squared Bellman Error (MSPBE) Another approach is to minimize the pro-
jected mean-squared Bellman error (MSPBE), which first projects the Bellman residual onto the
approximation space and then measures its squared norm [Patterson et al., 2022]]. This differs from
BRM, which directly minimizes the mean-squared Bellman error (MSBE) and therefore penalizes the
full Bellman inconsistency. MSPBE instead evaluates only the component of the Bellman residual
that lies within the representable function space. From an optimization perspective, this projection
can make the objective more tractable, since it only requires the residual to be small along directions
captured by the function class. However, this advantage comes at a cost: MSPBE ignores the compo-
nent of the Bellman residual orthogonal to the approximation space, and therefore does not control
the full Bellman inconsistency.
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Fitted Q-Iteration (FQI) Fitted Q-Iteration (FQI), introduced by [Ernst et al.|[2005], is a canonical
value-based method for offline reinforcement learning. Although conceptually simple, iterative value-
based procedures are known to suffer from instability. In particular, approximate value iteration /
fitted value iteration can be unstable under off-policy sampling and function approximation, including
the case of infinite data and exact regression with linear function approximation. This instability
arises because FQI repeatedly fits value functions to targets that themselves depend on the current
estimate. Thus, the regression target evolves over iterations, creating an inherently unstable learning
process. More broadly, this phenomenon reflects the well-known deadly triad: the combination
of function approximation, bootstrapping, and off-policy learning [Tsitsiklis and Van Roy, 1996,
Van Hasselt et al.,[2018|, |Sutton and Barto, 2018]].

Marginalized Importance Sampling (MIS) Marginalized importance sampling (MIS) methods
cast offline reinforcement learning as a minimax problem by learning marginalized density ratios,
often interpreted as discriminators, to control worst-case reweighted Bellman errors [Nachum et al.,
2019, Zhang et al.| 2020l |Liu et al.| [2018]]. Unlike BRM, these methods optimize linear Bellman-error
objectives rather than squared residuals, and therefore avoid the double-sampling problem. However,
MIS objectives typically involve signed average Bellman errors. As a result, positive and negative
residuals can cancel each other out, potentially fail to penalize pointwise Bellman inconsistency
[Nachum et al., 2019} Zhang et al., [2020]. This distinction motivates our focus on BRM as a direct
residual-minimization approach, while addressing its statistical and optimization challenges through
the bi-conjugate formulation and stability analysis.
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