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Abstract

We study early-stopped mirror descent (ESMD)
for high-dimensional Gaussian linear regression
over arbitrary convex bodies and design matrices,
where the task is to minimize the in-sample mean
squared error. Our main result shows that some of
the sharpest risk bounds for the least squares esti-
mator (LSE), based on the local Gaussian width,
extend to ESMD. We derive sufficient conditions
on the potential, expressed via the Minkowski
functional, under which our result holds. These
conditions allow us to construct new potentials
and analyze existing ones. Our results then yield
general sufficient conditions for minimax optimal-
ity of ESMD, provide a systematic comparison
with the LSE, and establish the tightest known
risk bound in the ℓ1-constrained setting.1

1 INTRODUCTION

Regularization methods generally fall into two categories:
Explicit regularization, where the learning objective is al-
tered to reduce model complexity via constraints or penalty
terms, and implicit regularization, where the optimization
solver inherently controls model complexity via algorith-
mic primitives and parameter tuning. A commonly used
implicit regularization technique is to stop iterative opti-
mization algorithms before convergence. This is called
early-stopping or iterative regularization, and has been in-
vestigated for different settings and algorithms such as linear
and kernel regression with coordinate descent (Hastie et al.,
2001; Efron et al., 2004; Rosset et al., 2004; Zhang and
Yu, 2005), gradient descent (Ali et al., 2019; Bühlmann and
Yu, 2003; Yao et al., 2007; Raskutti et al., 2011b; Bauer
et al., 2007), primal-dual gradient methods (Molinari et al.,
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2021, 2024) and algorithms based on factorized parameteri-
zations (Gunasekar et al., 2017; Li et al., 2018; Vaškevičius
et al., 2019; Zhao et al., 2022). One benefit of iterative
regularization is the simultaneous study of modeling and
numerical aspects; often iterative regularization improves
computational efficiency while retaining good statistical
performance (Molinari et al., 2021; Yao et al., 2007).

A recurring approach to understanding iterative regulariza-
tion methods is to tie them to “corresponding” explicit reg-
ularization methods or constraint geometries. Usually, the
stopping time then takes the role of regularization strength,
analogous to the (inverse) coefficient of the penalty in ex-
plicit regularization. For example, coordinate descent has
been shown to be related to explicit ℓ1-regularization (Hastie
et al., 2001; Efron et al., 2004; Rosset et al., 2004; Zhang
and Yu, 2005) and gradient descent has been shown to trace
the path of ridge regularization (Bauer et al., 2007; Ali et al.,
2019). However, most results on early-stopping fall into
at least one of three categories: either the risk bounds are
unlocalized (e.g., for online mirror descent (Shalev-Shwartz,
2007; Bach, 2024)), they only hold in the low-dimensional
regime (e.g., Suggala et al. (2018)), or they use tools (such
as spectral analysis) that only apply to specific geometries
like ℓ2 or Hilbert spaces (e.g., Wei et al. (2017); Ali et al.
(2019)). In particular, a sharp localized analysis of early-
stopping for general geometries in high dimensions seems
to be lacking. Since the role of the geometry is particularly
important to circumvent the curse of dimensionality, sharp
localized risk bounds in this setting are of particular interest.

In this work, we address this gap in the high-dimensional
linear regression setting using the framework introduced by
Kanade et al. (2023). In this setting, we observe a design
matrix X P Rnˆd (with possibly d " n) and n random
responses from the model

y “ Xα‹ ` ξ P Rn, (1)

with a linear ground-truth function parametrized by α‹ P Rd
and additive i.i.d. Gaussian noise ξ „ N p0, Inq. We assume
that the ground truth satisfies the shape constraint given by

α‹ P Kτ :“ τK “ tτα | α P Ku Ă Rd, (2)

where τ ą 0 is a “radius” and K Ă Rd is any convex body,
that is, it is convex, compact and the origin is contained in its
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interior. We define the empirical and in-sample prediction
risk using squared loss, respectively, as

pRppαq :“
1

n
}Xpα ´ y}

2
2 , Rppαq :“

1

n
}Xppα ´ α‹q}

2
2 .

Under these assumptions, the aim of a predictor pα ”

pαpX, yq P Rd is to achieve minimal in-sample risk using
the observations X and y, as well as knowledge of the con-
vex body K and the radius τ .2 Notice that this setting can
be viewed as a Gaussian sequence model over the convex
constraints XKτ , see Johnstone (2017) for a detailed ac-
count. Our results are restricted to in-sample prediction
(also known as fixed design), see e.g., Wainwright (2019,
Sec. 14.1) or Bach (2024, Chp. 3) for a discussion of the
differences to random design.

Notation. The Bregman divergence of a strictly convex
and differentiable function ψ : Rd Ñ R is defined as

Dψpα, α1q “ ψpαq ´ ψpα1q ´
@

∇ψpα1q, α ´ α1
D

for α, α1 P Rd. We denote the Bregman ball asBψpα1, rq “
␣

α P Rd
ˇ

ˇ Dψpα1, αq ď r
(

and ℓp-norm balls as Bdp “

tα P Rd| }α}p ď 1u. We write a À b if there is a
constant C ą 0 such that a ď Cb, a — b if a À

b À a, and a ^ b “ min ta, bu, a _ b “ max ta, bu.
We use Minkowsi sum notation throughout: for a ma-
trix X P Rnˆd, sets K,K 1 Ă Rd and v P Rd we write
XK :“ tXα | α P Ku, K ` v :“ tα ` v | α P Ku and
K `K 1 :“ tα ` α1 : α P K,α1 P K 1u.

1.1 Local Gaussian width and the LSE

A natural and well-studied estimator in this setting is the
constrained Least Squares Estimator (LSE), also known as
the maximum likelihood estimator. It is defined by minimiz-
ing the empirical risk over the constraint set from (2),

pαLSE P argmin
αPKτ

pRpαq. (3)

The predictions of the LSE on the sample X are given by the
orthogonal projection of y onto XKτ “ tXα | α P Kτu,
which is unique by the convexity of XKτ . Hence, while
the minimizer in Equation (3) is not necessarily unique
(especially in the high-dimensional setting where d ą n),
its predictions on the sample are, and consequently, we do
not need to distinguish between the minimizers any further.

The Gaussian width (cf. Vershynin (2018)) of a set S Ă Rn
is defined with a Gaussian vector ξ „ N p0, Idq as

wpKq :“ Eξ
„

sup
θPK

xξ, αy

ȷ

.

In his seminal paper, Chatterjee (2014) showed that the risk
of the LSE concentrates sharply around a critical radius that
maximizes a function of the local Gaussian width:

2The knowledge of τ is not always required, which we specify
in those instances.

Definition 1. For α P K Ă Rd, define the function fα,K :
r0,8q Ñ r´8,8q as

fα,Kprq :“ w
`

pK ´ αq X rBd2
˘

´
r2

2
.

The critical and the stationary radius of a set K Ă Rd
around a point α P K are defined, respectively, as

r‹pα,Kq :“ argmax
rě0

fα,Kprq,

r0pα,Kq :“ inf tr ą 0 | fα,Kprq ď 0u .
(4)

We denote the maximal critical and stationary radii on K as

r‹pKq :“ sup
αPK

r‹pα,Kq, r0pKq :“ sup
αPK

r0pα,Kq.

Specifically, in our notation, Chatterjee (2014) showed that
RppαLSEq concentrates sharply around r2‹pXα‹,XKτ q{n,
up to constant factors. Multiple other works such as Bel-
lec (2016); Prasadan and Neykov (2024) bound RppαLSEq

in terms of the stationary radius r20pXα‹,XKτ q instead,
yielding tight leading constants. Importantly, the stationary
radius r0pα,Kq can always be bounded by solving

w
`

pK ´ αq X rBd2
˘

ď
r2

2
(5)

for r ě 0, where one trivial solution of (5) is always given
by r2 “ 2wpKq. Moreover, the stationary radius is an upper
bound on the critical radius (Chatterjee, 2014, Proposition
1.3). To summarize, if r ě 0 is a solution to (5) for a convex
body K and α P K, it holds that

r2‹pα,Kq ď r20pα,Kq ď min
␣

r2, 2wpKq
(

. (6)

1.2 Overview of Contributions

We study mirror descent (Nemirovski and Yudin, 1984),
which is a gradient-based iterative optimization method that
generalizes gradient descent to different geometries.

Definition 2. Let ψ : Rd Ñ R be twice differentiable
and have positive definite Hessian ∇2ψ everywhere. Un-
constrained continuous-time mirror descent using ψ and
initialized at α0 ” 0 P Rd is defined through the ODE

d

dt
αt “ ´

`

∇2ψpαtq
˘´1 ∇ pRpαtq. (7)

Definition 3. Let ψ : Rd Ñ R be differentiable,
strictly convex and let the gradient of ψ be surjective, i.e.,
␣

∇ψpαq
ˇ

ˇ α P Rd
(

“ Rd. Unconstrained discrete-time mir-
ror descent using ψ, initialization α0 ” 0 P Rd and fixed
step-size η ą 0, is defined through the recursion

∇ψpαt`1q “ ∇ψpαtq ´ η∇ pRpαtq. (8)
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In both cases, the function ψ is called the mirror map or po-
tential of the mirror descent algorithm. If there are multiple
minimizers of the empirical risk, the potential determines
which of them mirror descent converges to (Gunasekar et al.,
2018). More generally, it determines the optimization path,
see Appendix A.2 on page 14 for a visualization. We remark
that continuous-time mirror descent is also referred to as
Riemannian gradient flow (Gunasekar et al., 2021). Stop-
ping mirror descent before convergence, that is, using αt‹

for some t‹ ą 0 as the estimator is called Early-Stopped
Mirror Descent (ESMD).

So far, an analysis akin to the works of Chatterjee (2014)
and Bellec (2016) has eluded early-stopped mirror descent.
In this work, we close this gap and show that a risk bound
almost identical to the one from Bellec (2016) also applies
to ESMD, provided the potential is appropriately chosen
based on K and τ . This bound holds for any convex con-
straints and any design matrix, and importantly, in the high-
dimensional setting (d " n).

We summarize our main contributions below.

• We prove a tight bound on the in-sample risk of ESMD in
terms of the stationary radius (Theorem 1). As a conse-
quence, we provide sufficient conditions under which the
worst-case risk of ESMD is bounded by that of the LSE
(Corollary 1) and for minimax optimality (Corollary 2).

• Using the Minkowski functional of the convex body, we
provide sufficient conditions on the optimization potential
for our bound to apply (Assumption A). We use these
conditions for developing new (and analyzing existing)
potentials in several examples (Section 4).

• We apply our risk bounds to ℓp-norm balls with p P r1, 2q

as well as general M -convex hulls and derive sharp sta-
tistical rates (Section 4). We accompany our bound
for p P p1, 2q with a matching minimax lower bound
for column-normalized fixed design matrices. For ℓ1-
constraints, our bound improves upon the best known
bounds, demonstrating the benefits of our tight analysis.

2 RELATED WORKS

Constrained Least Squares. The statistical performance
of the LSE under convex constraints is well-studied, for
example, in Birgé and Massart (1993); Vershynin (2015);
Bellec (2016); Plan et al. (2017); Kur et al. (2023). Tight
estimates of the local Gaussian width of specific convex
bodies are established, for instance, in Gordon et al. (2007);
Bellec (2017). The minimax rates of the Gaussian sequence
model under convex constraints are characterized exactly in
Neykov (2022), and the minimax sub-optimality of the LSE
for certain constraints has been described in Prasadan and
Neykov (2024). When the convex body is an ℓ1-norm ball,
LSE recovers the LASSO (Tibshirani, 1996) in constrained
form, which has been studied extensively in Candes and

Tao (2005); Bunea et al. (2007); Ye and Zhang (2010);
Bühlmann and van de Geer (2011); Pathak and Ma (2024).

Mirror Descent. Mirror descent as an optimization pro-
cedure is well-studied (Beck and Teboulle, 2003; Shalev-
Shwartz, 2007; Agarwal et al., 2012). The implicit bias of
mirror descent in the overparameterized regime is studied
in Gunasekar et al. (2018); Sun et al. (2023). The gen-
eralization properties of online mirror descent have been
studied extensively (Shalev-Shwartz, 2007; Orabona, 2023;
Lattimore, 2024; Bach, 2024). Notable instances of this are
Srebro et al. (2011); Levy and Duchi (2019); Gatmiry et al.
(2024), who also relate the potential to the geometry of the
constraint set, even showing a “universality” of online mir-
ror descent. While these bounds can be minimax optimal,
they are usually not local (with a few exceptions (Rakhlin
et al., 2013)), or only give guarantees on averaged iterates.

Local risk bounds for early-stopping. The application
of localized complexity measures to iterative regularization
methods is scarce in the literature. While local Gaussian
width appears in Wei et al. (2017), their results only apply
to (unconstrained) RKHS. One could also obtain local risk
bounds by directly tying mirror descent to explicit regular-
ization paths, but known results either require strong convex-
ity of the empirical risk which is necessarily violated in high
dimensions (Suggala et al., 2018, Section 4), or apply only
to the ℓ2 geometry (Ali et al., 2019). In Kanade et al. (2023),
a general analysis with offset Rademacher complexities is
introduced; our work is based on their framework.

3 MAIN RESULTS

We now provide a list of sufficient conditions for the mirror
descent potential based on the Minkowski functional of the
convex body (Bonnesen and Fenchel, 1934).

Definition 4. For a convex body K Ă Rd, the function
φK : Rd Ñ R, defined as

φKpαq :“ inf tτ ą 0 | α P τKu

is called the Minkowski functional of K (also referred to as
distance or gauge function).

The Minkowski functional is a norm if and only if K is
centrally symmetric (i.e., K “ ´K). In that case, we
use the notation }¨}K rather than φKp¨q. Any convex body
K Ă Rd that contains the origin in its interior can be written
as K “

␣

α P Rd
ˇ

ˇ φKpαq ď 1
(

. Noticably, convexity of
Kτ and strong Lagrange duality imply that we can rewrite
the LSE in unconstrained form as

pαLSE P argmin
αPRd

!

pRpαq ` λnpτqφKpαq

)

for some data-dependent, not necessarily computable regu-
larization strength λnpτq ě 0.
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The conditions on the potential we formulate below then
depend on whether discrete-time or continuous-time mirror
descent is used.

Assumption A. The potential ψ : Rd Ñ r0,8q satisfies:

(I) For continuous-time MD, ψ is twice differentiable, and
in discrete-time, ψ is differentiable. In both cases, the
gradient of ψ vanishes at zero, that is, ∇ψp0q “ 0.

(II) The square-root
?
ψ is convex.

(III) In discrete time, ψ is ρ-strongly convex with respect
to some norm, and in continuous time, it is strictly
convex (cf. Definition 2).

(IV) There exist constants cl, cu ą 0 independent of all
other parameters, such that

@α P Rd : φKpαq ď cl
a

ψpαq,

@α P Kτ :
a

ψpαq ď cuτ.

Throughout this paper, we denote the “approximation con-
stant” ca “ cl ¨ cu. We remark that Assumption A is loosely
connected to the notion of κ-regularity from Juditsky and
Nemirovski (2008, Def. 2.1).

If the squared Minkowski functional φ2
K satisfies (I) and

(III), and since it satisfies (II) and (IV) by definition, we
could simply choose ψ “ φ2

K . For example, for any vector
v P p1{2qBd2 and K “ Bd2 ´ v, it is easily verified that φ2

K

is twice differentiable with vanishing gradient at zero (I)
and φ2

K is 2{p1 ` }v}2q2-strongly convex (III). Notably, in
this example φK is not a norm, as the convex body is not
centrally symmetric.

However, in many interesting cases the squared Minkowski
functional φ2

K is not smooth or not strongly convex (for
example, the ℓ1-norm), and we need to approximate it with
a different function. This is possible for all K, as we
now show in Lemma 1. Specifically, we can smoothen
and “strongly convexify” φ2

K : To that end, we denote the
Moreau envelope (Moreau, 1965) of a closed and proper
convex function f with λ ą 0 as

pMλfqpαq “ inf
α1PRd

"

fpα1q `
1

2λ

›

›α ´ α1
›

›

2

2

*

.

Lemma 1. For any convex body K Ă Rd that contains
the origin in its interior, there exists a potential ψ that
satisfies both the continuous and discrete-time versions of
Assumption A with approximation constant ca “ 4 and
some ρ ą 0. Furthermore, for ρ “ 2{pmaxαPK }α}

2
2q and

sufficiently small λ ą 0 independent of τ , the potential

ψpαq “ pMλφ
2
Kqpαq `

ρ

2
}α}

2
2

satisfies the discrete-time version of Assumption A with
approximation constant ca “ 4.

We prove Lemma 1 in Appendix B.2 using results from
Planiden and Wang (2019). We note that in Lemma 1,
the potentials do not require any knowledge of the radius.
Beyond Moreau-smoothing, other smoothing methods, such
as the Polar envelope (Friedlander et al., 2019), or infimal
convolution smoothing (Beck and Teboulle, 2012) could
be viable options instead. Moreover, there are applications
where other potentials that are tailored to the convex body
may be more suitable, as we will see in Section 4.

3.1 A Localized Gaussian Width Risk Bound

By Lemma 1, Assumption A is always non-vacuous, which
leads us to the following theorem; our main result.

Theorem 1. Let α0 “ 0 P Rd and let tαtutě0 be the
continuous or discrete-time mirror descent updates on pR
using some ψ that satisfies Assumption A. In the discrete-
time case, let ψ be ρ-strongly convex and pR be β-smooth
with respect to the same norm, and let the step-size satisfy
η ď

ρ
β ^

Dψpα‹,0q

2 . Then, for any ε ą 0 and T :“ c2uτ
2{ε

in continuous time and T :“ r2c2uτ
2{pεηqs in discrete time,

min
0ďtďT

Rpαtq ď
2r20pXα‹,XK3caτ q

n
`
4 logp1{δq

n
`ε (9)

with probability at least 1 ´ expp´0.1nq ´ δ over draws of
the noise ξ. Moreover, in continuous time, we have that

Eξ
„

min
0ďtďT

Rpαtq

ȷ

ď
2r20pXα‹,XK3caτ q

n
`

4

n
`ε. (10)

The proof can be found in Appendix B.3 and is outlined in
Section 3.3. Throughout this paper, we choose ε ą 0 to
balance the right-hand side of (9), respectively (10), and we
denote the oracle optimal stopping time as

t‹ :“ argmin
0ďtďT

Rpαtq.

We would like to stress that this stopping time can depend on
the noise and the ground truth, and hence is not necessarily
computable. However, t‹ ď T quantifies the maximal
number of iterations necessary to achieve the statistical
complexity. Note that in the case of discrete time, the strong
convexity parameter does not influence the bound in (9),
however, it impacts the bound on the stopping time.
Remark 1. It is easily shown (Appendix B.4) that for any
convex body we can bound the stationary radius as

r20pXKq ď 4 rk pXq ď 4min tn, du , (11)

where rk pXq denotes the rank of X. This is unsurprising
since the unconstrained LSE is known to achieve the rate
rk pXq {n, which is the minimax risk without any shape
constraints over Rd (Wainwright, 2019, Example 15.14).
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3.2 A Few Consequences

Comparison with LSE. Theorem 1 immediately leads us
to the following corollary connecting the in-sample risks of
ESMD and the LSE, based on the results from Chatterjee
(2014). For this, we must restrict ourselves to cases in which
the following assumption holds.
Assumption B. There exists a constant C ě 1 such that

r20pXKτ q ď C ¨ r2‹pXKτ q,

implying r20pXKτ q — r2‹pXKτ q by (6).

Assumption B is not very strong: it holds for Donsker
classes, and many non-parametric classes (cf. (van de Geer,
2000)). But, importantly, it does not always hold; see
Prasadan and Neykov (2024, Sec. 3.1.3) for a counterexam-
ple. Other notable examples of when it does not hold, appear
in Kur et al. (2023), and see also Aolaritei et al. (2025).

We prove the following Corollary 1 in Appendix B.5.
Corollary 1. In the setting of Theorem 1, if r‹pXKτ q ě

p644{3q2 and Assumption B holds, it holds that

sup
α‹PKτ

Eξ rRpαt‹ qs ď 84Cca ¨ sup
α‹PKτ

Eξ rRppαLSEqs (12)

for continuous-time ESMD with large enough T .

It follows that if C ¨ ca À 1 and the LSE is minimax optimal,
then ESMD with optimal stopping time is also minimax
optimal. Whether this is the case depends highly on the
convex body and the design matrix (Raskutti et al., 2011a;
Kur et al., 2020). In Theorem 1 and Corollary 1 we did
not optimize the constants, and tighter bounds (in terms of
constants) could be derived using our arguments.

Minimax optimality. We can also directly derive a suffi-
cient condition for minimax optimality. To that end, we de-
fine the maximum local entropy (e.g., from Neykov (2022)).
Let Mpr,Kq denote the packing number of K in ℓ2-norm
at radius r, and let c‹ ą 0 be a sufficiently large absolute
constant. The local entropy of a set K Ă Rd is defined as

M locpr,Kq “ sup
αPK

Mpr{c‹, pK ´ αq X rBd2 q.

We get a sufficient condition for minimax optimality.
Assumption C. It holds for all r À diampXKτ q that

sup
αPKτ

wpXpKτ ´ αq X rBn2 q

r
ď

b

logM locpr,XKτ q.

Examples that satisfy this condition are Donsker classes
and set constrained models in general dimensions, see Han
(2021); Kur et al. (2019) for discussions.
Corollary 2. Consider the setting of Theorem 1. If Assump-
tion C holds and ca À 1, then continuous-time ESMD is
minimax optimal (up to constant factors), that is,

sup
α‹PKτ

Eξ rRpαt‹ qs À inf
pα

sup
α‹PKτ

Eξ rRppαqs .

We prove Corollary 2 in Appendix B.6 following Prasadan
and Neykov (2024, Cor. 2.6). Corollary 2 yields, for exam-
ple, that if X is the identity and Kτ is an ℓ1- or ℓ2-ball of
arbitrary radius τ ą 0, ESMD is minimax rate optimal. We
revisit the ℓ1-constrained setting in Section 4.2.

Estimation. Finally, we would like to highlight that Theo-
rem 1 can easily be used to derive bounds on the estimation
risk whenever the design matrix has a vanishing kernel
width, cf. Raskutti et al. (2011a). A matrix X P Rnˆd has
a vanishing kernel width with respect to f and K, if for all
α P K ´K

1

n
}Xα}

2
2 ě }α}

2
2 ´ fpK,nq. (13)

Corollary 3. Under the conditions of Theorem 1 and if
X has vanishing kernel width (13) with respect to 3caτK
and fp3caτK, nq À r20pXK3caτ q{n, the estimation error
of ESMD is bounded for all α‹ P Kτ as

}αt‹ ´ α‹}
2
2 À ca

r20pXKτ q

n
`

logp1{δq

n

with probability at least 1´ expp´0.1nq ´ δ over the noise.

We prove Corollary 3 in Appendix B.7. The additional
assumption of vanishing kernel width is necessary because
parameter estimation is ill-posed if the data matrix does
not satisfy any regularity assumptions, especially in the
high-dimensional regime where d ą n.

3.3 Proof Outline of Theorem 1

Finally, we provide a short proof outline of Theorem 1; the
full proof is in Appendix B.3. The first ingredient of the
proof of Theorem 1 is to show that, under Assumption A,
even without strong convexity of the potential, we have the
following inclusion (cf. Figure 1)

@α‹ P Kτ : Bψpα‹, 2Dψpα‹, 0qq Ă 3caKτ . (14)

This is useful, as Kanade et al. (2023) showed that optimally
early-stopped mirror descent is contained in this Bregman
ball while satisfying the so-called offset condition (Liang
et al., 2015), which is defined as

pRpαt‹ q ´ pRpα‹q ` Rpαt‹ q ď ε. (15)

The key step is then to show that using (14), we can relate
the offset condition (15) to the stationary radius from Defi-
nition 1 using localization arguments akin to those in Bellec
(2016). Specifically, we show that (15) and (14) imply that
we can bound the in-sample risk with the supremum of a
Gaussian process, that is,

Rpαt‹ q ď
1

n

ˆ

Zr0
r0

˙2

` ε

with Zr0 “ sup
θPpXpK3caτ´α‹qXr0Bn2 q

xξ, θy ,
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Figure 1: We plot anM -convex hull, a level set of the poten-
tial from (20) with γ “ 10 and ρ “ 0.2, the Bregman ball
from (14), the set of points satisfying the offset condition
(15), and the mirror descent path.

where we denote r0 “ r0pXα‹,XK3caτ q. We can bound
Zr0 using the concentration of the supremum of a Gaussian
process to its expectation E rZr0s. By definition of the
stationary radius, we have that E rZr0s ď r20{2, which we
can plug in and putting things together yields (9).

4 APPLICATIONS

So far, we have only discussed the general case of arbitrary
convex bodies and design matrices, which yields the full
generality of our main results Theorem 1 and Corollaries 1
to 3. These results allow us to view Assumption A as a
blueprint. For a given convex body, one can construct a
potential that satisfies (I)-(IV). Using this potential, ESMD
then enjoys the guarantees of Theorem 1. We now demon-
strate this approach for specific choices of convex bodies
and further assumptions on the design matrices. We analyze
existing potentials and explicitly construct novel potentials.

Assumptions on the Design Matrix. For our main results,
we made no assumptions on the design matrix. Now we
consider two special cases in the applications. The first
is when the design matrix is fixed and we only assume
normalized columns. X P Rnˆd is said to be column-
normalized, if its columns Xi, i P rds satisfy

}Xi}2 ď
?
n. (16)

Note that normalizing to
?
n here is somewhat arbitrary, and

can readily be changed. The second setting is that of Gaus-
sian design: X is Gaussian, if the entries Xij , i P rns, j P

rds of X are i.i.d. standard Gaussian, that is, Xij „ N p0, 1q.
Up to constants, Gaussianity implies having normalized
columns (16) and vanishing kernel width (13) for some K
with high probability; see Raskutti et al. (2011a, Sec. 3.2).

4.1 ℓp-norms with p P p1, 2q

The following result shows that ℓp-norms with p P p1, 2q

are regular enough such that we can simply choose ψ as
the squared Minkowsi functional, i.e., as }¨}

2
p. The mirror

descent algorithm associated with this potential is known
as the p-norm algorithm (Shalev-Shwartz, 2007; Levy and
Duchi, 2019; Orabona, 2023) and can be implemented very
efficiently (Gentile, 2003). Orthogonally, it is worth point-
ing out that in the interpolation regime, when mirror descent
with }¨}

2
p is not early-stopped, it converges to the minimum

ℓp-norm interpolator (Gunasekar et al., 2018). These pre-
dictors have been studied as part of the benign overfitting
literature (Donhauser et al., 2022; Kur et al., 2024).

We now derive the rates from (9) explicitly for column-
normalized and Gaussian design.

Proposition 2. Let p P p1, 2q, 1{p` 1{q “ 1 and K “ Bdp .
Then ψpαq “ }α}

2
p satisfies the discrete-time version of

Assumption A where the potential is ρ “ 2pp´ 1q-strongly
convex with respect to the ℓp-norm, and ca “ 1. If X is
column normalized (16), optimally early-stopped mirror
descent achieves for all α‹ P τBdp

Rpαt‹ q À
rk pXq

n
^

τ
?
n

#?
log d if p ď 1 ` 1

log d ,
?
qd1{q if p ą 1 ` 1

log d

with probability at least 0.99 ´ expp´0.1nq over the noise.
If X is Gaussian, then for all α‹ P τBdp , ESMD achieves
the same bound with rk pXq {n “ 1 and with probability at
least 0.99 ´ 2 exp p´0.1nq jointly over draws of the design
matrix X and the noise ξ.

We prove Proposition 2 in Appendix B.8. The strong con-
vexity was proved, for example, in Shalev-Shwartz (2007);
Ball et al. (1994). A tighter bound for specific scalings
may be possible using the bounds on the localized Gaussian
width from Gordon et al. (2007).

Minimax (Sub-)Optimality. When X is a scaled iden-
tity, the LSE is known to be sub-optimal under ℓp-norm
constraints (Donoho and Johnstone, 1994; Johnstone, 2017;
Prasadan and Neykov, 2024; Aolaritei et al., 2025), and so
by Equation (6) we cannot generally hope for our bounds to
prove minimax optimality of ESMD in that case.

Surprisingly, however, there seems to be no work (explicitly)
establishing the minimax rate under the worst-case fixed
and Gaussian design. We now show that the rate from
Proposition 2 is optimal (up to p-dependent-factor) for a
worst-case fixed design matrix that is column-normalized.
To that end, we explicitly construct a column-normalized
data matrix as a hard instance. This is similar in spirit
to a line of research investigating particularly hard design
matrices (Rigollet and Tsybakov, 2010; Zhang et al., 2017;
Pathak and Ma, 2024; Foygel and Srebro, 2011; Dalalyan
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et al., 2017). At the same time, we show that the rate from
Proposition 2 is sub-optimal for the Gaussian design matrix.
Theorem 3. Let p P r1`1{ log d, 2q, 1{p`1{q “ 1 and let
τ “ 1 for simplicity. Assume that np{2 ď d ď nq{2. There
exists a design matrix X P Rnˆd that is column normalized
(16), such that the minimax in-sample risk satisfies

inf
pα

sup
α‹PBdp

Eξ rRppαqs ě 1 ^ cp
d1{q

?
n
,

where the infimum is taken over all estimators and cp ą 0
is a constant that may depend on p. If X is Gaussian, let
nplog dqc0 ď d ď nq{2 and p P r1 ` c1{ log log d, 2q for
some universal constant c0, c1 ą 0. Then

inf
pα

sup
α‹PBdp

Eξ rRppαqs — np{2´1plog dq1´p{2 _
d2{q

n

with probability at least 1 ´ c2 expp´c3nq over draws of
the matrix X, where c2, c3 ą 0 are some constants.

We prove Theorem 3 in Appendix B.9. Note that the up-
per bound from Proposition 2 and the lower bound from
Theorem 3 essentially match for the fixed data matrix. In
Appendix A.1, we present simulations of the LSE on the
adversarial data matrix that we construct in the proof of the
first lower bound, showing that it exhibits the rate d1{q{

?
n.

4.2 ℓ1-norm

When the convex body is an ℓ1-norm ball, the corresponding
LSE is the LASSO estimator in its constrained form (Tib-
shirani, 1996). It is known (Bellec, 2017, Thm. 7) that for
all column-normalized design matrices (16), if d ě τ

?
n,

the LSE achieves with high probability over the noise

RppαLSEq À
rk pXq

n
^ τ

c

logped{pτ
?
nqq

n
, (17)

and there exists at least one column-normalized data ma-
trix for which this is minimax optimal (Rigollet and Tsy-
bakov, 2010, Thm. 5.3 and Eq. 5.25). If d{pτ

?
nq — dκ

with some constant κ ą 0 and the rank of the design
matrix is large enough, the bound from (17) reduces to
the rate τ

a

logpdq{n. In Raskutti et al. (2011a, Thm.
3), it is shown that if this scaling assumption holds and
the design matrix has vanishing kernel width (13) with
fpτBd1 , nq À

?
τ plogpdq{nq

1{4 (implying it has rank n),
the minimax lower bound matches the simpler bound. How-
ever, without the scaling assumption and if τ

?
n ě e, (17) is

a stronger bound (Rigollet and Tsybakov, 2010, pgs. 16-17).

Kanade et al. (2023, Thm. 5) showed that when the design
matrix is column-normalized (16), optimally early-stopped
continuous-time mirror descent with the hyperbolic entropy
from Ghai et al. (2020), defined as

ψpαq “

d
ÿ

i“1

αi arcsinh pαi{γq ´

b

α2
i ` γ2,

achieves for appropriate γ ą 0 with high probability over
draws of the noise

Rpαt‹ q À τ
log3{2 d

?
n

. (18)

As one can see, there is a gap from (18) to (17) of order
(at least) log d. The same potential has also been used for
the related setting of sparse noisy phase retrieval (Wu and
Rebeschini, 2022) and in the analysis of diagonal networks
(Woodworth et al., 2020). And while a batch conversion of
online mirror descent with the first potential from Table 1 is
known to achieve the rate

a

logpdq{n (e.g., Bach (2024)),
as discussed, there is still a gap to (17) and their proof
technique does not apply to our definition of mirror descent.

Employing our results, together with results from Bellec
(2017), we can improve upon (18) and fully close the gap
between (17) and (18). Because x ÞÑ }x}

2
1 is not differen-

tiable, nor strictly convex, we cannot use it as a potential
itself. However, we can use Assumption A to derive several
alternatives. The next theorem provides a joint analysis of
the potentials described in Table 1.
Theorem 4. Suppose that K “ Bd1 and d ě τ

?
n. Then

all potentials from Table 1 satisfy Assumption A with the
specified constants, and if X is column-normalized (16),
optimally stopped mirror descent using any of the potentials
from Table 1 achieves for all α‹ P τBd1

Rpαt‹ q À

˜

rk pXq

n
^ caτ

c

logped{pτ
?
nqq

n

¸

`
logp1{δq

n

with probability at least 1´ expp´0.1nq ´ δ over the noise.
If X is Gaussian, then optimal early-stopping achieves

Rpαt‹ q À 1 ^ caτ

c

log d

n

with probability at least 0.99 ´ 2 exp p´0.1nq jointly over
draws of the design matrix X and the noise ξ.

We prove Theorem 4 in Appendix B.10, where we also spec-
ify the constants of the first bound. As discussed above,
because when X is Gaussian it has vanishing kernel width
(Raskutti et al., 2011a, Proposition 1), both bounds are min-
imax optimal under weak scaling assumptions. Therefore,
they cannot be improved upon beyond the constants and
ESMD is minimax optimal, as is the LSE.

Notice how the third potential in Table 1 is an adjusted ver-
sion of the hypentropy potential from Ghai et al. (2020).
With only a few changes to the potential, we closed the log-
arithmic gap from (18) to (17); In particular, the key is that
we square the potential. The sigmoidal example in Table 1
for continuous-time mirror descent, where strong convexity
is not required, is a natural smooth approximation of the
absolute value function from Schmidt et al. (2007). Some
example paths using potentials from Table 1, and the risk
along the optimization path, are plotted in Appendix A.2.
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Table 1: Mirror descent potentials for linear regression over the ℓ1-norm ball with which early-stopping is minimax optimal
(Theorem 4). Note that the Moreau envelope is not the same as in Lemma 1, which would also be a valid potential for
Theorem 4. Here we show pMλ }¨}1 ` dλ

2 q2 `
ρ
2 }¨}

2
2, because it has a closed-form solution. See Figure 5 in Appendix A.2

for example optimization paths.

name potential ψpαq
strong convexity
parameter ρ

approximation
constant ca

squared
ℓp-norm }α}

2
p with 1 ă p ď 1 ` 1{ logpdq

ρ “ 2pp´ 1q ď 2
log d

with ℓp-norm
ca “ e

Moreau envelope
(Huber loss)

p
řd
i“1 hpαiq ` τq2 ` }α}

2
2

where hpxq “

#

x2d
4τ |x| ď 2τ

d

|x| ´ τ
d |x| ą 2τ

d

ρ “ 2
with ℓ2-norm ca “

?
5

adjusted
hypentropy

ˆ

řd
i“1

´

αi arcsinhpαi{γq´
?
α2
i`γ2`γ`1

¯

arcsinhpγ´1q

˙2

with γ ď sinhpd{τq´1 ^ p4τq´1 ^ 2´1{2

ρ “ arcsinhpγ´1q´2

ď pτ{dq2 with ℓ2-norm ca “ 3

sigmoidal

´

řd
i“1

plogp1`expp´γαiqq`logp1`exppγαiqqq

γ

¯2

with γ ě d logp4q{τ

only valid for
continuous time ca “ 2

Computational-statistical trade-off. As we can see in
Table 1, the strong convexity parameter ρ varies depending
on the potential we use. For example, the strong convexity
parameter 2pp ´ 1q ď 2{ logpdq of the squared ℓp-norm
vanishes logarithmically as d Ñ 8. However, the Moreau
envelope-based potential showcases that this is not neces-
sary. Importantly, the stopping time from Theorem 1 be-
haves as T — 1{ρ, ignoring all other dependencies. Hence,
whether (and how fast) the strong convexity parameter van-
ishes determines the bound on the computational cost of
achieving minimax optimality with the given potentials.
Thus, the squared ℓp-norm is not necessarily the best candi-
date. Generally, we can improve the constant ca arbitrarily
close to 1 from above by paying in a smaller ρ.

4.3 M -convex Hulls

Let the convex body be the convex hull ofM points ki P Rd
that contains the origin in its interior. Using the points to rep-
resent the convex body is known as the V -representation, but
one can also transform this representation into a so-called
H-representation, where the convex body is characterized as
the set of solutions to the linear inequality Aα ď 1m with
A P Rmˆd and 1m “ p1, . . . , 1qJ P Rm, where m P N is
some finite number that can be bounded as m ě d` 1 and
in terms of M . See Schrijver (1998) for more in-depth back-
ground. Given this representation, we can equivalently write
the convex body as the solution to maxiPrms xai, αy ď 1,
where ai is the i-th row of A. Hence, it is easy to see that

φKpαq “ max
iPrms

xai, αy . (19)

Special cases of this are the ℓ1-norm and the ℓ8-norm. We
can approximate this Minkowski functional using a smooth-
ing from Beck and Teboulle (2012, Example 4.5).

Proposition 5. Suppose that K is an M -convex hull that
contains the origin its interior, as described above, and
that the Minkowski functional is in the form of (19) with
řm
i“1 ai “ 0. Then ψ, defined as

ψpαq “
1

γ2
log2

˜

m
m
ÿ

i“1

exppγ xai, αyq

¸

`
ρ

2
}α}

2
2 (20)

with ρ “ 2{maxiPrMs }ki}
2
2 and γ ě 2 logpmq{τ satisfies

the continuous and discrete-time version of Assumption A
with ρ for the ℓ2-norm and ca “ 3. Moreover, if

ϕ “ max
iPrMs

}Xki}2?
n

and M ě τϕ
?
n, optimally early-stopped mirror descent

with the potential from (20) achieves for all α‹ P Kτ

Rpαt‹ q À
rk pXq

n
^ caτϕ

c

log peM{pτϕ
?
nqq

n

with probability at least 0.99 ´ exp p´0.1nq.

Using the bound on localized Gaussian width of M -convex
hulls from Bellec (2017), we prove Proposition 5 in Ap-
pendix B.11, where we also specify the constants. Notica-
bly, when K is an ℓ1-norm ball, we recover the bound from
Theorem 4 with M “ 2d, m “ 2d and ϕ “ 1.
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Figure 2: Risks of mirror descent (MD) with potential from (20), gradient descent (GD) and the LSE on six randomly
generated convex bodies and ground truths. Using the potential clearly adapts ESMD to the geometry of the convex body.

Simulations. In Figure 2, we randomly generate six M -
convex hulls in R10 with m “ 50 points, and sample a
ground truth within this convex body. We let X be the
identity. Figure 2 shows how the mirror potential from
Equation (20) correctly adapts to the geometry of the convex
constraint and how early-stopped mirror descent performs
better than early-stopped gradient descent. We repeat the
experiment 30 times and plot mean, 20th and 80th percentile
for different instances of the noise. Note that the best iterate
has similar risk to the LSE, as described in Corollary 1.

5 DISCUSSION

Our main contribution is to show that the sharp Gaussian
width analysis of the LSE from Bellec (2016) translates to
early-stopped mirror descent, when the mirror potential is
chosen to approximate the squared Minkowski functional of
the convex constraints. This enables a general comparison
to the LSE, a formulation of sufficient conditions for mini-
max optimality, and an improvement over the best known
bounds for the ℓ1-constrained case. Our results extend to
general convex constraints and the high-dimensional setting,
a regime that had evaded some of the previous analyses.

A caveat of our bound is that it cannot prove that ESMD
achieves better rates than the LSE in settings where this
may be expected. For instance, a setting where the LSE is
expected to perform poorly (see Section 2.2 in Aolaritei et al.
(2025)) is when we choose X “ In, K “ Bd3{2 and α‹ “

e1, and we scale the noise as ξ „ N p0, n´4{3Inq. Then

Figure 3: Risk as a funciton of n in the ℓ3{2-instance de-
scribed in Section 5: ESMD outperforms the LSE.

we can observe in Figure 3 that optimally stopped mirror
descent with potential }¨}

2
3{2 outperforms the LSE. However,

a fundamentally different proof technique is required to
prove such a discrepancy, as the stationary radius in our
bound for ESMD also bounds the risk of the LSE.

Moreover, our comparison between ESMD and the LSE
only pertains to the maximal risk over the constraint set, and
whether a similar comparison is possible point-wise remains
an interesting problem.

Lastly, our analysis is specific to in-sample prediction. The
results from Kanade et al. (2023) may also be applicable for
showing analogous bounds for out-of-sample prediction, but
this would require tight bounds on the offset Rademacher
complexity of convex bodies and, to facilitate a comparison
to the LSE, precise lower bounds for the LSE in out-of-
sample prediction.
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Tomas Vaškevičius, Varun Kanade, and Patrick Rebeschini.
Implicit Regularization for Optimal Sparse Recovery. In
Advances in Neural Information Processing Systems, vol-
ume 32, pages 2972–2983, 2019.

Roman Vershynin. Estimation in high dimensions: a geo-
metric perspective. In Sampling Theory, a Renaissance:
Compressive Sensing and Other Developments, pages
3–66. Springer, 2015.

Roman Vershynin. High-Dimensional Probability: An In-
troduction with Applications in Data Science. Cambridge
University Press, 2018.

Martin J. Wainwright. High-Dimensional Statistics: A Non-
Asymptotic Viewpoint. Cambridge University Press, 2019.

Yuting Wei, Fanny Yang, and Martin J. Wainwright. Early
stopping for kernel boosting algorithms: A general analy-
sis with localized complexities. In Advances in Neural
Information Processing Systems, volume 30, pages 6065–
6075, 2017.

Blake Woodworth, Suriya Gunasekar, Jason D Lee, Edward
Moroshko, Pedro Savarese, Itay Golan, Daniel Soudry,
and Nathan Srebro. Kernel and rich regimes in over-
parametrized models. In Conference on Learning Theory,
pages 3635–3673. PMLR, 2020.

Fan Wu and Patrick Rebeschini. Nearly minimax-optimal
rates for noisy sparse phase retrieval via early-stopped
mirror descent. Information and Inference: A Journal of
the IMA, 12(2):633–713, 2022.

Yuan Yao, Lorenzo Rosasco, and Andrea Caponnetto. On
Early Stopping in Gradient Descent Learning. Construc-
tive Approximation, 26:289–315, 08 2007.

Fei Ye and Cun-Hui Zhang. Rate minimaxity of the lasso
and dantzig selector for the ℓq loss in ℓr balls. Journal of
Machine Learning Research, 11(114):3519–3540, 2010.

Yao-Liang Yu. The strong convexity of von neumann’s
entropy. unpublished note, 2015.



Tobias Wegel, Gil Kur, Patrick Rebeschini

Tong Zhang and Bin Yu. Boosting with early stopping:
Convergence and consistency. The Annals of Statistics,
33(4), 2005.

Yuchen Zhang, Martin J. Wainwright, and Michael I. Jor-
dan. Optimal prediction for sparse linear models? Lower
bounds for coordinate-separable M-estimators. Electronic
Journal of Statistics, 11(1):752 – 799, 2017.

Peng Zhao, Yun Yang, and Qiao-Chu He. High-dimensional
linear regression via implicit regularization. Biometrika,
109(4):1033–1046, 2022.

Checklist

1. For all models and algorithms presented, check if you
include:

(a) A clear description of the mathematical setting,
assumptions, algorithm, and/or model. Yes (Sec-
tion 1)

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm. Yes
(Section 3)

(c) (Optional) Anonymized source code, with spec-
ification of all dependencies, including external
libraries. No, the paper is mostly theoretical and
the simulations are only small-scale, synthetic,
and to support the intuition of the theoretical re-
sults.

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of all
theoretical results. Yes (Section 3)

(b) Complete proofs of all theoretical results. Yes
(Appendix B)

(c) Clear explanations of any assumptions. Yes (Sec-
tion 3)

3. For all figures and tables that present empirical results,
check if you include:

(a) The code, data, and instructions needed to repro-
duce the main experimental results (either in the
supplemental material or as a URL). Yes (Ap-
pendix A)

(b) All the training details (e.g., data splits, hyper-
parameters, how they were chosen). Yes (Ap-
pendix A)

(c) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to the
random seed after running experiments multiple
times). Yes (Appendix A)

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider). No, the simulations are only

small-scale and run within minutes on standard
laptops.

4. If you are using existing assets (e.g., code, data, mod-
els) or curating/releasing new assets, check if you in-
clude:

(a) Citations of the creator If your work uses exist-
ing assets. Not Applicable, we are not using or
releasing existing assets.

(b) The license information of the assets, if applicable.
Not Applicable, we are not using or releasing
existing assets.

(c) New assets either in the supplemental material or
as a URL, if applicable. Not Applicable, we are
not using or releasing existing assets.

(d) Information about consent from data
providers/curators. Not Applicable, we are
not using or releasing existing assets.

(e) Discussion of sensible content if applicable, e.g.,
personally identifiable information or offensive
content. Not Applicable, we are not using or
releasing existing assets.

5. If you used crowdsourcing or conducted research with
human subjects, check if you include:

(a) The full text of instructions given to participants
and screenshots. Not Applicable.

(b) Descriptions of potential participant risks, with
links to Institutional Review Board (IRB) ap-
provals if applicable. Not Applicable.

(c) The estimated hourly wage paid to participants
and the total amount spent on participant compen-
sation. Not Applicable.



Supplementary Material:
Sharp Risk Bounds for Early-stopping in Gaussian Linear Regression

A SIMULATIONS

A.1 A Sanity Check for the Hard Design Matrix for ℓp-Constraints

Figure 4: Simulation results for Theorem 3. For each p, we
plot the log average in-sample risk over 30 experiments in
solid, and the log 20th and 80th quantile as the shaded regions.
The dashed lines show p1{2 ´ 1{pq log n for each p.

In this section, we present a simple simulation using the
LSE on the adversarial data matrix constructed in the
proof of Theorem 3. We do this as a sanity check of our
construction and the rate d1{q{

?
n: Since we know that

the LSE also enjoys the upper bound of order d1{q{
?
n

from Proposition 2 (e.g., due to Bellec (2016)), and ac-
cording to Theorem 3 on the adversarial matrix we have

sup
α‹PBdp

EξRppαLSEq Á
d1{q

?
n
,

there should be a ground-truth α‹ P Bdp attaining the
supremum, such that EξRppαLSEq — d1{q{

?
n.

We do not prove it, but the following simulations sug-
gest that—at least approximately—the LSE exhibits the
rate d1{q{

?
n at the ground truth α‹ “ 0.3 We let d “ n vary over

␣

10 ¨ 2i : i P t0, . . . , 8u
(

, as well as p over
t1, 1.25, 1.5, 1.75, 2u. We take X to be the data matrix from the proof of Theorem 3, as defined in Equation (26) of
Appendix B.9, and α‹ “ 0. Thus, the rate from Theorem 3 is given by „ d1{q{

?
n “ n1´1{p´1{2 “ n1{2´1{p.

For each pn, pq, we then repeat the following experiment 30 times. We sample y “ Xα‹ ` ξ “ ξ „ Nnp0, Inq and compute
the estimator pαLSE P argminαPBdp

pRpαq using the Python library cvxpy (Diamond and Boyd, 2016), which is designed
for convex optimization.

Figure 4 shows the results. We plot the sample size n against the average in-sample prediction risk RppαLSEq in log-scale
(solid lines), as well as the (logarithm of) the 20th and 80th quantiles (shaded regions) for every pair pn, pq. Because
RppαLSEq „ n1{2´1{p, we should see a linear dependence with slope 1{2 ´ 1{p. Therefore, we also plot the corresponding
lines (dashed lines). And indeed, comparing the risks achieved by the LSE to the rate n1{2´1{p, we see that the behavior
matches. This confirms our construction and Theorem 3 according to this sanity check.

A.2 Risk Along ℓ1 Optimization Paths

We plot some example optimization paths of some potentials from Section 4.2 respectively Table 1 in Figure 5. The squared
hypentropy “fixes” issues arising for previously used hypentropy from Ghai et al. (2020). In Figure 5(a) we plot paths on
one data instance for a two-dimensional problem. Note that the paths can (somewhat) deviate from the LASSO path, but
early-stopping still achieves minimax rates (Section 4.2). In Figure 5(b), we take X to be Gaussian for n “ d “ 100 and α‹

to be 1-sparse. We repeat the experiment 50 times and plot mean, 10th and 90th percentile.

3Note that the LSE achieving its worst-case risk at the origin is not obvious a priori (Aolaritei et al., 2025).
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(a) Optimization and regularization paths. (b) Risk along mirror descent paths.

Figure 5: Optimization paths of different known and new potentials from this work for regression over ℓ1-balls.

A.3 Implementation Details

Finally, we just note that for all potentials, even those for which the (inverse) gradient does not have a closed-form solution,
we can implement mirror descent using the the following expression which is equivalent to Definition 3;

αt`1 P argmin
αPRd

ˆ

A

∇ pRpαtq, α ´ αt

E

`
1

η
Dψpα, αtq

˙

.

We implement all mirror descent experiments with this approach using cvxpy (Diamond and Boyd, 2016). In particular,
Figures 1 to 3 and 5 are created using mirror descent updates that are implemented in the same way.

B PROOFS

B.1 Preliminaries

We first show this preliminary result that we use in multiple proofs.

Lemma 2. For any convex body K that contains 0 in its interior, and any τ ě 1, it holds that

r20pτKq :“ sup
α‹PτK

r20pα‹, τKq ď τ ¨ sup
α‹PK

r20pα‹,Kq “: τ ¨ r20pKq. (21)

Proof. Note that, by definition, r0pKq is bounded by any r ě 0 that satisfies for all α‹ P K (cf. (5))

w ppK ´ α‹q X rB2q ď
r2

2
.

Take any α‹ P τK and define R “
?
τ ¨ r0pKq. We have that

w ppτK ´ α‹q XRB2q “ w pτ ppK ´ α‹{τq X pR{τqB2qq

“ τ ¨ w ppK ´ α‹{τq X pR{τqB2q

“ τ ¨ w
`

pK ´ α‹{τq X pr0pKq{
?
τqB2

˘

ď τ ¨ w ppK ´ α‹{τq X r0pKqB2q

ď τ ¨
r20pKq

2
“
R2

2
.

Consequently, r20pα‹, τKq ď R2 “ τr20pKq for every α‹ P τK, and hence we have that supα‹PτK r
2
0pα‹, τKq ď

τ ¨ supα‹PK r
2
0pα‹,Kq, or in short, r20pτKq ď τ ¨ r20pKq.

B.2 Proof of Lemma 1

Let K be any convex body with zero contained in its interior. It is known that for every δ ą 0, there exists a convex body
Kδ such that K Ă Kδ Ă p1 ` δqK, and the corresponding Minkowski functional squared φ2

δ :“ φ2
Kδ

is twice continuously
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differentiable on Rd with ∇φ2
δp0q “ 0, see for example Bonnesen and Fenchel (1934, Section 27), Schneider (2013),

Guirao et al. (2022, Chapter 13) and Hájek and Johanis (2014, Chapter 7, §9). For this convex body, it clearly holds that
1

1`δφK ď φδ ď φK .

Furthermore, since φ2
δ is a convex and twice continuously differentiable function, the function ψ given by

ψpαq “ φ2
δpαq `

ρ

2
}α}

2
2

with ρ “ 2{pmaxαPK }α}
2
2q satisfies

(I). ψ is twice continuously differentiable and the gradient satisfies ∇ψp0q “ 0. Therefore, (I) is satisfied.

(II). The function α ÞÑ
a

ψpαq “

b

φ2
δpαq `

ρ
2 }α}

2
2 is convex, as we can write it as

a

ψpαq “

›

›

›

›

›

„

φδpαq,

c

ρ

2
}α}2

ȷJ
›

›

›

›

›

2

which is the composition of convex functions and a non-decreasing one, making
?
ψ convex. Therefore, (II) is satisfied.

(III). ψ is ρ-strongly convex with respect to the ℓ2-norm (III). This is due to the well-known fact (Nikodem and Pales, 2011)
that, because }¨}2 is induced by an inner product, ψ is ρ-strongly convex with respect to }¨}2 if and only if ψ ´

ρ
2 }¨}

2
2 “ φ2

δ

is convex, which clearly holds since φδ is a Minkowski functional.

(IV). We have that for all α P Rd and α1 P τK

a

ψpαq “

c

φ2
δpαq `

ρ

2
}α}

2
2 ě φδpαq ě

1

1 ` δ
φKpαq “:

1

cl
φKpαq

a

ψpα1q “

c

φ2
δpα1q `

ρ

2
}α1}

2
2 ď

d

φ2
Kpα1q `

1

maxαPK }α}
2
2

}α1}
2
2 ď

?
2τ “: cuτ.

Hence (IV) is satisfied.

For discrete time, we only need the potential to be differentiable (not twice differentiable), and hence we can also use the
Moreau envelope of φ2

K , defined as

Mλφ
2
Kpαq :“ inf

α1

"

φ2
Kpα1q `

1

2λ

›

›α1 ´ α
›

›

2

2

*

and let ψpαq “ Mλφ
2
Kpαq `

ρ
2 }α}

2
2 with ρ “ 2{pmaxαPK }α}

2
2q. We can verify all necessary properties.

(I). ψ is continuously differentiable with gradient (Rockafellar and Wets, 2009, Theorem 2.26)

∇ψpαq “ ∇Mλφ
2
Kpαq ` ρα “

1

λ
pα ´ Pλφ

2
Kpαqq ` ρα with Pλφ

2
Kpαq “ argmin

α1

"

φ2
Kpα1q `

1

2λ

›

›α1 ´ α
›

›

2

2

*

,

so that ∇ψp0q “ 0, cf. Planiden and Wang (2019, Theorem 5.6), and thus is satisfies (I).

(II).
?
ψ is convex by Planiden and Wang (2019, Theorem 5.6) and the same argument as above, hence it satisfies (II).

(III). ψ is ρ-strongly convex with respect to the ℓ2-norm (III) by the same argument as above, noting that the squared
Moreau-envelope is convex (Planiden and Wang, 2019, Theorem 5.6).
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(IV). To verify (IV), we use the following fact that
a

Mλφ2
K ď φK , as well as the pointwise convergence

limλÑ0

a

Mλφ2
Kpαq “ φKpαq for all α P Rd (Planiden and Wang, 2019, Theorem 5.6). As

a

Mλφ2
K is continu-

ous and
␣

α P Rd
ˇ

ˇ φKpαq “ 1
(

is compact, by Dini’s theorem this pointwise convergence implies uniform convergence, i.e.,
for the function ζpλq “ minφKpαq“1

a

Mλφ2
Kpαq ď 1 that limλÑ0 ζpλq “ 1. Therefore, there exists a λ0 such that for all

λ ď λ0 it holds ζpλq ě 1{2 and hence also
a

Mλφ2
Kpαq ě φKpαq{2 for all α with φKpαq “ 1. Because

a

Mλφ2
K is

another Minkowski functional (Planiden and Wang, 2019, Theorem 5.6) and hence positive homogeneous, the same holds
on Rd.

Therefore, for ρ “ 2{pmaxαPK }α}
2
2q and all α P Rd, α1 P τK it holds

a

ψpαq “

c

Mλφ2
Kpαq `

ρ

2
}α}

2
2 ě

b

Mλφ2
Kpαq ě

1

2
φKpαq “

1

cl
¨ φKpαq

a

ψpα1q “

c

Mλφ2
Kpα1q `

ρ

2
}α1}

2
2 ď

d

φ2
Kpα1q `

1

maxαPK }α}
2
2

}α1}
2
2 ď

?
2τ “: cuτ

This concludes the proof.

B.3 Proof of Theorem 1

We begin by proving this auxiliary statement: Let Assumption A hold. Then

Bψpα‹, 2Dψpα‹, 0qq Ă K3caτ . (22)

The proof is based on the following two inequalities. We denote f “
?
ψ so that ψpαq “ f2pαq. Hence, for f2pαq ą 0,

2Dψpα‹, 0q “ 2
`

f2pα‹q ´ f2p0q ´
@

∇f2p0q, α‹ ´ 0
D˘

ď 2f2pα‹q ppIq : ∇f2p0q “ 0q

Dψpα‹, αq “ f2pα‹q ´ f2pαq ´
@

∇f2pαq, α‹ ´ α
D

“ f2pα‹q ´ f2pαq ´ 2fpαq x∇fpαq, α‹ ´ αy pchain ruleq

ě f2pα‹q ´ f2pαq ´ 2fpαqpfpα‹q ´ fpαqq ppIIq : convexity of fq

“ f2pα‹q ` f2pαq ´ 2fpαqfpα‹q

“ pfpα‹q ´ fpαqq2

Since for every α P Bψpα‹, 2Dψpα‹, 0qq we have by definition that Dψpα‹, αq ď 2Dψpα‹, 0q, the following inequality
holds too;

pfpα‹q ´ fpαqq2 ď 2f2pα‹q ùñ fpαq ď p1 `
?
2qfpα‹q ď 3fpα‹q.

Therefore, by (IV) we have that
φKpαq ď clfpαq ď 3clfpα‹q ď 3clcuτ “ 3caτ

and hence Bψpα‹, 2Dψpα‹, 0qq Ă 3caKτ , which finishes the proof of this first auxiliary part. Notice how we could improve
the constant 3 arbitrarily close to 2 in the above argument.

Define the event
A1 :“

!

pRpα‹q ď 2
)

.

This event holds with high probability, as pRpα‹q “ }ξ}
2
2 {n, and thus

P pA1q “ P
´

}ξ}
2
2 {n ď 2

¯

“ P
´

}ξ}
2
2 ď 2n

¯

ě 1 ´

ˆ

2n

n
exp

ˆ

1 ´
2n

n

˙˙n{2

“ 1 ´ exp pplogp2q ` 1 ´ 2qn{2q

ě 1 ´ exp p´0.1nq
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where we use Chernoff’s bound for χ2
n-distributed random variables in the first inequality. Conditioned on A1, we have by

Kanade et al. (2023, Theorems 2 and 3) that for

η ď
ρ

β
^
Dψpα‹, 0q

2

(the latter of which implies η pRpα‹q ď Dψpα‹, 0q) and any ε ą 0 we may choose later, there exists a stopping time

t‹ ď

S

Dψpα‹, 0q ` η pRpα‹q

ηε

W

ď

R

2Dψpα‹, 0q

ηε

V

ď

R

2c2uτ
2

ηε

V

“ T or t‹ ď
Dψpα‹, 0q

ε
ď
c2uτ

2

ε
“ T

for the discrete and continuous-time cases respectively, such that the following two hold:

1. For all t ď t‹, it holds αt P Bψpα‹, Dψpα‹, 0q ` η pRpα‹qq.

2. pRpαt‹ q ´ pRpα‹q ` Rpαt‹ q ď ε, which is called the offset condition with parameter ε ą 0.

From the choice of η, on the event A1, we get αt P Bψpα‹, 2Dψpα‹, 0qq. As we have shown in the auxiliary part (22), this
implies αt P 3caKτ for all t ď t‹. We now combine this with the second part in a localization argument.

By rearranging the offset condition, we retrieve the inequality

Rpαt‹ q ď pRpα‹q ´ pRpαt‹ q ` ε

“
1

n
}y ´ Xα‹}

2
2 ´

1

n
}y ´ Xαt‹ }

2
2 ` ε

“
1

n
}ξ}

2
2 ´

1

n
}Xpα‹ ´ αt‹ q}

2
2 ´

2

n
xξ,Xpα‹ ´ αt‹ qy ´

1

n
}ξ}

2
2 ` ε

“ ´
1

n
}Xpα‹ ´ αt‹ q}

2
2 ´

2

n
xξ,Xpα‹ ´ αt‹ qy ` ε,

“
2

n
xξ,Xpαt‹ ´ α‹qy ´ Rpαt‹ q ` ε. (23)

We could use this to get a unlocalized uniform bound, by bounding this as Rpαt‹ q ď supαPK3caτ

1
n xξ,Xpα‹ ´ αqy ` ε{2.

However, we can improve upon this using a localization argument. We follow an argument akin to Bellec (2016, Theorem
2.3) where it was used for the LSE. Define the random variable

Zr :“ sup
θPpXK3caτ´Xα‹qXrBn2

xξ, θy

which is the supremum of a Gaussian process indexed by θ P pXK3caτ ´ Xα‹q X rBn2 . By concentration of the supremum
of Gaussian processes (Boucheron et al., 2013, Theorem 5.8), for any r ą 0, the event

A2 “

!

Zr ď E rZrs ` r
a

2 logp1{δq

)

has probability at least 1 ´ δ. Recall Definition 1, in particular, of the stationary radius

r0pXα‹,XK3caτ q “ inf

"

r ě 0

ˇ

ˇ

ˇ

ˇ

w ppXK3caτ ´ Xα‹q X rBn2 q ´
r2

2
ď 0

*

and denote r0 “ r0pXα‹,XK3caτ q. By definition, we have that

E rZr0s “ w ppXK3caτ ´ Xα‹q X r0B
n
2 q ď

r20
2

and hence, conditioned on A2 with r “ r0, we have

Zr0 ď
r20
2

` r0
a

2 logp1{δq.
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We now make a case distinction between Rpαt‹ q ď r20{n and Rpαt‹ q ą r20{n conditioned on A2. In the first case, we get
trivially

Rpαt‹ q ď
r20
n

ď
1

n

´

r0 `
a

2 logp1{δq

¯2

` ε.

In the second case when Rpαt‹ q “ 1
n }Xpαt‹ ´ α‹q}

2
2 ą r20{n, we define λ “ r0{ }Xpαt‹ ´ α‹q}2 P p0, 1q and v “

λXαt‹ `p1´λqXα‹ P XK3caτ . Note pv´Xα‹q{λ “ Xαt‹ ´Xα‹ as well as Rpαt‹ q “ 1
n }Xpα‹ ´ αt‹ q}

2
2 “ r20{pnλ2q,

and hence bounding Equation (23) yields with probability at least 1 ´ δ

2

n
xξ,Xpαt‹ ´ α‹qy ´ Rpαt‹ q ` ε “

1

n

ˆ

2

λ
xξ, v ´ Xα‹y ´

r20
λ2

˙

` ε

ď
1

n

ˆ

2

λ
Zr0 ´

r20
λ2

˙

` ε

“
1

n

ˆ

2r0
λ

Zr0
r0

´
r20
λ2

˙

` ε

ď
1

n

ˆ

Zr0
r0

˙2

` ε psince 2ab´ b2 ď a2q

ď
1

n

´r0
2

`
a

2 logp1{δq

¯2

` ε.

Hence, either way, we have that

Rpαt‹ q “
1

n
}Xpαt‹ ´ α‹q}

2
2 ď

1

n

´

r0 `
a

2 logp1{δq

¯2

` ε ď
2r20 ` 4 logp1{δq

n
` ε.

Taking the union bound on A1 and A2, we get that with probability at least 1 ´ exp p´0.1nq ´ δ, it holds

Rpαt‹ q ď
2r20
n

`
4 logp1{δq

n
` ε

where r0 “ r0pXα‹,XK3caτ q. This concludes the proof of the high probability bound.

The in-expectation bound for continuous time mirror descent follows by observing that we do not require the event A1 to
hold, and so the high probability bound holds with probability 1 ´ δ (in fact, one could improve its constants, which we
neglect here for simplicity). In particular, denoting z “

2r20
n ` ε we have that

Rpαt‹ q ď z `
4 logp1{δq

n
.

From tail integration, we then obtain

Eξ rRpαt‹ qs ď

ż 8

0

P pRpαt‹ q ą xq dx

“

ż z

0

P pRpαt‹ q ą xq dx`

ż 8

z

P pRpαt‹ q ą xq dx

ď z `

ż 8

z

exp
´

´
n

4
px´ zq

¯

dx

“ z `
4

n
,

concluding the in-expectation bound and hence the proof.

B.4 Proof of Remark 1

An argument akin to the proof of Theorem 7 in Bellec (2017) shows that if we let r “ 2
a

rk pXq and we denote the
orthogonal projection onto the column space of X as ΠX, we have E r}ΠXξ}2s ď

a

rk pXq, and hence for every α‹ P K
we have

wppXK ´ Xα‹q X rBd2 q “ E

«

sup
αPpK´α‹q,}Xα}2ďr

xξ,Xαy

ff

ď rE r}ΠXξ}2s ď r
a

rk pXq “
r2

2
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implying by (5) that r20pXKq ď 4 rk pXq.

B.5 Proof of Corollary 1

We begin by quantifying the constant C in Chatterjee (2014, Corollary 1.2): Temporarily denote r‹ :“ r‹pXα‹,XKτ q. By
Theorem 1.1 in Chatterjee (2014), we know that

P p|}X ppαLSE ´ α‹q}2 ´ r‹| ě x
?
r‹q ď 3 exp

˜

´
x4

32p1 ` x?
r‹

q2

¸

ď 3 exp

ˆ

´
x4

32p1 ` xq2

˙

,

where the second inequality is true if r‹ ě 1. From tail integration we get

Eξ p}XppαLSE ´ α‹q}2 ´ r‹q
2

“

ż 8

0

P
´

p}XppαLSE ´ α‹q}2 ´ r‹q
2

ě u
¯

du

“ 2r‹

ż 8

0

xP p|}X ppαLSE ´ α‹q}2 ´ r‹| ě x
?
r‹q dx

ď 6r‹

ż 8

0

x exp

ˆ

´
x4

32p1 ` xq2

˙

dx

ď 125r‹

and similarly, without the square,

Eξ |}XppαLSE ´ α‹q}2 ´ r‹| ď 3
?
r‹

ż 8

0

exp

ˆ

´
x4

32p1 ` xq2

˙

dx ď 18
?
r‹.

Combining the two, we get∣∣∣Eξ }XppαLSE ´ α‹q}
2
2 ´ r2‹

∣∣∣ “
∣∣2r‹Eξp}XppαLSE ´ α‹q}2 ´ r‹q ` Eξp}XppαLSE ´ α‹q}2 ´ r‹q2

∣∣
ď 2 ¨ 18 ¨ r3{2

‹ ` 125r‹ ď 161r3{2
‹ .

Consequently, for every α‹ P Kτ with r‹pXα‹,XKτ q ě p644{3q2, it holds EξRppαLSEq ě 1
4
r2‹
n , and in particular, if

r‹pXKτ q ě p644{3q2, then

sup
α‹PKτ

EξRppαLSEq ě
r2‹pXKτ q

4n
. (24)

Moreover, from Theorem 1 we know that for r0pXα‹,XK3caτ q ě 1 and ε “ r0pXα‹,XK3caτ q{n, in continuous time,

EξRpαt‹ q ď
7r20pXα‹,XK3caτ q

n
.

Hence, combining the two equations and using Equation (21) yields

sup
α‹PKτ

EξRpαt‹ q ď sup
α‹PKτ

7r20pXα‹,XK3caτ q

n

ď 21ca
r20pXKτ q

n
(from (21))

ď 21Cca ¨
r2‹pXKτ q

n
(by Assumption B)

ď 84Cca ¨ sup
α‹PKτ

EξRppαLSEq, (from (24))

which concludes the proof.
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B.6 Proof of Corollary 2

The proof of Corollary 2 is analgous to the proof of Prasadan and Neykov (2024, Corollary 2.6), where we can replace the
upper bound on the LSE from their Proposition 2.4 with our bound on continuous-time ESMD from Theorem 1 and use
Equation (21).

Specifically, from Theorem 1, applying Equation (21) and ca À 1, we know that

sup
α‹PKτ

EξRpαt‹ q À
r20pXK3caτ q

n
À
r20pXKτ q

n
.

Also note that in the proof of Theorem 1 (Appendix B.3), we showed that αt‹ P 3caKτ , and so EξRpαt‹ q À

pdiampXKτ qq2{n.

Denote now temporarily
R :“ sup

α‹PKτ

EξRpαt‹ q.

Now, for every α‹ P Kτ , r ÞÑ supα‹PKτ wpXpKτ ´ α‹q X rBn2 q{r is non-increasing (Prasadan and Neykov, 2024, page
7). Denoting r0 “ r0pXKτ q, we get that for some constant c1 ą 0, and some r ă r0

c1

a

nR ď r ď 2 sup
α‹PKτ

wpXpKτ ´ α‹q X rBn2 q

r
(by Definition 1 and r ă r0)

ď 2
supα‹PKτ wpXpKτ ´ α‹q X c1

?
nRBn2 q

c1
?
nR

(non-increasing)

ď 2max

"

1,
1

c1

*

supα‹PKτ wpXpKτ ´ α‹q X
?
nRBn2 q

?
nR

À

c

logM loc
´a

nR,XKτ

¯

(by Assumption C)

Hence,
?
nR ď sup

!

r ą 0 : r À
a

logM loc pr,XKτ q

)

, which by the main result of Neykov (2022) yields minimax
optimality of ESMD.

B.7 Proof of Corollary 3

Consider the setting of Theorem 1, and assume that X has vanishing kernel width satisfying

1

n
}Xα}

2
2 ě }α}

2
2 ´ fp3caτK, nq for all α P 3caτ pK ´Kq .

Per assumption, we have that fpK3caτ , nq À r20pXK3caτ q{n, which combined with the bound from Theorem 1 and the fact
that αt‹ P 3caτK (see the proof of Theorem 1) yields for all α‹ P Kτ

}α‹ ´ αt‹ }
2
2 ď

1

n
}Xpαt‹ ´ α‹q}

2
2 ` fp3caτK, nq À

r20
n

`
logp1{δq

n
`
r20
n

—
r20
n

`
logp1{δq

n
,

where we denoted r0 “ r0pXK3caτ q. Applying Equation (21) concludes the proof of the corollary.

B.8 Proof of Proposition 2

Let p P p1, 2q and φK “ }¨}p. We first show that ψ “ }¨}
2
p satisfies the discrete-time version of Assumption A.

(I). First, ψp¨q “ }¨}
2
p with p P p1, 2q is differentiable (Lemma 17 Shalev-Shwartz, 2007; Juditsky and Nemirovski, 2008,

Example 3.2) with

∇ψpαq “

#

2 signpαiq|αi|p´1

}α}p´2
p

α ‰ 0

0 α “ 0
and p∇ψq´1pαq “

#

signpαiq|αi|q´1

2}α}q´2
q

α ‰ 0

0 α “ 0
with

1

p
`

1

q
“ 1,

see for example Gentile (2003, Lemma 1). Hence, ∇ψp0q “ 0.
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(II).
a

ψp¨q “ }¨}p is convex, as it is a norm.

(III). ψ is 2pp´ 1q-strongly convex with respect to the ℓp-norm by Shalev-Shwartz (2007, Lemma 17).

(IV) This clearly holds with cu “ cl “ 1.

We bound r0pXK3τ q “ r0p3τXBdpq under column-normalized design (16). We can use r20p3τXBdpq ď 6τwpXBdpq and
then further bound wpXBdpq. We can apply Hölder’s inequality with 1{p` 1{q “ 1 and get, if p ą 1 ` 1{ log d

wpXBdpq “ E

«

sup
αPBdp

xξ,Xαy

ff

ď E

«

sup
αPBdp

›

›XJξ
›

›

q
}α}p

ff

ď E
”

›

›XJξ
›

›

q

ı

ď

´

E
”

›

›XJξ
›

›

q

q

ı¯1{q

.

By column normalization, and since |xξ,Xjy|
d
“ }Xj}2 |Z| for Z „ N p0, 1q, we get that

´

E
”

›

›XJξ
›

›

q

q

ı¯1{q

“ pE |Z|qq1{q

˜

d
ÿ

j“1

}Xj}
q
2

¸1{q

—
?
q
?
nd1{q.

On the other hand, if p ď 1 ` 1{ log d and d ě 2, we have that

wpXBdpq “ E

«

sup
αPBdp

xξ,Xαy

ff

ď E

«

sup
αPBdp

›

›XJξ
›

›

q
}α}p

ff

ď d1{qE
“
›

›XJξ
›

›

8

‰

ď d1{q2
a

n log d ď 2e
a

n log d.

where in the second last inequality we used that since XJξ „ N p0,XJXq, and X is column-normalized, we know that
pXJξqi, i P rds is Gaussian with variance n, so that we may apply standard sub-Gaussian concentration, such as Vershynin
(2018, Exercise 2.5.10) or Wainwright (2019, Exercise 2.12), and in the last inequality we used that for p ď 1 ` 1{ log d it
holds that d1{q “ d1´1{p ď d1{ log d ď e. Hence,

r20p3τXBdpq À

#

τ
?
n log d if p ď 1 ` 1{ log d

τ
?
q
?
nd1{q if p ą 1 ` 1{ log d

(25)

and from Theorem 1 and Remark 1 we get that

Rpαt‹ q ď
4r20pXK3τ q

n
`

8 logp1{δq

n

À
rk pXq

n
^

τ
?
n

#?
log d if 1 ă p ď 1 ` 1

log d ,
?
qd1{q if 1 ` 1

log d ă p ă 2.

To bound r0p3τXBdpq in under Gaussian design, we use Vershynin (2018, Exercise 7.5.4) and get

r20pXBdpq ď 2wpXBdpq ď 2 }X}2 wpBdpq.

By Wainwright (2019, Theorem 6.1) we have that

P
`

}X}2 ď 3
?
n
˘

ě 1 ´ exp p´n{2q

and for 1{q`1{p “ 1 it is easily verified that, because for small enough p we have Bd1 Ă Bdp Ă eBd1 (Lecué and Mendelson,
2017; Vershynin, 2018), the Gaussian width is bounded as

wpBdpq À

#?
log d if 1 ă p ď 1 ` 1

log d ,
?
qd1{q if 1 ` 1

log d ă p ă 2,

so that with probability 1 ´ expp´n{2q over draws of X the bound Equation (25) holds again. This concludes the proof.
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B.9 Proof of Theorem 3

Let p P p1, 2q and 1{p ` 1{q “ 1. We introduce some further notation just for this proof. We use Npε, Sq, Mpε, Sq to
denote the ε-covering number and, respectively, the ε-packing number of a set S with respect to the ℓ2-norm (Wainwright,
2019, Definitions 5.1 and 5.4). logNpε, Sq is commonly referred to as the metric entropy of S. We assume basic knowledge
about covering and packing numbers that can be found, e.g., in Chapter 5 in Wainwright (2019).

Fixed design. We will construct a hard design matrix X and reducing the problem to a Gaussian sequence model over a
convex constraint set in Rn.

Let m P N and k P N be defined as

m “

Z

d1{p

?
n

^

—
d1{p

?
n

and k “

Y?
nd1{q

]

—
?
nd1{q.

where we may write “—” in the first case, because we assume that d1{p ě
?
n. We note that:

1. By definition of k and m, it holds that k ¨m ď d1{pd1{q “ d.

2. By definition of k, it holds that k ď n if
?
n ě d1{q , which we assumed.

Define 1m “ p1, . . . , 1qJ P Rm as well as the all-zeros matrix 0nˆd P Rnˆd. We define the data matrix

X “
?
n

ˆ

Akˆkm 0kˆpd´kmq

0pn´kqˆkm 0pn´kqˆpd´kmq

˙

P Rnˆd with Akˆkm “

¨

˚

˚

˚

˝

1J
m 01ˆm . . . 01ˆm

01ˆm 1J
m . . . 01ˆm

...
...

. . .
...

01ˆm 01ˆm . . . 1J
m

˛

‹

‹

‹

‚

P Rkˆkm. (26)

Note that the columns of X are normalised to }Xi}2 ď
?
n.

As a first step, we reduce our problem to a more well-studied Gaussian sequence model. Define t :“
?
nm1{q and

xi, vi P Rd, i P rks as

xi “
?
np01ˆmpi´1q,1

J
m,01ˆpd´miqqJ and vi “

m´1{p

?
n

xi,

where xi is the vector corresponding to the i-th row of X. Note that }vi}p “

›

›

›

m´1{p
?
n
xi

›

›

›

p
“ m´1{pm1{p “ 1 and thus

vi P Bdp . Denoting the i-th standard-basis vector in Rn as ei, we have that

Xvi “
m´1{p

?
n

Xxi “
?
nm1´1{pei “

?
nm1{qei “ tei

for all i P rks. Taking the p-convex hull of the vi amounts to choosing any δi, i P rks such that
řk
i“1 |δi|

p
ď 1 and letting

vδ “
řk
i“1 δivi. It follows that vδ P Bdp and

Xvδ “

k
ÿ

i“1

δiXvi “ t
k
ÿ

i“1

δiei.

Because Bkp ˆ t0u
n´k can be decomposed into

řk
i“1 δiei, we have that

St :“ tBkp ˆ t0u
n´k

Ă XBdp Ă Rn.

Therefore, since y “ Xα‹ ` ξ with ξ „ N p0, Inq and St Ă XBdp , the minimax rate for estimation in the Gaussian sequence
model y “ θ‹ ` ξ, with θ‹ P St is a lower bound for our original problem, that is,

inf
pα

sup
α‹PBdp

E
”

}Xpα‹ ´ pαq}
2
2

ı

ě inf
pθ

sup
θ‹PSt

E
”

}θ‹ ´ pθ}22

ı

. (27)
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We may now use the following result from Johnstone (2017, Theorem 11.7), see also Aolaritei et al. (2025, page 6): Let
p P p1, 2q and consider the Gaussian sequence model y “ θ‹ ` ξ where ξ „ N p0, σ2Idq. Then, if σ2 P r 1

d2{p ,
1

1`log d s, the
minimax rate over Bdp is given by

MpBdp , σq :“ inf
pθ

sup
θ‹PBdp

Eξ
”

}pθpyq ´ θ‹}22

ı

— pσ2 logpedσpqq1´p{2.

To apply this result to Equation (27), we use the following identity

MpτBdp , σq “ τ2 ¨ M
´

Bdp ,
σ

τ

¯

,

which follows from simple rescaling arguments. Moreover, we rely on the fact that if a convex body K (here St) is contained
in a linear subspace, then the minimax risk of the Gaussian sequence model over K Ă Rd coincides with that of the model
restricted to the subspace, since the orthogonal projection onto the subspace constitutes a sufficient statistic for the parameter.
In particular, we can bound Equation (27) as

inf
pθ

sup
θ‹PSt

E
”

}θ‹ ´ pθ}22

ı

ě MptBkp , 1q “ t2 ¨ MpBkp , 1{tq “ tp plog pek{tpqq
1´p{2

where the last equality holds because

tp “

´?
nm1{q

¯p

—p

˜

?
n

ˆ

d1{p

?
n

˙1{q
¸p

“ p
?
nqp´p{qd1{q “

?
nd1{q “ k ùñ plog pek{tpqq

1´p{2
—p 1,

and in particular, 1{t2 —p 1{k2{p P r 1
k2{p ,

1
1`log k s. Plugging this into the lower bound and dividing by n proves that the

minimax rate on this data matrix is lower bounded by cpd1{q{
?
n, which concludes the first part.

Gaussian design. Let p P r1 ` c1{ log log d, 2q, 1{p ` 1{q “ 1 and nplog dqc0 ď d ď nq{2. Suppose X P Rnˆd is a
standard Gaussian matrix.

We begin by noting that for some constant c ą 0, the event

E1 “

!?
d´ c

?
n ď σminpXq ď σmaxpXq ď

?
d` c

?
n
)

has probability P pE1q ě 1 ´ 2 exp p´nq (Vershynin, 2018, Theorem 4.6.1). Since d ě nplog dqc0 we have that σminpXq —?
d with probability at least 1 ´ 2 exp p´nq. Since }¨}p ď d1{p´1{2 }¨}2, we know that d1{2´1{pBd2 Ă Bdp , and hence on E1

that for some constant c ą 0

c
?
dd1{2´1{pBn2 “ cd1{qBn2 Ă XBdp .

Following Neykov (2022), conditioned on X, we need to solve the stationary condition of

logMpε,XBdp X CεBn2 q — logMpε,XBdpq — ε2.

to determine the minimax rate given X, where the first “—” holds by a pigeon-hole argument. We solve this by first noting
that on the event E1, the solution must satisfy ε Á d1{q , since on E1 and if ε — d1{q we have

logMpε,XBdpq ě logMpε, cεBn2 q Á n ě d2{q — ε2.

Thus, all we need is to estimate logMpε,XBdpq when ε Á d1{q. This was done (implicitly) in Kur et al. (2024), when
p ě 1 ` c1{ log logpdq, d Á nplog dqc0 and n is sufficiently large. Specifically, it was shown that if ε Á d1{q , the event

E2 “
␣

logMpε,XBdpq — logMpε{
?
n,Bdpq

(

(28)

has probability at least 1 ´ C exp p´cnq. We outline the proof of (28) after finishing the main proof. Using (28), for
ε Á d1{q we can solve the inequality

logMpε{
?
n,Bdpq —

ˆ

ε
?
n

˙´
2p

2´p

log

˜

d

ˆ

ε
?
n

˙

2p
2´p

¸

Á ε2,
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where we used (29) from Schütt (1984):

logNpε,Bkp q —p

$

&

%

ε´
2p

2´p log
´

kε
2p

2´p

¯

if ε Á k1{2´1{p,

k log
´

k´1ε´
2p

2´p

¯

if ε À k1{2´1{p,
(29)

We can see that choosing ε2 “ np{2plog dq1´p{2 satisfies this inequality. It follows from dividing by n and taking the union
bound over E1, E2 that with probability 1 ´ c2 expp´c3nq over draws of the data matrix X, we have

inf
pα

sup
α‹PBdp

EξRppαq — np{2´1plog dq1´p{2 _
d2{q

n
,

which finishes the proof.

Proof of (28). We outline the proof of (28) based on arguments from Kur et al. (2024) here again for completeness. Define
the i-th dyadic entropy number of any set S as

eipSq “ inf tε ą 0 : log2Npε, Sq ď i´ 1u .

By definition, we have that eipSq ď ε, if and only if logNpε, Sq ď i. We know by Schütt’s Theorem (Schütt, 1984) that the
i-th dyadic entropy number of Bkp is given by

eipB
k
p q —

$

’

’

&

’

’

%

1 if 1 ď i ď log k,
´

logpek{iq
i

¯1{p´1{2

if log k ď i ď k,

2´i{kk1{2´1{p if i ě k.

(30)

For i P rds with log d ď i ď d, define Σi “ tσ Ă rds | |σ| — i{ logped{iqu and εi :“ eipB
d
pq — plogped{iq{iq1{p´1{2

(recall (30)), and define the sets

Vi “
ď

σPΣi

Aσ where Aσ “
εi

a

|σ|
¨Bσ8 “

εi
a

|σ|
␣

v P Rd
ˇ

ˇ vi “ 0 if i R σ, }v}8 ď 1
(

.

Then it is easy to see that Vi Ă Bdp , as for all v P Vi we have

}v}p ď |σ|1{p
}v}8 ď |σ|1{p´1{2

εi À

ˆ

i

logped{iq

˙1{p´1{2ˆ
logped{iq

i

˙1{p´1{2

ď 1.

Also note that by the same calculation, for v P Vi, it holds }vi}2 ď εi.

Let Ni be an εi-covering of Vi and note that (Kur et al., 2024, underneath Equation (25)) we get log |Ni| À i, meaning
it has the same metric entropy for εi as Bdp . Following Schütt (1984); Kur et al. (2024), one can see that for I :“

t20, 21, 22, . . . , c ¨ du, every v P Bdp can be written as

v “ v0 `
ÿ

iPI
δivi where }v0}2 ď εd À d1{q´1{2

and vi P Ni, }vi}p — 1,
ř

iPI δ
p
i ď 1. Consider the partition of I “ I1 Y I2 with I1 “ t20, 21, 22, . . . , cnu, I2 “

tn, 21n, 22n, . . . , c ¨ du (where w.l.o.g., we assume these terms are powers of two). By triangle inequality, it follows that we
can bound the norm of Xv for any v P Bdp as

}Xv}2 ď }Xv0}2 `

›

›

›

›

›

ÿ

iPI1

δiXvi

›

›

›

›

›

2

`

›

›

›

›

›

ÿ

iPI2

δiXvi

›

›

›

›

›

2

.

We now bound each term separately.

To that end, recall that by the Johnson-Lindenstrauss Lemma (Vershynin, 2018, Theorem 5.3.1 and Exercise 5.3.3), we know
that for δ P p0, 1q and any finite set N Ă Rd with n ě pC{δ2q log |N |, it holds that

@v, w P N : p1 ´ δq ¨ }v ´ w}2 ď
1

?
n

}Xpv ´ wq}2 ď p1 ` δq ¨ }v ´ w}2 (31)

with probability of at least 1 ´ 2 expp´cnδ2q.
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1. Note that as the maximal singular value satisfies σmaxpXq À
?
d on the event E1, we get that

}Xv0}2 À
?
d ¨ εd À d1{q.

2. By (31), since log
∣∣Ť

iPI1
Ni

∣∣ À n, we obtain for N “
Ť

iPI1
Ni that

E3 “
␣

@v, w P N : }Xpv ´ wq}2 —
?
n ¨ }v ´ w}2

(

,

holds with probability at least 1 ´ 2 exp p´cnq. Clearly, on E3, we also have that }Xv}2 —
?
n ¨ }v}2 for all v P N .

3. Again, by (31) with δ —
a

i{n so that log |Ni| À i — δ2n, the event

E4 “

"

@i P I2 : sup
vPNi

}Xv}2 À
?
n ¨

a

i{n ¨ }v}2 ď
?
n ¨

a

i{n ¨ εi “
?
i ¨ εi

*

.

holds with probability at least 1 ´ 2
ř

iPI2
expp´ciq ě 1 ´ C exppcnq. Hence, by triangle and Hölder’s inequalities,

we obtain that
›

›

›

›

›

ÿ

iPI2

δiXvi

›

›

›

›

›

2

ď
ÿ

iPI2

?
i εi ¨ δi À

˜

ÿ

iPI2

δpi

¸1{p

¨

˜

ÿ

iPI2

p
?
i εiq

q

¸1{q

À

˜

ÿ

iPI2

p
?
i εiq

q

¸1{q

.

Plugging in εi À logpd{iq1{p´1{2i1{2´1{p from (30) we get that this is bounded by

˜

ÿ

iPI2

p
?
i εiq

q

¸1{q

À

˜

ÿ

iPI2

´

logpd{iq1{p´1{2i1{q
¯q
¸1{q

À logpdq2{q ¨ d1{q À d1{q

where in the last inequality we used that p ě 1 ` C{ log logpdq.

Note that if ε Á d1{q, we have that logMpε,XBdpq — logMpε,XBdpzd1{qBn2 q. We just showed that on the intersection
of events E1, E3, E4 we have that if }Xv}2 ě d1{q, it holds that d1{q ď }Xv}2 À

?
n
›

›

ř

iPI1
δivi

›

›

2
` d1{q, and hence

›

›

ř

iPI1
δivi

›

›

2
Á d1{q{

?
n. Therefore, the metric entropy beyond the threshold d1{q only depends on the i-th dyadic numbers

of Bdp with i P I1. On this set, we already showed that the Johnson-Lindenstrauss Lemma applies (i.e., E3), and hence

logMpε,XBdpq — logMpε{
?
n,Bdpq

with probability at least 1 ´ C exp p´cnq, which is (28).

B.10 Proof of Theorem 4

We split the proof of Theorem 4 into several auxiliary lemmas for each potential, which we prove in Appendix B.12.
Specifically, we show for each potential from Table 1 that it satisfies Assumption A with the parameters stated in Table 1.
Lemma 3 provides the details for the squared ℓp-norm, Lemma 4 for the Moreau envelope-based potential, Lemma 5 for the
adjusted hypentropy and Lemma 6 for the sigmoidal potential. We prove Lemmas 3 to 6 in Appendix B.12.

Lemma 3. Suppose that φK “ }¨}1 and ψ “ }¨}
2
p with 1 ă p ď 1 ` 1{ logpdq. Then the discrete time versions of

Assumption A are satisfied with constants cl “ e, cu “ 1 and ρ “ 2pp´ 1q w.r.t. the ℓp-norm.

Lemma 4. Suppose that φK “ }¨}1 and

ψpαq “

˜

d
ÿ

i“1

hλpαiq `
dλ

2

¸2

`
ρ

2
}α}

2
2 with hλpxq “

#

x2

2λ |x| ď λ

|x| ´ λ
2 |x| ą λ

with λ ď 2τ{d and ρ “ 2. Then the discrete-time version of Assumption A is satisfied with ρ “ 2 with respect to the ℓ2-norm
and constants cl “ 1, cu “

?
5.



Tobias Wegel, Gil Kur, Patrick Rebeschini

Lemma 5. Suppose that φK “ }¨}1 and

ψpαq “

¨

˝

d
ÿ

i“1

´

αi arcsinh pαi{γq ´
a

α2
i ` γ2 ` γ ` 1

¯

arcsinh pγ´1q

˛

‚

2

,

with γ ď sinhpd{τq´1 ^ p4τq´1 ^ 2´1{2. Then it satisfies both the continuous and discrete-time versions of Assumption A
with constants cl “ 1, cu “ 3 and ρ “ arcsinhpγ´1q´2 with respect to both the ℓ1 and ℓ2-norm.

Lemma 6. Suppose that φK “ }¨}1, and

ψpαq “

˜

d
ÿ

i“1

1

γ
plog p1 ` exp p´γαiqq ` log p1 ` exp pγαiqqq

¸2

with γ ě d logp4q{τ . Then ψ satisfies the continous-time version of Assumption A with constants cl “ 1, cu “ 2.

The proofs of Lemmas 3 to 6 can be found in Appendix B.12.

Therefore, we may invoke Theorem 1, and the result follows by directly bounding the stationary radius: Suppose that
K “ Bd1 . If X is column-normalized (16) and d ě τ

?
n, then

r20pXK3caτ q

n
ď 4

rk pXq

n
^ 186caτ

c

logp2ed{pτ
?
nqq

n
.

This follows directly from the derivations in Bellec (2017, Theorem 7) or from Gordon et al. (2007). Plugging this into (9)
from Theorem 1 we get that with probability at least 1 ´ expp´0.1nq ´ δ it holds

Rpαt‹ q ď
4r20pXK3caτ q

n
`

8 logp1{δq

n

ď 4

˜

4
rk pXq

n
^ 186caτ

c

logp2ed{pτ
?
nqq

n

¸

`
8 logp1{δq

n

ď

˜

16
rk pXq

n
^ 744caτ

c

logp2ed{pτ
?
nqq

n

¸

`
8 logp1{δq

n

To bound r0p3caτXB
d
1 q in under Gaussian design, we use Vershynin (2018, Examples 7.5.4 and 7.5.11) which yield that

r20pXBd1 q ď 2wpXBd1 q ď 2 }X}2 wpBd1 q À }X}2

a

log d.

By Wainwright (2019, Theorem 6.1) we have that

P
`

}X}2 ď 3
?
n
˘

ě 1 ´ exp p´n{2q

so that with probability 1 ´ expp´n{2q it holds r20p3caτXB
d
1 q À caτ

?
n log d. Combining this with Theorem 1 and Re-

mark 1, and noting that rk pXq “ nwith probability 1, we get from a union bound that with probability 1´2 exp p´0.1nq´δ
that

Rpαt‹ q ď
4r20p3caτXB

d
1 q

n
`

8 logp1{δq

n

À

˜

1 ^ caτ

c

log d

n

¸

`
logp1{δq

n

Choosing δ “ 0.01 so that 1 ´ 2 exp p´0.1nq ´ δ “ 0.99 ´ 2 exp p´0.1nq, we get that

Rpαt‹ q À 1 ^ caτ

c

log d

n
.

This concludes the proof.
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Remark 2. As a side-remark, we also provide a direct proof that if X is column-normalized (16), then

r20pXK3caτ q

n
ď 4

rk pXq

n
^ 12caτ

c

log d

n
.

Note that the bound in terms of the rank of X follows from Remark 1 and Appendix B.4. We can use r20pXKτ q ď 2wpXKτ q

and to further bound wpXKτ q, we can apply Hölder’s inequality and get for d ě 2

wpXKτ q “ E
„

sup
αPKτ

xξ,Xαy

ȷ

ď E
“
›

›XJξ
›

›

8

‰

sup
αPKτ

}α}1 “ τE
“
›

›XJξ
›

›

8

‰

ď 2τ
a

n log d,

where in the last step we used that XJξ „ N p0,XJXq, and X is column-normalized (16), which implies that pXJξqi, i P

rds is Gaussian with variance n, so that we may use standard sub-Gaussian concentration (Wainwright, 2019, Exercise 2.12),
which yields the second upper bound. Plugging the second bound into (9) from Theorem 1 we get that with probability at
least 1 ´ expp´0.1nq ´ δ it holds

Rpαt‹ q ď
4r20pXK3caτ q

n
`

8 logp1{δq

n

ď 4

˜

4
rk pXq

n
^ 12caτ

c

log d

n

¸

`
8 logp1{δq

n

ď

˜

16
rk pXq

n
^ 48caτ

c

log d

n

¸

`
8 logp1{δq

n
.

B.11 Proof of Proposition 5

We check that Assumption A is satisfied. We use the results from Beck and Teboulle (2012, Example 4.5).

(I). The differentiability of ψ is clear, with gradient and Hessian of ψ given by

∇ψpxq “
2

γ
log

˜

m
m
ÿ

i“1

exppγ xai, xyq

¸

µpxq ` ρx

∇2ψpxq “ 2 log

˜

m
m
ÿ

i“1

exppγ xai, xyq

¸˜

m
ÿ

i“1

pipxqaia
J
i ´ µpxqµpxqJ

¸

` 2µpxqµpxqJ ` ρId

where we defined the quantities

pipxq “
exppγ xai, xyq

řm
j“1 exppγ xaj , xyq

and µpxq “

m
ÿ

i“1

pipxqai

Therefore, since pip0q “ 1{m we have µp0q “ 1
m

řm
i“1 ai which we assumed to be zero, and hence ∇ψp0q “ 0.

(II). The convexity of
?
ψ follows as previously because

?
ψ is the Euclidean norm of

a

ρ
2 }x}2 and

1
γ log pm

řm
i“1 exp pγ xai, xyqq, of which the Hessian is given by

˜

m
ÿ

i“1

pipxqaia
J
i ´ µpxqµpxqJ

¸

which is clearly positive semi-definite for every x P Rd (as it is the covariance matrix of the discrete distribution over ai
with probabilities pipxq) and thus convex.

(III). The ρ-strong convexity follows as previously because

x ÞÑ ψpxq ´
ρ

2
}x}

2
2 “

1

γ2
log2

˜

m
m
ÿ

i“1

exp pγ xai, xyq

¸

is convex (which can be seen by the Hessian above).
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(IV). By Beck and Teboulle (2012, Example 4.5), we know that for all x P Rd

φKpxq ´
1

γ
logm ď

1

γ
log

˜

m
ÿ

i“1

exp pγ xai, xyq

¸

ď φKpxq `
1

γ
logm.

It follows that

φKpxq ď
1

γ
log

˜

m
m
ÿ

i“1

exp pγ xai, xyq

¸

ď φKpxq `
2

γ
logm.

and therefore, for all α P Rd and α1 P τK with ρ “ 2{maxiPrMs }ki}
2
2 and γ ě 2 logpmq{τ

φKpαq ď
1

γ
log

˜

m
m
ÿ

i“1

exp pγ xai, αyq

¸

ď cl
a

ψpαq

a

ψpα1q “

g

f

f

e

1

γ2
log2

˜

m
m
ÿ

i“1

exp pγ xai, α1yq

¸

`
ρ

2
}α1}

2
2 ď φKpα1q `

2

γ
logm` τ ď 3τ “ cuτ

with cl “ 1, cu “ 3.

Using Bellec (2017, Proposition 5) we get that if M ě τϕ
?
n, then

r20pXKτ q ď 31τϕ
?
n

d

log

ˆ

eM

τϕ
?
n

˙

.

Hence, from Theorem 1 and Remark 1, we know that with probability 1 ´ expp´0.1nq ´ δ it holds that

Rpαt‹ q ď
4r20pXK3caτ q

n
`

8 logp1{δq

n

ď 4

˜

4 rk pXq

n
^ 93caτϕ

c

log peM{pτϕ
?
nqq

n

¸

`
8 logp1{δq

n

“

˜

16 rk pXq

n
^ 372caτϕ

c

log peM{pτϕ
?
nqq

n

¸

`
8 logp1{δq

n
.

Choosing δ “ 0.01 yields the result. This concludes the proof.

B.12 Proofs of the Auxiliary Lemmata for Theorem 4

B.12.1 Proof of Lemma 3

We check each condition from Assumption A. We already proved (I),(II) and (III) in the proof of Proposition 2.

(IV). We use the norm inequalities }¨}p ď }¨}1 ď d1´1{p }¨}p and the fact that if 1 ă p ď 1 ` 1{ logpdq

d1´1{p ď d
1

1`log d “ exp

ˆ

log d

1 ` log d

˙

ď expp1q “ e.

which implies that for all α P Rd and α1 P τBd1

φKpαq “ }α}1 ď e }α}p “ cl
a

ψpαq
a

ψpα1q “
›

›α1
›

›

p
ď
›

›α1
›

›

1
ď cuτ

with cl “ e, cu “ 1. This concludes the proof.
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B.12.2 Proof of Lemma 4

We first note that the potential in Lemma 4 is indeed given by the Moreau envelope, since by, e.g., Beck and Teboulle (2012,
Example 4.2) it holds

pMλ }¨}1qpαq “

d
ÿ

i“1

hλpαiq with hλpxq “

#

x2

2λ |x| ď λ,

|x| ´ λ
2 |x| ą λ.

It follows that Mλ }¨}1 ` dλ
2 ě }¨}1 ě 0. We check that Assumption A is indeed satisfied.

(I). First note that the function is differentiable, as Moreau envelopes are continuously differentiable (Parikh and Boyd,
2014, §3.1) or (Beck and Teboulle, 2012, §4.2). Moreover, a calculation shows that

∇ψpαq “ 2

˜

d
ÿ

i“1

hλpxq `
dλ

2

¸

`

h1
λpα1q, . . . , h1

λpαdq
˘

` ρα with h1
λpxq “

#

x
λ |x| ď λ

sign pxq |x| ě λ

and so ∇ψp0q “ 0.

(II). The Moreau envelope Mλ }¨}1 ` dλ
2 is convex (Beck and Teboulle, 2012, §4.2) and non-negative, so that

a

ψpαq “

d

ˆ

pMλ }¨}1qpαq `
dλ

2

˙2

`
ρ

2
}α}

2
2

is convex, as it is the Euclidean norm of two non-negative convex functions.

(III). E.g., by Nikodem and Pales (2011), the ρ-strong convexity of ψ with respect to ℓ2-norm holds if and only if

ψ ´
ρ

2
}α}

2
2 “

ˆ

pMλ }¨}1qpαq `
dλ

2

˙2

is convex. Since Mλ }¨}1 is convex (Beck and Teboulle, 2012, §4.2), Mλ }¨}1 ` dλ
2 ě 0 and squaring is non-decreasing,

this is the case.

(IV). Finally, we have that for all α P Rd, α1 P τBd1 and ρ “ 2, λ ď 2τ{d that

φKpαq “ }α}1 ď pMλ }¨}1qpαq `
dλ

2
ď

d

ˆ

pMλ }¨}1qpαq `
dλ

2

˙2

`
ρ

2
}α}

2
2 “ cl

a

ψpαq,

a

ψpα1q “

d

ˆ

pMλ }¨}1qpα1q `
dλ

2

˙2

`
ρ

2
}α1}

2
2 ď

b

p}α1}1 ` τq
2

` }α1}
2
2 ď

?
5τ “ cuτ,

with cl “ 1, cu “
?
5. Here we used that for any Moreau envelope, Mλf ď f by definition.

B.12.3 Proof of Lemma 5

Recall that we defined the function

ψpαq “

˜

arcsinhpγ´1q´1
d
ÿ

i“1

αi arcsinhpαi{γq ´

b

α2
i ` γ2 ` γ ` 1

¸2

“

˜

d
ÿ

i“1

gγpαiq

¸2

“ f2pαq

where we now introduced the new notation

f “
a

ψ and gγpxq :“ arcsinh
`

γ´1
˘´1

´

x arcsinh px{γq ´
a

x2 ` γ2 ` γ ` 1
¯

.

We prove that ψ satisfies Assumption A.
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(I). ψ is twice continuously differentiable with gradient

∇ψpαq “ 2 arcsinhpγ´1q´2fpαq

¨

˚

˝

arcsinhpα1{γq

...
arcsinhpαd{γq

˛

‹

‚

ùñ ∇ψp0q “ 0

This follows by straight-forward calculations (Ghai et al., 2020).

(II).
?
ψ “ f is (strictly) convex, as a simple calculation (Ghai et al., 2020) shows that the Hessian of f is given by

∇2fpxq “ arcsinhpγ´1q´1diag

˜

1
a

x21 ` γ2
. . .

1
a

x2d ` γ2

¸

which is positive definite everywhere.

To proceed, we state two useful facts.

• Fact 1: For all γ ą 0 and α P Rd, fpαq ě }α}1 _ d arcsinhpγ´1q´1.

We first show that fpαq ě }α}1. It suffices to show that hγpxq “ gγpxq ´ |x| ě 0 for all x P R. First of all,
hγp0q “ arcsinh

`

γ´1
˘´1

ą 0 for all γ ą 0, and due to the symmetry of hγ , it therefore suffices to show that
hγpxq ě 0 for all x P p0,8q. On this interval, x ÞÑ hγpxq is twice differentiable with

dhγ
dx

pxq “ arcsinh
`

γ´1
˘´1

arcsinh px{γq ´ 1 and
d2hγ
pdxq2

pxq “
arcsinh

`

γ´1
˘´1

a

x2 ` γ2
.

Since d2hγ
pdxq2

ą 0 for all x P p0,8q, we know that hγ is strictly convex on p0,8q. Therefore, hγ has a unique global

minimum on p0,8q, as limxÑ8 hγpxq “ 8 and dhγ
dx pxq ă 0 for small enough x ą 0. The first-order condition of

optimality dhγ
dx px‹q “ 0 yields x‹ “ 1, and thus we know that for all x P p0,8q

hγpxq ě hγpx‹q

“ arcsinh
`

γ´1
˘´1

´

arcsinh p1{γq ´
a

12 ` γ2 ` γ ` 1
¯

´ 1

“
γ ` 1 ´

a

1 ` γ2

arcsinhp1{γq
ą 0.

hence, fpαq ě }α}1. Now, we can also see that for all x P R

dgγ
dx

pxq “ arcsinh
`

γ´1
˘´1

arcsinh px{γq and
d2hγ
pdxq2

pxq “
arcsinh

`

γ´1
˘´1

a

x2 ` γ2
.

Hence, gγ has a unique global minimum at x‹ “ 0, and thus for all x P R, gγpxq ě gγp0q “ arcsinhpγ´1q´1, and
thus fpαq “

řd
i“1 gγpαiq ě d arcsinhpγ´1q´1.

• Fact 2: γ arcsinhp1{γq ď 1 for all γ ą 0.

This follows by observing that d2

pdxq2
x arcsinhp1{xq “ ´

a

1{x2 ` 1{px2 ` 1q2 ă 0, which means its concave, and
d
dxx arcsinhp1{xq “ arcsinhp1{xq ´ 1{px

a

1{x2 ` 1q ą 0, which means it has no maximizer, and

lim
xÑ0

x arcsinhp1{xq “ 0, lim
xÑ8

x arcsinhp1{xq “ 1.

(III). We follow similar arguments used in Ghai et al. (2020) and will apply Yu (2015, Theorem 3) to show that ψ is
ργ-strongly convex on Rd with respect to }¨}1 and }¨}2, where ργ “ arcsinhpγ´1q´2.

First note that the Hessian of ψ is given by

∇2ψpxq “ 2 arcsinhpγ´1q´2

»

—

—

–

¨

˚

˝

arcsinhpx1{γq

...
arcsinhpxd{γq

˛

‹

‚

¨

˚

˝

arcsinhpx1{γq

...
arcsinhpxd{γq

˛

‹

‚

J

` fpxq

¨

˚

˚

˝

1?
x2
1`γ2

. . .
1?

x2
d`γ2

˛

‹

‹

‚

fi

ffi

ffi

fl
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and hence we have that for any y P Rd

yJ∇2ψpxqy ě 2 arcsinhpγ´1q´2fpxq

d
ÿ

i“1

y2i
a

x2i ` γ2
.

Using Fact 1 that fpxq ě }x}1 _ d arcsinhpγ´1q´1, we can bound

inf
x,}y}1“1

fpxq

d
ÿ

i“1

y2i
a

x2i ` γ2
“ inf
x,}y}1“1

fpxq
řd
i“1

a

x2i ` γ2

˜

d
ÿ

i“1

y2i
a

x2i ` γ2

¸˜

d
ÿ

i“1

b

x2i ` γ2

¸

ě inf
x,}y}1“1

fpxq
řd
i“1

a

x2i ` γ2

˜

d
ÿ

i“1

b

y2i

¸

ě inf
x

}x}1 _ d arcsinhpγ´1q´1

řd
i“1

a

x2i ` γ2

ě inf
x

}x}1 _ d arcsinhpγ´1q´1

}x}1 ` dγ

“
d arcsinhpγ´1q´1

d arcsinhpγ´1q´1 ` dγ
“

1

1 ` γ arcsinhpγ´1q
ě

1

2

where we used Fact 2 that γ arcsinhp1{γq ď 1 for all γ ą 0. Therefore, infx,}y}1“1 y
J∇2ψpxqy ě arcsinhpγ´1q´2 which

implies ργ-strong convexity with respect to the ℓ1-norm (Yu, 2015, Theorem 3). With a similar argument, we have that

inf
x,}y}2“1

fpxq

d
ÿ

i“1

y2i
a

x2i ` γ2
ě inf

x

fpxq

maxi
a

x2i ` γ2

ě inf
x

}x}1 _ d arcsinhpγ´1q´1

}x}1 ` γ

“
1

1 ` γ arcsinhpγ´1q{d
ě

1

2

and therefore infx,}y}2“1 y
J∇2ψpxqy ě arcsinhpγ´1q´2.

(IV). From Fact 1 it immediately follows that for any α P Rd it holds

φKpαq “ }α}1 ď fpαq “
a

ψpαq

so that cl “ 1.

It remains to show the upper bound. For α1 P τBd1 we have that |α1
i| ď τ for all i. Hence,

a

ψpα1q “ fpα1q “

d
ÿ

i“1

arcsinh
`

γ´1
˘´1

ˆ

α1
i arcsinh

`

α1
i{γ

˘

´

b

pα1
iq

2 ` γ2 ` γ ` 1

˙

ď

d
ÿ

i“1

arcsinh
`

γ´1
˘´1 `

α1
i arcsinh

`

α1
i{γ

˘

` 1
˘

“

d
ÿ

i“1

arcsinh
`

γ´1
˘´1

ˆ∣∣α1
i

∣∣ logˆ 1

γ

ˆ

b

pα1
iq

2 ` γ2 `
∣∣α1
i

∣∣˙˙ ` 1

˙

ď

d
ÿ

i“1

arcsinh
`

γ´1
˘´1

ˆ∣∣α1
i

∣∣ logˆ 1

γ

´

a

τ2 ` γ2 ` τ
¯

˙

` 1

˙

“
›

›α1
›

›

1
arcsinh

`

γ´1
˘´1

log

ˆ

1

γ

´

a

τ2 ` γ2 ` τ
¯

˙

` d arcsinh
`

γ´1
˘´1

ď τ log
`

γ´1
˘´1

log

ˆ

2τ

γ
` 1

˙

` d arcsinh
`

γ´1
˘´1
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For the first term, we notice

γ ď
1

?
2

^
1

4τ
ùñ

2τ

γ
` 1 ď

1

γ2
ùñ log

ˆ

2τ

γ
` 1

˙

ď 2 logpγ´1q

so we can bound the first term as 2τ . The second term can be bounded as

γ ď sinhpd{τq´1 ùñ d arcsinhpγ´1q´1 ď d arcsinhpsinhpd{τqq´1 “ τ

So overall, we get that
a

ψpα1q “ fpα1q ď 3τ , so we may set cu “ 3. This concludes the proof.

B.12.4 Proof of Lemma 6

We show that Assumption A holds by going through each point. We define the function

gγpxq “
1

γ
plogp1 ` expp´γxqq ` logp1 ` exppγxqqq

so that ψpαq “

´

řd
i“1 gγpαiq

¯2

.

(I). The fact that the potential is twice differentiable is clear, and the gradient is given by (Schmidt et al., 2007)

∇ψpαq “ 2

˜

d
ÿ

i“1

gγpαiq

¸

`

g1
γpα1q, . . . , g1

γpαdq
˘J

with g1
γpxq “

1

1 ` exp p´γxq
´

1

1 ` exp pγxq

so that ∇ψp0q “ 0.

(II). We have by Schmidt et al. (2007) that

∇2
a

ψpαq “ diag

ˆ

d2

pdxq2
gγpα1q, . . . ,

d2

pdxq2
gγpαdq

˙

with
d2

pdxq2
gγpxq “

2γ exppγxq

p1 ` exppγxqq
2 ,

and so all its eigenvalues (strictly) greater than zero everywhere, implying that
?
ψ is convex.

(III). Strict convexity of ψ follows analogously, as

∇2ψpαq “ 2
´

∇
a

ψpαq∇
a

ψpαq
J

`
a

ψpαq∇2
a

ψpαq

¯

also has all its eigenvalues strictly greater than zero, implying that ψ is strictly convex.

(IV). We can easily show that this approximation satisfies the conditions. First, notice that it holds gγp0q “ logp4q{γ, and
for x ą 0

d

dx
pgγpxq ´ |x|q “

1

1 ` exp p´γxq
´

1

1 ` exp pγxq
´ 1 ă 0

and by symmetry of gγ for x ă 0 we have d
dx pgγpxq ´ |x|q ą 0. Combining this with limxÑ8 gγpxq ´ |x| “ 0 and

limxÑ´8 gγpxq ´ |x| “ 0 yields gγpxq P r|x| , |x| ` logp4q{γs for all x P R. Therefore, for all α P Rd and all α1 P τBd1 ,
we have for γ ě d logp4q{τ

φKpαq “ }α}1 ď

d
ÿ

i“1

gγpαiq “ cl
a

ψ

a

ψpα1q “

d
ÿ

i“1

gγpα1
iq ď

d
ÿ

i“1

ˆ∣∣α1
i

∣∣ `
log 4

γ

˙

ď
›

›α1
›

›

1
`
d log 4

γ
ď cuτ

with cl “ 1 and cu “ 2. This concludes the proof.


