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ABSTRACT

Density ratio estimation (DRE) is a fundamental machine learning technique for
identifying relationships between two probability distributions. f-divergence loss
functions, derived from variational representations of f-divergence, are commonly
employed in DRE to achieve state-of-the-art results. This study presents a novel
perspective on DRE using f-divergence loss functions by deriving the upper and
lower bounds on L, errors. These bounds apply to any estimator within a class
of Lipschitz continuous estimators, irrespective of the specific f-divergence loss
functions utilized. The bounds are formulated as a product of terms that include
the data dimension and the expected value of the density ratio raised to the power
of p. Notably, the lower bound incorporates an exponential term dependent on the
Kullback—Leibler divergence, indicating that the L,, error significantly increases
with the Kullback-Leibler divergence for p > 1, and this increase becomes more
pronounced as p increases. Furthermore, these theoretical findings are substantiated
through numerical experiments.

1 INTRODUCTION

Density ratio estimation (DRE) is a key technique in machine learning that calculates the density ratio
r*(x) = ¢(x)/p(x) between two probability distributions based on samples drawn independently
from p and ¢q. DRE is integral to various machine learning methods such as generative modeling
(Goodfellow et al.l 2014} [Nowozin et al., |2016; Uehara et al.,[2016), mutual information estimation
and representation learning (Belghazi et al.| 2018; Hjelm et al.l 2018), energy-based modeling
(Gutmann & Hyvirinen, |2010), and covariate shift and domain adaptation (Shimodairal 2000; [Huang
et al.l [2006).

Recent advancements in DRE have been driven by neural network-based methods, which utilize
neural networks as density ratio estimators. These methods employ loss functions derived from
variational representations of f-divergence (Nguyen et al., 2010; Sugiyama et al.l [2012), where
the optimal function corresponds to the density ratio through the Legendre transform, achieving
state-of-the-art results.

Amidst their success, ongoing research has started to elucidate the theoretical relationship between
the optimization of f-divergence loss functions and DRE accuracy. For integral probability metric
(IPM) loss functions, the upper and lower bounds of the L,, error in DRE have been established as
the minimax bounds of their optimization(Liang}, 2017; |Niles-Weed & Berthet, [2022). More recent
studies have focused on f-divergence loss functions to derive the upper bounds (Belomestny et al.,
2021) and the minimax upper and lower bounds for the optimization of Shannon divergence loss
(Belomestny et al., 2021} |Puchkin et al.,2024).

However, several aspects of this relationship remain unresolved. First, the minimax lower bounds
do not represent the true lower bound of estimation accuracy for the actual density ratio. Second,
the connection between the true magnitudes of f-divergences and the sample size requirements for
DRE using divergence loss functions is not completely understood. Specifically, the impact of the
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true amount of Kullback—Leibler (KL) divergence on the sample size needed for DRE using the
KL-loss function is unclear, despite known exponential increases in sample size requirements for
KL-divergence estimation as the true KL-divergence widens (Poole et al., 2019} |Song & Ermon,
2019; McAllester & Stratos, 2020). Finally, it is not understood whether the L,, errors, e.g., the
root mean square errors (RMSE), of DRE are statistically equivalent, regardless of the choice of
f-divergence loss function, such as the total variation loss or the KL-divergence loss function.

This study aims to address uncertainties in DRE using f-divergence loss functions by deriving the
upper and lower bounds that are independent of the choice of f-divergence. However, the theoretical
optimization of f-divergence loss functions is challenging owing to their reliance on sample sets
from two distributions. The lack of overlap in these sample sets leads to unstable optimization
points, causing the losses to fall below their theoretical optimal values. Practically, this issue is often
mitigated by implementing early stopping while monitoring validation losses.

We integrate this practical approach into our theoretical analysis framework through a conceptual
reformulation of the loss functions, thus bridging the gap between practical and theoretical behaviors
of these functions. Subsequently, we derive upper and lower bounds for the L,, error in DRE by
optimizing f-divergence loss functions. These bounds are derived from the expectation of the distance
between the nearest neighbors in observations, assuming the L-Lipschitz continuity of the energy
function of the distributions and the compactness of the support.

The upper and lower bounds are formulated as a product of terms involving the data dimension and
the expectation of the density ratio raised to the power of p. Notably, the lower bound includes an
exponential term of the KL-divergence, indicating that the L, error significantly increases as the
KL-divergence increases for p > 1, with the rate of increase accelerating for larger values of p.
These bounds are applicable to a group of Lipschitz continuous estimators, irrespective of the specific
f-divergence loss functions employed. The theoretical implications are validated through numerical
experiments.

To summarize, the key contributions of this study are as follows: (1) We provide common upper
and lower bounds for the L,, error in DRE through optimizations of variational representations of
f-divergences, introducing a novel understanding of DRE using f-divergence loss functions. (2) We
empirically investigate the relationship between KL-divergence, data dimension, and the estimation
accuracy of DRE through optimizations of variational representations of f-divergences. Specifically,
we discover that the L,, error significantly increases with the rise in KL-divergence when p > 1, and
this increase is exacerbated by the magnitude of the order p.

Related Work. This study provides upper and lower bounds on convergence rates for nonparametric
density ratio estimation using f-divergence optimization. Relevant prior work includes studies on
the minimax convergence rates for density estimation within the context of GAN optimization,
specifically for Wasserstein GANs (Arjovsky & Bottou,2017) and vanilla GANs (Goodfellow et al.,
2014)). For Wasserstein GAN optimization, [Liang| (2017) and Singh & Pd6czos| (2018) established
the minimax convergence rates for the IPW loss, which encompasses the total variation among f-
divergences. Additionally, Niles-Weed & Berthet (2022)) extended these results to the Wasserstein-p
distance for p > 1. In the context of vanilla GAN optimization, Belomestny et al.| (2021 and [Puchkin
et al.| (2024) presented minimax upper and lower convergence rates for the Shannon divergence loss,
providing an upper bound for the Ly error. Beyond GAN-related research, [Nguyen et al.| (2010)
presented an upper bound for the Hellinger distance in DRE using the KL-divergence loss, thereby
providing a minimax upper bound for the L; error in DRE. Additionally, foundational work by |Stone
(1980) established a minimax convergence rate for nonparametric regression, which is also applicable
to an upper bound for the L error in nonparametric density estimation.

2 PRELIMINARIES: NOTATION, SETUP, AND f-DIVERGENCE LOSS
FUNCTIONS

In this section, we introduce the notation, problem setup, and the variational representation of f-
divergence, along with the corresponding loss functions that underpin the analysis in subsequent
sections.
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2.1 NOTATION, PRELIMINARY CONCEPTS, AND SETUP

Notation. Random variables are denoted by uppercase letters, such as X. Lowercase letters represent
specific values of these random variables; for instance,  denotes a value of the random variable
X. Boldface letters, X and x, denote the sets of random variables and their corresponding values,
respectively. ||y — x| denotes the maximum norm in R%. i.e., ||y — X0 = maxi<i<q |yi — 2]
fory = (y1,92,...,yq4) and x = (21, 2, ..., 24). diag()) denotes the diameter of (2. Specifically,
let diag(B) = inf,cr{B C A(a,r) | 3a € B}, where A(a,r) denotes the d-dimensional interval
centered at a with each side of length r: A(a,r) = {x € RY| |x — a||oc < 7/2}. O, (a,) denotes
stochastic boundedness with rate a,, in p. i.e., X = Op(ay,) (as N — oo0) < for all ¢ > 0, there
exist 6(¢) > 0 and N(e) > 0 such that p (|X] /a, > d(¢)) < e foralln > N(e).

Preliminary Concepts. P and () are used as the probability measures on (€2, %), where .# denotes
the o-algebra on Q. P is called absolutely continuous with respect to ), P(A) = 0 whenever
Q(A) = 0 for any A € %, which is represented as P < Q. % denotes the Radon—-Nikodym
derivative of P with respect to Q for P and Q with P < Q. u denotes a probability measure on {2
with P < pand @ < p. An example of i is (P + Q)/2. Ep[-] denotes the expectation under the
distribution P, i.e., Ep[p(x)] = fﬂp ¢(x)dP(x), where ¢(x) represents a measurable function over

Q.

Setup. P and ( are probability distributions on £ C R? with unknown probability densities p and g,
respectively. We assume p(x) > 0 < ¢(x) > 0 almost everywhere x € QF_-]

2.2 DRE wITH f—DIVERGENCE VARIATIONAL REPRESENTATION

Herein, we introduce the f-divergence variational representation along with the corresponding loss
functions used for DRE.

Definition 2.1 (f-divergence). The f-divergence D; between two probability measures P and )
is induced by a convex function f that satisfies f(1) = 0, which can be defined as D;(Q||P) =

Ep[f(dQ/dP(x))].

Various divergences are specific instances derived by choosing an appropriate generator function f.
For example, the function f(u) = u - logu yields the Kullback-Leibler divergence.

We then derive the variational representations of f-divergences using the Legendre transform of
the convex conjugate of a twice differentiable convex function f, f*(¢) = sup,cp{? - v — f(uw)}
(Nguyen et al., 2007):

D1(@IIP) = sup { o (9)] - B [£*(7'(0))]} M

where the supremum is required over all measurable functions ¢ : 2 — R with Eq[|f'(¢)|] < oo
and Ep[|f*(f'(¢))|] < co. The maximum value is achieved at ¢(x) = dQ/dP(x). Pairs of the
terms f’(¢) and f*(f'(¢)) in Equation (1)) for major f-divergences, along with their corresponding
convex functions f, are provided in Table [2|in the Appendix.

By substituting ¢ with a neural network model ¢y and replacing the expectation ' with sample means

E, the optimal function for Equation (1)) is trained through back-propagation using an f-divergence
loss function.

L1(60) = —{ Ea[f'(60)] - Bp[1*(F'(60))] } @)
Formally, we define the f-divergence loss function within a probabilistic theoretical framework as
follows:
Definition 2.2 (f-Divergence Loss). Let XP[R] ={X} X%, ... XE} Xi, % P denote R i.id.
random variables from P, and let XQ[S] = {X4, X3, -, Xg}, X6 % Q denote S i.i.d. random

variables from @. Thereafter, for a twice differentiable convex function f, f-divergence loss £§£R’S) ()

'In this study, g(x)/p(x) is written for ‘;—g (x) using the Radon—Nikodym density representation for read-
ability.
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is defined as follows:

LE9(6) = 530~ (60X0) + 5 37 (7 (6(XE)) @

1 i=1

W+

S R

)

where ¢ denotes a measurable function over €2 such that ¢ : 2 — R<.

3  MAIN RESULTS

The key findings of this study are twofold. First, we establish common upper and lower bounds for
the L, error in DRE by employing variational f-divergence optimization. Second, we empirically
investigate the relationship between KL-divergence, data dimension, and the estimation accuracy
of DRE through variational f-divergence optimization. Specifically, we discover that the L,, error
significantly increases with the rise in KL-divergence when p > 1, and this increase is exacerbated
by the magnitude of the order p.

3.1 THEORETICAL RESULTS.

In this study, we outline the assumptions necessary for deriving the upper and lower bounds of the
DRE. The assumptions are straightforward and primarily involve the consideration of Lipschitz
continuous estimators. Specifically, we assume the L-Lipschitz continuity of the energy function of
the distributions, 7 (x) = — log dQ/dP(x).

Assumption 3.1 (Assumption for the Upper Bound). The following assumption is imposed on the
probability distributions P and Q.

Ul. T*(x) = —log d@Q/dP(x) is L-Lipschitz continuous with L > 0 on €.

Assumption 3.2 (Assumptions for the Lower Bound). The following assumptions are imposed on
the probability distributions P and Q).

L1. T*(x) = —log dQ/dP(x) is L-bi-Lipschitz continuous with L > 1 on €.
L2. Ep [(dQ/dP)p} < oo where p < d.

For the probability distributions P and (), Assumption L1 is crucial for deriving the lower bound of
the L,, error in DRE. Further details on this assumption can be found in Remark [4.6]in Section

Additionally, Assumptions [3.3|and [3.4] are necessary for deriving both the upper and lower bounds of
the DRE.

Assumption 3.3 (Assumptions for the Convex Function f). The convex function f is assumed to
satisfy the following: (F1) f is three-times differentiable; (F2) f”(u) > 0 for all u > 0; and (F3)
Ep [f”(dQ/dP)] < 00.

Assumption 3.4 (Assumption for the Support). The support €2 is assumed to satisfy the following:
(O1) diag(©?) < oo.

Under these conditions, we obtain the upper and lower bounds for the L, error in DRE through
variational f-divergence optimization.

Theorem 3.5 (Informal. See Theorem and . Assume § is a compact set in R% where
d > 3, and f satisfies Assumption Let P and Q) denote the probability measures on ), and
let ¢ represent a K-Lipschitz function that minimizes the f-divergence loss functions. Let ¢ be a

K -Lipschitz function that minimizes the f-divergence loss functions E;R’S) (+) defined as Equation
using early stopping. Additionally, let N = min{ R, S}.

(Upper Bound) Assume Assumption ' Thereafter, Equation (E]) holds for 1 < p < d/2 such that

1 1/(2p)

diag(2) aQ 2] 1/
dP

< L E
L,(Q,P) Nl/d

+KY. )
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(Lower Bound) Assume Assumption[3.2} Equations () and (6)) hold for 1 < p < d such that

q(x) 1 1 dqQ e )
Ex;...xg l ’p(x) — P(x) LP(Q’P)] 2 Nijd {L ‘ {EP HdP(X)} }} — K - diag(Q2)
&)
1 1 e, _ .
2 Nl/d‘{L-e( 7 KLPIQ) 1—K-d1ag(ﬂ)}, ©)

where || - || (q,p) denotes the Ly, norm on § and the Lebesgue integral on P and K L(P||Q) denotes
the KL-divergence between P and Q).

These bounds are applicable to all K-Lipschitz continuous estimators optimized using the f-
divergence loss functions with early stopping, as discussed in Section4.3|and supported by Theorem

48l

Theorem [3.5]indicates that the curse of dimensionality occurs when p = 1. For p > 1, both the curse
of dimensionality and the large sample requirement for high KL-divergence data occur concurrently.
Equation (@) demonstrates that the L,, error escalates significantly with increasing KL-divergence for
p > 1, and this increase accelerates as p increases. These theoretical findings are corroborated by
numerical experiments, which are discussed in the subsequent section.

3.2 EXPERIMENTAL RESULTS.

We empirically verified the relationship among KL-divergence, data dimension, and estimation
accuracy of DRE through variational f-divergence optimization. The results, which support the
implications of Theorem 3.3] are detailed in Section [D]in the Appendix.

L, Errors vs. the KL-Divergence in Data We conducted the experiments on the relationship
between L1, Lo, and L3 errors in DRE and the KL-divergence of the data. In the experiments, we
generated 100 sets of 5-dimensional datasets with the KL-divergence of 1, 2, 4, 6, 8, 10, 12, and 14.
For each dataset, DRE was conducted using a-divergence and KL-divergence loss functions, then L1,
Lo, and L3 errors were observed. We reported the results as Figure|l| The details of the experimental
settings and neural network training are provided in Section [Din the Appendix.

As displayed in Figure[T] the estimation errors for p > 0 increased significantly, which accelerates as
p becomes larger. In contrast, when p = 0, a relatively mild increase was observed. As indicated by
Theorem 3.5} these results highlight the impact of the KL-divergence in the data on L, error with
p > 1in DRE f-divergence loss functions.

L, Errors vs. the Dimensions of Data We conducted experiments to investigate the relationship
between L;, Lo, and L3 errors in DRE and the dimensionality of the data. In the experiments, we
generated 100 sets of datasets of 50, 100 and 200 dimensions with the KL-divergence amounts of 3.
For each dataset, DRE was conducted using a-divergence and KL-divergence loss functions, then L1,
Lo, and L3 errors were observed. We reported the results as Figure 2] The details of the experimental
settings and neural network training are provided in Section D]in the Appendix.

As depicted in Figure @ the estimation errors L1, Lo, and L3 for p > 0 increased as the data
dimensionality increased for both the a-divergence and KL-divergence loss functions. These results
indicate that the curse of dimensionality occurs equally across the L, errors, as stated by Theorem

3.3

4  OVERVIEW OF UPPER AND LOWER BOUND DERIVATIONS

In this section, we outline the derivation of the upper and lower bounds. We begin by introducing a
conceptual reformulation of the f-divergence loss function, which forms the basis of our theoretical
framework. Next, we derive the upper and lower bounds for DRE in terms of Lp error, based on this
reformulation. Finally, we extend these results to the optimization of the f-divergence loss function,
incorporating early stopping and monitoring validation losses, which constitutes the core theoretical
contribution of this study. Detailed statements and proofs for the theorems mentioned in this section
are provided in Section [C|of the Appendix.
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Figure 1: Experimental results of L,, errors versus the amount of KL-divergence in the data are
presented, as detailed in Section [3.2] The z-axis represents the amount of KL-divergence in synthetic
datasets of fixed dimension. The y-axes of the left, center, and right graphs correspond to the L,
Lo, and Lj errors in DRE, respectively. The plots show the median y-axis values, while the error
bars represent the interquartile range (25th to 75th percentiles). The blue line shows errors using the
a-divergence loss function, and the orange line shows errors using the KL-divergence loss function.
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Figure 2: Experimental results on L, errors versus the dimensionality of the data are presented, as
detailed in Section[3.2] The top row displays results using the a-divergence loss function, whereas
the bottom row presents results using the KL-divergence loss function. The z-axis represents the
logarithm of the number of samples utilized in the optimizations of DRE. The y-axes of the left,
center, and right graphs correspond to the L;, Lo, and L3 errors in DRE, respectively. The plots
show the median y-axis values, while the error bars represent the interquartile range (25th to 75th
percentiles). The blue, orange, and green lines show results for data dimensions of 50, 100, and 200,
respectively.

4.1 CONCEPTUAL REFORMULATION OF THE f-DIVERGENCE LOSS FUNCTIONS

The optimization of f-divergence loss functions, denoted as L’SCR’S) (¢) in Equation , presents both
practical and theoretical challenges owing to their tendency to overfit the training data.

To more deeply understand this issue, let us consider a deterministic setting as described in Definition
where (xh,x%,...,x%) = (1,2,...,R) and (xé,xé,...,xg) = (RAJF L,LR+2,...,R+
S). Notably, {xp}2, N {x,}7, = 0. In this setup, we observe that E&R’S)(qb) — —00 as

[ (f'(¢(x5))) — —oo and —f'(p(x},)) — —ooforalll < i < Rand1 < j < S. In
practice, this issue is addressed by implementing early stopping based on monitoring validation losses
during optimization. The present theoretical framework accommodates this practical strategy, which
facilitates an analysis of both the optimization process and its implications for downstream tasks such
as DRE.
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To reconcile the practical and theoretical behaviors of f-divergence loss functions within our frame-
work, we introduce a conceptual reformulation of the loss function.

Definition 4.1 (u- Representatlon f-Divergence Loss). Let  be a probability measure with P < p
and (Q < p, and let XM[ ~ =A{X},,..., X[} denote N i.i.d. random variables from 1. For a twice
differentiable convex function f, let

Ty(uix) = " () G200+ £ (7 (w) -

where f* denotes the Legendre transform of f: f*(¢) = sup,cp{t - u — f(u)}. Additionally, let
N = min{R, S}.

(%), N

The p-representation of the f-divergence loss K;R’S) (+) in Equation (3) at the points X (] 1s defined
as

N
AN 1 ~ ;
L0 = 52 (@i X)), ®)
i=1
where ¢ is a measurable function over €2 such that ¢ : 2 — R<g.

This representation introduces an error of 1/ /N between the practical f-divergence loss function
E;R’S) (¢) and the u-representation f-divergence loss ESCN)(QZ)). However, this error is negligible
when d > 3, which will be discussed in Section

The optimization properties of this conceptual loss function are encapsulated in Proposition 4.2

Proposition 4.2. Assume that | satisfies Assumption Let ¢, = argming.o,r-, Z(fN) (¢). Then,
¢ (X)) = 9&(Xi), fori=1,2,...,N.

This reformulation ensures that the conceptual loss function does not diverge. Furthermore, all
optimal points in the conceptual loss function are aligned with the ideal density ratios.

4.2 DERIVATION OF UPPER AND LOWER BOUNDS FOR OPTIMAL FUNCTIONS OF THE
1t-REPRESENTATION f-DIVERGENCE LOSS FUNCTIONS

In this section, we derive upper and lower bounds for the L,, error in DRE for the optimal function of
EScN) (+) defined in the previous section, based on the expected distance between the nearest neighbors

of each X!, 1 < N.

Hereafter, XS&V] (x) denotes the nearest neighbor of x in Xu[ N =X, ,Xfy }. Specifically,

define X (x) as X, in X,,(x] such that X!, — x|l > [[X}, = x]|oc, for all I < i, and || X} -

X|[oo > X!, = X||oo for all u > i. As in the previous section, let ¢, = arg ming.o_r., E(fN)(d)).

As presented in Proposition|4.2] the optimal points of the y-representation f-divergence loss functions

ZSCN) (¢) coincide with the ideal density ratios. This fact provides the following equation, serving as
the key bridge between the density ratio and its estimation.

. d d
6.(%1) = T2 (%) = T

Based on this equation, we can obtain

X (X5). ©)

6. (X ) — 6.00| = |52

Xy (%)) = 6u(x)

Using the triangle inequality in the L,, norm for the density ratios at x and its nearest neighbor, we

obtain
py 1/p py 1/p
e b oo }

(10)

dQ aqQ (

dQ
dP( x) - dpP (

(1)
Xu[N] (X)) dP

X (%)) = 6. (%)
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dQ py 1/p
< {e | 5200 - 000 }
py 1/p py 1/p
< {me [f000 - S 0xea)| |+ {Be [T xR0 o] b an

Assuming the L-bi-Lipschitz continuity of the energy function of the density ratio, 7*(x) =
—log q(x)/p(x), we yield

> (Zg )HXM[N] x) - X“:+OP(J\/'1/1(2EI))

dQ dQ ) P
- ‘dP( ) - dP<Xu1[N](X))‘
dQ (1) P 1

Additionally, from the K -Lipschltz continuity of ¢, (-) and Equation (9),

dQ (1) &) 1) P

99 (% 5)) = 6. 00| = [0 (X, 0) = 0. 00| < K7 Xy 0 —x[ . 1)
Equations (T2)) and (T3) provide the upper and lower bounds of the difference in density ratios
between x and its nearest neighbor X! [3\/]( ) using their distance.

To evaluate the expectation of the distance between x and its nearest neighbor XS&V] (x), we present

the following theorems: Theorem[4.3]provides an upper bound for the expectation on the right side of
Equation (I2)); Theorem [4.4]establishes a lower bound for the expectation on the left-hand side.

Theorem 4.3. Assume that ) is a compact set. Then, for 1 < p < d/2,

— 1/ (1) PN
i N '{EP H } [0 - Hw]}
. 1/(2-p)
dQ Zp
{dP(x)} D . (14)

Theorem 4.4. Let P and Q be probability measures on a compact set 2 in R® with d > 1. Assume
that P < X\ and Q < \, where )\ denotes the Lebesgue measure on R. Let p be a positive constant
such that p > 1. Assume E[(dQ/dP)?] < co. Then,

s (e[ {22 (o) et ] )

o ()]}

where EXP[N] [-] denotes the expectation over each variable in XP[N] ={XL X%, ... X}

< diag(Q2) - (EP

Notably, using Jensen’s inequality on the right-hand side of Equation (I5) in Theorem {.4] the
KL-divergence between P and () appears in the lower bound such that

el el )
—e 1. {EQ {e(p_l),logzg(x)_l] }1/1)

1/p
>e_1,{eEQ[(p 1)-tog 49 (x)]} = SFHRL@IP-L (g6

We derive the upper and lower bounds for the L,, error in DRE for the optimally estimated functions
E}N) (+), as stated in Theorem
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Theorem 4.5. Assume ) is a compact set in R with d > 3, and that f satisfies Assumption
Let P and QQ be probability measures on ), assuming that P < X and Q < A, where )
denotes the Lebesgue measure on R, Let T*(x) be the energy function of dQ/dP(x) defined as

T*(x) = —logdQ/dP(x). Let fl((Nzlp denote the set of all K-Lipschitz continuous functions on €
that minimize E;N) (+). Specifically, define

Fo = {00 Roo | 21700 =min £{V(6) . (17

and
Ficrip={6:9 > Roo | [0(y) = 60| < K - ||y = x[| _ forally, x e 0} . (8)

Subsequently, let fl((Ngm = FNn Fr-Lip-

(Upper Bound) Assume that T*(x) satisfies Assumption Thereafter, Equation (@) holds for
1 < p < d/2, such that for any ¢ € ]-'I((A_%Z-p, such that

p}l/p
2.p7Y) 1/(2P)
{Zg(x)} ] } + K - diag(Q). (19)

(Lower Bound) Assume that T*(x) satisfies AssumptiOn Then, Equations @ and hold for
any ¢ € }—%Yzip’ such that

T N {EP ‘j&x) —6(x)

< L-diag(Q) - {Ep

. a0 py 1/p
/d. g, 4Q o _
lm NVE-By {EP ap )~ o) }
1 d p1y 1/p .
N L‘{EP H df_{(x)} ]} K - diag(®) (20)
> %.e%l-KL@HP)—l ~ K - diag(Q) 1)

Remark 4.6. Equation when L = 1 suggests that |dQ/dP(y) — dQ/dP(x)| = ||y — XHOO,
for all x and y in 2. This typical case is when dQ/dP(x1, xa, ..., xq4) = dQ/dP(x1,22,...,2q)
with d’ < d. Therefore, this case typically occurs when dQ/dP(x) is a replication of its lower-
dimensional distribution. In this case, the upper and lower bounds for the L, error in DRE are
considered to follow the lower dimension.

4.3 DERIVATION OF UPPER AND LOWER BOUNDS FOR OPTIMAL FUNCTIONS OF THE
f-DIVERGENCE LOSS FUNCTIONS

To establish upper and lower bounds for practical DRE using f-divergence loss function optimization,

we initially statistically evaluate the discrepancy between the outputs from the practically optimized

functions C;R’S)C), employing early stopping based on validation losses, and the theoretically

optimized functions Z;N) (+). Next, we demonstrate that this discrepancy is negligible when d > 3.
Finally, the upper and lower bounds for DRE are expressed in terms of L, error for the f-divergence
loss function optimization using early stopping, which constitutes the final theoretical result of this
study.

First, according to the central limit theorem, an error of order 1/v/N in probability occurs when
measuring validation losses.

£9(0) - B, [£0*90)] = 0, (). @
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Equation 1i implies that there is an error margin of O, (ﬁ) when monitoring the validation

losses for early stopping in the optimization of E;R’S) (9).

Subsequently, we utilize the following theorem to demonstrate that the optimization of Equation
(22)), employing early stopping based on validation losses, is governed by the optimization of the
p-representation f-divergence loss functions Z;N) ().

Theorem 4.7. Assume the same assumptions as in Proposition Let ¢, =
arg ming.o—w., ESCN)(QZ)) Therefore, for any measurable function ¢ : Q@ — R,

P(X!) — ¢ (X}) = Op (\/]LN) , for1<i<N,
1
= L(9) -~ min B, £ 6)] =0, (x/ﬁ) : 23)

where {X}“ Xi, A Xfy} is defined in Deﬁnition
In Equation , the first term on the right-hand side denotes the empirical risk of LSCR’S) (¢) using
validation data, whereas the second term represents the minimum value of its true error. This equation

illustrates that when E;R’S) (¢) is within the actual early stopping margin, specifically O,, (ﬁ),

1

the function ¢ deviates from the optimal function of E(fN) (¢) by no more than O,, N )

Based on Equation , we define the optimal function of L‘}R’S)(d)) for use with early stopping
while monitoring validation losses as follows:

@va 1s optimal in the optimization of £ RS ¢) using early stopping
f

s 1 _ ; FN)
Z¢.+0, <\/ﬁ ,  where ¢, = arg ¢;(¥EE>O E, {Ef ((b)} . (24)
The difference O, (ﬁ) , appearing in Equation , is negligible for DRE when d > 3. Indeed,
using the triangle inequality in the L, norm for ¢, = arg ming.or., ESCN) (¢) and Equation ,
we observe
dQ py 1/p dQ py 1/p py 1/p
22 (x) — b, > X (x) — o - ) —o* )
{Ee[ 200 - swta| | = {En| R0 -000] | = {Brfouto - 000
=0 (i) =o() <tm
(25)

Therefore, we finally obtain the following Theorem 4.8
Theorem 4.8. Assume the same assumptions and notations as in Theorem[{.5| Additionally, define

~ 1
Fiedip = {¢ € Fi Lip ‘ 36, € Fig), such that ¢ = 6. + O, <\/N) } . (26)
That is, f}(gzip denotes the set of all functions that differ by at most O,, (ﬁ) from some functions

that minimize ESCN) (+)- Therefore, the same results as in Theoremhold forall p € .Fl(ggip.

5 CONCLUSIONS

We have established upper and lower bounds on the L, errors in DRE through the optimization of
f-divergence loss functions. These bounds are applicable to any member of a group of Lipschitz con-
tinuous estimators, regardless of the specific f-divergence loss function used. These bounds provide
new insights into how the dimensionality of data and the KL divergence between distributions affect

10
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the accuracy of DRE. Furthermore, the numerical experiments corroborate these theoretical findings,
demonstrating that the relationship between L,, errors, KL divergence, and data dimensionality aligns
with the theoretical implications derived from the bounds. This research faces limitations, particularly
in high-dimensional settings where the curse of dimensionality and large sample requirements pose
challenges. Future studies could refine the theoretical framework to explore loss functions that
improve DRE in complex, high-dimensional tasks.
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A ORGANIZATION OF THE SUPPLEMENTARY DOCUMENT

The organization of this supplementary document is as follows: Section[B|provides a list of notations
used in this study. Section [C|presents the proofs referenced in Sections|3|and[] Section [D]provides
details of the experiments conducted. Section [E|explores further discussions related to this study.

Additionally, the code used in the numerical experiments is included as supplementary material.

B NOTATIONS

We list all notations used in the Appendix used in this study in Table[I]

C PROOFS

In this section, we present the theorems and proofs referenced in this study. We begin by summarizing
all definitions and assumptions stated in previous sections. Then, we provide the theorems and proofs
used throughout this study.

C.1 DEFINITIONS AND ASSUMPTIONS IN SECTIONS AND [4]

C.1.1 DEFINITIONS

Definition C.1 (f-Divergence (Definition restated)). The f-divergence D between two proba-
bility measures P and @, which is induced by a convex function f satisfying f(1) = 0, is defined as
Dy (QIIP) = Ep[f(a(x)/p(x))].

Definition C.2 (f-Divergence Loss (Deﬁnition restated)). Let X pir) = {Xp, X%, ..., XE},
X, % P denote R i.i.d. random variables from P, and let XQ[S] = {Xp, X3, ..., XPh X5 ECNe)
denote S i.i.d. random variables from ). Then, for a twice differentiable convex function f,
f-divergence loss L’(fR’S) (+) is defined as follows:

S R
00 = 5 3 (%) + 5 37 (1 (0X3). 7

where ¢ is a measurable function over €2 such that ¢ : Q — R.

Definition C.3 (y-Representation f-Divergence Loss (Definition . 1] restated)). Let f be a twice
differentiable convex function f. Then, u-representation function of f for « > 0 at a point x € €2,

which is written for l~f (u) in an abbreviated form, is defined as
aQ ap

() = =" (w) - 2260 + £ (' (w) - 720 (28)
where f* denotes the Legendre transform of f: f*(¢) = sup,cp{®-u—f(u)}. Let N = min{R, S},
and let X#[ N] = {X}L, e Xﬁ’ } denote N i.i.d. random variables from p. Then, p-representation of

the f-divergence loss E;R’S) (+) in Equation at the points Xu[ N7 is defined as

N
~N 1 ~ .
£V(0) = & DL (w:X}) 29)
i=1
where ¢ is a measurable function over €2 such that ¢ : Q — R+.

C.1.2 ASSUMPTIONS

Assumption C.4 (Assumption for the Upper Bound (Assumption restated)). The following
assumption is imposed on the probability distributions P and Q).

Ul. T*(x) = —logdQ/dP(x) is L-Lipschitz continuous with L > 0 on Q. i.e., 3L > 0 s.t.
|T*(y) — T*(x)| <L-. ||y — x||Oo for any y, x € Q.

13
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Table 1: Notations and definitions used in the proofs

Notations

Definitions, Meanings

(Capital, small, and bold let-
ters)

Random variables are denoted by capital letters; for example,
A. Small letters are used for values of the random variables
corresponding to the capital letters. Bold letters A and a represent
sets of random variables and their values.

R, R

R>o

)

f(x) =0(g(z)), a5z = a
f(x) = o(g(x)), as x — a

X =0p(an),as N — 0o

X =op(an),a8s N — o0

The set of all real numbers and the d-dimensional vector space
over the real numbers, respectively.

The set of all positive real numbers: R~ = {z € R| 2 > 0}.

A subset of R%: © C R4,

Asymptotic boundedness with rate g(z) as * — a: f(z) =
O(g(z)) < limsup,_,, |f(z)/g(x)] < C, where C > 0.
Asymptotic domination with rate g(z) as ¢ — a: f(z)
o(g(x)) < limgq f(2)/g(x) = 0.

Stochastic boundedness with rate ay in p: X = Op(an) &
for all ¢ > 0, there exist 6(¢) > 0 and N(g) > 0 such that
w(1X] /any > d(e)) < eforall N > N(e).

Convergence in probability with rate ay in p: X = o,(an) &
for all € > 0, for all § > 0, there exists N(g,d) > 0 such that
(| X|/any > 0) < eforall N > N(e).

P is absolutely continuous with respect to ().

A pair of probability measures with P < @ and Q < P.
A probability measure with P < p and QQ < p.

The Radon—Nikodym derivative of P with respect to Q.
R1ii.d. random variables from P: XP[R] ={XL X%, ...
where X&, %S P,

S'i.i.d. random variables from Q: XQ[S] ={X4, X5, .-
where XiQ i Q.

N = min{R, S}.

N i.i.d. random variables from p: X, (n] = {X}L, Xi, ...
i,

The nearest neighbor variable of x in X uIN]: XS&V] (x) is the XL
such that || X!, — x| < ||X7, — x|| for all j # i.

f-divergence: D;(Q||P) = Ep[f(q(x)/p(x))]. See Definition

S XE

7X%},

N
X b

where XZ

f-divergence loss function. See Definition

p-representation of the f-divergence loss function at x:
Lp(uix) = —f' (u) - G2 (%) + f* (f (w)) - 4 (x).
p-representation of the f-divergence loss function E(fR’S) (+). See
Definition '

The expectation of the u-representation of the f-divergence loss
on . See Lemma

The Euclidean norm.

The maximum norm in R%: ||y — x[|ec = maxi<;<a|y;i — @il.
The d-dimensional interval centered at a with each side of length
r Ala,r) = {x € RY||x — a||o < 7/2}.

The diameter of B: diag(B) = inf,cr{B C A(a,r) | Ja € B}.
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Assumption C.5 (Assumptions for the Lower Bound (Assumption restated)). The following
assumptions are imposed on the probability distributions P and Q).

L1. T*(x) = —logdQ/dP(x) is L-bi-Lipschitz continuous on . i.e., 3L > 1s.t. (1/L) <
|T*(y) = T*(x)| < L- ||y —x||__ forany y,x € Q.

L2. Ep [(dQ/dP)p} < oo where p < d.

Assumption C.6 (Assumptions for the Convex Function f (Assmption [3.3|restated)). The following
assumptions are assumed for the convex function f.

F1. f is three-time differentiable.
F2. f"(u) > 0. forall u > 0.

F3. Ep|[f"(dQ/dP)] < .

Assumption C.7 (Assumption for the Support (Assmption [3.4|restated)). The following assumption
is assumed for 2.

Ol. diag(Q) < oco.

C.2 THEOREMS AND PROOFS IN SECTIONS[2}[3] AND[4]

Lemma C.8. Let f be a twice differentiable function. Consider Fl}(u; X) defined as in Equation .
Then, the first derivative of L (u; X) with respect to u is given by:

d~ d dP
et = {u= 200} 1) 5 oo (30)
Additionally, if l~f(u; x) is thrice differentiable, the second derivative with respect to u is given by:

st = { (u- 200 - £ + 1 ) S o @

Proof of Lemma First, note that
40 P

(%) = — f' (u) - 2 I @) )
— ) %x) () u— f(w)) %x). (32)

Differentiating Equation with respect to u, we obtain the first and second derivatives of l~f (u;x)
as follows:

i) = ") G200 + - 1) S )
—{u- G} 1w L. 63
and
) = =7 S0+ ) I 0+ £ S
~{(u-Ge0) -+ @ L 34)
This completes the proof. O
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Theorem C.9. Assume that f satisfies Assumption Then, Tf(u; X), as defined in Equation ,
is minimized only when u*(x) = %(X). In addition, for u > 0, the following holds:

Uy (uix) — Iy (ﬁ(@m)
L (Zg( )>~dp(x)-‘u % ) +0<‘u % ) ) (35)
f(a)

dp
where f(a) = o(a) (as a — 0) denotes asymptotic domination such that lim, o+~ — 0.

Proof of Theorem|[C.9] Let sign(x) denote the sign of the value 2 specifically, sign(z) = 1if z > 0,
sign(z) = —1if x < 0, and sign(z) = 0if x = 0.

From Equation (30) in Lemma|[C.8] we have

sien (577 ) = sien ({u - G200 b 1) )
—sign ({u= G260} ) sian (7)) -sien (500

= sign (u — ﬁ(x)) . (36)
Thus, [, #(u;x) is minimized only when u* Z% (x).
Next, from Equation (30),
dQ
and from Equation (3I),
aQ B aQ ar
sty (Gorx) = 7 (200) - S0 68)

Thus, using the second-order Taylor expansion of le(u; x) around u = % (x), we have

Iy (usx) =Ty (2 0% )
2) . (39)

This completes the proof. O

I
N
=
7N
&.‘&
O
X
N——

QU
I
QU
DO

Proposition C.10 (Propositionrestated). Assume that | satisfies Assumption Let E;N) (¢)
denote the p-representation f-divergence loss as defined in Definition[C.3} Then, the minimum value
of L'}N) (¢) over all measurable functions ¢ : @ — R is achieved if and only if ¢ satisfies

(X)) = dQ

TEX), fori=1,2...,N. (40)
proof of Proposition[C. 10| From Theorem|[C.9] we observe that, fori = 1,2,..., N,
7 dQ % %
runir&zf (u;X},) = Iy (dP(X ); Xu), 41)

where the minimum value is archived only at v = g—?, (X2).
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Thus,
: ~(N)
¢1§1§2%>0 Ef ((b) o: fg%x) Z lf )

= min Ie(
B(X,)>0, Z 1@ )
i=1,2,..., N

= E;I& Zlf uz,
1=1,2,. N
1 ~ (dQ ., i

=N Zlf <dP(X“);X“) : (42)

=1

Suppose that (E(x) is a function on ) that satisfies Equation , we have, from Equation ,

EEIN) (5) — min E}N) (9)

¢'Q—>R>o

& Eiemn) 4 1 (o0
-y X :;)—;Zz_;z; (j&xm;xz)
=0. (43)

Here, we show that the minimum value of £ (¢) over all measurable functions ¢ : Q@ — R+ is
archived if ¢ : 2 — R satisfies Equation @

Next, we show that the minimum value of ngv) (¢) over all measurable functions ¢ : @ — Ry is
archived only if ¢ :  — R satisfies Equation (@0).

We have, for any function ¢ : Q@ — (0, c0),

u; >0,

1 - . _ 1 Y - _
— 5 L (0xx) - 5wy DX

i=1 1=14=1,2,....N
1 7 iy, xi 7 i
=52 {lf <¢(Xu);x,u> - ;n;glf(u;xu)} : 44
=1

Suppose that ¢(X',) # % (X,). Then, from Equation , we have
Iy (6(X,)X,,) > minlp(u; X). (45)
From Equations (#4) and #3), we observe that

F(N) _ i W)
Ly () ¢~S¥E§>oﬁf ()

1 & . o~ ;
-5 L) -umie}
U [ (i e
25 {lf (¢>(XL);XL> — min lf<U§Xu)}
>0 (46)
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Thus, we see that the minimum value of E}N) (¢) over all measurable functions ¢ : Q@ — R is
archived only if ¢ : Q@ — R satisfies Equation (40).

This completes the proof. O

Lemma C.11. Assume that f satisfies Assumption Let ENE‘N) (¢) denote the pi-representation
f-divergence loss as defined in Definition Define

L(9) = B | £ (9)]

1 ¢ , dQ
= X | 00 )
Ly [f* ( <¢><x->>>-dp<x->} 7)
N S ' Z du )
Then,
By |, min L} (¢)} = in Lp(0)= min B, £ 9)], (48)

where the infimum are taken over all measurable functions ¢ : 8 — Rs such that Ep|[f($(X))] <
oo. Additionally, the equality in Equation hold when ¢(x) = %(x).

;Naroof of Lemma[CT1} Let, Tj(x) — minyep., l;(u;x). From Theorem we see ZN;(X) =
l(dQ/dP(x);x). Then, we have

T =17 (2 05x )

1 (Gp0) - oo {7 (5300) - G0 (e |- G0

dQ dP
= — _ e . 4
f (dP<X)) i (49)
Now, we have
W) 1 &
in LY = n =3 7 iy, X
Ln LYV )= min 3T 004X
N ~
= min — l XZ ,Xz
#(X;)>0, N ;f@( )i X5
i=1,2,...,N
N ~
= iy > (X))
i=1,2,...,.N =1
1 L
=52 X (50)

Additionally, we have
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— Eolf' &) + Er [/ (f (&) (51)

and

DIE (52)
Now, note that, from Equation @) (Nguyen et al.| (2007)), we see
min —Eo [ (@) + Ep [f* (' (¢))] = —=Ds(Ql|P), (53)

$:Q—R

where D (Q)||P) denotes f-divergence defined in Deﬁnitionand the equality in Equation (53))
holds for ¢(x) = dQ/dP(x).

From Equations (31), (52) and (53), we have

i B (L (0)] = min B [£{7(0)] = -Ds(@lIP), (54)

and the equality in Equation holds for ¢(x) = dQ/dP(x).
Substituting Equation #9) into Equation (50), we have

~ 1 ~
oA, B0 = 5 2T
1 & dQ ;.\ dP .,
=527 (Clg(XL)) X (55)

Thus,
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N
= -5 2 Ds@ip
i=1
= —Ds(Ql|P), (56)
From Equations (54) and (56), we have
: F(N) _ : 7 _ . (R,S)
Bl i 2] = g B0= piw E[ef0] 6
and the equality in each Equation holds for ¢(x) = dQ/dP(x).
This completes the proof. O

The following theorem presents the convergence rate of the expected value of the distance between
two neighboring samples. Similar theorems have been presented in studies on order statistics of
multidimensional continuous random variables (e.g., Biau & Devroye (2015)), p. 17, Theorem 2.1).
Theorem C.12 (Theorem@restated) Assume that §) is a compact set , as stated in Assumption
. Let X( ) x) denote the nearest neighbor of x in XM[N] Specifically, let x [N]( x) be XL in

“[N] such that
XL, — oo < X, —Xloo (V5 <i). and |X, —x|oc < [|X], ~ X[l (V> 1). (58)
Iz F H H

Additionally, let diag(?) denote the diameter of Q. i.e, diag(B) = inf,cr{B C A(a,r) | Ja € B},
where A(a, ) denotes the d-dimensional interval centered at a with each side of lengthr: A(a,r) =
{x € R |x — al|oo < 7/2}.

Then, for 1 < k < d,

K

1
< diag(Q)" - (

N+1

Kk/d
HX x ) . forall N > 1. (59)

wiv) (%) —

proof of Theorem[C.12] Let we rewrite x in Equation 1} as X/ 1. Subsequently, let Xu[ Nt1] =
XN U{X' T} Let Ay = QNA(X], < [N](Xi) X ||loo), where A(a, ) = {x € R* | [|x —
al|oo < 7/2}. Note that, A; N A; = ¢1fz # j. Thus, I_IN“A c Q.

Now, let A denote the Lebesgue measure on R?, Then, we have

N+1
D> A(A) =M (UETTA) <X (Q) < diag(Q), (60)
Subsequently, since A (A;) = HX(I) Xl) XL , we have
N+1
3o, Z HX - X, ©61)
i=1 >
Thus, from Equations (60) and (6I), we have
) i|1¢ < g d
Z HX#[N - X;||_ < diag(@)”. (62)
Note that, it follows from Jensen’s inequality that
Kk/d
N+1ZHXMN1 - X <{N+IZHXMN]X) X, oo} . (63)
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From Equations (62) and (63), we have

Kk/d
[ ® < [
v 3 e - < { it X oo -
1 4 Kk/d
< —— - diag(Q
< { iy - dee@) }
1 Kk/d
(64)
Thus,
N+1 (1) K 1 Kk/d
Ex; |[X¢ —H < diag(Q)" - [ —— ) 65
N+1Z X, (x) xooflag() (N+1) (65)
where Ex;, XLBV] (x) —x N " denotes the expectation of HXE}[)N] (X:) —XLHOO with respect to X,
Note that,
1 i 1 i
EMHXL&V}(X) = x| = By X 00 = x| (66)
Therefore,
(1 g R ) "
E HX“[N]( -x|_ =5 ; Ex || {60 = x|| 67)

Finally, from Equations (63) and (67), we have

0 . ;N2 0 . R
B X&) =x|| =577 Z; x| X (%) = x| < diag()"- <N+1) - (68)
This completes the proof. O
Corollary C.13. Assume the same assumption as in Theorem[C_12) Then, for 1 < p < d,
T A 1/d 1) PP
Jim N B [ X6 x| ]} < ding(). (69)

proof of Corollary|[C.13] First, from Theorem|[C.12] when x = p,

1

p/d
g 1) , forall N >1 (70)

EuHX,(Jl[gv] (x) — XHZO < diag(Q)? - (

Thus, for forall N > 1,

1/p
l/p 1 p/d
(1 ; D,
(B e [} < {dlag(m (N+ 1)

. 1 1/d
_ diag(Q) - (N A 1) 1)

Taking lim x_, . on both sides of the above inequality, we have
T arl/d 1) PP
i N B [ 00 x| ]}

1 1/d
< Tim 1/d | 43 N
e (1))
= diag(2). (72)

This completes the proof. O
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Corollary C.14. Assume the same assumption as in Theorem Then, for 1 <p <d/2,

— dQ p p 1/p
lim NY4. {Ep [{dp(x)} : HXEJI[)N](X) -x DJ}

N—o00
. 1/(2-p)
dQ 2P
{dp<x>} D | @3)

proof of Corollary[C.14] First from Theorem[C.12]when x = 2-pand u = P,

2-p

< diag(f) - <EP

1

2-p/d
M) s for all N Z 1. (74)

Bre[X ) x| < dingte -

oo

Thus, for forall N > 1,

1) 2.p) 1/(2:p) 1 2-p/d 1/(2-p)
. 2.
{EPHXP[N](X) _XHOO } < {dlag(ﬂ) b <N+ 1) }
1

1/d
_ diag(9) - () (75)
Now, using Holder’s inequality, we have

pe [{200} " [0 - x
{ﬁgw}ﬂ ) o (E {HX%BN] (x) - XHZ’DW"”

{‘ﬁ(x)}wblm.p).diag(Q)-<N11>l/d 6

Taking lim v, on both sides of the above inequality, we have

g o [{ B i ]}
{Zg(x)}gp]>1/(2-p).diag(m. <Nirl>1/d

{ % (X)}Q.p] ) 1/(2) -

This completes the proof. O

N—oc0

< Tim { NV4. (Ep

= diag(f?) - <Ep

Lemma C.15. Let ;1 be a probability measure on R with d > 1. Assume that i < \, where \
denotes the Lebesgue measure on R%. Let || - || denote the maximum norm in R%: ||y — x| o =
maxi<;<q |yt — x|, where y = (y',y%,...,y"N) and x = (2, 22,...,2N). Additionally, let
ASX, r) denote the d-dimensional interval centered at x with each side of length r: A(x,r) = {x' €
R %" = x[oo < 7/2}.

Then, for any interior point X in §Q,

w(Ax,r)) = %(X) rhto(rt), asr—0, (78)

where f(r) = o(g(r)), as v — 0, denotes asymptotic domination such that lim,_q f(r)/g(r) = 0.
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proof of Lemma[C_I3] Note that, if x is an interior point in 2, it holds that
n(Ax,r)) _dp

e (A1) dA (). 79)
From Equation (79), we have
. M(AS, ) _ T u(AS r)
= fm m (80)
= (). 81)

Here, we use an equation such that A\(A(x, 7)) = r¢ in Equation .
From Equation (8T), we observe that

w(A(x,r)) = %(x) 40 (r?), asr—0. (82)

This completes the proof. O

Corollary C.16. Assume the same assumptions as in Lemma Let X be a random variable
drawn from p, and let Ex denote the expectation with respect to X.

Then, for any interior point Xq in (Q,

d
= ﬁ(xo) Spptdtl 4 (errdH) , asr—0, (83)

where I(A)(-) is the indicator function for A: I(A)(x) = 1 ifx € A, and 0 otherwise.

Bx[|x0 = X[, - 1(A(x0,7) (X))

proof of Corollary[C.16] Consider the integration variable from x to 7 such that
HXQ—XHio =r. (84)

Then, from Lemmal[C.13] we have, as 7 — 0,

I(A(x0,7))(x) - Z—i(x) dx = %(Xo) 40 (r?). (85)

From the definition of expectation with the density du/dX and Equation , we have, as » — 0,
Bx [[x0 = X||Z, - 1(A(x0,7)) (X)]
d
= / |0 — XHZO I(A(x0,7))(x) - ﬁ(x) dx

_ /rp - (Z’;(xo) o (rd)> dr

dp

— a(XO) Lppratl 4 (rp+d+1) . (86)
This completes the proof. O

Theorem C.17 (Theorem @ 4] restated). Let P and Q) be probability measures on a compact set §) in
R® with d > 1. Assume that P < )\ and Q < )\ where X\ denotes the Lebesgue measure on R, Let
p be positive constant such that p > 1. Assume E[(dQ/dP)P] < oc.

Then,
/p
. dqQ 1 P 1 p !
Ry Nl/d {Efcpm [EP HdP (X;[)N](x))} . HXED[)N](X) - XHOO
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o fulfgof )

where EXP[N] [-] denotes the expectation on each variable in XP[N] ={XL X%, ... X&)

proof of Theorem[C.17] Let

B; = {x 0 ‘ Hxip _ XHOO < (;f)l/d}. (88)

Since Xg[)N] (x) is the nearest neighbor in {X},, X%, ..., X} } for x,
_ 1\ V4
13 <N s |[Xp-x| < (%
S O s S P X o = N
1/d
1 1
= X0 ) _XHOO < <N> (89)
Thus,
1/d
(1) !
fxen x| =(5) "}
N 4 1\ /4 N
:U{XGQ‘HXL"_XHOOS(N> }=UBz~ (90)
i=1 i=1
Next, define
N
Zn(x) =Y I(B)(x). 1)
i=1

Let X p be a random variable drawn from P with Xp 1L X}, forl <i¢<N.
From Lemma[C.T3]
P(I (By) (Xp) = 1) = P(B,»)

1 1
=S +0 (N> , (92)
and I (B;) (Xp) € {0,1} and I (B;) (Xp) AL I (B;) (Xp) fori # j. Namely, Zy (Xp) follows

a binomial distribution with the number of trials NV and success probability for each trial 1/N +
o(1/N).

Then, we obtain
1 1\ Y
By [I({ZN(XP) - o})} - (1 -0 (N>> . 93)

Since limy 00 1 — 3 — 0 (77) = 1, we have
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asas N — oo.
Thus,

By, [T({Zn(Xp) = 0})] = (1 -5 0 (N»N_l @sN —>o00).  (94)

Additionally, note that

and

In particular,

Therefore,

vt [ {42 (i 00) ) o0 -]

> NP/ B, [{Zg (X0 ) }p X000 = x N

o ({ren Pxte-sl < (3)))

p

=3 1192 (s ) g 00 - ]
XI(B,).I({XEQ ‘ZNX :1}>}
— Np/d. ZEP {Zg (XP)} N Hio

25

95)

(by Equation (90))

(by Equation (95))
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xI(BZ-)~I({x€Q ’ZN(X):1}H. (96)
Now, let
) N
Zy (x) =Y _I(Bi)(x).
i)
Then,

1(B)-1 ({x €0 ‘ Zn(x) = 1}) —1(B)-1 ({x €0 ‘ Z5(x) :0}).

o7)
Additionally, let X;fN] denote the subset of X p[n] excluding X5 ie., X;?N] =X PN \ {X5,}.
Let E;,l[] denote the expectation over the variables in X;fN], which is equivalent to Ey—i .
P[N]
From Equation (94),

By [I(Bi) ~I({x€ Q ‘Zl;i(x) :o})] - (1— ﬁ —0<N1_1>>N_2.

From Equations (97) and (98), we have

p

By [mn [ { G2 0650} b -]

From Corollary [C.16] we have

ee {52 x| 1(80)]

s () ()
woo) - (5) (0 )

{ﬁ(x%)}p~ (Jif)ler/dJrO((]b)Hp/d). (100)

From Equations (99) and (T00), we obtain

ri [ [{22 0} i< 11 (fren | =)

p

26
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(xse())

. {Zf_?, (XZ)} -(jlv)l+p/d+o<(]1v)l+p/d>. (101)
From Equations () and (TOT), we obtain, as N — oo,
0 B 1| {3 (50) o
Z Ep [{ } x|
- (fxen | 2 -1)
:éNp/d.Exip[E e [{ 22 xp)} x5 -

<1(B)-1({xe | 2n( = 1})

(vte()

Ao} () ()
e wo()

x Ep H Zg( )} ] : (;) +o (é)} (by Equation (TOT))

p/d |
=N XP[N]

S S M

8

[E—
[E—

(by Equation (96)))

N
=D NV By,
=1

(102)
As N — oo, we observe
1 1 N-2 »
(1_N—1_O<N—1>> — e . (103)
Then, we obtain, from Equation (T02)
dQ P p
p/d | R (1)
s [ (B 00 o
dQ
>e L. FE . 104
> p[{dPuH (104)
This completes the proof. O

Theorem C.18. Assume that f satisfies Assumption For ZECN) (¢) defined in Defined let
M) _ aremi L&)
* = aIgMIg:Q—R5o & f ().

Then, for any measurable function ¢ : Q0 — R, the following equivalence holds:

1

qb(XL) _ SKN)(XL) =0, (\/N) , for1<i<N
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F(N) 1
— Ef (¢) — ¢s€n_51%>0£ 7(¢) = (\/N> )

where {X}“ Xi, XN
proof of Theorem[CI8] First, we enumerate several facts used in this proof.

I. From the Central Limit Theorem, we have:

F(N) ([ (N) AN (Y] 1
£ (o) - B [20 (47)] = 0, (5)-
II. From Proposition , we have, for all x € Xu[ N
(N) dQ
o (x) = TE(x),

where Xu[ N is defined in Deﬁnition

III. From Equation (107), it follows that:
(V) ( (N)) _ ) (4Q
Ly | ox L <d R

and
w2 ()] = B2 ()]
IV. From Lemma[C.11] we have:
i Li(6) =L (;@) EH[E(fN) (‘ﬁ)}

From Lemma for E(u, x) defined in Equation (28), we obtain:
dQ
l =
du'’ (dP (x); ) 0

and
0 (Se0rx) = 1 () - i

VI. From Theorem|[C.9] we have:

Iy (u;x) — I (dQ( )X) :% 1 (;% )> 'CZ(X)"“_

dP

il

(\ -9

where f(a) =
0.

VII. From the assumption that Ep[f”(dQ/dP)] <
" @ i ap i
(G - S -

28

0, (1), as N — oc.

(105)

} is defined in Deﬁnition and L ;(¢) is defined in Lemma

(106)

(107)

(108)

(109)
(110)
(111)
(112)

Q. |?
7p X

(113)

(a) (as a — 0) denotes asymptotic domination such that lim,_,¢ f(a)/a =

(114)
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Now, we show the direction “==" in Equation (103).
Assume that ¢(X?,) = ™ (X1) + O, (1/\/ﬁ) for1 < i< N.
From Equations (33) in Theorem[C.9)and (IT4), we have

I (o0X1): X1) =1 (1 (X1): X3, )

=1I; (p(X1); X5) — 1y (jg(xw X;)

(oo ) - SEe- o) - Gk

+o<\¢><xw—‘l@<xw

)

1
2 dp d/i dp dp
1 aQ ..\ dP 2 A 2
37" (T0x) - ok~ 0 o ook -tk
1 2
=0,(1)-0p <{\/ﬁ}>
=0, (;;) (115)

Thus, we have:

£ -2 (8) = -3

0
=0, <Jb> : (116)

From Equations (T06), (I08), (T10), and (TT6), we obtain:

Ly (0) — , min Ly(9)

(270 -89 () + {2 (09) - 510
_ £§N>(¢) P (@N))} + { i (;23) - in ﬁf(¢)} (by Equation (T08))
= {2 ) - £ (¢*N))} ¥ {ESZ“ (Zg) _ E[Z}m (Z?)) }} (by Equation (TT0))
—{2(0) - £/ (o)} + {2 (o) = B[P (68 ]} (by Equation (T08))
_o, <]1V) L0, ( 1N) (by Equations (T08) and (TT8))
-0, (%) . (117)

Thus, we have proved “=".

Next, we prove the direction “<=" in Equation (T03].

Suppose

LM($) ~ min cf(¢):op< L ) (118)

»:Q—Rso
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From Equations (T06), (TT0), (T09), and (TT8), we obtain
£V (9) ~ £ (o)

_ {E;M(qs) ~  min ,cf(qs)} + {wgniﬁ Ls(0) - LY (¢£N))}

$:Q—Rs o
_ { LY () - i L f(¢)} n {E {E}N) (;lg) } Sy (¢§N>) } (by Equation (TTO))
= {Z;N)(@ — ¢g¥3§ Ef(qb)} + {E[Zyv) ( Sj“” - ngv) ( iN))} (by Equation (T09))

=0, (\/%) +0, (\/%) (by Equations (T06) and (T18))

1

From Equation (T07), we have

~ - 1
£V(0) ~ 21V (o) = % -

(6060 %,) - sz (6 (x;): ;)

{Ir (oxpixs) =17 (o (x00:X3) }

1>

I
=l
M-

s
I
—

(120)

From Equations (TT9) and (T20), we have
A (A dQ A\ 1
v 2 Blomx) -1 (o) =0 (75) o

Letayy = Ep [[o(X}) - 6! (X})

aly = aX forany 1 < i < N. Thus, define Ay = SUpy> N al = SUpy> N ajy.

)

} . Since XL is identically distributed for 1 < ¢ < N, we have

Using Chebyshev’s inequality, we have for any € > 0,
i (k) (i
P (Joex - o)

= Bp ||o(X;) — o1 (X))
An

}

IN

<e. (122)

Thus, $(X,) — 647 (X7,) = O, (A).
Now, we calculate

}Vi{z} (ex:x3,) =1 (8 (X0:X;,) }
w2 {rlee) 5 (o)}
i{; <‘¢> (X, —;ZQJXZ)Q) +o, (\qb(xi - 2x1)

i=1

Z\H

)

Z\H
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N
1 1 i i|? i N
— v {5 a0, ([eexh) - o[ ) + oy (o) - oV x| |
i=1
1 1 1 1
-~ N30, (\F)-op(A?V)JrN-N-i-op(Aj*V)
=0, (VN) -0, (4%) + 0 (44) . (123)
Here, X = o,(an) denotes the convergence in probability with rate ay in pas N — oo X =
oplan) (as N — 00) < Ve, V6 > 0,3N(g,d) > 0such that p(|X|/an > §) < e for VN > N(g, 9).
From Equations (T21)) and (T23), we have
1
o} <\/N> >0, (V) -0, (4%) + 0, (4%) . (124)

From the definition of Ay, we observe that A decreases as IV increases. Thus, limy_, o, A exists
and 0 < limpy_y00 Ay < 0.

Suppose that limy o, Ax > 0. Then, we have

0, (V) -0y (4%) + 0, (4%) = O, (VN) + 0, (1). (125)

This contradicts Equation (124)). Therefore, limy_,., Ay = 0.
From Equation (T24), we have

» (A%) - (126)

Thus, Ay = O (1/\/N).

Finally, we have

$(X) — o™ (Xi) = 0, (An) :op( ) (127)

1
VN
Here, we have proved the direction “<=".

This completes the proof. O
Corollary C.19 (Theorem [A.7] restated). Assume the same assumption as in Theorem let
(N) = argming.o—Rr. ‘CfN ().

Then, for any measurable function ¢ : 2 — R<,

¢(XL) - SKN)(XL) =0, (\/%) , for1<i<N.
. , 1
= 55{378)@) — ¢:ngfR>O E, [E;R S)(¢)] =0, (VJV) , (128)

where {X1 X2 ey Xfy} is defined in Deﬁnition and EECR"S)(@ is defined in Deﬁnition

proof of Corollary[C.]9] From Lemma , we have E;R’S) (@) = L(¢).
Therefore, Equation (I28) follows directly from Equation (I03).
This completes the proof. O
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Theorem C.20 (Theorem [4.5| restated). Assume that Q is a compact set in R* with d > 3 and
that f satisfies Assumption|C.6| Let P and () be probability measures on §). Assume that P < \

and Q < )\, where )\ denotes the Lebesgue measure on R%. Let T*(x) be the energy function of
dQ/dP(x) defined as T* (x) = —log dQ /dP(x).

Let F I(é\_%ip denote the set of all K-Lipschitz continuous functions on €) that minimize E}N)()
Specifically, define

.ﬂmz{@:ﬂeRw(@mwgquémw%, (129)
and
Ficr={0:0 5 Roo | [0(y) = 6(x)| < K- |ly ~x|| forally,x e @} (130)
Subsequently, let
Filw = FN 0 Frerip. (131)

(Upper Bound) Assume Assumption ' there exists L > 0 such that |T*(y) — T*(x)| < L - |ly —
X|loo for any y,x € €, i.e., T*(x) is L-Lipschitz continuous on €.

Then, Equation holds for 1 < p < d/2, such that for any ¢ € ]—iggip,

p}l/p

2.p7Y) 1/(2p)
{dQ(X)} ] } + K - diag(Q). (132)

— d
Jf;Num{prg@%—Mﬂ

< L-diag(Q) - {Ep 1P

(Lower Bound) Assume Assumption [C.5} there exists L > 1 such that (1/L) - |ly — x[|oc <
|T*(y) = T*(x)| < L+ |ly — x||o for any y,x € Q, i.e., T*(x) is L-bi-Lipschitz continuous on §;
and Ep [dQ/dP] < cowithl <p <d.

Then, Equation holds for any ¢ € F [((A_fgip, such that

d py 1/p
Nhjm N/, Eg i HEP %(x) — (%) } ]
p1y 1/p
>1. {EP [{Zg(x)} ] } K - ding(®) (133)
> % L ELQIP-Y L e diag () (134)

proof of Theorem[C.20} First, we list the equations used in this proof.
1. By Taylor’s theorem for the second-order Taylor polynomial of e~ ¢, we have
1
et=1—t+ 3 ce=¢W 2 where 0 < |e(t)] < |t]. (135)

II. From Equation (I33), it follows that

o) - o)

— e T . ‘1 _ )T ()

:afm{uww—Twwné~JWWW%aww—T“”V}
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= R {7 5) - T ) 5O () - T

where 0 < |C(y,x,T")| < |T*(y) — T*(x)|. (136)

II. From Corollary |C.13} for 0 < p < d/2,

P

Iim NY/4. {Ep’ Xy (%) = x

1/p
N—oo u[N } < diag(€2).

oo

(137)

IV. From Corollary|C.14] for 0 < p < d/2,
— dQ P 1
Tim NV {Ep H z (x)} : HX;[)N] (x) — x

N—=o00
2p1Y 1/2D)
{jﬁ <x>} ] } (138)

< diag(Q) - {EP

V. From Equation (138), for 0 < p < d/2,

21 Y
i N4 {8 T oo - T
N—o00 P P[N] [e%S)
2

N—oo N2/d

2. 1/(2-p) /
{;’f_?,@} H ding(@) - Tm

=0. (139)

VI. From Theorem|[C.17] for 0 < p < d,
dQ p P 1/P
1/d lx® _
dm 8B [ |5 (xe0) oo =<}
B dQ p 1/17
>e L. %
ey

where Ef(pm] [-] denotes the expectation on each variable in XP[N} ={XL X%, ..., X}}.

VIL Let X N7 denote the set of random variables defined in Proposition From Proposition

dQ

(N) i
¢ € Fipyp = 0(X)) = dP(

) for 1<Vi<N. (141)
Now, we prove Equation 1) Let ¢(x) be a member of F I sz
By applying the triangle inequality in the L, norm, we have

1/p
{050 - o0 }

T5x) = 6(x)
aQ

dQ
{EP dP() dP( M[N](X))

d
9 (X x)) — 6(x)

P}l/p

(142)

py 1/p
} + {EP
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From the K -Lipschitz continuity of ¢ and Equation (141),

dQ 1) P 1/1’ o P l/p
{Ep d—P(X#[N] (x)) — ¢(x) } = {Ep qb(X#[N} (x)) — ¢(x) } (by Equation [T4T))
. p y1/p
<K- {Ep XL@VJ (x) —x } . (143)
From Equations (I37) and (143),
— dQ (1) p 1/19 )
ngnoo {Ep P (XH[N] (X)) — (%) } < K - diag(Q). (144)

Next, by substituting y = Xf}[;\’] (x) and multiplying by %(x) in Equation (136)), and using the

L-Lipschitz continuity of 7", we have
P } 1/p

{ e | TR0 - G200

- [Ep Z—g(x) X {(T*(X%\/] (x)) — T*(x))
500 (T (X () - T*(x)>2} } "

where 0 < C1(x) <

260 < { (T - () |

|
+ {EP Hzllg(x)}p . %.epa(x), T*(Xf}ﬂv](x)) _T*(x)‘ p:| }l/p
T e —
gy
x2ip | -1 0] 7 (X ) - T*<x)f"’} }1/”
(- 1) < |7 (X{ () = 7" ()]
<{er (oo} ot ]}
«{ee (e}
><2ip X eox]| o %0 _tzj }l/p
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e {e}
1

-L-diag(Q (1)
xﬁwep 8( )~Lp-HXM[N](X)—X‘

NI
=1 [{E00} e -

1 dia dQ p (1) 2:p 1/P
+ g g(“)'{EP HdP(X)} [ x{i 0 x|

(145)
From Equations (I38), (I39) and (T43)), we have
/p
= dQ D eV
i NL/d. {E ‘dP( ) — ¢(X,(L[3V} (x)) }
— d p 1/p
< i vt e ({0 [xioeo ]}
— 1 dia dQ p 2-p 1/p
L ngnooNl/d 3 . oLdiag(®) . {EP HdP(X)} : HXS&V](X) _X’ N } }

dQ 2-p 1/(2-p)

= L - diag(Q) - {Ep {dP(x)} } . (146)

Finally, from Equations (T44), (I42), and (T46), we have

p}l/p
0 1277

{dP(x)} ] } + diag(Q) - K. (147)

Thus, it is shown that Equation (I32)) holds.

d
(800 -

< L - diag(Q) - {Ep

Next, we prove Equation (T33). By applying the triangle inequality in the L,, norm, we have

{0 %20 - g0}
dQ

1/p
{of - oo}

ar™ ~ gp K ()
By substituting y = XS&V] (x) and multiplying by ‘é—i(x) in Equation (136)) and the L-bi-Lipschitz
continuity of 7™, we have

d
9 (X x)) — 6(x)

p}l/p

(148)

py 1/p
{Be [T 00) - G200 }
d
— {0 | TR (K )
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where 0 < Cl ’T* X(l[)N]( )) _ (X)‘

> (o {20y} oxghon - 760 |}
{el{fmo

(1) * 9. 1/p
ool iy o) - 00| 7}

7'6

- (oo {320} =]}

1p ) e;D'L-HXLl[)N](x)fo L. HX(BV] ) x‘

i
NS

e [{ 22 o)}

1 ia dQ P
— 5 eteE® L {Ep HCMD(XS&V}(X))} : HXLBV](X) _X‘

2~p:| }1/17

d P
s {EP Hﬁg(xm](x»} [ X ) = x

1
p-L-diag(Q?)  7p . B
X2p € L HXM[N]( ) X‘

2:p 1/P
} } (149)

From Equations (T38), (139) and (149), we have

NH_I&NW'{E” . < Tg() ¢(XS[3V](X))‘ )1/p]}
ZN%N“{ ( H <o} [igeo [ ])

: 1/d . .
> lim N {EXP[N]

N—o0

T 1 .
im d diag(Q2
— 11 Nl/ . {EXP[N] l2 -e g( )

N —oc0
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N—o00

e (o {8800} o ) )

b o[ )

Finally, from Equations (T44), (T48), and (T30), we have
P } 1/ p]

dQ
p/d
L N By [{E 94 () - 0130
1/p
1 a0

>e 1. 2. —di K.

ze T {E HdP( )} }} diag(2) - K (151)
Thus, it is shown that Equation (I33)) holds.
Next, we prove Equation (134).

B [ m NV, {1.ediag<n>
P[N] 2

First, we have

{EP 99 ) {Zi@c)}p_l} }1/,,
(= [fite) )

1/p
- {EQ[e(p 1)-log dP(x):|} ) (152)
From Jensen’s inequality,

1/p 1/p
{EQ [e(p—l)-log ;liﬂx)} } > {eEQ[(P 1)-log 42 (X)] }

1/p
{6<p1>-EQ [10g 42 (x) ] }

1 -Eq [log 95 (x)]

(o [z} )

=e

2L KL(QIIP). (153)

= epP
py 1/p
{r N

el~i-{E ng( )} ]}l/p—diag(g)-f(

From Equations (T51)), (I52) and (I53),

: d
lim NP/ - Eg

N —oc0

dQ

T2~ 6(x)

P[N]

>
1 o5
> e B KLQIP)ITL _ iag(Q) - K. (154)
This completes the proof. O

Theorem C.21 (Theorem [.8|restated). Assume the same assumptions and notations as in Theorem
Additionally, define

}-;gj\_fzip = {¢ € Fk-Lip

~ 1
36, € F),, such that ¢ = ¢, + O, (\/N) } . (155)
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That is, fg\_fzip denotes the set of all functions that differ by at most O, (1/+/ N) from some functions
AN
that minimize L (-).

Then, the same results as in Theorem hold for all p € F I((szp Specifically:
( Upper Bound) Under Assumption Equation holds for 1 < p < d/2 such that for any

¢ € .FK
p}l/p

2-p 1/(2-p)
{;lg(x)} ] } + K - diag(Q). (156)

(Lower Bound) Under Assumption Equation holds for any ¢ € F }(szp such that

Lip’

X AT T

< L-diag(Q) - {Ep

d py 1/p
lim NY®- By, {Ep dg() ¢(x) } ]
p7y /P
Zi'{EP H;@(X)H} K - ding() (157)
> % CEHELQIPIT ¢ diag(Q) (158)

Proof of Theorem[C.21] First, we prove Equation (I56).

Let ¢ be a member of .7-'K Then, there exists ¢ € ‘FI((A-[l),ip such that ¢ = ¢ + O, (1/V/N).

Lip*
Using the triangle inequality in the L, norm, we obtain

{r[go0 a0l } = {0 oo v () [}
= {EP Z?D( ) — ¢(x)p}1/p+{EP 0, (\;N) p}l/p
G R O R

From Equations (132)) and (I59), we have

Jim v L ‘jf?,() 3x)

< Tim NY/4.

N —o0

{E \jfi( )= 6(x)
p}l/P

2.p7Y) 1/(2P)
{Zg(x)} ] } + K - diag(Q). (160)

= L - diag(Q) - {Ep

Therefore, Equation (I56) is proven.
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Next, we prove Equation (157).
By applying the triangle inequality in the L, norm, we obtain

dQ NN dQ 1
{on| %200~ 300 b = {0 | %200 - 600+ 0, (1)
py 1/p
> { e [T00 000 |~ {r
B dQ py 1/p 1
{EP dP( x) — P(x) } O<\/JV) (161)
In a similar manner to the derivation of Equation (I60), we have

ol -7}

T2 = ()

> i w00y, | 920 ot }W—O(\/lﬁ)]

= lim NV By _{Ep 99 () - qs(x)p}l/p] ~ fm Nl/d.0<\/1ﬁ>

py 1/p

lim N/, E4
N—oo

P[N]

N—oo P[N] dP N—oo
) i dQ 1/1’
= i NV B | R0 o) | ]
B 1 dQ P 1/p )
L.{E HdP( )} }} — K - diag(Q). (162)

Therefore, Equation (T1537) is proven.
Equation (I58) is obtained in the same manner as in the proof of Theorem [C.20}
This completes the proof. O

D DETAILS OF THE EXPERIMENTS IN SECTION [3]

In this section, we provide details of the experiments reported in Section[3] Each dataset, experimental
method, experimental result, and the neural network settings used in the experiments are described in
separate subsections.

D.1 DATASETS.

In both experiments investigating the relationship between L,, errors and KL-divergence in the data,
and the relationship between L, errors and the dimensionality of the data, the datasets were generated
from the following distributions: the numerator distribution is a multidimensional multimodal normal
distribution, and the denominator distribution is a multidimensional standard normal distribution.

Denominator Distribution: The denominator datasets X pir) = {Xp, X%, ..., XE} were gener-
ated from the following d-dimensional standard normal distribution:
X, S N(0,1,), (163)
where I; denotes the d-dimensional identity matrix.
Numerator Distribution: The numerator datasets XQ[S] = {Xb, X?Q, ey Xg} were generated
from the following d-dimensional, M -multimodal normal distribution:
..d M
X~ [ N v, Ia) 7, (164)
m=1

where for each mode m:
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* Zy ~ Bernoulli(1/M) and Y"M_, 7, = 1.
* 1, ~ Uniform(S?-1).

Here, Bernoulli(1/M) denotes the Bernoulli distribution with parameter 1/M, and Uniform(S¢—1)
denotes the uniform distribution on the d-dimensional unit surface S4~! = {x € R* : ||x|| = 1}.

In the aforementioned setting when M = 1, the KL-divergence of the datasets is calculated as:

KL(P||Q) = Ep [log <ZQ)]
= En(0,14) {log </\m>]

1 _ _
=5 {1 0g :2 | —d+Tr(S, ") + (pp — pg) " -5t (up—uq)}
1
2 [I"g Ifd: d+Te(Ta 1) + (o v)”  Ia - (- rm>]
1
=3 (O d+d+p?- rm)
Loy
= = . u”. 165
5 (165)
From Equation (I63)), the KL-divergence of the datasets for M/ > 1 is calculated as:
dP
KL(PI|Q) = Ep [tog (50
i N(0, 14)
= En(0,1,)E7,, ~Bemoutii(1/01) 108
‘ e L Hi\r{ 1~/\/'(.u rmald)
Sy p
N(O, Id) "
= EN(O,Id)EZ,,LNBernoulli(l/]W) log H (
L me1 N(M'rmv-[d)
r M
N(0, 1)
= En(0,1,)E7,, ~Bemoulli(1/M) Z log (
Lm=1 N(,u'rmajd)
N(0,1y)
=F 1 R S VA
Ao [ . (Nm s L)
Loy
= — . u’. 166
5 M (166)

Thus, we set 4 = /2 - KL(P||Q) in Equation 1} for M = 1,2,3, and 4, where K L(P||Q)

denotes the KL-divergence of the datasets.

D.2 EXPERIMENTAL PROCEDURE.

We trained neural networks using the training datasets by optimizing KL-divergence and c-divergence
loss functions. Details of the two functions used in the experiments are provided below.

KL-divergence loss function. We used the following KL-divergence loss function, £k, (+), in our
experiments:

S
1 i 1 ;
- L LS (167)
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a-divergence loss function. We utilized an a-divergence loss function proposed in a separate
unpublished study, currently under anonymous review. The a-divergence loss function is defined as:
. 1 .
£(R 5) (T;a)=—"- Eqs |:e()t'T9:| +-—— - Epg |:e((l/,—1)~T9i|
-«

a-divergence 1

ZeaT(XQ l_a R Z a—1)- XP) (168)

For further details and theoretical derlvatlons of the loss functlon, we refer the reader to the
anonymized supplementary material included in this submission (see Anonymous| (2024)). This
material contains a full explanation of the theoretical framework and the optimization process of the
loss function used here.

Q\H Q|

L, Errors vs. KL-Divergence in Data. We initially created 100 training, validation, and test
datasets, each consisting of 10000 samples, with a data dimensionality of 5 and KL-divergence values
of 1,2, 4,8, 10, 12, and 14, and the numerator datasets of modalities of 1, 2, 3, and 4. The numerator
datasets had modalities of 1, 2, 3, and 4, generated from the aforementioned distributions. We trained
neural networks using the training datasets by optimizing both the a-divergence and KL-divergence
loss functions. Training was halted if the validation loss, measured using the validation datasets, did
not improve over an entire epoch. After training the neural networks, we measured the L,, errors of
the estimated density ratios for p = 1, 2, and 3, using the test datasets. A total of 100 trials were
conducted, and we reported the median L,, errors along with the interquartile range (25th to 75th
percentiles) for each KL-divergence and a-divergence function.

L, Errors vs. the Dimensions of Data. We initially created 100 training datasets, each consisting
of 20000 samples, and 100 validation and test datasets, each consisting of 5000 samples, with data
dimensionalities of 50, 100, and 200, and a KL-divergence value of 3. We trained neural networks
using the training datasets of sizes 1000, 2000, 4000, 8000, and 16000, by optimizing both the
a-divergence and KL-divergence loss functions. The numerator datasets had modalities of 1, 2, 3,
and 4, generated from the aforementioned distributions. Training was halted if the validation loss,
measured using the validation datasets, did not improve over an entire epoch. After training the neural
networks, we measured the L, errors of the estimated density ratios for p = 1, 2, and 3, using the test
datasets. A total of 100 trials were conducted, and we reported the median L,, errors along with the
interquartile range (25th to 75th percentiles) for each KL-divergence and a-divergence function.

D.3 RESULTS.

L, Errors vs. the KL-Divergence in Data. The results for each multimodal case M = 1,2, 3, and
4 of the numerator datasets are shown in Figure[3] The results of M = 1 were reported in Section[3}

As shown in Figure [3] the estimation errors for p > 0 increased significantly, which accelerates as p
becomes larger. In contrast, when p = 0, a relatively mild increase was observed. As indicated by
Theorem these results highlight the impact of the KL-divergence in the data on L,, error with
p > 1in DRE f-divergence loss functions. Additionally, little difference was observed in the results
among the modalities of the numerator datasets.

L, Errors vs. the Dimensions of Data. The results for each multimodal case M = 1,2, 3, and 4
of the numerator datasets are shown in Figure d]and[5] The results of M/ = 1 (the first and second
rows in Figure ) were reported in Section 3]

As shown in Figure E], the L1, Lo, and L3 errors in DRE deteriorated as the data dimensionality
increases for both the a-divergence and KL-divergence loss functions. These results indicate that the
curse of dimensionality occurs equally across the L, errors, as indicated by Theorem Additionally,
little difference was observed in the results among the modalities of the numerator datasets.

D.4 NEURAL NETWORK ARCHITECTURE, OPTIMIZATION ALGORITHM, AND
HYPERPARAMETERS.

L, Errors vs. the KL-Divergence in Data. The same neural network architecture, optimization
algorithm, and hyperparameters were used for both the KL-divergence and a-divergence loss func-
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Figure 3: Experimental results of L,, errors versus the KL-divergence in the data for each multimodal
case M = 1,2,3, and 4 of the numerator datasets, as discussed in Sections [3]and [D] The results for
M = 1 were reported in Section[3] The z-axis represents the KL-divergence of synthetic datasets
with fixed dimension. The y-axes of the left, center, and right graphs represent the Ly, Lo, and L3
errors in DRE, respectively. The blue line represents errors using the a-divergence loss function, and
the orange line represents errors using the KL-divergence loss function. The error bars represent the
interquartile range (25th to 75th percentiles) of the y-axis values. The plots show the median y-axis
values corresponding to the KL-divergence levels in the synthetic datasets.

tions. A 6-layer perceptron with ReLU activation was employed, with each hidden layer consisting of
1024 nodes. For optimization with the both the KL-divergence and a-divergence loss functions, the
learning rate was 0.0001, and the batch size was 128. Early stopping was applied with a patience of 3
epochs, and the maximum number of epochs was set to 5000. the value of « for the a-divergence
loss function was set to 0.5, Pytorch (Paszke et al.} [2017) library in Python was used to implement all
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Figure 4: Experimental results of L,, errors versus the dimensionality of the data for the multimodal
case M = 1 and 2 in the numerator datasets, as discussed in Sections[3|and[D} The results for M = 1
were reported in Section 3] The top row shows the results using the a-divergence loss function, and
the bottom the results using the KL-divergence loss function. The z-axis represents the logarithm of
the number of samples used for the optimizations for DRE. The y-axes of the left, center, and right
graphs represent the Ly, Lo, and L3 errors in DRE, respectively. The blue, orange, and green lines
represent the results for data dimensionalities of 50, 100, and 200, respectively. The plots show the
median y-axis values, and the error bars indicate the interquartile range (25th to 75th percentiles) of
the y-axis values for the logarithm of the number of samples used for the optimizations of DRE.

models for DRE, with the Adam optimizer (Kingma) [2014)) in PyTorch and an NVIDIA T4 GPU
used for training the neural networks.

L, Errors vs. the Dimensions of Data. The same neural network architecture, optimization
algorithm, and hyperparameters were used for the KL-divergence and a-divergence loss functions
A 6-layer perceptron with ReLU activation was employed, with each hidden layer consisting of
1024 nodes. For optimization with the both the KL-divergence and a-divergence loss functions, the
learning rate was 0.0001, and the batch size was 128. Early stopping was applied with a patience of 1
epochs, and the maximum number of epochs was set to 5000. the value of « for the a-divergence
loss function was set to 0.5, Pytorch (Paszke et al.} [2017) library in Python was used to implement all
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Figure 5: Experimental results of L,, errors versus the dimensionality of the data for the multimodal
case M = 3 and 4 in the numerator datasets, as discussed in Sections [D| The top row shows the
results using the a-divergence loss function, and the bottom the results using the KL-divergence loss
function. The x-axis represents the logarithm of the number of samples used for the optimizations
for DRE. The y-axes of the left, center, and right graphs represent the Ly, Lo, and L3 errors in
DRE, respectively. Blue, orange, and green lines represent the results for data dimensionalities of 50,
100, and 200, respectively. The plots show the median y-axis values, and the error bars indicate the
interquartile range (25th to 75th percentiles) of the y-axis values for the logarithm of the number of
samples used for the optimizations of DRE.

models for DRE, with the Adam optimizer (Kingma, [2014)) in PyTorch and an NVIDIA T4 GPU
used for training the neural networks.
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E FURTHER DISCUSSIONS RELATED TO THIS STUDY

In this section, we explore further discussions related to this study. First, we compare the upper
DRE bound derived in this study with those reported in previous research. Next, we provide remarks
on Assumption comparing it with related assumptions in prior work. Finally, we highlight the
potential applications suggested by this study.

E.1 COMPARISON WITH EXISTING DRE BOUNDS

In this section, we compare our L, upper bound in Equation () in Theorem [3.5|to known DRE
bounds from other methods.

The terms related to data dimensionality in our upper bound are tighter than the existing non-
parametric minimax upper bounds in DRE. Additionally, to the best of our knowledge, no prior work
has provided a term like ours regarding the exponential of the KL-divergence in Equation (6) in
Theorem 3.3

Nguyen et al.[(2010) presented a minimax upper bound rate of O(1/N ﬁi) for the Hellinger distance
between the true and estimated density ratio, obtained by optimizing a KL-divergence loss function.
Since the Hellinger distance serves as an upper bound for the total variation distance (Sason & Verdu,
2016), the result from Nguyen et al.| (2010) provides an upper bound on the L error in DRE using
the KL-divergence loss function. [Kanamori et al.[(2012) provided an upper bound of O(1/N Z%d)
for DRE using kernel unconstrained least-squares importance fitting (KuLSIF), their proposed DRE
method. Under an assumption on the S-Holder continuity of the probability ratio function, |Kpotufe

(2017) presented an upper bound of O p(log N/N Fra ) for DRE using an empirical distribution-based
estimator, where our case corresponds to 8 = 1. A recent study (Lin et al., 2023) provided L, and
L error upper bounds of O(1/N 2%1) in DRE for an estimator using the M -th nearest neighbor, as
M increases along with the sample size.

In terms of comparison with our L,, lower bound, a minimax L; lower bound of O(1/N 7 ), for
example, was provided by |Lin et al.| (2023). This lower bound is larger than our lower bound in
Equation (5) in Theorem [3.5and appears tighter than ours. However, minimax lower bounds may not
represent the true lower bounds and cannot be directly compared to our lower bound, as discussed in
Section[ll

E.2 REMARKS ON ASSUMPTION[3.3] AND RELATED ASSUMPTIONS IN PRIOR WORK
In this section, we provide remarks on Assumption [3.3|by comparing it with related assumptions in
prior work.

An assumption closely related to Assumption [3.3] can be found in the pseudo self-concordance
property of losses introduced by [Bach| (2010). While the pseudo self-concordance assumption
guarantees that the original loss function is smooth and strongly convex proportional to its second
derivative, Assumption [3.3|ensures the same properties only for the expectation of the loss function.

First, we briefly review the pseudo self-concordance assumption, along with a key property of
loss functions that follows from it. Bach| (2010) introduced the following pseudo self-concordance
assumption.

Assumption E.1 (Pseudo self-concordance). For any u > 0 and for any r € R, the loss g(u) satisfies
lg" (uw+7)| < R-r*-g"(u), (169)

for some R > 0.

*In our discussion, we consider the pseudo self-concordance assumption only for loss functions defined on a
one-dimensional variable, whereas Bach|(2010)) introduced it for loss functions in a multidimensional domain.
For a precise formulation, please refer to Propositions 1 and 2 in Bach| (2010).
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According to Proposition 1 in[Bach| (2010), under Assumption @ we have, for a sufficiently small
ro > 0,

e—R-r2 S gll(u+r) S eR-r2
9" (u)
Now, let G, (r) = {g(u+7) — ( )}/¢" (u). From Equation (170),

SG’”( )< L, for 0 <r <o, (171)

, for 0 <r <. (170)

=)=

2
where L = eft'"o

Therefore, the pseudo self-concordance property implies that G, (r) is both L-smooth and 1/L-
strongly convex on any interval of fixed length 7y, with L independent of u, which is believed to be a
key property of loss functions under the pseudo self-concordance assumption.

Next, we discuss the properties of the loss function derived from our assumptions. Theorem [C.9]in
the appendix characterizes the local convexity of the loss function as follows:

iy (G +rx) <1y (Gpex) = 57 (Go60) - o002 100 am)

Additionally, from Theorem[C.8]
a0 L (dQ P
7 (Geoix) = 1 (G300 ) - 00, (73

7 (u; —dzz
j(wx) =25l (utrx)

where

r:O-
From Equations (I72)) and (T73)), as r — 0,
Tf (j—g(x)Jrr;x) lf< Q( )7X) 2

lN} (Z—P(x);x) )

where 04 (1) denotes a quantity that converges to 0 as » — 0, though not uniformly in x; that is,
f(r) = ox(1) if and only if, for every € > 0, there exists dx > 0 (depending on x) such that
|f(r)] <eforall 0 < r < dx.

+ox (1), (174)

Now, let Gu(x) = {Ip(u(x)+7r;%) — Ty (u(x);x) } / 1 (u(x); ), where u(x) = dQ /dP(x). From
Equation (T74), we have, for some dx > 0and Ly > 1,
1
L— < Gg(x)(r) < Ly, for 0 <7 < 6y, (175)

X

where §x > 0 and Ly > 1 are determined at each point x € ). Because dx and L depend on x,
Equation li does not imply that G, (x) is L-smooth or 1/L-strongly convex on any interval of a
fixed length.

However, taking the expectation with respect to £ on both sides of Equation (I72)) yields

B [Tf (leg(x) *“XH ~ B Pf (jfi(x);x” =g B {fﬁ (Zg)] 4o (r?). (176)
From Equation , we have
@

£ ol (220 0))

7’2 0(7“2)
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where

Eulle (37 <>+rx)} Eulls (37
e Bl (3800 +rix) [}

From Equation (T78)), we deduce that, for some ¢ > 0,

:x) |

= 1
G"(r)= 3 for 0 <7 <. (179)
Equation (T79) implies that the expectation of the loss function is locally both smooth and strongly

convex, with magnitudes proportional to its second derivative. In contrast, under the pseudo self-
concordance assumption, the original loss function is guaranteed to possess these properties (see

Equation (T7T)).

In summary, under Assumption [3.3] the expectation of the loss function exhibits the same local
smoothness and strong convexity properties (proportional to its second derivative) as those guaranteed
by the pseudo self-concordance assumption.

Furthermore, we note that the expression Ep[f”(dQ/dP)] in Assumptlonnresembles the Fisher
information when f(u) = — logu, as shown in Equations (176) and (177). Thus, as an alternative
perspective, we propose that Assumption[3.3]establishes an 1nf0rmat10n theoretic bound for estimation
using f-divergence optimization.

E.3 APPLICATIONS OF THIS STUDY

In this section, we provide a brief discussion of potential applications highlighted by our findings.
The following two key applications can be derived from our results.

Selecting a benchmark index for evaluating DRE methods. When evaluating the accuracy of
DRE methods using synthetic datasets, the root mean squared error (RMSE) or mean squared error
(MSE) is recommended rather than the mean absolute error (MAE). Prior works did not carefully
consider the differences in their behavior regarding the KL divergence of the datasets. For example,
Kimura & Bondell (2024} used MAE, whereas |[Kato & Teshimal (2021) used MSE.

Fitting the distribution of base noise for f-GAN and Normalizing Flow. Optimization of f-
GANs (Nowozin et al.,[2016) could benefit from adjusting the base noise distribution to better match
the data. Since the optimization of f-GANs is equivalent to DRE by optimizing the f-divergence
(Uehara et al., [2016)), the accuracy of generative models could be improved by fitting the base
parametric models to the data in terms of KL divergence minimization (i.e., likelihood maximization).
A similar approach could also be applied to the base models in Normalizing Flow (Papamakarios
et al.,[2021).
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Table 2: List of f/(¢) and f*(f’(¢)) in Equation (1)) together with convex functions, as discussed
Section Part of the list of divergences and their convex functions is based on [Nowozin et al.

(2016).
Name convex function f
KL u - logu
Pearson 2 (u— 1)2
Squared Hellinger (Vu— 1)2
GAN u-logu—(u—!—l)-log(u—I—l)
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