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Abstract
Probabilistic values, including Shapley values and semivalues, provide a model-agnostic frame-

work to attribute the behavior of a black-box model to data points or features, with a wide range of
applications including explainable artificial intelligence and data valuation. However, their exact
computation requires utility evaluations over exponentially many coalitions, making Monte Carlo
approximation essential in modern machine learning applications. Existing estimators are often
developed through different identification strategies, including weighted averages, self-normalized
weighting, regression adjustment, and weighted least squares. Our key observation is that these
seemingly distinct constructions share a common first-order error structure, in which the leading
term is an augmented inverse-probability weighted influence term determined by the sampling law
and a working surrogate function. This first-order representation yields an explicit expression for
the leading mean squared error (MSE), which characterizes how the sampling law and the surrogate
jointly determine statistical efficiency. Guided by this criterion, we propose an Efficiency-Aware
Surrogate-adjusted Estimator (EASE) that directly chooses the sampling law and surrogate to min-
imize the first-order MSE. We demonstrate that EASE consistently outperforms state-of-the-art
estimators for various probabilistic values.
Keywords: Cooperative games, Shapley value, Probabilistic value, Monte Carlo estimation, Sur-
rogate adjustment.

1. Introduction

Shapley values [24], and the broader class of probabilistic values [7, 26], provide an axiomatic
framework for quantifying individual players’ contributions in a cooperative game. This framework
is now widely used in modern machine learning, including model-agnostic data attribution and
explainable artificial intelligence [12, 14, 19, 25], where data points or features are treated as players.
For a game with player set [n] = {1, . . . , n} and utility function u : 2[n] → R, where u(S) measures
the utility of coalition S, a probabilistic value assigns each player i ∈ [n] a weighted average of its
marginal contributions u(S ∪ {i}) − u(S) over coalitions S ⊆ [n] \ {i}. For example, u(S) may
be the prediction accuracy of a model trained on the data points in S.

Although probabilistic values provide a principled metric for player valuation, their exact com-
putation is intractable: it requires utility evaluations over all 2n subsets of n, and each evaluation
u(S) may be expensive, often involving model retraining or costly inference. The sampling-based
approximation has therefore become the standard approach, and a broad literature has developed
a range of Monte Carlo estimators for probabilistic values [3, 6]. These methods can be orga-
nized by how they identify the target under a sampling distribution. One representative family uses
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weighted-average identification, which directly represents the target as a weighted average of coali-
tion utilities [5, 8, 13, 16, 25, 27]. Another widely used family exploits weighted least-squares
(WLS) identification, which obtains the target through a projection of the utility function onto a
structured feature space [4, 9, 17, 19, 22].

Our key observation is that these seemingly different estimator constructions share a common
first-order error structure as Monte Carlo sample sizem→ ∞. For both weighted-average and least-
squares estimators, the first-order error term can be written as an augmented inverse-probability-
weighted influence term indexed by the sampling law and a working surrogate function. This rep-
resentation therefore provides a unified first-order characterization of many existing estimators and,
more importantly, enables an explicit expression for the leading mean squared error (MSE) in the
asymptotic regime m→ ∞ with fixed number of players n.

However, for practical probabilistic-value estimation, the primary regime of interest is not an
arbitrary m → ∞, but a more restrictive regime m = O(polynomial(n)) due to budget constraint.
To address this gap, we establish non-asymptotic remainder bounds for representative weighted-
average and WLS estimators. Our results show that the first-order MSE approximation has a small
relative error once m = Ω(n polylog(n)), aligning with the regime studied in the literature [16,
17, 22]. This validation turns the first-order MSE expression into a practical design criterion, which
makes explicit how the sampling law and the surrogate choice jointly determine statistical efficiency.

Motivated by this criterion, we propose the Efficiency-Aware Surrogate-adjusted Estimator
(EASE), which directly targets the first-order MSE. The optimization problem involves two coupled
design choices: fitting the surrogate and choosing the sampling law. Since the objective depends on
the unknown utility function, both components must be learned from sampled utility evaluations.
Moreover, without structural restrictions, choosing the sampling law would require optimizing over
all distributions on 2[n], which is computationally infeasible for even moderate n. EASE makes this
design problem tractable through a two-stage procedure. The initialization stage uses pilot sam-
ples to fit an initial surrogate and construct a residual-aware sampling law within a structured class.
The estimation stage then draws samples from this learned law and constructs a cross-fitted aug-
mented inverse-probability-weighted estimator, with the surrogate chosen to minimize the empiri-
cal first-order MSE criterion. Numerical results demonstrate that EASE consistently outperforms
state-of-the-art estimators for a range of probabilistic-value targets.

2. Probabilistic Values and Existing Estimators

A probabilistic value assigns player i the weighted average

ϕi(u) =
∑

S⊆[n]\{i}

α
(n)
i (S){u(S ∪ {i})− u(S)}, (1)

where the weights are nonnegative and sum to one. Semivalues [7] are the special case in which the
weights depend only on |S|; the Shapley value [24] further sets α(n)

i (S) = {n
(
n−1
|S|

)
}−1.

Our target is a general linear combination τa(u) = a⊤ϕ(u), where ϕ(u) = (ϕ1(u), . . . , ϕn(u))
⊤

is the probabilistic value vector and a ∈ Rn is known. This target class includes individual proba-
bilistic values and other scalar summaries, such as aggregated values for groups of players [15].

In the Monte Carlo setting, we observe sampled coalitions S1, . . . , Sm ∼ q and their utilities
u(St), where q is a distribution over subsets of [n]. Most existing Monte Carlo estimators can be
grouped by how they identify τa(u) under this sampling distribution.
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Weighted-average identification. Because τa is linear in u, there exists a signed coefficient func-
tion ρa such that τa(u) =

∑
S⊆[n] ρa(S)u(S). Thus, for any sampling distribution q with support

containing that of ρa, τa(u) can be identified as

τa(u) = Eq[γa,q(S)u(S)], γa,q(S) := ρa(S)/q(S). (2)

This identity directly yields the Horvitz–Thompson estimator, which replaces the population ex-
pectation by a sample mean [5, 8]. With a feasible surrogate h, the same identity also gives a
surrogate-adjusted estimator based on a Horvitz–Thompson correction [27]:

τ̂HT
a,m(u) =

1

m

m∑
t=1

γa,q(St)u(St), τ̂ sura,m(u) = τa(h) + τ̂HT
a,m(u− h). (3)

Self-normalized and stratified variants [13, 16, 25] further partition the coalition space {S : S ⊆
[n]}, for example by coalition size |S|, estimate the corresponding expectation within each stratum,
and aggregate the stratum-level estimates according to their probabilities.

WLS identification. For Shapley values and related semivalues, the target τa(u) can also be iden-
tified through a population WLS problem:

τa(u) = c⊤aβ
⋆(u), β⋆(u) ∈ argmin

β
Eq

[
w(S)

q(S)
{u(S)− z(S)⊤β}2

]
, (4)

for a feature map z : 2[n] → Rdz , nonnegative weights w : 2[n] → R+ ∪ {0}, and vector ca ∈ Rdz .
This identification motivates empirical WLS estimators, which replace the population objective with
its sample analogue and plug the resulting coefficient estimate into τ̂a(u) = c⊤a β̂(u) [9, 17, 19, 22].

Appendix A collects the explicit forms of these estimator families.

3. A First-Order View of Estimator Design

In this section, we formalize a first-order representation for a broad class of probabilistic-value
estimators, including those discussed in Section 2. Specifically, we show that their approximation
errors, τ̂a,m(u)− τa(u), admit an expansion whose leading term is an augmented weighted average
indexed by a surrogate function hm : 2[n] → R:

τ̂a,m(u)− τa(u) =
1

m

m∑
t=1

ψhm(St;u) + rm, Eq(r
2
m) = o(m−1), (5)

where ψh(S;u) = γa,q(S){u(S) − h(S)} + τa(h) − τa(u). Within this framework, estimator
constructions differ, at the first-order level, in the surrogate hm that they use or implicitly induce,
the class H to which this surrogate is constrained, and the sampling law q.

For example, the Horvitz–Thompson estimator τ̂HT
a,m(u) corresponds to the degenerate choice

hm = 0, with H = {0} and rm = 0. The surrogate-adjusted estimator τ̂ sura,m(u) also has rm = 0,
but uses a specified surrogate hm chosen from a prescribed class H. Other estimators, such as self-
normalized estimators and weighted least-squares estimators, instead induce hm and H implicitly.
Appendix B and Table 1 give the formal specifications of these explicit or implicit choices for each
estimator class.
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The first-order expansion (5) immediately gives a structure for mean-squared error (MSE). Con-
sider a vectorized target τA(u) = A⊤ϕ(u), where A = [a1, . . . ,ad], and a vectorized estimator
τ̂A,m collect coordinate estimators for τa1 , . . . , τad

. If coordinate j has expansion (5) with surrogate
hj , then the first-order approximation of the MSE is

Eq∥τ̂A,m(u)− τA(u)∥22 =
1

m
{V (A; q,h) + Remm}, with Remm = o(1),

where h = (h1, . . . , hd) and

V (A; q,h) =
d∑

j=1

Varq
[
γaj ,q(S){u(S)− hj(S)}

]
. (6)

Clearly, V (A; q,h)/m is the asymptotic first-order MSE term. It provides a clean understanding
how sampling distribution q and explicitly chosen or implicitly induced surrogate h affect the MSE,
in an asymptotic regime.

While the asymptotic expansion is informative, practical settings typically restrict m to grow at
most polynomially with n, rather than allowing arbitrary m → ∞. We therefore derive finer non-
asymptotic guarantees on the sample complexity required to ensure (1 − ϵ)V (A; q,h) ≤ MSE ≤
(1+ ϵ)V (A; q,h). For representative self-normalized estimators, including OFA [16] and Stratified
SVARM [13], as well as WLS estimators such as KernelSHAP [4, 19] and LeverageSHAP [22], we
show that a sample size of O(m polylog(n)/ϵ2) suffices for V (A; q,h) to dominate the remainder
term in the MSE. This matches the primary regime of interest in the literature [16, 17, 22]. Details
are provided in Appendix C.

This theoretical understanding suggests the optimal choice of q and h is to minimize V (A; q,h)
when designing practical estimation algorithms. However, existing estimators often construct sur-
rogate adjustments using criteria intrinsic to their procedures, such as self-normalization, weighted
least squares. Such choices do not necessarily minimize the first-order MSE criterion.

4. EASE: Efficiency-Aware Surrogate Estimation

EASE directly targets the first-order MSE criterion (6). Our basic construction is the following
augmented inverse-probability weighted (AIPW) estimator:

τ̂AIPW
aj

(u) = τaj (hj) +
1

m

m∑
t=1

γaj ,q(St){u(St)− hj(St)}, j = 1, . . . , d, (7)

where hj is obtained via cross-fitting. The AIPW construction is closely related to the regression-
adjusted estimator of Witter et al. [27]. A key advantage is that its MSE is exactly V (A; q,h)/m,
matching the leading-order MSE of any regular estimator with the same (q,h). Consequently, the
AIPW estimator with (q,h) optimized for the criterion V (A; q,h) achieves first-order efficiency
among all estimators satisfying the expansion (5). This optimization problem involves two coupled
design choices: how to construct the surrogate h, and how to choose the sampling law q.

Surrogate fitting. To minimize V (A; q,h) under a fixed q, we note that the quantity in (6) can be
written as a profiled squared-loss objective. Introducing an auxiliary centering vector µ, we define

V (A; q,h,µ) =

d∑
j=1

Eq

[
{γaj ,q(S)(u(S)− hj(S))− µj}2

]
. (8)
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Then, V (A; q,h) = minµ∈Rd V (A; q,h,µ), where the minimizer centers each term at its mean.
Therefore, given the observed samples indexed by T ⊆ [m], we can estimate the optimal h by the
empirical least-squares problem jointly on (h,µ):

(ĥT , µ̂T ) ∈ argmin
h∈H, µ∈Rd

∑
t∈T

d∑
j=1

[
γaj ,q(St){Yt − hj(St)} − µj

]2
. (9)

The fitted surrogate ĥT is then used in the AIPW estimator. The objective for h is thus directly
tailored to minimize the first-order MSE, rather than merely to approximate u uniformly as in [27].

Residual-aware sampling. The first-order MSE criterion also provides guidance for choosing
q. Since optimizing over all distributions on 2[n] is infeasible even for moderate n, we restrict q
to a structured class. Specifically, we consider sampling laws that are constant on a pre-specified
partition C = {C1, . . . , CK}, such as the partition by coalition size. For a fixed surrogate h =
(h1, . . . , hd), define the cellwise average squared residual

Mk(h) :=
1

|Ck|
∑
S∈Ck

d∑
j=1

ρaj (S)
2{u(S)− hj(S)}2, k = 1, . . . ,K. (10)

The oracle sampling law is then given by q⋆(S;h) =
√
Mk(h)/

∑K
r=1 |Cr|

√
Mr(h) for S ∈ Ck.

This corresponds to a Neyman-type allocation [23]: cells with larger average squared residuals
Mk(h) after surrogate adjustment receive more samples.

Because Mk(h) is unknown before sampling, EASE adopts a two-stage plug-in procedure.

First, EASE draws pilot coalitions from an initialization law qinit(S) ∝
√
M init

k for S ∈ Ck,

where M init
k := 1

|Ck|
∑

S∈Ck

∑d
j=1 ρaj (S)

2. EASE then fits an initial surrogate using the empirical

version of (8), estimates the cellwise risks Mk(ĥ), and sets qfinal(S) ∝
√
M̂k for S ∈ Ck. It then

draws final samples from qfinal, refits the surrogate on the training folds, and evaluates AIPW (7) on
the held-out folds. Appendix D provides full pseudocode and implementation details.

5. Experiments

We evaluate EASE on structured sum-of-unanimity (SOU) games, a standard testbed for Shapley-
value and probabilistic-value estimators [15, 16]. SOU games’ exact probabilistic values are avail-
able in closed form, allowing accurate evaluation of estimation error. All main-text results use the
same fixed SOU benchmark with n = 40 players, and the goal is to estimate the vector of individual
values ϕ. Appendix F gives the detailed game construction and additional SOU settings.

Matched comparisons isolate the design effect. We compare EASE with three representative
baselines while matching the working surrogate class used explicitly or implicitly by each base-
line. For RegressionMSR [27], we use a linear player-indicator class. For OFA [16], we match its
player-by-size implicit class. For PolySHAP [9], we match the degree-two polynomial class. The
details of the surrogate classes are in Appendix F. Figure 1 summarizes the relative estimation errors
∥ϕ̂−ϕ∥22/∥ϕ∥22 against the average number of utility evaluations per player. EASE achieves lower
relative squared error at every measured budget in all three matched comparisons. These results
demonstrate the benefits of our efficiency-aware design: using the same working surrogate class,
the efficiency-guided selection of h and q yields consistent improvements over existing estimators.

5
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Figure 1: Matched Shapley comparisons on the fixed SOU benchmark (n = 40). Each panel
matches the working surrogate class; lower log-scale relative squared error is better.
Curves show mean ±1 s.d. over 10 runs.

Figure 2: AUCC benchmark on the fixed SOU benchmark (n = 40). Lower is better; log scale;
mean ±1 s.d. over 10 runs.

Benchmark Across Various Probabilistic Values. Figure 2 benchmarks EASE on Shapley, two
Beta-Shapley targets (4, 1) and (1, 4) [14], and three weighted Banzhaf targets with p = 0.25, 0.5,
and 0.75 [25]. We compare EASE-FO, which uses player indicators, and EASE-SP, which uses
player-by-size indicators, against the baseline suite in Appendix F. To quantify estimator perfor-
mance, we use area under the convergence curve (AUCC), following recent works [15, 16]. AUCC
averages relative squared error over budgets {50, 100, . . . , 5000} and lower AUCC values indicate
better sample efficiency. Figure 2 shows that, for Beta-Shapley values (including the Shapley val-
ues), both EASE variants outperform all baselines, often by a significant margin, with EASE-SP
typically providing the best performance. For weighted Banzhaf values, while AME and Regres-
sionMSR also perform well, EASE remains highly competitive.

Overall, these results demonstrate that, by learning the surrogate h and choosing the sampling
law q to minimize first-order MSE, the EASE framework offers consistently strong performance
across a diverse range of probabilistic values.

6. Conclusion

In this paper, we study the common first-order error structure underlying a broad class of Monte
Carlo estimators for probabilistic values. Motivated by this perspective, we propose EASE, whose
central principle is that the choice of both the surrogate and the sampling law should be efficiency-
guided. We demonstrate both theoretically and empirically that EASE consistently improves upon
a wide range of existing estimators.
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The appendices are organized to support the compressed main text. Appendix A gives explicit
estimator forms and notation. Appendix B states the common first-order representation. Appendix C
explains when the first-order MSE approximation is accurate at polynomial budgets. Appendix D
gives the EASE procedure. Appendix E records an extension to bundled sampling, and Appendix F
gives experimental construction and additional results.

Appendix A. Estimator Families and Notation

This appendix spells out the estimator families named in the main text. The goal is to make the
short terminology in Sections 2–3 traceable to explicit estimators.

A.1. Coefficient Form of Probabilistic Values

For player i, define the signed coefficient

ρi(S) := α
(n)
i (S \ {i})1{i ∈ S} − α

(n)
i (S)1{i /∈ S}, S ⊆ [n], (11)

where the first term is interpreted as zero if i /∈ S and the second as zero if i ∈ S. Then

ϕi(u) =
∑
S⊆[n]

ρi(S)u(S), ρa(S) :=

n∑
i=1

aiρi(S), τa(u) =
∑
S⊆[n]

ρa(S)u(S).

Under a sampling law q, the inverse-weight coefficient is

γa,q(S) = ρa(S)/q(S),

provided q(S) > 0 whenever ρa(S) ̸= 0.

A.2. Weighted-Average and Horvitz–Thompson Estimators

The direct inverse-weighted estimator is the Horvitz–Thompson estimator [11]:

τ̂HT
a,m(u) =

1

m

m∑
t=1

γa,q(St)u(St). (12)

In the probabilistic-value literature, this includes weighted sample-mean estimators such as the
unbiased weighted KernelSHAP variant [5] and order-one SHAP-IQ [8]. The estimator is unbiased
but can have high variance when |ρa(S)|/q(S) is large.

A.3. AIPW and Regression-Adjusted Estimators

For a computable surrogate h, the AIPW estimator is

τ̂AIPW
a,m (u) = τa(h) +

1

m

m∑
t=1

γa,q(St){u(St)− h(St)}. (13)

This is the regression-adjusted form used by RegressionMSR [27]. The surrogate is not assumed to
be correct; it is a variance-reduction device. If h tracks u well on coalitions with large weights, the
residual correction in (13) has lower variance than (12).

10
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Table 1: How the main estimator families enter the first-order view.
Family Representative methods First-order surrogate class

Weighted average HT [11], unbiased weighted Ker-
nelSHAP variant [5], SHAP-IQ [8]

{0}

Regression adjustment RegressionMSR [27], AIPW variants explicit Hsur

Self-normalization Banzhaf [25], Stratified SVARM [13],
OFA [16]

partition-induced cellwise class

WLS KernelSHAP [19], Leverage-
SHAP [22], GELS/WGELS [17],
PolySHAP [9]

feature span {z⊤β}

A.4. Self-Normalized and Post-Stratified Estimators

Let C = {C1, . . . , CK} be a partition of 2[n], let πk = Pq(S ∈ Ck), and let Nk =
∑m

t=1 1{St ∈
Ck}. Rewriting (12) by cells gives

τ̂HT
a,m(u) =

∑
k:Nk>0

Nk

m

 1

Nk

∑
t:St∈Ck

γa,q(St)u(St)

 .

The self-normalized or Hájek-type estimator [10] replaces the random cell frequency Nk/m with
the known design probability πk:

τ̂Hajek
a,m (u) =

∑
k:Nk>0

πk

 1

Nk

∑
t:St∈Ck

γa,q(St)u(St)

 . (14)

The Banzhaf estimator of Wang and Jia [25] uses player-in/player-out cells. Stratified SVARM [13]
further splits by coalition size. OFA [16] uses size-indexed normalization for broader probabilistic
values.

A.5. Weighted Least-Squares Estimators

WLS estimators identify the target through a population projection and estimate it by empirical
regression. In the notation below, z(S) is the feature map, w(S) is the WLS weight, and ca is the
readout vector for target τa. A ridge-stabilized empirical version is

τ̂WLS,λ
a,m (u) = c⊤a β̂m,λ, β̂m,λ = argmin

β

{
m∑
t=1

w(St)

q(St)
{u(St)− z(St)

⊤β}2 + λ∥β∥22

}
.

(15)
KernelSHAP [19], LeverageSHAP [22], GELS/WGELS [17], and PolySHAP [9] differ in w, z, ca,
and q, but they all fit the template in (15).

Some method names have multiple variants in the literature. The table classifies the estimator
form used in the first-order map, not the full paper or software package associated with a method
name.

11
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Appendix B. First-Order Unification

This appendix gives the formal version of the unification summarized in Section 3. Throughout,
S1, . . . , Sm ∼ q are i.i.d.

Definition 1 (Regular estimator sequence) An estimator sequence {τ̂a,m}m≥1 is regular relative
to a class H if there exist functions hm ∈ H such that, conditional on any training data used to
choose hm, hm is fixed and independent of the evaluation samples, and

τ̂a,m(u)− τa(u) =
1

m

m∑
t=1

ψhm(St;u) + rm, Eq(r
2
m) = o(m−1),

where ψh is defined as

ψh(S;u) = γa,q(S){u(S)− h(S)}+ τa(h)− τa(u)

HT and AIPW. The HT estimator in (12) is regular relative to H = {0} with rm = 0. The AIPW
estimator in (13) is regular relative to any explicit class Hsur on which h 7→ τa(h) is computable.
For a fixed surrogate the statement is unconditional; for a cross-fitted surrogate it holds fold by fold
after conditioning on the training folds, which is the independence used in Section 4.

Self-normalized estimators induce cellwise surrogates. For the partition C , define

HC ,γa,q :=

{
h : γa,q(S)h(S) =

K∑
k=1

ωk1{S ∈ Ck}, ωk ∈ R

}
.

If γa,q is either identically zero or everywhere nonzero on each cell, then the Hájek estimator in (14)
is regular relative to HC ,γa,q . The induced surrogate is the cellwise conditional mean of the weighted
utility:

hC (S) =
Eq[γa,q(S)u(S) | S ∈ Ck]

γa,q(S)
, S ∈ Ck,

on cells where γa,q is nonzero. Thus self-normalization is a form of implicit residual adjustment.

WLS estimators induce projection surrogates. Let

HWLS = {h : h(S) = z(S)⊤β, β ∈ Rdz}.

Let hw be the population WLS projection of u onto this feature span under weight w. Under the
support, leverage, spectrum, and ridge-stability conditions used in Appendix C, the ridge WLS
estimator in (15) admits

τ̂WLS,λ
a,m (u)− τa(u) =

1

m

m∑
t=1

ψhw(St;u) + rm, Eq(r
2
m) = o(m−1).

The WLS feature span is therefore the implicit surrogate class.

12
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Explicit and implicit surrogates compose. If an estimator τ̂a,m is regular relative to an implicit
class Himp, then the residual estimator

τ̂ sura,m(u) := τa(h
sur) + τ̂a,m(u− hsur)

is regular relative to the sum class

Hsur +Himp = {hsur + himp : hsur ∈ Hsur, himp ∈ Himp}.

This explains why explicit regression adjustment can be layered on top of self-normalized or WLS
constructions.

Appendix C. First-Order MSE and Remainder Support

This appendix supports the polynomial-budget statement in Section 3. Let τA(u) = A⊤ϕ(u),
where A = [a1, . . . ,ad]. The purpose is not to prove a uniform finite-sample guarantee for every
adaptive estimator. It is to show, for representative self-normalized and WLS estimators, that the
first-order variance used for design dominates the remainder once the sampling budget is polynomial
in n.

C.1. Vector MSE Expansion

Suppose each coordinate has the regular expansion

τ̂aj ,m(u)− τaj (u) =
1

m

m∑
t=1

ψhj
(St;u) + rm,j .

Let rm = (rm,1, . . . , rm,d). If

V (A; q,h) =

d∑
j=1

Varq[γaj ,q(S){u(S)− hj(S)}]

is nonzero, then ∣∣∣∣Eq∥τ̂A,m(u)− τA(u)∥22
V (A; q,h)/m

− 1

∣∣∣∣ ≤ 2

√
mEq∥rm∥22
V (A; q,h)

+
mEq∥rm∥22
V (A; q,h)

. (16)

Thus the first-order term V (A; q,h)/m is a useful design objective when the scaled remainder is
small relative to V (A; q,h).

C.2. Self-Normalized Remainder Scale

For the Hájek estimator in (14), let K+ be the number of cells with positive probability, let πmin be
the smallest positive cell probability, let

Γ2
2,C =

1

K+

∑
k:πk>0

Eq[γa,q(S)
2 | S ∈ Ck], Γ∞ = sup

S:q(S)>0
|γa,q(S)|.

13
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Under the cell compatibility condition in Appendix B,

Eq(r
2
m) ≤ C1∥u∥2∞

{
K+Γ

2
2,C

m2
+ Γ2

∞ exp(−C2mπmin)

}
. (17)

For a fixed Shapley-value coordinate, the membership-size partition used by OFA and Stratified
SVARM has K+ = O(n). Substituting their size allocations into (17) gives

Eq(r
2
m) ≤ C1∥u∥2∞


n logn

m2
+ n exp(−C2m/n

3/2), OFA,

n log2 n

m2
+ log2 n exp(−C2m/(n logn)), Stratified SVARM.

(18)

These bounds yield the m = Ω(n logn/ϵ2) and m = Ω(n log2 n/ϵ2) scales quoted in the main text
for relative tolerance ϵ when the first-order variance is nondegenerate.

C.3. WLS Remainder Scale

For WLS estimators, define the weighted Gram matrix and leverage score

G = Eq[w̃(S)z(S)z(S)
⊤], ℓ(S) = w̃(S)z(S)⊤G+z(S), w̃(S) = w(S)/q(S),

and let L = supS ℓ(S). Here G+ is the Moore–Penrose pseudoinverse and the support condition
is supp(w) ⊆ supp(q). Let σ̄min(G) and σmax(G) denote the minimum nonzero and maximum
eigenvalues of G, and let κG := σmax(G)/σ̄min(G). If the vector target is represented by a WLS
readout matrix CA, define

R2
A := σmax(C

⊤
AG+CA), ∥u∥22,w̃ := Eq[w̃(S)u(S)

2], ∥u∥2∞,w̃ := sup
S:q(S)>0

w̃(S)u(S)2.

Assuming bounded utilities, finite L, stable nonzero spectrum of G, and a ridge penalty on the order
of σ̄min(G), the non-asymptotic WLS remainder bound has the form

Eq∥rm∥22 ≤ C1R
2
AL

2

[
log dz
m2

(
1 +

L log dz
m

)
∥u∥22,w̃ + e−C2m/Ldzm

2κ2G∥u∥2∞,w̃

]
. (19)

For the centered Shapley WLS geometry, KernelSHAP has L = O(n log n) and LeverageSHAP
has L = O(n). This gives

Eq∥rm∥22 ≤ C1∥u∥2∞



n2 log4 n

m2

(
1 +

n log2 n

m

)
+ n3m2 log3 n e−C2m/(n logn),

KernelSHAP,

n2 log2 n

m2

(
1 +

n logn

m

)
+ n4m2e−C2m/n,

LeverageSHAP.

(20)

If the full-vector first-order variance has scaleO(n), then (20) makes the WLS remainder negligible
at the relative-tolerance scales m = Ω(n log4 n/ϵ2) for KernelSHAP and m = Ω(n log2 n/ϵ2) for
LeverageSHAP.

14
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Algorithm 1: EASE with residual-aware sampling
Input: Partition C = {C1, . . . , CK}; pilot budget minit; estimation budget mest; fold partition

{Ib}Bb=1 of the final samples; target matrix A; surrogate class H; floor parameter
ϵ ∈ (0, 1).

Output: Estimator τ̂A.
For each cell, compute Mk,0 = |Ck|−1

∑
S∈Ck

∑
j ρaj (S)

2;
Set qinit(S) ∝

√
Mk,0 for S ∈ Ck;

Draw pilot samples Sinit
t ∼ qinit and observe Y init

t = u(Sinit
t );

Fit an initial surrogate ĥinit by the empirical version of (8);
Estimate M̂k from pilot residuals as in (22);

Set q̃(S) ∝
√
M̂k for S ∈ Ck when the denominator is positive; otherwise set q̃ = qinit;

Floor the sampling law: qfinal = (1− ϵ)q̃ + ϵqbase;
Draw final samples St ∼ qfinal and observe Yt = u(St);
For each cross-fitting fold, fit ĥ(−b) on the other folds and evaluate (7) on the held-out fold;
return the fold-averaged estimate τ̂A;

Appendix D. EASE Algorithm Details

This appendix gives the operational details behind Section 4. For a vector target, define

ρA(S) = (ρa1(S), . . . , ρad
(S))⊤.

D.1. Budget Accounting and Fixed Conventions

All reported budgets count utility evaluations, not abstract sampling draws. For EASE, the reported
budget is minit + mest, so pilot evaluations are charged. Cross-fitting only repartitions the final-
stage observations and does not require additional calls to u. For any baseline that obtains multiple
coalitions in one draw, each evaluated coalition is charged once. The stabilizing choices (B, ϵ, λ)
and the pilot/final split are fixed before evaluation and are not tuned using the test errors plotted in
the figures.

D.2. Pilot Initialization and Cell Moments

For a law uniform within cells, write pk = Pq(S ∈ Ck) for the cell mass and q(S) = pk/|Ck|
for S ∈ Ck. For a fixed surrogate, minimizing the first-order risk over the cell masses gives pk ∝
|Ck|

√
Mk(h), equivalently q(S) ∝

√
Mk(h) within cell Ck, where Mk is defined in (10). Before

fitting a surrogate, EASE uses the target-only proxy

Mk,0 =
1

|Ck|
∑
S∈Ck

d∑
j=1

ρaj (S)
2. (21)

Thus the initialization law is

qinit(S) =

√
Mk,0∑K

r=1 |Cr|
√
Mr,0

, S ∈ Ck,
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with the obvious uniform fallback if all Mk,0 vanish. After pilot sampling, it estimates the residual
moment by

M̂k =
1

max{Nk, 1}
∑

t:Sinit
t ∈Ck

d∑
j=1

ρaj (S
init
t )2{Y init

t − ĥinitj (Sinit
t )}2, (22)

where Nk is the number of pilot samples in cell Ck. Empty pilot cells receive M̂k = 0 before
flooring. The unfloored plug-in law uses the same per-coalition form,

q̃(S) =

√
M̂k∑K

r=1 |Cr|
√
M̂r

, S ∈ Ck,

when the denominator is positive, and otherwise reuses qinit.

D.3. Flooring the Learned Law

The unfloored law can assign too little probability to a cell whose pilot residual is underestimated.
To avoid unstable inverse-probability weights, EASE uses

qfinal(S) = (1− ϵ)q̃(S) + ϵqbase(S), qbase(S) =
1

K|Ck|
, S ∈ Ck. (23)

The floor keeps every active cell sampled while preserving the residual-aware allocation when ϵ is
small.

D.4. Shared Linear Surrogate

In the experiments, one may use a shared linear surrogate hβ(S) = x(S)⊤β. For fixed q, define

ωt = ρA(St)/q(St), at = ∥ωt∥22, xt = x(St).

The empirical analogue of V is

Lt(β,µ) =

t∑
s=1

∥ωs(Ys − x⊤
s β)− µ∥22 + λ∥β∥22. (24)

For fixed β, the optimizing centering vector is the sample mean

µ̂t(β) =
1

t

t∑
s=1

ωs(Ys − x⊤
s β),

so optimizing over µ is equivalent to subtracting the empirical mean of the weighted residuals before
fitting β. The minimizer can be updated from sufficient statistics

Rt =
t∑

s=1

asxsx
⊤
s , dt =

t∑
s=1

asxsYs, Ut =
t∑

s=1

ωsx
⊤
s , vt =

t∑
s=1

ωsYs,

via

β̂t =

(
Rt −

1

t
U⊤

t Ut + λI

)−1(
dt −

1

t
U⊤

t vt

)
. (25)
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Appendix E. Bundled Sampling

This section is not used by the main EASE experiments. It records how the same first-order view
extends to coupled-coalition estimators used by some baselines. In these estimators, one sampling
draw can return several utility evaluations, so the feasible weighting is a design object rather than
being fixed by a single-coalition law.

E.1. General Bundles

In bundled sampling, one Monte Carlo draw returns

T = (S1, . . . , Sr) ∼ Q, u(T ) = (u(S1), . . . , u(Sr)).

Complement-pair sampling returns (S, Sc) [29]; edge-pair sampling returns (S, S ∪ {i}) [14, 21];
permutation-path sampling returns the sequence of coalitions generated along a random permuta-
tion [1, 2, 20, 28]. In this notation, sampling lift, weighted sampling lift, permutation refinements,
and paired WLS variants differ by the bundle law Q, the feasible weighting γ, and the implicit or
explicit surrogate class.

Definition 2 (Feasible bundle weighting) For target τa(u) =
∑

S ρa(S)u(S) and bundle law Q,
a vector function γa,Q : (2[n])r → Rr is feasible if

τa(u) = EQ[γa,Q(T )⊤u(T )]

for every utility u.

Equivalently, feasibility requires

ρa(S) = EQ

[
r∑

ℓ=1

γa,Q,ℓ(T )1{Sℓ = S}

]
, S ⊆ [n]. (26)

For single-coalition sampling, this fixes γa,q(S) = ρa(S)/q(S). For r ≥ 2, it is usually an under-
determined linear system, so the weighting becomes part of estimator design.

E.2. Complement-Pair Example

Let T = (S, Sc) with S ∼ q. A feasible weighting must satisfy

q(S)γ1(S) + q(Sc)γ2(S
c) = ρa(S), S ⊆ [n].

If the target has complement antisymmetry, ρa(Sc) = −ρa(S), the canonical paired weighting is

γ1(S, S
c) =

ρa(S)

q(S) + q(Sc)
, γ2(S, S

c) =
ρa(S

c)

q(S) + q(Sc)
. (27)

This is the Rao–Blackwellized weighting for a fixed complement-pair law and surrogate in the
symmetric setting.

17



EFFICIENCY-AWARE PROBABILISTIC VALUE ESTIMATION

E.3. Bundle First-Order Risk

For a feasible bundle weighting γ and surrogate h, define

ψγ,h(T ;u) = γ(T )⊤{u(T )− h(T )}+ τa(h)− τa(u).

The bundle analogue of first-order risk is

VQ(γ, h) = VarQ

[
γ(T )⊤{u(T )− h(T )}

]
.

Thus bundled designs require choosing not only a bundle lawQ and a surrogate h, but also a feasible
weighting γ.

Appendix F. Experimental Details and Additional Results

F.1. SOU Game Construction

The experiments use structured sum-of-unanimity games

u(S) =
∑
S̃∈S

θS̃1{S̃ ⊆ S}.

Each component contributes only when all players in S̃ are present. This benchmark is useful be-
cause probabilistic values can be computed exactly by linearity over unanimity-game components,
so relative squared error is measured against ground truth.

We use n = 40 players. The component multiset is S = Slow ∪ Shigh, where Slow =
{S̃ ⊆ [n] : 1 ≤ |S̃| ≤ 2} contains all singleton and pairwise coalitions, and Shigh contains n2

randomly sampled coalitions of size at least three. For η ∈ (0, 1) and scale σ2, coefficients are
drawn independently as

θS̃ ∼ N

(
0,

ησ2

|Slow|

)
, S̃ ∈ Slow, θS̃ ∼ N

(
0,

(1− η)σ2

|Shigh|

)
, S̃ ∈ Shigh.

Under this scaling, ησ2 is the total coefficient variance assigned to low-order components and
(1 − η)σ2 to high-order components. Larger η makes the utility easier for low-order surrogates
to approximate, so varying η gives a controlled range of structural complexity. The main text uses
the fixed setting η = 0.25; Figures 3 and 4 report additional settings η = 0.5 and η = 0.75.

F.2. EASE Variants

The AUCC benchmark uses two EASE surrogate classes. EASE-FO (First-Order) uses player in-
dicators 1{i ∈ S}, augmented with an intercept and two size features log(1 + |S|) and (|S|/n)2.
EASE-SP (Size-Player) uses the richer player-by-size indicators 1{|S| = s, i ∈ S}.

F.3. Matched Surrogate Classes

The matched comparisons in Figure 1 hold the working class fixed within each panel:

RegressionMSR match: span{1(i ∈ S) : i ∈ [n]},
OFA match: span{1(|S| = s, i ∈ S) : s = 0, . . . , n, i ∈ [n]},
PolySHAP match: span{1(S̃ ⊆ S) : |S̃| ≤ 2}.

These comparisons isolate the effect of the efficiency-aware loss and residual-aware sampling law.
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Figure 3: Matched comparisons on SOU games for η = 0.5 (top) and η = 0.75 (bottom). Each
panel keeps the same working surrogate class for EASE and the baseline, so improve-
ments isolate the efficiency-aware loss and residual-aware sampling design. Curves show
mean relative squared error, with shaded bands indicating one standard deviation over 10
runs.

F.4. Additional Matched Comparisons

Figure 3 repeats the one-on-one matched comparisons for η = 0.5 and η = 0.75. Together with
the η = 0.25 main-text panel, these results show the full SOU benchmark trend: across all three
matched comparisons and all three η settings, EASE has lower Shapley-value relative squared
error than the corresponding baseline at every measured budget. Increasing η puts more coeffi-
cient variance in low-order unanimity terms, so all matched low-order surrogate methods improve;
the degree-two PolySHAP-matched class benefits especially at η = 0.75, where main effects and
pairwise interactions explain more of the utility. The gap against RegressionMSR narrows as the
first-order player surrogate becomes more adequate, while EASE remains strong against OFA and
PolySHAP because the residual-aware sampling law still targets the variation left by the matched
surrogate.

F.5. AUCC Metric and Baselines

For budgets B = {50, 100, . . . , 5000}, AUCC is

AUCC =
1

|B|
∑
m∈B

∥ϕ̂m − ϕ∥22
∥ϕ∥22

.
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Figure 4: Additional AUCC benchmark on SOU games for η = 0.5 and η = 0.75. Lower is better.

The broad benchmark groups methods by how they are used in the experiments; Table 1 gives the
theoretical first-order taxonomy. For example, OFA appears below with normalization/lift-style
baselines because of its empirical role, while Table 1 records the cellwise class induced by its
normalization.

• normalization, weighted-average, and lift estimators: OFA [16], sampling lift and weighted
sampling lift [14, 21], and SHAP-IQ [8];

• WLS and regression estimators: GELS/WGELS [17], KernelSHAP [5, 19], Regression-
MSR [27], and PolySHAP [9];

• additional baselines: permutation and weighted variants [1], complementary-contribution
sampling [29], group-testing data valuation [12], and AME [18].

Methods restricted to particular probabilistic values are evaluated only where applicable.

F.6. Additional AUCC Results

Figure 4 reports AUCC results for η = 0.5 and η = 0.75. These settings assign more signal to low-
order terms, so all low-order surrogate methods improve in absolute error. The qualitative pattern
remains consistent with the main-text benchmark: EASE-FO and EASE-SP stay among the most
sample-efficient estimators, with EASE-SP typically strongest on Shapley and Beta-Shapley targets.
Increasing η from 0.5 to 0.75 changes the error scale but does not alter the main comparison trend;
for weighted Banzhaf targets, AME and RegressionMSR remain strong competitors while EASE
remains competitive.
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