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Abstract

Separating signals from an additive mixture may be an unnecessarily hard problem when
one is only interested in specific properties of a given signal. In this work, we tackle simpler
“statistical component separation” problems that focus on recovering a predefined set of
statistical descriptors of a target signal from a noisy mixture. Assuming access to samples of
the noise process, we investigate a method devised to match the statistics of the solution
candidate corrupted by noise samples with those of the observed mixture. We first analyze
the behavior of this method using simple examples with analytically tractable calculations.
Then, we apply it in an image denoising context employing 1) wavelet-based descriptors,
2) ConvNet-based descriptors on astrophysics and ImageNet data. In the case of 1), we show
that our method better recovers the descriptors of the target data than a standard denoising
method in most situations. Additionally, despite not constructed for this purpose, it performs
surprisingly well in terms of peak signal-to-noise ratio on full signal reconstruction. In
comparison, representation 2) appears less suitable for image denoising. Finally, we extend
this method by introducing a diffusive stepwise algorithm which gives a new perspective
to the initial method and leads to promising results for image denoising under specific
circumstances.

1 Introduction

We investigate the properties of a new class of source separation algorithms known as statistical component
separation methods that has recently emerged for the analysis of astrophysical data (Regaldo-Saint Blancard
et al., 2021; Delouis et al., 2022; Siahkoohi et al., 2023; Auclair et al., 2023). Contrary to standard source
separation algorithms, such as blind source separation techniques (Cardoso, 1998), these methods do not
focus on recovering the signal of interest, but on solely recovering certain statistics or features derived from
this signal. These have proven successful in separating signals of distinct statistical natures in a variety of
astrophysical contexts, such as the separation of interstellar dust emission and instrumental noise in data from
the Planck satellite (Regaldo-Saint Blancard et al., 2021; Delouis et al., 2022), the separation of interstellar
dust emission from the cosmic infrared background (Auclair et al., 2023), or the removal of glitches in seismic
data from the InSight Mars mission (Siahkoohi et al., 2023). The methodology is not specific to astrophysics,
and could be of interest to other scientific fields.

Problem. We observe a noisy mixture y = xg + €9 with zy the signal of interest and ¢y a noise process.
Signals can be viewed as vectors of RM. We refer to € as the noise, but we make no assumption on its
distribution p(ep), so that it can include any form of contaminant of the signal zo. However, we assume that
we have a way to sample p(eg). Let ¢ be a function, called the representation, that maps x to a vector of
features or summary statistics in R¥, with typically K < M. The ultimate goal of a statistical component
separation method is to recover ¢(zg). Regaldo-Saint Blancard et al. (2021) introduced a first algorithm to
do that which consists in constructing Zy such that:

o € arg min £(z) with £(2) = Eewp(ey) |16 + ) = 6113 (1)

x
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and where the optimization of L is initialized with y. For suited ¢, previous works have demonstrated
empirically that ¢(29) can be a relevant estimate of ¢(xg), and that, while not expected, &g also seemed to
be a reasonable estimate of zy (see Regaldo-Saint Blancard et al. (2021); Delouis et al. (2022); Siahkoohi
et al. (2023); Auclair et al. (2023)).! The goal of this paper is to give first formal elements to explain these
results, establish performance baselines, and introduce new methods for solving the problem. For numerical
experiments, we will approximate the expected value involved in £ by Monte Carlo estimates. Introducing @

independent noise samples €1, ..., €eq ~ p(€p), the corresponding empirical loss L reads:
1 &
R f 5
L(z) = @ZH(MHQ) —o)l”- (2)
i=1

Related work. Aside from the literature mentioned above, we are not aware of directly related work on this
precise problem. However, we mention that adjacent problems of task-adapted reconstructions were explored
in learning contexts. In particular, Mairal et al. (2012) investigated task-adapted dictionary learning, for
which sparse data representations can be tuned to specific tasks. More recently, Adler et al. (2022) established
a framework for task-related solving of inverse problems and showed how deep neural networks can be used
for it.

Outline. In Sect. 2, we compute the analytical expressions of the global minimizers of £ for different
examples of representations ¢ and in the case of Gaussian noise ¢y. This will give us a sense of the constraints
that ¢ must respect for ¢(Zg) to be a relevant estimate of ¢(zg). In Sect. 3, we describe a first algorithm to
perform numerical experiments in typical image denoising settings for two different representations: the first
one based on wavelet phase harmonic statistical descriptors, and the second one based on ConvNet feature
maps. Then, in Sect. 4, we discuss strategies to improve the results in the case of Gaussian noise using a new
diffusive stepwise algorithm. We finally summarize our conclusions and perspectives in Sect. 5. Codes and
data are provided in the supplementary material.

Notations. With-K-c{R-€}; We refer to the components of a vector z € CM as x; or z[i]. The dot
product between z and y is -y = Y2, 2;7;, and the corresponding norm of z is [|z]| = (3N |a]2)/2. The
convolution of ,y € CM is z xy. We denote the matrix-vector product between A and z by Az, or A -z
when there is ambiguity. We call sp(A) the set of eigenvalues of a matrix A. For A and B two matrices of
same size, the Frobenius inner product of A and B is (A, B)r = Tr(A'B) = D A;;Bi;, where At = AT
and the corresponding norm of A is [[Allp =3, ; |Ai;|?. For pi1,ps two independent random processes, we
write p1 ~ ps when p; and ps follow the same distribution.

2 A First Analytical Exploration

As a first exploration, we compute the set of global minimizers of £ as defined in Eq. (1) for simple examples
of ¢, and choosing for ¢y a Gaussian white noise distribution of variance o2, that is p(eg) ~ N(0,%Iys). This
assumption for €y places us in a typical denoising framework. We also provide in App. B a discussion of how
our method relates to maximum likelihood estimation in this context.

2.1 Linear Representation ¢(z) = Az leads to mean subtraction

To start with, we consider the case where ¢(x) = Az, with A an injective matrix of size K x M (with
necessarily K > M). The vector ¢(x) then simply consists in a set of features that are linear combinations of
the input vector components. The following proposition establishes that the minimizer is necessarily y—FE [e].

Proposition 2.1. For ¢(z) = Az with A injective, endFfegt=0+L has a unique global minimizer equal to
y—E [eo].
INote that alternatives losses £ have been considered in Delouis et al. (2022); Siahkoohi et al. (2023); Auclair et al. (2023),

and have shown significant improvements for the estimation of ¢(zg), respectively. A formal investigation of these alternatives is
left for future work.
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This proposition is proven in App. A.1.1. It is a simple and informative result: if our representation is linear,
then the minimization of £ can only bring us back to the observation y diminished by the mean of the noise.
In particular, when the mean of the noise is zero, this optimization has no effect, prompting us to turn to a
nonlinear operator ¢.

2.2 Quadratic Representation ¢(z) = 22 leads to sqrt-thresholding

A very simple nonlinear representation is the pointwise quadratic function. Without loss of generality, we only
consider the case where the dimension of z is M = 1. The solution are given by the following proposition.

Proposition 2.2. For ¢(x) = 22 and p(ey) ~ N(0,021y), the global minimizers of L are 0 when y* < 302,

and +£+/y? — 302 when y? > 302.

We refer the reader to App. A.1.2 for a proof. This solution introduces
a threshold on y2. If y? is not sufficiently large compared to the
variance of the noise 2, then the solution is 0. Otherwise, we obtain
++/y2 — 302. This second case demonstrates an attempt to “subtract
the noise magnitude from the signal magnitude”.

The behavior, shown in Fig. 1 is similar to that of the piecewise
linear soft-thresholding operator. One significant difference is that
it asymptotically reaches the identity function.

The intuition here is that, whenever the amplitude of the signal is

too small compared to that of the noise, it is optimal to shrink it to Figure 1: sqrt-thresholding function
zero. However, if the signal clearly stands out from the noise, then involved in Sect. 2.2 (in blue), and
y can be corrected accordingly through a small shrinkage. asymptotic behavior (in black).

Note that related shrinkage functions are common in the context of sparse signal processing (see e.g. Selesnick,
2012; Al-Shabili et al., 2021).

2.3 Power Spectrum Representation

A standard summary statistic for stationary signals is the power spectrum - its distribution of power over
frequency components. We consider signals of arbitrary dimension M, and a set of filters 1, ..., ¥k typically
well localized in Fourier space (i.e. “bandpass filters”). We assume that these filters cover Fourier space,
meaning that for any Fourier mode k, there exists a ig such that Qﬁio(k) # 0.2 We define the power spectrum
representation as:

$(x) = (b al*,..., [ox *z]?). (3)

It corresponds to a vector of K coefficients measuring the power of the input signal on the passband of each
of the filters v,...,¥k.

If we assume that the frequency supports of these filters are disjoint, minimizing £ is equivalent to minimizing
independently for all i =1,..., K:

i) = 2| (1te+ Ol — 10at?) ] (@)

where z; is the orthogonal projection of the input 2 € R™ in the subspace spanned by the Fourier modes
of the passband of ¥;, and ¥, is the injective matrix representing the linear operation x — ; x x in that
subspace. The following proposition (proof given in App. A.1.3), determines the minimizers of £;.

Proposition 2.3. For ¢(z) = || Az||> with A injective and p(eo) ~ N(0,021yy), introducing:

A = {\ € sp(AT A) such that ||Ay|?> — E [||Ae||2} — 202\ > 0}, (5)

2113 here refers to the discrete Fourier transform of .
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if A =0, then the global minimizer of L is unique equal to 0, otherwise, the minimizers are the eigenvectors x
of AT A associated with min A such that || Az|? = ||Ay|]*> — E [||Ae||2} —202min A3

Let us take a step back before breaking down this result. The power spectrum is a statistic that is
additive when computed on independent signals, so that for ¢ and b two independent processes, we have
E [¢(a+ b)] = E [¢p(a)] + E [¢(b)]. In our setting, where z¢ is viewed as a deterministic quantity, this gives:

EEONP(EU) [(y)] = ¢(x0) + EeoNp(eo) [#(e0)] - (6)

Therefore, an unbiased estimator of the power spectrum statistics of xy based on the observation y is:
¢(z0) = ¢(y) — Ecyap(eo) [¢(€0)] - (7)

Now, applied to ¢;(z;) = ||¥sz;]|°, Prop. 2.3 tells us that there is a threshold below which the minimization
of L; leads to a signal that is zero over the passband of v;, and above which this minimization leads to a
signal z; such that | ¥;z;]* = || Vy)* — E[||¥:€]|*] — 202 min A; = m — 202 min A;. For typical filters, we
usually have 202 min A; < E[||¥;¢||*], so that when the signal stands out from the noise, the global minimizers
of L; have power spectra statistics that almost coincide with the unbiased estimator of the power spectrum
coefficients of zg. In conclusion, in this setting, the power spectrum representation leads to minimizers &g
such that ¢(&o) is an explicit estimate of ¢(zg).

We note that for filters with intersecting pass bands, the previous analysis becomes significantly more technical.
We prove in App. A.1.4 a generalization of Prop. 2.2 that addresses this case.

3 Statistical Component Separation and Image Denoising

Previous works have shown that statistical component separation methods can perform surprisingly well for
image denoising provided that the representation ¢ is suited to the data (Regaldo-Saint Blancard et al., 2021;
Delouis et al., 2022; Auclair et al., 2023). Although the goal of these methods remains to estimate ¢(z), in
this section, we investigate numerically to which extent &y can also be a relevant estimate of xg.

We focus on a typical denoising setting, where ¢y is a colored Gaussian stationary noise. We employ the
block-matching and 3D filtering (BM3D) algorithm (Dabov et al., 2007; Mékinen et al., 2020) as a benchmark.
However, we emphasize that contrary to BM3D, statistical component separation methods can apply similarly
to arbitrary noise processes, including non-Gaussian or non-stationary ones. This has already been illustrated
in the previous literature on this subject, and we will consider an additional exotic noise in this section for
this purpose.

We introduce in Sect. 3.1 the vanilla algorithm used for the experiments of this section. Then, we apply this
algorithm for two distinct representations: Sect. 3.2 employs a representation based on the wavelet phase
harmonics (WPH) statistics, and Sect. 3.3 uses summary statistics defined from feature maps of a ConvNet.

3.1 Vanilla Algorithm

Analytically determining the global minimizer of £ for arbitrary representations ¢ quickly becomes intractable,
in which case one has to solve this optimization problem numerically. A straightforward way to do that is to

approximate £ via Monte Carlo estimates. Introducing ) independent noise samples €1, . .., eq ~ p(€), we
define:
R 1 & )
L) = 5 D llda+e) = o) (8)
i=1

The minimization of £ then takes the form of a regular stochastic optimization described in Algorithm 1, and
referred to as the vanilla algorithm in the following. This algorithm was used in Regaldo-Saint Blancard et al.
(2021), where the authors had employed a L-BFGS optimizer (Byrd et al., 1995; Zhu et al., 1997) using y as

3We can verify that for A a matrix of size 1 x 1, we recover a result equivalent to that of Prop. 2.2.
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Algorithm 1 Vanilla Statistical Component Separation
Inputs: y, p(e), @, T, gradient-based optimizer (e.g. LBFGS)
Initialize: 29 =y
fori=1...T do
sample €1,...,eq ~ p(€)
A0 A N 2
L(#0) = 5Ly 620 + &) = o)l /Q

|
o < ONE_STEP OPTIM [:Z“O, V/f(;i:o)}

end for
return 2,

the initial guess. We proceed similarly in the following, and fix the number of iterations to T' = 30 and the
batch size to Q = 100.*

3.2 Wavelet Phase Harmonics Representation

Definition. Similarly to Regaldo-Saint Blancard et al. (2021); Auclair et al. (2023), we consider a repre-
sentation based on wavelet phase harmonics (WPH) statistics (Mallat et al., 2019; Zhang & Mallat, 2021;
Allys et al., 2020). These statistics efficiently capture coherent structures in a variety of non-Gaussian
stationary data. They rely on the wavelet transform, which locally decomposes the signal onto oriented scales.
Formally, for a random image =, the WPH statistics are estimates of covariances between pointwise nonlinear
transformations of the wavelet transform of x. Using a set of complex-valued wavelets 1, ..., ¥y covering
Fourier space with their respective passbands, we focus on covariances of the form:

SH(x) = Cov [z % s, x x 1], S0 (x) = Cov [|o % i, |z * ;]], (9)
S?l(x) = Cov [|z * |, x x ;] , C?;(x) = Cov [|z x5, x * ;] . (10)

We give in App. D the technical details related to the definition and computation of these statistics. In
practice, ¢(z) is made of K = 420 complex-valued coefficients for z a M = 256 x 256 image.

Experimental Setting. We consider three different types of 256 x 256 images corresponding to a simulation
of the emission of dust grains in the interstellar medium (the dust image), a simulation of the large-scale
structure of the Universe (Villaescusa-Navarro et al., 2020) (the LSS image), and randomly selected images
from the ImageNet dataset (Deng et al., 2009) (the ImageNet images). We give additional details on this
data in App. C. We then consider four different noise processes: three colored Gaussian noises, namely pink,
white, and blue noises, as well as a non-Gaussian noise made of small crosses (see Fig. 2, bottom right). We
vary, for the colored noises, the amplitude o of the noise considering 10 different levels ranging from 0.1 to
2.14 (logarithmically spaced) in unit of the standard deviation of x, and for the “crosses” noises, the density
of crosses p considering 10 different values ranging from 0.001 to 0.063 (logarithmically spaced)3. For each of
theses cases, we apply Algorithm 1 for 30 different noise realizations. Each optimization takes ~ 40 s with a
GPU-accelerated code on a A100 GPU.

Results. In Fig. 2, we compare the noise-free dust image xy with examples of its noisy y and denoised
Zo versions for each noise process. In the case of the colored noises, we also include the BM3D-denoised
images in the bottom row for reference. Our method effectively reduces noise while preserving the original
image’s structure. Even with the “crosses” noise, our algorithm successfully removes most of the crosses, the
remaining ones having been most likely confused with actual structures of 3. We evaluate the quality of
the denoising in terms of peak signal-to-noise ratio (PSNR), significantly improving it in all cases. However,
BM3D outperforms our method for colored noises, which is not surprising as our approach was not explicitly
designed for that.

4We have found empirically that the batch size should be kept sufficiently high for the L-BFGS optimizer to behave correctly.
We also report that 7" = 30 was sufficient to achieve approximate convergence for all experiments.
5The density p is defined as the expected ratio of crosses to the total number of pixels.
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Figure 2: Original dust image x( (center left), noisy realizations y for distinct colored Gaussian noise processes
and a non-Gaussian noise (top row), denoised images 2o using Algorithm 1 with the WPH representation
from Sect. 3.2 (middle row), and denoised images using BM3D for colored noises (bottom row, except bottom
right). Additionally, a sample of the non-Gaussian “crosses” noise is shown (bottom right). The accompanying
PSNR values are provided next to each noisy and denoised image.
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Figure 3: PSNR and relative errors of the WPH statistics per class of coefficients as a function of the noise
level o for the denoised dust images as described in Sect. 3.2 for each type of colored noise.
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Figure 4: Same as Fig. 2 for the “crosses” noises as a function of the density of crosses p.

We further evaluate our algorithm’s performance for colored noises using PSNR and the relative error of
(o). In Fig. 3, we present the PSNR and relative errors of WPH statistics for different coefficient classes as
a function of noise level . Our method consistently improves PSNR, but BM3D performs better across all
noise levels. We note that our method’s performance degrades for very high o, potentially due to structure
hallucination caused by extreme initial noise.® In terms of WPH statistics relative error, our method effectively
reduces noise impact and outperforms BM3D in most cases. Notably, it excels in S'! and S°! coefficients,
except for the high-noise regime in S''. However, for S% and C%' coefficients, in the cases of blue and
white noise, BM3D performs comparably or better than our method. Since a perfect PSNR implies perfect
statistics recovery, we interpret this as the sign that a regular denoising algorithm, when adapted to the noise
process, can also provide precise estimates of ¢(xg). However, we point out that the normalization of the
WPH statistics may play a crucial role on these metrics (see App. D), and a fairer comparison should explore
its role in this precise setting. We report similar results in Fig. 4 for the “crosses” noise. These demonstrate
a clear mitigation of the noise in all regimes.

We report in Figs. F.1, F.2, F.4, F.5, and F.7 equivalent results for the LSS and ImageNet data. The overall
conclusions are the same. Ver—wepot : aba-restlts—ar antitati >

3.3 ConvNet-based Representation

Definition. To further explore the dependence on the representation ¢ for the performance of a statistical
component separation for image denoising, we define a representation based on feature maps of a ConvNet.
We make use of the VGG-19_BN network (Simonyan & Zisserman, 2014) which was trained for image
classification on ImageNet. We only employ the first two convolutional blocks of the networks (each of these
being made of a sequence of Conv2d, BatchNorm2d, and ReLU blocks), which, for each 224 x 224 RGB image
x, output a set of 64 224 x 224 feature maps f(x) = (fi(x),..., fea(x)). We define a representation ¢(x) of
dimension K = 64 from these feature maps by taking the squared Euclidean norm of each feature map, that

SWPH statistics may also define generative models with a sampling procedure sharing important similarities with Algorithm 1
(see Allys et al. (2020); Zhang & Mallat (2021); Regaldo-Saint Blancard et al. (2021); Régaldo-Saint Blancard et al. (2023)).
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is:

¢(x) = (1@, [ foal@)]?). (11)
This representation shares structural similarities with the WPH statistics and its parent the wavelet scattering
transform statistics (Bruna & Mallat, 2013; Mallat, 2016). However, contrary to these previous transforms
which employ generic wavelet filters, the filters of the VGG convolutional layers are specifically trained for
the analysis of ImageNet data.

Results. We conduct the same experiment as in Sect. 3.2 in this 100 Denoised - Pink noise (ous)

setting focusing on randomly selected ImageNet images. We show in Denoised - Pink noise (BM3D)
. . . .. Denoised - White noise (ours)

Fig. F.8 examples of resulting images before and after denoising, and Denoised - White noise (BM3D)

. . . 10-14
we show in Fig. 5 the root-mean-square error on the coefficients of —— Denoised - Blue noise (ours)

the representation ¢ as a function of o (mean and standard deviation & | Denoieed - Blue noize (BM3D) £
computed across 50 randomly selected test images). While Fig. 5 o
indicates that our method significantly reduces the impact of the noise
on the representation ¢, we see in Fig. F.8 that it performs poorly
as a regular denoiser in comparison to BM3D. This is an interesting
result, as it shows that the representation ¢ we have built here is not = -

as well suited for image denoising as the WPH representation was. Noise level

Given the fact that VGG networks were trained for a classification

problem, it is likely that their feature maps are partly robust to the Figure 5: Root-mean-square error on
noise in the input. A spectral analysis of the denoised maps further —the coefficients of the ConvNet-based
shows that there remains a significant amount of noise in the small representation ¢ as a function of the

scales, suggesting that the feature maps are weakly impacted by the noise level o for the denoised ImageNet
noise at small scales. images for each type of colored noise.

RMSE(¢)

10734

J Lower is better

4 Diffusive Statistical Component Separation

Taking inspiration from the diffusion-based generative modeling literature (Ho et al., 2020; Song et al., 2021),
we investigate to which extent statistical component separation methods can benefit from the idea of breaking
down the optimization into a sequence of optimization problems involving noises of smaller amplitude.

We introduce in Sect. 4.1 a new algorithm that leverages this idea in the case of Gaussian noises and apply it
to the dust data introduced in Sect. 3. We then study in Sect. 4.2 the limit regime where the amplitude of
the noise tends to zero. This gives us an alternative way to perform statistical component separation giving
promising results in specific circumstances.

4.1 A “Diffusive” Algorithm

Stable Process. We assume that ¢y is a stable noise process, that is for any €1,...,€p b p(eo), we have
Zil €; ~ aeg + [ for some scalar constants o and 3. A practical example is that of Gaussian processes,
since for €9 ~ N (0, ), we clearly have 221 €; ~ Peg ~ N(0, PY). Introducing o € R? such that «; > 0 for
all i, and [|o|® = >, a? =1, and provided that E [¢y] = 0, we can break down ¢, into “smaller” independent

noise processes as follows:
P

€ = Zaiei, with €1,...,¢ep i p(eo), (12)
i=1
where the variance of a;e; can be made arbitrarily small by taking a sufficiently small value for a.

Algorithm. In this setting, we leverage this decomposition by breaking down the minimization of £ into
“simpler” optimization problems involving noises of smaller variance, with the goal of finding a better optimum
Zo. We introduce Algorithm 2 for this purpose. This algorithm starts from &p = y and builds a sequence of
signals £p_1,..., &0 such that for alli € {P —1,...,0}:

; € arg min L(z; i1, Zi41) = Eenp(eo) {Hd’(fﬂ + Qiy1€) — ¢(@i+1)\\2} : (13)

x
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Algorithm 2 Diffusive Statistical Component Separation

Input: y, p(e), Q, T, P, a € RY with ||a||2 =1 and «; > 0, gradient-based optimizer
Initialize: Zp =y
fori=P—-1...0do

& = Zin
for j=1...T do
sample €1,...,eg ~ p(eo)

K3
2 + ONE_ STEP__ OPTIM [i"i, Vﬁ(ﬁ:i)}
end for
end for
return I,

A sufficient condition for a perfect reconstruction to be achieved is that 2; =~ xo + & with
€&~ (1— Z;D;OZ*I a%,_j)l/ 26p. We do not expect this strong condition to hold for arbitrary functions
¢, but the design of ¢ should be guided in that sense.

We also note that a stepwise approach had also been employed in Delouis et al. (2022), and we draw some
connections between the two approaches in App. E. We show that these two approaches rely on related
objective functions. A further exploration of the pros and cons of each of these two algorithms is left for
future work.

Experiment. We apply Algorithm 2 to the dust data introduced in Sect. 3 in the case of the Gaussian
white noise and the WPH representation with o; = 1/v/P and P = [100|. We compare in Fig. 6 the results
of this algorithm to those of Algorithm 1. We see that this approach slightly improves the results for every
metric except for the relative error on the C°! coefficients at an intermediate noise level where these are
slightly deteriorated. Although these numerical experiments are not showing significant improvements, having
at least consistent results suggest that, from a theoretical perspective, component separation methods can be
understood as the aggregation of these small optimization problems. We push this idea further in the rest of
this section.

4.2 Limit Regime for Infinitely Small Noises
We study the limit regime of infinitely small noises to give a more formal perspective to Algorithm 2. We
introduce L(z,a) = E |||¢(x + ae) — ¢(y)||2} and expands it with respect to a € R.

Proposition 4.1. For ¢ a twice differentiable function, and €y arbitrarily distributed with E [eg] = 0, we
have:

L(w, ) = [lp(@) = dW)II* + o [(Jo(@)" To(@), E)r + (Hy(2), D) - ((x) = d(y)] +o0(a®),  (14)
where Jy(x) is the Jacobian matriz of ¢ (of size K x M), Hy(x) is its Hessian tensor (of rank 3, and size
K x M x M), and ¥ is the covariance matriz of €.

The proof is given in App. A.2.1. The zeroth-order term of this expansion has a clear interpretation. It
prevents the representation of x from moving too far from that of y. However, the second order term is more
intricate as it combines first and second order derivatives of ¢, which are weighted by the covariance of the
noise. As an example, let us consider ¥ = 02I);. We then get:

(To(@) Jo(2), D)r = o | Tp(2) 7 » (15)
(Hy(2), D)7 - (¢(2) — ¢(y)) = 0 Tr [Hy(2)] - (6(x) — ¢(y)) - (16)

The first term is proportional to the squared norm of the Jacobian matrix, while the second term is a dot
product between the vector of Hessian traces with the vector ¢(z) — ¢(y). The trace of Hy,(x) directly

"We denote by (Hg(z),Z)r the vector of RX such that component i equals (Hy, (z), Z).
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Figure 6: Same as Fig. 3 for the white noise case only, and comparing results obtained with Algorithm 1 (see
Sect. 3.2), Algorithm 2 with a non-perturbative loss (see Sect. 4.1), Algorithm 2 with the perturbative loss
introduced in Sect. 4.3, and BM3D.

relates to the mean curvature of the function ¢; at point z, so that this dot product quantifies the alignment
between ¢(z) — ¢(y) and the vector of mean curvatures for each component of ¢.

4.3 A Perturbative Algorithm

We note that contrary to Eq. (1), Eq. (14) got rid of the expected value over €, and the second-order expansion
of L(x, a) now only depends on the covariance matrix ¥ of the noise, which is often known or easy to estimate
from a set of noise samples. Then, provided L£(z,«) can be correctly approximated by its second-order
expansion in «, one can evaluate the loss in a much more straightforward way that does not rely on a noisy
Monte Carlo estimate. In this limit regime, the computational challenge lies in efficiently computing the
second-order term of Eq. (14) in a differentiable way.

We compute in App. A.3 the relevant analytical expressions to do so for ¢ the WPH representation introduced
in Sect. 3.2. We then apply Algorithm 2 for the dust image in the Gaussian white noise case with a;; = 1/v/P,
P =100, and T = 10, and by replacing the loss £ with by its truncated second-order Taylor expansion as
explicited in Eq. (14). We empirically found that the most stable setting is the one where the WPH statistics
only include the S'! and S°! coefficients. We report in Fig. 6 the quantitative results in this setting for the
PSNR and relative errors on these coefficients as a function of . Our method performs remarkably well in
comparison to the previous results. It is very close to BM3D in terms of PSNR and outperforms it in the
high noise regime in terms of relative errors on the S'' and S°' coefficients. The fact that the relative error
for the S°! coefficients is higher than for the noisy data in the low noise regime however suggests a form of
instability for this range of o. Nevertheless, we find these results promising and a clear demonstration of the
relevance of this “diffusive” perspective on statistical component separation methods.

5 Conclusion

This paper has explored several aspects of statistical component separation methods. Section 2 has exhibited
analytically the global minimizers of £ for several examples of representations ¢ in the case of Gaussian

10



Under review as submission to TMLR

white noise. We have shown that a linear ¢ cannot extract any information on xg, while a simple quadratic
representation leads to a form of sqrt-thresholding of the observation y. For ¢ a power spectrum representation,
which can be viewed as a more general quadratic representation, the minimizers of £ lead to relevant estimations
of ¢(xg). Then, in Sect. 3, we have approached numerically the minimizers of £ introducing Algorithm 1 in
an image denoising setting for two representations where analytical calculations are intractable: 1) WPH
statistics, 2) statistics derived from the feature maps of a ConvNet. For 1), Algorithm 1 acts as a regular
image denoiser while not explicitly constructed for this. Although it does not outperform BM3D in terms of
the PSNR, metric, it better recovers the coefficients ¢(xg) for most classes of coefficients and experimental
settings. Additionally, it may extend to arbitrary noise processes as it was illustrated with an exotic noise
made of small crosses. For 2), the impact on the noise was clearly mitigated in ¢(2£¢), but the resulting images
2o were still very noisy, showing that this representation is less suited for image denoising. Finally, in Sect. 4,
we have introduced Algorithm 2, a “diffusive” statistical component separation method that can be applied in
contexts where the noise is a stable process. These ideas led in some cases to better results than Algorithm 1
in a denoising setting. And more importantly, it supported the idea that statistical component separation
methods can be described as the sequence of optimization problems with noises of smaller amplitudes. This
idea will be pushed further in future works.
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A Proofs

A.1 Proofs of Sect. 2

We give the proofs of the results presented in Sect. 2. Assuming that ¢y is a Gaussian white noise of variance
o2, that is p(eg) ~ N(0,021I5r), we compute the set of global minimizers of £ as defined in Eq. (1) in the
following cases:

1.

-

(z) = Az with A an injective matrix of size K x M,

o

. ¢(z) = 2? for M =1,
3. ¢(x) = ||Az||* with A an injective matrix of size K’ x M,
(=

4. ¢(z) = (||A1H2,...7||AK||2) with Aj,...,Ag K injective matrices of size K’ x M such that
AT Ay, ... AL Ay are co-diagonalizable.

For each case, note that £(x) is infinitely differentiable and obviously bounded from below by 0, and we will
show below that lir}rl L(z) = +00 to demonstrate the existence of a global minimum.
T—+00

We will then determine the global minimizers by studying the zeros of the gradient of £, which, in its general
form, reads:

VL(x) = 2Bcnp(er) [Jo(z + )T - (d(z +€) — (y))] , (17)
where Jy is the Jacobian matrix of ¢.
A.1l.l1 ¢(x) = Az with A injective
Proposition 2.1. For ¢(x) = Az with A injective, endBEfecct=0+-L has a unique global minimizer equal to
ny [E()} .
Proof. We have:
L@) =E [|A@+e—y)|?]. (18)

If A is injective of size K x M (in which case, we necessarily have K > M), AT A is positive-definite and we
call Apin > 0 its smallest eigenvalue. We have || Az|* > Amin ||z]|%, so that:

£(2) 2 AuinE [+ €~ y12] = Aia l2l* + O(]). (19)
This shows that lim L(x) = 400 so that a global minimum does exist.

T—+400

Now, noticing that J,(x) = A, we have:

VL(z) =2AT -E[¢(z +€) — ¢(y)], (20)
=2AT . H(E [z + € —y]), (21)
=247 . p(z —y + E [€]), (22)
=2ATA - (z — y+E[€]). (23)

e S > —0—For injective A, ATA is invertible, and we have
VL(z) =0 < z=y—E|[. Thlb bhOWb that in this case, the only global minimizer is y—IE [¢].

Note that this result is independent of the noise distribution p(eg)-provided-thatE-fe=-0. O

This result can be extended to non-injective matrices A. In this case, there is an affine subspace of solutions
with the same loss value along shifts within the null space of A. By a similar procedure as above, we obtain
that @ = y—E [¢] + v, where v € kerA. Non-injectivity does not change the overall conclusion that, besides
the subtraction of the mean of the noise, denoising does not take place.

13
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A1.2 ¢(z) =22 for M =1
Proposition 2.2. For ¢(x) = 2% and p(eg) ~ N(0,0%1yr), the global minimizers of L are 0 when y? < 302,

and +£+/y? — 302 when y* > 302.

Proof. For ¢(x) = 22 and K = M = 1, we can show by expanding £ that:

L(x) = Jall* + O(l|z]*) — +oc. (24)

r—+o0
This proves the existence of a global minimum.

Now, injecting ¢'(z) = 2z in Eq. (17), we get:

L'(x) = 4E [(z + e)((z +€)* — y*)] , (25)

=4FE [(:c+e)3f(x+e)y2], (26)

=A4E [2° + € + 32%¢ + 3ze® — zy® — ey?], (27)

=4 (2* +2(30% — %)), (28)

where we have used the fact that E[e] = E [¢}] = 0 and E [¢?] = 0. The zeros of £ are thus z = 0 or
x = 4+/y? — 302 when 3% > 302.

By looking at the values of £”(x) = 1222 + 1202 — 432 at these points, we find that whenever y? > 302,

L"”(0) < 0 so that 0 cannot be a local minimizer. In this case, we only have ++/y? — 302 left to be the global
minimizers.

All of this shows that the global minimizers of £ are 0 when y? < 302, and +£1/y? — 302 when 3% > 302. O

This denoising function x = sgn(y)/max(0,y2 — 302) is similar to the soft-thresholding function st (y) =
sgn(y) max(|ly — A|,0), sharing the flat region around the origin. The main difference is that it contrary to
soft-thresholding, this function approaches the identity function for high values. It also has infinite derivatives
at the border of its flat region.
A.1.3  ¢(z) = ||Az||* with A injective
Proposition 2.3. For ¢(z) = || Az||> with A injective and p(eo) ~ N(0,021yy), introducing:

A = {\ € sp(AT A) such that ||Ay|> —E [||Ae||2} — 202\ > 0}, (29)

if A =0, then the global minimizer of L is unique equal to 0, otherwise, the minimizers are the eigenvectors x
of AT A associated with min A such that || Az|? = ||Ay||*> — E {||Ae||2} —202min A8

Proof. With A an injective matrix of size K’ x M, we have:
2
£ = | (14 + 9l - Jayl?) | (30)
=E [HA(QJ +e)ll" + 1 Ayll* - 2| A + )l | Agll*| - (31)
Writing that [|A(z + €)||” = || Az||” + || Ae||® + 2Az - Ae, we can show that:

E [l A +o)*] = 1 Az]* + E [4¢]?], (2)

E 4@z +ll'] = 4z]* + E [ 4¢]*] +40% || AT Aa|* + 2| A2 |*E [|14cl?], (33)

8We can verify that for A a matrix of size 1 x 1, we recover a result equivalent to that of Prop. 2.2.
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where we have used the facts that E [Ae] = 0 and E [ee”| = 02I);. We can then rewrite £ as follows:
2
£(@) = | Az|* + 402 || AT Az|* + 2| Az|]* (B [ 4€l] - 1 4y]*) + £(0). (34)

Same as Sect. A.1.1, with A, = minsp(AT A) > 0, where sp(AT A) is the spectrum of AT A, we can show
that:
4 2
L) > N 2]+ O([J2]1%), (35)

which leads to lirf L(z) = +oo and proves the existence of a global minimum.
Tr—r+00

Starting from Eq. (34) and using the fact that V¢(z) = 2AT Az, we show that:
VL(z) = 4 <||Ax||2 +E [||Ae||2} - ||Ay|\2) AT Az + 802 (AT A)z. (36)
Since AT A is an invertible matrix, we then have:
VL(z) =0 < (a(x)Iy + AT A)x =0, (37)
with a(z) = 5L (|| Az]]* + E [ 4¢l’] - | 4y]®).

Let us take a non-zero solution x of VL = 0. Then, the matrix a(z)Iy; + AT A must be singular, which
is equivalent to the fact that —a(x) = X € sp(ATA). Being a zero of VL leads to AT Az = Az, so that

|Az||* = 2T AT Az = \||z||* and then ||ATA;10||2 = A||Az|”. By injecting this to Eq. (34), we finally get:
L(x) = L(0) - || Az]", (38)
2
= £(0) - (Il4yll® — E [l 4¢]| = 20%A) " (39)

Therefore, the global minimum is reached when X is the smallest eigenvalue of AT A constrained by
|Az|® = ||Ay|> - E {HAeHﬂ — 202\ > 0. Reciprocally, introducing

A = {)\ € sp(AT A) such that [|Ay|? - E [||Ae\ﬂ — 202\ > 0}, (40)

we verify that, if A = (), the global minimizer of £ is 0, and if A # (), the global minimizers are eigenvectors x
of AT A associated with min A such that ||z|* = —L (||Ay||2 —-E [||Ae||2]) —202. O

min A

A1l.4 (z) = (|Az]?, ..., ||Axz]?) with A, ..., Ag injective and AT A, ... AL Ak co-diagonalizable

For any matrix A of size M x P and a subset Z¢ = {k1 < --- < kg} of {1,..., M}, we denote by A=z, the
@ x P submatrix of A such that [AEQ]”. = Ay, ;. We also denote by AT the Moore-Penrose inverse of the

matrix A. Finally, we denote by span(ey,...,e,) the subspace generated by the vectors ey, ..., e,.

Proposition 2.4. We consider ¢(z) = (|Az|?,...,||Aka|®) with Ay, ..., Ax injective and
p(eo) ~ N(0,021y). Introducing Sa, = AT A;, we assume that Sa,,...,Sa, are co-diagonalizable. We
choose an orthonormal basis (e1,...,en) to co-diagonalize them (there always exists one). We call

A = (Nij)icicmi<j<k the corresponding matriz of eigenvalues, where X; ; is the eigenvalue of Sy, as-
sociated with e;. We also assume that A is of rank K and that any submatriz of A with size K x K is
invertible.

In that case, introducing:

K
A= (A Au) with A= 3 (Mis(I459)° — E [|45¢l]) - 20%02, ), (41)
j=1
F={Ec{l,...,M} | V1 <i<K,[ALAs], >0}, (42)
if T = 0, then the global minimizer of L is unique equal to 0, otherwise, the minimizers are the x € span(e;);c=
satisfying (|Arz| ..., |Axz|®) = AL Az where E € argmax ‘ AgAéH.
Zer B

15



Under review as submission to TMLR

Proof. We have:

K
) =E | (l4ia+ o)l - 4wl )] (43)
=Y E [ Ae+ o' + 4wl - 2| Aite + )| Awl?] (44)

Using the facts that E [A;e] =0, E [Aie ||A€||2} =0, and E [ee”] = 021y, this loss reads:
S 2
=3 [1iall* + 402 | AT Asal|” + 2 | 4wl (E [l 4sel*] = | 4igll”) | + £(0). (45)
i=1

The existence of the global minimum is guaranteed for the same reasons as Prop. 2.3.

The expression of VL(z) reads:

K
vE@) =3 [4 (4l +E [ 4sel?] - | 4ill”) AT Azz + 80%(AT Ai)?a] (46)
i=1
and we have:
VL(z) lz aa,(2)Sa, + 53, |z =0, (47)
where we have introduced:
an, (@) = (14l + E [ 4’| - | Ai]*) /(20%), (48)
Sa, = AT A;. (49)
We notice that:
VL(z)=0= 2"VL(z) =0, (50)
N N
= ITZS?‘MI = —ZaAi(x)xTSAlx, (51)
i=1 ]
N
= > = ZaA ) | Asz||? . (52)
=1
Therefore, with  a global minimizer of £(z), we have:
K
@) = Y [Iw)’ - 40%an, @) Al + 2| Al (B [ 4sel?] - | aigl®)] + £0),  (53)
i=1
K
= > llAial® [ Aiall® - 402, (@) + 2B [ Asel?] - 2] Aigl*] + £(0), (54)
i=1
K
4
=L£(0) ~ [l (55)
i=1

We take a non-zero global minimizer x = vail x;e;. Introducing Eg = {i € {1,..., M} | z; # 0}, for all
i € Eg, Eq. (47) leads to:

ZaA i+ A2 =0, (56)
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K K
= 3 g lgal’ = 3 (Ms(lagul® - E [ 45el*]) - 20202, ), (57)
j=1 j=1
< [ANAQC]Z. = Ai, (58)
where we have introduced:
Naz = (|l dse]*,.. 1 Axz]*)T, (59)
K
2 2
A= (AeslAsyl — E [ 4;el?]) - 20222,) (60)
j=1
In a more compact form, we have:
A=y Naz = Az, (61)

By assumption, if ) > K then the K x K matrix AgQ Az, is invertible, and if Q@ < K, then the Q x Q matrix

Az, AgQ is invertible. Using the fact that N, = AgQ Ny =, where N, = (22,...,23,)T, we show that:
Ag Az )AL Ag ,ifQ > K,
Naz = (THQ _Q)T H_Ci - 1 Q_ (62)
AEQ(AEQAEQ) AE@, lfQ < K,
that is:
Na, = A‘ELQ Az,,. (63)
We note that necessarily, all components of A;Q Az, are positive.
By injecting this previous expression in L(z), we get:
2
L(z) =L(0) — [Naa|", (64)
2
= £(0) — HA;QAEQH . (65)
Reciprocally, introducing:
F={Ec{l,...,M} |V1<i<K,[AfAz], >0}, (66)

we verify that, if I' = (), the global minimizer of £ is 0, otherwise, the global minimizers are the x € span(e;);c=

satisfying Na, = AL Az where Z € argmax HA;_"AEH O
.;GF =

For K =1, we check that we recover Prop. 2.3.

A.2 Proofs of Sect. 4
A.2.1 Proof of Eq. (14)

Proposition 4.1. For ¢ a twice differentiable function, and ey arbitrarily distributed with E [eg] = 0, we
have:

L(x,a) = |¢(x) = W)II* + a® [(Js(2)" Ts(x), Z)r + (Hy(z), D) - (6(x) = 6(y))] +0(a®),  (67)

where Jy(x) is the Jacobian matriz of ¢ (of size K x M), Hy(x) is its Hessian tensor (of rank 3, and size
K XM x M), and ¥ is the covariance matriz of €.
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Proof. We introduce a € R, and assume that ¢ is twice differentiable, and that €y is arbitrarily distributed
with E [¢o] = 0. In this context, we expand ¢(x + ae) as a function of ¢ at second order as follows:

oz + ae) = ¢(z) + ady(z)e + ;a eTH¢( Ye + o(a?), (68)

where J,(z) = (ad’l (gc)) _is the Jacobian matrix of ¢ (of size K x M), and Hy(x) = (8?2§;k (m)) . is a
2, 75

Hessian tensor of rank 3 and size K x M x M. The second order term must be understood as a contraction
on the second and third indices of the Hessian tensor.

Let us propagate this expansion in:

£(2,0) = Eenyier) |00 + ) = 6m)]°] (69)
2

=F U (¢p(z) — P(y)) + ady(x)e + %O[26TH¢(.T>E + 0(a?) 1 , (70)

= (@) = s + a’E [[Jo(@)el*] + 20 (6(x) = 6(1)) - E [Jo(a)e] (71)

+a? (6(a) ~ 6(y)) - E [ Hy(@)e] + o(a?), (72)

= l(6(@) = s)I* + 0? (E [I1Js(@)ell’] + (@) = 6(v)) - E [T Hy(@)e] ) +0(a?),  (73)

where we have used the fact that E [J4(x)e] = Jy(2)E [¢] = 0. Introducing the covariance matrix ¥ of €, we
verify that:

E |[o(@)el] = E [eJo(@) To(@)e] = (Jo(@)T o), D, (74)
E [e"Hy(z)e] = (Hy(z), D), (75)

so that:
L(z,0) = [6(2) = 6w)I” + 02 [(Jo(@)T Js(@), D)r + (Hy(2), S - (6(x) — ()] +0(a®).  (76)

A.3 Proofs of Sect. 4.3

We compute the explicit expressions of the Jacobian matrix J,(z) and the Hessian tensor Hy(x) for ¢ the
operator giving the WPH statistics employed in Sect. 3.2. We break down these computations by first
computing first and second-order derivatives for simpler ¢ functions, namely ¢(x) = 1 x x and ¢(x) = |[¢ x z|.
We assume periodic boundary conditions, so that for any v € KM, we formally manipulate © € K% defined

by 9[i] = v[i mod M] for any ¢ € Z, and the ‘tilde’ symbol is omitted for convenience. Below, the filters
1, 1, and 1P are assumed to be complex-valued filters. For a filter ¢, we define the adjoint filter ¢/t by
YT [i] = 9[—i]. The convolution operation corresponds to the periodic convolution. For z € C*, we introduce

sg(z) = z/|z|. The notation (x) refers to the average over the components of x, that is (z) = % Z?Zl x;. We
denote the element-wise product of x and y by zy, or x ©® y when there is ambiguity.

Derivatives of ¢(x) =¥ xx Since ¢ is linear, we simply have:

J¢(m) =tk (77)
Hy(z) =0, (78)
that is:
5 (i) = vli -5 (79)
02 ,
9z, 02n (¢ *z[i]) = 0. (80)

9Note that we can always redefine xg + zo + E [e0] for this to be the case.
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Derivatives of (;5( ) =] xx| Where ¢(x) is nonzero, we have:

5 (0 all) = 5 V[P

J
1

~ Juxalld]
1 L
- mRe (w*x[l]w[l _J]) )

= Re [sg(¢* 2)[iJ¢[i - j]] ,

(Re(y x 2)[i] Re(9)[i — j] + Im(y x 2)[i] Im(4)[i — 5]) ,

which leads to: B
Jo(x) = Re [(sgp+ ) © (P -)] .

The computation of Hg(z) now demands to derive z — sg(y x x):

1 W * x[i]

gjjj(sg(w*x)[i])zaijw*x[i]x [ xxl[i] [ *z[i] Ox Iw*:cl[]
= P L Re (se(ws ) [0 - 7).
- 2\w*1x\m {W = (ﬁf Uy —ﬂ} )
= s [9li 7] se(w w2 — ).
Therefore:
aaaf (% 2][i]) = Re [ai (s x 2)[i]) i —j@ 7
=2 jxm] Re [¢[i — k]9[i — j] — sg(v* 2)*[i]P[i — k]¢[i - j]] -

Derivatives of ¢(r) = (|t xx|?) Using the above, we get:

(%) x Fxa) + {2

0 o, O
g 0% ol = {5 5

8.%‘]'
_ % Re (2@' — 4] x MM) ,

= %Re(wT*w*x) 41,

() x Gxa),

and:
82

2 .

Derivatives of ¢(z) = (| xz[)2 We get:
D al)? = 2 wal) x =3 Re [s50 # )Tl — ]
ax] - M Pt g ] ’

- %(W*xDRe (0T *sg(v *2)] [4],

and:
82

92,0 ([ *2))? = <|¢*$|> <\¢*$\>+2<|¢*w|> o ox e,
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W Re [wT *sg(w*x)] [7] x Re [’(/JT *sg () *x)] [k] (99)
il k=4 i — il sg(w * 2)2 itk — i

Lyeal ZRe jw*]ﬁu[} ] 1l ]gif*x@]”w ]]7 (100)

W Re [W *sg(w*x)] [j] x Re [’(/JT *sg(w*x)] (k] (101)

+<|¢*x|>xRe[w*®|w1|®w[ H-uvted ﬁf*') i 1] (102)

where we have introduced the notation a ® b ® ¢ [, k] = 21:1 alj — i]b[é]e[k — i]. Conveniently, note that
a®b®c[j,j] = ac*b[j].

Derivatives of ¢(z) = (|11 x x| x 9 xx) We get:

Gl ) = (G (el x )+ (] x 5 (T x0)), (103)
M
= > [Re [sa(wr * )ilirli — 1) o xalil + i » 2l[iiali —31], (104)
1 L — —
= oaf O |58 w ) iili — gz x ol + se(r = @)lifunli — i+l (105)
+z0h b xall) (106)
= iz [ % (smwr % 2) x T ) + 0] x (s x2) x 2 2)] 1] (107)
+ ] % g x all] (108)

We break down the calculation of the second-order derivatives of ¢ by first calculating:

o (ko 0l1]) = Zwiy—zRe[sgwl*w)Hzpl[z— ). (109)
1 M

=52 [wllk — il sy > )liludls — (110)

L[k — s * )il — ] (111)

=5 [ esewi 0 @ v] + vl oo @ ] 1 4. (112)

We also have:

0 o K x[d] , , ,
By (8% 2) < vaxa) [l = 5 22 (01" [k = 1] = sg(wr % 2)2ilus{ [k — 1] (113)
+ st * )i Tk — ], (114)
(115)
so that:
0 Ol o e ali]
67.%'161%{ * (sg(% *'r) X o *1‘) [.]} - 5 ;wi[ - Z] le *x‘[l]d)l [k - Z] (116)
_}M § ._iwz*fxsg(¢1*x)2[i] e _ g
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M
+ 39l - dsg(@r x @) [ [k — i,

i—1

S

_1 Voxx it ¢ Yoxx Xsg(Yy xx)? t
@1%*®w1+%® rea] O
+20)] @ sg(thy x2) @ s | [, K.
Therefore:

02 i thexr _ —f  —f _ toxux -

axj <|¢1*$|¢2*1’> |:1/}1 @ ‘wl*x| ®1/}1 +¢1 ® |w1*x‘ ®¢I
g o ekaxsg(ixa)® L oka xsg(ixa)? L
¢1® |w1*x| ®¢1 1/11® |’l/)1*(1)" ®¢1

+ 20 @ sg(vn x2) @ ¥ + 201 @ sg(dr x7) @ U
+2¢2 ®bg(1/)1*x)®¢1 +2¢2 ®5g(¢1*x)®¢1 } [ Js ]

Summary for '

(T}(@) ], F—ZI

2
(Hyl), D)5 = ;f(w.

1=1

We get for (J;(z)%(a:),Z)F:
. 4 Y
¢x) = S'(2) %WZRG(%ZJ*?/)*I)Q [i] x o[i]

4 M
—amm D Re[ i xz —([xal) x pxsg(x o) [i] x o]
=1

fmxa%}

M
i O Bkl el + T G 7) X 9 x )
=1

M
~ Z ’z/;l * (sg(¥1 x ) X Yo xx) + by * (sg(¥1 * T) X Yo % 7)
=1

20 ¢ [y %2l 1] % 021
And we get for (Hy(z), X)p:

M

6x) = 8"() s Re(x)[0] Yo%l

i=1

gy Ly _2 :
O(x) = 5%(x)  >37 > Re [20x (0] = - [Re (st + 2))]

JCURED O B | PR
= 1ol W*ﬂ)]u i

(|9 * ) (

M

a7 22 S <) + 307 sl

21

=1 and ¥ = diag(c?) For ¢(x) € C, we only focus on simplified expressions of:

(118)

(119)

(120)

(121)

(122)

(123)
(124)

(125)

(126)

(127)

(128)

(129)

(130)

(131)

(132)

(133)

(134)

(135)
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—07x (g x2))| [i] x o[ (136)
o .
é(x) = CO(x) %ﬁ [2|¢1|2 * |Zj : i| + dabyabg % sg(1Py K x) + dahrahg % sg (11 * ) (137)
i=1

ot (D o w ) = v o (P sl *x)z)] [ % %), (138)

B Relation to Maximum Likelihood Estimation

We investigate the links between statistical component separation methods and maximum likelihood estimation
(MLE).

Estimation of z3. In a denoising context, the goal is to recover xgy given y. A naive application of
MLE would be to maximize the likelihood p(y|zo). Assuming a Gaussian noise with covariance 3, we have
p(y|To) o exp (—% ly — a:0||;) with [y — zo||% = (y — z0)" £ (y — 20), which leads to the trivial estimate
2o = y. Since in this setting, naive MLE can only bring us back to the noisy data, one typically confuses MLE
with the estimation of a maximum a posteriori (MAP), which requires the definition of a prior distribution

p(z) over the target signal (see e.g. Elad et al., 2023). With p(z) o« exp (—Ap(z)), still in the case of a
Gaussian noise, a MAP estimate &g of 2y reads:

1
%o € arg min B ly — 2|3 + )\p(x)} . (139)

This minimization problem aims to strike a balance between two constraints: one enforcing proximity to
the noisy data y, and the other imposing a prior constraint, typically in the form of a regularity constraint
over x. The parameter A controls the relative weight of these two constraints. A statistical component
separation method can be remotely related to MLE in this picture. The estimate Z, as defined in Eq. (1)

can be interpreted as an MLE estimate by choosing p(z) = L(z) = Ecp(e,) [H(b(x +¢€) — o(y)||5| and picking
A — +00. Moreover, by initializing the optimization of £(x) with y, an implicit notion of proximity to y is
implied.

Estimation of ¢(zp). When focusing on the estimation of ¢(xz¢) given y, which is the ultimate goal of a
statistical component separation method, MLE methods require an explicit model connecting ¢(zq) to y.
The approach taken in this paper share similarities with the sampling process of maximum entropy models
as defined in Bruna & Mallat (2019). For the purpose of this discussion, we model z( as a realization of a
macrocanonical model with density p(z) = Z~!exp (—9,1,(%) . ¢(ac)), where 04, is a vector of parameters
fixed so that E,pq) [¢(z)] = ¢(x0). In this context, assuming a Gaussian noise with covariance X, the
likelihood p(y|é(z)) can be written as:

poloan)) o [ exp (<0t -0l = 5 = I}) (140)

This likelihood remains generally intractable, which prevents further connections to the statistical component
separation method presented in this paper.

C Complementary Details on the Data
We give further details on the nature of the data used for the experiments in Sect. 3 and 4.
The dust image This image corresponds to a simulated intensity map of the emission of dust grains in

the interstellar medium. It was taken from the work of Régaldo-Saint Blancard et al. (2023), and we refer to
this paper for further details on the way it was generated.
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The LSS image This image was built from a cosmological simulation taken from the Quijote
suite (Villaescusa-Navarro et al., 2020). This simulation describes the evolution of fluid of dark mat-
ter in a 1 (Gpe/h)® periodic box for a ACDM cosmology parameterized by (£, Q,h,ng,08) =
(0.3223,0.04625,0.7015,0.9607,0.8311) (high-resolution LH simulation). We take a snapshot at z = 0
of the dark matter density field at z = 0 and project a 500 x 500 x 10 (Mpc/h)? slice along the thinnest
dimension. Our test image is the logarithm of this projection.

The ImageNet image We have randomly picked a RGB image of the ImageNet dataset (Deng et al.,
2009) from the “digital clock” class. For the experiments of Sect. 3.2, to simplify, we have first preprocessed
the image by averaging it over the channel dimension.

D Definition and Computation of the WPH statistics

We use the same bump-steerable wavelets as in Regaldo-Saint Blancard et al. (2021) with J =7 and L = 4,
which leads to a bank of J x L = 28 wavelets. For a given image x, the covariances introduced in Sect. 3.2
are estimated as follows:

S (@) = (Jzxvil?), S70(a) = (Jax vil?) — (|l % i), (141)
SPH @) = (|l x il x T x1hy), Ol (@) = (Jwx il x T 5 y), (142)

where (-) is a spatial average operator. Moreoever, in the numerical experiments of this paper, these coefficients
are systematically normalized according to the S coefficients of the noisy map y as follows:

S11 Aill(‘r) &00 S?O(x)

St (x) = = , Sit(z) = = , 43
T =5 =50 (149)
501 (a) = @) CO () = Cioé(x)n (144)

P VWS )

As it was reported in the related literature (Zhang & Mallat, 2021; Allys et al., 2020; Regaldo-Saint Blancard
et al., 2021; Régaldo-Saint Blancard et al., 2023), this normalization acts as a preconditioning of the loss
function £, and has then a direct impact on the optimum Zy one gets with a given optimizer. The quality of
the results then a priori depends on this normalization, and it worth noticing than alternative approaches as
in Delouis et al. (2022) could have been explored.

E Connection with Delouis et al. (2022)

We draw connections between Algorithm 2 and the algorithm introduced in Delouis et al. (2022), which is
formally described in Algorithm 3. These connections show that the two algorithms are very related. A
further exploration of the pros and cons of each of these two algorithms is left for future work.

The following lemma highlights the similarities between the loss function £ defined in Eq. (1) and the one
involved in Algorithm 3.

Lemma E.1. Introducing os(z + €)? = E [|¢(z + €)|?] — [E [¢(x + €)]|?, that is the vector of variances of
each component of ¢(x + €), we have:

£(@) = Eerpieo) [0z +€) = 6] (145)
= ooz +e)* + B oz + )] - o(y) > (146)

Proof.
£(2) = Eenpieoy |16+ ) — 6] (147)
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Algorithm 3 Statistical Component Separation as in Delouis et al. (2022)

Input: y, p(eo), Q, T', P
Initialize: g =y
fori=1...Pdo

sample €1, ...,€eq ~ p(€)

m =0 630 +e)/Q

o= (S0l + ) -m*/Q)
B =m — ¢(%0)
forZ:l...Tdo

L(20) = ||[¢(20) + B — ¢(y)] /0||

~

T < ONE__STEP_ OPTIM [L

end for
end for
return I,

—E [lo(z + OIP] + o) I* — 2 [Re (a(z + ) - 6] . (148)
=E [l + | + lo(w)|1* — 2Re (E [o(x + €)] - 6(1) ) (149)
—E [z + | - IE [6(x + e)]I + |E [6(z + €)]| (150)

+ o) ~ 2Re (Efo(z + )] - 60)) (151)
= lloa(@ + )l + IE [6(z + )] — 6w (152)

Thanks to this lemma, now £ appears as the sum of two terms. The first one constrains the norm of the
variance vector o4 (z + €) to be minimal, while the second one constrains the mean vector E [¢p(x + €)] to be
close to ¢(y). In the light of this new expression of £, Algorithm 3 aims to minimize the related following loss:

2
: (153)

5\ ||Elo(z +6)] — ¢(y)
L) = H op(T +€)

which appears to be the second term of Eq. (146) normalized by the first term of the same equation. However,
instead of minimizing directly £, Algorithm 2 makes the following approximations:

E[¢(z +¢€)] =~ ¢(z) + B, (154)
op(z+¢€) ~ o, (155)
where B and o are repectively the bias and standard deviation terms explicited in Algorithm 2. Same as in

Algorithm 2, Algorithm 3 adopts a stepwise approach, where B and ¢ are updated at each step i € {1,..., P}
using the Z( signal obtained from the previous step.

F Additional Results
We show in Figs. F.1, F.2, and F.3 (respectively, F.4, F.5, F.6, and F.7) equivalent results to Figs. 2, 3, and

4, respectively, for the LSS (ImageNet) data. We also show in Fig. F.8 equivalent results to Fig. 2 for the
ImageNet data and a ConvNet-based representation.
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