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Abstract 2021, 2024) and algorithms based on factorized parameteri-

We study early-stopped mirror descent (ESMD)
for high-dimensional Gaussian linear regression
over arbitrary convex bodies and design matrices,
where the task is to minimize the in-sample mean
squared error. Our main result shows that some of
the sharpest risk bounds for the least squares esti-
mator (LSE), based on the local Gaussian width,
extend to ESMD. We derive sufficient conditions
on the potential, expressed via the Minkowski
functional, under which our result holds. These
conditions allow us to construct new potentials
and analyze existing ones. Our results then yield
general sufficient conditions for minimax optimal-
ity of ESMD, provide a systematic comparison
with the LSE, and establish the tightest known
risk bound in the ¢;-constrained set‘ting.1

1 INTRODUCTION

Regularization methods generally fall into two categories:
Explicit regularization, where the learning objective is al-
tered to reduce model complexity via constraints or penalty
terms, and implicit regularization, where the optimization
solver inherently controls model complexity via algorith-
mic primitives and parameter tuning. A commonly used
implicit regularization technique is to stop iterative opti-
mization algorithms before convergence. This is called
early-stopping or iterative regularization, and has been in-
vestigated for different settings and algorithms such as linear
and kernel regression with coordinate descent (Hastie et al.,
2001; Efron et al., 2004; Rosset et al., 2004; Zhang and
Yu, 2005), gradient descent (Ali et al., 2019; Biithlmann and
Yu, 2003; Yao et al., 2007; Raskutti et al., 2011b; Bauer
et al., 2007), primal-dual gradient methods (Molinari et al.,
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zations (Gunasekar et al., 2017; Li et al., 2018; Vaskevicius
et al., 2019; Zhao et al., 2022). One benefit of iterative
regularization is the simultaneous study of modeling and
numerical aspects; often iterative regularization improves
computational efficiency while retaining good statistical
performance (Molinari et al., 2021; Yao et al., 2007).

A recurring approach to understanding iterative regulariza-
tion methods is to tie them to “corresponding” explicit reg-
ularization methods or constraint geometries. Usually, the
stopping time then takes the role of regularization strength,
analogous to the (inverse) coefficient of the penalty in ex-
plicit regularization. For example, coordinate descent has
been shown to be related to explicit /1 -regularization (Hastie
et al., 2001; Efron et al., 2004; Rosset et al., 2004; Zhang
and Yu, 2005) and gradient descent has been shown to trace
the path of ridge regularization (Bauer et al., 2007; Ali et al.,
2019). However, most results on early-stopping fall into
at least one of three categories: either the risk bounds are
unlocalized (e.g., for online mirror descent (Shalev-Shwartz,
2007; Bach, 2024)), they only hold in the low-dimensional
regime (e.g., Suggala et al. (2018)), or they use tools (such
as spectral analysis) that only apply to specific geometries
like /5 or Hilbert spaces (e.g., Wei et al. (2017); Ali et al.
(2019)). In particular, a sharp localized analysis of early-
stopping for general geometries in high dimensions seems
to be lacking. Since the role of the geometry is particularly
important to circumvent the curse of dimensionality, sharp
localized risk bounds in this setting are of particular interest.

In this work, we address this gap in the high-dimensional
linear regression setting using the framework introduced by
Kanade et al. (2023). In this setting, we observe a design
matrix X € R™*? (with possibly d » n) and n random
responses from the model

y=Xa* +£eR", €))

with a linear ground-truth function parametrized by o* € R¢
and additive i.i.d. Gaussian noise £ ~ A/ (0,1,,). We assume
that the ground truth satisfies the shape constraint given by

o' eK, =7K ={ra|ae K} cR? )

where 7 > 0 is a “radius” and K — R? is any convex body,
that is, it is convex, compact and the origin is contained in its
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interior. We define the empirical and in-sample prediction
risk using squared loss, respectively, as

~ 1 N ~ 1 ~ N
R(@) = IXa—yl}, R@) = |X@-a")l}.

Under these assumptions, the aim of a predictor @ =
a(X,y) € R? is to achieve minimal in-sample risk using
the observations X and y, as well as knowledge of the con-
vex body K and the radius 7.” Notice that this setting can
be viewed as a Gaussian sequence model over the convex
constraints XK, see Johnstone (2017) for a detailed ac-
count. Our results are restricted to in-sample prediction
(also known as fixed design), see e.g., Wainwright (2019,
Sec. 14.1) or Bach (2024, Chp. 3) for a discussion of the
differences to random design.

Notation. The Bregman divergence of a strictly convex
and differentiable function ) : R? — R is defined as

Dy(a, o) = 1(a) —9(a’) = (V(a'),a —a)

for a, o’ € R, We denote the Bregman ball as By (a/,r) =
{aeR?| Dy(o/,a) <7} and ¢,-norm balls as BI =
{a € RY[al, < 1}. We write a < b if there is a
constant C' > 0 such that a < Cb, @ = bif a <
b < a and a A b = min{a,b}, a v b = max{a,b}.
We use Minkowsi sum notation throughout: for a ma-
trix X € R™*?, sets K, K’ < R? and v € R? we write
XK ={Xa|aeK},K+v:={a+v|aecK}and
K+ K :={a+d:aeK o €K'}

1.1 Local Gaussian width and the LSE

A natural and well-studied estimator in this setting is the
constrained Least Squares Estimator (LSE), also known as
the maximum likelihood estimator. It is defined by minimiz-
ing the empirical risk over the constraint set from (2),
QLSE € arg min ﬁ(a). 3)
aeK
The predictions of the LSE on the sample X are given by the
orthogonal projection of y onto XK, = {Xa |a € K.},
which is unique by the convexity of XK .. Hence, while
the minimizer in Equation (3) is not necessarily unique
(especially in the high-dimensional setting where d > n),
its predictions on the sample are, and consequently, we do
not need to distinguish between the minimizers any further.

The Gaussian width (cf. Vershynin (2018)) of a set S < R"
is defined with a Gaussian vector £ ~ AV(0,1;) as

() i= B |sup 6,0

In his seminal paper, Chatterjee (2014) showed that the risk
of the LSE concentrates sharply around a critical radius that
maximizes a function of the local Gaussian width:

The knowledge of T is not always required, which we specify
in those instances.

Definition 1. For « € K c R%, define the function fo, i
[Oa OO) - [—OO, OO) as

r2

fax(r)i=w((K—-a)n ng) -5
The critical and the stationary radius of a set K — R
around a point « € K are defined, respectively, as

rv(a, K) := arg max fo g (1),
=0 4)
ro(a, K) :=1inf {r > 0| fa,x(r) < 0}.

We denote the maximal critical and stationary radii on K as

T+(K) :=sup rv(a, K), 19(K) := sup ro(a, K).
aceK aceK

Specifically, in our notation, Chatterjee (2014) showed that
R(ALsk) concentrates sharply around rZ(Xa*, XK, )/n,
up to constant factors. Multiple other works such as Bel-
lec (2016); Prasadan and Neykov (2024) bound R(arsk)
in terms of the stationary radius r3(Xa*, XK, ) instead,
yielding tight leading constants. Importantly, the stationary
radius 7o («a, K) can always be bounded by solving

7“2

w (K —a) nrBf) < 5 ®)
for » > 0, where one trivial solution of (5) is always given
by 2 = 2w(K). Moreover, the stationary radius is an upper
bound on the critical radius (Chatterjee, 2014, Proposition
1.3). To summarize, if > 0 is a solution to (5) for a convex
body K and a € K, it holds that

ri (o, K) < rj(a, K) <min {r?,2w(K)}.  (6)

1.2 Overview of Contributions

We study mirror descent (Nemirovski and Yudin, 1984),
which is a gradient-based iterative optimization method that
generalizes gradient descent to different geometries.

Definition 2. Let 1) : R? — R be twice differentiable
and have positive definite Hessian V2 everywhere. Un-
constrained continuous-time mirror descent using 1 and
initialized at ag = 0 € R? is defined through the ODE

%at = — (V29(en)) " VR(w). 7
Definition 3. Let o R? — R be differentiable,
strictly convex and let the gradient of ¢ be surjective, i.e.,
{VY(a) | a € R} = R? Unconstrained discrete-time mir-
ror descent using 1, initialization ap = 0 € R? and fixed
step-size > 0, is defined through the recursion

V(i) = Vip(ap) — 1V R(e). (8)
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In both cases, the function ) is called the mirror map or po-
tential of the mirror descent algorithm. If there are multiple
minimizers of the empirical risk, the potential determines
which of them mirror descent converges to (Gunasekar et al.,
2018). More generally, it determines the optimization path,
see Appendix A.2 on page 14 for a visualization. We remark
that continuous-time mirror descent is also referred to as
Riemannian gradient flow (Gunasekar et al., 2021). Stop-
ping mirror descent before convergence, that is, using oy«
for some t* > 0 as the estimator is called Early-Stopped
Mirror Descent (ESMD).

So far, an analysis akin to the works of Chatterjee (2014)
and Bellec (2016) has eluded early-stopped mirror descent.
In this work, we close this gap and show that a risk bound
almost identical to the one from Bellec (2016) also applies
to ESMD, provided the potential is appropriately chosen
based on K and 7. This bound holds for any convex con-
straints and any design matrix, and importantly, in the high-
dimensional setting (d » n).

We summarize our main contributions below.

* We prove a tight bound on the in-sample risk of ESMD in
terms of the stationary radius (Theorem 1). As a conse-
quence, we provide sufficient conditions under which the
worst-case risk of ESMD is bounded by that of the LSE
(Corollary 1) and for minimax optimality (Corollary 2).

» Using the Minkowski functional of the convex body, we
provide sufficient conditions on the optimization potential
for our bound to apply (Assumption A). We use these
conditions for developing new (and analyzing existing)
potentials in several examples (Section 4).

* We apply our risk bounds to £,-norm balls with p € [1, 2)
as well as general M -convex hulls and derive sharp sta-
tistical rates (Section 4). We accompany our bound
for p € (1,2) with a matching minimax lower bound
for column-normalized fixed design matrices. For /;-
constraints, our bound improves upon the best known
bounds, demonstrating the benefits of our tight analysis.

2 RELATED WORKS

Constrained Least Squares. The statistical performance
of the LSE under convex constraints is well-studied, for
example, in Birgé and Massart (1993); Vershynin (2015);
Bellec (2016); Plan et al. (2017); Kur et al. (2023). Tight
estimates of the local Gaussian width of specific convex
bodies are established, for instance, in Gordon et al. (2007);
Bellec (2017). The minimax rates of the Gaussian sequence
model under convex constraints are characterized exactly in
Neykov (2022), and the minimax sub-optimality of the LSE
for certain constraints has been described in Prasadan and
Neykov (2024). When the convex body is an ¢;-norm ball,
LSE recovers the LASSO (Tibshirani, 1996) in constrained
form, which has been studied extensively in Candes and

Tao (2005); Bunea et al. (2007); Ye and Zhang (2010);
Biihlmann and van de Geer (2011); Pathak and Ma (2024).

Mirror Descent. Mirror descent as an optimization pro-
cedure is well-studied (Beck and Teboulle, 2003; Shalev-
Shwartz, 2007; Agarwal et al., 2012). The implicit bias of
mirror descent in the overparameterized regime is studied
in Gunasekar et al. (2018); Sun et al. (2023). The gen-
eralization properties of online mirror descent have been
studied extensively (Shalev-Shwartz, 2007; Orabona, 2023;
Lattimore, 2024; Bach, 2024). Notable instances of this are
Srebro et al. (2011); Levy and Duchi (2019); Gatmiry et al.
(2024), who also relate the potential to the geometry of the
constraint set, even showing a “universality” of online mir-
ror descent. While these bounds can be minimax optimal,
they are usually not local (with a few exceptions (Rakhlin
et al., 2013)), or only give guarantees on averaged iterates.

Local risk bounds for early-stopping. The application
of localized complexity measures to iterative regularization
methods is scarce in the literature. While local Gaussian
width appears in Wei et al. (2017), their results only apply
to (unconstrained) RKHS. One could also obtain local risk
bounds by directly tying mirror descent to explicit regular-
ization paths, but known results either require strong convex-
ity of the empirical risk which is necessarily violated in high
dimensions (Suggala et al., 2018, Section 4), or apply only
to the /5 geometry (Ali et al., 2019). In Kanade et al. (2023),
a general analysis with offset Rademacher complexities is
introduced; our work is based on their framework.

3 MAIN RESULTS

We now provide a list of sufficient conditions for the mirror
descent potential based on the Minkowski functional of the
convex body (Bonnesen and Fenchel, 1934).

Definition 4. For a convex body K — R?, the function
YK R? — R, defined as

vr(a):=inf{r >0|ae 7K}

is called the Minkowski functional of K (also referred to as
distance or gauge function).

The Minkowski functional is a norm if and only if K is
centrally symmetric (i.e., K = —K). In that case, we
use the notation ||| - rather than ¢k (-). Any convex body
K < R? that contains the origin in its interior can be written
as K = {a € RY| gk (a) < 1}. Noticably, convexity of
K and strong Lagrange duality imply that we can rewrite
the LSE in unconstrained form as

Q1,sE € arg min {ﬁ(a) + )\n(T)gaK(a)}

aeRd

for some data-dependent, not necessarily computable regu-
larization strength A, (7) = 0.
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The conditions on the potential we formulate below then
depend on whether discrete-time or continuous-time mirror
descent is used.

Assumption A. The potential 1) : R — [0, o0) satisfies:
(I) For continuous-time MD, ) is twice differentiable, and

in discrete-time, v is differentiable. In both cases, the
gradient of ¢ vanishes at zero, that is, V(0) = 0.

(I) The square-root /1) is convex.

(III) In discrete time, 1 is p-strongly convex with respect
to some norm, and in continuous time, it is strictly
convex (cf. Definition 2).

(IV) There exist constants ¢;, ¢, > 0 independent of all
other parameters, such that

Va e RY:

Vae K :

i (@) < c/i(a),

P(a) < T

Throughout this paper, we denote the “approximation con-
stant” ¢, = ¢; - ¢, We remark that Assumption A is loosely
connected to the notion of k-regularity from Juditsky and
Nemirovski (2008, Def. 2.1).

If the squared Minkowski functional (3 satisfies (I) and
(I1I), and since it satisfies (II) and (IV) by definition, we
could simply choose ¢ = ¢%-. For example, for any vector
ve (1/2)Bf and K = B§ — v, it s easily verified that 2
is twice differentiable with vanishing gradient at zero (I)
and % is 2/(1 + |v],)?-strongly convex (III). Notably, in
this example ¢k is not a norm, as the convex body is not
centrally symmetric.

However, in many interesting cases the squared Minkowski
functional (2 is not smooth or not strongly convex (for
example, the /1-norm), and we need to approximate it with
a different function. This is possible for all K, as we
now show in Lemma 1. Specifically, we can smoothen
and “strongly convexify” (% To that end, we denote the
Moreau envelope (Moreau, 1965) of a closed and proper
convex function f with A > 0 as

(Maf)(@) = inf { f(a')Jrl]aa";}.

a’eR4 2\

Lemma 1. For any convex body K — R? that contains
the origin in its interior, there exists a potential 1 that
satisfies both the continuous and discrete-time versions of
Assumption A with approximation constant ¢, = 4 and
some p > 0. Furthermore, for p = 2/(maxqex ||a||§) and
sufficiently small A\ > 0 independent of T, the potential

() = (Magk) (@) + £l

satisfies the discrete-time version of Assumption A with
approximation constant ¢, = 4.

We prove Lemma | in Appendix B.2 using results from
Planiden and Wang (2019). We note that in Lemma 1,
the potentials do not require any knowledge of the radius.
Beyond Moreau-smoothing, other smoothing methods, such
as the Polar envelope (Friedlander et al., 2019), or infimal
convolution smoothing (Beck and Teboulle, 2012) could
be viable options instead. Moreover, there are applications
where other potentials that are tailored to the convex body
may be more suitable, as we will see in Section 4.

3.1 A Localized Gaussian Width Risk Bound

By Lemma I, Assumption A is always non-vacuous, which
leads us to the following theorem; our main result.

Theorem 1. Let ag = 0 € R? and let {a4},- be the

continuous or discrete-time mirror descent updates on R
using some ) that satisfies Assumption A. In the discrete-
time case, let V) be p-strongly convex and R be [3-smooth
with respect to the same norm, and let the step-size satisfy

M. Then, forany e > 0 and T := 7% /e

in continuous time and T := [2c272/(en)] in discrete time,

77<§A

22X*XKCT 4log(1/6
min R(ay) < ro(Xa”, X Kse, )+ Og(/)+

0<t<T n n

e

with probability at least 1 — exp(—0.1n) — & over draws of
the noise £&. Moreover, in continuous time, we have that

4
+ = +4e. (10)
n

] - 2r3(Xa*, XKze,r)
= n

The proof can be found in Appendix B.3 and is outlined in
Section 3.3. Throughout this paper, we choose ¢ > 0 to
balance the right-hand side of (9), respectively (10), and we
denote the oracle optimal stopping time as

t* := argmin R (o).
0<t<T

We would like to stress that this stopping time can depend on
the noise and the ground truth, and hence is not necessarily
computable. However, t* < T quantifies the maximal
number of iterations necessary to achieve the statistical
complexity. Note that in the case of discrete time, the strong
convexity parameter does not influence the bound in (9),
however, it impacts the bound on the stopping time.

Remark 1. Tt is easily shown (Appendix B.4) that for any
convex body we can bound the stationary radius as

r2(XK) < 41k (X) < 4min {n, d}, (11)

where rk (X) denotes the rank of X. This is unsurprising
since the unconstrained LSE is known to achieve the rate
rk (X) /n, which is the minimax risk without any shape
constraints over R (Wainwright, 2019, Example 15.14).
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3.2 A Few Consequences

Comparison with LSE. Theorem | immediately leads us
to the following corollary connecting the in-sample risks of
ESMD and the LSE, based on the results from Chatterjee
(2014). For this, we must restrict ourselves to cases in which
the following assumption holds.

Assumption B. There exists a constant C > 1 such that
10 (XK;) <C-ri(XK,),
implying r3 (XK, ) = r?(XK) by (6).

Assumption B is not very strong: it holds for Donsker
classes, and many non-parametric classes (cf. (van de Geer,
2000)). But, importantly, it does not always hold; see
Prasadan and Neykov (2024, Sec. 3.1.3) for a counterexam-
ple. Other notable examples of when it does not hold, appear
in Kur et al. (2023), and see also Aolaritei et al. (2025).

We prove the following Corollary 1 in Appendix B.5.
Corollary 1. In the setting of Theorem 1, if r.(XK,) =
(644/3)? and Assumption B holds, it holds that

sup E¢ [R(aw)] < 84Cc, - sup E¢[R(awLse)] (12)

a*eK, a*eK,

for continuous-time ESMD with large enough T.

It follows that if C - ¢, < 1 and the LSE is minimax optimal,
then ESMD with optimal stopping time is also minimax
optimal. Whether this is the case depends highly on the
convex body and the design matrix (Raskutti et al., 201 1a;
Kur et al., 2020). In Theorem | and Corollary 1 we did
not optimize the constants, and tighter bounds (in terms of
constants) could be derived using our arguments.

Minimax optimality. We can also directly derive a suffi-
cient condition for minimax optimality. To that end, we de-
fine the maximum local entropy (e.g., from Neykov (2022)).
Let M (r, K) denote the packing number of K in /5-norm
at radius r, and let ¢* > 0 be a sufficiently large absolute
constant. The local entropy of a set K = R? is defined as

M (r, K) = sup M(r/c*, (K — a) n rB3).
aceK
We get a sufficient condition for minimax optimality.
Assumption C. It holds for all » < diam (XK, ) that
X(K, — BY
sup w(X( ) nrBj

aeK r

) < \log Mioe(r, X I, ).

Examples that satisfy this condition are Donsker classes
and set constrained models in general dimensions, see Han
(2021); Kur et al. (2019) for discussions.

Corollary 2. Consider the setting of Theorem 1. If Assump-
tion C holds and c, < 1, then continuous-time ESMD is
minimax optimal (up to constant factors), that is,

sup E¢ [R(aw)] < igf sup E¢[R(a)].

a*eK . a*eK .,

We prove Corollary 2 in Appendix B.6 following Prasadan
and Neykov (2024, Cor. 2.6). Corollary 2 yields, for exam-
ple, that if X is the identity and K is an ¢1- or {5-ball of
arbitrary radius 7 > 0, ESMD is minimax rate optimal. We
revisit the /1 -constrained setting in Section 4.2.

Estimation. Finally, we would like to highlight that Theo-
rem | can easily be used to derive bounds on the estimation
risk whenever the design matrix has a vanishing kernel
width, cf. Raskutti et al. (2011a). A matrix X € R™*? has
a vanishing kernel width with respect to f and K, if for all
aeK-K

1
~[Xal; > al; — f(K,n). (13)

Corollary 3. Under the conditions of Theorem | and if
X has vanishing kernel width (13) with respect to 3c,TK
and f(3c,7K,n) < 13(XKs,,,)/n, the estimation error
of ESMD is bounded for all o* € K as

RBOXK,)  log(1/9)

*|2
loves — a3 S ca
with probability at least 1 — exp(—0.1n) — 6 over the noise.

We prove Corollary 3 in Appendix B.7. The additional
assumption of vanishing kernel width is necessary because
parameter estimation is ill-posed if the data matrix does
not satisfy any regularity assumptions, especially in the
high-dimensional regime where d > n.

3.3 Proof Outline of Theorem 1

Finally, we provide a short proof outline of Theorem 1; the
full proof is in Appendix B.3. The first ingredient of the
proof of Theorem 1 is to show that, under Assumption A,
even without strong convexity of the potential, we have the
following inclusion (cf. Figure 1)

Vo e K, : By(a®,2Dy(a",0)) € 3¢, K. (14)

This is useful, as Kanade et al. (2023) showed that optimally
early-stopped mirror descent is contained in this Bregman
ball while satisfying the so-called offset condition (Liang
et al., 2015), which is defined as

Rlap) — R(a*) + Rlap) <e. (15)
The key step is then to show that using (14), we can relate
the offset condition (15) to the stationary radius from Defi-
nition | using localization arguments akin to those in Bellec
(2016). Specifically, we show that (15) and (14) imply that
we can bound the in-sample risk with the supremum of a
Gaussian process, that is,

1(Z,\>
R(Ozt*)<< 0) + e

n To

with Z,, = sup
0e(X(K3zeqr—a*)nroBY

&0,
)
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21 M-convex hull K
— — level set of ¢
Bregman ball
offset condition
mirror descent path
ground truth o *
minimum-¢)
interpolator

LSE

Figure 1: We plot an M -convex hull, a level set of the poten-
tial from (20) with v = 10 and p = 0.2, the Bregman ball
from (14), the set of points satisfying the offset condition
(15), and the mirror descent path.

where we denote rg = ro(Xa*, X K3, ). We can bound
Zy, using the concentration of the supremum of a Gaussian
process to its expectation E[Z,;]. By definition of the
stationary radius, we have that E[Z,,,] < 73/2, which we
can plug in and putting things together yields (9).

4 APPLICATIONS

So far, we have only discussed the general case of arbitrary
convex bodies and design matrices, which yields the full
generality of our main results Theorem 1 and Corollaries 1
to 3. These results allow us to view Assumption A as a
blueprint. For a given convex body, one can construct a
potential that satisfies (I)-(IV). Using this potential, ESMD
then enjoys the guarantees of Theorem 1. We now demon-
strate this approach for specific choices of convex bodies
and further assumptions on the design matrices. We analyze
existing potentials and explicitly construct novel potentials.

Assumptions on the Design Matrix. For our main results,
we made no assumptions on the design matrix. Now we
consider two special cases in the applications. The first
is when the design matrix is fixed and we only assume
normalized columns. X € R"*? is said to be column-
normalized, if its columns X, i € [d] satisfy

IXi]y < v/n. (16)

Note that normalizing to y/n here is somewhat arbitrary, and
can readily be changed. The second setting is that of Gaus-
sian design: X is Gaussian, if the entries X;;,7 € [n],j €
[d] of X are i.i.d. standard Gaussian, that is, X;; ~ N'(0,1).
Up to constants, Gaussianity implies having normalized
columns (16) and vanishing kernel width (13) for some K
with high probability; see Raskutti et al. (201 1a, Sec. 3.2).

41 /{,-norms withp € (1,2)

The following result shows that £,-norms with p € (1, 2)
are regular enough such that we can simply choose 1 as
the squared Minkowsi functional, i.e., as \|||129 The mirror
descent algorithm associated with this potential is known
as the p-norm algorithm (Shalev-Shwartz, 2007; Levy and
Duchi, 2019; Orabona, 2023) and can be implemented very
efficiently (Gentile, 2003). Orthogonally, it is worth point-
ing out that in the interpolation regime, when mirror descent
with H”?) is not early-stopped, it converges to the minimum
£,-norm interpolator (Gunasekar et al., 2018). These pre-
dictors have been studied as part of the benign overfitting
literature (Donhauser et al., 2022; Kur et al., 2024).

We now derive the rates from (9) explicitly for column-
normalized and Gaussian design.

Proposition 2. Letp € (1,2), 1/p+1/q = 1and K = B.
Then ¢(a) = HozH]?7 satisfies the discrete-time version of
Assumption A where the potential is p = 2(p — 1)-strongly
convex with respect to the {,-norm, and c, = 1. If X is
column normalized (16), optimally early-stopped mirror
descent achieves for all o* € TBg

Ro )<rk(X) T {«/logd ifp <1+ iy,
tr) <

n " Vn | yadn ifp > 14 iy
with probability at least 0.99 — exp(—0.1n) over the noise.
If X is Gaussian, then for all o* € TBg, ESMD achieves
the same bound with vk (X) /n = 1 and with probability at
least 0.99 — 2 exp (—0.1n) jointly over draws of the design
matrix X and the noise &.

We prove Proposition 2 in Appendix B.8. The strong con-
vexity was proved, for example, in Shalev-Shwartz (2007);
Ball et al. (1994). A tighter bound for specific scalings
may be possible using the bounds on the localized Gaussian
width from Gordon et al. (2007).

Minimax (Sub-)Optimality. When X is a scaled iden-
tity, the LSE is known to be sub-optimal under £,-norm
constraints (Donoho and Johnstone, 1994; Johnstone, 2017;
Prasadan and Neykov, 2024; Aolaritei et al., 2025), and so
by Equation (6) we cannot generally hope for our bounds to
prove minimax optimality of ESMD in that case.

Surprisingly, however, there seems to be no work (explicitly)
establishing the minimax rate under the worst-case fixed
and Gaussian design. We now show that the rate from
Proposition 2 is optimal (up to p-dependent-factor) for a
worst-case fixed design matrix that is column-normalized.
To that end, we explicitly construct a column-normalized
data matrix as a hard instance. This is similar in spirit
to a line of research investigating particularly hard design
matrices (Rigollet and Tsybakov, 2010; Zhang et al., 2017;
Pathak and Ma, 2024; Foygel and Srebro, 2011; Dalalyan
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et al., 2017). At the same time, we show that the rate from
Proposition 2 is sub-optimal for the Gaussian design matrix.

Theorem 3. Letp e [1+1/logd,2), 1/p+1/q = 1 and let
T = 1 for simplicity. Assume that n?/*> < d < n?/?. There
exists a design matrix X € R™*? that is column normalized
(16), such that the minimax in-sample risk satisfies

inf sup E¢[R(a)] >
@ a*eBg

where the infimum is taken over all estimators and c, > 0
is a constant that may depend on p. If X is Gaussian, let
n(logd)® < d < n%? and p € [1 + ¢;/loglogd,?2) for

some universal constant cy,c1 > 0. Then
d2/a
inf sup E¢[R(Q)] = n?? (logd)' P2 v —

« a*eBd n

with probability at least 1 — c exp(—csn) over draws of
the matrix X, where cy, c3 > 0 are some constants.

We prove Theorem 3 in Appendix B.9. Note that the up-
per bound from Proposition 2 and the lower bound from
Theorem 3 essentially match for the fixed data matrix. In
Appendix A.l, we present simulations of the LSE on the
adversarial data matrix that we construct in the proof of the
first lower bound, showing that it exhibits the rate d'/%/,/n.

4.2 {(i-norm

When the convex body is an ¢;-norm ball, the corresponding
LSE is the LASSO estimator in its constrained form (Tib-
shirani, 1996). It is known (Bellec, 2017, Thm. 7) that for
all column-normalized design matrices (16), if d > 7+/n,
the LSE achieves with high probability over the noise

R(aLse) < @ A TA] M, (17)

and there exists at least one column-normalized data ma-
trix for which this is minimax optimal (Rigollet and Tsy-
bakov, 2010, Thm. 5.3 and Eq. 5.25). If d/(7y/n) = d*
with some constant £ > 0 and the rank of the design
matrix is large enough, the bound from (17) reduces to
the rate 74/log(d)/n. In Raskutti et al. (2011a, Thm.
3), it is shown that if this scaling assumption holds and
the design matrix has vanishing kernel width (13) with
f(rB,n) < /7 (log(d)/n)"* (implying it has rank n),
the minimax lower bound matches the simpler bound. How-
ever, without the scaling assumption and if 74/n = e, (17) is
a stronger bound (Rigollet and Tsybakov, 2010, pgs. 16-17).

Kanade et al. (2023, Thm. 5) showed that when the design
matrix is column-normalized (16), optimally early-stopped
continuous-time mirror descent with the hyperbolic entropy
from Ghai et al. (2020), defined as

d
¥(a) = 2 «a; arcsinh (a; /) — \/m’

i=1

achieves for appropriate v > 0 with high probability over
draws of the noise
10g3/ 2d
T
As one can see, there is a gap from (18) to (17) of order
(at least) log d. The same potential has also been used for
the related setting of sparse noisy phase retrieval (Wu and
Rebeschini, 2022) and in the analysis of diagonal networks
(Woodworth et al., 2020). And while a batch conversion of
online mirror descent with the first potential from Table 1 is
known to achieve the rate 4/log(d)/n (e.g., Bach (2024)),
as discussed, there is still a gap to (17) and their proof
technique does not apply to our definition of mirror descent.

Rap) ST (18)

Employing our results, together with results from Bellec
(2017), we can improve upon (18) and fully close the gap
between (17) and (18). Because © — Hzﬁ is not differen-
tiable, nor strictly convex, we cannot use it as a potential
itself. However, we can use Assumption A to derive several
alternatives. The next theorem provides a joint analysis of
the potentials described in Table 1.

Theorem 4. Suppose that K = B{ and d > 7+/n. Then
all potentials from Table 1 satisfy Assumption A with the
specified constants, and if X is column-normalized (16),
optimally stopped mirror descent using any of the potentials
from Table 1 achieves for all o* € 7B

Rlar) < (k(X) Aot 1°g<ed/wﬁ>>> , los(1/9)

with probability at least 1 — exp(—0.1n) — § over the noise.
If X is Gaussian, then optimal early-stopping achieves

logd
R(ap) 1 AcaT o8

with probability at least 0.99 — 2 exp (—0.1n) jointly over
draws of the design matrix X and the noise &.

We prove Theorem 4 in Appendix B.10, where we also spec-
ify the constants of the first bound. As discussed above,
because when X is Gaussian it has vanishing kernel width
(Raskutti et al., 201 1a, Proposition 1), both bounds are min-
imax optimal under weak scaling assumptions. Therefore,
they cannot be improved upon beyond the constants and
ESMD is minimax optimal, as is the LSE.

Notice how the third potential in Table 1 is an adjusted ver-
sion of the hypentropy potential from Ghai et al. (2020).
With only a few changes to the potential, we closed the log-
arithmic gap from (18) to (17); In particular, the key is that
we square the potential. The sigmoidal example in Table |
for continuous-time mirror descent, where strong convexity
is not required, is a natural smooth approximation of the
absolute value function from Schmidt et al. (2007). Some
example paths using potentials from Table 1, and the risk
along the optimization path, are plotted in Appendix A.2.
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Table 1: Mirror descent potentials for linear regression over the £1-norm ball with which early-stopping is minimax optimal
(Theorem 4). Note that the Moreau envelope is not the same as in Lemma 1, which would also be a valid potential for

Theorem 4. Here we show (M |-, + %) + £ H||§, because it has a closed-form solution. See Figure 5 in Appendix A.2
for example optimization paths.
name potential () strong convexity approximation
parameter p constant c,
squared p=2p-1)< logd —
¢,-norm HaH with1 <p <1+ 1/log(d) with £,-norm Co=¢
d 2
(2 Plew) + 7)? + lall5
Moreau envelope 2%d o < 2 p=2 e =5
(Huber loss) where h(z) = { 47 s with /5-norm @
o =G |zl >
; arcsin i/v)— 24 ~2 . T
adjusted (g, e Vol ) e )
hypentropy , . ! < (1/d)? with f3-norm ¢
with v < sinh(d/7)~! A (47)71 A 2712
2
d  (log(1+exp(—ya;))+log(1+exp(yai))) i
sigmoidal (Zz 1 v ) only valid for Cq =2

with v > dlog(4)/7

continuous time

Computational-statistical trade-off. As we can see in
Table 1, the strong convexity parameter p varies depending
on the potential we use. For example, the strong convexity
parameter 2(p — 1) < 2/log(d) of the squared ¢,-norm
vanishes logarithmically as d — o0. However, the Moreau
envelope-based potential showcases that this is not neces-
sary. Importantly, the stopping time from Theorem 1 be-
haves as T' = 1/p, ignoring all other dependencies. Hence,
whether (and how fast) the strong convexity parameter van-
ishes determines the bound on the computational cost of
achieving minimax optimality with the given potentials.
Thus, the squared £,-norm is not necessarily the best candi-
date. Generally, we can improve the constant ¢, arbitrarily
close to 1 from above by paying in a smaller p.

4.3 M -convex Hulls

Let the convex body be the convex hull of M points k; € R¢
that contains the origin in its interior. Using the points to rep-
resent the convex body is known as the V -representation, but
one can also transform this representation into a so-called
H-representation, where the convex body is characterized as
the set of solutions to the linear inequality A« < 1,, with
AeR™and1,, = (1,...,1)T € R™, where m € N is
some finite number that can be bounded as m > d + 1 and
in terms of M. See Schrijver (1998) for more in-depth back-
ground. Given this representation, we can equivalently write
the convex body as the solution to maxef,,] {a;,a) < 1,

where a; is the i-th row of A. Hence, it is easy to see that

K (o) = max {a;, a). (19)

i€[m]

Special cases of this are the ¢1-norm and the ¢,,-norm. We
can approximate this Minkowski functional using a smooth-
ing from Beck and Teboulle (2012, Example 4.5).

Proposition 5. Suppose that K is an M -convex hull that
contains the origin its interior, as described above, and
that the Minkowski functional is in the form of (19) with
>ty a; = 0. Then 1, defined as

1 m
ww=%m%m2mM@a»+gm%m
=1

with p = 2/ max;e[a |k H2 and v = 2log(m)/T satisfies
the continuous and dzscrete time version of Assumption A
with p for the ly-norm and c, = 3. Moreover, if

[ XEi ]

and M = 1¢~/n, optimally early-stopped mirror descent
with the potential from (20) achieves for all o* € K,

Rlap) < rkix) A caTqﬁ\/lOg (eMgT¢ﬁ))

with probability at least 0.99 — exp (—0.1n).

Using the bound on localized Gaussian width of M -convex
hulls from Bellec (2017), we prove Proposition 5 in Ap-
pendix B.11, where we also specify the constants. Notica-
bly, when K is an /1-norm ball, we recover the bound from
Theorem 4 with M = 2d, m = 2¢ and ¢ =1.
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Figure 2: Risks of mirror descent (MD) with potential from (20), gradient descent (GD) and the LSE on six randomly
generated convex bodies and ground truths. Using the potential clearly adapts ESMD to the geometry of the convex body.

Simulations. In Figure 2, we randomly generate six M-
convex hulls in R'® with m = 50 points, and sample a
ground truth within this convex body. We let X be the
identity. Figure 2 shows how the mirror potential from
Equation (20) correctly adapts to the geometry of the convex
constraint and how early-stopped mirror descent performs
better than early-stopped gradient descent. We repeat the
experiment 30 times and plot mean, 20th and 80th percentile
for different instances of the noise. Note that the best iterate
has similar risk to the LSE, as described in Corollary 1.

S DISCUSSION

Our main contribution is to show that the sharp Gaussian
width analysis of the LSE from Bellec (2016) translates to
early-stopped mirror descent, when the mirror potential is
chosen to approximate the squared Minkowski functional of
the convex constraints. This enables a general comparison
to the LSE, a formulation of sufficient conditions for mini-
max optimality, and an improvement over the best known
bounds for the /;-constrained case. Our results extend to
general convex constraints and the high-dimensional setting,
a regime that had evaded some of the previous analyses.

A caveat of our bound is that it cannot prove that ESMD
achieves better rates than the LSE in settings where this
may be expected. For instance, a setting where the LSE is
expected to perform poorly (see Section 2.2 in Aolaritei et al.
(2025)) is when we choose X =1,,, K = Bg/Q and o* =

e1, and we scale the noise as & ~ N(0,n~%°L,). Then

o)

[

2 107" —

& oracle ESMD (mean)
= [0 ESMD 20-80% quantiles
x 1072 | = constrained LSE (mean)

? LSE 20-80% quantiles
@

- T T T

10’ 0 10°

n (log scale)

Figure 3: Risk as a funciton of n in the ¢3,-instance de-
scribed in Section 5: ESMD outperforms the LSE.

we can observe in Figure 3 that optimally stopped mirror
descent with potential |- Hg /o outperforms the LSE. However,
a fundamentally different proof technique is required to
prove such a discrepancy, as the stationary radius in our
bound for ESMD also bounds the risk of the LSE.

Moreover, our comparison between ESMD and the LSE
only pertains to the maximal risk over the constraint set, and
whether a similar comparison is possible point-wise remains
an interesting problem.

Lastly, our analysis is specific to in-sample prediction. The
results from Kanade et al. (2023) may also be applicable for
showing analogous bounds for out-of-sample prediction, but
this would require tight bounds on the offset Rademacher
complexity of convex bodies and, to facilitate a comparison
to the LSE, precise lower bounds for the LSE in out-of-
sample prediction.
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Supplementary Material:
Sharp Risk Bounds for Early-stopping in Gaussian Linear Regression

A SIMULATIONS

A.1 A Sanity Check for the Hard Design Matrix for /,-Constraints

In this section, we present a simple simulation using the 10° 4

LSE on the adversarial data matrix constructed in the

proof of Theorem 3. We do this as a sanity check of our ] — p=20

construction and the rate d//,/n: Since we know that % — p=175

the LSE also enjoys the upper bound of order d'/4/,/n 5] — p=15

from Proposition 2 (e.g., due to Bellec (2016)), and ac- & 10 p=125

cording to Theorem 3 on the adversarial matrix we have 2 — Z 1:/21,'?/,)
sup EcR(QLsg) 2 ﬂ 10' 102 10} samplesize n

a*eBd \/ﬁ ’

Figure 4: Simulation results for Theorem 3. For each p, we
plot the log average in-sample risk over 30 experiments in
solid, and the log 20th and 80th quantile as the shaded regions.
The dashed lines show (1/2 — 1/p) log n for each p.

there should be a ground-truth o* € B;l attaining the
supremum, such that E¢R (arsg) = dV/9/y/n.

We do not prove it, but the following simulations sug-

gest that—at least approximately—the LSE exhibits the

rate d¥/7/y/n at the ground truth o* = 0.° We let d = n vary over {10-2°:i € {0,...,8}}, as well as p over
{1,1.25,1.5,1.75,2}. We take X to be the data matrix from the proof of Theorem 3, as defined in Equation (26) of
Appendix B.9, and o* = 0. Thus, the rate from Theorem 3 is given by ~ d'/4/\/n = n!=1/P=1/2 = p1/2=1/p,

For each (n, p), we then repeat the following experiment 30 times. We sample y = Xa* + & = £ ~ N,,(0,1,,) and compute

the estimator apsg € arg min,. g R(a) using the Python library cvxpy (Diamond and Boyd, 2016), which is designed
P

for convex optimization.

Figure 4 shows the results. We plot the sample size n against the average in-sample prediction risk R(&psg) in log-scale
(solid lines), as well as the (logarithm of) the 20th and 80th quantiles (shaded regions) for every pair (n,p). Because
R(ALse) ~ n/?71/P, we should see a linear dependence with slope 1/2 — 1/p. Therefore, we also plot the corresponding
lines (dashed lines). And indeed, comparing the risks achieved by the LSE to the rate n'/2~1/?_ we see that the behavior
matches. This confirms our construction and Theorem 3 according to this sanity check.

A.2 Risk Along ¢; Optimization Paths

We plot some example optimization paths of some potentials from Section 4.2 respectively Table | in Figure 5. The squared
hypentropy “fixes” issues arising for previously used hypentropy from Ghai et al. (2020). In Figure 5(a) we plot paths on
one data instance for a two-dimensional problem. Note that the paths can (somewhat) deviate from the LASSO path, but
early-stopping still achieves minimax rates (Section 4.2). In Figure 5(b), we take X to be Gaussian for n = d = 100 and o
to be 1-sparse. We repeat the experiment 50 times and plot mean, 10th and 90th percentile.

*Note that the LSE achieving its worst-case risk at the origin is not obvious a priori (Aolaritei et al., 2025).
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regularization strength of LASSO

0.6 0.0 0.1 0.2 0.3 0.4 0.5
—— LASSO path ' ' ' ' ' '
0.4 ~——— sigmoidal .
—— squared hypentropy 8
0.2 —— hypentropy fé
— squared £,-norm, p =1.2 g
0.0 — gradient descent =
2 o i B
-0.2 . T T T ® initialisation 0 50 100 150 200 250 300
0.00 0.25 0.50 0.75 1.00 1.25 1.50 number of iterations ¢ of mirror descent
(a) Optimization and regularization paths. (b) Risk along mirror descent paths.

Figure 5: Optimization paths of different known and new potentials from this work for regression over ¢;-balls.

A.3 Implementation Details

Finally, we just note that for all potentials, even those for which the (inverse) gradient does not have a closed-form solution,
we can implement mirror descent using the the following expression which is equivalent to Definition 3;

~ 1
Q41 € arg min (<VR(at),a — at> + D¢(a,at)> .
a€cRd n

We implement all mirror descent experiments with this approach using cvxpy (Diamond and Boyd, 2016). In particular,
Figures 1 to 3 and 5 are created using mirror descent updates that are implemented in the same way.

B PROOFS

B.1 Preliminaries

We first show this preliminary result that we use in multiple proofs.

Lemma 2. For any convex body K that contains 0 in its interior, and any T > 1, it holds that

r2(tK):= sup ra(a*,7K) <7 sup r2(a*, K) =: 7 -r2(K). 21

a*eTK a*eK

Proof. Note that, by definition, 7o (X ) is bounded by any r > 0 that satisfies for all o* € K (cf. (5))

P

w((K —a*) nrBy) < 5

Take any o* € 7K and define R = /7 - 7o (K). We have that

w((TK —a*) " RBy) =w (1 (K —a*/7) n (R/T)B3))
=7-w((K—a*/7)n (R/T)Bs2)
=7-w((K—a"/7) " (ro(K)/v/T)Bz)
<7 -w((K—a*/7) nre(K)Bs)
) R
2 2

Consequently, r¢(a*,7K) < R? = 7r3(K) for every o* € 7K, and hence we have that sup.., x ré(a*,7K) <
U

T+ SUpeex Te(a*, K), orin short, r3(rK) < 7 - 13 (K).
B.2 Proof of Lemma 1

Let K be any convex body with zero contained in its interior. It is known that for every § > 0, there exists a convex body
K such that K © K5 < (1 + 6)K, and the corresponding Minkowski functional squared ¢3 := <p§(5 is twice continuously
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differentiable on R with V(pg(o) = 0, see for example Bonnesen and Fenchel (1934, Section 27), Schneider (2013),
Guirao et al. (2022, Chapter 13) and Hdjek and Johanis (2014, Chapter 7, §9). For this convex body, it clearly holds that

1
1+5S0K < Y5 < PK-

Furthermore, since ¢Z is a convex and twice continuously differentiable function, the function ¢ given by
P 2
¥(a) = ¢3(e) + £ a3
with p = 2/(max,ex HaH;) satisfies

(I). 4 is twice continuously differentiable and the gradient satisfies V(0) = 0. Therefore, (I) is satisfied.

(ID).  The function o — /() = 4/2(ar) + § |2 is convex, as we can write it as

ECNE |a|2]T

which is the composition of convex functions and a non-decreasing one, making /v convex. Therefore, (II) is satisfied.

Vip(a) =

(ITD). % is p-strongly convex with respect to the £5-norm (III). This is due to the well-known fact (Nikodem and Pales, 2011)
that, because |-||, is induced by an inner product, ¢ is p-strongly convex with respect to |-, if and only if ¢ — £ |-|5 = 2

’ 2 ) 2 2 I7ll2 s
is convex, which clearly holds since ;s is a Minkowski functional.

(IV). We have that forall « € R? and o € 7K

V(@) = ([03(0) + £ Ll > gs(e) > %w(a) ~ k()

1
V(') = | ¢3 IIO/HQ ———— o] < V27 =iy
maXaeK HOZHQ

Hence (IV) is satisfied.

For discrete time, we only need the potential to be differentiable (not twice differentiable), and hence we can also use the
Moreau envelope of 2, defined as

Magie(a) = inf {heta) + 55 o = a2}
and let (o) = Mp% (o) + 5 HaHg with p = 2/(max,ex ||04||§) We can verify all necessary properties.
(I). 1 is continuously differentiable with gradient (Rockafellar and Wets, 2009, Theorem 2.26)
Vi(a) = VMapk(a) + pa = %(a — Pr¢%()) + pa with Pyp%(a) = argallnin {cpK( " + 3y Ha - aH }
so that V¢(0) = 0, cf. Planiden and Wang (2019, Theorem 5.6), and thus is satisfies (I).

(IT). 4/ is convex by Planiden and Wang (2019, Theorem 5.6) and the same argument as above, hence it satisfies (II).

(III). 9 is p-strongly convex with respect to the /5-norm (III) by the same argument as above, noting that the squared
Moreau-envelope is convex (Planiden and Wang, 2019, Theorem 5.6).
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(IV). To verify (IV), we use the following fact that «//\/l,\cp?;( < @K, as well as the pointwise convergence

limy 0/ Marp%k(a) = gk () for all @ € R? (Planiden and Wang, 2019, Theorem 5.6). As /M p?% is continu-
ous and {a e R? | v (a) = 1} is compact, by Dini’s theorem this pointwise convergence implies uniform convergence, i.e.,

for the function ((A) = ming, ()=1 v/ Mx@7 (@) < 1 thatlimy_,o ((A) = 1. Therefore, there exists a A such that for all

A < Xg itholds ¢(A\) > 1/2 and hence also /M ¢% (o) = ¢k (a)/2 for all & with gk () = 1. Because /M p% is
another Minkowski functional (Planiden and Wang, 2019, Theorem 5.6) and hence positive homogeneous, the same holds
on R?.

Therefore, for p = 2/(maxex HaH;) and all « € R%, o’ € 7K it holds

V@) = [ Magk() + £ lalh = 4/ Maei(@) > Jo(@) =+ oula)
v@mﬁ=¢Mw%mw+§w§<¢@mw+mwgg2|u\v%:mm
This concludes the proof.
B.3 Proof of Theorem 1
We begin by proving this auxiliary statement: Let Assumption A hold. Then
By(a*,2Dy(a",0)) < Kse, 7. (22)

The proof is based on the following two inequalities. We denote f = /1) so that 1)(a) = f?(«). Hence, for f2(a) > 0,

2Dy (a*,0) = 2 (f*(a*) — f2(0) — (Vf*(0),a* — 0))

<2f%(a) ((1): Vf2(0) = 0)
Dy(a*,a) = f*(a”) = f*(a) = (V[*(a),a" —a)

= f2(a*) — f3(a) = 2f(a)(Vf(a),a* — ) (chain rule)

> fA(a”) = f2(@) = 2f(a)(f(a”) = f(a)) (/1) : convexity of f)

= f2(@*) + f*(a) = 2f(a) f(a”)

= (f(a*) = f(a))?

Since for every a € By (a*, 2Dy (a*,0)) we have by definition that Dy, (a*, @) < 2Dy (a*,0), the following inequality
holds too;
(f(@) = f(@)* <2f*(a") = fla) < (1+V2)f(a") <3f(a").
Therefore, by (IV) we have that
vr(a) <of(a) <3cf(a”) < 3ce,m = 3,7

and hence By, (a*,2Dy(a*,0)) < 3¢, K-, which finishes the proof of this first auxiliary part. Notice how we could improve
the constant 3 arbitrarily close to 2 in the above argument.

Define the event
Ay = {R(a*) < 2} .

This event holds with high probability, as R(a*) = ||¢ ||§ /n, and thus
P(4) =P (I3 /n<2) =P (J¢]3 < 2n)
n/2
2 2
=>1- <nexp <1 — n>>
n n

=1—exp((log(2) +1—2)n/2)
>1—exp(—0.1n)
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where we use Chernoff’s bound for x2-distributed random variables in the first inequality. Conditioned on A1, we have by
Kanade et al. (2023, Theorems 2 and 3) that for

(the latter of which implies 777%(04*) < Dy(a*,0)) and any £ > 0 we may choose later, there exists a stopping time

Dy(a*,0) - c2r?

t* < =
€ €

=T

Dy(a,0) +n73<a*)} g PDw(G*7OW g {20372

}—T or t*<
ne ne ne

for the discrete and continuous-time cases respectively, such that the following two hold:

1. Forall t < t*, itholds a; € By (a*, Dy(a*,0) + nR(a*)).

2. R(aw) — R(a*) + R ) < &, which is called the offset condition with parameter & > 0.

From the choice of 7, on the event Ay, we get oy, € By (a*,2D,(a*,0)). As we have shown in the auxiliary part (22), this
implies vy € 3¢, K- for all t < t*. We now combine this with the second part in a localization argument.

By rearranging the offset condition, we retrieve the inequality

A~

R(aw) < R(e*) — Rlaws) + ¢

1 2 1 2
“y =Xt |5 — = |y — Xaw |5+ ¢
=y = X3 = = ly — X

1 1 2 1
— e} - S IX(0" — a3 - S € X" — ) - = €l + e
1 2
= = X(a" —ar)lf - =€ X(" —a)) + =,
2
= =& X (o —a)) — Rlaw) + 2. 23)

We could use this to get a unlocalized uniform bound, by bounding this as R(c+) < Supaer,, = (& X(a* — a)) + £/2.
However, we can improve upon this using a localization argument. We follow an argument akin to Bellec (2016, Theorem
2.3) where it was used for the LSE. Define the random variable

Ly = sup <§a 6>
0e(XK3zeor—Xa*)nrBY

which is the supremum of a Gaussian process indexed by 6 € (X K3.,, — Xa*) n rBj. By concentration of the supremum
of Gaussian processes (Boucheron et al., 2013, Theorem 5.8), for any » > 0, the event

4y = {2, <B[Z,] +ry/2l0g(1/0)}

has probability at least 1 — . Recall Definition 1, in particular, of the stationary radius
r2
ro(Xa*, X K3, ) = inf {r >0 ‘ w ((XK3e,r — Xa*) nrBY) — 5 < 0}

and denote 7o = ro(Xa*, X K3, ). By definition, we have that

NISe

E [ZT’O] =w ((X‘K-?)CQT — XOZ*) N ToBg) <

and hence, conditioned on A, with r = ry, we have

2

Zy, < %0 +19v/210g(1/0).
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We now make a case distinction between R (ay+) < r¢/n and R(au+) > 73 /n conditioned on As. In the first case, we get

trivially
2 1 2
Rap) < %0 < (7“0 + \/21og(1/5)) +e.

In the second case when R(oy+) = 2 |X(oyr — a*)Hg > rg/n, we define A = ro/ | X(ap — a*)|, € (0,1) and v =
MXag 4+ (1-A)Xa* € XKse, 7. Note (v—Xa*) /A = Xy — Xa* as well as R(ap) = 1 [X(a* — at*)Hg =13 /(n\?),
and hence bounding Equation (23) yields with probability at least 1 — ¢

%<£’X(a“ —a’)) —R(ap) +e= % (i & v—Xa*y — é) +e
3G
1 (200 Zyy 12
:n<;0 7“00 ;\g>+5
< % (ZT:;O)Q +e (since 2ab — b* < a?)
<%(%°+ 210g(1/5)) be

Hence, either way, we have that

1 . 1 2 2r2 + 41og(1/6
R(O[t*) = E HX(O{t* — )H; < — (7’0 + \/210g(1/5)) +e< O—g(/) + e

n n

Taking the union bound on A; and Ao, we get that with probability at least 1 — exp (—0.1n) — 4, it holds

22 4log(1/6
Riop) < 20 4 A1oe1/0)
n n

where rg = ro(Xa*, X K3, ;). This concludes the proof of the high probability bound.

The in-expectation bound for continuous time mirror descent follows by observing that we do not require the event A; to
hold, and so the high probability bound holds with probability 1 — 4 (in fact, one could improve its constants, which we

2
neglect here for simplicity). In particular, denoting z = 2770 + ¢ we have that

Rap) <z + M.

From tail integration, we then obtain

concluding the in-expectation bound and hence the proof.

B.4 Proof of Remark 1

An argument akin to the proof of Theorem 7 in Bellec (2017) shows that if we let » = 24/rk (X) and we denote the

orthogonal projection onto the column space of X as IIx, we have E [|[IIx&||,] < 4/rk (X), and hence for every o* € K
we have

w((XK —Xa*) nrBg) =E sup & Xay| <rE[[Mx],] < r/1k(X) = =
ae(K—a),|Xaf,<r 2
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implying by (5) that 73 (X K) < 4rk (X).

B.5 Proof of Corollary 1

We begin by quantifying the constant C' in Chatterjee (2014, Corollary 1.2): Temporarily denote r, := r,(Xa*, XK ). By
Theorem 1.1 in Chatterjee (2014), we know that

xt zt
P(||X (Arsk — )|y — 1| = 24/72) < 3 o o e | S8 T30 r 2 )
(1% (@ — a¥)lly = 7] > 24/7) eXp( 32(1 + jj;j)?) eXp( 32(1+a:)2>

where the second inequality is true if r, > 1. From tail integration we get

0

Be (1X(@Lse — ')l = r)° = | P((1X(@use — a*)l, ~.)* > u) du
0
Q0
=2, | AP (IX (Gusp @)l - 1] 2 2y de
0
0 $4
< 6r, —— | d
TJO xexp( 32(1—}—1})2) X
< 1257,

and similarly, without the square,

1‘4

0
Combining the two, we get

Ee |X(aLse — a®)3 — 2| = [2rEe(|X(Grse — o)y — 72) + Ee(|X(ALse — o)y — r0)?|

<2-18-732 41251, < 16175/2,

Consequently, for every o* € K, with r,(Xa*, XK;) > (644/3)2, it holds E¢R(ALsE) = i%, and in particular, if
ro(XK,) > (644/3)2, then
~ r2(XK,
sup EcR(GLse) = Q (24)
a*eK - 4n

Moreover, from Theorem | we know that for 7o (Xa*, X K3.,,) = 1 and & = ro(Xa*, X K3, )/n, in continuous time,

EeR(ar) < 10X XKse,r)
n

Hence, combining the two equations and using Equation (21) yields

rd(Xa*, XKz, 1)

sup E¢R(aux) < sup

a*eK, a*eK, n
2(X K.
< 210, 0XEY) (from (21))
2(XK,
< 21Cc,q - M (by Assumption B)
< 84Cc, - sup EcR(ALsk), (from (24))
a*eK .,

which concludes the proof.
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B.6 Proof of Corollary 2

The proof of Corollary 2 is analgous to the proof of Prasadan and Neykov (2024, Corollary 2.6), where we can replace the
upper bound on the LSE from their Proposition 2.4 with our bound on continuous-time ESMD from Theorem | and use
Equation (21).

Specifically, from Theorem 1, applying Equation (21) and ¢, < 1, we know that

2(XKs,, - 2(XK,
sup EcR(ay) < DX ear) o 70X,

a*eK, n n

Also note that in the proof of Theorem 1 (Appendix B.3), we showed that ay» € 3¢, K, and so ]EgR(at*) <
(diam(XK,))?/n.

Denote now temporarily o
R := sup ER(a+).
a*eK .,
Now, for every a* € K, r — sup .. w(X(K, — a*) nrBY)/r is non-increasing (Prasadan and Neykov, 2024, page
7). Denoting 79 = ro(XK), we get that for some constant ¢; > 0, and some 7 < 7

pu— X KT _ * B N
01\/% <r<2 sup w(X( roz ) nrB) (by Definition 1 and r < ()
a*eK,
Sup e, WIX(K, — a*) n e VRRBY) . )
<2 z — (non-increasing)
c1VnR
1) supgecr. W(X(K, —a*) n VnRBY)
< 2max< 1, — = —
€1 VnR
< \/log Mloc (\/ nR, XKT) (by Assumption C)

Hence, VnR < sup {r >0:r < \/log Moe (7, XKT)}, which by the main result of Neykov (2022) yields minimax
optimality of ESMD.

B.7 Proof of Corollary 3

Consider the setting of Theorem [, and assume that X has vanishing kernel width satisfying
1
— | Xal; = |af? - f(3catK,n) forall a € 3¢, (K — K).
n

Per assumption, we have that f(Ks.,,,n) < r(XKsze,-)/n, which combined with the bound from Theorem 1 and the fact
that o+ € 3¢, 7K (see the proof of Theorem 1) yields for all o* € K,

1 2 log(1/6 2 2 log(1/6
Jo* — a2 < 2 [X(are — a3 + F(Be,rEm) < 10 o 08U 7070 Loal/0),
n n n n n n

where we denoted rg = ro(X K3, ). Applying Equation (21) concludes the proof of the corollary.

B.8 Proof of Proposition 2

Letp € (1,2) and o = |-|,,. We first show that ¢ = |- Hi satisfies the discrete-time version of Assumption A.

(I). First, ¢(-) = HHZQ) with p € (1, 2) is differentiable (Lemma 17 Shalev-Shwartz, 2007; Juditsky and Nemirovski, 2008,
Example 3.2) with

Vib(a) = {0 ol 0
o =

sign(an)ar g

and (Vo) '(a) = 2l with
0 a=0

+

D=
Q| =

see for example Gentile (2003, Lemma 1). Hence, V4 (0) = 0.
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(ID.  +/%(-) =[], is convex, as it is a norm.
(IIT). ¢ is 2(p — 1)-strongly convex with respect to the £,-norm by Shalev-Shwartz (2007, Lemma 17).

(IV) This clearly holds with ¢,, = ¢; = 1.
We bound ro(XKs;) = ro(37XBg) under column-normalized design (16). We can use 73(37XBY) < 67w(XBZ) and
then further bound w(XBg). We can apply Holder’s inequality with 1/p + 1/¢g = 1 and get, if p > 1 + 1/logd

a\ Y
w(XBY) = B [sup <g,Xa>] <k [p X7, lalp] <B[x7el,] < (=[Ix7el;])

d
aeBP

By column normalization, and since |(§, X;)| g X, |Z] for Z ~ N(0,1), we get that

1/q 1/q
(2[1x7¢"))"" = &2 (z ng> _ Javad

j=1

On the other hand, if p < 1 + 1/logd and d > 2, we have that

w(XB;l) =E lsup <§,Xa>1 <E lsugd ”XT§Hq |04|p] < dYE [HXTfuoo] < dY92+/nlogd < 2e4/nlogd.
ae P

d
aEBp

where in the second last inequality we used that since X "¢ ~ A (0, X X), and X is column-normalized, we know that
(X T€);,i € [d] is Gaussian with variance n, so that we may apply standard sub-Gaussian concentration, such as Vershynin
(2018, Exercise 2.5.10) or Wainwright (2019, Exercise 2.12), and in the last inequality we used that for p < 1 + 1/logd it
holds that dV/4 = d*=1/P < @'/1°8d < ¢, Hence,

T4/nlogd ifp<1+1/logd

25
T\/qy/nd"? ifp>1+1/logd (23)

rg(3rXBY) < {

and from Theorem 1 and Remark 1 we get that

13X Ks,) | Slog(1/9)
n n
tk(X) 7 Jvlogd if1<p<1+@,
Vad'e i1+ g <p < 2.

R(Ozt*) <

n " Jn

To bound To(gTXBg) in under Gaussian design, we use Vershynin (2018, Exercise 7.5.4) and get
rg(XBY) < 2w(XBY) < 2[X|, w(BY).

By Wainwright (2019, Theorem 6.1) we have that

P (X[, < 3vn) =1 = exp(-n/2)

and for 1/g +1/p = 1 itis easily verified that, because for small enough p we have B¢ < Bg c eB¢ (Lecué and Mendelson,
2017; Vershynin, 2018), the Gaussian width is bounded as

Moo d 1
w(Bd)S logd 1f1<p<1+@,
P Vad' i1+ g <p <2,

so that with probability 1 — exp(—n/2) over draws of X the bound Equation (25) holds again. This concludes the proof.
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B.9 Proof of Theorem 3

Letp € (1,2) and 1/p + 1/q = 1. We introduce some further notation just for this proof. We use N (g, S), M (e, S) to
denote the e-covering number and, respectively, the e-packing number of a set S with respect to the £5-norm (Wainwright,
2019, Definitions 5.1 and 5.4). log N (g, .S) is commonly referred to as the metric entropy of S. We assume basic knowledge
about covering and packing numbers that can be found, e.g., in Chapter 5 in Wainwright (2019).

Fixed design. We will construct a hard design matrix X and reducing the problem to a Gaussian sequence model over a
convex constraint set in R™.

Let m € N and k£ € N be defined as

di/r d/p
m = { =47 ad k= [\/ﬁdl/qJ = /nd'/".
v

where we may write “=" in the first case, because we assume that d'/? > \/n. We note that:

1. By definition of k and m, it holds that k - m < d"/Pd"/4 = d.
2. By definition of k, it holds that k < n if v/n > d}/4, which we assumed.

Define 1,,, = (1,..., 1)—r € R™ as well as the all-zeros matrix 0,, 4 € R”*?. We define the data matrix
17—; 01><'m cee 01><m
01 m 1,,—;( “ e 01 m
X — \/ﬁ ( Akka ka(d—k:m) ) e Rnxd with Ak:xk'rn _ X i ) X e kakm. (26)
O(n—k)xk’rn O(n—k)x(d—km) : . . :
01 xm 01 Xm v 1;;,
Note that the columns of X are normalised to | X; [, < /n.
As a first step, we reduce our problem to a more well-studied Gaussian sequence model. Define ¢ := /nm!/9 and

X, V; € Rd,i € [k‘] as
mil/p

i = V(01 m(i-1), 1 O1x(a—mi)) | and v; = 7 T,

m~ /P

where x; is the vector corresponding to the i-th row of X. Note that [v; |, = H i = m~YPml/P = 1 and thus
p

v; € Bg. Denoting the i-th standard-basis vector in R™ as e;, we have that

m_l/p
Jn

for all 7 € [k]. Taking the p-convex hull of the v; amounts to choosing any J;, ¢ € [k] such that Zle |6;|” < 1 and letting
vs = Zle d;v;. It follows that vs € Bz‘f and

Xuv; = Xz; = /nm'~VPe; = \/nmtle; = te;

k k
X’U§ = Z (5iX’Ui = tz 5iei.
i=1 i=1

Because Bl’f X {O}n_k can be decomposed into Zle d;€;, we have that

Sp:=tBF x {0}" " <« XB! c R".

Therefore, since y = Xa* + & with{ ~ N(0,1,,) and S; < XBg, the minimax rate for estimation in the Gaussian sequence
model y = 0* + &, with 8* € S; is a lower bound for our original problem, that is,

inf sup E [HX(a* — &)Hg] > inf sup E [||9* — 5”%] . (27)
6 60*eS;

« * d
a*eBg
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We may now use the following result from Johnstone (2017, Theorem 11.7), see also Aolaritei et al. (2025, page 6): Let
p € (1,2) and consider the Gaussian sequence model y = 6* + & where £ ~ N(0,0°Ly). Then, if 0® € [ 727, 737554 ]- the
minimax rate over Bg is given by

M(By,0) := in sup. Ee [HH(Z/) - 9*||§] = (0% log(edoP))7P/2,

To apply this result to Equation (27), we use the following identity

o
M(rBy,0) =72 M (B 2).
which follows from simple rescaling arguments. Moreover, we rely on the fact that if a convex body K (here S;) is contained
in a linear subspace, then the minimax risk of the Gaussian sequence model over K < R? coincides with that of the model
restricted to the subspace, since the orthogonal projection onto the subspace constitutes a sufficient statistic for the parameter.
In particular, we can bound Equation (27) as

inf sup E [He* - §||§] > M(tBE, 1) = 12 - M(BE, 1/t) = 17 (log (ek/t?))" P>
0 60*eS;

where the last equality holds because

di/r
W

and in particular, 1/t> =, 1/k%P € [ﬁ, m] Plugging this into the lower bound and dividing by n proves that the

minimax rate on this data matrix is lower bounded by cpdl/ /4/n, which concludes the first part.

w— (\/Eml/q)p - (ﬁ( >1/q)p _ (P PagYe = dY =k = (log (ek/t?) P = 1,

Gaussian design. Letp € [1 + ¢;/loglogd,2), 1/p + 1/¢ = 1 and n(logd)® < d < n%?. Suppose X € R"*4is a
standard Gaussian matrix.

We begin by noting that for some constant ¢ > 0, the event
& = {\/E— evn < omin(X) < omax(X) < Vd + c\/ﬁ}

has probability P (£1) = 1 — 2exp (—n) (Vershynin, 2018, Theorem 4.6.1). Since d > n(log d)° we have that o, (X) =
+/d with probability at least 1 — 2 exp (—n). Since ||, < d*/P=%/2|-|,, we know that d*/*~1/? B = B¢, and hence on &
that for some constant ¢ > 0

I
Vdd"/*7'PBY = ¢d"/1By < XBY.

Following Neykov (2022), conditioned on X, we need to solve the stationary condition of
log M (e, XBg N CeBy) = log M (e, XBg) = g2,

to determine the minimax rate given X, where the first “<” holds by a pigeon-hole argument. We solve this by first noting
that on the event &1, the solution must satisfy € > d/4 since on Erandif e =< d}/ we have

log M(a,XBg) >log M(e,ceBY) 2 n = d?/1 = &2,

Thus, all we need is to estimate log M (¢, XB¢) when £ 2 d'/4. This was done (implicitly) in Kur et al. (2024), when
p =1+ c¢1/loglog(d), d 2 n(logd)® and n is sufficiently large. Specifically, it was shown that if £ 2 dY/4 the event

& = {log M(s,XBg) = log M (g/+/n, Bg)} (28)

has probability at least 1 — C'exp (—cn). We outline the proof of (28) after finishing the main proof. Using (28), for
¢ 2 d4 we can solve the inequality

log M (e/+/n, BY) = (\%) o log <d (\%) > > e,
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where we used (29) from Schiitt (1984):
e 2% log (ke?r ) ife = kV/2-1/p,

log N (e, BF) =
Og (€, p) 4 klog (k_lg—%> le S ]61/2—1/177

(29)

We can see that choosing £2 = n?/?(log d)*~?/? satisfies this inequality. It follows from dividing by 7 and taking the union
bound over &7, &, that with probability 1 — ¢, exp(—c3n) over draws of the data matrix X, we have

. d2/a
lI}f sup Ef’R,(a) = np/2—1(10g d)l—P/2 v ,
@ a*eBg n

which finishes the proof.
Proof of (28). We outline the proof of (28) based on arguments from Kur et al. (2024) here again for completeness. Define
the ¢-th dyadic entropy number of any set .S as

e;(S) =inf {e > 0:logy N(e,5) <i—1}.

By definition, we have that e;(.S) < &, if and only if log N (g, S) < 4. We know by Schiitt’s Theorem (Schiitt, 1984) that the
1-th dyadic entropy number of B}’,f is given by

1 if 1 <i<logk,
N\ 1/p—1/2
ei(By) = { (esleh/a) if logk < i <k, (30)
2=k g1/2=1/p ifi>k
For i € [d] with logd < i < d, define &; = {0 < [d] | |o| = i/log(ed/i)} and &; := e;(BY) = (log(ed/i)/i)/P~1/?

(recall (30)), and define the sets
U A, where A &

_ _ .B% — i
= - . = -
= Viel 7 Vol

Then it is easy to see that V; B2, as for all v € V; we have

{veR?|v; =0ifi¢ o, |v], <1}.

o], < lo"? v, < lof*/P~2

i \YPV2 (log(ed/i)\ VP
&S | —_— < 1.
log(ed/7) i

Also note that by the same calculation, for v € V;, it holds |v; |, < ¢;

Let NV; be an ;-covering of V; and note that (Kur et al., 2024, underneath Equation (25)) we get log |M| < i, meaning
it has the same metric entropy for ¢; as Bg. Following Schiitt (1984); Kur et al. (2024), one can see that for Z :=

{20,222 .. c-d},everyv e Bg can be written as

v =1y + Z 0;0; where |volly < ea < dl/a=1/2
i€l
and v; € N, H%Hp =1, 3..7 67 < 1. Consider the partition of Z = Z; U Zp with Z; = {2°,21,22 ... cn}, Ip =
{n,2n,2%n , ¢+ d} (where w.l.0.g., we assume these terms are powers of two). By triangle 1nequahty, it follows that we
can bound the norm of Xv for any v € Bz‘f as

|Xvfl, < [[Xwvol, +

Z 5,‘XU,‘

iGIl

Zéle

’LEIQ

2
We now bound each term separately.

To that end, recall that by the Johnson-Lindenstrauss Lemma (Vershynin, 2018, Theorem 5.3.1 and Exercise 5.3.3), we know
that for § € (0, 1) and any finite set V' = RY with n > (C/6?) log ||, it holds that

Vo,weN: (1-=68)|v—w|z < (v—w)a < (1+9)|v—w|s (31)

ﬁl\x

with probability of at least 1 — 2 exp(—cnd?).
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1. Note that as the maximal singular value satisfies oax(X) < +/d on the event £, we get that

[Xvol, < V- eq s d"e.

2. By (31), since log |UieL M| < n, we obtain for N = Uiez, N that
& = (Yo, we Ns [X(—w)ly =it |v—wl},
holds with probability at least 1 — 2 exp (—cn). Clearly, on E3, we also have that |Xvl|, = y/n - |v]2 forall v e N.

3. Again, by (31) with § = /i/n so that log |NV;| < i = §°n, the event

&y = {Vi €Ty : sup [Xv|, S Vn-+i/n- v, < VR-Ai/n-e; = \/;51}

veN;

holds with probability at least 1 — 2>, ., exp(—ci) > 1 — C exp(cn). Hence, by triangle and Hélder’s inequalities,
we obtain that

Z 5Z‘XU1‘

iGIQ

1/p 1/q 1/q
< Y Wiei-6i < (Z 65) : (Z(ﬁa)q> S (Z(\fm)q> :

2 iEIQ ’iGIQ iEIQ iEIz

Plugging in e; < log(d/i)'/P=1/2i'/2=1/P from (30) we get that this is bounded by

1/q 1/q
(Z Mem) < (Z (log<d/z‘>”p‘”2i”“)q> < log(d)*/4 - d"/1 5 d/e

iGIQ 7;€12

where in the last inequality we used that p = 1 + C/loglog(d).

Note that if ¢ > d'/%, we have that log M (¢, XBY) = log M (e, XBg\dl/qu). We just showed that on the intersection
of events £, &3, &4 we have that if [Xuv|, > d'/4, it holds that d"/? < |Xuv[, < vn |Y;ez, S;vil, + d'4, and hence
HZ T, 005 H 9 R d'/a /+/n. Therefore, the metric entropy beyond the threshold d'/4 only depends on the i-th dyadic numbers
of B;l with ¢ € Z;. On this set, we already showed that the Johnson-Lindenstrauss Lemma applies (i.e., £3), and hence

log M (e, XBY) = log M (g/+/n, BY)

with probability at least 1 — C exp (—cn), which is (28). O

B.10 Proof of Theorem 4

We split the proof of Theorem 4 into several auxiliary lemmas for each potential, which we prove in Appendix B.12.
Specifically, we show for each potential from Table 1 that it satisfies Assumption A with the parameters stated in Table 1.
Lemma 3 provides the details for the squared £,,-norm, Lemma 4 for the Moreau envelope-based potential, Lemma 5 for the
adjusted hypentropy and Lemma 6 for the sigmoidal potential. We prove Lemmas 3 to 6 in Appendix B.12.

Lemma 3. Suppose that o = |||, and ¢ = HH127 with 1 < p < 1+ 1/log(d). Then the discrete time versions of
Assumption A are satisfied with constants ¢; = e, ¢,, = 1 and p = 2(p — 1) w.r.t. the £p-norm.

Lemma 4. Suppose that ¢ = ||, and

ZE2

d 2
dA Py w2 . % [z < A
Y(a) = (Z; ha(oi) + 2) +3 ey with  hy(x) = {ZA A\

lz| =5 |z| > A

with A < 27/d and p = 2. Then the discrete-time version of Assumption A is satisfied with p = 2 with respect to the {a-norm
and constants c; = 1,¢,, = V5.
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Lemma 5. Suppose that g = ||, and

2

b(0) = Zd] (ozi arcsinh (a;/7) — /o + 72 +v + 1) |

= arcsinh (y—1)

with y < sinh(d/7)~" A (47)~" A 272, Then it satisfies both the continuous and discrete-time versions of Assumption A
with constants ¢; = 1,¢, = 3 and p = arcsinh('y’l)*2 with respect to both the {1 and {s-norm.

Lemma 6. Suppose that o = |-|,, and

d 2
V(o) = <Z % (log (1 + exp (=) + log (1 + exp (7%))))

i=1
with v > dlog(4) /7. Then 1 satisfies the continous-time version of Assumption A with constants ¢; = 1, ¢, = 2.

The proofs of Lemmas 3 to 6 can be found in Appendix B.12.
Therefore, we may invoke Theorem 1, and the result follows by directly bounding the stationary radius: Suppose that
K = B{. If X is column-normalized (16) and d > 7+/n, then

r3 (X Ksze,r) rk (X)

n

<4

A 186¢,T

log(2ed/(ry/m)

This follows directly from the derivations in Bellec (2017, Theorem 7) or from Gordon et al. (2007). Plugging this into (9)
from Theorem 1 we get that with probability at least 1 — exp(—0.1n) — § it holds

2
Rlow) < 4r§(XKse, 1) N 8log(1/6)
n n

<4 <4rk(nx) A 186¢,7 log(zedri (T‘/ﬁ))> + Slogr(bl/ %)
< (1611{7(3() A Tddeqr log(zed{l <T*/ﬁ)>> + 810g751/ %)

To bound 7¢(3c,7X B{) in under Gaussian design, we use Vershynin (2018, Examples 7.5.4 and 7.5.11) which yield that

r3(XBY) < 2w(XBY) < 2| X[, w(B]) < |X], v/logd.
By Wainwright (2019, Theorem 6.1) we have that
P (X[, <3vn) =1 - exp(-n/2)

so that with probability 1 — exp(—n,/2) it holds 72(3c,7XB¢) < c,7+/nlog d. Combining this with Theorem 1 and Re-
mark 1, and noting that rk (X)) = n with probability 1, we get from a union bound that with probability 1 —2 exp (—0.1n)—¢
that

4r¢(3c,TXBY) N 8log(1/9)
n n

< (1 . 10gd> N log(1/4)

n n

R(ap) <

Choosing § = 0.01 so that 1 — 2exp (—0.1n) — § = 0.99 — 2 exp (—0.1n), we get that

log d
Rap) 1 AceeT 08e
n

This concludes the proof.



Sharp Risk Bounds for Early-stopping in Gaussian Linear Regression

Remark 2. As a side-remark, we also provide a direct proof that if X is column-normalized (16), then

2
r§ (X Kse, 1) < 4rk (X) A 1207 logd.

n n n

Note that the bound in terms of the rank of X follows from Remark 1 and Appendix B.4. We can use 3 (X K,) < 2w (XK )
and to further bound w(X K ), we can apply Holder’s inequality and get for d > 2

W(XK,) = E [ sup <§,Xa>] <E[|XTel, ] swp lal, = rE[|X7el,.] < 2ry/nlogd
acK, oK,

where in the last step we used that X ¢ ~ N(0, X TX), and X is column-normalized (16), which implies that (X T¢);,i €
[d] is Gaussian with variance n, so that we may use standard sub-Gaussian concentration (Wainwright, 2019, Exercise 2.12),
which yields the second upper bound. Plugging the second bound into (9) from Theorem | we get that with probability at
least 1 — exp(—0.1n) — J it holds

4r2 (X K. log(1
R(Oét*) < TO( 3CaT> + 8 Og( /6)
n n

- <4rk ) 1oer /logd> . 8log(1/9)
n n n

g (16rk ), s5er /logd> . Blog(1/8).
n n n

B.11 Proof of Proposition 5

We check that Assumption A is satisfied. We use the results from Beck and Teboulle (2012, Example 4.5).

(I). The differentiability of v is clear, with gradient and Hessian of ¢ given by

Vu(z) = = log <m > exply <ai,x>>> u() + pr

V() = 210g <m 5 expiy ar x>>) (i p)aia mxm(xf) +2pu(u@)” + ol

where we defined the quantities

pila) = Z;}jigﬁ%j}f@) o) = Yo

Therefore, since p;(0) = 1/m we have (0) = = Y™ | a; which we assumed to be zero, and hence V1/(0) = 0.

T m

(I). The convexity of +/¢ follows as previously because /%) is the Euclidean norm of ./Z|z|, and
~log (m X exp (y<ai, x))), of which the Hessian is given by

(Z pi(z)aia] — u(x)u(x)T>
i=1

which is clearly positive semi-definite for every = € R? (as it is the covariance matrix of the discrete distribution over a;
with probabilities p;(x)) and thus convex.

(IIT). The p-strong convexity follows as previously because

o= (o) = § lal} = 5 log? <m2 exp (7 <ai,x>>>
i=1

is convex (which can be seen by the Hessian above).
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(IV). By Beck and Teboulle (2012, Example 4.5), we know that for all z € R¢
1 1 i 1
pic(@) = ~logm < log Dexp (v{ai, ) | < px(z) + ~ logm.
i=1

It follows that

1 di 2
vr(x) < 5 log <m2 exp (7<ai,x>)> < pr(x) + 5 log m.
i=1

and therefore, for all & € R% and o’ € 7K with p = 2/ max;e[ar] |ki|5 and = 2log(m)/r

er(a) < %bg (m i exp (v <ai,a>)> < an/Y(a)

i=1

1 = 2
() = $10g2 (m Z exp (*y(ai,a’})) + g Ho/||§ < px(a’) + 5 logm + 7 <317 =c¢yT
i=1

with¢ =1, ¢, = 3.

Using Bellec (2017, Proposition 5) we get that if M > 7¢+/n, then

rovn

Hence, from Theorem | and Remark 1, we know that with probability 1 — exp(—0.1n) — § it holds that

r2(XK,) < 317¢y/ny |log (6M>

2
Rap) < 4r§ (X Kse, r) + 8log(1/9)
n

4 <4rkn(X) . 936aT¢\/10g (eMil(Tm/ﬁ))) , Blog(1/9)

n

n

_ (16rk %), 3720000 \/log (eM/(m\/ﬁ))) | 8log(1/8)

Choosing § = 0.01 yields the result. This concludes the proof.

B.12 Proofs of the Auxiliary Lemmata for Theorem 4

B.12.1 Proof of Lemma 3

We check each condition from Assumption A. We already proved (I),(I) and (III) in the proof of Proposition 2.
(IV).  We use the norm inequalities ||-|, < |-, < di=1e |||, and the fact thatif 1 < p < 1 + 1/log(d)

logd

dI=1P < dTesa = _08¢
) P 1+ logd

) <ot

which implies that for all « € R% and o € TBld

e (@) = oy <elal, = avi(a)

Vi) = o], <o’ < eur

with ¢; = e, ¢,, = 1. This concludes the proof.
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B.12.2 Proof of Lemma 4

We first note that the potential in Lemma 4 is indeed given by the Moreau envelope, since by, e.g., Beck and Teboulle (2012,
Example 4.2) it holds

Z 2] <,

d
(Mal)(@) = D] halaw)  with  ha(e) = {”
i=1

z| =% |z]> A

It follows that M ||, + € > ||, = 0. We check that Assumption A is indeed satisfied.

(I). First note that the function is differentiable, as Moreau envelopes are continuously differentiable (Parikh and Boyd,
2014, §3.1) or (Beck and Teboulle, 2012, §4.2). Moreover, a calculation shows that

T

d . b <
Vip(a) =2 <21 ha(z) + d;) (hy(a1),...,B\(ca)) + pa with hi(z) = {S/\ign @ :z: ;

and so V(0) = 0.

(IT).  The Moreau envelope M |-|; + % is convex (Beck and Teboulle, 2012, §4.2) and non-negative, so that

9() = \/ ()@ + )+ §lal?

is convex, as it is the Euclidean norm of two non-negative convex functions.

(III). E.g., by Nikodem and Pales (2011), the p-strong convexity of ¢ with respect to {5-norm holds if and only if

v =5 lal} = (Mb)@ + 5

is convex. Since M ||, is convex (Beck and Teboulle, 2012, §4.2), M ||, + % > 0 and squaring is non-decreasing,
this is the case.

(IV). Finally, we have that for all @ € RY, o € TBf and p = 2, A < 27/d that

2
¢K<a>=|all<<m-1><a>+dj<\/(<MA||~|1><a>+dj) + 2 o = ery/ba),

d\\?
Y(f) = \/<(MA I-)(a) + 2) + g lo|l5 < \/(Ha’lh +7)2 + o3 < VBT = cur,

with ¢; = 1, ¢, = v/5. Here we used that for any Moreau envelope, My f < f by definition.

B.12.3 Proof of Lemma 5
Recall that we defined the function

J 2
Y(a) = (zaurcsinh(’yl)1 2 a; arcsinh(a;/v) —y/af + 42 + v + 1)

i=1

J 2
(Z gv(ai))

2
= f* ()
where we now introduced the new notation

f=+/t and g,(z):= arcsinh (7*1)_1 (m arcsinh (x/7) — /a2 + 2 + v + 1) .

We prove that 1) satisfies Assumption A.



Tobias Wegel, Gil Kur, Patrick Rebeschini

(I). 1 is twice continuously differentiable with gradient

arcsinh(aq /7)
Vip(a) = 2arcsinh(y~ 1) "2 f(a) = V¢(0)=0
arcsinh(ag/7)

This follows by straight-forward calculations (Ghai et al., 2020).

(II). +/4p = f is (strictly) convex, as a simple calculation (Ghai et al., 2020) shows that the Hessian of f is given by

V2 f(z) = arcsinh(y ')~ *diag (

1 1
VT A+ 2k + 2
which is positive definite everywhere.

To proceed, we state two useful facts.

e Fact I: Forally > 0 and o € RY, f(a) = |al|, v darcsinh(y~1) =L
We first show that f(a) > [la/,. It suffices to show that h,(z) = g,(z) — |z| = O for all z € R. First of all,

h(0) = arcsinh (7’1)71 > 0 for all v > 0, and due to the symmetry of h., it therefore suffices to show that
hy(x) = 0 for all z € (0, c0). On this interval, x — h.(z) is twice differentiable with

-1
PR £h, | wioh (o)
%(1‘) = arcsinh (y~')  arcsinh (z/7) —1 and (dz)? (z) = VaZt?

Since % > 0 for all z € (0, 00), we know that h., is strictly convex on (0, ). Therefore, -, has a unique global
minimum on (0, 00), as lim,_, hy(2) = 00 and %(m) < 0 for small enough 2 > 0. The first-order condition of

optimality %(m*) = ( yields z* = 1, and thus we know that for all = € (0, o0)
he (@) > o (")
= arcsinh (7’1)_1 (arcsinh(l/y) — V1242 9+ 1) -1
Y+ 1—/14172

0.
arcsinh(1/7) ~

hence, f(a) > |af;. Now, we can also see that for all z € R

2
(z) = arcsinh (7*1)_1 arcsinh (z/y) and %(w) =

9,

arcsinh (y~1) -t
dx '

Va2 + 2
Hence, g has a unique global minimum at z* = 0, and thus for all z € R, g, (z) > ¢,(0) = arcsinh(y~!)
thus f(a) = 2%, g4(a;) = darcsinh(y~1) 2,

e Fact 2: ~yarcsinh(1/y) < 1 forall v > 0.
This follows by observing that %x arcsinh(1/z) = —/1/22 + 1/(2% + 1)? < 0, which means its concave, and
4Lz arcsinh(1/z) = arcsinh(1/z) — 1/(z4/1/22 + 1) > 0, which means it has no maximizer, and

-1 and

limomarcsinh(l/w) =0, lingowarcsinh(l/x) =1.

(III). We follow similar arguments used in Ghai et al. (2020) and will apply Yu (2015, Theorem 3) to show that 1) is
p~-strongly convex on R? with respect to |||, and |||, where p., = arcsinh(y~1)=2.

First note that the Hessian of ¢ is given by

1
arcsinh(z1/v)\ [arcsinh(z1/7) i 22 +72

VZ)(z) = 2arcsinh(y 1) 72 : : + f(z)
arcsinh(xzq/v)/ \arcsinh(zq/7)

z2 42
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and hence we have that for any y € R¢

d
y' V2)(z)y = 2arcsinh(y 1) 72 f(z)

Using Fact 1 that f(x) > ||z||, v darcsinh(y~!)~!, we can bound

- f(@) y? N T

it Z e e T W(ZW> (Z xi”)
/() ;

% aha1 S a1 2 \/m<21 y12>

.. |z, v darcsinh(y~1)~*
> inf .

x Zi:l \/W
> inf |z|l, v daresinh(y~1)~1

’ qul + dvy
_daresinh(y )"! 1 >
= darcsinh(V*l)*l +dvy 1+ varCSinh(7—1) Z 5

[t

where we used Fact 2 that  arcsinh(1/7) < 1 forall 4 > 0. Therefore, inf, |, 1 y' V*4(x)y > arcsinh(y~')~? which
implies p,-strong convexity with respect to the £1-norm (Yu, 2015, Theorem 3) With a similar argument, we have that

A )Zd: v o 1@
in T > in
@[yl =1 S Va4 T maxg /a4 2

|z|l, v darcsinh(y~1)~t

> inf
E llly +~

1
= >
1+ vyarcsinh(y—1)/d

| —

and therefore inf,, 1 1y V*9(z)y > arcsinh(y~") 2.

(IV).  From Fact 1 it immediately follows that for any o € R? it holds

v (@) = laf; < fla) = +v/¢(e)

so that ¢; = 1.
It remains to show the upper bound. For o’ € 7B¢ we have that |o/}| < 7 for all i. Hence,
d -1
(o) = f(a) = Z arcsinh (y71) (a; arcsinh (o /7) —4/(a})? + 792+~ + 1)
i=1
d
=1/ : ’
< Z arcsinh (y~") " (o arcsinh (af/v) + 1)
i=1

I
-

@
Il
—

arcsinh (y <|a\log< ( (a))? +7%+ | |>>+1>
arcsinh (y ( \log( 72 4+ 42 +7’)> +1>

= Jo/ly s (=) o (2 (w7552 4 7) ) daresion ()

N
=

@
I
—_

< 7log (7_1)71 log (2;— + 1) + d arcsinh (7_1)71
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For the first term, we notice

1 1 2T 1 27
<—n— = T 41< = = log| = +1) <2log(~v*
TSt y 2 g(v ) 2()

so we can bound the first term as 27. The second term can be bounded as

v < sinh(d/7)™! = darcsinh(y1)™! < darcsinh(sinh(d/7))"! = 7
So overall, we get that \/W = f(a) < 37, so we may set ¢, = 3. This concludes the proof.
B.12.4 Proof of Lemma 6

We show that Assumption A holds by going through each point. We define the function

9(7) = % (log(1 + exp(—vx)) + log(1 + exp(yx)))

2
so that (o) = (ijl g'y(ai)) .
(I). The fact that the potential is twice differentiable is clear, and the gradient is given by (Schmidt et al., 2007)

1 1
1+exp(—yz) 1+ exp(yz)

_2<ng al> g. (), . ..,g’v(ad))—r with ¢’ () =

so that V¢ (0) =

(II). We have by Schmidt et al. (2007) that

2

V2 \/i(a) = ding L P o) with Ty - _2ree)
tin (i 1) (0] i ()= |

1+ exp(yz))”

and so all its eigenvalues (strictly) greater than zero everywhere, implying that /2 is convex.
(III).  Strict convexity of v follows analogously, as

V2(a) = 2 (VW/o(@)V/bla) + /(@) V3/i(a))

also has all its eigenvalues strictly greater than zero, implying that 1) is strictly convex.

(IV). We can easily show that this approximation satisfies the conditions. First, notice that it holds g~ (0) = log(4)/v, and

forz >0
d 1 1

a0 =) = e S T e L

and by symmetry of g, for z < 0 we have - (g,(z) — |z|) > 0. Combining this with lim,_,, g, (z) — |z| = 0 and
limy——o g (7) — x| = 0 yields g, (z) € [|z|, |z| + log(4) /7] for all z € R. Therefore, for all & € R? and all o € 7B,
we have for v > dlog(4)/7

SH

pr(@) = lal, < Y] gy(w) = av/

=1
d
<3l + 22 <o), + T < ear

i=1

d
VI = 3, 0

with ¢; = 1 and ¢,, = 2. This concludes the proof.



